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Chapter 1
Introduction and main results

A waluation on a family F of sets is a function ¢ : F — R satisfying
©(AUB) 4+ ¢(ANB) = p(A) + ¢(B), (1.0.1)

for every A, B € F such that AU B, AN B € F. This generalizes the concept of measure:
every measure is a valuation, but the converse is far from being true. While measures must be
non-negative and countably additive, valuations are allowed to change sign and are only finitely
additive in general. Moreover, measures are to be defined on o-algebras, whereas valuations can
have any family of sets as their domain. For example, the perimeter function defined on the
family K™ of convex bodies of R™ (i.e., compact and convex subsets of R™ which are non-empty)
is a valuation, but not a measure.

The theory of valuations on K" is particularly important: it is connected with the solution
of Hilbert’s third problem and it contains several elegant results, such as the ones by Alesker,
Hadwiger and McMullen recalled in Section 2.2. The state-of-the-art book [34] by Schneider
gives a comprehensive report on the present state of this theory (see in particular Chapter 6).

The notion of valuation can also be extended to function spaces: for a given set X of real-
valued functions, a valuation on X is a functional V' : X — R such that

VIfVg) +V(frg) =V()+ V), (1.0.2)

for every f,g € X with fVg,f Ag € X. The operators V and A are the pointwise maximum
and minimum, respectively. This is the natural counterpart of (1.0.1): one way to see it is by
noting that, if X 4 denotes the characteristic function of the set A, we have

XA,uA, = XA, V XA,

XAlﬂAQ = XA1 A XA27

for all sets Ay, As. Definition (1.0.2) can also be motivated by the fact that, for every couple of
functions f1, fo : D CR®” — R,

epi(f1V f2) = epi(f1) Nepi(fa),

epi(f1 A f2) = epi(f1) Uepi(f2),
where epi(f) denotes the epigraph of f, that is, the set of points lying on or above the graph
of f.



When studying valuations on a function space X, often times mathematicians look for charac-
terization results, i.e., they seek necessary and sufficient conditions for a functional V : X — R
to be a valuation satisfying certain properties. Drawing inspiration from the renowned Hadwiger
theorem (Theorem 2.2.2 in the thesis), these properties usually include continuity and some kind
of invariance.

The theory of valuations on function spaces is quite recent. A branch of it focusses on spaces
of functions related to convexity, such as convex functions (see [3, 7, 10, 11, 12]), log-concave
functions (see [28, 29]) and quasi-concave functions (see [8, 9]), providing, among other results,
several characterization theorems. In the papers [17, 18], Klain studied valuations defined on
the family .#™ of star-shaped sets having radial functions of class L™(S"~!), and he gave a
characterization of all the continuous and rotation invariant ones. Recall that a star-shaped set
(with respect to the origin) is a set S containing the origin such that, for every x € S, the
segment joining x and the origin lies in S. The radial function associated to S is the map
ps: S"t — [0, 00) defined by

ps(xz) =sup{A>0: Az € S}.
Note that for every star-shaped sets Sp, S we have

PsiuSs = Ps, V Ps,, (1.0.3)

Psins, = Ps, N\ Ps,-

The family .#" can be identified with L7 (S"~!) (non-negative functions in L™(S"~')), and thanks
to (1.0.3), to every valuation on .#" there corresponds a valuation on L7 (S™!). Therefore,
Klain’s characterization can also be seen as a characterization of continuous and rotation invariant
valuations on L'} (S"~1). This result was extended to LP spaces, for 1 < p < oo, in [38], and to
Orlicz spaces in [19] (see also [6] for the case p = c0). These results were further generalized
in [37], where a characterization for valuations on Banach lattices is provided. Valuations on
other function spaces have been considered, and more characterization results can be found in
the literature (see for instance [21, 24] for Sobolev spaces).

The papers [35, 36, 39] concern valuations defined on the family of star-shaped sets whose
radial function is continuous, and they provide a characterization for continuous and rotation
invariant valuations defined on such a family. By means of (1.0.3), this yields the following result
for valuations defined on the space C(S"™!) of continuous functions on the unit sphere.

Theorem 1.0.1 (Tradacete, Villanueva). A functional V : C(S*~1) — R is a continuous (with
respect to uniform convergence) and rotation invariant valuation if and only if there exists a
continuous function K : R — R such that

V(f) = K(f(2)dH" ™ (2),

S§n—1
for every f € C(S"™1), where H"~1 denotes the (n — 1)-dimensional Hausdorff measure.

This is the typical form of a characterization theorem in the context of the theory of valuations
on function spaces, in the sense that valuations are usually represented by an integral of a certain
kernel K applied to the function f at which we are evaluating V.

A natural continuation of the previous results, and of Theorem 1.0.1 in particular, would
be a characterization for valuations defined on C1(S"~!) or on the space Lip(S"~!) of Lipschitz
continuous functions on the sphere. We chose to focus on Lip(S"~1), which, being closed with
respect to the operations of pointwise maximum and minimum, makes things easier. The original



results presented in the thesis were obtained in collaboration with my supervisor Prof. Andrea
Colesanti from the Universita degli Studi di Firenze, Prof. Pedro Tradacete from the Instituto
de Ciencias Matematicas - CSIC de Madrid and Prof. Ignacio Villanueva from the Universidad
Complutense de Madrid. In this next section, we are going to state our main results and briefly
discuss them.

1.1 Main results

The primary novelty of the space Lip(S"~!) is that, by Rademacher’s theorem, its elements
are a.e. differentiable with respect to the Hausdorff measure %"~ !, hence we would expect for
the gradient to appear in our representation formula. This leads us to the following conjecture.

Conjecture 1.1.1. Let V : Lip(S*™') — R. Then V is a continuous (with respect to an
appropriate topology) and rotation invariant valuation if and only if there exists a kernel K :
R x Rt — R with a suitable property (P) to be determined such that

V() = K(f(2), Vs f(@)[hdH"~ (2),

S§n—1
for f € Lip(S"~1).

Here, V f denotes the spherical gradient of f, properly defined in Subsection 2.1.2. We were
not able to prove this conjecture. However, we will provide a few characterization results for
valuations on Lipschitz functions. The first theorem we present concerns continuous, rotation
invariant and dot product invariant valuations on Lip(S®~!) (for the topology we are using, see
Subsection 2.1.3, and for the definition of the invariance properties of a valuation see Subsection
2.1.4).

Theorem 1.1.2. A functional V : Lip(S*™!) — R is a continuous, rotation invariant and dot
product invariant valuation if and only if there exist constants cy,c1,c2 € R such that

Vi =ata [ f@ar @ e [ 0= D@2 - V@I @), (1)

for every f € Lip(S"~1).

The hypothesis of dot product invariance is quite strong, and it allows to give the very explicit
representation formula (1.1.1).

The following result only holds in the bidimensional case, but it involves the more general
polynomial valuations instead of the dot product invariant ones (see again Subsection 2.1.4 for
the definition of polynomiality).

Theorem 1.1.3. A functional V : Lip(S') — R is a continuous, rotation invariant and poly-
nomial valuation if and only if there exists a polynomial p in two variables such that

V() = [ p@) 19 @) )i o), (112)

for every f € Lip(S1).

Theorems 1.1.2 and 1.1.3 will be proved by means of Hadwiger’s and Alesker’s characterization
results respectively (whose statements can be found in subsections 2.2.1 and 2.2.2): the idea is



that of using the valuation V to define a new valuation ¢ on the space of convex bodies, and then
apply to ¢ one of the aforementioned characterization results to obtain a representation formula
on the space of support functions for V. Thanks to the approximation tools developed in Chapter
3, we will be able to extend such a formula to all Lipschitz functions. As an intermediate step
in the proof of Theorem 1.1.2, we will also get a homogeneous decomposition for continuous and
dot product invariant valuations (see Theorem 4.1.1 and its improved version Theorem 4.5.1).

When removing the hypotheses of dot product invariance and polynomiality, things become
much more complicated, because we do not have a previous characterization result to use in this
case. We were not able to achieve a proper characterization theorem for valuations which are
only continuous and rotation invariant, but the following result gives nonetheless a representation
formula for such valuations in the bidimensional case.

Theorem 1.1.4. Let V : Lip(S!) — R be a continuous and rotation invariant valuation. Then
there exists K : R x RTY — R such that K(-,7) is a Borel function for every v € RT and

27

Vig)= | K(g(t).lg'&)hdH' (2), (1.1.3)
0
for all g € Z£(SY).
In particular, for every f € Lip(S!) we have

2

V(f) = lim E(fi(#), [Fi )]’ (¢), (1.1.4)

=00 Jq
where {f;} C L(S') is a sequence such that f; — f as i — o0o.

Note that in this statement, as in the next one, we have identified functions in Lip(S!) with
2m-periodic functions on R. The symbol . (S') denotes the set of piecewise linear functions on
St.

To prove Theorem 1.1.4, we will use the valuation V' to build measures vy, for g € Z(S?),
which are absolutely continuous with respect to H'. The Radon-Nikodym theorem will then give
us Radon-Nikodym derivatives D, = Dg4(t) depending only on g¢(¢) and |¢’(t)|. This will even-
tually lead to (1.1.3). The representation formula on the whole space Lip(S!) will immediately
follow, since every f € Lip(S"~!) can be T-approximated by a sequence in .2 (S"~ 1), as will be
proved in Chapter 3 (see Proposition 3.0.2).

As a corollary of Theorem 1.1.4, we can actually obtain a characterization result on Lip(S')
under the additional assumption of uniform continuity (with respect to 7).

Theorem 1.1.5. Let V : Lip(S') — R. Then V is a uniformly continuous and rotation
invariant valuation if and only if there exists a uniformly continuous function K : Rx RT — R

such that
27

V()= [ K@), Ifhdr' (), (1.15)

0
for every f € Lip(Sh).

At the end of the last chapter we will show that Conjecture 1.1.1 is actually false for continuous
or a.e. continuous kernels.



Chapter 2
Preliminaries

In this chapter we will introduce some basic concepts and notations, recall some known results
which will be used throughout the thesis and make a few preliminary observations.

2.1 Notations and definitions

For n € N, n > 2, we denote by S*~! the unit (n — 1)-sphere (considered with the Euclidean
topology inherited by R™), that is,

5" = {z € R": [la]| = 1},

where |- || represents the Euclidean norm. We will use the (n—1)-dimensional Hausdorff measure
H"~! on the sphere, normalized so that H"~1(S"~1) = 1. For the definition of Hausdorff measure,
see for instance [13, Section 2.1].

Even though we will mainly be interested in what happens on S*~1, it will often be useful
to reason on the whole space R™, where we will use the standard basis {e1,...,e,} and the
n-dimensional Lebesgue measure £". The n-dimensional Hausdorff measure H™ on R" is just
a multiple of £" (see [13, Section 2.2]). In particular, H"(A) = 0 if and only if £L"(A4) = 0,
for every A. If something happens up to a set of zero measure (whether Hausdorff or Lebesgue
measure), we will say that it happens a.e. or for a.e. point (short for “almost everywhere” and
“almost every”, respectively).

For z € R™ and r > 0, the symbol B, (z) stands for the n-ball of radius r centered at x. The
Hausdorff measure H"(B1(0)) of the unit n-ball will be denoted by w,.

For a real-valued function f: D — R, we define

f*(x) = max{f(x), 0},

[~ () = min{f(z), 0}

Note that f*,—f~ : D — RT, where RT : = [0,00), and we can always write f = f* + f~.
The support supp(f) of a function f is the closure of the set of points x at which f(x) # 0.
If supp(f) C A, we will write f < A for short.

2.1.1 Measures

An algebra 3 over a set X is a collection of subsets of X such that

9
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e X 3
o A° e X for every A € ¥, where A¢ denotes the complementary of A, i.e., A= X\ A4;

e AUB € X for every A, B € X..
If the third property is replaced by

° UAi € X for every sequence {4;} C X,

ieN
then X is called a o-algebra.

An important o-algebra which we are going to consider in the thesis is the Borel o-algebra of
S"~1: the Borel o-algebra over a set X is the smallest o-algebra containing the open subsets of
X. Its elements are called Borel sets. If the spaces X and Y are equipped with Borel o-algebras
31 and Y5 respectively, a function f: X — Y is said to be a Borel function if for every A € ¥
its pre-image f~1(4) is in ;.

We recall that a measure p on a o-algebra ¥ is a non-negative set function p : ¥ — [0, 00]
such that (@) = 0 and which is countably additive, i.e.,

1 (U Ai) =" u(4) (2.1.1)
1€N i€EN

for every family {A4;} C ¥ of pairwise disjoint sets. If we do not ask for non-negativity, then u
is said to be a signed measure.

The concept of measure can be generalized to include set functions defined on algebras: if A is
just an algebra, a pre-measure on A is a function v : A —> [0, 0o] such that (@) = 0 and (2.1.1)
holds for every sequence {A;} C X of pairwise disjoint sets with [ J;cy A; € ¥. Charathéodory’s
extension theorem states that a pre-measure can always be extended to a measure (it actually
says something more general, but for our purposes the following version will be sufficient).

Theorem 2.1.1 (Charathéodory, [5, Theorem 3.5.2]). Let v be a bounded pre-measure on the
algebra A. Then v can be extended to a measure on o(A), the smallest o-algebra containing A.

Measures can also be obtained from outer measures. Let X be a set and let P(X) be the
power set of X, i.e., the collection of all subsets of X. An outer measure on X is a non-negative
set function p* : P(X) — [0, 0c] such that

o w*(0)=0;
e u* is monotone increasing, that is, p*(A) < p*(B) for every A, B € X such that A C B;

e 1* is countably subadditive, i.e.,

W (U Az-) <D oHt (A,

i€N ieN
for every sequence {4;} C P(X).
Let u* be an outer measure on X. A set A C X is called p*-measurable if
W (B) = p (BN A)+ (BN A%,

for every B C X, where A° denotes the complementary of A in X.
An outer measure can be used to construct a measure, as stated in the following well-known
result.

Theorem 2.1.2 (Charathéodory). Let p* be an outer measure on X. The set of all p*-
measurable sets is a o-algebra, and the restriction of u* to this o-algebra is a measure.
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2.1.2 Lipschitz functions and differentiability

Let Lip(S"~1!) be the space of Lipschitz continuous maps defined on S"~!  i.e., the set of
functions f : S®~! — R for which there exists a constant L > 0 such that

[f(z) = f(y)| < Lllz = yl|,

for every =,y € S"~!. The smallest constant for which this inequality holds is called the Lipschitz
constant associated with f and is denoted by L(f):

|f(x) = f(y)l
|z —yll

L(f)sup{ :x,yGS”l,x%y}

Note that Lipschitz functions are uniformly continuous, as it immediately follows from their
definition.

For a function f : S"~! — R, we can define its spherical gradient V,f. In order to do so,
we first introduce the concept of differentiability on S*—1.

The sphere can be locally parametrized, in the sense that for every x € S*~! there are a
neighbourhood U of x in S*~1, an open set  C R"~! and a diffeomorphism ¢ : Q — U, namely
a differentiable and invertible function with inverse function still differentiable. We call ¢ a local
parametrization.

We will say that a function f : S*™! — R is differentiable at a point z € S"~1 if for
every local parametrization ¢ : @ — U of a neighbourhood U of x we have that the function
fo¢:Q — Ris differentiable at the point ¢~1(x).

Now, if z € S ! is a differentiability point for f : S*"! — R, we can consider the differential
of f at x, which is a linear map df, : T,(S"!) — R, where T, (S"1) is the tangent space to
S"~1 at z. By linearity, df, can be represented by a vector V,f(x) € T,(S"™1), that is, for every
veTL(S" 1)

(st(x),v> = dfw<v) = = f(’)/m(t))a

t=0

where 7, : [-1,1] — S"~! is an arbitrary C°° curve such that v,(0) = z, 4.(0) = v, and (-, )
denotes the Euclidean dot product. We call V, f(x) the spherical gradient of f at .

Rademacher’s theorem (see [13, Subsection 3.1.2]) states that every locally Lipschitz function
on R™ is a.e. differentiable. As a corollary (see [31, Corollary 2.4.2]), we have that every
f € Lip(S"~1) is a.e. differentiable on S"~ 1 i.e.,

H' ({2 eS" !V, f(z) exists}) = 1.

The spherical gradient of a function f € Lip(S"~!), where it is defined, is bounded by the
Lipschitz constant, that is,

Vs f()ll < L(f) (2.1.2)

for a.e. x € S”"!. Indeed, fix a point of differentiability x € S*~!, and for every direction
v € T(S"1) consider a C* curve v, : [—1,1] — S"~! such that 7, (0) = x, 7.(0) = v. We can
always use an arc-length parametrization of v,, that is, a parametrization with respect to which
the equality ||v%(¢)|| = 1 holds for every t € [—1,1]. For every t1,t3 € [—1,1], we have

f(lyx(tl)) - f(’yx(tQ)) _ |f(’7x(t1)) - f('Yz(tQ)” . ||’Ygg(t1) — ’YI(tQ)”
b=t = et — (@)l o S B
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by Lipschitz cointinuity and the fact that (if for instance ¢; < t3)

to to
[wal < [Tl =t -0 < - ol
t1

ty1

mmn—%m>=\

Now, if v : [-1,1] — S"~ ! is a C*° curve such that v,(0) = z, v, (0) = HEZ;E;;H’ from (2.1.3)
we get
_ Vof(z) \ _d _ i S0 (h) = F(72(0))
HVJWW<%ﬂ@wamm>d%wﬂ%@Dyg . < L(f).

2.1.3 Topology on Lip(S"1)

The space Lip(S™~!) has a natural topology induced by the so-called Lipschitz norm, defined
by
1 £llip = max{|[ flloo, L(f)},  f € Lip(S"™), (2.1.4)

where, ||flleo := néaxl|f(x)|. Such a topology, however, would not work in our case: indeed,
TES™ T

our approach is based upon a density result, namely Proposition 3.0.2, which is not true in
the topology induced by the aforementioned norm, since the space .Z(S"~!) of piecewise linear
functions is separable with respect to ||-||Lip and Lip(S™1) is not.

Therefore, we are going to consider another topology on Lip(S"~1). We need a few definitions
first. A subset A of a topological space X is sequentially open if for every sequence {z;} C X
converging to x € A there exists I € N such that x; € A, for all i > I. Open sets are sequentially
open, but the converse is not true in general. A sequential space is a topological space whose
open sets are exactly the sequentially open ones, i.e., a sequential space is the most general
topological space in which convergent sequences are enough to determine the topology.

Let us consider Lip(S™~!) as a sequential space with the topology 7 induced by the following
convergence: we say that a sequence {f;} C Lip(S™~!) converges to f € Lip(S"~!) with respect
to 7, in symbols f; - f,asi— oo, if

e f; — f uniformly on S*~1, that is, || f; — fllco — O;
o V.fi(x) = Vsf(x) for a.e. v € S"71;

e there exists a suitable constant C' > 0 such that ||V, fi(z)|| < C, for every i € N and a.e.
e Sh

With this topology, we will be able to build continuous and rotation invariant valuations on
Lip(S™~1) via a quite simple formula (see Lemma 4.3.1). Note that this topology is weaker than
the one induced by || - ||Lip, in the sense that if || f; — f||Lip — O, then f; — f.

T

2.1.4 Valuations on Lip(S"™1)
Let X be a family of real-valued functions. A functional V' : X — R is said to be a valuation
if
V(FVg) +V(fng) =V()+V(g), (2.1.5)

for every f,g € X such that fVvg,fAg € X, where V and A are the pointwise maximum
and pointwise minimum respectively. Since the space Lip(S®~!) is closed with respect to these
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operations, a valuation on Lip(S"~!) is a functional V : Lip(S"~!) — R such that (2.1.5) holds
for every f,g € Lip(S"~1).

Every valuation on a lattice of real-valued functions, and in particular every valuation on
Lip(S™~1), satisfies the inclusion-exclusion principle, which can be proved by induction.

Proposition 2.1.3 (Inclusion-exclusion principle). Let V : Lip(S"™!) — R be a valuation.
Then

N
4 ij = > V- D V(A +

1<j<N 1<j1<j2<N

N
+ Y VAN ) =+ CONTVENA S

1<j1<g2<jz3<N Jj=1
for every fi,..., fx € Lip(S"71). The same holds exchanging the roles of V and A.

We will say that a valuation V : Lip(S*~1) — R is continuous if it is continuous with respect
to the topology 7 defined earlier, unless otherwise stated. Also, V : Lip(S"~!) — R will be
called uniformly continuous if for every ¢ > 0 there exists a neighbourhood U C Lip(S"~1) of
the null function O (with respect to 7) such that

fi—foeU=|V(fi) = V(f2)| <e.

Besides continuity, we will be interested in other properties, namely the rotational invariance,
dot product invariance, polynomiality and homogeneity. These concepts are all defined below.

A valuation V : Lip(S"~!) — R is rotation invariant if for every f € Lip(S*~!) and o € O(n)
we have

V(fooa)=V(f),
where O(n) is the orthogonal group of R", i.e., the set of isometries of R™ fixing the origin.
Moreover, V is called dot product invariant if, for every f € Lip(S*~1) and x € R",

V([ + () = V()

where (-, ), again, denotes the standard scalar product in R™. This is to say that if g(y) =
f) + (y,z), y € S*7, then V(g) = V(f). In other words, V is dot product invariant if it is
invariant under the addition of linear functions restricted to S*~1.

A valuation V : Lip(S"~!) — R is called polynomial if for every f € Lip(S"~!) we have that

V(f+(x) =ps(z)

is a polynomial in z € R"™ (depending on f). Recall that a polynomial on R™ is a function
p:R™ — R such that

L
pla) = > Q. ju 1 - T

i=0 j1,...,jn €{0,....}:
Ji+...+in=t

for suitable coeflicients a;, .. ;, € R. Note that every dot product invariant valuation is polynomial
with py = V(f).
Finally, for a natural number 0 < i < n, we say that V is i-homogeneous if
V) = XV (),
for every A > 0 and f € Lip(S"~1).
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2.1.5 The space K"

We will also work with valuations defined on the space K™ of convex bodies of R™, namely
compact and convex subsets of R™ which are non-empty. We recall some definitions in this
context. Our reference book for this area is [34].

The topology on K" is induced by the Hausdorff metric, defined by

dyg (K, L) = max < sup inf ||z — y||, sup inf ||z — ,
H( ) {161)[( yeL || y” yelz zeK H y”}
for every K, L € K". The set

Ci = {K € K" : 0K € C? and has strictly positive Gaussian curvature at every point}

is dense in K" with respect to this topology, as is the set of strictly convex bodies, i.e., convex
bodies whose boundary does not contain any segment (see [34, Theorem 2.7.1]).
A waluation on K" is a function ¢ : K" — R such that

P(KUL)+p(KNL) = p(K) + (L),
for every K, L € K" satisfying K UL € K™. Such a ¢ is rotation invariant if
p(o(K)) = p(K),
for every K € K™ and o € O(n). It is called translation invariant if
p(K + ) = p(K),

for every K € K™ and = € R™. The valuation ¢ is said to be polynomial if for every K € K™ we
have that

p(K +2) = pr(x)
is a polynomial in 2 € R™ (depending on K). For a natural number 0 < ¢ < n, ¢ is i-homogeneous
if

p(AK) = XNp(K),
for every A > 0 and K € ™.

2.1.6 Support functions and piecewise linear maps

Recall the definition of support function: for every K € K™, its support function is hg :
R™ — R defined by
hi(x) = max{(x,y), x € R"™.
ie(z) = max(z. )
Support functions are convex and 1-homogeneous, that is, hx (Ax) = Ak (z) for every A > 0
and x € R™. Vice versa, any 1-homogeneous convex function on R™ is the support function of
some K € K™. Moreover, for every o, 5 > 0 and K, L € K" we have

hok+sr = ahg + Bhr (2.1.6)

and
lhg — hilloo = du (K, L). (2.1.7)

All these results can be found in [34, sections 1.7, 1.8].
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The notion of piecewise linear function will also be useful. A continuous function f : R — R

is said to be piecewise linear if there exist closed convex cones C4,...,C,, with vertex at the
origin and pairwise disjoint interiors satisfying

m

Jci=rn,

i=1
and linear functions L; : R — R, i =1,...,m, such that f = L; on C;, for i =1,...,m.

We denote by 7 (S"~1) and Z(S"~ 1) the sets of the restrictions to S"~! of support functions
and piecewise linear functions respectively. When considering these same functions defined on
the whole space R"™ we will use the symbols 5 (R") and .Z(R"™) instead. Note that, since
support functions are convex, they are locally Lipschitz continuous (see [34, Theorem 1.5.3]),
hence 7 (S"~1) C Lip(S"~1). We also have the inclusion .Z(S"~1) C Lip(S"~1).

We introduce one last notation, which will come in handy in the future, denoting by

%/”\(S”_l): {/\hKi :m €N, hg, € #(S" ) fori:l,...,m}

i=1

the space of the minima of finitely many support functions.

2.2 Preliminary results

As we have already anticipated, to prove theorems 1.1.2 and 1.1.3 we are going to switch
from the valuation V : Lip(S"~!) — R to a new valuation ¢ : K™ — R, to which some known
results for valuations on convex bodies can be applied. We are now going to recall such results.

2.2.1 McMullen’s decomposition and Hadwiger’s characterization the-
orem

In Section 4.1 we will prove a McMullen-type decomposition result for continuous and dot
product invariant valuations on Lip(S"~!) (see Proposition 4.1.1); we hereby recall the original
McMullen decomposition theorem for valuations defined on K™, which will be used in the proof
of our result in Section 4.1.

Theorem 2.2.1 (McMullen, [34, Theorem 6.3.5]). Let ¢ : K™ — R be a translation invariant
valuation which is continuous with respect to the Hausdorff metric. Then there exist continuous

and translation invariant valuations g, ..., pn : K* — R such that @; is i-homogeneous, for
1=0,...,n, and
PAK) =D Ngi(K), (2.2.1)
i=0

for every K € K™ and A > 0.

The famous Hadwiger characterization theorem for continuous and rigid motion invariant
valuations on convex bodies, recalled below, will be of crucial importance in the proof of Theorem
1.1.2.
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Theorem 2.2.2 (Hadwiger, [34, Theorem 6.4.14]). A map ¢ : K® — R is a rotation and
translation invariant valuation which is continuous with respect to the Hausdorff metric if and
only if there exist constants cg, . ..,c, € R such that

for every K € K™, where V; denotes the i** intrinsic volume.

For the definition of the intrinsic volumes, see [34, Chapter 4]. We recall here that for every
i = 0,...,n, the intrinsic volume V; : K® — R™T is a continuous, increasing, i-homogeneous,
rotation and translation invariant valuation. Whatever the dimension n is, we have that, for
every K € K™,
VW(K)=1 (2.2.2)
and V,, = C,H", for some constant C,, > 0 (see [33, page 210]). There are also integral
representations for V4 and Va: formulas (4.2.26) and (5.3.12) from [33] imply that

Vi (K) = — / hcdH™, (2.2.3)
Sn—l

Wn—1

for every K € K", and, if K € C?, formulas (4.2.26), (5.3.11) and (2.5.23) from [33] give

1
VQ(K) - 2w —92

/ hi[(n—1)hk + Ashg |dH" 1, (2.2.4)
Sn—l

Ashk being the spherical Laplacian of hk, that is, the trace of the (n — 1) x (n — 1) matrix of
the second covariant derivatives of hx with respect to a local orthonormal frame on the sphere.
Such formulas will be extremely useful in the proof of Theorem 1.1.2.

Hadwiger’s volume theorem on n-homogeneous valuations will also make an appearance in
the proof of Theorem 4.5.1.

Theorem 2.2.3 (Hadwiger, [34, Theorem 6.4.8]). Let ¢ : K® — R be a continuous and
translation invariant valuation which is homogeneous of degree n. Then there exists ¢ € R such
that ¢ = cV,.

2.2.2 Alesker’s characterization theorem

Theorem 1.1.3 follows from a characterization of polynomial valuations on K™ presented by
Alesker. We are going to state Alesker’s result separately for n = 2 and n > 3.

Theorem 2.2.4 (Alesker, [1]). Let ¢ : K> — R. Then ¢ is a polynomial and rotation invariant
valuation which is continuous with respect to the Hausdorff metric if and only if there exist
polynomials pg, p1 in two variables such that

ARI=3 [ il ()0, 0., (225)

for every K € K2, where ©;(K;-) is the i*h support measure of K.

For the definition of support measures, see [34, Chapter 4]. The situation in dimension n > 3
is a bit different; even though we will only apply Theorem 2.2.4 in the thesis, we state Alesker’s
result in higher dimension for completeness.
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Theorem 2.2.5 (Alesker, [1]). Let n > 3 and let ¢ : K" — R be a polynomial and SO(n)-
invariant valuation which is continuous with respect to the Hausdorff metric. Then there exist
polynomials pg,...,Pn—1 0 two variables such that

PR =3 [ sl s aOu (s, ), (2.2.6)
i=0 /R xSn1

for every K € K™. Moreover, every function ¢ of the form (2.2.6) is a polynomial and O(n)-
invariant valuation which is continuous with respect to the Hausdorff metric.

Here ©;(K;-) still denotes the i*! support measure of K and SO(n) is the subgroup of O(n)
consisting of proper rotations.

The next lemma, which is a variant of Lemma 4.2.2 from [34], is a very useful tool to deal
with the integrals appearing in (2.2.5).

Lemma 2.2.6. Let K € K" be a strictly convex body and ¢ : R® x S*"! — R be a continuous
and Lebesgue measurable function. Then

/ b5, 2)A0(Kss,0) = [ lsx(x), 2)dSi(K: ),
R7 xSn—1 sn—1

for every i =0,...,n, where sk(x) is the unique boundary point of K at which x is attained as
outer normal vector and S; is the i*M area measure.

For the definition of area measures, see [34, Chapter 4]. As in the case of intrinsic volumes,
there are representation formulas for some of these area measures. We will be interested in the
following two: there exists a constant C' > 0 such that, for every Borel set A C S*~!,

So(K; A) = CH" 1 (A), (2.2.7)

and
nf : /A Ahg()dH" (), (2.2.8)

where A denotes the Euclidean Laplacian. Formula (2.2.7) is (4.2.22) from [33] and formula
(2.2.8) follows from (4.2.20), (2.5.23) and the formula right above the latter from the same book.
The presence of the constant C' is due to our normalization H"~*(S"~1) = 1.

Si1(K;A) =

2.2.3 The Radon-Nikodym theorem and other results from classical
analysis

As we have said before, to prove Theorem 1.1.4 (and consequently Theorem 1.1.5), we are
going to need the (signed version of the) Radon-Nikodym theorem, hereby recalled.

Theorem 2.2.7 (Radon-Nikodym, [4, Theorem 2.2.1]). Let (X,3, ) be a measure space (i.e.,
X is a set, ¥ a o-algebra on X and p a measure on X) with p(X) < oo. Let v be a signed
measure on ¥ such that v < p. Then there exists a function g—z, called the Radon-Nikodym
derivative of v with respect to p, which is integrable with respect to u on X and such that

B dv

v(A) = . @(x)dﬂ(w),

for every A € 2. Moreover, the Radon-Nikodym derivative is unique up to sets of null measure.



18

Here, “v <« ©” means that v is absolutely continuous with respect to u, that is, v(A) = 0
for every A € ¥ such that pu(A) = 0. If X = R", ¥ is the Borel og-algebra and p = H", this is
equivalent to saying that for every € > 0 there exists § > 0 such that if A € ¥ satisfies H"(A) < 6,
then v(A) < e.

Lebesgue-Besicovitch’s differentiation theorem will also be of crucial importance in proving
Theorem 1.1.4.

Theorem 2.2.8 (Lebesgue-Besicovitch, [13, Subsection 1.7.1]). Let f € Ll _(R™). For a.e.
xz e R”,

1 1

1) = 35 250 i 1O = I Ty, T

We are also going to need some more well-known results from classical analysis. For instance,
the dominated convergence theorem will be of tremendous importance in many of our proofs.

Theorem 2.2.9 (Dominated convergence). Let (X, X, ) be a measure space. Consider a se-
quence {f;} € L*(X) such that

o f(z)= zlir{.lofl(l') exists for p-a.e. v € X;

o |fi(z)] < g(z) for everyi € N and p-a.e. x € X, for a suitable function g € L*(X).
Then

In particular,

1—00

im [ fi@)du(o) = [ fe)dnte).

Another important result that we are going to need is the Ascoli-Arzela theorem, which
requires a couple of definitions to be introduced. Let X C R™ and consider a sequence {f;} C
C(X) of continuous functions on X. We say that {f;} is uniformly bounded if there exists a
constant C' > 0 such that |f;(z)] < C, for every € X and ¢ € N. The sequence {f;} is called
equicontinuous if for every € > 0 there is a ¢ > 0 such that |f;(x) — fi(y)| < ¢ for every i € N
and z,y € X with ||z — y|| < §. We can now state the result (we will state it in a less general
context than the one in which it actually holds).

Theorem 2.2.10 (Ascoli-Arzela). Let X be a closed subspace of R™ and let {f;} € C(X) be a
uniformly bounded and equicontinuous sequence. Then there exists a subsequence {fi,} C {fi}
which converges uniformly on the compact sets K C X.

At some point, we are also going to use the mean value theorem for functions of n variables.
We recall it here.

Theorem 2.2.11 (Mean value). Let Q@ CR™ be a conver and open set, and let f: Q — R be
a differentiable function. Then, for every x,y € Q, there exists X\ € (0,1) such that

f@) = fly) = (VA =Nz + My),z —y),
where V f denotes the Fuclidean gradient of f.

To prove Lemma 3.3.1 we will use mollifiers. We recall that a mollifier is a family {¢.}.~0 C
L'(R") such that
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o fon Ve(z)dr =1
® SUPcso fRn W}s(x”diﬂ < 005
o lim. 0+ [\ g, (o) [¥=(¥)|dz = 0 for every 6 >0,

where the integrals are done with respect to the Lebesgue measure £". Mollifiers can be used to
approximate functions in the following sense.

Theorem 2.2.12. Let {t):}eso be a mollifier. For p > 1 and f € LP(R™), consider the convo-
lution

Ve fx) = | Yz —y)f(y)dy = - V() f(r —y)dy, xeR"

RTL
Then 1. * f — f in LP(R™).

This actually holds on any £™-measurable subset X C R™, but we are just going to need the
version stated above.

2.2.4 Extensions of functions and their gradients

The spherical gradient of a function f € Lip(S"~!) is hard to deal with. This is why it will
often be convenient to extend f : S* ! — R to f : R* — R, so that we will be able to work
with the standard Euclidean gradient V f instead of the spherical one.

Every extension f : R” — R of f € Lip(S*™!) satisfies

(Vaof(x),v) = (Vf(z),v), (2.2.9)

for a.e. x € S" ! and all v € T,.(S"71).
In fact, let & € S"~! be a point of differentiability for f, v € T,(S"~1) and consider a C>
curve v, : [—1,1] — S"~! such that v,(0) = x, 7.(0) = v. By definition,

() = 2

t=0

(Vsf(z),v) F(2(t) = (VF(32(0)),7,(0)) = (Vf(2),v).

t=0

T dt

One way of extending a function f : S»~! — R to the whole space R" is to do it 1-
homogeneously. Let us denote by f this extension:

€ .
fla) = = <Hév> 20, (2.2.10)
0 if x =0.

Euler’s formula helps us to handle these 1-homogeneous extensions.

Proposition 2.2.13 (Euler). Let f : R® — R be an a.e. differentiable function. If f is
k-homogeneous for some 1 < k <n, then

(z,Vf(x)) =kf(z), (2.2.11)

for a.e. x € R™.
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This can be proved by differentiating the equation
fOx) =N f(z), A >0, z€R",

with respect to A and then choosing A = 1.

Let z € S*! be a point at which f is differentiable; then its 1-homogeneous extension f
is differentiable at = as well. We can link the norms of the spherical and Euclidean gradient
through the following equality:

52
[Vi@)|]” = IVsf@)? + f (). (22.12)
To prove this, fix x € S*™1, v € T,,(S"!) and consider an orthonormal basis {v1,...,v,_1}
of T,,(S*™1). Then {v1,...,vy_1,2} is an orthonormal basis of R™, and we can write
n—1

V(@) = S (V@) vi)vi + (Vi) 2)a,

i=1
hence

n—1 n—1

IVF @)= S (V@) ) + (VF(x),2)* =3 (Vef(@),w)’ + F(2)? = Vo f (@) + f(2)?,

i=1 =1

where we have used (2.2.9), (2.2.11) and the fact that f extends f. This proves (2.2.12).

The support functions introduced in Subsection 2.1.6, for instance, can be seen as 1-homogeneous
extensions of functions defined on the sphere. Other than (2.2.12), the Euclidean gradient of a
support function possesses the following property.

Proposition 2.2.14 ([34, Corollary 1.7.3]). Let K € K". If hx is differentiable at x € S*71,
then Vhi(x) € 0K, and Vhg(z) is the only point of 0K with outer normal vector x.

There is another way of extending Lipschitz functions from S"~! to R" which we will be in-
terested in; it is stated in the following theorem, which was proved independently by Kirszbraun,
McShane and Whitney during the same year.

Theorem 2.2.15 (Kirszbraun-McShane-Whitney, [16, 27, 42]). Let S CR" and f: S — R be
a Lipschitz function with Lipschitz constant L. Then the map f : R™ — R defined by

f(@) =sup [f(z) = Lllz — 2l],

zE€S

for x € R™, is still Lipschitz continuous with the same Lipschitz constant L, and its restriction
to S coincides with f.

This can be used to prove the following version of Corollary 1 from [13, Section 3.1]; we are
going to need it in Chapter 5.

Lemma 2.2.16. Let f € Lip(S"™ 1), c€ R and Z, = {z € S ' : f(z) = c}. Then Vif(z) =0
for a.e. x € Z..

Proof. For a given f € Lip(S"™!), extend it to R™ via Theorem 2.2.15. The function f — ¢ :
R™ — R is still Lipschitz continuous, hence Corollary 1 from [13, Subsection 3.1.2] implies that
Vf(x) =0 for a.e. z € {y € R": f(y) = ¢}, and in particular for a.e. z € Z.. From (2.2.9) we
get that Vs f(z) = 0 for a.e. © € Z, too. O
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We will also need an adaptation of the Kirszbraun-McShane-Whitney extension theorem.

Lemma 2.2.17. Let A, Ag, B C R"™ be such that A,Ag C B. Let f: AUA) — R, g: B— R
be Lipschitz functions with Lipschitz constants L(f),L(g) < L such that fla = g, fla, = 0.
Then f can be extended to a Lipschitz function f : B — R with Lipschitz constant L(f) < L
such that g~ < f < gt on B and HfHOC <19l s0-

Proof. Consider the Kirszbraun-McShane-Whitney extension of f to B, defined by

fl@)= sup [f(y) - Lllz = yll],

yeEAUAy

for z € B (see Theorem 2.2.15). This function is Lipschitz continuous with Lipschitz constant
L(f) < L7 and f|AUA0 = f

Let f = (f \Y g*) Ag7T; then f is still Lipschitz continuous with Lipschitz constant L(f) < L
and f|aua, = f. Moreover, f < g* and f = (f/\g‘*‘) Vg >g.

It remains to be seen that Hf”oo < M, where M = ||g||co- To prove this, fix an arbitrary
x € B and reason as follows: if g(z) > 0,

f@) = (F2)v0) Ag(@) = (f@) A g(@) Vo,
so that on the one hand we have

f(z) < g(z) < M,
and on the other hand

f(.’ﬂ) 2 0 Z 7M7
hence | f(z)| < M. We proceed similarly if g(z) < 0. O

2.2.5 Valuations on 7 (S"!)

In this section we collect some technical remarks concerning support functions and valuations
on S (S"~1). Tt is convenient to study the behaviour of support functions with respect to the
operators V and A. The result hereby presented is well-known, but we include the proof for
completeness.

Lemma 2.2.18. Let K,L € K". Then hx V hy = heonv(rxur), where conv(K U L) denotes the
convex hull of K U L. Moreover, if K UL € K™ we have

hg Vhr =hgur, (2.2.13)
hxg Nhr = hknrL. (2.2.14)
Proof. Recall that
conv(KUL) = {xER”:x:ZAixi,meN, A >0, Z)‘izl’ xiEKUL}.
i=1 i=1

Clearly conv(K UL) contains K and L, thus hcony(xur) = hx and heony(xur) > hr. This implies
the inequality
hconv(KUL) ((L‘) Z hK \% hL(fL’),
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for every z € R™. Vice versa, if z € R™, then

hconv(KUL) (I) = zECO%%)I((UL)@C’ Z>7

where the maximum will be attained in correspondence of a certain element z = Z:ll i,
with m € N, \; > 0, 2111 Ai =1, 2; € KUL. Up to a reordering, we may assume that

{z1,...,2¢} € K and {z¢11,...,2m} C L. Therefore, we have
m 4 m
heonv(kury(z) = <x72)\i$i> = ZM@%%‘} + Z i@, z4)
i=1 i=1 i=0+1
V4 m
< > Ahk(z)+ Y Aibp(@)
i=1 i=0+1
4 m
< (Z)\l—f— Z )\,) hK\/hL(l‘):hK\/hL(Ji).
i=1

i=0+1

We now work under the hypothesis K U L € K". The first part of the proof immediately
gives (2.2.13). As for (2.2.14), we start by proving that

(KUL)+(KNnL)=K+ L. (2.2.15)

Note that
(KUL)+(KNL)C K+ L.

Vice versa, let x +y € K + L. If either x € KN L or y € K N L, then we are done; suppose now
xz € K\ Landye L\ K. Because of this assumption, there exists ¢t € (0,1) such that

z:=te+(1-t)ye KNL,
since K UL € K™. Therefore,
z+y=1-t)z+ty+z€ (KUL)+ (KNL),
using the convexity of K U L again. Equality (2.2.15) follows. Thus, from (2.1.6) we obtain
hxor +hiknr = h(xor)y+(xknp) = hx+r = hx +hp = hxg Vhy + hg Ahp = hgor + hi Ahy,
where the last equality follows from (2.2.13). This proves (2.2.14). O

We are now going to state a topological result concerning the continuity of a functional
V . A#(S"!) — R. By definition of 7, we have that if such a functional is continuous with
respect to || - |00, then it is also continuous with respect to 7. The converse is also true.

Lemma 2.2.19. Let V : 2 (S"~') — R. Then V is continuous with respect to T if and only if
it is continuous with respect to || - || o-

Proof. Consider a 7-continuous functional V : 5 (S"~!) — R and a sequence {hg,} C 5 (S"1)
of support functions such that |hx, — hx|lcc — 0, as ¢ — oo, where K € K™. It is enough to
prove that hyx, = hi.
Define
D; = {x € S"' : hg, is differentiable at x},
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for i € N, and
Do = {x € S"7! : hy is differentiable at x}.

We also set
o0
D= ﬂ D;.
i=0

Note that H"~1(S"~!\ D) = 0, because of Rademacher’s theorem.
For every x € D we have
Vsh[(i (.r) — Vshj((x). (2.2.16)

Indeed, consider a subsequence {h Kij} C {hk,}. For every j € N, the differentiability of h K, at
x gives (see [34, Theorem 1.5.12])

hi, (y) 2 b, (2) + (Vhg, (2),y — ), (2.2.17)

for every y € R™. The condition ||hx, — hi|lcc — 0 implies that K; — K with respect to the
Hausdorff metric (thanks to (2.1.7)), hence there is a convex body Ky such that K; C Ky, for
every i € N. From Proposition 2.2.14 we have that

Vhy, (z) € 0K;, C K;, C Ko,

thus there is a subsequence {h K, 1 C{h K, } such that lim;_, o Vh K, (x) exists, by the Bolzano-
£ J 14
Weierstrass theorem. Writing (2.2.17) for this subsequence and letting ¢ — co we obtain

hic(y) > hac(a) +  Jim Vhic, (0).y — ),

for every y € R™. Recalling the uniqueness of the subgradient at differentiability points for
convex functions (see [34, Theorem 1.5.15]), the last inequality implies

lim Vhg, (x)= Vhg(z).
{— 00 Je

This, together with relation (2.2.12) and the arbitrariness of {hKi7} C {hk,}, proves (2.2.16).

Moreover, for every € D and ¢ € N we have, applying (2.2.12) and Proposition 2.2.14 again,
IVshi, (@) < [Vhi, ()] < max{[ly : y € OK;} < max{[|y|| : y € Ko}
Thus we have a uniform bound on ||Vshg,| in D. Then hg, — hg, as desired. O

The theorems recalled in subsections 2.2.1, 2.2.2 concern valuations on convex bodies, and
since we will be interested in studying valuations on support functions using these results, it
would be nice to know that we can “move” valuations from J#(S"~1) to K" without losing any
property. This is stated precisely in the next result.

Lemma 2.2.20. Let V : 52(S"1) — R. Define ¢ : K — R by setting
for every K € K™. Then
i) if V is a valuation, then so is p;

it) if V is T-continuous, then ¢ is continuous with respect to the Hausdorff metric;
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i11) if V is rotation invariant, then so is p;
w) if V is dot product invariant, then ¢ is translation invariant;
v) if V' is polynomial, then so is p;
vi) if V is i-homogeneous for some i € {0,...,n}, then so is ¢.
Proof.

i) Let V be a valuation. To prove the valuation property for ¢, consider K, L € K™ such that
K UL e K™ From Lemma 2.2.18 and the fact that V is a valuation we get

W(KUL)+o(KNL) = V(hgor)+V(hknr) =V(hx Vhr)+V(hk Ahr)
= V(hg)+V(he) = p(K) + ¢(L).

i7) For what concerns continuity, let V' be 7-continuous and consider {K;} C K", K € K" such
that K; — K in the Hausdorff metric. Then ||hk, — hi|lco — 0, by (2.1.7), and recalling
that a 7-continuous functional such as V is also continuous with respect to || - ||cc on the
space of support functions (see Lemma 2.2.19), we have

V(hg) = lim V(hg,),

71— 00

which means
p(K) = lim o(K5).

i—00

ii1) Let V be rotation invariant. Since the dot product is rotation invariant too, for every
K eK", o€ O(n)and z € S*! we have

hox (@) = max(z, o(y)) = max(o™ (x),y) = hic 0 0™ (@),

hence hox = hx o o~ !. This yields
p(0K) =V(hox) = V(hg oo ) = V(hg) = p(K),

because of the rotational invariance of V.

i) If V is dot product invariant, take K € K™ and x € R". We have
O(K +2) = V(hgta) = V(hg + hipy) = Vhg + (2) = V(hg) = o(K).
v) If V is polynomial, we have that for every K € K™
(K + ) =V(hgta) = V(g + (,2) = pr(2)
is a polynomial in x.

vi) Fix i € {0,...,n} and assume V to be i-homogeneous. For every A > 0 and K € K" we
get ' '
(p()\K) = V(hAK) = V(/\hK) = )\ZV(hK) = )\2<p(K).



Chapter 3
Approximation

To prove theorems 1.1.2 and 1.1.3 we will first need to narrow down the study of our valuations
from the space Lip(S"~!) (respectively, Lip(S!)) to its subset s (S"~1) (s(S')), which is in
bijection with K™ (K?), where Hadwiger’s (Alesker’s) theorem can be applied. More precisely,
our goal is to prove that continuous valuations on Lip(S"~1!) are uniquely determined by the
values they attain at support functions, as stated in the following proposition.

Proposition 3.0.1. Let V,W : Lip(S"™') — R be continuous valuations. If V. = W on
HA(S"Y), then V. =W on Lip(S*~1).

The proof is split into four main steps, which will be detailed in the next sections. In
particular, Proposition 3.0.1 will be derived from the following density result (proved in Section
3.4), which will also be used in the proofs of theorems 1.1.4 and 1.1.5.

Proposition 3.0.2. The space £ (S"™1) is T-dense in Lip(S"~1).

—

3.1 2 H s

First of all, we are going to show that piecewise linear functions can be written as minima of
finitely many support functions.

Lemma 3.1.1. Let f € Z(R™). Then there exist m € N and hg,,...,hk, € H(R") such that

—

In particular, £ (S"~1) C 2#(S"1).

Proof. For f € Z(R™), there are closed convex cones Ci,...,Cy, with vertex at the origin and
pairwise disjoint interiors such that

m

Jci=rn,

i=1

and f = L; is linear on C;, for i =1,...,m. ~
We will now focus on the cone Cy. Consider f = f — L;. Let P, : R — R” denote the
metric projection onto Cy: for every z € R", Pg, (z) is the unique point in C; such that

— P = mi —Z|.
lz = Pe, (@) = min |z — |

25
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As (1 is closed and convex, this function is well-defined. We also define the function g : R — R
by
= — P = 1 —
g(x) = llz = Pe, (2)|] = min [lz — 2,

for every x € R™; this is the distance function from the cone Cj.
Note that g is a 1-homogeneous and convex function. To prove the 1-homogeneity, we take
A >0, z € R” and we evaluate
Az) = min | Az — z||.
9(Az) = min [[Az — |

Since C is a cone, we can write
Az) = min [[Az — Az|]| = min M|z — z|| = A min ||z — 2| = A
9(Az) = min Az — Azl = min M|z — 2[| = A min [lz — 2[| = Ag(2),
using the fact that A > 0. Regarding the convexity of g, we observe that

1 1
Pe, (z) + P, (y) = 5 - 2Pc, (2) + 5 - 2P, (y) € G,
for every z,y € R", since C is a convex cone. Therefore,
gwty) = minfety—z| <oty - (Po,(2) + Po, ()|
z€Cq

< o= Pe, (@) +lly = Pe, @) = 9(2) + 9(y)-

A

This proves that g is subadditive, which, together with the 1-homogeneity, yields the convexity
of g. These properties imply the existence of a convex body K € K™ such that g = hg, as
recalled in Subsection 2.1.6.

We prove that there exists a suitable constant ¢ > 0 such that

cg(x) > f(=), (3.1.1)

for every x € R". Suppose this to be false; then for every ¢ > 0 there exists a point z. € R"
such that cg(z.) < f(z.). Choosing ¢ =i, i € N, we build a sequence {z;} C R" satisfying

glxi) < %f(xi), (3.1.2)

for every i € N. Because ¢ = f = 0 on C; and the inequality is strict, we have that x; = 0 for
every ¢ € N. From the 1-homogeneity we get

T\ lpfm
g(xm><if<mm>'

This means that in (3.1.2) we may assume that {z;} € S*~! and, up to passing to a subsequence,
x; — x as 7 — oo, for some z € S

We observe that « € C;. In fact, if x € R™\ Cy, then letting i — oo in (3.1.2) we would have
0 < g(x) <0, a contradiction.

Let &; = Pc, (z;). Now, the projection onto closed convex sets is contracting (see [34, Theorem
1.2.1]), hence continuous, which implies that #; — P, () = = as i — co. From (3.1.2), using

the fact that f(i;) = 0 (since Z; € C;) and setting ZNL:L(JF)7 we get

s = 24l = gls) < 7 [ @) — (@) <



27

for every i € N. Since x; ¢ C; (because of the strict inequality in (3.1.2)), whereas &; € Cy, we

have x; # Z;, and so the last inequality yields i < E, for every i € N; letting ¢ — oo we obtain a

contradiction. Then there must be a constant ¢ > 0 such that (3.1.1) holds for every x € R™.
Therefore,

fii=cg+ L >f+Li=f

on R™ with f; = Ly = f on the cone Cy. Furthermore, if Li(z) = (x,a1), we have that
fi=cg+ Ly =chg +h{ay =hexta, =: Mg,

is a support function.
We repeat the process for each cone C;, i = 2,...,m, building support functions hg, : R» —
R such that hg, > f on R" and hx, = f on C;. Thus we can write

3.2 Approximation of C'! functions by piecewise linear func-
tions

Piecewise linear functions can be used to approximate C! functions with respect to the
topology 7, as stated in the following lemma.

Lemma 3.2.1. Let u € CY(S*™1). Then there exists a sequence {f;} C L (S" 1) such that
fi — U.

To prove this we will need a preliminary observation, which in turn requires some definitions:
a k-simplex A is a k-dimensional polytope given by the convex hull of k + 1 affinely independent
points vy, . .., v, that is,

k k
A:{Z)\ivizz&zland)\iZOforeveryizo,...,k},

=0 =0

where v1 — vy, ..., v, — vg are linearly independent. The points vy, ..., v; are called the vertices
of A.

A partition P of a k-dimensional set Q C R” is called a simplicial partition if it is made up
of k-simplices such that for every two of them, their intersection is either empty or a face (of
any dimension between 0 and k — 1) of both simplices. If @ is a polytope, such a partition is
symmetric if it is symmetric with respect to all the k axes of a coordinate system which has the
center o of () as the origin and axes given by the lines passing through o and the center of two
opposite facets. We also recall that a facet of a k-dimensional polytope is a (k — 1)-dimensional
face. We can now point out the following fact.

Remark 3.2.2. Let Q C R"™ be a n-cube. Then there exists a symmetric simplicial partition P
into n-simplices of Q.
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Proof. We proceed by induction on the dimension n. If n = 2, then @ is a square, and we can
choose P to be the partition made up of the four simplices obtained by connecting the center of
the square to each of the four vertices.

Let n > 3. Let {Fi,..., Fa,} be the facets of (). Since the facets of a n-cube are (n — 1)-
cubes, we can apply the inductive hypothesis to F} to obtain a symmetric simplicial partition P
into (n — 1)-simplices of F;. We replicate this same partition on each other facet of @, and we
denote by P; the partition on the facet F;. Because P;, hence P; for every i, is symmetric, the
partitions of Fi,..., Fy, “glue together” well, in the sense that they give a simplicial partition
P’ into (n — 1)-simplices of Q. Connecting the center of @ to the vertices of all the simplices
in P’ we obtain a symmetric simplicial partition P into n-simplices of Q. O

This allows us to prove the lemma stated above.
Proof of Lemma 8.2.1. Let f € C*(S"™') and consider its 1-homogeneous extension f to R™:

T

- if
Fa) = 1o (nxn) z#0,
0 ifx=0.

Then f € CY(R"\ {0}). In particular, f € C'(D), where
D={zeR":1< |z <n}.

Fix ¢ > 0. Since f and its Euclidean gradient V f are uniformly continuous on D, there exists
0 > 0 such that for every x,y € D with ||z — y|| < § we have

|f(z) = f(y)| <e (3.2.1)

and } }
|Vf(z) = Vi) <e. (3.2.2)
Let @ = [—1,1]" be the n-cube centered at the origin with edge of length 2. For each

coordinate axis, we draw hyperplanes orthogonal to such axis so that @ is cut into n-cubes with
edges of length &, where N = [%-‘ ([-] denotes the ceiling function). Note that these n-cubes

all have the same diameter

i (e ) 0 = s

Consider now the facets of such n-cubes (which are (n — 1)-cubes) that are contained in the
boundary 0Q of Q). We apply Remark 3.2.2 to these facets: this determines a simplicial partition
{Ay,..., A} into (n — 1)-simplices of Q. For every i =1,...,m, let

CZ:{tthO,(L'GAZ}

Then C1,...,C,, are closed convex cones with pairwise disjoint interiors, and they form a par-
tition of the whole space R™. Note that since the annulus D contains all the simplices A; and
d <9, formulas (3.2.1) and (3.2.2) are satisfied for every = and y belonging to the same simplex.

We consider linear maps L; : C; — R, i = 1,...,m, such that L; coincides with f on each
of the n vertices of A;; these maps are uniquely determined. Let g € Z(R™) be the continuous
function such that g = L; on C;, for i = 1,...,m, and define h = f— g.
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For a fixed z € D, we have that « € Cy, for some k € {1,...,m}, and we can write z = A2/,
with A > 0 and 2’ € A;. Choose an arbitrary vertex v of Ay. Since Ay is compact, there is a
w € Ay such that

|Li(v) — Li(w)| = max |Ly(v) — L(2)]-
ZEAY

Note that the function defined by F(z) = |Ly(v) — Li(2)|, # € Ay, is convex. Since convex
functions on convex polytopes attain their maximum at the vertices, w must be a vertex of Ay.

Given that both f and g are 1-homogeneous, using (3.2.1) and the fact that L, = f on the
vertices of A, we get

(@) = Af(2') = g(@)| = A[f(2') = Li(a")| < Ae+ A|Lg(v) = Ly (2")]
< M+AMM@—LAM%;M+&ﬂw—fWM<2M:2E%a
< 2v/ne.
Therefore,
max |h(z)] < 2¢/ne. (3.2.3)

We now turn to the gradient Vh. Fix arbitrarily & € {1,...,m} and = € relint (Ay), the
relative interior of Ay (i.e., the interior of Ay as a subset of a (n — 1)-dimensional affine hy-
perplane of R™). Then Vh(x) exists. We choose a vertex of Ay and consider the n — 1 edges
ly,..., 0,1 incident to it; since Ay, is a simplex, these edges lie on linearly independent directions
Vi,...,Vn_1. Note that the restriction of h to each ¢; can be seen as a function of one variable
which is continuous on /¢;, differentiable in its relative interior and satisfies h = 0 at the ends of
¢;. By Rolle’s theorem, there exist points z; € ¢; such that

oh
%(Zi) =0,

for every i = 1,...,n — 1. Using the fact that g|c, is linear and the Cauchy-Schwarz inequality,
forevery i =1,...,n — 1 we get

Oh Oh

) af
o) = (21| = / /

(@) = 9() = 5

Ea (=) + 9()

)| =
= ‘<Vf( Vf(zz 1>

[V f() = Vi(z)] <e, (3.2.4)

where the last inequality follows from (3.2.2).
Let H be the hyperplane passing through the n vertices of Ag. Since Ay C 0Q), the exterior

unit normal vector N to H is of the form N = +e;,, for some i, € {1,...,n}; for the sake of
simplicity, let us assume N = e, since the general case can be dealt with analogously. We now
observe that both {v1,...,v,-1} and {e1,...,e,—1} are bases of H; in particular, there exist
numbers o3 € R, 4,5 =1,...,n — 1, such that
n—1
€; = Z Oéijl/j,
j=1
for every i = 1,...,n — 1. Therefore, for i =1,...,n — 1 we have
oh = oh
= [(Vh(x),e;)| < il - |=—(x)] < Me, 3.2.5
@) = (V) B @) (3:2.5)
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where we have used (3.2.4) and we have set

n—1
M =max{ Y ai] i€ {l,...,n—1}

Jj=1

Note that the a;;’s, and thus M, do not depend on €, since they are determined by the v;’s, which
are in turn determined by the simplicial partitions of the (n — 1)-cubes contained in 9Q; the
length ﬁ of the edge of such cubes depends on €, but the angles appearing in the aformentioned
partitions, hence the v;’s, do not.

We now write

Vh(z) = (Vh(z),erer + ...+ (Vh(z),en_1)en—1 + (Vh(2),en)en,
oh oh
= a—xl(az)el +..+ Er— (x)en—1 + E(a:)en,
which, together with (3.2.5), implies
oh
(IVAh(z)|| < M(n—1)e+ 87(37) : (3.2.6)
Let us consider the radial direction r, = H"LTH We have
oh h(z)
x) =(Vh(z),ry) = —F,
(@) = (Vh(a).r) = 7
thanks to Euler’s formula (2.2.11). This yields
oh | (x)|
x)| = < |h(z)| < 2v/ne, 3.2.7
(o) = 5 < o) (3.27)

because of (3.2.3). On the other hand, r, = (r;,e1)e; + ...+ (ry, en)ey, hence

n—1
(@) = (Vh(a).r) = > () (@] v (o)

so that

oh oh
il < |ZZ
| = |

[Tz €n)| -

oh ’

F 3l el | oo (a)

2\/ﬁe+niM5: [2v/n+ M(n —1)le,

N

where we have used (3.2.7), (3.2.5) and the Cauchy-Schwarz inequality. But since

1 1
Tzy€n)| = rzvN =T 2,
rasendl = e, W) = T 2 =

we obtain
oh

%(x) < [2n+Myn(n—1)]e.
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From (3.2.6) we conclude that
IVh(z)|| < Ce, (3.2.8)

where

C=2n+MH/n+1)(n—1).

Formula (3.2.8) holds for every x € relint (A;). By 0-homogeneity of Vh, this extends to every
x in the interior of Cy. Since k € {1,...,m} was arbitrary, using (2.2.12) we have that

IVsh(z)|| < Ce,

for a.e. x € S*7L.
In particular, we have proved that for every ¢ € N we can find a piecewise linear function
fi € Z(S"71) such that
Vn

If = filloe < 2
1

and

V.7~ Vafit@)l < <.

for a.e. x € S*~!. Therefore, f; — f uniformly on S*~! and V,f; — V,f a.e. in S"~1. Besides,
for every i € N and a.e. z € S"~! we have

C
IVsfi@)ll < — +Vsf(@)ll < C+ ax, IVsf@ll,

so that f; — f. O

3.3 Approximation of Lipschitz functions by C' functions

Functions in C*(S"~!) can in turn be used to T-approximate Lipschitz functions defined on
the sphere.

Lemma 3.3.1. Let f € Lip(S"™!). Then there exists a sequence {f;} C C*(S"™') such that
fi— f.

There exists a similar result in the literature, namely Theorem 1 from Section 6.6 in [13],
which is a corollary of Whitney’s extension theorem, but it is not exactly what we are going to
need in the thesis.

Proof of Lemma 3.5.1. Let f € Lip(S"~!) be a Lipschitz function with Lipschitz constant L. As
stated in Theorem 2.2.15, such a function can be extended to a map f: R"™ — R defined by

r) = max z)— L|lx — z|||,
fla) = max [£() = Lo = 2]
for x € R™, which is still Lipschitz continuous with the same Lipschitz constant L. To simplify
the notations, the extension will still be denoted by the same symbol f.
Consider the annuli

5
CO:{JJER": §||m||§3},

Wiy Wl

4
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and let 7 : R™ — [0,1] be a C*° function with 7 < Cy such that n = 1 on C;. For example, we
can define 7 in the following way: take a C* function ¢ : R — [0, 1] with ¢ < [%, g} and p =1
in [2, 4], then set n(z) = o(||z]).

The function f := f -7 is Lipschitz continuous: in fact 7 is, since, from Theorem 2.2.11, for
every x,y € R™ there exists A € (0,1) such that

n(@) —n(y) = (Vn((1 = Nz + Ay),z — y),

thus

() —n(y)l < L(n) - lz -y,
with L(n) = max( )HVn(z)H The product of bounded Lipschitz functions is Lipschitz contin-
z&supp(n
uous, hence f is indeed a Lipschitz function; let L be its Lipschitz constant.

We will use a mollifier to build our approximating sequence. Consider v : R — R™ defined,
for z € R™, by

c-eHzHlLl if ||z]] < 1,
(o) = { IzI

0 if [|z]| > 1,
where ¢ > 0 is a constant such that

Y(z)dz =1,
R’n

and the integral is done with respect to the Lebesgue measure £". The function 1 is C*°, and
its support is the closure B;(0) of the unit ball centered at the origin.
For € > 0, we set

vy = 50 (2), sem

The family {tc }e>0 is a mollifier, and for every € > 0 we have that ¢. € C°°(R™) and its support
is the set B.(0). We now consider the C*° functions

fe@) =t flx) = | flz—y)e(y)dy, = € R™.

R

For z,y € R", we have

fo@) = Few)| = | [ we(2) [fl@=2) =y - 2)] az
Rn

This yields
IV fe(@)]| <L, (3.3.1)

for every x € S"~! and € > 0, thanks to (2.1.2).
We also have that f. — f uniformly on S"~!, as ¢ — 0%. Indeed, since f is uniformly
continuous, for a fixed ¢’ > 0 there is a § > 0 such that

Fe) — )] < 5.
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for every 21,29 € R™ satisfying ||z; — 22| < 6. Therefore, for ¢ > 0 and z € S"~! we get

@)=t = | [ Fa- vt~ [ Fa)
< Kﬁ%@ﬂﬂz*y)*f@N@
4 -
< i ) — d
< G Lo PN )~ F@ay
g ~ ~
S ] —y) — f(a)|dy.
S e = Fely
Since
lim Ye(y)dy = lim Ye(y)dy =0,
==0" JB1(0)\Bs(0) e=0% Jrn\B; (0)

there exists 0 < g9 < 1 such that for every 0 < € < gg and € S !,

fe@) —f@) < F+2M | wlydy <<,
B1(0)\B5(0)

where

M = max ’f(z)’
z€B>(0)

This proves that f. — f uniformly on S* 1.

To show the a.e. convergence of the gradients, for an arbitrary k € {1,...,n} we compute,
for z € R™,
8JEE . fa(x‘i'hek)_fs(x)
=1
6$k (3?) hlig) h
. flo—y+her) = flz—y
= lim [ 4.(y) ( )i —u),,
—0 R~ h

_ of e O
— [ gy = v 5L (@)

where we have used the dominated convergence theorem, which can be applied because of the
Lipschitz continuity of f and the Lebesgue integrability of 1.. The Lipschitz continuity of 1,
together with the fact that n is compactly supported, also implies aasz € L' (R"). Theorem
2.2.12 then guarantees that

of of . N
— o x 2L 9 YR, :
w*axk—)aka (R™), ase =0

o/
axk

fork=1,...,n.
We now turn the family {fs}€>0 into a sequence {fi}ieN by choosing e = 1/i, i € N, and

renaming f; := f, ;i for the sake of simplicity. Every sequence of functions which converges in
L' possesses a subsequence which converges a.e. to the same limit, hence there is a subsequence

{f.i;l) }jeN < {fi}ieN
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such that ~
afi(l) af
i 95
6581 T = 3331

(x) as j — oo,

for a.e. x € R", and

5f,(1) 3f
7.
i 5 L in L' (R") as j —
oor oo ™ (R") as j — oo,
for k =2,...,n. We repeat the process for every 2 < j < n, finding sequences

(o} et e cio} < b

If we set f; := fi(n), 7 € N, we have that
J

%(x) — aa—;;(x) as j — oo,
for a.e. x € R™ and for all k =1,...,n. This implies

Vifi(z) = Vf(x),
for a.e. x € R™. In particular, using (2.2.9) we get that
Vsfi(z) = Vs f(), (3.3.2)

for a.e. x € S*7L. } )
Recalling that {f;};en C {f5}6>0, from the fact that f. — f uniformly on S ! and the
properties (3.3.1), (3.3.2) we conclude that f; — f. O

We have actually proved that C°°(S"~1) is 7-dense in Lip(S"~!). However, for our purposes
Lemma 3.3.1 will be sufficient.

3.4 Density of Z(S" 1) in Lip(S"1)
We are now able to prove our density result.

Proof of Proposition 3.0.2. We have already noted that £ (S"~!) C Lip(S"~1).

Let f € Lip(S"~!) and let U C Lip(S"~!) be an open neighbourhood of f (with respect to
7). Because of Lemma 3.3.1, U contains a function g € C*(S"~1). Moreover, since U is also an
open neighbourhood of g, from Lemma 3.2.1 we have that there is a function h € £ (S"~1) such
that h € U. O

The tools developed throughout this chapter allow us now to prove Proposition 3.0.1, which
is one of the key ingredients for the proof of theorems 1.1.2 and 1.1.3.

Proof of Proposition 3.0.1. Let V,W : Lip(S"~!) — R be continuous valuations such that V =
W on s2(S"~1). Consider the continuous valuation Z : Lip(S"~!) — R given by Z =V — W.

We prove that
z ( A hKi> =0
i=1
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for every hg,,...,hx, € #(S""1), proceeding by induction on m. If m = 2, using the fact that
Z is a valuation and Lemma 2.2.18 we obtain

Z(hKl A h’Kz) = Z(h’Kl) + Z(th) - Z (hconv(Klqu)) = 07

since Z = 0 on S (S""!) by hypothesis. Suppose now that Z = 0 on the minima of m — 1
support functions. Using the fact that Z is a valuation and Z = 0 on J#(S"~!), from the
inductive hypothesis and Lemma 2.2.18 we get

VA (7\ hKi> Z(th) + 7 (Tr}i hK,;) -7 <th \/m/_\ hKi)

=1 i=1

m—1 m—1
-7 ( /\ (th v hK1)> =—Z ( /\ hconv(K,,,,ulQ))

i=1 i=1

= 07

where the last equality follows again from the inductive hypothesis. Then Z = 0 on 3%5(8”*1).
From Lemma 3.1.1 we obtain that Z = 0 on £ (S"1) too.

Let now f € Lip(S"~!). From Proposition 3.0.2, there exists a sequence {f;} C £ (S"71)
such that f; = f. Since Z is continuous,

Z(f) = lim Z(f;) =0,

1—00

hence the conclusion. O

3.5 Topology on Val (Lip(S”_l))

As a side note, we show that what we have proved so far can also be used to equip the space
Val (Lip(S™~!)) of continuous and rotation invariant valuations on Lip(S"~!) with a distance d,
making it a metric space.

Let @ = [-1,1]". For N € N, consider the partition @y of @ made up of n-cubes whose
edges are parallel to the coordinate axes and have length %, as done in the proof of Lemma
3.2.1. Starting from @), the same procedure used in the aforementioned lemma allows us to
build a partition Py = {C;}icr of R™ into closed convex cones with pairwise disjoint interiors.

Define now, for N € N,

Ly ={f € ZL(S" 1) : fle, is linear for every cone C; € Py,
[flleo <N and ||Vsf|| < N ae. in Snfl} C Lip(S"71)7
and let
[Viy =sup{|[V(f)|: f € LN} (35.1)

We will prove that (3.5.1) is a well-posed definition, that is, [V]x < oo for every V € Val (Lip(S"~1)).
We are going to need a topological result first.

Lemma 3.5.1. For every N € N, £y is sequentially compact with respect to the topology T.

Proof. Fix N € N. Let {f;} € Zn. We look for a subsequence {f;;} C {f;} and a function
f € &y such that f;, — f as j — oo.
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Consider the set X = {v1,..., v} of all the vertices of the (n — 1)-simplices contained in Q)
used to build Py, that is, the v;’s are the vertices of the A;’s given by A; = 0Q N C;. Note that
X CoQC B 5z(0)=:B.

We extend 1-homogeneously the functions f; from S"~! to R™, as in (2.2.10), and we still use
the symbol f; to denote these extensions. For every = € B we have

[fi(2)| = |||

fi (‘r)‘ < VN,

|z
being {f;} C %y. This means that

for every fixed = € B.
Choose z = vy; since the interval [—y/nN,/nN] is compact, there is a subsequence

{fir(v1)}jen € {fi(v1) }ien

such that fi; (v1) = ¢ € R, as j — 0. It follows from (3.5.2) that

for every € B. Take now x = v9. Again, there exists
{fi;% (v2)}jen C {fi; (v2) }jen

such that fi2(v2) — ¢ € R, as j — oo. The sequence {f;2};en also satisfies fjz(v1) — 41, as
J J J
j — oo. Iterating this process, we build a sequence
{fi;}jen :=A{fir tjen S {fitien
such that
fi; (k) = Ly
as j — oo, for every k=1,...,m.
Let £ € R™. Then x belongs to a cone Cy € Py, hence we can write

T=AMwi+ ...+ Awy,

for suitable Aq,..., A, > 0, where {w1,...,w,} C {v1,...,v,} are the vertices of the (n — 1)-
simplex Ay used to build Cy. Since f;,’s restriction to Cy is a linear function, we have

fi; (x) = fz'j(/\lwl +.o ) = A fi; (wi) +...+ Anfi; (wn),
which converges as j — oo. Therefore, f : R* — R given by

f(z) = lim f; (2), © € R",
Jj—o0
is well-defined.
Fix a cone Cy in the partition Py. Since the f;;’s are linear on Cy, for every x € C we can
write

fi;(x) = <x, zf] >,
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for suitable zfj’s. Note that zfj = Vfi,(z), for any x in the interior of Cy. Now, since the
gradient of a 1-homogeneous function is 0-homogeneous, from formula (2.2.12) and the fact that

{fi,} € LN we get
VSfij <x>
BNEd|

Hzfj” = [|Vfi, ()| = vaij (||i|> H - \/‘

: k k
From the Bolzano-Weierstrass theorem, every subsequence {Zijh } hen S {zij }j cn Dossesses a

g fi, <x>2 <VAN. (353)

]

further subsequence converging to some z¥ € R". Therefore, the whole sequence {zfJ } converges
to z¥ as j — oo, and

(. 2) = (@ 2| = (w2 =25 < Nl - |2 = 2| < v 125 = =% = 0,

ERag 71

as j — oo, for every x € B; this yields
N E k\ _ k
fla) = lim (w,25) = (z,2%),

for every z € Cy N B. By 1-homogeneity of f, this actually holds for every x € C. Because Cj
was arbitrary, we have proved that, in particular, f € .2(S"~!) with corresponding partition Py.

Since {fi;} € Zn, the sequence {f;,} is uniformly bounded. It is also equicontinuous, as we
are about to prove: for every z,y € R™, consider the segment [z,y] = {(1 —t)x +ty : t € [0,1]}
connecting x and y and call © = g, x1,...,2Zs_1,%s = y the points in [z, y] such that the segment
[*k—1, k] is wholly contained in some cone Cp, , for every k = 1,...,s. Note that s = s(z,y)
depends on z and y, but it is bounded from above by the number |I| of cones in the partition
Pn. We estimate

S

|fi; (@) — fi; (W) = Z [fi; (xn) = fiy (me—1)]| < Z |fi;(@r) — fi; (xr-1)]
k=1

k=1

S S
= D Now =21, 7)< Nak — apall - |21
k=1 k=1

IN

V2N - ok — zpall < V2N - s(z,y) - oyl

k=1
V2N|I| - ||z~ yl,

IN

where we have used (3.5.3). This gives the equicontinuity.
From Theorem 2.2.10, there exists a subsequence of {f;,}, which we still denote {f;,}, con-
verging uniformly on the compact B. Since we already know that f;; — f pointwise, this yields

1fi; = flloo — 0.
We also know that, for every k € I,

Vfi;(x) = zfj — 2F =Vf(x)

as j — oo, for a.e. x € Cj. From the arbitrariness of C, we conclude that Vf; — Vf a.e. in
R™, which in turn implies V. f;, — V,f a.e. in Sn~1, thanks to formula (2.2.12). We also have
[Vsfi,|| <N ae. in S*71, since {f;,} C Ly, thus f;, — f.

We have shown above that f € Z(S"!) with corresponding partition Py. Actually, f € Ly.
Indeed, from the fact that f;; — f we get

[fllso = Tim [fi;[lcc <N,
j—o0
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and moreover

HvsfH = Jllglc ”stzJH <N
a.e. in S L. O

To prove that [-]y is well-defined, we fix N € N and for V € Val (Lip(S™™')) we consider a
maximizing sequence for [V]y, i.e., a sequence {f;} C £y such that

VIx = lim [V(£).
Using Lemma 3.5.1, we can find a subsequence {f;;} C {fi} and f € £y such that f; - 7,
hence V(f;;) = V(f), since V' is continuous. This yields
V1 = Jim V()] = [V(7)] < oo,

thus [-]n is well-defined.
Note that [-]5 is a seminorm for every N € N, that is, it satisfies the following properties:

1. [V]x >0 for every V € Val (Lip(S"™1));
2. [A\V]n =\ [V]n, for every A € R and V' € Val (Ljp(gnﬂ));
3. [V—-Wln <[V = Z]n +[Z — W], for every V,W, Z € Val (Lip(S"1)).

Using a standard procedure, we can now define a metric

d : Val (Lip(S"™")) x Val (Lip(S*™")) — R

by setting
wy=3" Wiy 5.4
AV, W) S 2N 1+ [V =Wy (3.54)

for every V,W € Val (Lip(S"~!)). We now prove that (3.5.4) actually defines a distance.
Clearly, if V. = W, then d(V,W) = 0. Vice versa, suppose d(V,W) = 0. This yields
[V —W]n =0, for every N € N, which in turn implies

V() =w(f), vielJ (3.5.5)

NeN

By rearranging a bit the proof of Lemma 3.2.1, we can show that every function in C*(S"1)
can be T-approximated by a sequence in | J Nen Zn- Lemma 3.3.1 then implies the 7-density of
UnenZn in Lip(S™~1), by the same argument used in the proof of Proposition 3.0.2. Since V'
and W are continuous, it follows from (3.5.5) that V = W on the whole space Lip(S"~1).

The symmetry of d is an immediate consequence of the definition (3.5.4), and the triangular
inequality follows from the triangular inequality of [-]n; and from the fact that the function
¥ : RT — R defined by 9(z) = - is increasing and subadditive: in fact, for every V,W, 7 €

Val (Lip(8"~1)) we have Hx
d(V,2) +d(Z,W) = g;[lm;fﬂzﬁm 1EZ[[;VV]]5]]N
- Eate



Chapter 4

Dot product invariant and
polynomial valuations

In this chapter we will prove a McMullen-type decomposition result for continuous and dot
product invariant valuations on Lip(S"~!). We will also show that there are no non-trivial k-
homogeneous, continuous, rotation invariant and dot product invariant valuations on Lip(S™~1),
for any 3 < k < n. Thanks to these results, we will be able to prove theorems 1.1.2 and 1.1.3 in
sections 4.3 and 4.4 respectively.

4.1 The homogeneous decomposition

This section is devoted to proving the following homogeneous decomposition formula for
continuous and dot product invariant valuations on Lip(S"~1).

Theorem 4.1.1. Let V : Lip(S*™1) — R be a continuous and dot product invariant valuation.
Then there exist continuous and dot product invariant valuations Zy, ..., Z, : Lip(S"7!) — R
such that Z; is i-homogeneous, for i =0,...,n, and

VO = SONZi(f),
1=0

for every f € Lip(S"~1) and X > 0.
Moreover, if V is rotation invariant, the Z;’s are rotation invariant too.

Proof. Let V : Lip(S*™!) — R be a continuous and dot product invariant valuation. Consider
the map ¢ : K — R defined by ¢(K) = V(hg), for K € K™; because of Lemma 2.2.20,
this is a valuation on K™ which is translation invariant and continuous with respect to the
Hausdorff metric. From Theorem 2.2.1 we obtain continuous and translation invariant valuations
©0, -+, n : K — R such that each ¢; is i-homogeneous and (2.2.1) holds.

Define now Z; : s(S"7') — R, i = 0,...,n, by setting Z;(hx) = ¢i(K), for hx €
A (S"71). Reading McMullen’s formula (2.2.1) in the support functions’ setting, we have that
for every hx € S (S"1) and A > 0

V(i) = Vihar) = oK) = 3 Ngi(K) = 3 X Zu(hie). (4.1.1)
i=0 =0

39
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This is the desired decomposition formula stated for support functions; we would now like to
extend it to all Lipschitz functions f € Lip(S"~1). To do that, we must first extend each Z; to
Lip(S™~1).

We write (4.1.1) for an arbitrary hx € #/(S" ') and for \=k=1,...,n+1:

n

V(khi) =Y Kk Zi(h). (4.1.2)
1=0

We see it as a system of n + 1 equations in the n 4+ 1 unknowns Zy(hk), Z1(hK), ..., Zn(hK).
The matrix associated with this system is

1 1 1
2 22 2™
M= s P
1 n n? . n"
I n+1 (n+1)?2 - (n+1)"

which is a Vandermonde matrix, hence

detM =[] @G—i)#0,

1<i<j<n+1

and then M is nonsingular. Therefore, the system (4.1.2) is invertible and we can find coefficients
aij, 1 =0,...,n,j=1,...,n 41, such that

n+1

Zi(hg) = Z aijV(jhK);
=1

note that the coefficients are independent of hx. This allows us to extend the Z;’s to Lip(S"~1):

fori=0,...,n we set
n+1

Zi(f) = Y aiV (i) (4.1.3)

for every f € Lip(S"~1).

We observe that, for every j € {1,...,n+1}, the function defined on Lip(S™~1) by f + V(jf)
inherits all the properties of V, i.e., it is a continuous and dot product invariant valuation on
Lip(S"~1) as well, hence the Z;’s defined by (4.1.3) are continuous and dot product invariant
valuations too. As for the i-homogeneity of Z;, fix i € {0,...,n} and A > 0. The continuous
valuations Z}, Z2 : Lip(S"~!) — R defined by

ZHf) =Zi\f), Z(f)=NZi(f), feLip(S"),

coincide on 7 (S™~1), hence they coincide on Lip(S"~1!), by Proposition 3.0.1. This proves that
every Z; is i-homogeneous.
Consider now the continuous valuation

3

~

V=S 2.
=0

By (4.1.1), V and V coincide on H(S"~1); hence, by Proposition 3.0.1, V = V on Lip(S™~1).
Finally, if we go back to (4.1.3), we deduce that the Z,’s are rotation invariant if V' is. O
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4.2 Homogeneity and valuations on Lip(S"!)

The proof of Theorem 1.1.2 requires a preliminary study of continuous, rotation invariant
and dot product invariant valuations on Lip(S"~!) which are k-homogeneous, for 3 < k < n.
The following result states that these are all trivial.

Proposition 4.2.1. Letn >3 and3 <k <n. LetV : Lip(S"’l) — R be a continuous, rotation
invariant, dot product invariant and k-homogeneous valuation. Then V =0 on Lip(S"1).

Remark 4.2.2. This proposition also shows that a significant number of valuations defined
on the space of support functions F(S"~1), namely the intrinsic volumes hx +— Vi (K) with
homogeneity degree greater or equal than three, cannot be extended from F(S"~1) to the wider set
Lip(S*™1Y). In particular, the volume functional cannot be extended to Lip(S™~1), in dimension
three or higher.

To ease the reading, we have stated some of the steps of the proof of Proposition 4.2.1 as
lemmas. Their proofs are provided along the way.

Proof. Let n, k and V be as in the hypothesis. Define ¢ : £ — R by setting
P(K) =V(hk),

for K € K™. The functional ¢ is a k-homogeneous, translation and rotation invariant valua-
tion which is continuous with respect to the Hausdorff metric, thanks to Lemma 2.2.20. From
Theorem 2.2.2, we have that there exists a constant ¢ € R such that

V(hg) = ¢(K) = cVi(K),

for every K € K™.
If c=0, then V =0 on #(S"!), and from Proposition 3.0.1 we have the assertion.
Suppose now ¢ # 0. We will show that this leads to a contradiction. Since the functional %V
retains all of V'’s properties, up to dividing by ¢ we can assume that

V(hi) = Vi(K), (4.2.1)

for every K € K™. 3
For z € R™ we write = (£,7), with ¢ € R¥ and n € R*7*. Fix ¢ € S¥~! and define
fg : R™ — R by setting

for x € R™. To simplify the notation, we will be using the same symbol || - || for all the Euclidean
norms throughout the proof, independently of the number of components of the vectors we are
applying them to (and the same goes for the standard dot product (-,-)). Consider the (k — 1)-
dimensional disk in R™ defined by

DE: {(5,0) S Rk X Rn_k : <§7E> =0, ”5” < 1} '

The map fg is the support function of DE' In fact, up to a change of coordinate system, we may

assume & = (1,0,...,0); from the definition of support function, for every (¢£,71) € R” we have

hDg(f,ﬂ) = max <§a§/> = max <(§27a€k)7(£/277£;c)> = ||(§277£k)|| :fg(fan)

(§/,0)eDg (§,0)eDg
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Define now g : R" — R by setting

ge(x) = ge(&,m) = (£, €),

for z € R™; g is the support function of the singleton {(£,0)}.
For A > 1, consider wA,E :S» ! — R defined by

Uye=A\z—9e) NO,

where O denotes the function which is identically zero on S*~'. Note that ¢ z = h, De—(£,0) ARS

Lip(S"~'), being a minimum of Lipschitz functions. Therefore, V can be evaluated at 1, & and
we do that in the following lemma.

Lemma 4.2.3. We have

Wk—1 \p—
Vg ==

where @j,_1 denotes the Lebesque measure of the unit ball of RF 1.

Proof. From the valuation property we get

V(ye) = V(M —99) NO) = V(Mg —g8) = V(Mg —9¢) vV O) (4.2.2)

since V(Q) = 0, because of the homogeneity.
As we have already pointed out, A fe—9g = h)\Dgf(E,OV and remembering (4.2.1) and the

properties of the intrinsic volumes we obtain
V(Afe — gg) = Ve(ADg — (€,0)) = Vi(ADg) = \*Vi.(Dg) = 0, (4.2.3)
where the last equality follows from the fact that DE has dimension k£ — 1.

Now, (Afg—gg) VO is the support function of conv (()‘DE —(£,0)u {0}) (see Lemma 2.2.18),

which is a cone with vertex at the origin, base )\DE — (£,0) and height 1, since HEH = 1. From
(4.2.2), (4.2.3) and (4.2.1) we get

fﬁ

AF=1
k

V(w)\,g) — fv(()\fg — gZ) VO) =V <conv (()‘DE —(£,0) U {0})> =

The next lemma concerns the support set supp(wA_g) of the function v, -

Lemma 4.2.4. For every (§,0) € supp(y, ¢) we have

v2
-
Proof. Like before, we assume £ = (1,0,...,0). Thus, for every (&,7) € S*~1,

wgen = (WE . +g-a) o

If (£, 0) € supp(¢, g), we have [|{]| =1 and ME+...+& — & <0, hence

w£+m+ﬁg%. (4.2.4)

e =<l <
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In particular, this implies & > 0.

We write & = (&,¢'), with & € RF71. Since ||¢]| = 1 and & > 0, we have & = /1 — [|¢/[|2.
Using this last equality in (4.2.4) we obtain

I€' <

)

V1 - ll€7?
A

which in turn gives

1 1

1112
< .
1€ < 152 < 32

We can also estimate

€12 oo 1
G-1l=1-a=1-VI- TR = e <[ <

From these inequalities we get

-2 1
[€=€l" = llE = (@0, 0)[P =& — 1P+ [IE']* < 5+ 15 < 3
since A > 1. The assertion follows. O

This result yields the following one.

Lemma 4.2.5. For every 1,22 € S¥=1 such that ||zy — 2| > $ we have

’(/})\,xl : w)\,zg =0.

Proof. Take x1, 2 as in the hypothesis. Suppose the result to be false. Then there is a point
(£,7) € S"! such that

’(/})\,a:l (,57 ;'7) : ’(/})\, xo (37 ;'\7/) 7é 0.
Note that 15, 4, (0,7) = ¥x, 4,(0,7) = 0, hence £ 0.
For i = 1,2, the function

Ux, 2, (& m) = A€ = (& mi)ail| — (& 2)] A O

is 1-homogeneous with respect to &, and since @Z)A,x,-,(zﬁ) # 0, we also have 1y g, (E, n) # 0,

where £ =¢ /H < H This means that (§A, 1) € supp(¢x «,), hence (E, 0) € supp(¢y, 5,) too (since
¥, », does not depend on 77), and from the previous lemma we have

V2

Je-ail < %2

for 1 = 1, 2. Therefore,

~ ~ 22
s — a2l < s — €] + )6 2] < B2
which contradicts the hypothesis. O

Iterating, the previous result can be extended to any finite number of points.
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Corollary 4.2.6. Let N € N and 1, ...,z € S¥=1 be such that |x; —z;|| > %, for every i # j.
Then

wk,xi 'U))\,a:j = @7
for every i # j.

We will need a couple more results. The first one concerns the behaviour of a general valuation
on non-positive orthogonal functions.

Lemma 4.2.7. Let N € N and f1,...,fx € Lip(S*™1). If f; <0 for everyi = 1,...,N and

fi- f; =0 fori#j, then
N N
4 (/\ ﬁ-) =SV
i=1 =1

Proof. The hypotheses imply that f;, V...V f; = O, foreverym € {1,...,N}and {j1,...,jm} C
{1,...,N}. The conclusion follows from Proposition 2.1.3. O

The next well-known lemma allows us to find sufficiently many points on the unit sphere
which are not too close to each other.

Lemma 4.2.8. Let N € N, N > 2. For everym € N there are N,;, = mN =1 points 1, . .. ,TN,, €
SN=1 guch that 1

VNm’

s — 4] >

fori#£j.

Proof. Fix N € N, N > 2, and take m € N. For a = (ai,...,an—1), with a1,...,any_1 €
{0,1,...,m — 1}, we define

1 a an—
T, = —— (—1,..., N 1) e RV L,
VN \m m
These are m™¥~! points, and they satisfy
1
2 — =3l >

VNm’

for every a # b. Moreover, ||a}| < 1 for every a.
Consider now
za = (a5, V1 = [l ]?) € SV,

a’

for a = (ay,...,ay_1) with a1,...,an_1 € {0,1,...,m — 1}. These are m™~! points on the
sphere, and we have
Iz = aull > et — 2l >
a - a bll — \/va
for every a # b. O

We will now use these results to build a sequence of Lipschitz functions which will yield the
contradiction we are looking for. Choose N = k in the last lemma and take m € N. Then we
have k,,, = m*~! points x1,..., 7, € S¥7! such that

1
i — 25l = —=—,

Vkm
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for every i # j. Let
A = 4\/Em;

note that \,, > 1. Since % > % > 1, we can pick a number

2k —2
k

l<p<

and define the function ¥,, : S*~! — R,

km,
1
\Ilm - /\ w)\m, T
mp ! 1
i=

From the k-homogeneity of V', Lemma 4.2.7 (which can be applied because the fact that

llz; — ;]| > ﬁ = 5= allows us to use Corollary 4.2.6) and Lemma 4.2.3, we get

T mkp mhp

k k _
1 A 1 - 1 WE—1 _ o
V(U,,) = \% (/\ ¢/\m7zi> = " Zv(w)\mm) - 3 )‘571 1km _ _ckak 2 kp7
i=1 i=1

where s
cp = 4k_1<:)k_1k‘T > 0.

Given how p was chosen, 2k — 2 — kp > 0, hence
V(¥,,) = —c (4.2.5)

as m — 0o.
We would now like to prove that ¥,, — O, as m — oo. For every ¢ = 1,...,k,, and
T

(¢,m) € S*71, from the triangular and Cauchy-Schwarz inequalities we have

[V, 2, (&M = |[Am S, (€)= 9o, (€M AO| < | A fa, (6:1) — 92, (€, 1)
= | Amll€ = (& za)aill — (€ )| < A (IE0+ NEN - Ml l?) +
+ 1] - [Jzill = (2Am + DS < 2Am + 1,

since z; € S¥~1. This yields ||¥x,, z; lco < 2A\m + 1, for every i = 1,..., ky,, and consequently

2Am+1 _ 8VE 1

[Wnlloe < 0 = 22 4 —

Since p > 1, this implies that ¥,, — O uniformly on S"~! as m — oo.
We now look for a uniform bound on L(¥,,), the Lipschitz constant of ¥,,. For i €

{L ceey km}a consider @Am,zi = )\mf:m — Gx;- For (5377)7 (5/3"7/) € Snila

Am[llE = (& za)asll = 1€ = (€, za)will| + (€ — €, 23)]

'(Z)\m,m (5; 77) - 171)\7,1,:101- (5/777/)

< AnllE =€ = (€ =&zl + [(§ =& x|

< An(lE =€+ NE =N - lall®) + 1€ = €[l -l
= 2w +DIE-=¢|l

< @A +D)N(En) = (€I
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Therefore, recalling that the Lipschitz constant of a minimum of finitely many functions is at
most the maximum of the Lipschitz constants, we get

L(,(/)A'nuwi) < L(%Amwi) <2X\, +1

and
k,
IS 1 _ 8Vkm+1 _ 8Vk+1
L(V,) =L (mP /\¢>\m7xi> < —max{L(¥y,p) i =1k} < e <
=1
This, together with (2.1.2), implies that
8Vk +1
IVaW (@) < =22,
m

for every m € N and a.e. € S"~!. The last inequality both tells us that V,¥,, — 0 a.e. in
S"~1 as m — oo, and that |[Vs¥,,| is uniformly bounded by

C=8Vk+1.

Therefore, ¥,, — O as m — oco. Since V is continuous, this gives V(¥,,) — V(O0) = 0,
which is in contradiction with (4.2.5). This concludes the proof of Proposition 4.2.1. O

4.3 Dot product invariant valuations on Lip(S"™!)

We are finally ready to prove Theorem 1.1.2. In doing so, we will provide a general recipe to
build continuous and rotation invariant valuations on Lip(S™~!); we present this as a stand-alone
result.

Lemma 4.3.1. Let K : R x RT — R be a continuous function. Then the functional V :

Lip(S*™1) — R defined by

V(f) = o K(f(2), Vs f (@) [hdH"~ (2),

for f € Lip(S"™1), is a continuous and rotation invariant valuation.

Proof. First note that V is well-defined. Indeed, by Weierstrass’ theorem and (2.1.2) we have
that, for every f € Lip(S"~!), the function S"~' 3 = — (f(2),||Vsf(x)|) takes values in a
compact set, hence

S* sz K(f(2), |Vef (2)]])

is bounded in absolute value by a constant C'y > 0 depending on f, using Weierstrass’ theorem
again. Therefore,

/ |K(f(2), Vs f(@)D]aH" (z) S/ CydH" () = Cy < o0,
§n—1 §n—1

and V is well-defined.
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To prove that V is a valuation, we take f,g € Lip(S*~!) and compute

VUV Vg = [ VIV o)+ K Ag IV Ak

= [ KUV Vo) + K@ IV A D]+
; (4.3.1)

+ [ K190V o))+ KG9 A Dlan+

+/E[K<fvg, IV (V) + K(f A g, IVo(F A g)l)]drn—,
where

F={zesS"": fz) >g(x)}, G={zeS"": fla)<g(a)}, E={aeS"": fx)=g(x)}.
Let z € S*! be such that f, g, f Vg and f A g are differentiable at 2. Then
Vsf(x) ifxeF,
V.V =g T

Vsg(z) ifz e,
and
Veg(z) ifzeF,
Vsf(z) ifzed.
On the other hand, if f(x) = g(x) it is not too hard to prove (see also [31]) that

Vif(x) = Vg(z) = Vs(f V g)(x) = Vs(f A g)().

Hence we can split and reassemble the integrals in (4.3.1) so that

Vi(f Ag)(x) = {

VUV +VUAG = [ KLV + [ K IValan = V(D) + Vi)
We now prove that V is continuous. Let {f;} C Lip(S"~1!) be such that f; — f € Lip(S"~1).
Then || fi — flloo — 0, hence there exists I € N such that || fi]lco < ||f]|cc + 1 for every i > I. Set
M = max{|| fillsos- - -, | frlloo, | flloc + 1}
Because of the 7-convergence, there is also a C' > 0 such that
(fi(2), Vs fi(@)l]) € B : = [-M, M] x [0, C],

for every i € N and a.e. € S""1. Let D = maxp |K|, thus K (f;, |Vsfill) = K| (fi, |[Vsfill)
is dominated by the constant function D, which is integrable on S*~! since the sphere has finite
measure. From the dominated convergence theorem we get

V(= [ KGNV =t [ KRGV AR = Jim V()

For what concerns rotational invariance, we have that for every f € Lip(S*~1) and o € O(n),
if f is extended 1-homogeneously to R™,

IVs(foo) (@) = VIV(foo) (@)~ [(foo)(z)]* = \/|| (Do(2)" Vf(o(@)|” ~ f(o(2))
= VIIVio@)? - fo(@))? = [V f(o(@)],
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for a.e. # € S"71, where we have used (2.2.12) and the fact that the matrix (Do (z))T, being
orthogonal, preserves the norm. Therefore,

V(foo)= E(f(o(@)), IVs(f o o) (@)IdH" " (2)

Sn—1

= E(f(o(@), IVsf(o(@))NdH" () = V(f),

Sn—1

where we have applied the change of variables y = o(z). O

We now turn to the actual proof of our characterization result for dot product invariant
valuations.

Proof of Theorem 1.1.2. Assume the functional V : Lip(S"~!) — R to be defined by (1.1.1) for
some constants cg, c1,cz € R. The kernel K : R x RT — R given by

K(z,y) = co + c1z + ea[(n — )2 — y?],

for (z,y) € R x RT, is a C* function, hence V is a continuous and rotation invariant valuation,
by the previous lemma.

It remains to be seen that V is dot product invariant. This can be proved with a direct
computation, but it is easier to show it via a trick which also gives us the chance to derive a
new integral representation for the intrinsic volume V5, something that will be useful during the
second part of the proof too. From (2.2.4), for every K € Ci we get

1
V(K) = 5 — /S = D)hge + hicdivs (Vahie) JdH" ™!
1
= o [ L= mk = T Plane (132)
2&)”72 §n—1

where the last equality follows from the divergence theorem (here div, denotes the spherical
divergence). Therefore, (2.2.2) and (2.2.3) imply

V(hK) = CO%(K) + clwn,lVl(K) + QCan,ng(K), (433)

for all K € C2.

For z € R", consider the functional V,, : Lip(S*™1) — R defined by V,.(f) = V(f + (-, z)),
for f € Lip(S"~1). This is still a continuous valuation on Lip(S"~!) and, because of (4.3.3), it
satisfies

Velhg) = V(ihg + (-, 2) = V(hktz) = coVo(K + ) + cwp—1 VI (K + ) +
+202wn_2V2(K + 117) = C()VO(K) + Clwn_lvl(K) + 2020)"_2‘/2([() = V(hK),

for every K € C?r, since the intrinsic volumes are translation invariant.

Now, the integral in (2.2.4) just makes sense for support functions of Ci bodies (since support
functions of C% bodies are of class C?), but its rewritten form (4.3.2) is well-defined for every
support function hx € S(S"71). Since Cf_ bodies are dense in K™ with respect to the Hausdorft
metric, for an arbitrary hx € #(S"!) we can find a sequence {hg,} C J(S*~1) with {K;} C
C? such that [|hx, — h|lec — 0, thanks to (2.1.7). Then we also have hg, - hx (see the proof
of Lemma 2.2.19), and since V,, and V are continuous with respect to 7 we get V,(hg) = V(hi).

From Proposition 3.0.1 it follows that they coincide on the whole space Lip(S®~1), hence V is
dot product invariant.
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Vice versa, let V : Lip(S"!) — R be a continuous, rotation invariant and dot product
invariant valuation. As we previously did, let us consider ¢ : K" — R defined by

o(K) = V(hk),

for K € K™, which is a translation and rotation invariant valuation that is continuous with
respect to the Hausdorff metric, because of Lemma 2.2.20. From Theorem 2.2.2, there are real
constants cg, c1,...,c, such that

V(hg) = o(K) = Z ¢ Vi(K), (4.3.4)

for every K € K™.

From Theorem 4.1.1, there exist continuous, rotation invariant and dot product invariant
valuations

Zo, Z1,..., 2y Lip(S") — R
such that Z; is i-homogeneous, for i = 0,1,...,n, and

n

VA =) NZi(f),

i=0
for every A > 0 and f € Lip(S"~!). Applying Proposition 4.2.1 to Z;, for i = 3,...,n, we get
V(M) = Zo(f) + AZ1(f) + N Za(f), (4.3.5)

for every A > 0 and f € Lip(S"~1).
Combining (4.3.4) and (4.3.5) we have that, for every A > 0 and K € K7,

Zo(hi) + A1 (hi) + N Za(hic) = V(M) = V(hag) = Y aViAK) =Y eNVi(K),
i=0 =0

where the last equality follows from the i-homogeneity of the i*" intrinsic volume. This implies
Z()(hK) = C()VO(K), Zl(hK> = Clvl(K), ZQ(hK) = CQ‘/Q(K) and C3 = ...=Cp = 0. Therefore,
taking A =1, f = hg in (4.3.5) and remembering (2.2.2), (2.2.3), (4.3.2), we find

V(hic) = co+ cl/

§n—1

hicdH" ! + C2/ [(n— )k — [V |2]aHm,

sn—1

for every K € C?, where we have renamed ¢; : = ¢ /wy,_1, 2 : = ¢2/2w,_2. From the first part
of the proof, the functional V: Lip(S*~1) — R defined by

P =cte [ gatee [ (-0 - 1902

Sn—1

for f € Lip(S"7!), is a continuous valuation like V, and they coincide on the set of support
functions of C% bodies, hence on #(S" '), by density. We conclude from Proposition 3.0.1. O
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4.4 Polynomial valuations on Lip(S)

This section is devoted to the proof of Theorem 1.1.3.

Proof of Theorem 1.1.5. Let V be defined by (1.1.2). The fact that V is a continuous and
rotation invariant valuation follows from Lemma 4.3.1 (with kernel K (z,y) = p(z,y?)). As for
the polynomiality, by (2.2.12) and (2.2.7) we have that

V(hi) = /S1 p (hi(2), |[Vhg (@) = hi(2)?) dH' () = /Sl q (hx (), |[Vhi(2)]?) dSo(K; z),

for a suitable polynomial ¢ and for all K € K2. Now, if K € K? is strictly convex, from (2.2.11),
Proposition 2.2.14 and Lemma 2.2.6 we get

Vihk) = /Slq(@»VhK(x)%IIVhK(x)I|2)d50(K;$)

/ ¢ (@ 55 (), 155(2) [2) dSo (K s )

St

= [ (@5 lsIP) denxss. )
R2 xSt

- / po (s]%, (s, 2)) dOo (6 5, 7).
R2 xSt

for a polynomial pg. By density of strictly convex bodies in K2, continuity of V with respect to
7 and Lemma 2.2.19, this extends to every K € K2. The set function ¢ : 2 — R defined by
o(K) =V(hg), for K € K?, is a rotation invariant and polynomial valuation which is continuous
with respect to the Hausdorff metric, by Theorem 2.2.4. Therefore,

Vihg + (- 2)) = V(hgiz) = (K +2) = pi (z)

is a polynomial in z € R?, for every K € K2. This proves that V is polynomial on 52 (S'), but
since, for every fixed x € R?, the functional V, : Lip(S!) — R defined by V,(f) = V(f + (-, ))
is still a continuous valuation, we conclude from Proposition 3.0.1 that V' = V, on the whole
space Lip(S!), hence proving that V is polynomial.

Vice versa, let V : Lip(S') — R be a continuous, rotation invariant and polynomial valua-
tion. Define ¢ : K2 — R by setting

p(K) =V(hk),

for every K € K2. Using Lemma 2.2.20 again, the map ¢ inherits all of V’s properties, i.e., ¢ is
a rotation invariant and polynomial valuation which is continuous (with respect to the Hausdorff
metric). We can then apply Theorem 2.2.4 to ¢ to get two polynomials pg,p; in two variables
such that (2.2.5) holds for every K € K2.

Let us consider K € K? which is Cf_. Then K is also strictly convex, and from Lemma 2.2.6
and Proposition 2.2.14 we obtain

1

Vi) = oK) =3 / pi (s (@), (s (), 2)) dS:(K; ) =

[ay

= /pz [Vhi(z)|?, (Vhi(z),z)) dS;(K;z) = (4.4.1)

[

- / (IVhk (@)]1?, hi (x)) dS; (K; ),

=0
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where the last equality follows from the 1-homogeneity of hx and Euler’s formula (2.2.11).
It is now convenient to move the integrals from S! to the interval (0, 27]; to do that, consider
the map h : R — R defined by
h(t) = hi(cost,sint),

for every t € R. Note that h is a 27-periodic function.
Let us determine the connection between Vhg and h’. For a.e. ¢ € (0, 27],

(z(t),y(t)) := Vhg(cost,sint)

is the only point of K such that the outer normal vector to 0K at (z(t),y(t)) is (cost,sint),
because of Proposition 2.2.14. Applying once again Euler’s formula (2.2.11), we get

h(t) = ((z(t),y(t)), (cost,sint)) = x(t) cost + y(t) sint, (4.4.2)

so that
h'(t) = 2'(t) cost — x(t) sint + ' (t) sint + y(t) cos t.

Since the tangent vector (z/(t),y’(¢)) and the normal vector (cost,sint) to K at ¢ are orthogonal,
this implies
R (t) = —x(t)sint + y(t) cost. (4.4.3)

Relations (4.4.2) and (4.4.3) yield the following equalities:

h(t) cost = x(t) cos® t + y(t) sint cost,
—W(t)sint = x(t)sin® t — y(t)sint cost.
Adding the two equations, we get
x(t) = h(t) cost — h/(t) sint. (4.4.4)

Similarly, we have
y(t) = h(t)sint + h'(t) cost. (4.4.5)

From (4.4.4) and (4.4.5) we finally obtain
[Vhi(cost,sint)||* = z(t)? + y(t)* = h(t)* + ()2 (4.4.6)

Moreover, remembering the bidimensional formula for the Laplacian expressed in polar coor-
dinates and using (4.4.4), (4.4.5) we find

Ahk (cost,sint) = h"(t), (4.4.7)

for a.e. t € (0, 27].
Using the definition of line integral and formulas (4.4.6), (2.2.7), (2.2.8), (4.4.7) in (4.4.1), we
get

V(hi) = / " po(h(t)? + 1 (£, h()dH (1) + / " p(h(t)? + 1 (62, b)) (1) dH (1),

up to moltiplicative constants which can be incorporated into the polynomials. Then there exists
a polynomial gy such that

V(hk) :/0ﬁqo(h(t),h’(t)2)d7-l1(t)+/o ﬂpl(h(t)Q+h’(t)2,h(t))h”(t)d?—ll(t). (4.4.8)
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If we write o
D1 (I, y) = Z aijxlyja
1,j=0,...,m,
i+ji<m
with a;; € R for 4,j = 0,...,m, the second integral becomes
2 2m )
/ pr(h(t)2 + 1 ()%, h(t)R (H)dH (1) = Z / 2 n(t) ] h(t)ﬂh”(t)d?{l(t)
0 i,j=0,
]1+]<m

Z Z( )a” ijk> (4.4.9)

%,7=0,...,m, k=0
i+j<m

where we have set )
Hip i = / B(8)E=2E 4T (125 B () dH (2).
0

For fixed 4,5 € {0,...,m} such that i +j < m and k € {0,...,i}, we focus on the integral
H;j,. Since

1 !/
|:2k — (h/)2k+1:| (t) — h/(t)2kh//(t)7
we can rewrite H;;j, as
2

Hoo= [ hwr |
0

1

mh ( )2k+1:| dH ( )

Note that 2i — 2k + 7 > 0, being k£ <7 and j > 0.
If 2¢ — 2k + 5 = 0, then

h/(QW))ZkJrl _ (h/(o))2k+1
2k+1

= | - [%ilw')%ﬂ/(tmﬂww ! o,

since h, hence b/, is 2m-periodic.
If 2¢ — 2k + 5 > 0, integrating by parts we obtain

2w

1 okt 2% —2k+j [T o
Hi' _ h/t2k+1ht21 2k+j . / ht27, 2k+j 1hlt2(k:+1)d lt
R e R (¢ an (1)
2i — 2k +] I 25— 2k—4j—
= - - < h()2i2k+i =10 () 2(R+1) g4 (1),
el (1) Va1

Therefore, from (4.4.9) we have that there exists a polynomial ¢; such that

/ s (0 + K ()2, RO (1 (1) = / 7 h(). W (0 0),
0 0

hence (4.4.8) implies
2
Vi) = [ p(bio), @) o),
0
where p = qo + ¢q1.-
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Recalling (4.4.6) and (2.2.12), for a.e. t € (0, 27| we have

h(t)2 + K (t)> = |Vhg(cost,sint)||? = ||Vshx(cost,sint)||* +
+[hk (cost,sint)]* = || Vshg (cost,sint)||* + h(t)?,
so that
R'(t)? = ||Vshg(cost,sint)|?.
This gives

Vi(hi) = /Slp(hK(a:), [Vshi (2)]*)dH (z), (4.4.10)

which holds for every C% body K.
Recalling that C3 bodies are dense in K2, and reasoning as in the proof of Theorem 1.1.2,
we extend representation formula (4.4.10) to the space Lip(S?). O

In higher dimension we would have Theorem 2.2.5 to rely upon: the main problem in ex-
tending Theorem 1.1.3 to the case n > 3 is that we are missing a tool, like the combination of
Theorem 4.1.1 and Proposition 4.2.1 was, for polynomial valuations.

4.5 An improved homogeneous decomposition

To conclude this chapter, we show that, using Proposition 4.2.1, we can now refine Theorem
4.1.1 as follows.

Theorem 4.5.1. Let n > 3 and V : Lip(S"~!) — R be a continuous and dot product invari-
ant valuation. Then there exist continuous and dot product invariant valuations Zg, ..., Zp_1 :
Lip(S*~!) — R such that Z; is i-homogeneous, for i =0,...,n — 1, and

V) = S XNZ(f),
1=0

for every f € Lip(S™~1) and A > 0.

Proof. We use the notations introduced in the proof of Theorem 4.1.1; by the latter result, we only
need to prove that Z, = 0. By Theorem 2.2.3, there exists ¢ € R such that ¢, (K) = ¢V, (K),
for every K € K™. In particular, ¢, is rotation invariant, hence Z, is rotation invariant on
H(SmL).

Let us prove that Z, is rotation invariant on the whole space Lip(S*~1). For a fixed 0 € O(n),
consider Z7 : Lip(S"~!) — R defined by

Za(f) = Zn(foo) = Zu(f),

for f € Lip(S"~1). Such functional is a continuous valuation on Lip(S™~1); because Z,, is rotation
invariant on J#(S""1), Z7 = 0 on #(S"~!). From Proposition 3.0.1, ZZ = 0 on Lip(S"~1), so
that Z,,(f o o) = Z,(f), for every f € Lip(S"!) and o € O(n). Therefore, Z, is a continuous,
rotation invariant, dot product invariant and n-homogeneous valuation on Lip(S™~!), hence
Z, = 0, thanks to Proposition 4.2.1. O

We have avoided on purpose to rewrite the last sentence of Theorem 4.1.1 in the statement
of Theorem 4.5.1, since the case in which V is rotation invariant is already described in more
detail by Theorem 1.1.2.
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Remark 4.5.2. It would be interesting to know if also Zs = ... = Z,_1 = 0 for an arbitrary
continuous and dot product invariant valuation V.. We know from Theorem 1.1.2 that this is the
case under the additional assumption of rotational invariance.



Chapter 5

General continuous and rotation
invariant valuations on Lip(S!)

This chapter is devoted to the proof of theorems 1.1.4 and 1.1.5. The first results we will
obtain work in arbitrary dimension n, hence we will present them in this more general context,
restricting to the case n = 2 when needed. Many of the ideas for this part come from [35].

5.1 Boundedness on ||-||rip-bounded sets

Consider on Lip(S™~1) the Lipschitz norm, defined by (2.1.4). We will start by proving that
valuations which are continuous (with respect to 7) are bounded on ||-||rip-bounded sets.

Note: the notation ||||Lip will be useful for the statement of the next result, but we will keep
using the topology T on Lip(S™~1), and not the topology induced by this norm.

Lemma 5.1.1. Let V : Lip(S"!) — R be a continuous valuation (with respect to T) and let
A C Lip(S"™1), L > 0 be such that ||f|lLip < L for every f € A. Then there exists C > 0 such
that

V(NI <,

for every f € A.

Proof. We reason by contradiction: if this were not true, there would exist L > 0 and a sequence
{fi} C Lip(S"1) with || f;||lLip < L, for every i € N, such that |V (f;)| = oo as i — oc.
Consider the function 6 : R — R defined by

0(c) = V(cl),

for ¢ € R, where 1 denotes the constant function equal to one; 0 is continuous because V is.
Therefore, 6 is uniformly continuous on [—L, L] and thus bounded, that is, there exists C > 0
such that, for every c € [—L, L],

V(el)| = 8(0)] < C.

We define inductively two sequences {a;}, {b;} C R. Set ag = —L, by = L and let ¢y = 2t
Note that
V(fiVeol)+V(fiNeol) = V(fi) + V(col).

55
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Since |V (col)| < C and |V(f;)| — oo, there exists an infinite set M7 C N such that for i € M;
either |V (f; V col)| = oo or |V (fi A col)| — oo, as i — oco. If we are in the first case, we set
ay = ¢g, by = L and fi1 = f; Vcol. If the second case occurs, we define instead a; = —L, by = ¢
and f! = fi Acol. Note that in either case we have ||f}||Lip < L, for every i € M;. We now
define ¢; = ‘“TH” and proceed similarly.

Inductively, we construct two sequences {a;}, {b;} € R, a decreasing sequence {M;} of
infinite subsets of N, and sequences {fij}ieM_]. C Lip(S™~!) such that, for every j € N,

L
laj = bl = 5=

lim [V (f7)] = oo,
71— 00

and for every ¢ € Mj, t € snt ‘
a; < fi(t) < b;.

Up to passing to a further subsequence, we may assume that

lim |V(£)] = oc.

i—00

Let A = lim a; (the limit exists because {a;} is bounded and monotone) and g; = f¢, for
J—0o0

i € N. The sequence {g;} C Lip(S"™1) satisfies a; < g; < by, ||gillLip < L, [|gi — M ||c — 0, and
i [V (g,)| = oc.

We now need a second inductive step to obtain the a.e. convergence of the gradients. We
define a new double indexed sequence {m?}; jen. For the first step, consider the number m} : =
m(g;), for every i € N, where m(g;) is a median of g;, that is, m(g;) is a number in [—L, L] which
satisfies

M ({2 €87 gi(e) 2 mg)}) = SHUHETY) =

vV
N~ DN —

)

(5.1.1)

N~ DN~

M ({2 €87 gila) S mig)}) = SHUHETY) =

A median always exists.
The valuation property implies that

%

V(gi Vmil) +V(g; Ami1) =V (g;) + V(mi1).

Since |V (m!1)] < C and |V (g;)| — oo, there has to be an infinite set, which with a little abuse
of notation will still be denoted by M; C N, such that for i € Mj either |V (g; V mi1)| — oo or
|V(g:i Am}l)| — oo, as i — oo. In the first case, we set g} = g; V. mi1, whereas in the second
case we define g} = g; Am}1. Either way we get that |g}||Lip < L, for every i € M.

Since H" " 1((g})"'({m!})) > % and V.g}(z) = 0 for a.e. 2 € (g})~'({m}}), because of
Lemma 2.2.16, we have that Vsg! = 0 in a set of measure larger than or equal to %

For every i € M, consider the set

Al={r e gl@) £ ml}.

Note that H"~'(A}) < 3. Indeed, since g} = g; V. m} or g} = g; Am!, we have that g} = m] if
and only if g; < m} or g; > m} respectively. Then, from (5.1.1) we get

H A =1-H""({gi =m;}) <1 -

|~
[\)
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Now, for every i € M; consider the median m? in A}, i.e., the number verifying

H ! ({z e Al gl (@) > mP}) >

H' ! ({z e Af i gi(x) <mi}) >

Again, this median surely exists.
We proceed as before, noting that the valuation property implies

V(gi vmil) + V(gi Amil) =V(g;) +V(mi1).

Since |V(m?1)| < C and |V (g})| — oo, there is an infinite set My C M; such that for i € M,
either |V (gi Vm?1)| — oo or [V (g} Am21)| — oo, as i € Ms goes to oo. In the first case, we set
g7 = g} Vm?1, and in the second case we set g7 = g} A m?1. Either way, ||g?||Lip < L for every
i € My. Assume g? = g} Vm?1 (the other case is analogous).

If m} > m?,

H 7 ((g9) T ({mimi}) = H({gi Vil =mi}) + H T ({g; <mi)
= H! (( 1)C)+H“*<Alm{gigm5}>

= 1—4{” (4D =

»Jk\oo

If m}! < m? instead,
H (gl =mih) =" ({gr Vil =mi}) = H"1(0) =0,
and then

M (g2) (b)) = H({gF = mh) = H (g} < )
= D) A (o} )

HH((AD) +

v

n—1 1
SH(AD

_ Hn 1( )2

rlk\oa

Finally, if m} = m? we have

H' 7 ((97) 7 (Imi,mi) = H () T ({md}) = 1 ({gi < mi}),

and we conclude as in the case m} < m?. Whatever happens, we get

e 3
W (g?) " (il mi) =

It follows again from Lemma 2.2.16 that Veg2(x) = 0 for a.e. x € (g2)"1({m},m?}). Since
H H((g2) 7 ({m}, m?}) > 3, we have that V,g? = 0 in a set of measure larger than or equal

3
to 1
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By induction, we obtain a decreasing sequence of infinite subsets M; C N and sequences

{gf}ieMj C Lip(S”’l), J € N, such that, for every j € Nand i € M;, a; < g} <b;, HVSggH <L

7
a.e., lim [V(g])| = oo and
11— 00

H L ({Jc e Sl Vgl (z) # 0}) < 2%

Passing to a further subsequence if needed, we may assume that the sequence {gi} verifies
lim |lg! — A||oc = 0, | Vsgl]| < L ace., lim |V (g!)| = oo and
1— 00 1— 00

H ! ({z eSS Vigi(z) #0}) < %

Therefore, g¢ — A, but |V (g¢)| — oo, a contradiction with the continuity of the valuation. [
T

5.2 Rims around sets

We need to introduce a couple more notations. For a given valuation V : Lip(S"™!) — R
and a number \ € R, we consider the functional Vy : Lip(S"~!) — R defined by

W) =V(f+X) =V,

for f € Lip(S"~!), which is still a valuation. Moreover, V} is continuous and/or rotation invariant
if V' is continuous and/or rotation invariant respectively.
For a set A C S" ! and w > 0, the outer parallel band or rim around A is the set

AY ={reS"1:0<d(z,A) < w},

with the convention that (¥ = 0.
The next lemma allows us to control continuous valuations on rims.

Lemma 5.2.1. Let V : Lip(S*™!) — R be a continuous valuation. Take two Borel sets A, B C
Sl and let A € R, v € RT. Then

lim sup{|Va(f)|: f < AYUBY, L(f) <~} =0. (5.2.1)
w—0t
In particular,
lim sup{|VA(f): f < A%, L(f) <7} =0
w—0t
for every Borel set A C S*7 L.
To prove this, we are going to need this technical result first.

Lemma 5.2.2. Let A C S"! be a Borel set. Then

lim H""1(AY) = 0. (5.2.2)
w—0F
Proof. If A =0, then H"~(A%) = 0 for every w > 0, and we are done. Suppose now A # .

If (5.2.2) were not true, we would have a number € > 0 and a sequence w; \, 0 such that
H""L(A¥) > ¢ for every i € N.
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If 2 € ;e A%, then
0 <d(z,A) < w,

for every ¢ € N; passing to the limit in the second inequality we have a contradiction. Therefore
Nien A% = 0, hence

0=H"""! (ﬂ A“’i> = lim H" 1 (A¥) > ¢,

71— 00
€N
which is false. O

Proof of Lemma 5.2.1. If A= B = (), there is nothing to prove. Assume now AU B # {).
We reason by contradiction: if the limit in (5.2.1) is strictly positive, there exist £ > 0 and a
strictly decreasing sequence w; \, 0 such that

sup{[VA(f)| : f < A" UB*", L(f) <~} 2 ¢,

for all ¢ € N. By definition of supremum, for every i € N there is a Lipschitz function f; with
fi < A¥ U B¥ and L(f;) <+ such that

£

(VA(fi)l > sup{|[VA(F)] - f < A% U B, L(f) <7} =5 2 (5.2.3)

€
5

Since K; = supp(/f;) is compact, for every i € N we can write || fi|lco = |fi(xs)|, for some
x; € K;. Note that, for every i € N, K; C A% U B¥ C A« U B«1, which is compact; then there

exists {z;,} C {z;} such that z;;, — x as j — oo, for some x € A1 U B*1.
We actually have z € A U 0B. Indeed, if

2 ¢ JAUOB = (A% U (| B% = (A% UB% = (| A% U B¥,
€N ieN ieN €N

since x € A« U B there must be a number I € N such that

x € AT U Bor \ Awrin U Bor,

Now, {z;}i>1+1 C A¥I+1 U B¥I+1 | which implies = lim z; € Avr+1 U B¥1+1, a contradiction.
Therefore, x € 0A U 9B. Without loss of generality, aszsz;fle x € 0A.

Let us prove that there exists J € N such that f; () = 0 for every j > J. If this was not
the case, there would be a sequence {f;,, } C {fi;} such that f;; (z) # 0, for every £ € N. This
would imply z € supp(fm) C A% U B*"ie | but since z € JA we would actually have z € B*"i¢
for every £ € N. If B = (), this is already a contradiction. If B # ), we have d = d(z, B) > 0,
and then there would exist h € N such that Wiy, < d, hence = ¢ B”"n | a contradiction.

By Lipschitz continuity, we get that for sufficiently large j

1filloo = 1fi; (i) = 1 fi; (wi;) = fi; (@) < Allws; — ]| = 0.

Moreover, [|[Vsf;, || < v ae., from (2.1.2), and since H" H(K;,) < H"1(A¥ U B*5) — 0

(because of Lemma 5.2.2), H"~*({f;, = 0}) — 1. From Lemma 2.2.16 we conclude that V, f;, —
0 a.e. in S”~!. Therefore, fi; = O, where O again denotes the identically null function. This is

a contradiction with (5.2.3) and the continuity of V. O
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5.3 The control measure

We fix a continuous and rotation invariant valuation V : Lip(S"~!) — R. Define Vitat
Lip(S*~1) — R by setting

Vi) = [ Vira@)- 1an ),
for f € Lip(S"~!). Since n : R — R defined by n(A\) = V(A1) is continuous, this Vi, is still a
continuous and rotation invariant valuation, from Theorem 1.0.1 or Lemma 4.3.1.

Note that Viiope : = V — Vg satisfies Viiope(A-1) = V(A1) = Vi (A-1) = 0, for every A € R
(remember that, with our normalization, H"~!(S"~!) = 1). Since Vyope is again a continuous
and rotation invariant valuation, up to replacing V by Vi,pe We can assume V' to be null on
constant functions.

For A € R, v € R", we will build a measure p, . which“controls” (in a sense yet to be
defined) the valuation V). We will separately build its positive and negative part. We start by
constructing the positive one. To do so, we first build an outer measure Mf\w on S* 1.

5.3.1 Definition of x} , on open sets

Fix A € R, v € R*. We begin with the definition of pﬁw on open sets: for an open set
G C Sn—l’
#3,(G) i = lim sup{VA() < £ < G, [flle < € () <7, (53.1)

where the functions f over which we are taking the supremum are in Lip(S®~!). Note that the
mapping
O sup{VA(f) : f < G, | flloc <4 L(f) <}

decreases as £ N\, 0 and it is lower bounded by V,(Q) = 0. Therefore, the limit exists and KA
is well-defined. Moreover, ,ui{ﬁ(G) < oo for every open set G C S"~!, by Lemma 5.1.1. Let us
prove that p}  is finitely subadditive on open sets.

Lemma 5.3.1. If G1,G> C S*! are open sets, then
lu’;,'y(Gl U G2) < M;(\,’Y(Gl) + /J‘K,'y(GQ)'

Proof. Let G1,G5 C S"! be open sets. In the following reasoning, for every set A C S"~! the
symbol A€ will denote its complementary in G; U Ga, i.e., A= (G1 UG3) \ A.
For w > 0 and Ay, Ay C S, consider the sets

Ay ={x € G1 UGy : 0 < d(z, A1) < w},
A ={r € GLUG2:0 < d(z, As) < w},
Gi(w) ={z € Gy : d(z,GY) > w},
Go(w) ={z € Gy : d(z,GS) > w}.

With a little abuse of notation, we are using the symbols A¥, i = 1,2, to denote AY N (G; UG5).
Note that, for every w > 0,

G1UGy = Gl(w) U Gg(w) U [Gl(w)Qw n Gg(w)Qw] .
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Fix now ¢ > 0. Lemma 5.2.1 implies the existence of an w > 0 such that

sup {[VA(H)| £ < (G, L(H) <7 <= (5.3.2)
for i = 1,2, and
sup { VAU + £ < (G V(G5 L(f) <7} <. (5.3.3)
Given this w, there exists 0 < £ < §+ such that
#35(G1UGa) < sup{VA(f) s [ < GLUGa, |Iflloe < 6 L(f) 7} + 5, (5.3.4)
sup {(Va(f) : £ < G1, Iflloe < € L(f) <7} < 415,(G1) +e (5.3.5)
sup {VA(f) : [ < Ga, [[flloo <€ L(f) <7} < p3,(Ga) +¢, (5.3.6)

by definition of x3 . From (5.3.4), there also exists a Lipschitz function h < G7 U Gy with
Ihlloe < £, L(h) <+, such that

M§77(G1 @] GQ) < V)\(h) +e.
Let by : Gi(w)UG; (£)° — R,
ilz(l‘) _ hz) ze€ Gi(w),c
0 r e Gy (%) R
for i = 1,2. Note that h; and hy are Lipschitz continuous on their respective domains with

Lipschitz constants L(h1), L(hy) < 7. Indeed, fori = 1,2, if 2,y € G; (£)° then ’ﬁz(:v) —Bl(y)| =

0, if 2,y € Gi(w) then |hi(z) — hi(y)| < |z —y|l and if 2 € G;(w), y € G; (£)° then

|hi(x) — hi(y)| < 14 < 2( .
= —yll o=yl — w

We can now use Lemma 2.2.17 to extend h;, i = 1,2, to a Lipschitz function h; : G; UGy — R
such that h~ < h; <h™, L(h;) < v and [|hi|lo <.
Define ho : [Gl(w)Qw N Gg(w)Q‘”] U G1 (%w) U GQ (%w) — R,
- h(z) z € Gi(w)* NGa(w)*,
ho(z) = 3 3
0 z€ G (Bw) UG (Bw),
and again use Lemma 2.2.17 to extend this to hy : G1 UGy — R such that h™ < hy < b,
L(ho) <7 and ||holleo < 2.
Write h = h™ + h~ and note that
ht =h$ VvV hi VAT,
h™ =hy ANhT Ahy.
From the valuation property and the inclusion-exclusion principle, we now get
Va(h) = Vi(h) + VA(0) = Va(hT) + Va(h™) = Va(hd V h{ V hT) + Va(hg ARy Ahy)
= Va(hg) + Va(h) + Va(h3) — Valhg ART) = Va(hi Ahg) — Va(hg Ah3) +
+Valhg AR ABS) + Valhg ) + Va(hy) + Vahy ) = Valhg V hy) —
—Va(hy Vhy ) = Va(hg Vhy )+ Va(hg Vhy Vhy).
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Since hf = 0on G, (3w) UG, (3w), we have that hE < (G$)2“U(GS)2*; moreover, L(h) <
v, and from (5.3.3) we get
Va(hi)| <e.
Similarly, since on Gy (3w) UG2 (3w) we have h§ Ah{ = 0AR{ = 0, and analogously h{ Ah3 =
ho Vhy =hy Vhy =hi Ah AR =hy Vh{ Vh; =0, we obtain

[Valhg ARD) < g,
[Va(hg ABT)] < e,
Va(hg VR < &,
Valhg Vhy)l < e,
Va(hd ART ART)| < &,
[Va(hg VR Vhy)| < e

Therefore,

Va(h) < Va(h) +Vau(hd) — V(i ART) + Va(hy) + Vi(hy ) — Va(hy V hy ) + 8¢
= V,\(h1) + V)\(hg) - V)\(hl+ A h;r) — V)\(hf V h;) + 8¢, (5.3.7)

from the valuation property.
Now, for i = 1,2, we have that h; < G;, ||hi]lec < ¢ and L(h;) < 7, hence (5.3.5) and (5.3.6)
imply Vi(hi) < 3 ,(G:) + €, so that from (5.3.7) we get

Va(h) < 13, (G1) + 13 (Ga) — Va(hF A b)) — Va(hy V hy) + 10e. (5.3.8)

Suppose by contradiction
Va(hi Ah3) < —6e, (5.3.9)

define
hi(z) if z € Ga(w)e,
g1 (z) = . 3
0 if x € Gy (§w) ,

and extend ¢g; to G; U G3 using Lemma 2.2.17. We do the same for

Tz if x 1(w)¢
92(@:{%” fzeGi(w)

0 ifx€G1(%w).

Note that ¢g1,92 > 0 on G1 U Gs.
We also have that, for i = 1,2,

g:V (hi ARS) =h'. (5.3.10)
Indeed, for z € G (w)® we have
g1(@) V [hf (2) A hy ()] = b () V [1f (2) A b3 (2)] = B (2),
and for x € Ga(w)
g1(@) V [1f (2) Ahg ()] = g1(@) V [Bf (2) AR ()] = g1V B (2) = b (2).

Analogously for i = 2.
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Let g : G1 UG2 — R be the Lipschitz function defined by g = g1 V gs; since g1,g2 > 0, we

have that g > 0 on G; U Gs. From the valuation property and (5.3.10) we get

Valg) = Valgr) + Valgz) — Valgr A g2) = Va(h) + Valgr A b ART) — Vi(hi AhT) +
+V)\(h§r) + V,\(gg AN hf A\ h;) — Vv)\(h;r A\ h;) — V)\(gl /\gg) = V)\(hIL V h;r) —

V(b ART) +Valgr AbT AR + Valga AhT ART) — V(g1 A ga).

Now,
g1 AR AR < (GS)3,

wjw

ga AR ART < < (G5)3¥,
g1 /g2 < (G2 U (G5,
so that (5.3.2) and (5.3.3) imply, for i = 1,2,

[Valgi AR A3l <,

Valg1 A g2)] <e.

Moreover, from the valuation property,
Va(hi V hy) = VA(RT) + Va(hg A (b V hy)) = Va(hg),
where i A (B V h) < (G$)2* U (G5)3, hence
[Va(hg A (R V h3))| <.
Putting things together, from assumption (5.3.9) we obtain

Valg) > Va(ht) +¢

The function § = g+ h~ satisfies § < G1UGa, [|§]loc < £ (being g < g<{land g > h~ > —¥),

L(g) <, and recalling that g > 0 on G7 U Gy we find

Vi(h™)

VA(@) = VA@") +Va@ ) =Valg) +
=Vi(h)+e¢

(h) + Va(h™) +e

)
Va Va
105, (G1 U Ga),

vV Vv

a contradiction with the definition of u3 . (G1 U Ga).
This proves that
Va(hi AhT) > —6e,

and similarly
Va(hy V hy) > —6e.

From (5.3.8) we conclude that

P (G1UGe) < p (Gr) + py 4 (G2) + 23e.
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5.3.2 Extension of y}

Now, for every A C S* !, we define
P (A) = inf{y} (G): ACG, G open}. (5.3.11)
This clearly coincides with definition (5.3.1) on open sets. We have the following.
Lemma 5.3.2. The function p} ., defined by (5.3.11) is an outer measure on S"~*.

Proof. Note that I - is monotone increasing and satisfies 3 7((2)) = 0. To check that this is
indeed an outer measure we have to prove countable subadditivity.

Let {A;} be a sequence of subsets of S*~1 and take e > 0. For every i € N, choose an open
set G such that A; C G, and

13 (Ai) > i3 L (G) =

?.
Also, consider an open set G' D | J, oy A; such that
:U/)\,'y (U A ) > :u)\'y Gl)
€N

Define now G; = G;NG’, for every i € N, and G = |
still verify

;e Gi- By monotonicity of 3, these sets

* * E
/J’A,'y(Ai) > /’L)\,'y(Gi) - ?
and

.y <UA> > px4(G) —e.

€N

For the previously chosen e, Lemma 5.2.1 guarantees the existence of w > 0 such that, for
every f < (G°)* with L(f) <, [Va(f)| <e. This implies u3 ., ((G°)*) < e, recalling definition
(5.3.1).

Consider now

Gw)={z e G:d(x,G° > w};

the set G(w) € G = [J,cn G is compact (being bounded and closed), thus there exist N € N
and iy,...,iy € N such that G(w) C GV : = U;V:1 Gi,. Then, G = GV U (G)~.
Finite subadditivity on open sets implies that

N
A (G) < 134 (GN) + 13, (G)*) <D i34 (Giy) +e <Y i3, (G
j= €N
Since [J;en Ai € G' N,y G = G, it follows that
T (U Ai> <5 (G) <D i3, (G +e <D pk (A +2e.
ieN €N €N

We conclude from the arbitrariness of . O
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5.3.3 The measure p,

The outer measure 5 . gives rise to a measure on the Borel o-algebra of st

Proposition 5.3.3. The Borel o-algebra ¥ of S*~1 is ,ujﬁ—measumble, and the set function
,uj\'ﬁ defined as the restriction of 3 ., to X is a measure.

Proof. By Theorem 2.1.2, it is enough to show that every open set G C S" ! is ,uf\ﬁ—measurable.
Because of Lemma 5.3.1, it suffices to check that, for a fixed open set G C S*~1,

A (A) = 13, (AN G) + 13, (AN G),

for every A C S"~1L.
Fix A C S" ! and € > 0. It follows from the definition (5.3.11) of 3, that there exists an
open set U DO A such that
154 (U) < 13 (4) +<.

Recalling (5.3.1), there also exists £y > 0 such that

sup{Va(f) : f < U, [fllo < bo, L(f) < v} < pi3,(U) +e,

Now, UNG is an open set, hence we can choose 0 < ¢1 < £y and f; < UNG with || f1|leo < €1 < 4o,
L(f1) <, such that
1, UNG) <Vi(f) +e.

We consider the compact set K = supp(f1) CUNG. Then UN G C U N K¢, and this last set
is open. Choose now 0 < {3 < £y and fo < U N K¢ with || f2leo < 2 < Lo, L(f2) < 7, such that

i3, (U N ES) < Va(fa) +e.

Note that f; and f» have disjoint supports (since supp(fz) € K¢ = (supp(f1))), both of
them contained in U. Therefore, the function g = f1 + fa satisfies g < U, [|g]|lcoc < fo and
L(g) < ~. Moreover,

Hnfy=fVvf=0

and
VI =+ )"
f{ /\f{ = (fl +f2)_a
hence
() +Waf2) = V(D) + V(D) + a2 + alfa ) = AUV D) + a(fr A fy)

= W((h+ )T+ Wi+ f2)7) =Valfi + f2).

This implies

13~ (A) 13 A(U) =& > sup{Va(f) : f < U, [[flloo < lo, L(f) <7} —2¢
Va(fi + f2) —2e = Va(f1) + Va(fe) — 2¢

AL, UNG) +p3 (UNK) —4e

L UNG) +p3 ,(UNG) —4e

:U’;,'y (A N G) + M;,V(A N Gc) - 457

vV IV V IV V

where we have used the fact that Iy 18 monotone increasing. O
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We now have the measure u;\r - In a similar fashion, we can define a measure p) ., on by
which on open sets would be given by

iy (G) = lim sup{=VA(f) : f < G, [l <4 L(f) <}
= Jim —if{VA(f) : f < G, [fllee < £ L(f) <7}

The following remarks will be crucial in our reasoning.

Remark 5.3.4. The measure fiy .~ 1= u:{'v + ., controls the absolute value of the valuation on
open sets, in the sense that for every open set G C S~ we have

Jim sup{[VA()]: £ < Gy oo < 6 L(S) <7} < ping ().

Indeed, if Gy, denotes the set of Lipschitz functions f such that f < G, ||fllec < £ and
L(f) <7,

sup [VA(f)] = sup {maX{VA(f)a—VA(f)}}SmaX{ sup VA(f), sup [—VA(f)]}
feGe feGe feGe feGe
< sup Va(f)+ sup [-VA(f)].
feGZ,'y feGZ,w

where the last inequality follows from the fact that both the suprema are non-negative. Therefore,

: + - _
Jim, Sup VAT < b3 1 (G) + 113 1 (G) = pay (G).

Remark 5.3.5. For cvery A € R, v € RT, the measure py  is rotation invariant (since V is)
and finite (from Lemma 5.1.1), hence (see for instance [25]) there exists a number 9(X,v) € RT
such that

Hxqy = 19(/\’ V)Hn_l-

Gathering these observations, we get the following.

Proposition 5.3.6. Let A € R, v € RT. Then there exists a number 9(\,v) € RY such that

Jim sup{VA(P)] £ <G, 1]l < 6 L(F) <7} < 9O 2)H" (),

for every open set G C S*1.
The function ¥ : R x Rt — R is bounded on bounded sets, in the following sense.

Lemma 5.3.7. Let A\g,v € RT. Then
© :=sup{Pd(A,7) : [N < X0,0 <y <0} < 0.

Proof. If this is not the case, for every M € R there exist Ayr, yar with [Aas] < Ao, 0 < yar < 70,
such that
I(Anr,yar) > M.

Remembering our normalization H"~!(S"~!) = 1 and Remark 5.3.5, this implies

MA]VI)’YI\/I (Sn_l) Z M?
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Fix M € R. By definition of ujM ot Fongyars W€ have that for every ¢ > 0 there exists

0 < ¢ < 1 such that

|13y g "7 = sup {Vay, (f) : [ flle <€ L(f) S ar}| < Z,

|y "1 it {Vay, (F) = [1fllos < 6 L(f) < var}| < g.

From fiy,, v, 's definition and the triangular inequality we get

‘IU’MWKYM (Snil) - Sl}p Vi (f) + i?lf Vi (f)‘ <

N ™

In particular,

_ . €
M < HAMKYM(STL 1) < Sl;p V/\M (f) - lrflfVAM (f) + 5

There exist fas, gar € Lip(S"~1) such that || far oo, |98z ]lo0 < € L(far), L(gar) < yar and

sup Vay, (f) < Vi, (far) + 5.
!

€

i?fV,\M(f) > Vi (9mr) — e

which in turn implies
M < Vi, (fm) = Vi (gm) + &

The functions far + Aar, gar + A € Lip(S™~1) satisfy
Ilfar 4 Astlloos l19ar + Anslloo < €4 [An| < 14+ Ao,
L(fa + M) = L(fa) < v < %,

L(gn + M) = L(gm) < v < o,

so that

| far + Aasllnips [|gar + Aarlnip < A= max{1+ Ao, 0}

From Lemma 5.1.1, there exists C' > 0 such that

Vare (Fa)l [Van (g9a0)] < C-

Inequality (5.3.12) then implies
M <2C +e¢;

since M is arbitrary, this is a contradiction.

(5.3.12)
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5.4 The representing measure

We are now going to build another measure, which will in some sense “represent” our valua-
tion. In order to do so, we need to stick to the bidimensional case, i.e., for the rest of the chapter
we will focus on the case n = 2.

As we did in the case of polynomial valuations, we can identify functions f € Lip(S!) with 27-
periodic functions on R. With this convention, we will work with integrals over (0, 27| instead
of S' and with derivatives f’ instead of gradients V,f. Having already described how the
identification works in the proof of Theorem 1.1.3, we will not be detailing it again here.

Note that, with this identification, the rotation invariant valuation V' becomes translation
invariant, in the sense that

V(foTw)=VI(),

for every f € Lip(S') and to € R, where Ty, is defined by T;, () = t+t, for t € (0,27]. Moreover,
it follows again from the rotational invariance that if fr denotes the reflection of the function
f € Lip(S!) with respect to the axis z = , that is, fr(z) = f(2r—2z), z € R, then V(f) = V(fr)
for every f € Lip(S').

Consider the algebra A; defined by

Ar=< |JLi:meN, I = (a;,b] € (0,7], I; N I = 0 for j # k
j=1

We say that g € Z(S') is symmetric if, on the interval (0,27], it is symmetric with respect to
the axis = . For every symmetric g € .Z(S!), we define a set function

vg: A — R

which on intervals (a,b] C (0, 7] is given by

v((a, b)) = 5V (),

where
g(a) in (0,a]U (27 — a,27],
gab(z) = { g(z) in (a,b] U (27 — b, 27 — al,
g(b) in (b,2m —b],

for x € (0,27], and gqp is extended 27-periodically to R. To justify this definition, recall that we
are assuming V to be null on constant functions and ¢ to be symmetric.

T
I
I
I
I
I
I
:
"
7T 27 —b 2w

Q¢ - -
R

2
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Let us prove that for consecutive intervals I = (a,b], J = (b, c] C (0, 7] we have
vg(I) +vg(J) = vg(I U J),

that is,
V(gab) + V(gbc) = V(gac)~

If A = g(b), the functions g2, = gas — A and g}, = gse — A have disjoint supports, and then satisfy

(gab) (gg\c (gab + gbc) ’
(gab) A (gli\c) (gab + gbc) i
(925)% A (g5)" = O,
(925)~ V (9.)” = O.
Therefore,
Vi(gab) +Vigee) = Valgay) + Valgp) = Vallgay) ™) + Vallgan) ) + Val(g5) ™) + Val(gi) ")
= Wa((g2)* V (95)7) + W ((gab)_ A (g5e) ™) = Vallgay + 95.)7) +
+Val(gap + 9oe) ") = Valgay + 90e) = V(9ab + 90) = V (ac),
as desired.

This implies the finite additivity of v, on intersecting intervals: indeed, if I = (a,b] and
J=(c,d] with 0 <a<ec<b<d<m, from what we have just proved we get that

vg(I) +v4(J) = vy(a,b]) +vy((c,d]) = v4((a,b]) + vg((c, b]) + v4((b, d])
= vy((a,d]) +vg((e,b]) = vg(TUJ) + vy (I N ).

If we set
m m
Vg UIj ::ZVg(Ij)a
j=1 j=1
for every pairwise disjoint and semi-open intervals Iy, ..., I, C (0,7], the finite additivity on

intersecting intervals ensures that this is a well-posed definition and that v, is finitely additive.
The following technical lemma will soon be useful.

Lemma 5.4.1. Let A\ € R, vy € RT. Take e > 0 and G C (0,2x] an open interval. Let £ > 0 be
such that
VA(H] < (N 7) +e)HY(G) (5.4.1)
for every f € Lip(St) with f < G, ||fllec <€ and L(f) <~
Then, for every open interval G' C G such that H'(G) = kH'(G') for some k € N, we have

V(P < (0N, 7) + ) HI(G),
for every f € Lip(SY) with f < G', ||flloc <€ and L(f) < 7.

Proof. First of all, note that an ¢ such that (5.4.1) holds always exists, thanks to Proposition
9.3.6.

We choose an open interval G’ C G = (a,b) with H!(G) = kH!'(G’) and reason by contra-
diction: suppose there exists a function f € Lip(S!) with f < G’, || f|lc < ¢ and L(f) < 7 such
that [Vi(f)| > (9(\,7) +e)H(G'). We can write

VA() = (I ) +e)HI(G) +p,
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for a suitable p > 0.

Because of rotational invariance, we may assume that the left ends of G and G’ coincide.
Since H1(G) = kHY(G'), we can divide G into intervals G; = (A\j_1,\;), i = 1,...,k, where
a=X <A\ <...<X=0b, G =G and HY(G;) = H (@), for every i = 1,..., k. We have

k
G = U G,
i=1
where, for every 1 = 1,...,k, G; = O';l(G/) and o; is the rotation (translation as a function on

R) bringing A;_1 and \; in A\g and Ay respectively.
Define the function g € Lip(S!) by setting

k

g(x) = Zf(m(x)), z €R.

i=1

Since f oo; < G; for every i = 1,..., k, the supports of the f o g;’s are pairwise disjoint, hence

k
gvO=\/(foo:) VO,

i=1

k
gnO= \(foai)AO.

i=1
Now, the f oo; VvV O’s still have pairwise disjoint supports, which implies

k
VgV 0) = Y VA((foos) VO),

i=1
from the inclusion-exclusion principle. Analogously,

K
ValgA0) = VA((fooi) AO).

=1

Moreover, g < G, ||g|loc < ¢ and L(g) < 7.
From the valuation property and the rotational invariance we get

k

k
Y Val(feo) VO) + Y Val(fo0i) A O)

=1 i=1

Va(g)l = [ValgVvVO)+Va(gAO)| =

= KVA()l = k(X ) + )1 (G') + kp

k
Y Walfoo)
i=1

= (7)) +e)H(G) + kp,

a contradiction with the hypothesis. O

We can now prove that v, is absolutely continuous with respect to the Hausdorff measure H!
on the algebra A;.
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Lemma 5.4.2. Let g € £(S') be symmetric and let Ao = ||glloo, Yo = L(g). Then, for every

pairwise disjoint semi-open intervals I, ..., I, C (0, 7], we have
vy UL |ls@+0H [ UL, (5.4.2)
j=1 j=1

where © is defined as in Lemma 5.5.7. Therefore, v, < H' on Aj, and in particular v, is
bounded on Aj;.

Proof. We preliminarily prove the result for m =1, i.e.,
(D] < (© + A1), (5.4.3)

for I = (a,b] C (0,7].
Define
tmax = sup {t € [a,b] : [vy((a,t])] < (O + 1)H1((a,t])} )

This set contains a (since V' is null on constant functions), hence it is not empty and the definition
is well-posed.
We claim that
[vg((a, tmax])| = (© + 1)H1((avtmaX])~ (5.4.4)

as

max ?

If tmmax = a, this is clearly true. Suppose tmax > a. To prove (5.4.4), note that gus — gat
-
t — tmax. Indeed, if a <t < t.x We have

SUP  [gat(5) = Gatmax (S)| = SUD [Gat(8) — Gatya. (5)]
s€(0, 2m) sE€(t, ]
< sup |g(t) —g(s)[+ sup  |g(t) — g(tmax)|
SE(t, tmax] SE(tmax, 7
< 290|lt — tmaxll,

and if tya <t <m

SUD  [9at(5) = Gatmax (S)| = SUP  |gat(s) — Gata ()]
s€(0, 2] SE(tmax, T
< sup |g(5) - g(tmaX)‘ + sup \g(t) - g(tmaX)|
SE(tmax; ] sE(t, 7]

S 2'}/()Ht - tmax”y

hence gqt — Gat,,., uniformly on (0,27]. Let

[ta trnax] ift < tmaxa
Jp = ,
[tmax, t] 1t > tmax-

Then g;,(s) = 0 = g/, (s) for ae. s € (0,2n] \ J;, and H'(J;) = 0 as t — tmax, so that
Got = Gr,.. a.e. for t — tnay. Finally, [g;;] < v a.e. in (0,27]. Therefore, gay — Gaty.,. as
ox -

t — tmax-
So, letting t — t, in |v,((a,t])| < (© + 1)H'((a,t]), by the continuity of V we get

g ((a, tmax])| < (O + 1)H1((a7tmaX])~
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For the other inequality, note that for every ¢ > t.,.x We have
vg((a, t)| > (O + )H' ((a, tmax]),

and use continuity again. This proves (5.4.4).

We would like to show that ¢, = b. Suppose this is not the case, i.e., tyax < b. Consider
the open interval G = (tmax, 27 — tmax) and let Apax = g(tmax)- Fix 0 < & < 1. From Proposition
5.3.6, there exists £y > 0 such that for every f € Lip(S!) with f < G, || f]lc < fo and L(f) < 7o,
we have

[Vaax (F)] < (9(Amax; 70) + ) HY(G).

Since tax < b and g is piecewise linear, we can choose tg €
to <to+a <b, gl is monotone and satisfies |g(t) — Amax|

(0 ﬂ'), o > 0 such that t.x <
< ¢y for every t € [tmax, to], and

[tmax; to]
HYG) = kHNG),

for some k € N, where G’ = (tmax, 2to + @ — tmax) (note that g is independent of ). Suppose g
to be increasing in [tmax, tol; if g[s,,.., ¢, is decreasing we can argue similarly.

Note: the fact that g is piecewise linear allows us to choose to such that g|p,... +,] 15 monotone.
This cannot be done for an arbitrary Lipschitz function f, and this is the only thing that prevents
us from defining vy for a symmetric f € Lip(S!).

From Lemma 5.4.1 we get that

Vi ()] £ (0(Amax, 70) + ) HHE), (5.4.5)

for every f € Lip(S') such that f < G’, I £lleo < €o and L(f) < 7o.
Consider the function h = gy, — Amax and let o be the rotation defined by

o(t) =t —2(r —tp),

for ¢ € (0,2n]. Note that o(2m — t9) = to. From the rotational invariance and the valuation
property, we have that

2V, (h)=Vy . (h)+ Vi, (hoo)=V, . (hV (hoo))+Vy . (hA(hoo)). (5.4.6)

Amax max

For f € Lip(S!), define
p(f) =L ({t € (0,2a] : £(£) = g(to) — Amax}) .

po(f) =L ({t € (0,2n] : f(t) = 0}).

Note that p(h) = 2(7 — to), po(h) = 2tmax. If, for instance, p(h) > po(h), the graphs of our
functions are of the following forms:

h

T
!
|
|
|
|
|
tmax ™ 2m—to 2
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hoo

to
tmax s

so that bV (ho o) is a constant function and h A (h o o) is of the form

hA(hoo)
/ : to \ /\ tmax
tmax 2w —to

Since V), is null on constant functions, from (5.4.6), using the valuation property and the
rotational invariance, we get

2V (B) = Vi (A (R0 o)) = Vi, (P) + Vi (90), (5.4.7)
where
p
Tttmax—to | 1\ THto—tmax
T 2
g0
T 2T

The function gy has the same form as h; we call these pudding functions. Also, note that

p(g0) < p(h); po(go) > po(h)-

If p(h) < po( ), we reason similarly, obtaining (5.4.7) again, with a different go such that

p(g0) > p(h); po(go) < po(h)-
Finally, if ,0( ) = po(h) we have
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and we get

2V (B) = Vi (R V (R0 0)) + Vi (R A (R o a)),

max (

where, up to translations, h A (ho o) = p and

hV (hoo)

m 27
Setting go = h V (h o o), which is still a pudding function, we find again

2V e () = Vi (P) + Vi (90)-

Since gy has, apart from its lengths p, pg, the same exact structure as h, we can repeat the
argument with gy replacing h. We obtain

2V ax (90) = Vaaar (P) + Vi (91),

where ¢ is a pudding function. Then

3 1
2Wmax (1) = Vasc(0) + Vo (90) = 5 Vo (P) + 5 Vi (92)-

By induction, we have that for every m € N

| —

1
; V)\max (p) + 27mv>\l’nax (gm)v

[\

W () =
7=0

that is,

m+1 1 1
Vi () = > 27 VA (p) + ST Vhmax (gm), (5.4.8)
j=1

where g, is a pudding function.

Since, by Lemma 5.1.1, V) is bounded on |[|-||rip-bounded sets, and

max

llgm ||Lip < max{Xo, 7o}
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for every m € N, we have that the second term in the right-hand side of (5.4.8) goes to zero as
m — oo. Therefore, passing to the limit in (5.4.8) we find

V/\max (h) = V)\max (p)’

where p € Lip(S!) satisfies ||p||o < o and L(p) < 70. Moreover, the support of p has measure
smaller than H!(G"), so that p < G’, up to a rotation. From (5.4.5) we obtain

1 1 1
ot D] = 51V Gt t0)] = 5 Vi ()] = 51V )
1
< (7-9()\max7"/0) + E) : iHl((tmaxv 2tO +a— tmax))
1 o
< (O+1)H ((tmax,to + 5}) . (5.4.9)

From the finite additivity of v, on consecutive intervals, (5.4.4), (5.4.9) and the finite addi-
tivity of H! we have

(@ tD)l < (O + M (@ tman]) + [V ((fmaxs o))
(6 + DR (@ tma)) + (O + V' ((tmansto + 5 )

2
(© + 1)H! ((a,to + %D .

A

Letting o — 0T we get a contradiction with the definition of ty.x. Thus tya.x = b, and from
(5.4.4) we get (5.4.3) (with equality).

For the general case, note that for every pairwise disjoint semi-open intervals I,..., I, we
have, because of (5.4.3),

m

vy UIj = zm:yg(fj) g(@+1)i%1(1j)=(®+1)7{1

j=1

s
&

~
Il
i

If we now consider the algebra
Ay=q|JLiimeN, I = (a;,b] C (m,2n], NIy =0 for j #k o,
j=1

for a symmetric g € Z(S') we can analogously build a finitely additive function v, on As such
that (5.4.2) holds for every pairwise disjoint semi-open intervals I, ..., I, C (m,27].
For an arbitrary g € .Z(S'), we can now define a function v, on the algebra

m
A= Ulj:mEN, I; = (aj,b;] € (0,2n], ;NI =0for j #Fkp,

Jj=1

which coincides with the algebra generated by the semi-open intervals in (0, 27], by setting

Vg

-

L) = v | U@ n @) |+, (U0 m2a) |

1 J

J
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for every pairwise disjoint and semi-open intervals Iy,...,I,, C (0,2x], where g1, go are the
symmetric extensions to (0,27] of g|(o,»] and g|(x 2. respectively. We have that v, is finitely
additive and satisfies

lvgl < (© + 1)H? (5.4.10)

on A. This allows us to extend v, to a signed measure.

Lemma 5.4.3. For every g € Z(S'), v, can be extended to a signed measure on the o-algebra
Y=0{(a,b]:0<a<b<2rm})

generated by the semi-open intervals of (0, 2], which coincides with the Borel o-algebra of (0, 27],
and vy < H' on X.

Proof. Fix g € Z(S"). Inequality (5.4.10) implies the boundedness of v, on A. From [5, Theorem
2.5.3, (1)-(9)], if we define

v (A) =sup{vy(B): BC A, B e A},

v, (A) =sup{—v,(B): BC A, B € A},

for A € A, then 1/;, v, are non-negative and bounded charges (i.e., set functions which are
null on the empty set and finitely additive on disjoint sets) such that v, = z/g+ — v, . Note that
vE(A) < (©+ 1)H'(A) for every A € A, hence v < H' on A.

Let us prove that V;' and v, are (bounded) pre-measures on the algebra A: for pairwise

disjoint sets {A;} C A such that A = |J;c 4i € A, we have to show that

€N €N

Let ¢ > 0. Then there exists § > 0 such that H'(B) < ¢ implies v;*(B) < ¢, for every B € A.
Since

> MU (A) =M (4) < 0,

ieN

there is a number M € N such that

for every m > M. Now,

G- (G

i€EN

ng: (Ej A1> <eg,

(oo}
Jn (U)o

hence

for m > M, that is,
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From the finite additivity of V;t on the algebra, we have

m—1 0o
+ + +
Vg (UAZ> = Zug (Az)—f—ug (U Az) .

i€N i=1 i=m
Letting m — oo we conclude.

Thus V;_, v, are pre-measures on the algebra A. Theorem 2.1.1 then implies that they can
be extended to measures on o(.A), hence on X; this allows us to extend v, to a signed measure
on .

Let us now prove that v, < H! on X. It is enough to show that 1/3: < H!. Fix e > 0. From
the absolute continuity of u;t on the algebra, we have that there exists a 4 > 0 such that, for
every B € A, if H'(B) < 6 then v (B) < ¢/2.

Pick now A € X such that H!(A) < & : = §/2. By regularity of the Hausdorff measure, there

exists an open set U 2 A such that H'(U \ 4) < §/2. Then
HYU) = HH(A) +HI U\ A) < 4.
We can write U = UI j» where the I;’s are pairwise disjoint open intervals. Note that
jeN
ZV;':(IJ-) = I/;t(U) < 00,
JEN
hence there exists m € N such that -
+ €
J;n I/g (Ij) < 5

Now, if I; = (a;, b;) for every j € N, we have

m—1 m—1
M @pbg) | ="' | | L | <H'(U) <6,
j=1 j=1

m—1
with U (aj,b;] € A. By monotonicity and additivity of 1/3[7 and using the fact that Vgi is null
j=1

at singletons, we get

m—1 o m—1 )
vEA) <vE@) =vE | U L |+ DY vE@) =vi | eyl | + D vi ) <e.
j=1 j=m j=1 j=m

This last lemma allows us to use Theorem 2.2.7, which yields the following.

Proposition 5.4.4. For every g € £(S'), there exists a function Dy = ;;91 € LY(SY) such that

mm=A%mm%»

for every A € X.

We will call this v, the representing measure, since it is the one which will give us the
representation formula for the valuation on piecewise linear functions, as shown in the next
section.
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5.5 Representation formula on .Z(S!)

For every A € R, v € R*, we define the function

Urq(t) = {)\+7(327r —t) ifte[r 2]

7/’>\ry

N

|
|
|
|
.
|
|
|
|
|
|
1
™ 2T

For fixed A € R, v € Rt and m € N, let us consider the saw function S ., obtained by
joining m shrinked and translated copies of ¥y, as follows:

1 «— ,
Sxym(t) = — > am(mt =20 = DX (20-02 22 (1),
j=1

for ¢t € (0, 27], and extend Sy -,m 2m-periodically to R.

SAmm
/\
.
>\ | |
_ar w !
2m I I |
| | |
| | |
| | |
1 1 1
% 2m 2w

Note that, for every m € N, |5} (t)| = for a.e. t € (0,27], and

Ay,m
1 1 us T
ISacamlloe = = max [oam (m)] = — max {Wixm O] [toama (=) |} < A1+ 2,

te(0,2=]

so that -
HS>\7%m||Lip < |/\‘ + 7

Thus, it follows from Lemma 5.1.1 that sup [V (S) 4,m)| < co. We can then define
meN

KX\, 7y) :=Colimsup V(Sx,4,m), (5.5.1)

m—0o0

where Cy > 0 is the constant such that

1
= i
87TC()

This kernel is very closely related to our Radon-Nikodym derivative, in the sense stated in the
following lemma.
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Lemma 5.5.1. Lety € RT and 0 < a < b < 2w. If g € L(SY) is such that |g'(t)| = 7 for a.e.
€ (a,b], then
K(g(t),7) = Dy(t) (5.5.2)
for a.e. t € (a,b].
Proof. Let g € Z(S') be as in the hypothesis. Consider (c,d) C (a,b] such that ¢'(t) = v for
a.e. t € (¢,d). By Theorem 2.2.8, we have that for a.e. ¢t € (¢, d)

1 t+e

— i 1
Dy(t) = Eh_r}r(l) H—ciio) ) Dy(s)dH (s).

Take t € (¢,d), t # m, such that this holds, and set A = ¢(¢t). By the inclusion-exclusion
principle, remembering that V' is null on constant functions and using the rotational invariance,
for every m € N we get

1 & .
V(Sk,v,m) =V Ez;wx\m,v(m'_2(‘7—1)7T)X(w7%]
=

Vv \/ <;wm,w(m' —2(j — 1)7T)X<2(J Dr 27 + ()\ — ﬂ) X<0,2<jm1>w]u(23;r,2ﬂ]>

' ™ 2m
Jj=1

- zm:V(;%m(m'?(j”WW“W]*(AW) X(o, 24501 ), (Wﬂ)

1 v
Now, let
1
\Ij)\y%m(s) = Ew)\m,'y(ms))((og

T
m

T
16)+ (A= 2E) X (22 o (), 5 € (0,21,
with Wy ., extended 2m-periodically as always.

\I]Amm

PR \ 3

2m

If t < 7, using rotational invariance and arguing as in the proof of Lemma 5.4.2, we have that
the number V(¥ ,,,) coincides with the value attained by the valuation at the function

)\f% in (0, — 5, } (27r7t+2m,27r],
g(s in (t — ot ,

@)\,’Y,m(s): ( ) ( 2 } _
g(2m —s) in (2w —t — 5= 20 —t 4 5],
A+ 5 in (t+ 2i —t+ 5],

whose graph is given by



80

(D)\,’Y,’UL

|
|
|
| : |
t ™ 27

1

if m is big enough so that ¢ + 57~ < 7. We proceed similarly in the case ¢ > 7.
From (5.5.3), using the definition of the representing measure and Proposition 5.4.4 we find
7T 7r
V(S)\,’y,m) = mV(\I/)\mm) = mV(@Amm) = Qng ((t - %,t + %})
1

t+ 2%
= Dy(s)dH"
G BT oy D)

(=22 o Lo (o2 2o LA L
77’L7 m - 87TC() 7’TL7 m _87TC() m o QTI’LC().

Thus, taking the limit superior for m — oo we obtain (5.5.2) for a.e. ¢ € (¢,d). The case
g'(t) = —~ for a.e. t € (¢,d) is analogous. O

since

This allows us to prove the Borel measurability of K(-,), for every v € RT.

Remark 5.5.2. Fiz v € R*. For every m € Z, Yyrm~(0) = W and Yoygm (7)) =

w(2;n+1)' 7”(2’2"“)} then there exists

)

By the intermediate value theorem, if A € (WQ;n_l)

t € [0, 7] such that }ryzm (t) = A. From Lemma 5.5.1,

K()‘7 ’Y) = Z Dw_y,,m’.y ( ;Tgm,'y()‘)) X('Y"\'(2;"*1>,‘Yﬂ'(2;”+1)] (/\)a
meZ

for every A € R. As a consequence, we have that for every v € R, K(-,7) is a Borel function
on R (and it is in fact integrable on every bounded interval).

We can finally prove Theorem 1.1.4.

Proof of Theorem 1.1.4. Let V be as in the hypothesis and let K be defined by (5.5.1). We
preliminarily prove the representation formula for symmetric functions g € Z(S'). Fix such a
g. Then |¢’| is piecewise constant, that is, there exists a partition

£
(0, 27‘(’] = U(ti_l,ti],

with tg = 0, t; = 2, such that |¢'| = v; € RT a.e. in (t;—1,t;], for i = 1,...,¢. Consider the
quantity v4((0,2x]). On the one hand, from Proposition 5.4.4 and Lemma 5.5.1 we have

2

£ t; ¢ t;
v((0,27]) = [ Dyt () =3 / D, () =S / K(g(t). g/ ())aH  (¢)
=1 i 1=1 4

0 ti—1 ti—1
2

K(g(t),lg'®))dr’ (),

0
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and on the other hand, since g is symmetric with respect to x =,
1 1
vg((0,2m]) = vy ((0,7]) + vy ((m, 271]) = SV (9) + 5V (g) = V(g).

This proves (1.1.3) for piecewise linear and symmetric functions.
Take now an arbitrary g € .Z(S'). Recalling what we said at the beginning of Section 5.4,
and denoting by gg the reflection of g with respect to x = 7, from the valuation property we get

that
1

Vig) = 5[V(e) + Vign)] = 5 [V(gV gr) + V(g A gn)].

Now, gV gr and g A gr are piecewise linear and symmetric. What we have seen in the first part
of the proof then implies

2w
Vi) = 5 / [K(gV gr(0),1(g v gr) (1)) + K (g A gr(t), (g A gr)' ()] dH" (2)

= %/ﬂ[K(g(t)a|9/(t)|)+K(9R(t),\g§;¢(t)|)]d’}-l1(t)
0

- %/ (K (g(t), 9" (D)) + K (g(2m — 1), |g'(2m — t)])] dH' (1)
0
2w

= %/0 [K(g(t), 9" (O + K (g(=1),1g'(=t)])]dH (1), (5.5.4)

where the last equality follows from the fact that g and ¢’ are 2w-periodic. With the change of
variable ¢t = 27 — s we get

2 0
| K(g(=t),lg'(=t))dr'(t) = - , K(g(s —2m),|g'(s — 2m)|)dH' (s)

K(g(s),1g'(s)dH' (s),

0

hence (5.5.4) gives
2m
Vig) = ; K(g(t), |9 (t)))aH' (¢),

as desired.
Formula (1.1.4) follows immediately from Proposition 3.0.2. O

5.6 Uniformly continuous valuations on Lip(S!)

If we now ask for uniform continuity (with respect to 7), we are able to prove a characterization
result, namely Theorem 1.1.5. In order to do so, we start off by proving the following inequality.
Lemma 5.6.1. Let {as}, {bs} C R be such that sup ag,sup by < oo, where £ ranges in a countable

¢ ¢

set. Then
sup a; — sup by| < sup |ag — by|.
¢ ¢ ¢
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Proof. For every i, we have

a; =a; —b; +b; < |a; — b;| +b; < suplag — bg| + sup by,
¢ ¢

and taking the supremum in ¢ we get

sup a; — sup by < sup |ag — byl.
¢ ¢ ¢

Swapping the roles of a;, b; and repeating the same reasoning we also find

sup by — sup ag < sup |ag — by,
¢ ¢ ¢

and then we are done. O

We can now prove the uniform continuity of our kernel K, under the assumption of uniform
continuity on the valuation.

Lemma 5.6.2. IfV : Lip(S!) — R is a uniformly continuous and rotation invariant valuation,
then the kernel K : R x Rt — R defined by (5.5.1) is uniformly continuous.

Proof. By contradiction, suppose that there exists a number € > 0 such that for every § > 0
there are (A, 7),(X,5) € R x RT satisfying

\/(AX)2+(7§)2 <

and

We can then build two sequences {(Ai, 1)}, { (X, ¥:)} € RxR* such that \; — \;— 0, v — F5— 0
as 7 — 0o, and

’K()\i,%) - K(Xz‘ﬁi) >¢€

for every i € N. By definition of K and Lemma 5.6.1, we get

e
— 1 ) — ~ <l o — ~ .
=< Jin |5 V(Sye) = sup V(S5 o) S s [ViSyaum) =V (S5 5 )|
(5.6.1)
We claim that, for a fixed m € N,
S)\i»'Yiym =Sy ~ — ©7 (562)

AisYim T
as ¢ — o0o. To prove this we estimate, for ¢ € N and ¢ € (0, 27],

Vrmens(8) = V5 x O] DX 2 2 (0)

m *m

Skiyﬂmm(t) -5 )

2
—
~
~—
IA

max
s€[0,27]

j=1

max. ‘1/),\”,17%(5) — e (s)(

sel0, i,V

Uamy (Sim) — V3 m 7 (si,m)‘ )

i, 7Yq

3= 3 -
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for suitable s; ,,,’s in [0, 7], where

Uamy (Sim) — wx — (Si,m)‘

iTre,7Yi

Aim + (Si,m - g) - Xim—7; (Si,m - z)‘

m’)\i—xi’+g|’7i—%|'

IA

This implies
~ m -~
Sxivem(t) =S5 (t)‘ < A= Ni| + 5 v — Fil

XiyYi,m
so that
S)\iﬂ’i,m — S5 -0

i Yi,m
uniformly on (0, 27], as i — oo.
As for the a.e. convergence of the derivatives, note that the set

B = {t € (0,27] : Sy, ,..m (1), S’X . (t) exist for every i, m € N}
e Y,

has full measure, since the functions Sy, y,,m, S5 5 ATC differentiable on the set (0,27] \

{% :j:1,...,2m}7f0r every ¢,m € N. For t € B,

Suvom(®) =S5 o (O] =hi=Fi| =0

AiyYi,m

as 1 — 00, and

‘Sé\i,'yi,m(t) - S’/X 5, m(t)’ < max{71 - P717 sy VI T %J’ 1}7

where J is such that |y; — ;| <1 for every ¢ > J. This proves (5.6.2).
Since V is uniformly continuous, there exists a neighbourhood U C Lip(S!) of @ such that
€

fi—feU=|V(fi)-V(f)| < C
)

From what we have just proved, we have that there exists I € N independent of m such that
Sxivim — Sy ~ €U fori>1TI and every m € N, hence

AiyYi,m
V(Sxmm) =V (Sx. 2 )| < =
Aisvi,m Xiyim Co
for every i > I and m € N. Inequality (5.6.1) yields a contradiction. O

The kernel is also bounded on compact sets.

Lemma 5.6.3. For every A € R, C > 0, there exists M > 0 such that |K(\,v)| < M, for every
(Aar}/) € [7A7A] X [070]

Proof. For (X\,7) € [-A,A] x [0,C] we have

[K(A7)| = Co lim

m— o0

sup V(SANJ)

L>m

< Co lim sup [V(Sx,0)l,

mMm—00 p>umy

where, for every £ > m,

wC
1S3 ellLip < A+ ==
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By Lemma 5.1.1, there exists a constant M > 0 (depending on A and C') such that

M
<
V(S| < 5

for every ¢ > m, hence
KA )| < M.

We can now prove our last characterization result.

Proof of Theorem 1.1.5. A kernel which is uniformly continuous always gives rise to a uniformly
continuous and rotation invariant valuation. To see this, thanks to Lemma 4.3.1, we just have
to prove that if K is uniformly continuous and V : Lip(S!) — R is defined by

27

V(f) = ; E(f(t), [ (OhdH (1),

for f € Lip(S'), then V is uniformly continuous.
Because K is uniformly continuous, for a fixed € > 0 there exists § > 0 such that

g

|K()\1,71) - K(/\2772)| < W7

for every A1, A2 € R and 71,72 € R™ such that

VAL = A2)2+ (11 — )2 <6

Let
U= {f € Lip(SY) : VIO + [f (D)2 < 6 for ae. t € (0,2771}.

This set is a neighbourhood of @ with respect to 7. Take fi, fo € Lip(S!) such that f; — fo € U.
Then

V(f) =V(f)l < N [ (1), IF1(O) = K (f2(6), [f2(0)))]dH (t) <e,
0

and we are done.
On the other hand, let V : Lip(S!) — R be a uniformly continuous and rotation invariant
valuation. By Theorem 1.1.4, for every f € Lip(S') we can write

2w

V(f) = lim E(fi(#), [fi )] dH' (2), (5.6.3)

17— 00 0

where {f;} C Z(S!) is such that f; — f as i — oo.

Noting that the pair (f;(t),|f!(t)|) belongs to a compact set [—A, A] x [0, C] for every i € N
and a.e. t € (0, 27] (because of T-convergence), we can use Lemma 5.6.3 to find that the integrand
in (5.6.3) is dominated by an integrable function (in fact, a constant one). Thanks to Lemma
5.6.2, we can apply the dominated convergence theorem in (5.6.3) to obtain (1.1.5). O
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5.7 Counterexamples to Conjecture 1.1.1

Theorem 1.1.5 shows that if the kernel is uniformly continuous, then the valuation defined by
it is uniformly continuous, and vice versa. We also know (see Lemma 4.3.1) that a continuous
kernel gives rise to a continuous valuation. However, the continuity of the valuation is not enough
to guarantee the continuity of the kernel, as the following example shows.

Example 5.7.1. Consider the kernel K : R x Rt — R defined by

for \€R, vy € RT. Let V : Lip(S*) — R be the valuation associated with this kernel, that is,

27
V(f) = / POy (F(E)AH(2), (5.7.1)

for f € Lip(SY).
Take {f;} C Lip(S') such that f; — f € Lip(S'). We have

lim V(f;) = lim / | F1(0)X(1,00) (fi(1))dH (2) +/ |1 ()X [1,00) (f(£))dH (£)
troo oo | J{f£1} {f=1}

Ift € (0,2n] is such that f(t) < 1, assume by contradiction that X[1 o0 (fi(t)) 7 X[1,00)(f (1)) =
0 as i — oo. Then, for every j € N, there exists f;, € Lip(S') such that

IX[1,00) (f3, (£))] > %

This implies X[1,00)(fi;(t)) = 1, for every j € N, i.e., fi,(t) > 1. Letting j — oo we get a
contradiction. We can similarly prove that X[1,0)(fi(t)) — Xj1,00)(f(2)) if f(t) > 1. From the
T-convergence and the dominated convergence theorem we obtain

lim V() = / (DX (100 (F(O)dH (1) + Tim LN 10y (Fi(£) A (1)
troo {f#1} v JLf=1}
= V(f)+ lim L) X1 (£ (1)) A (0),

where the last equality is due to Corollary 1 from [18, Section 3.1]. Now,
|fi () X[1,00) (fi (1) < 1Fi ()],

where, asi — oo, |fI(t)] — |f'(t)] =0, for a.e. t such that f(t) =1, again by the aforementioned
Corollary. So, |f{(t)|X[1,00)(fi(t)) = O for a.e. t such that f(t) = 1, and from the dominated
convergence theorem we have that the last limit in the previous chain of equalities is null, hence
V' is continuous.

The kernel defined in the example above is such that K(J,-) is continuous for every A € R
and K(-,7) is only a.e. continuous for every v € R*. Nonetheless, the valuation defined by
(5.7.1) is continuous: this might lead us to think that Lemma 4.3.1 is improvable, and that it
would still hold for a kernel K : R x Rt — R which is continuous in one variable and only a.e.
continuous in the other one. Unfortunately, this is not the case, as shown in the next example.
We will actually prove something more, and discuss it afterwards.
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Example 5.7.2. Consider K : R x RT — R defined by
K()‘v 7) = X(O,oo) (A)7

for X € R, v € RY. This kernel is clearly continuous in y (for fized \) and a.e. continuous in A
(for fized ). The valuation V defined by

27

V()= [ K(F@®)If OhdH (1) = /0 ’ X(0,00) (F(D)dH (1),

0

for f € Lip(St), is not continuous, since the sequence f; = % converges to Q with respect to T

and o
lin V(A = tim [ oo () 410 = H1((0.26) 20 = V()
0 1

i—00 i—00
Take now K : R x RT — R defined by
1 .
5 Xee() iy >0,
KA =
0 if v =0.

The function K (-,7) is obviously continuous, for every fived v € R*. Note that, for every fived
AER, K(A, ) is a.e. continuous. Indeed, K(X,-) is continuous on (0,00) but it is not continuous
at v =0, since

K()\,i) — i 00 £0=K(\0),

as i — oo. Let V : Lip(S*) — R be the valuation given by

2m

V()= K(F@®).fOhaH (1),

0

for f € Lip(S'). The sequence f; = Y1.17i, where ¥y is defined as in Section 5.5, satisfies
fi — 1, but

27 27
lim V(f;) = lim K (f 1) dH(t) = lim i X(0,00) (1> dH*(t)
1—00 1—00 Jo 1 1—00 Jo 1
27
= lim i -H'((0,27]) =00 # 0 = K(1,0)dH*(t) = V(1).
11— 00 0

This proves that V' is not continuous.

Example 5.7.1 showed that Conjecture 1.1.1 does not hold for K continuous (i.e., if (P) =
continuity). The kernels defined in Example 5.7.2 are a.e. continuous in one of the two variables
and even constant in the other one, but this is not enough to guarantee the continuity of the
valuation V : Lip(S') — R defined by

27

V()= | E(f(t),1f'(O)hdH (1), f e Lip(Sh.

This makes it harder to find a suitable property (P) for the conjecture to hold.
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