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A boundary value problem associated with the
difference equation with advanced argument

A, @ (Axp)) + bu®(xp4p) =0, n>1 (%)

is presented, where ®(u)=|u|*sgn u, a >0,p is a
positive integer and the sequences a,b, are positive.
We deal with a particular type of decaying solution
of (x), that is the so-called intermediate solution (see
below for the definition). In particular, we prove the
existence of this type of solution for (x) by reducing it
to a suitable boundary value problem associated with
a difference equation without deviating argument.
Our approach is based on a fixed-point result for
difference equations, which originates from existing
ones stated in the continuous case. Some examples
and suggestions for future research complete the
paper.

This article is part of the theme issue “Topological
degree and fixed point theories in differential and
difference equations’.

1. Introduction
Consider the equation
A2, @ (Axy)) + by ® (Xn4p) =0, P)

where A is the forward difference operator Ax; =x,,41 —
Xy, @ is the operator @ (u) = [u|*sgnu, a > 0, pis a positive
integer and the sequences a,b are positive for n>1,
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and satisfy

id’* (a—l><oo Zb = (1.1)

i=1 i=1

where @* is the inverse of the map &, that is &*(u) = [u|"/*sgn u.

Equation (P) appears in the discretization process for searching spherically symmetric
solutions of certain nonlinear elliptic equations with weighted ¢-Laplacian, see e.g. [1]. A special
case of (P) is the discrete half-linear equation

A(an®(Ayn)) + by @ (Yn41) =0, (H)

which has been studied extensively from various points of view, especially with regard to the
oscillation and the qualitative behaviour of non-oscillatory solutions, see [2, ch. 3] and references
therein.

As usual, a non-trivial solution x of (P) is said to be non-oscillatory if x, is either positive or
negative for any large n and oscillatory otherwise. By virtue of the Sturm separation criterion,
see e.g. [2, Section 8.2.1.], all the solutions of (H) have the same behaviour with respect to the
oscillation. In other words, either all non-trivial solutions of (H) are non-oscillatory or all the
solutions of (H) are oscillatory. Thus, equivalently, we say that (H) is non-oscillatory if (H) has a
non-oscillatory solution. Nevertheless, for equation (P) with p # 1, the situation is different, since
in this case oscillatory solutions and non-oscillatory solutions may coexist.

In this paper, we deal with the existence of particular types of non-oscillatory solutions, that is
solutions x of (P) such that x, > 0, Ax;, <0 for large n and

lilgn x; =0, lirrln x,[}] =a,P(Ax,)=—o00, (1.2)

where x[1] is called the quasi-difference of x. Solutions satisfying (1.2) are called intermediate
solutions. This terminology originates from the corresponding continuous case and is due to the
fact that, when (1.1) is satisfied, any non-oscillatory solution x of (P) satisfies either lim,, x, = £, #
0, or (1.2), or lim,, x, =0, lim,, x[ 1_ = —Ly, 0 < €y <00, see [3,4]. The investigation of intermediate
solutions is a hard problem, due to difficulties in finding suitable sharp upper and lower bounds
for these solutions, see e.g. [5, p. 241] and [6, p. 3], in which these facts are pointed out for the
continuous case.

In the half-linear case the problem of the existence of intermediate solutions has been
completely solved by the following.

Theorem 1.1. Assume (1.1).

(i1) Equation (H) does not have intermediate solutions if

[o.¢] [e.¢]
S b [ 3 qa*( ) +Z¢*( Zbk><oo.
n=1 k=n+1 n=1 Mn+1

(iz) Equation (H) has intermediate solutions if (H) is non-oscillatory and

gbnqb i @*(%) +§¢*(a+1zbk)

k=n+1

Proof. The assertion follows from theorem 3.1 (b), (c) and theorem 3.2. in [7], with minor
changes. ]
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Here, we present a comparison result which allows us to solve the boundary value problem
(BVP)

A ®(Axn)) + bp®(xn1p) =0, p>1,

nr_

(1.3)
limy, x, =0, lim, x;, —00

by reducing it to the existence of intermediate solutions in the half-linear case. The main result is
the following.
Theorem 1.2. Assume (1.1) and

limsup b, < oo. (1.4)

n

Then the BVP (1.3) is solvable, i.e. equation (P) with p > 1 has intermediate solutions, if and only if the
half-linear equation

A(ﬁnerfl‘p(A]/n)) + bn¢(]/n+1) =0, (H1)
has intermediate solutions.

Theorem 1.2 will be proved by means of a fixed-point result for discrete operators acting in
Fréchet spaces, see theorem 2.2.

Combining theorem 1.1 and the comparison theorem 1.2, we get necessary and sufficient
conditions for the existence of intermediate solutions of difference equation with advanced
argument.

Corollary 1.3. Assume (1.1) and (1.4).

(i1) Equation (P) with p > 1 has intermediate solutions if (H 1) is non-oscillatory and

by ® o* +Y o b (1.5)
o £ o () o (i 20) =

(ip) Equation (P) with p > 1 does not have intermediate solutions if

gbnqs (an;lcp* (ﬂH _1)) +Z¢*< P~ ];bk> < o0.

2. Fixed-point approaches

Boundary value problems for difference equations in R” are often solved by reducing the problem
to a fixed-point equation for a possibly nonlinear operator in a suitable function space. Thus, the
existence of a solution is obtained by applying a fixed-point theorem, for instance the Tychonoff
theorem, the Schauder theorem, the Leray-Schauder continuation principle or Krasnoselkii-
type fixed point theorems on cones. For a survey on this topic, we refer to the papers [8-10]
and the monographies [11,12]. In particular, in [12, ch. 2], see also [11, ch. 5], certain BVPs
are studied by means of a nonlinear Leray-Schauder alternative. This approach is based on a
very general method given in [13]. In particular, in [13] the authors present a Leray—Schauder
continuation principle in locally convex topological vector spaces, which unifies the Leray—
Schauder alternative theorem and the Tichonov fixed-point theorem. More precisely, let E be a
Hausdorff locally convex topological vector space with a family of seminorms generating the
topology. The following holds.

Theorem 2.1 ([13, [Theorem 1.1]]). Let Q be a convex closed subset of E and let T:Q x [0,1] —
be a continuous map with relatively compact image. Assume that:

(i1) T(x,0) € Q forany x € Q;

HIS0GLO7 L€ ¥ 05 Su] g ey feuinolBioBuysandizaposiedo



(ip) for any (x, 1) € 0Q x [0, 1) with T(x, ) = x there exists open neighbourhoods Uy of x in E and I
of »in [0, 1) such that

T((Ux N8Q) x IA) cQ.

Then the equation
x=T(x,1)

has a solution.

Some of the above quoted results have a discrete counterpart. For instance, a method for
solving BVPs associated with difference systems is given in [10, theorem 2.1]. Due to the
peculiarities of the discrete case, it may be applied to functional difference equations, including
equations with deviating arguments or sum difference equations.

Now, we present an existence result which generalizes, in the particular case of scalar
difference equations, [10, theorem 2.1].

Denote by N, and N;, , the sets

N,={ieN:i>neN}

and
Nuyn={ieNy:i<n mneN,m<n}

and let X be the space of all real sequences defined on Nj;,. Hence X is a Frechét space with the
topology of pointwise convergence on N;,. From the discrete Arzela-Ascoli theorem (e.g. [11,
theorem 5.3.1]), any bounded set in X is relatively compact. We recall that a set £2 C X is bounded
if and only if it consists of sequences which are equibounded on Ny, for any n > m. Clearly, if
2 C Xis bounded, then 22 = {Au, u € £2} is bounded, too.

Using, with minor changes, a discrete counterpart of a compactness and continuity result
stated in [14, theorem 1.3] for the continuous case, we have the following.

Theorem 2.2. Consider the BVP

Aap@(Axy))=gn,x), neNy @.1)
xeSs,

where g : N;; x X — R is a continuous map, and S is a subset of X.

Let G: N, x X2 — R be a continuous map such that G(k, u, u) = g(k, u) for all (k,u) € Ny, x X. If there
exist a non-empty, closed, convex set 2 C X, and a bounded, closed subset Sc C SN §2 such that the
problem

Aa, @ (Axy)=Gn,x,q), neN
(an®(Axy)) ( q) m 22)
x eS¢,

has a unique solution for any q € $2 fixed, then (2.1) has at least a solution.

Proof. Let T be the operator T: 2 — Sc which maps every g € £2 into the unique solution x =
T(q) of (2.2). Let us show that the operator T is continuous with relatively compact image. The
relatively compactness of T(£2) follows immediately since Sc is bounded. To prove the continuity
of T in £2, let {¢/} be a sequence in £2, ¢ — g € 2, and let v/ = T(¢/). Since T(£2) is relatively
compact, {v/} admits a subsequence (still indicated with {v/}) which converges to v>° € X. As vl
Sc and Sc is closed, then v*> € Sc. Taking into account the continuity of G, we obtain

A(an®(Av()) = lim A(aHQD(AU;()) =1im G(k, ¢/, v/) = G(k, 3, v™).
] ]

The uniqueness of the solution of (2.2) yields v*° = T(q*°), and therefore T is continuous on 2. By
the Tychonoff fixed-point theorem, T has at least one fixed point in £2, which is a solution of (2.1),
as it can be easily checked, taking into account that S¢c C S. [ |

H
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As follows from the proof of theorem 2.2, no explicit form of the fixed-point operator is needed
for the solvability of (2.1). A key point for the unique solvability of (2.2) in theorem 2.2 is the choice
of the map G. To this aim, in our opinion, the best cases are the following two, namely

(i) G(n,q,x)=8(n,q), (i2) Gn,q,x) =80, q)P(xXnt1).

In the case (i), the equation in (2.2) is a half-linear equation and in this situation a very large
variety of results is known, see e.g. [2, ch. VIII]. An application in this direction is in [10, Section 4].

In the case (i1), that is when the function G does not depend on x and the equation in (2.2)
is affine, theorem 2.2 can be particularly useful to solve BVPs associated to difference equations
with deviating arguments. Indeed, in this case, it can lead to a BVP associated with a second-order
difference equation without deviating argument. An application of this fact is in the following
section.

3. Proof of theorem 1.2

For proving theorem 1.2, the following auxiliary result is needed.

Lemma 3.1. Assume (1.1) and (1.4). Let x be an eventually positive decreasing solution of (P) such
that limy, x,;, = 0. Then the series

Zab( . Zbk¢>(xk+p))

i=2 Bitp-1 15
converges.
Proof. Without loss of generality, suppose 0 < x, <1, Ax, <0 for n>mg > 1. We claim that for
any k, j > mp we have

10— <) < Blj — K, (1)
where B = sup,. b;. For simplicity, suppose k > j. Summing (P) we have

k-1
il === 3 bo(xisy), (3.2)
i=j

where, as usual, Zi‘(:kl yi =0if k <kj. Since |x;] <1and b; < B, the inequality (3.1) follows. Further,
from (3.2),

i . 1 i—1 )
Z @ ( Z bkcb(xk+p)) Z @ <az+p1< 1[11(]) _x1[1]))

i=myg u7+p 1 k=myg i=myg
* [ _ I _ [1] [1 ]
0
Since
[1] [1] [1] [1] [l _ [1] [1]
i _xi+p—1+xi+p 1~ Xmo| = |%; Yitp— 1‘+ Yifp— 1‘+

in view of (3.1) we obtain

i o (1 (41 - [”)> Z o

a _
i=my i+p-1 i=myg

(B(p -+ ’xl,ll[])’

z+p 1 ‘
Aitp-1 ”H—p 1

= (B -+ 5
=y Ait+p—1

In virtue of (1.1), the series
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converges. Since

o (1] ‘ ~
i+p—1
E o* o =- E AXijtp—1 = Xmy+p—1,
i:mo l+p71 i:mg

using (1.1) and the inequality
PHX+Y) = 0u(P7(X) + 27(Y)),

where

1 ifa>1
S DY VT

we obtain the assertion. | |

Proof of theorem 1.2. First, we prove that if (P) has intermediate solutions, then (H1) has
intermediate solutions.
Let x be an intermediate solution of (P) and, without loss of generality, assume for n > ny > 1

O<x,<1, Ax,<O. (3.3)

In view of (1.4), there exists L > 0 such that for any n > ng

n+p—2
Z b; <L. (3.4)
i=n
Moreover, let M be a positive constant, M < 1, such that
A
®(M) < T (3.5)
L+ |xp,

Let X be the Fréchet space of real sequences defined for n > 1y, endowed with the topology of
convergence on Ny, and consider the subset £2 C X defined by

Q={ueX: My p1 <ty <Xpyp1}.

For any u € §2 consider the BVP

A(”m—p—l @(AZH)) + by ®(upy1)=0, n=ngp

(3.6)
ZEO] = xEO], lim, z, =0,
where zl1 denotes the quasi-difference of z, that is
2! = i1 P (Az). (3.7)

For any u € £2 we have

n n
D @ (1) < ) b (xpap)-
k:ng k:no
Hence, using lemma 3.1, we have

o0
liyrancD*

i=n

i—1

D b (i)

k=n0

0.

Aitp—1

Thus, a standard calculation shows that for any u € §2 the BVP (3.6) has the unique solution z. Let
7 be the operator which associates to any u € £2 the unique solution z of (3.6).
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Summing the equation in (3.6) and using (3.2) we get

zE] = xn0 Z br® (ugy1) > xno Z bk ® (Xk1p) = xn .

k=ng k=nyg
Since x[1 is decreasing for n > ny and p > 1, we obtain for n > ng

CHES (338)

i.e. in view of (3.7),

Anp-1P(Azy) > Ay p-1P(AXy1p-1),

that s,
Azp > Axpyp-1.

Since lim; z; = lim; x; = 0, we obtain for n > ng
Zn = Xp4p-1- (3.9)
Now, let us prove that for n > ng
Zn > Mxpyp-1. (3.10)

Summing the equation in (3.6) and using (3.7) we get

n—1
2 =) - Z b (tg41) < by — D(M) Y b (),
k= Mo k:?’lo
or, using (3.2),
zE] < x,[}O] + o (M) (x[” xLlo])
=oal], |+ oM ( [1] xLlJ]r%l) +(1 - o). @3.11)
From (3.2)—(3.4), we also have
n+p—2 n+p—2

1 .0
- }[/Hl-p 1= Z bi® (xitp) < Z bi<L.

Thus, from (3.11) we obtain

Al <ol |+ (L+ |

) &(M) + x1]. (3.12)

In the view of (3.5) we have

(L + <l ) oM) + 1) <0.
Hence, from (3.12) we get for n > ng
AU < @(M)xﬂp_l (3.13)

or, in view of (3.7), Azy <M Axyip-1, and (3.10) follows, since lim; z; = lim; x; = 0. Thus, in virtue
of (3.9) and (3.10), the operator 7 maps $2 into itself, that is

T(2) C $2.
Denote by S the boundary conditions in (3.6), i.e.
S= {v € X ayy1p—1P(Avy,) :xEO], li;gn vy = 0}

Forany ze 7(2) wehavez € S. Since 7(§2) C 2, wegetze 2NS.
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Denote by Sc the subset of X given by
Sc=5ng%.
Since lim, x;; =0, it holds
Sc= {v € Xt apy1p-1P(Avpy) = xLlolf Mxpip-1<vn = xn+p—1} .

Thus Sc is a bounded and closed subset of X. Applying theorem 2.2 we obtain that the operator
7 has a fixed point z € Sc. Clearly the sequence z is a solution of (H1) and lim, z, = 0. Since
z e 7(82), from (3.8) and (3.13), we get

1 =[1 1
x;[H]rpfl = Z'[1] = (p(M)xLJ]rpfl

and so lim, E,[}] = —o0. Hence Z is an intermediate solution of (H1).
Now, we prove the opposite, that is if (H1) has intermediate solutions, then (P) has
intermediate solutions.

The argument is similar to the one given above, with minor changes. Let y be an intermediate
solution of (H 1) such that for n >ng > 1

O<yn<1, Ay,<O,
and define
ny=ng+p.
In view of (1.4), there exists A > 0 such that for any n > 1
n—1
> bi=A (3.14)
i=n—p+1

Without loss of generality, we can suppose

A< i, (3.15)

where yLll] =y, +p-19P(Ayn, ). Moreover, let H > 1 be a positive constant such that

e

[1]

@®(H) > .
Yoy | — A

(3.16)

Let X; be the Fréchet space of the real sequences defined for n > 11, endowed with the topology
of convergence on Ny, . Define the subset £21 of X

2= {” €X1 1Yp—py1 St < Hyn—p+1}
and for any u € £21 consider the BVP

A(ﬁn‘p(Awn)) +bn@(unyp) =0, n>m

[y _ [l

i (3.17)
Wy, =Yny, limy wy =0,

where wl!l and yl!l denote the quasi-differences of w and y, respectively, that is the sequences

WLH =ap®(Awy), _‘/E] = p+p-1P(AYn). (3.18)

As before, for any u € 21 the BVP (3.17) has a unique solution w. Thus, let 7 be the operator which
associates with any u € §£21 the unique solution w of (3.17). Summing the equation in (3.17) and
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using (3.18) we get

n—1 n—1
Wil =y = 3 b (up) <yl = 3 brd i) = b (3.19)
k=m k=ny

Since y[” is decreasing for n > ng and p > 1, we have y,[}] < yLllpH for n > n1, and from (3.19) we
obtain

1
wil <yt (3.20)
ie.
Awy < Ayn—p-H/

which implies

Wy Z Yn—p+1, (3.21)
since lim; w; = lim; y; = 0.
Now, let us prove that

wn <H Yn—py1. (3.22)

Summing the equation in (3.17) we get
1 1 n—1
ol =y = 37 b (i) = ! — @ (H) Z b (is1),
k=m k=n

thatis

il =yl + o (11 - i)

=0y + (B ) o) + 1 - ot (3.23)
From (H1) and (3.14) we have
1 [ <
y[ - Y ]p+1 == Z bi®(yit1) = —A.
i=n—p+1

Thus, from (3.23) we obtain

Wl = ol — a0E) + i - oyl = ownyl + (W] - 4) o + 4]
or, in view of (3.15) and (3.16),
ol = oyl (3.24)

i.e.
Awy > H Ayy—p+1.

Since lim; w; = lim; y; = 0, from here we get (3.22). Hence, in virtue of (3.21) and (3.22), the operator
T maps §21 into itself, i.e.
T($21) C £21.

Using the same argument to the one given in the sufficiency part, denote by S; the boundary
conditions in (3.17). Applying theorem 2.2 with Sc = S1 N §21, we get that the operator 7 has a
fixed point w € S; N £21. Clearly the sequence w is a solution of (P) and lim, w, =0. Since w €
7 (§21), from (3.20) and (3.24), we get

Hyl! =@y <

n—p+1 — =Y n—p+1

and so lim, w[l] —00.

Hence w is an intermediate solution of (P) and the proof is complete. u
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4. Suggestions and examples

The following example illustrates theorem 1.2 and corollary 1.3.
Example 4.1. Consider the difference equation with advanced argument
A((n—p+ DD (Axy) + y P (Xnyp) =0, n=p=2, (4.1)

where y is a positive constant. Using theorem 1.2 and corollary 1.3, it is easy to show that (4.1)
has intermediate solutions if and only if

1 a+1
. 4.2
0<r=(i1s) @2)
Indeed, consider the half-linear equation
AP (Axn)) + y B(xn41) =0. (4.3)

A standard calculation shows that (1.1) is satisfied. Moreover, using the change of variable
yn =1 (Axy) (4.4)

the equation (4.3) is transformed into the generalized discrete Euler equation

(I4a)/a
) ¢*(yn+1) = 0/

which is non-oscillatory if y satisfies (4.2) and oscillatory if

1 a+1
4.
v (11a) @)

* 1/
A(D*(Ayn)) + v <n+1

see e.g. [15]. Since the transformation (4.4) maintains the oscillatory behaviour, see e.g. [16], we
get that (4.3) is non-oscillatory if and only if (4.2) is satisfied. Moreover, as a,, = nite b, =y, we
have

[ 1 ¥ 1/o¢OQ n \V* 1
Yoo n)=r L ()

An+p k=p n=p

and so the condition (1.5) is satisfied. Hence, from corollary 1.3—i;) equation (4.1) has intermediate
solutions if (4.2) is satisfied. When (4.5) holds, as claimed, the half-linear equation (4.3) is
oscillatory and it does not admit intermediate solutions. Thus, from theorem 1.2, equation (4.1)
does not have intermediate solutions, either.

The existence of intermediate solutions for (P) does not depend on condition (1.4), as the
following example shows.

Example 4.2. Consider the difference equation with advanced argument
A+ D! Axy) + (n+p) gy =0, p>2. (4.6)
A direct computation shows that x = {1/n!} is an intermediate solution of (4.6). Nevertheless, for
(4.6), assumption (1.4) is not verified and theorem 1.2 cannot be applied. Hence, it is an open

problem if theorem 1.2 continues to hold when condition (1.4) failed.

Example 4.1 suggests the following two comparison results.
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Corollary 4.3. Assume (1.1) and (1.4). Suppose that

o0
n
a, >nttY,  and 205* ( ) =00,
n=N

An+p

where N > p. Set L =sup, .. by. If b is bounded away from zero and

1 1+a
L 7
<<1+a>

A(n—p+ D (Axy)) + by @ (Xnip) =0, n>p=>2, (4.7)

then the equation

has intermediate solutions.
Proof. Consider the equation
AP (Axy)) + Lo (xy11) = 0. (4.8)
Reasoning as in example 4.1, we get that (4.8) is non-oscillatory. Hence, in virtue of the Sturm
comparison theorem, see e.g. [2, ch. 8.2], the half-linear equation (H) is non-oscillatory. Moreover,
since b is bounded away from zero, there exists ¢ > 0 such that b, > ¢ for any n > 1. Hence

o0 1 n o n
> o (Zbk>z¢*(a)z¢*< ):oo,
n=N  \Trlio n=N

An+1

which implies (1.5). Hence, applying corollary 1.3—i1) to the equation (4.7), we get the assertion.
|

Corollary 4.4. Assume (1.1) and (1.4). Moreover, suppose that forn >N > p,

ay < nl-&-a.

1 1+
L ’
>(1+a>

then the equation (4.7) does not have intermediate solutions.

Set £ =inf,>N by. If

Proof. The argument is similar to the one given in corollary 4.3. Consider the half-linear
equation

AP (Axy)) + £ D(xy41) = 0. (4.9)

Reasoning as before, we get that (4.9) is oscillatory. Hence, in virtue of the Sturm comparison
theorem, also (H) is oscillatory, and so (H) does not have intermediate solutions. Thus, applying
theorem 1.2 to the equation (H), we obtain the assertion. |

Some suggestions for future research are in order.

(1) As claimed, theorem 2.1 from [13] gives a very general fixed point result, which is based
on a continuation principle in a Hausdorff locally convex space. Further, in [13] the
solvability to certain BVPs in the continuous case is also given. It should be interesting
to establish corresponding discrete versions of these existence results, especially for [13,
theorem 2.2], which deals with a scalar equation. It could be useful for studying discrete
BVPs when it is hard to find an appropriate bounded closed set £2 which is mapped
into itself, as, for instance occurs for intermediate solutions to Emden—Fowler superlinear
discrete equation

Aan| Axy|” sgn Axy) + bylxni11P sgnx,1=0, a<8B,

see, e.g. [7, Section V.].
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(2) The proof of theorem 1.2 does not work if p <0. Indeed, in this case the half-linear
equation (H1) is not defined, due to the shift in the weight coefficient a of the discrete
operator

(Dx)n = Aan®(Axn)).

Further, when p <0, the sequence {uy,} in BVP (3.17) has to be defined not only for
n > ny, but also for any i > n1 + p. Consequently, when (P) is an equation with delay, the
solvability of (1.3) requires a different approach, which will be presented in a forthcoming
paper [17].

(3) Theorem 1.2 establishes a comparison between the asymptotic decay of intermediate
solutions of (P) with the one of an associated half-linear equation. Recently, in some
particular cases, a precise asymptotic analysis of intermediate solutions for discrete half-
linear equations has been made in the framework of regular variation, see [18]. It should
be interesting to apply this approach for obtaining a precise description of the asymptotic
behaviour also for intermediate solutions of the equations with advanced argument.
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