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Introduction

Best rank-£ approximation for matrices

This thesis is motivated by questions as the following classical one:

Question 1. Among all real nq X no matrices of rank at most k, which one is
closest to an assigned real matriz U ?

If not specified, in this thesis we adopt a coordinate-free notation, since most
of the objects and properties presented are invariant with respect to a certain
group action. For example, any real n; X ny matrix may be thought as an
element of the tensor product V* := Vi* ® V5 of two real vector spaces Vi* and
V3 of dimensions nq and nag, respectively.

The rank of a matrix U € V*, denoted by rk(U), is the minimum positive
integer k such that U can be written as the sum of k decomposable matrices in V*,
namely matrices of the form v; ® vz for some vectors v; € V7, j € {1,2}. Having
fixed coordinate systems in V{* and V3, the number rk(U) coincides with the more
classical notion of rank, namely the maximum number of linearly independent
rows or columns of the array of format n; x no associated to U. In particular,
the array associated to a rank-one matrix is of the form v;v3 for some column
arrays v; € R, j € {1,2}.

For the moment, X* denotes the set of matrices in V* of rank at most one.
Note that X* is a real cone through the origin in V*. In general, a subset Z C K"
(usually K =R or K = C) is a cone when z € Z implies A\z € Z for all A € K.
For this reason, X* may be regarded as a subset of the projective space P(V*) as
well. Hopefully without leading to confusion, we often use the same notation for
a projective subset Z C P(K™) and for its associated cone Z C K™.

The set X* is among the most deeply known varieties in Algebraic Geometry.
Indeed, it is the affine cone of the image of the Segre embedding

Seg: P(VF) x P(VE) — P(V®), Seg([va], [va]) = [v1 @ va)- (0.0.1)

ix



x Introduction

Instead the set of matrices in V* of rank at most 1 < k < min{ny,no} is the
affine cone of the subset

U @.....p)cvs, (0.0.2)
P17...,Pk€XR

where (Py, ..., P;) denotes the projective subspace generated by the points P, =
[v1],...,Px = [vk]. The Zariski closure of the set introduced in (0.0.2) coincides
with the known k-th secant variety of the projective variety X* and is denoted
by ox(X®). Actually, in this case the set in (0.0.2) is already closed, hence it is
equal to o (X*). Topologically speaking, this means that if a matrix U € V* is
the limit of a sequence of matrices of rank k, then U has rank at most k as well.
In the next section, we provide an example in which this property is not true any
more for tensors.
Note that there is a sequence of inclusions (assuming n; < ng)

{0} C XF =01 (X*) Coa(XF) T+ Cop, (XF)=V™

In particular, for all 1 < k < n; — 1, the singular locus of o} (X*) is precisely
or—1(X"). Since o1 (X*) are all projective varieties, they are cut out by homo-
geneous polynomials. The way for obtaining them is suggested by the intuition:
indeed, the condition for a matrix U = (u;;) € V* to have rank at most k is
expressed algebraically by requiring all its minors of order &£+ 1 to vanish. More-
over, the projective codimension and the degree of o, (X™) are respectively (see
[HT])

ni—1-k (n2+j)
codim(oy(X")) = (n1 — k)(n2 — k), deg(on(X")) = H k-kkj) ‘
0 .

(

Let us go back to Question 1, which can be reformulated as follows.

j=

Question 2. Which are the critical points A € o (X®) of the distance function
from a fized matriz U € V* to the affine variety o (X*®)?

The expression “distance function” in Question 2 establishes that a distance in
V* has been already defined. In other words, we need to fix an inner product ¢*
on VE. The associated quadratic form, denoted by ¢* as well, induces a squared
distance function

§:VEXVE SR, 0%(A, B) = q* (A~ B). (0.0.3)

In addition, if we fix a matrix U € V* in one of the two arguments of 6%, then we
obtain the squared distance function from U defined by 4§, (A4) := §*(U, A) for all
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A € VE. A classical inner product over V* is defined as follows. First, we assume
that both V§* and VJ' are equipped with inner products ¢} and ¢5, respectively.
Afterwards, we define the inner product of two decomposable matrices z1 ® xo
and y; ® y2 as

qp(T1 ®@ 22,91 ® Y2) = ¢ (21, Y1) g (22, Y2) (0.0.4)

and then we extend the definition to the whole vector space V¥, using the fact that
decomposable matrices span V*. The most remarkable property of the squared
distance 0% induced by the inner product ¢} already defined is its invariance with
respect to the group SO(VF*) x SO(V]'). Postponing a rigorous definition to the
next chapters, this means that the distance 0% is compatible with the action by
rotations on V* of the subgroup SO(V{*) x SO(Vy) € SO(V*#).
Given a matrix U € V¥, a critical point of 67, is a smooth point A € oy (X¥)
such that
qr(U—A,B)=0 VB € Ty(op(X")), (0.0.5)

where T4 (0, (X®)) denotes the tangent space of o, (X*) at A. In general, tangent

spaces of secant varieties of projective varieties are described through the

Theorem 0.0.1 (Terracini Lemma). Let Z C P? be an irreducible variety. If
char(K) = 0, then
T.(ox(2)) = (T2, (2), ..., T2, (2))

for all z in an open subset of o,(Z), z1,...,2k € Z, 2 € (21, ..., 2k)-
Thanks to the previous theorem, we need to compute only the tangent spaces

of the smooth variety X*. More precisely, given a rank-one matrix A = £®n € X*,
we have the identity

TA(XH) = (1 @n+EQ@uy | v; € Vi v € V5). (0.0.6)

Indeed, any curve A(t) := £(t) ® n(t) over X* with A(0) := A has derivative at
t = 0 defined by A’(0) = ¢'(0) @n+£®n’(0). Since the vectors £'(0) and 1’ (0) are
arbitrary, we get the identity (0.0.6). Therefore, by Theorem 0.0.1, the tangent
space of o (X®) at the smooth point A=& ®@n + -+ & @ € 0 (X") is

k
TA(CTk(XR)) = <Z 1);-1) ® 75 + fj & U;»Q) U;-l) € Vl]R Vj> . (007)

j=1
Hence, the condition for A = & @1+ - -+, @y to be critical for 67, (; restricted
to ok (X") is

k
dr | U — A, Zv;” @n+& v | =0 (0.0.8)
=1
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for all v;” V[, and all 1 < j < k. Throughout the thesis, we indicate with [n]
the set {1,...,n} for all integers n > 1.

Theorem 0.0.2 (Singular Value Decomposition). Any matriz U € V* may be
written as

ni
U=> o;(u’ @uf), (0.0.9)

i=1
where o1 > --+ > 0,, are nonnegative real numbers, while {ul’, ... ,ull)} and
{uf?,...,u@} are orthonormal bases of Vi and Vi, respectively. The decompo-

sition (0.0.9) is called Singular Value Decomposition (SVD) of U. The numbers
aj are called singular values of U, while for all j € [ni], the pair (uj”,uj?) is a
singular vector pair of U. If the singular values are all distinct, then all singular
vector pairs are unique up to a simultaneous change of sign.

Now assume that (0.0.9) is a SVD of the matrix U. Define

UJ = ZU]‘ (u;-” ® U;2>) (0010)
jeJ

for all J C [n1]. Then

F (U ~Up Y o @ul +uf) vf)) =

seJ

— R (1) (2) 1 2 1 2 _
=i [ Doy 9 u). Sov @ +u @0 | =

Jj¢J s€J
= 30 3 oy i o ) i g 0]
j¢J seJ

and the last expression is zero since g (uf”, u("”) = ¢5(uj”,u?) = 0 for all j ¢ J
and s € J. This means that the matrix U; defined above is a critical point of the
distance function 6%, on ox(X¥). Moreover, one can prove that every critical
point must be of this form. Indeed, we have the following result.

Theorem 0.0.3 (Eckart-Young). Consider a matrizc U € V* and its SVD as
in (0.0.9). Let 1 < k < rk(U). Then all the critical points on o (X*) of the
distance function 5“},[] (induced by the orthogonally invariant quadratic form ¢
in V*) are of the form Uy in (0.0.10) for all subsets J C [rk(U)] of cardinality k.

If the nonzero singular values of U are distinct then the number of critical points
is (rkch)) )
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As a corollary of Theorem 0.0.3, one may verify from the definition of SVD
that the the distance between U and a critical point Uy € o, (XF) is

PU-U)=Y ol (0.0.11)
Jgd
In particular, a global minimizer of §% Fu is obtained choosing J = [k], and the

corresponding minimum is O’k gt o2 .- This is often called a best rank-k
approzimation of the matrix U.

Theorem 0.0.3 gives a complete answer to Question 2, at least when the chosen
inner product over V* is the one introduced in (0.0.4). In the next chapters,
we will see that, choosing a “sufficiently good” inner product ¢* on V* (in a
sense made clearer throughout the thesis), the number of critical points of the
associated function d7; could be still determined a priori, even though critical
points are much harder to compute.

In our applications and examples, we always assume that V; = R" and that ¢
is the standard Euclidean inner product, for all j € {1,2}. Then, the orthogonally
invariant inner product ¢} introduced via the identities in (0.0.4) has the more
familiar expression

ql%(U, A) = tI‘(UTA) YU = (uij),A = ((lij) € R" @ R"2.

In particular, it coincides with the well-known Frobenius inner product on R™ ®
R™, which justifies the notation ¢}.. The number tr(U" A) is the trace of U A.

In this coordinate-based setting, the SVD of U written in (0.0.9) has the
matricial expression

U=UsUf. (0.0.12)

On one hand U1 and UQ are the orthogonal matrices whose columns are formed
by vectors uJ ) and u] respectively. On the other hand, the matrix ¥ has zero
values at the entries (z, j) with ¢ # j and its diagonal entries are the singular
values of U.

In addition, all the critical points on o4 (X*) of 0%, are given by

U,S,U3, %= % VJckU), (0.0.13)
JjeJ
where ¥; is the n; x ny matrix whose (7, j)-th element is ¢, while all the other
entries of 3; are zero.

The Eckart-Joung Theorem does not provide only a method for solving Ques-
tion 2. Starting from the definition of singular value and identity (0.0.12), one
verifies that

(2) _ (1) T, (1) __ (2) .
Uuf’ = ojuf’ and Ut = ojul”  Vj € [n].
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In particular, the squared singular values o? are the eigenvalues of both the

symmetric matrices UUT and UTU. That is, the singular values of U are the
roots of the characteristic polynomial of UU™

det(UUT — €%1,,) = 0, (0.0.14)

where I,,, is the identity matrix of order n;. Note that the polynomial at the
left-hand side of equation (0.0.14) is homogeneous of degree 2n; in the ring of
polynomials in the entries of U and € and with real coefficients.

Changing our perspective, if we fix € > 0, equation (0.0.14) describes an affine
hypersurface in V*. Can we describe its points?

The answer can be found again looking at the Eckart-Joung Theorem. Mo-
tivated by identity (0.0.11) when k& + 1 = rk(U) = ni, one may interpret the
hypersurface defined by equation (0.0.14) as the locus of matrices U € V* ad-
mitting a best rank-(n; — 1) approximation of length e. In other words, we are
describing the so-called e-offset of the variety o,, —1(X™).

More in general, one might describe the e-offset of o (X*) for all k € [n4] via
the singular values of U, but there are only two cases in which we get a “nice”
formula: the above-mentioned case k = ni — 1, and the case k = 1, which we are
going to explain.

To this aim, we need to make another observation. Let U € V* be a matrix
of full rank and let Uygyy + - - - + Ugy,,y be its SVD. Applying identity (0.0.11) for
some J C [n1] with |J| = k and for its complement [n;] \ J, we can derive a
simple, but substantial, identity involving two squared distances: one between U
and a critical point Uy of 6% ;; on 0% (X*), the other between U and the associated
critical point Upy,,j\ ;s of 6%y on oy, (X*), namely

qr(U = Us) +qp(Us) = 4p(Upn,pa) + ¢ (U1) = ¢ (U). (0.0.15)

When k =1, J = {j} for some j € [n1] and ¢5(Uy) = ajz.. On one hand, we
have that ¢ (Uy) is a root of the characteristic polynomial introduced in (0.0.14).
On the other hand, ¢} (U — Uy) is a root of the polynomial

det [UU™ — (¢5:(U) — A)1,,] = 0. (0.0.16)

In a similar fashion of equation (0.0.14), equation (0.0.16) describes the A-offset
of the variety o1(X*) = X*®. Thus we found an easy way to switch between
the family of offsets of either o,,_1(X*) or X*. More in general, simply from
identity (0.0.15) one could determine the equation of any offset of o (X*®) from
the corresponding equations of the offsets of o, —(X®).

In fact, this nice relation is not just a coincidence. Indeed, it turns out that
Ony—k(X") is the dual affine cone of o (X*) (see Definition 1.3.1).



From matrices to tensors XV

Figure 1: The matrices U, Uy € o(X®) and U — Uy € oy, —1,(XF).

Summing up, in Questions 1 and 2 we considered the problem of computing
the best rank-k approximation of a real rectangular matrix. The answer comes
from the celebrated Eckart-Joung Theorem, which uses the Singular Value De-
composition of a matrix. In a slightly wider perspective, this theorem allows us
to compute the family of offset hypersurfaces of all determinantal varieties, and
to derive a nice duality property.

From matrices to tensors

Motivated by the results stated above, mathematicians tried to understand if the
best rank-k approximation problem for matrices might be restated and solved for
tensors of any format as well.

Given nonnegative integers 1 < n; < --- < ngy, a real tensor of format ny x
-+ X ng is any element of the tensor product

VE=VE®- @ VE

of d real vector spaces V7, ..., V} of dimensions n,...,nq, respectively. Our
choice is to omit the dependence from n = (n1,...,n4) in the notation of V.
This dependence is made clearer from the context in the single chapters and
examples. In coordinates, a tensor T € V¥ is indicated by an n-dimensional
array of real numbers (7}, ...;,), where i; € [n;] for all j € [d].

A tensor T' € V* is decomposable (or is a rank-one tensor) if T =v1 ® - Q@vq
for some vectors v; € Vj for all j € [d]. Keeping in mind the matrix intuition,
the rank of a tensor T' € V*, denoted by rk(T'), is the minimum positive integer
k such that T can be written as the sum of k decomposable tensors of V*.
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In this section, we denote by X the affine cone of tensors in V* of rank at
most one. This is known as the affine cone of the image of the Segre embedding

d
Segy: [[P(V)) = B(VF), Segy([1],-.-,[va]) =01 ® -+ ®vg].  (0.0.17)
j=1

For brevity, we do not indicate explicitly the dependence from n in the notation
for both Seg,; and X as well. For d = 2, we have that Seg, = Seg and X5 = X*
as in the previous section.

Mimicking (0.0.2) in the matrix case, the set of tensors of rank at most k is
the union of all linear spans of k points of the projective variety X*. We show
through an example extracted from [Lan, §2.4.5] that in this case this union is
not closed. Suppose that d = 3 and consider the tensor

T:'01®U2®w3+'l}1®U}2®’Ug+w1®’02®’03GV]R.

As the presentation of T suggests, tk(T") < 3. One can verify that actually
rk(T") = 3, but T can be written as the limit of a sequence of tensors of rank at
most two:

1
T= lig%) g[(vl +ewy) ® (vg + ews) ® (v3 + ews) — v1 ® V2 @ vs3).
€
This example suggests to introduce the border rank of a tensor T' € V*, denoted
by rk(7'), as the minimum k& such that T" belongs to the k-secant variety o (X}).
Note that rk(7") > k(7). Equality holds in the case of matrices (d = 2), but the
above example tells us that the inequality might be strict even for d = 3.

Unlike the case of matrices, finding the generators for the ideal of oy (X})
is a very hard task. When k£ = 1, the usual way to compute equations for
01(Xj) = X is by following this idea: a tensor T' € V* is decomposable if and
only if it can be written as

T=v;@T; vy eVy, Tj € @iz Vy (0.0.18)

for all j € [d]. Now T written in (0.0.18) is a rank-one matrix, hence all its
2 x 2 minors must vanish. In this way, one obtains all the equations for X and
observes that the ideal of X* is generated by quadrics. This approach is no longer
useful for computing the equations of the higher order secant varieties of X7.

Let us equip the tensor space V* with the most natural inner product. First,
suppose that ¢j is an arbitrary inner product on V, for all j € [d]. The Frobenius
inner product of two decomposable tensors 1 ®---Qxg and y; ®- - -y is defined
as

(p(T1® - ®@2q,y1 @ - Qua) =1 (x1,y1) - ¢4(Td, Ya), (0.0.19)
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and is extended to V* by linearity. If we assume for all j € [d] that V} = R"
and that q[jf? is the standard Euclidean inner product, then

qp(T,U) = Z T, iaUiy,oia (0.0.20)
i1

..... id

forall T = (T}, 4,) and U = (Uy,,...;,) in R" @--- @R". The induced squared
distance function is again 8% (U, T) = ¢5.(U — T) for all U, T € V*. Moreover,
the squared distance function from a tensor U € V* is 63;(A) = 0%(U, A) for
all A e VE.

Consider the following restatement of Question 2 in this generalized setting,
at least in the case k = 1.

Question 3. Given a tensor U € V¥, find all critical points of the distance
unction 0% ;; over the Segre product XF.
FU d

In the previous section, we naively did not care much about possible non-real
solutions of Question 2: indeed, every real matrix admits only real singular values
and singular vector pairs. This is no longer true for higher format real tensors. In
fact, the following result includes a generalization of singular values and singular
vector pairs for real tensors, which might be non-real. If so, they are discarded
when trying to find a real solution of Question 3. We refer to critical points of
0py on X, simply as decomposable critical tensors.

In the statement below, we consider the complexifications V; = VJ?R ® C,
V = V*®C and the complex algebraic variety X4 := X (defined by the common
complex zeros of the generators of the ideal of X}). In addition, the distance
function 0y, is extended to a complex-valued function dp,: X4 — C, which is
not a Hermitian inner product. This approach is followed in general throughout
the thesis: indeed, even if §z ; has the meaning of a distance function only over
the reals, the complex critical points of d ¢y are necessary to depict all the metric
information about the real variety Xj. For example, an important is being played
by the isotropic tensors of V', which are all tensors T € V such that ¢r(T) = 0.

Theorem 0.0.4 (Lim, Qi). Given a real tensor U € V®, the non-isotropic decom-
posable critical tensors for U correspond to tensors o(x1 @ -+ ® xa) € [[;e14 Vj
such that q;(x;) =1 for all j € [d] and

grU,z1® - Q2,210 _Qzj11® - Qxq) =0-q;(xj, ) VYjel[d (0.0.21)

for some o € C, called singular value of U. The corresponding d-ple (z1,...,zq)
1s called singular vector d-ple for U.



xviii Introduction

Note that both sides of relation (0.0.21) correspond to linear operators on Vj.
In applications, more precisely when ¢ is expressed as in (0.0.20), the system
(0.0.21) may be rewritten as

U (21® - Q2;_ 1 Qxj41 @ Qxq) =0ox; Vjeld, (0.0.22)

where at the left-hand side the dot means tensor contraction.
The best rank-one approximation problem stated in Question 3 is solved by
the following result.

Theorem 0.0.5 (Lim). Let U € V*. Then U always admits real singular values
and real singular vector d-ples. In particular, if 6 is a singular value of U such
that 62 is maximum, and if (Z1,...,%3q) is a singular d-ple associated with &,
then 6(%1 ® ... ® Tq) is the best rank-one approximation of U.

Anyway, there are various considerations left about the singular values and
the singular vector d-ples of a tensor. The first question one could formulate is:
how many possible distinct singular values can a tensor have? How many of them
can be real?

We already know that every matrix U € V* = R™ ® R™ admits n; real
nonnegative singular values, counted with multiplicity. For higher dimensional
tensors, we need to distinguish between the problems of either computing all the
singular values of a tensor, or restricting only to the real ones.

If we are in the first case, there is a positive result which actually counts
the number of critical decomposable tensors for an (eventually non-real) U € V.
There is a reasonable price to pay, as well as many results in Algebraic Geometry:
indeed, this number is constant for “almost all choices” of U € V, or for a general
U € V, meaning out of some Zariski closed set of V.

Theorem 0.0.6 (Friedland, Ottaviani). Let U € V* be general. Then U admits
c(n) distinct singular values. The integer c(n) is the coefficient in the monomial
Rt e dn the polynomial

11 h;:i hi=_hj. (0.0.23)

With a little effort, one might verify that amazingly c¢(ni,n2) = nq, thus
recovering the matrix case. We explore further details of formula (0.0.23) and
some other related formulas in Chapters 2 and 5.

The second problem is even more complicated than the first. Geometrically
speaking, there exists a certain hypersurface of V¥ which divides the space V*
into “chambers”. In each of these regions, the number of real singular values,
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counted with multiplicity, is constant. In this thesis, we deal with the problem
of counting the number of real critical points of the distance function from a real
algebraic variety in relatively easier cases.

Next, we might discuss how to compute the e-offset of the Segre product Xy,
and of its corresponding dual affine cone X C V. In the case of matrices, the
solution was quite straightforward thanks to the “characteristic polynomial trick”
of equation (0.0.14).

For higher dimensional tensors, in general what we can do is replacing the
characteristic polynomial in (0.0.14) with the unique generator (up to scalars) of
the ideal

IU ﬂ(C[Uihm,id,o], (0024)

where
IU C(C[xj,lw-~71‘j,njan1,..4,id70'] (0025)

is the ideal generated by the equations in (0.0.21) together with the conditions
gj(xzj) = 1 for all j € [d]. The fact that the ideal in (0.0.24) is principal is
explained in a more general setting in Section 4.1.

Example 0.0.7. Let us examine an example for d = 3 and n; = ny = nz = 2.
For a tensor U = (U;;) € R? ® R? ® R?, the singular vector triple system in
(0.0.22) becomes

U'iL’Q@IL’g:UJJl
U'1'1®£E3:U$2

U-21®x9 =023,

together with the conditions 23 ; +273 , = 1 for all j € [3]. By the formula (0.0.23),
a general tensor U admits six critical decomposable tensors o(z1 ® 2 @ x3). They
are described by the ideal Iy in (0.0.25). Eliminating the variables x; 1,z
(1 <j <3) from Iy produces a principal ideal. Its unique generator, up to sign,

has the form
6

FWijk,0®) = ¢; (U)o, (0.0.26)
J=0

where ¢;(U) is a homogeneous polynomial in the entries U, 5, of degree 20 — 2 for
all 0 < j < 6. It turns out that, for every nonnegative value o > 0, the equation
f(Uijk,0%) = 0 defines the o-offset of Xy. Again we might replace the variable
02 with the expression ¢p(U) — 2. Then the equation f(Ujjk, qr(U) —€?) =0
defines the e-offset of X3, as we wanted.

Let us look more closely at the polynomial f(Uijk,U2). The first thing to
observe is that deg.z[f(U;jk,0?)] = 6, namely the expected number of singular
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values of U. In particular, the highest coefficient ¢g(U) has degree eight and is
the product of the following four quadratic polynomials:

01(U) = (Ur11 — Uraz — Uzia — Uso1)? + (Ur12 + Urar + Uziy — Uzao)?,
02(U) = (U111 — U2z + Usra + Ua21)? + (Uni2 + Urar — Ua1q + Uazo)?,
03(U) = (Ur11 + Uiaz — Uaia + Uzo1)? + (Ur12 — Uiar + Uaiq + Usaz)?,
04(U) = (Ur11 + Uraa + Uzia — Uso1)? + (Ur12 — Urar — Uaig — Uzan)?.

Moreover, the variety V(01 ---604) C P(V) = PI coincides with the dual Segre
embedding of the product Q)7 x Q2 X Q3 of the isotropic quadrics

Q1=0Q2= QSZ{[lv\/le[lv*\/jl]}CPé'

Geometrically speaking, Seg;(Q1 x Q2 x Q3) C P(V) may be thought as the
six vertex “cube” of decomposable tensors of the form z; ® z2 ® 3, where z; =
(1,£+/—1) for all j € [3]. Each polynomial 6;(U) defines a pair of conjugate
hyperplanes dual to a pair of conjugate vertices of [Segs(Q1 X Q2 X Q3)]Y.

This fact marks a first important difference between matrices and tensors: the
existence of a positive degree leading coefficient in the equation of the e-offset of
X, or in other words, the non-integrality of the function dp ¢ over X. Instead,
the lowest coefficient ¢o(U) can be written in the form

co(U) = Det(U)? - g(U). (0.0.27)

On one hand, the polynomial Det(U) defines the dual Segre product Xy and is
called the hyperdeterminant of U, somehow generalizing the notion of determinant
of a square matrix. Its development is

2
Uriir Ui U1 Uiz
Det = |det det
¢ [e <U211 U222> e <U221 U212>}

Uinn Uiz Uiz1 Uiz
— 4 det det .
¢ (Uzu U212> et <U221 U222>
On the other hand, the polynomial g(U) is the product of the following three
quartic forms:

g1(U) [(U(1> 4 FU@)) (Ul(l) o \/le{Q))] ,
92(U) = det [(UY + V-1U5) (US” —V=1U)], (0.0.29)
g5(U) = det [(US" + V=1UP) (US" — V=1U)] .

The three factors g1 (U), g2(U) and g3(U) of g(U) represent three quartic hyper-
surfaces in PY. Each of them is the union of two conjugate quadric hypersurfaces.

(0.0.28)
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In turn, the singular locus of each of these quadric hypersurfaces has dimension
three and meets the Segre product X3 in a quadric surface. Finally, these six
quadric surfaces may be interpreted as the two dimensional “faces” of the cube
Segs(Q1 X Q2 x Q3) of totally isotropic rank-one tensors, as Figure 2 suggests.

U211 U211 U211

U1t ‘ Usiz  Uinl @ Ugiz Uil ‘ Us12

Ui21 Uggo U121 Ugge Ul21 Usgao

Uy22 Ui22 Ui22

Figure 2: The slices U;" and U;* appearing in g;(U).

The results of Example 0.0.7 outline the core of this thesis. We investigate
more on the “non-integrality” of the distance function dr ¢ for tensors, using the
Frobenius inner product. In particular, we determine the zero loci of the lowest
and the highest coefficient of the generator of the ideal in (0.0.24). Moreover,
in the case of a “hypercube format” tensor, namely for n; = --- = ng = n for
some n > 1, we compute all the exponents of the factors appearing in the above-
mentioned coefficient. This leads to the following closed formula for the product
of the singular values of a general tensor U € V.

Theorem 0.0.8. Letn >1,d > 2, and n = (n,...,n). For all subsets J C [d],
we define

Xag=Seg (V1 x - xY)) CP(Vi ®--- @ V), (0.0.30)

where Y; = Q; if j € J and Y; == P(V;) otherwise. Moreover, we define fq j to
be the equation of Xt\i’,J, when it is a hypersurface, otherwise fq. 5 :=1. For J =10
the polynomial fq := fq¢ coincides with the hyperdeterminant of a tensor.

1. (Theorem 5.0.5) Assume that the linear system Sq defined in Remark 5.3.19
has mazimal rank. Pick a tensor U € Vi ® --- @ Vy. If U admits the
mazximum number c(n) (see Theorem 0.0.6) of singular values, counted with
multiplicity (hypothesis verified for a general U ), their squared product has
the following rational expression:

d
(01 Om)? = ng(U)Z—J‘, gj = H fay VO0<ji<d (0.0.31)
Jj=0 |7|=4
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2. (Proposition 5.8.18) When d € {2,3,4}, the system Sy has mazimal rank
and the product formula (0.0.31) is true for all n > 2:

90(U)? = det(U)* ford=2

2
(01 0ew)? = | 2 ford=3
(U)2%g1(U) B
a0 ford=4.

3. (Proposition 5.4.4) In the binary case n = 2, the linear system Sy has
mazimal rank d — 1 and the formula (0.0.31) is true for any d > 1.

The proof of Theorem 0.0.8 in the case n = 2 is the core of the single-authored
paper [Sod]. When n > 3, so far the assumption on Sy has been checked for all
positive integers n and d less than 100. The right-hand side of (0.0.31) should
be interpreted as the ratio between the lowest and the highest coefficient of the
analogous of the polynomial in (0.0.26), which for all ¢ > 0 describes the o-offset
of X . Note that the exponents on the right-hand side of (0.0.31) may be positive
or negative so that the product of the singular values has a rational expression.
When d = 2, formula (0.0.31) simply recovers the fact that the product of the
singular values of a square matrix is equal to its determinant.

The distance from a real algebraic variety

Questions 1, 2 and 3 and all its related problems are all instances of a very general
question:

Given a data point uw and an algebraic variety X* in a real n-dimensional
Euclidean space (V*,¢*), which is the closest point x € X* to u? How many
critical points does 0, admit for a general data point uw? What are the main
properties of the e-offset of X® with respect to the metric g~ ?

This problem is very natural in Real Algebraic Geometry. In the first two
sections, we concentrated on the distance from the varieties of matrices of rank
at most k as well as tensors of rank one.

The road map to study the distance from a real algebraic variety is essentially
the same that we took previously. The squared distance function in exam is again

g XF >R, 65 (z) = ¢ (u—x)

and the critical values of J%, are attained at the smooth points x € X* such
that the gradient V¢*(u — z) is orthogonal to the tangent space T,,(X*). For the
standard Euclidean distance, V¢*(u—x) = 2(u—2x). Of course, even if the original
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problem is set over the reals, we need to consider the complex variety X = X°
and extend the quadratic form ¢* to a complex-valued function ¢: X — C, which
is not a Hermitian inner product. Algebraically speaking, critical points of d,, are
obtained requiring the rank of the augmented Jacobian matrix

(Vq(u — 33))

Jac(f)(x)

to be strictly lower than ¢ + 1, where ¢ is the codimension of X and (f) =
(f1,.-., fs) is the ideal of X. In other words, all minors of size ¢+ 1 of the above
matrix must vanish simultaneously.

Clearly, we have to get rid of the singular points of X, where the previous
condition is satisfied trivially. Algebraically, this is achieved by saturating the
previously obtained ideal with respect to the ideal of the singular locus of X.
We may call the resulting ideal as the critical ideal of X, and we denote it by
Icrit (X)

As we show in detail in Chapter 4, for a general choice of data point u € V/,
the ideal I(X) in C[zq,...,zy] is zero-dimensional and consists of all (complex)
critical points z € X of the function §,. Their number, namely the degree of
I..it(X), is constant on a Zariski open subset of V' and is called the Euclidean
distance degree of X. Tt is denoted by EDdegree(X). It was introduced by
Draisma, Horobet,, Ottaviani, Sturmfels and Thomas in [DHOST].

For example, the ED degree of the determinantal variety o (X) of matrices
of rank at most k is (Tg) by Theorem 0.0.3. Or the ED degree of the variety Xy
of rank-one tensors is expressed by the Friedland-Ottaviani formula (0.0.23).

On the other hand, if we restrict to the real part V¥, there exists a hypersur-
face, called Euclidean Distance discriminant (ED discriminant) of X and denoted
by Xx, that divides the space V* into chambers. If we let v € VF vary in each
one of these chambers, the number of critical points of &7, is constant. The first
example of this phenomenon is provided by the ED discriminant of the ellipse
X®: 422 + 23 —1=0C R%

Yx: 6428 + 48z 122 + 12025 + 25 — 43227
+ 7562302 — 27xs 4+ 97227 + 243232 — 729 = 0.

For plane curves, the ED discriminant X x is usually called the evolute of X*
and has the property that the tangent lines to X x correspond to the normal lines
to XF.

It turns out that the ideal

Tt (X) + (62 —qlu—1x)) CClx1,...,Tn,U1,...,Upn,E]



XXV Introduction

Xx

-3 -2 -1 o 1 2 3

Figure 3: The evolute ¥ x of the ellipse X* divides R? into two chambers. If the
data point u is picked in the internal chamber, then the number of critical points
of 47, is four. Otherwise, it is two.

defines a variety of dimension n. Its projection (by elimination of the variables
x;, in a similar fashion of Example 0.0.7 where the x;’s correspond to the entries
of the given tensor U) in Clug,...,u,,&| is generated by a single polynomial in
2. In a joint work with Ottaviani [OS], we denote this generator (defined up to
a scalar factor) by EDpoly x (%) and we call it Buclidean Distance polynomial
(ED polynomial) of X at u (see Definition 4.1.3). For any u € V*, EDpoly yx ,(¢?)
has among its roots the distance from v to X*. In addition, for any fixed real
value € > 0, the equation
EDpoly x ,(¢*) = 0

defines the hypersurface of all data u € V* having distance € from X¥, namely
the e-offset of X*. The e?-degree of EDpoly y ,(¢?) coincides with the Euclidean
Distance degree of X (see Theorem 4.2.2).

The ED polynomial of a real algebraic variety is undoubtedly the most im-
portant tool of this thesis. Indeed, a relevant part of this thesis is devoted to the
study of its main properties. Here we briefly outline the main ones.

First, we show that the ED polynomial of an affine cone X and of its dual
affine cone XV are linked by the following formula which enhances [DHOST,
Theorem 5.2]:
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Theorem (Theorem 4.2.8). Let X C V be an affine cone and XV its dual in V.
Then

EDpolyX7u(52) = EDpolvaM(q(u) — 52).

The last identity was essentially applied in (0.0.15) and for rank-one tensors,
and its meaning is that projective duality corresponds to variable reflection for
the ED polynomial.

Next, we focus on the extreme coefficients of EDpoly X,u(€2). Here, transver-
sality between X and the isotropic quadric @ plays a crucial role. In particular, it
is sufficient to prove that the highest coefficient of the ED polynomial is a scalar,
as the following result states.

Theorem (Corollary 4.3.7). Let X C P(V) be a projective variety. If X is
transversal to Q, according to Definition 4.3.3 then for any data point u € V.

EDpoly y,, (%) = > _p;(u)e?,

where d = EDdegree(X) and p;(u) is a homogeneous polynomial in the coordi-
nates of u of degree 2d — 2j. In particular, pg(u) = pq € C, deg(po) = 2d and the
ED polynomial of X is an integral algebraic function.

In the other direction, the lowest coefficient of the ED polynomial describes
the data points v € V having “distance zero” from X. If we restrict to the real
points, we essentially recover the variety X®, plus another possible locus of real
data points. But if we allow non-real solutions, there is always a hypersurface of
isotropic vectors having “distance zero” from X.

Theorem (Theorem 4.4.6). Let X C V be an affine cone such that X UXV ¢ Q.
Then the locus of zeros u € V' of EDpolyx ,,(0) is

XU ((XVnQ).
In particular, at least one between X and (XY N Q)Y is a hypersurface.

The last result describes set-theoretically the vanishing locus of the lowest
coefficient EDpoly y ,(0). With a stronger assumption, we can determine also
“scheme-theoretically” the condition for a data point u € V' to have distance zero
from X. In other words, we give a more precise description of the lowest term of
the ED polynomial, with reasonable transversality assumptions.

Theorem (Theorem 4.4.12). Let X C P(V) be an irreducible variety and suppose
that X and XV are transversal to Q. Let u € V be a data point.
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1. If codim(X) > 2, then (X¥Y N Q)Y is a hypersurface and

up to a scalar factor, where g is the equation of (XY N Q)V. Moreover

X cCc(XVnQ).
2. If X is a hypersurface, then

EDpoly x ,,(0) = f?g

up to a scalar factor, where [ is the equation of X and g is either the
constant 1 if X is a hyperplane, or the equation of (XV NQ)V.

Structure of the thesis

In this introduction, we have chosen to regard the best rank-k approximation
problem only for nonsymmetric tensors. Actually, in this thesis we consider
tensors with partial symmetry as well, starting from symmetric tensors.

After the preliminary Chapter 1, in Chapter 2 we introduce the basic tools of
Spectral Theory of symmetric tensors, which is useful for the problem of symmet-
ric tensor approximation. On one hand, we recall the definition of E-eigenvector
and E-eigenvalue of a symmetric tensor. On the other hand, we introduce the
notion of E-characteristic polynomial of a symmetric tensor, which is defined as
the multivariate resultant of a certain homogeneous polynomial system. The
rest of the chapter is devoted to the study of the extreme coefficients of the E-
characteristic polynomial of a symmetric tensor. The results of this chapter are
based on the single-authored paper [Sod18]. In particular, the main result is The-
orem 2.0.2, which provides a rational formula for the product of the E-eigenvalues
of a symmetric tensor. This formula is generalized later in Theorem 5.0.5. In
the last part of the chapter, we investigate binary symmetric tensors, called also
binary forms, and we derive a formula for the E-characteristic polynomial of a
harmonic binary form, which points out that the E-eigenvalues of a real harmonic
binary form are all real.

Nevertheless, we want to separate the study of symmetric tensors from the
general case of partially symmetric tensors because the proof of Theorem 2.0.2
uses resultant theory, which we do not consider for the rest of the thesis.

In Chapter 3 we remain in the context of symmetric tensors, and we focus on
harmonic symmetric tensors. The main results in this direction are Proposition
3.0.3 and Theorem 3.0.4, which describe completely all the elements of the space
HAC? of harmonic ternary forms of degree d which are stable or semistable under
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the action of the complex orthogonal group SO(3,C). Thanks to the SO(3,C)-
equivariant harmonic decomposition of the space S?C?, these results allow us to
give sufficient conditions of stability and semistability in the whole space S4C3.
Afterwards, we produce an example of a real harmonic ternary form with non-real
E-eigenvalues.

In Chapter 4 we change our perspective. This chapter intends to frame the
previous ones in the general setting of Real Algebraic Geometry of Data as well
as setting up the necessary tools used in the final Chapter 5. After stating the
problem of computing the distance from a real algebraic variety, the core of this
chapter is devoted to the main properties of the ED polynomial of a real algebraic
variety. The main results are based on the joint paper with Ottaviani [OS].

Finally, we come back to tensors again. The main results of this thesis are
collected in Chapter 5. There we study the ED polynomial of a Segre-Veronese
variety, whose roots are the singular values of a partially symmetric tensor. First,
we describe completely the vanishing loci of the highest and lowest coefficient of
the ED polynomial of such a variety. Second, when restricting to tensors of
hypercube format, we compute the multiplicities of the factors appearing in the
lowest and highest coefficients. The main result is the above-cited Theorem 5.0.5.
Part of this chapter achieves the single-authored paper [Sod], where the product
formula is proved for binary tensors.






Chapter 1
Preliminaries

This chapter might be viewed as a toolkit for the development of the thesis. In
what follows, we aim at giving a compact exposition of the main definitions and
already known results that will be applied in the next chapters.

In the first part, we set up the notation and stress the notion of orthogonality
that we adopt. Then we recall the definition of the most important invariant
for this thesis, the Fuclidean Distance degree of an algebraic variety X in any
complexified Euclidean space (V) ¢), starting from irreducible affine varieties.

When X is an affine cone, we may read it projectively. In this context, we
are allowed to introduce a notion of dual affine cone XV of X. Armed with this
definition, we recall a result in [DHOST]| which states that the ED degrees of a
projective variety and its dual variety coincide.

If additionally, the variety considered is transversal to the isotropic quadric
@ associated with the quadratic form ¢, then its ED degree is expressed as the
sum of the polar classes of the variety. For this reason and for their applications
in Chapters 2, 4 and 5, we dedicate Section 1.5 to the construction of the polar
classes of a projective variety.

Also, in Section 1.7 we furnish a basic introduction to the Chern classes of
a projective variety: indeed, Chern classes may be computed via polar classes,
and vice-versa. Moreover, the ED degree formula in Theorem 5.1.1, stated in the
nonsymmetric case in Theorem 0.0.6, is derived basically from the computation
of the top Chern class of a certain vector bundle over a Segre-Veronese product
of projective spaces.

1.1 Orthogonality vs polarity in Euclidean space

As suggested in the introduction, up to different notation, our ambient space is
a real n-dimensional Euclidean space (V* ¢"). In most cases, we suppose that
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T1,...,T, 1S a system of coordinates of V*. Moreover, the quadratic form ¢*
has the expression ¢*(x) = z” Az for some positive definite real n X n matrix
A = A(¢®). Up to a linear change of coordinates, we assume that A is the
identity matrix I,,, namely ¢"(z) = Y., 7. By abuse of notation, we denote
with the same letter the quadratic form ¢® and its associated bilinear form, in
other words we have ¢*(z, z) = ¢*(x).

Finally, we define V := V* ® C and the function ¢: V. — C by q(z) =
T Az, where A is the symmetric matrix associated to the quadratic form ¢*. In
particular, ¢ is not induced by a Hermitian inner product on V. The wider space
V' admits nonzero vectors x such that ¢(z) = 0, called isotropic vectors. The
quadratic equation g(x) = 0 defines the isotropic quadric Q C V', whose only real
point is the origin. The quadric @ has no real points in the projective setting.

Now let us look at V' as an affine chart of P = P(V & C) = V U Hy,, where
H,, = P(V) is the hyperplane at infinity of V. In coordinates, we introduce a new
variable zg and hence H,, has equation 2o = 0. Every vector = (z1,...,z,) €
V' corresponds to the point [(1,2)] = [(1,21,...,2,)] € P?. In the following,
we indicate by (z) the point [(0,2)] € Hs. For each affine variety X C V, we
denote by X the closure of X in the Zariski topology of P. Moreover, we define
Xo = X N H,,. In particular, the points at infinity of @ fill the smooth quadric
Qoo C Heo.

Summing up, from the lines above we see that every choice of a quadratic
form ¢® in V*® produces a unique projective quadric Qw = V(q) C Hs. This
approach is very useful for understanding better the notion of orthogonality in
V. Indeed, orthogonality in V corresponds essentially to polarity in H., with
respect to the definition below (see [Piel5, §4]).

Definition 1.1.1. Let ) be a smooth quadric in H,,. Then it induces a
polarity, classically called a reciprocity, between points and hyperplanes in H..
The polar hyperplane P+ of a point P € H,, is the linear span of the points
on Qs such that the tangent hyperplane to ) at that point contains P. In

coordinates, ¢ = g(x1,...,x,) induces an isomorphism
Vg H, —  (Hoo)* = {hyperplanes of H..}
P:[p17...7pn] — PJ_: Z;;1p7%:0

If W C Hy, is a subspace of dimension r, then we can associate to W the dual
space of ¢q (W), which is a subspace of Ho, of dimension n —r — 1. We denote
this subspace by W+,

Therefore, given an affine space L C V and a point uw € V, the orthogonal
space to L passing through w is constructed as follows: we consider Lo, C Hoo
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/ \

Figure 1.1: A point P € H,, and its polar hyperplane P+.

and we associate to it the subspace (Lo,)* via the polarity ¢q of Definition 1.1.1.
Hence the desired orthogonal space is

u+ Lt = ([(u,1)], (Loo) ) N V.

1.2 The ED degree of an algebraic variety

Now we have all the necessary metric information to proceed. We fix a radical
ideal I(X*®) = (f1,..., fs) C R[z1,...,2,] and we let X* C V* be the real zero
locus of I(X*). In other words, X* is a real algebraic variety in V*. We denote
by X C V the complex zero locus of I(X) = (f1,..., fs) C Clxy,...,z,]. We
indicate by Jac(f) = Jac(f1,..., fs) the s x n Jacobian matrix, whose entry in
row ¢ and column j is the partial derivative 0f;/0x;. The ideal of the singular
locus Xging of X is defined by

I(Xging) == I(X) + (¢ x ¢ minors of Jac(f)),
where c is the codimension of X.

Our aim is to pick a data point v € V (usually in V*) and look for the
critical points x € X of the squared distance function d,,: X — C. They are
attained at smooth points z € X such that the vector u — x is in the normal
space N, X := (T, X)*, according to Definition 1.1.1. We stress that both N, X
and T, X are linear spaces in V. The corresponding affine spaces passing through
x are denoted by x + N, X and = + T, X, respectively.

Algebraically speaking, © € Xy, is a critical point of §, if the gradient Vq at
u — x lives in the row space of the jacobian matrix Jac(f) of X at x. When ¢ is
the standard Euclidean metric, Vq(u — ) = 2(u — ). An indicative example is
depicted in Figure 1.2. This constructions suggests to define an ideal, called the
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critical ideal of X, as (see the formula (2.1) [DHOST])

Lt (X) = <I(X) + <(c +1) x (¢ + 1) — minors of G:C(E‘f)‘(f))) >) I(Xeing) ™

(1.2.1)
The critical ideal I.;t(X) lives in the polynomial ring Clay,...,Tn, U1, ..., Uy]
and defines an affine variety in V' x V. The geometrical idea behind this property
is that we are letting the data point u vary in V', hence its coordinate should be
treated as indeterminates independent from the x;’s.

Figure 1.2: The cardioid X*: (2% +23 —2x1)? —4(2?+22%) = 0 and a point u € R?
admitting three normal lines to X*.

Definition 1.2.1. The variety in V' x V defined by the critical ideal I . (X) is
called ED correspondence of X and is denoted by £(X).

More precisely, the ED correspondence may be described as

EX) =A{(x,u) € X xV | x € X¢, x critical point of J,}.

Now consider the diagram below:

£(X)
- . (1.2.2)
i / \ )

The two maps m; and 7o are the projections onto the two factors of X x V.
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Theorem 1.2.2. [DHOST, Theorem 4.1] The ED correspondence £(X) of an
irreducible variety X C V of codimension c is an irreducible variety of dimension
n inside V- x V. The projection 71 is an affine vector bundle of rank c over Xgy,.
Over general data points u € V', the second projection wo has finite fibers ng(u)
of constant cardinality.

Given a data point u € V', we have that

7y H(u) =2 {x € Xgn | x critical point of d,,},

hence the cardinality |7, ' (u)| counts the number of critical points of §,,.

Definition 1.2.3. Let X C V be an irreducible variety. The cardinality of the
general fiber of 7y is called ED degree of X and is denoted by EDdegree(X).

Remark 1.2.4. On one hand, the singular points of X are not taken into ac-
count when defining the critical ideal of X, namely the invariant EDdegree(X)
counts only smooth local minima, maxima and saddle points on X of the squared
distance function d,. Indeed, the squared distance function ¢,: X — C cannot
be differentiated at the singular points of X.

On the other hand, the singular points of X might be local minima, maxima
or saddle points of §,. For example, let X be the cuspidal cubic of equation
23 — 23 = 0. Tt turns out that the cusp (0,0) is a global minimum of &, for any
data point u contained in the light blue region showed in Figure 1.3. This region
is known as the Voronoi cell of X at (0,0). Its boundary is the quartic curve

OVor(g,0)X : 2Ty* + 1282 + 72zy* + 3222 + ¢ + 22 = 0.

More generally, the Voronoi cell of X at the point € X is the set of all u € V
such that x is the closest point to uw on X. A detailed study of the Voronoi cells
of algebraic varieties and of their algebraic boundaries is done in [CRSW].

By Theorem 1.2.2, the ED degree of an algebraic variety is, in fact, an alge-
braic invariant of X, and somehow measures the algebraic complexity of com-
puting the distance from X. Note that we started by considering a real affine
variety X*, but the notion of ED degree is related to complex algebraic varieties.
In particular, we can compute the ED degree of the isotropic quadric Q.

Proposition 1.2.5. Let Q C V be the isotropic quadric defined by the quadratic
form q. Then EDdegree(Q) = 0.

Proof. By construction, EDdegree(Q) counts the number of critical points of 4,
on @ for a general point u € V, or rather, the number of normal spaces to ) that
can be drawn from u.
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R “\\aVor(g‘g)X )

VOI‘(D![))X 24 ]

6 1 8 6 4 2 0 2 4

Figure 1.3: The Voronoi cell Vor(gg)X of the cuspidal cubic X: 2} — 23 = 0 at
the origin. As shown on the right, the real locus of Vor(g )X contains the real
locus of the evolute ¥ x of X. If we draw a circumference centered at a point u
between the green and the blue curve, we see that the origin is closer to u than
any critical point of dy,.

Note that, if x € Q and = # 0, then z is a smooth point of @ and T,(Q is
the subspace of vectors v € V such that g(z,v) = 0. At infinity, we have that
(T2 Q@)oo coincides with T,y (Qoo) C Hoo. By Definition 1.1.1, the polar subspace
to Tz)(Qoo) is the point (x). This means that, moving back in V, the normal
space N, (@ is the line spanned by the vector z. In particular, N,Q C T,Q or,
affinely, x + N, Q C =z + 1,.Q.

Summing up, it is immediate that, if x is a critical point of J,,, then necessarily
the vector v — z must be proportional to . In particular, © — x € @, hence
u € (. This contradicts the fact that u is general in V. From this we conclude
that EDdegree(Q) = 0. O

The following lemma is an immediate property coming from the definition of
ED degree.

Lemma 1.2.6. Let X C V' be an irreducible affine variety and let v € V. Then
EDdegree(v + X) = EDdegree(X), namely the ED degree is invariant under
translation in V.

The simplest affine varieties to consider are the affine subspaces of V. We
compute their ED degree in the following proposition.
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Proposition 1.2.7. Let L C V be an affine subspace. If L is transversal to @
out of the origin, then EDdegree(L) = 1. Otherwise EDdegree(L) = 0.

Proof. Applying Lemma 1.2.6, we can assume that L C V is a linear space.

Assume first that L is not transversal to @ away from the origin. Then
there exists y € @, y # 0 such that the linear span between T,(Q and L does
not generate V, namely L C T,Q. Going at infinity, we have the inclusion
Ly C (TyQ)OO = T(y) (QOO)

Consider the linear system £ of hyperplanes in H,, supported by L... For
each element W € £, W+ is a point in T, (Qoo). The union of all these points
generates the polar subspace (Lo )", which is contained in Ty (Qoo). Going back
to V, from the above argument we conclude that the orthogonal space Lt to L
must be contained in T, @ as L itself.

Now pick a general point u € V. If there exists a critical point « € L for §,,
then uw —z € L+ C T,Q. In particular, ¢(y,u — ) = 0. Since z € L C T,Q,
q(y,z) = 0 as well. Therefore u € T,Q, but this contradicts the generality
assumption on u. The contradiction comes from the assumption that there exists
such a critical point « € L. From this we conclude that EDdegree(L) = 0.

Otherwise L is transversal to Q. In this case, the orthogonal space Lt is
such that V = L @ L*. In particular, L' defines the orthogonal projection
7wr1: V. — L onto L. For each data point u € V, the point 71 (u) is the unique
critical point for ¢,, on L. In particular, EDdegree(L) = 1. O

Example 1.2.8. In the vector space C? equipped with the Euclidean quadratic
form ¢ = 22 + 23, we let L be the line of equation z; ++/—1x5 = 0. In particular,
L is generated by the vector (1,4/—1) and L+ = L. Consider a point u =
(u1,u2) € C? and assume that there exist x € L, x = A(1,v/—1), such that u — z
is orthogonal to (1,4/—1). The equation q((u; — A\,uz — v/—1),(1,v/=1)) = 0
simplifies to u; +v/—1uy = 0, namely v € L. This implies that EDdegree(L) =
0. The result is the one expected since L is contained in the isotropic quadric

Q c 2.

Remark 1.2.9. If L C V is the complexification of a real affine space L* C V*
such that L* # {0}, then automatically L is transversal to Q out of the origin.
In particular, EDdegree(L) = 1 by Proposition 1.2.7.

In the following, we always consider an affine variety X not contained in the
isotropic quadric @). This is related to the following fact, which is the second part
of [DHOST, Theorem 4.1].

Proposition 1.2.10. Given an irreducible variety X C V, if T, X "N, X = {0}
at some point x € Xgm, then ma is a dominant map and EDdegree(X) is positive.
In particular, if X admits at least one real smooth point, then EDdegree(X) > 0.



8 Chapter 1. Preliminaries

Example 1.2.11. In the following M2 code [GS], the ED degree of a plane curve
in X C C? is displayed by the command degree IsatX. When X is the cardioid
whose real points are depicted in Figure 1.2, one may verify with the code below
that EDdegree(X) = 3. Note that all the three critical points in Figure 1.2 are
real. We show in Figure 1.4 that some of the critical points might be non-real
depending on the data point chosen.

R = QQ[x_1,x_2,u_1,u_2];

IX = ideal ((x_1"2+x_2"2-2%x_1)"2-4%(x_1"2+x_2"2));

ISingX = IX+minors(codim IX,compress transpose jacobian IX);

jacX = matrix{{u_1-x_1,u_2-x_2}}||(compress transpose jacobian IX);
IcritX = minors((codim IX)+1, jacX);

IsatX = saturate(IX+J,ISingX);

codim IsatX, degree IsatX

Let us look again at the projection 7o in (1.2.2). The branch locus of 7o
corresponds to the closure of the set of data points u € V for which there are
fewer than EDdegree(X) complex critical points of §,,. This fact leads to the
following definition.

Definition 1.2.12. The branch locus of 7y defines an affine variety ¥x C V,
which we call the ED discriminant of X and we indicate with ¥ x.

In most cases, the ED discriminant is a hypersurface of V', by the Nagata-
Zariski Purity Theorem (see [Zar, Nag]). The reason for this name appears when
restricting to the real space V. In this case, the real part of the ED discriminant
Y xr == (Xx)* divides the vector space V* into chambers. If we let the real data
point u vary in one of these chambers, then the number of real critical points of
0% is constant. In particular, when w is approaching X y=, either two real critical
points of ;. or two non-real conjugate critical points of d,, are collapsing together.
This is visualized in Figure 1.4 in the case of the ED discriminant of the ellipse
X®: 22 + 422 — 4 = 0. Or, looking back at Remark 1.2.4, the ED discriminant of
the cuspidal cubic X : 23 — 23 = 0 is the quartic curve

Yx: 6561y + 184322 + 15552zy2 + 614422 + 288y% + 5122 =0

which separates the region of real data points providing two real critical points
(to the right of ¥ x) from the region of real data points providing no real critical
points (to the left of ¥x) (see the right image of Figure 1.3).

In the next section, we focus on affine cones on V', namely projective varieties
X C P(V). As a quick preview, we mention a formula by Trifogli for the degree
of X x in a special case.
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Figure 1.4: On the left, a data point v admitting two critical points for 4, while
the other two are complex-conjugate. On the right, u goes in the internal region
of the evolute X yr and acquires two more critical points for d;,.

Theorem 1.2.13 (Trifogli). If X is a general hypersurface of degree d in P(V)

then
(d—1)""t -1

d—2
For instance, when n = 2 the above formula tells us that the degree of the
ED discriminant of a general projective plane curve C' of degree d is

deg(Zx) =d(n —1)(d —1)""' +2d(d — 1)

deg(X¢) = 3d(d — 1).

The ED discriminant Y¢r of a real affine plane curve C* C R? coincides with
the curve classically known as the evolute of C*. To see this, we recall that
the evolute of C* is by definition the envelope of the normal lines to C*. More
generally, the evolute is an instance of what is called an envelope of a family of
curves in R?: in our case, the family of all normal lines to C*. By construction, the
envelope is tangent to each element of the family at some point. More specifically,
the evolute ¥r is tangent to each normal line to C* at some point. In other
words, if we pick a point v € R? and we want to draw all normal lines to C%
passing through u, then it is equivalent to drawing all tangent lines to ¥ passing
through u. Since the number of normal lines exiting from w is equal to the number
of real critical points of J., and two normal lines collapse together when u € ¥z,
then the evolute X or coincides with the real part of the ED discriminant of C.

Keeping in mind the above description, it is straightforward to notice that
if two critical points of ¢}, coincide, then their corresponding normal lines to C*
coincide as well. The converse is not true since there exist distinct pairs of critical
points (z1, z2) of d5. such that their associated normal lines to C* coincide. This
happens when the curve C* has a bottleneck between the two points 1 and x».
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More generally, a bottleneck of a smooth algebraic variety X C V is a pair of
distinct points (x1,x2) € X such that the normal spaces at z1 and x2 contain the
line spanned by x and y. As the previous definition suggests, the determination
of all bottlenecks of a variety X is closely related to the computation of the ED
degree of X. It turns out that the number of (complex) bottlenecks of a variety
X is, in fact, another invariant of X and is called the bottleneck degree of X. In
practice, the bottleneck degree of X measures the complexity of computing all
bottlenecks of X. In this thesis, we do not enter into the details of this important
invariant. An excellent reference for the bottlenecks and the bottleneck degree
of an algebraic variety is [DEW].

Remark 1.2.14. The only property that we want to observe and that descends
almost immediately from the definition of bottleneck of a plane curve is the
following: given a curve C* C R?, a pair (x1,72) € C* is a bottleneck of C* if
and only if the common normal line joining x; and x5 is bitangent to the envelope
Ycr. Figure 1.5 confirms this fact when C*® is the lemniscata of equation

2 2\2 2 2
(z1 +23)" = 2(27 —23) =0
and its evolute is the sextic curve

Ser: 72928 4+ 7292122 — 7292224 — 72925 — 19442t +
+ 1944a725 — 194425 + 172827 — 1728x3 — 512 = 0.

1.3 ED degree for affine cones and duality

In this section, X represents an affine cone (through the origin) in V, meaning
that if z € X, then Az € X for all A € C. As we anticipated in the introduction,
for affine cones we consider the following notion of duality.

Definition 1.3.1. Let X be an irreducible affine cone in a Euclidean space (V, q).
The dual affine cone of X is

XV = U N, X CV,
€ Xsm

where N, X = (T,X)"* is the normal space at z € X defined via the polarity
map ¢, of Definition 1.1.1. If X is a non-reduced variety, then X" is the empty
set.

The last relation requires a few clarifications. Given a real Euclidean space
(VE,¢%), the inner product ¢" induces a natural isomorphism between V* and the
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Figure 1.5: For the lemniscata C' C C? whose real part is depicted above, we get
that there are six real bottlenecks, which correspond to three pairs of real points
with coinciding normal lines. This number has been computed with a M2 code
inspired by [DEW, §1.1|, where we have removed the singular locus of C.

dual vector space V¥ = {l: V® — R | [ is linear}, which takes a vector v € V*
and associates it to the linear map w — ¢(v,w). This isomorphism is natural,
namely, it does not depend on the orthonormal basis of V* chosen. Therefore, in
the following, we always identify any vector space with its dual.

We remark that Definition 1.3.1 is equivalent to the standard definition of
the dual of a projective variety as in [Tev, Definition 1.1]. The variety XV is an
irreducible affine cone as well. Note that if X is a linear subspace, then XV = X1,
the orthogonal subspace with respect to g.

Following the assumptions on X of the preceding section, we always consider
affine cones X such their respective dual affine cones XV are not contained in
the isotropic quadric Q.

A slightly different approach to define the dual affine cone of X comes with
the following definition.

Definition 1.3.2. Let X C V be an irreducible affine cone. The conormal
variety of X is the correspondence

NX)={(z,y) eV xV]xe€ Xy and y € Ny X}.

The ideal of the conormal variety in Clx1,...,Zn, Y1, -, Yn] 1S

N(X) = (I(X) + <(c +1) x (¢4 1) — minors of <J(yf)> >> t I(Xing) ™
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It is known that, if X C V is an irreducible affine cone, then A/ (X) is irreducible
in V x V and has dimension n — 1. One might consider the diagram

N(X)
™ m (1.3.1)
X / \ v

and verify that the projection of N (X) onto the second factor V is precisely the
dual affine cone X V. The well-known Biduality Theorem (see [GKZ, Chapter 1])
states that N'(X) equals N (XV) up to swapping the two factors. The consequence
is that (XV)Y¥ = X. For this reason, we write V'(X, XV) for N(X) and N(X, XV)
for N(X).

The conormal variety A (X, XV) plays a crucial role in the proof of the fol-
lowing important result, which we will apply several times in the next chapters.

Theorem 1.3.3. [DHOST, Theorem 5.2] Let X C V be an irreducible affine
cone and u € V a general data point. The map

N |4

e s (1.3.2)

gives a bijection from the critical points of d,, on X to the critical points of 6,
on XV. Consequently, EDdegree(X) = EDdegree(X"). If we restrict to the real
points, the map is proximity-reversing: the closer a real critical point x € X is
to the data point u € VE, the further u —x € XV is from u.

Figure 1.6: The bijection between critical points of 6, on X and on its dual XV.

Proof. Let uw € V be a general point. If x € X is a critical point of d,, then
u—x € Ny,X. In turn, this implies that the pair (z,u — x) belongs to the
conormal variety N (X, XV). By the generality of u, u — x is a smooth point on
XV. In addition, the Biduality Theorem implies that z = u—(u—x) € Ny_,(X"),
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namely v — x is a critical point of §, on XV. In particular, the map ¢,, defined
in (1.3.2) sends critical points of d, on X into critical points of §, on XV. Since
the above argument may be repeated with XV in place of X, this map ¢, is in
fact a bijection between the two mentioned sets of critical points.

Now observe that, since X and XV are affine cones, the vectors z and u — x
above are orthogonal, hence the Pythagorean Theorem tells us that ¢(u — x) +
q(x) = g(u). In particular, this means that ¢, is proximity-reversing. O

It is clear that the conormal variety A (X, XY) and the ED correspondences
E(X) and E(XVY) are closely related. Indeed, there is another correspondence
that somehow rules all three. It is introduced in the next definition.

Definition 1.3.4. Let X C V be an irreducible affine cone. The joint ED
correspondence of X and XV is

EX,XY)={(z,u—z,u) € Vp x VyxV, |2€ Xy andu—ax € N; X}
={(u—y,y,u) e Vo xVyxV,|ye X andu—ye N XV}

Now we might consider the three projections of £(X, XV) onto either one of
the three product spaces V, x V,,, V,, x V;, and V,, x V},. In the first two cases, we
recover the ED correspondence £(X ) and £(XV), respectively. In the last case, we
get the conormal variety N (X, XV). The affine variety £(X, XV) is irreduible of
dimension n, since £(X) has these properties. The projection £(X, XV) — £(X)
is birational with inverse (z,u) — (z,u — z,u).

Every affine cone X C V may be associated to a projective variety in P(V).
With a little abuse of notation, we denote this variety by X as well. Moreover,
we define the ED degree of a projective variety in P(V') as the ED degree of the
corresponding affine cone in V.

It turns out that the notions of ED correspondence, joint ED correspondence
have a projective counterpart. We state their definition and an analogue of
Theorem 1.2.2 for completeness. Consider the map

o (VAN{O)xV = BV)xV
(z,u) = ([2]w)

Definition 1.3.5. The closure of p(Ex N[(V '\ {0}) x V]) is called the projective
ED correspondence of X, and it is denoted by PE(X).

Similarly to (1.2.2) we might consider the following diagram of projections
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involving the ED correspondence PE(X):

PE(X)

V \ (1.3.3)

X Vv

Theorem 1.3.6. [DHOST, Theorem 4.4] Let X C P(V') be an irreducible variety
not contained in the isotropic quadric Q. Then the projective ED correspondence
PE(X) of X is an n-dimensional irreducible variety in P(V) x V. Its projection
onto X is a vector bundle over Xgmn \ Q of rank c+1. The fiber over general data
points u of its projection onto V are finite of cardinality equal to EDdegree(X).

Mimicking to the case of the projective ED correspondence, we define

e: (VA{O) x (V{0 xV — P(V)xP(V)xV
(@, y,u) = ([z]; [yl w)

Definition 1.3.7. The closure of

P {EXLXY)N[(VA{0}) x (V\ {0}) x V]}

is called the projective joint ED correspondence of X, and it is denoted by
PE(X, XV).

When X C V is an affine cone, we could derive nice formulas for EDdegree(X)
involving several important intrinsic invariants of Algebraic Geometry like polar
classes, Chern classes (for smooth varieties) and Chern-Mather classes (for sin-
gular varieties). We recall a very short summary of these invariants in the next
sections, together with the main results which include them in the ED degree
philosophy.

1.4 The Chow ring of a projective variety

In this brief section, we outline the definition and some basic facts related to the
Chow groups and the Chow ring of a projective variety. It is a necessary step
towards the definition of the polar classes and the Chern classes of a projective
variety. All the necessary material is taken from [Ful, Chapter 8]. Following the
idea of the previous sections, we adopt a coordinate-free approach and consider
a projective space P(V') for some complex n-dimensional vector space V.
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Let X C P(V) be a smooth, irreducible projective variety of dimension
dim(X) = m. For all d > 0, we denote by Z¢(X) the free abelian group generated
by d-cocycles of X (or (m — d)-cycles of X), namely formal linear combinations

a:ZaiVi

with integer coefficients of d-codimensional irreducible subvarieties V; ¢ X. A
d-cocycle a € Z%(X) is principal if it is of the form a = div(f), where f is a
rational function on a subvariety Y of codimension d — 1 in X. Two d-cocycles a
and B are rationally equivalent if o — 3 is a sum of principal d-cocycles. Rational
equivalence is an equivalence relation in Z¢(X) and is denoted by ~.

Definition 1.4.1. The d-th Chow group A%(X) is the quotient group Z¢(X)/~.

For example, it turns out that the first Chow group A'(X) coincides with
the Picard group of X (see [Ful, Chapter 2, §1]). In particular, consider the case
X =P(V). Then A*(P(V)) = Pic(P(V)) = Z, and its generator is the class of a
hyperplane, denoted by H.

Consider the direct sum A*(X) = @,~, A'(X), which is clearly an abelian
group with respect to the addition of rational equivalence classes of cycles. One
might turn A*(X) into a graded ring by defining a suitable product

AYX) x A°(X) — AdTe(X).

Let V and W be two irreducible subvarieties of codimensions d and e in X,
respectively. If V and W intersect transversally (for a discussion of the precise
meaning of transversality we refer, for example, to [Sch]), their intersection VW
is a subvariety of codimension d+e in X. Otherwise, if V and W do not intersect
transversally, the smoothness of X allows us to replace V with another cocycle
a =Y «;V; on X which is rationally equivalent to V' and which intersects W
transversally. This property is classically known as the Moving Lemma (see [Ful,
Chapter 11, §4]). Moreover, one may verify that the two subvarieties VN W and
a NW are rationally equivalent as well.

Definition 1.4.2. The intersection product of two rational equivalence classes

[V] € A4(X) and [W] € A°(X) of irreducible subvarieties V and W in X is
VIW] = [a N W] = [ ai(inw)| € a+(x),

where « is any d-cocycle in X which is rationally equivalent to V' and which

meets W transversally.

Proposition 1.4.3. [Ful, Proposition 8.3/ The group A*(X) equipped with the
intersection product is a graded ring and is called the Chow ring (or intersection
ring) of X.
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Example 1.4.4. Going back to the example X = P(V), for all d > 0, the d-
th Chow group of P(V) is AYP(V)) = (H?) = Z, where H? is the class of a
linear space of codimension d, namely the product of d 1-codimensional general
hyperplanes of P(V). In particular, H" ! denotes the class of a point, so it
has empty intersection with a general hyperplane. In other words, H" = 0
and therefore the n-th Chow goup of P(V) is A”(P(V)) = 0. Moreover, H" =
0 is the only relation involving H. Summing up, the Chow ring of P(V) is
A*(P(V)) 2 Z[H]/(H™). In particular, if Y C P(V) is an irreducible subvariety
of codimension d, then its rational equivalence class [Y] € A4(P(V)) is given
by cH?. The coefficient ¢ corresponds to the number of points of intersection
between Y and a general linear subspace of P(V') of dimension d. In other words,
c is equal to the degree of Y.

Example 1.4.5. Let X CP(V) 2 P" ! and Y C P(W) =< P"~! be two smooth
projective varieties and consider their product X x Y embedded in P(V @ W).
There exists a homomorphism of rings A*(X) ® A*(Y) — A*(X x Y) which
preserves the grading of the Chow rings involved. When X = P(V) and YV =
P(W), then A*(P(V)) ® A*(P(W)) = A*(P(V) x P(W)). From this fact and
Example 1.4.4, one can derive that

Z[s,

EXD)

Il

AT (B(V) x P(W))

where s and ¢ correspond to the pullbacks of the hyperplane classes of P(V) and
P(W) via the two projections of P(V') x P(W) onto the factors P(V) and P(W),
respectively. In particular, the rational equivalence class [Z] € A4(X x Y) of an
irreducible subvariety Z C X x Y of codimension d may be written as

(Z) = cos® + crs 4 -+ eqt?,

where the vector of coefficients (co, ..., cq) is known as the multidegree of Z in
X xY.

1.5 Polar classes of projective varieties

Let V be an n-dimensional complex vector space and let X C V be an irreducible
affine cone, namely X C P(V) as an irreducible projective variety. The main tool
of this section is the conormal variety A (X, X") introduced in Definition 1.3.2.
One may verify that N (X, XV) is an irreducible subvariety of codimension n in
P(V) x P(V). Applying the facts outlined in Section 1.4, we may consider the
rational equivalence class [N (X, XV)] € A*(P(V) x P(V)). Following Example
1.4.5, we have that

1%

A*(B(V) x B(V))
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and
IN(X, XY)] = 0gs™ M+ 4 6, _pst™ ! (1.5.1)

for some nonnegative integers §; = 6;(X). Geometrically speaking, §,(X) counts
the number of intersections between N (X, X"V) and a subvariety of the form
LxM C P(V)xP(V), where L and M are linear subspaces of P(V') of dimensions
n—1—4 and j + 1, respectively.

Actually, the coefficients ¢;(X) may be introduced in a more formal way using
the Gauss map of a projective variety. For completeness, we briefly outline this
second approach, which is nicely explained in [Piel5].

We denote by G(k+1,V) = G(k,P(V)) the Grassmannian of (k+1)-dimensional
vector subspaces of V', namely of k-dimensional projective subspaces of P(V'). Let
j>0and L; C P(V) be a linear space of codimension k — (j — 2). Define

S(Lj) = {M € G(k+1,V) | dim(M N L;) > j—1}.

Actually, ¥(L;) is an example of a Schubert variety (see [GH, Chapter 1, §5]).

Example 1.5.1. Assume that V = C3 and that k = 1. Then G(2,V) is the dual
space P(V)V. If we let L; be a general point of P(V'), then necessarily j = 1 and

S(Ly) ={M € P(V)" | dim(M N Ly) > 0} = {lines in P(V) containing L1 }.

Having fixed k, if L and L’ are two linear spaces of codimension k — (j — 2)
in P(V), it turns out that the corresponding subvarieties 3(L) and X(L’) are
projectively equivalent, hence their rational equivalence classes are equal. So we
denote simply by 3; the variety ¥(L;).

Now consider a projective variety X of dimension m in P(V'). The Gauss map
associated to X is the rational map

vx: X --» Gm+1,V)

o X (1.5.2)

which is defined over the smooth points of X.

Definition 1.5.2. The j-th polar variety associated to X C P(V) is
Pi(X) =75 (%)) ={z € X | dim(T, X N L;) > j —1}.

It turns out that the degree of P;(X) is precisely the coefficient d,,_o_;(X)
introduced in (1.5.1). In the literature, the integers d,,_o_;(X) are ofter regarded
as the polar classes (or polar ranks) of X, representing the whole rational equiv-
alence classes of the P;(X)’s.
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Example 1.5.3. For example, let V = C3 and X be a smooth conic in P(V).
For j = 0, one could see easily from Definition 1.5.2 that Py(X) = X, hence
01(X) = deg(X) = 2. Instead for j we have

P1(X) ={x € X | T, X passes through a general point u € P(V)} = {z1, 22},
where x1 and x5 are depicted in Figure 1.7. Hence, do(X) = 2. Note that, dually

To, X

u v
/X
Figure 1.7: The first polar variety of a plane conic.

speaking, the general point u corresponds to a general line which intersects XV
in the two points representing the tangent lines 7,;, X and 7, X. In other words,
80(X) = 2 corresponds to the degree of the conic XV.

Actually, what happens in Example 1.5.3 is true for any irreducible projective
variety X C P(V). On one hand, §p(X) = deg(XV) if XV is a hypersurface.
On the other hand, d,_2(X) = deg(X). This is confirmed by the interpretation
given after relation (1.5.1): the invariant do(X) counts the points of intersection
between N'(X, XV) and a general subvariety P(V) x M, where M is a line. This,
in turn, is the number of points of intersections between XV and the line M,
namely deg(X V). More in general, we have following result.

Theorem 1.5.4. [Hol, Theorem 3.4] If §;(X) = 0 for all j <1 and §;(X) # 0,
then dim(XV) =n —2—1 and §;(X) = deg(XV).

One of the reasons why the polar classes of a projective variety X C P(V') are
important for our upcoming computations lies in the following important result.

Theorem 1.5.5. [DHOST, Theorem 5.4] If N(X,XY) does not intersect the
diagonal A(P(V)) C P(V) x P(V), then
EDdegree(X) = §o(X) + -+ - + dp—2(X).
Hence, for example the ED degree of the smooth conic X of Example 1.5.3
(with respect to an isotropic quadric @ such that A(X, XV) satisfies the hypoth-

esis of Theorem 1.5.5) is EDdegree(X) = §p(X)+d1(X) = 4, somehow confirming
the right picture in Figure 1.4.
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In Proposition 4.4.8 we furnish a sufficient condition for N (X, X") not to
intersect A(P(V)), in terms of Whitney stratifications of X (see Definition 4.3.3).
For example, the hypothesis of Theorem 1.5.5 is satisfied when X N @ is a smooth
variety disjoint from the singular locus of X.

The polar classes of X are projective invariants of X, and are closely related
to another family of invariants associated to vector bundles on X, the so-called
Chern classes of smooth projective varieties. When we say “Chern classes of X”
we mean the Chern classes of the tangent bundle TX — X (see Definition 1.6.6).
In Section 1.7, we provide a rough introduction to Chern classes of holomorphic
vector bundles in the easiest possible way.

1.6 Overview of holomorphic vector bundles

Before introducing Chern classes, we recall the notion of a holomorphic vector
bundle and state some useful properties. The main references used are [EH,
Chapter 5] and [GH, Chapter 0, §5]. For brevity, after the next definition, we
avoid repeating the word “holomorphic” to address a vector bundle.

Definition 1.6.1. Let £ and M be complex manifolds. A holomorphic vec-
tor bundle m: E — M consists of a family {F,}.ecnm of complex vector spaces
parametrized by M such that

L. E=U,cn Ex,
2. The projection m: E — M taking F, to x is holomorphic, and

3. For every zo € M, there exists an open set U in M containing xy and a
biholomorphic map
ou: T N(U) — U x Ck

taking the vector space E, isomorphically onto {z} x C* for each z € U.
The map ¢y is called a (holomorphic) trivialization of E over U.

The dimension of the fibers E, of E is called the rank of E. In particular, a
rank-one vector bundle is called a line bundle. For any pair of trivializations ¢r,
and ¢y, , the map

gap: Ua NUs — GL(C*),  gas(z) = (¢v. ©¢p,) [{ayxcr

is holomorphic. The maps g.g are called transition functions for E relative to
the trivializations ¢y, , ¢u,. The transition functions of E satisfy the relations

9ap(x) - ggalx) =Id for all x € U, NUg
9as () - 9p~y(2) - gya(x) =Id for all z € U, NUg N U,.
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Conversely, every open cover U = {U,} of M with holomorphic maps gag: Ua N
Ug — GL(CF) satisfying the two above identities yields a unique vector bundle
E — M with transition functions {gas}.

Given vector bundles E — M and F — M, F is a subbundle of E (and we
write FF C E) if F,, C E, for all x € M and F is a submanifold of E. If F C FE,
we can define the quotient bundle E/F given by (E/F), = E,/F,.

Given a holomorphic map f: M — N between complex manifolds and a vector
bundle £ — N, we define the pullback bundle f*E by setting (f*E), = Ef(y).

A (holomorphic) morphism of vector bundles £ — M and F — M is a
holomorphic map f: E — F such that f(E,) C F, and f, == f|g,: Fx — Fy is
linear.

If f: F — F is a morphism of vector bundles over M, then

Ker(f) == U Ker(fy) C E, Im(f):= U Im(fy) C F

zeM xeM

are subbundles of E and F, respectively if and only if the maps f, all have the
same rank.

Two vector bundles £ — M and F — M are isomorphic if there exists a
morphism of vector bundles f: E — F such that f, is an isomorphism for all
ze M.

The first example of a vector bundle over M of rank k is the product bundle
M x CF, also called trivial bundle. More in general, a vector bundle E — M of
rank k is trivial if it is isomorphic to M x CF.

If (E, gag) and (F, hop) are vector bundles over M of rank k and [ respectively,
we can construct many interesting vector bundles over M like

1. the direct sum (or Whitney sum) (E @ F, jog), where (E® F), == E, & F,
and

jnaa) = (5, 9 ,)) cuct o,
2. the tensor product (E ® F, jo3), where (E ® F), = E, ® F, and

Jap (@) = gap(x) ® hap(z) € GL(C* @ CY),
3. the dual (EY, jap), where EY = (E,)" and jas(z) = [gZ4(x)] " € GL(CF),
4. the r-th exterior power (A"E, jog), where (A"E), == A"(E,) and

Jap(x) = A"gap(x) € GL(ATCH).
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In particular, (AFE, j,z) is a line bundle with transition functions

Jap(x) = det(gap(z)) € C*
and is called the determinant bundle of E.

From the constructions listed above and the basic operations of inclusion,
quotient, and pullback, one may build other useful vector bundles. For example,
given vector bundles £ — M and F' — M, it turns out that the vector bundle
F ® EV is isomorphic to another interesting vector bundle over M, namely the
Hom-bundle Hom(E, F'), whose fibers are (Hom(E, F)), := Hom(E,, F,) for all
reM.

Definition 1.6.2. A (holomorphic) section of a vector bundle E — M over
U C M is a holomorphic map o: U — E such that o(z) € E, forallz € U. A
global section of a vector bundle E — M is a section defined over all of M. A
vector bundle £ — M is globally generated if there exist global sections o1, ..., 0,
such that the vectors o1(z),...,0.(x) span E, for all z € M.

In the following, we denote by Oy the sheaf of holomorphic functions of the
complex manifold M. For every open subset U C M, Oy (U) = T'(U,Op) is
the ring of regular functions on U. For a detailed introduction to sheaves on
manifolds, we refer to [GH, Chapter 0, §3].

Definition 1.6.3. For a vector bundle £ — M and an open subset U C M, the
sections of M over U form an Oy (U)-module which defines locally a presheaf
over M. One may verify that this presheaf is, in fact, a sheaf of Oy;-modules
and is called the sheaf of sections of E — M.

In particular, Oy, corresponds to the sheaf of sections of the trivial line bundle
M xC — M. For a positive integer k, the direct sum of k copies of Oy is defined
as Oy (U)®* for all U ¢ M. It is indicated by (9%’“. More generally, an Op;-
mo%ule is free (locally free) of rank k if it is isomorphic (locally isomorphic) to
O,

The following result yields a useful dictionary between vector bundles over a
complex manifold M and locally free Op;-modules.

Proposition 1.6.4. The set of vector bundles of rank k over a complexr manifold
M and the set of locally free Opr-modules of rank k are in bijection. The bijection
1s defined by sending a vector bundle E — M to its sheaf of sections.

Motivated by the previous result, in the following we denote with the same
symbol F both a vector bundle over M and its associated sheaf of sections.

We make a further consideration before introducing the degeneracy loci of a
vector bundle morphism.



22 Chapter 1. Preliminaries

Remark 1.6.5. Let M be a compact complex manifold and let F be an Oyy-
module. Then there is a one to one correspondence between morphisms of sheaves
w: Oy — F and global sections of F, namely elements of I'(M, F).

In fact, let p: Op — F be a morphism of sheaves. Then for every open subset
U C M we have a homomorphism of Op;(U)-modules py: Op(U) — F(U). In
particular for U = M we have the homomorphism @y : T'(M, Oy ) — T'(M, F).
Since M is compact, every holomorphic function M — C is constant. In other
words, I'(M, Oy;) = C. This implies that ¢j; determines and is determined by
the image of 1 € C in I'(M, F).

Conversely, let o € T'(M,F) be a global section of F and define the ring
homomorphism ¢y : C — I'(M, F) such that ¢p (1) := 0. Then for every open
subset U C M we can define a ring homomorphism ¢y : T'(U, Q) — T'(U, F) in
order to make the following diagram commute:

(M, On) —— T(M, F)

J |

LU, On) — T(U, F).

Here the vertical arrows are the restriction maps respectively of Op; and F. This
gives rise to a morphism of sheaves ¢ : Oy — F.

As a corollary of last remark, we obtain that there is a one to one correspon-
dence between morphisms ¢ : (’)j‘e[ — F and sets {o1,...,0,} of global sections
of F.

Our prototype for a smooth manifold is the projective space P(V') associated
to an n-dimensional complex vector space V. We briefly list the first mostly used
vector bundles on P(V):

1. The trivial line bundle P(V) x L, where L is a one dimensional complex
vector space, is indicated by O = Op(y). Therefore, any trivial bundle
E — P(V) of rank r is of the form £ = 0% =0 ® C".

2. the tautological line bundle on P(V') is the subbundle of F, usually indicated
by O(—1) := Op(v)(—1), such that, for each point x = [v] € P(V), the fiber
O(—1), is the line spanned by v.

3. The hyperplane bundle of P(V') is the dual O(—1)Y of the tautological bun-
dle and is usually denoted by O(1).

4. For d > 0, we define the line bundle O(d) = O(1)®%. Analogously, for
d < 0 we define O(d) = O(—d)".
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Analogously, one might consider a smooth projective variety X C P(V) and
define the vector bundles X x L and Ox(d) for all d € Z. Clearly one might
consider the above vector bundles as “bricks” for constructing other vector bundles
on X. Besides the above-mentioned vector bundles, it is not easy to construct
higher-rank vector bundles on X.

Actually, there is another vector bundle which we can associate naturally to
X, the tangent bundle TX — X. Let {U;}; be a finite open covering of X
given by charts ¢;: U — ¢;(U;) C C™, where m = dim(X). For example, when
X = P(V), one might consider the standard open covering P(V) = (i, U;,
where

Ui ={[z1,...,z,) € P(V) | x; #0} Vie [n]

and the charts ¢;: U; — C" defined as

oi ([T1,. .. an]) = (“””1 LT ”””)

)] b )

Definition 1.6.6. The Jacobian of the transition maps ¢;; = ¢; o 4,0;1 s (U N
Uj) = ¢;(U; N U;) is the matrix

k.,
J(pij)(pj(z)) = (aail” (%(x))>k l.

The tangent bundle of X is the vector bundle TX of rank m = dim(X) given by
the transition functions

gij(x) = J(@ij) (5 (2)).
The cotangent bundle of X is the dual of 7X and is denoted by Qx.

The above definition is independent of the open covering {U; }; and the charts
{¢:}i chosen.

Proposition 1.6.7 (Euler sequence). On P(V') there exists a natural short exact
sequence of vector bundles

0—0—01)eV —TPV)—0. (1.6.1)

Proof. From the definition of tautological line bundle O(—1) we get a short exact
sequence
0—-0(-1)- 0V =90,

where Q is the quotient bundle of rank n. Tensoring with O(1) we get the
sequence

0-0—-01)V = Q(1) =0.
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Now let us examine the action o: GL(V) x P(V) — P(V) of GL(V) on P(V)
defined by o(g, [v]) := [g(v)]. This action induces, for every [v] € P(V'), the map

o GL(V) = P(V),  op(9) = o(g,[v]) = [9(v)] Vg € GL(V).
The differential at g = Id of oy, is the surjective linear map
Doy TraGL(V) = gl(V) = T, )P(V), Dopy(g) = g(v) Yg € gl(V).

Then we have

~ g[(V) o g[(V) >~ Hom v 1 =
TiwP(V) = ker(Dory,)) {glglw) e )} . (< ’ )

= Hom(O(—1),, Q) = Q, ® O(1), = [Q® O(1)], = Q(1),.

Therefore Q(1) = TP(V), concluding the proof. O

It turns out that, if Y is a projective subvariety of X, then there is a canonical
injection 7Y C TX |y, where T X |y denotes the restriction to Y of the tangent
bundle of X. This gives rise to the definition of another important vector bundle
onY C X.

Definition 1.6.8. Let Y be a projective subvariety of X. The normal bundle
of Y in X, denoted by J\fy/X — Y, is the cokernel of the natural injection
TY C TX |y. Moreover, the following is a short exact sequence of vector bundles
on Y, called normal bundle sequence of Y:

The above short exact sequence is used in Example 1.7.4 in the case of a
hypersurface X C P(V).

1.7 Chern classes of smooth projective varieties

There are various motivations and ways to define Chern classes. The original
approach to Chern as well as other characteristic classes came from algebraic
topology in the 1930s. Nevertheless, Chern’s approach in the influential paper
[Che] was different and used differential geometry. During his valuable collabora-
tion with Weil in the 1940s, they proved that the differential and the topological
approaches are equivalent.

A more axiomatic approach to Chern classes was given by Grothendieck in
[Gro]. The description of Chern classes that we follow is based on degeneracy
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loci of holomorphic vector bundle morphisms and requires further reasonable
assumptions that are satisfied in all our forthcoming applications.

Let X be a smooth, irreducible projective variety in P(V') and let E — X be
a vector bundle of rank e. One could associate to F a list of classes ¢; € A7(X),
for all 1 < j < e, the so called Chern classes of E. Of particular relevance
is the top Chern class cyop(E) = c.(E). When e = dim(X), then ciop(E) €
Adm(X) (X)) so it is a O-cycle, or a sum of classes of points. Since rational
equivalence preserves the sum of the cofficients of a 0-cycle, we can associate to
Cop(F) an integer, called the top Chern number of E. The total Chern class of
Eisc(E)=14+c1(E)+ -+ cop(E).

Above all the properties of Chern classes, basically, there are two formal rules
(or rather “axioms”, following Grothendieck’s approach) that Chern classes must
satisfy and which allow us to start with some basic computations. On one hand,
if L — X is a line bundle and D is a Cartier divisor such that L = O(D), then
¢(L) =1+ D, namely ¢ (L) is the rational equivalence class of D. On the other
hand, if we consider any short exact sequence

0—wA—B—C—0

of vector bundles on X, the Whitney sum property states that ¢(B) = ¢(A)c(C).
In particular, the total Chern class of a direct sum of bundles is the product of
the total Chern classes of the summands.

Example 1.7.1 (Chern classes of the tangent bundle to P(V)). It turns out
that every line bundle on P(V) is of the form O(d) = Op(v(d) for some d € Z.
The Cartier divisor associated to this line bundle is dH, where H is again the
class of a hyperplane in P(V'). In particular, we have that ¢;(O(d)) = dH and
¢(O(d)) = 1+ dH. More in general, considering the direct sum O(d) & O(e), we
have

c(O(d) @ O(e)) = c(O(d))e(O(e)) = (1 +dH)(1 +eH) =1+ (d + e)H + deH*.

These facts, joint with the Euler sequence in (1.6.1), allow us to compute the
total Chern class of TP(V). Indeed, from (1.6.1) we get

c(Op))e(TP(V)) = c(Opry (1) @ V).

On the left-hand side we have c¢(Opv)) = c(Opy(0)) = 1 +0H = 1, whereas
on the right-hand side ¢(Op(y)(1) ® V) = (1 + H)". Therefore, we conclude that
c¢(TP(V)) = (1 + H)". In particular, since tk(7P(V)) = n — 1, the top Chern
number of TP(V) is n.
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Actually, Chern classes can be constructed geometrically using degeneracy
loci of vector bundle morphisms associated to E, when E is globally generated
(this hypothesis is satisfied by the vector bundles considered in this thesis).

So let £ — X be a globally generated vector bundle of rank e < dim(X).
Fix r general global sections o1, ...,0, € I'(X, E), where r < e. Equivalently,
by Remark 1.6.5, let ¢: (’)?@T — FE be a general morphism, where here we are
considering E as the sheaf of sections of the vector bundle £ — X.

Observe that for every x € X the map ¢, is, in fact, a linear map between
vector spaces. Therefore, ¢ can be interpreted as a family of linear maps between
vector spaces. In other words, for every x € X we get vectors o1(z),...,0.(x) in
the fiber E,. Since we are assuming that the ¢ is general, we might expect that
the o;(x)’s to be linearly independent for almost all x € M.

Definition 1.7.2. For all j < r, the j-th degeneracy locus of ¢ is

Dj(p) = {z € X | tk(pz) < j}.

In particular, the (r — 1)-th degeneracy locus D(¢) = D,_1(y) is the locus of
points x at which the linear map ¢, does not have full rank.

Note that the set D;(p) has a natural structure of subscheme of X defined
by the ideal generated by the minors of ¢ of order i + 1. From this fact one

may conclude for example that D(¢) has codimension e —r + 1 in X, namely
D(p) € A" TH(X).

For our purposes, the next Theorem may be regarded as a definition of the
Chern classes of a vector bundle £ — X, provided that E is globally generated.

Theorem 1.7.3. [Ful, Example 14.4.3] For a globally generated vector bundle
E — X of rank e, and a general morphism ¢: O?@T — E with r < e, the cycle
D(y) is rationally equivalent to ce—r11(F).

In particular, if ¢': (’)?@T — F is another such general morphism, then the
cycles D(¢) and D(¢’) are rationally equivalent.

Example 1.7.4 (Chern classes of projective hypersurfaces). Let X be a pro-
jective hypersurface of degree d in P(V). Then X may be interpreted as the
degeneracy locus D(¢) of a morphism ¢: Opvy — Opv)(d), namely of a global
section s of the line bundle Op(yy(d). In particular, X belongs to the class
c1(Opvy(d)) = dH, where H is the class of a hyperplane in P(V). We denote by
h the restriction of H to X, namely h = ¢;(Ox (1)).

In this case, the short exact sequence in (1.6.2) becomes

0—T7TX — TIP(V)‘X—> NX/IP(V) — 0.
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Note that N- x/p(v) is in fact a line bundle on X, since X is a hypersurface.
Moreover, it turns out that Nx py = Ox(d) (see for example [Huy, Proposition
2.4.7]). Then, from the Whitney sum property we have that

A(TX)e(Ox(d)) = «(TP(V) [x),

where ¢(TP(V)|x) = (1 + h)" following Example 1.7.1 and ¢(Ox(d)) = 1 + dh.
Therefore the total Chern class of X (that is, the total Chern class of 7X) is

o(TX) = % = ;Z_QO (?) (—d)y hiti = ngz l; (Z‘) (—d)s—i] e, (1.7.1)

In particular, since deg(h"~?) = deg(X) = d, the degree of ciop(TX) is

deg(ctop(TX)) = deg(cn—2(TX)) = di (?) (—d)n=2-

=0

and coincides with the topological Euler characteristic of X, by the Gauss-Bonnet
formula (see for example [Huy, p. 235]).

1.8 ED degree formulas in terms of Chern and
Chern-Mather classes

The main result recovered in Theorem 1.5.5 is a formula, based on polar classes,
for the ED degree of a projective variety X C P(V') which is somehow transversal
to the isotropic quadric Q.

In the previous section, we recovered the computation of the Chern classes
¢i(X) = ¢;(TX) of a smooth projective variety X C P(V) of dimension m. It
turns out that these invariants are related with the polar classes ¢;(X) by the
following formula (see [Hol]):

m—1 . 1— 3 )
5i(X) =Y (~1y (m Z‘,: , J>cj(X) I ovo<i<n—2,  (1.81)
§=0

where h = ¢1(Ox (1)) is the hyperplane class.

The last identities lead to the following important result, which is an alter-
native formulation of the Catanese-Trifogli formula for the ED degree of X (see
[CT, p. 6026]).
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Theorem 1.8.1. [DHOST, Theorem 5.8] Let X be a smooth irreducible variety of
dimension m in P(V'), and suppose that X is transversal to the isotropic quadric
Q. Then

EDdegree(X) = » (=1)"(2"" " = Dei(X) - A,
=0
where h = ¢1(Ox (1)) is the hyperplane class.

The last result or its original formulation by Catanese and Trifogli is useful
to determine the EDdegree of a smooth variety X C P(V), at least when its
Chern classes are enough easy to compute. For example, one might derive the
ED degree of a general hypersurface in P(V).

Proposition 1.8.2. For all n > 2 define the integer

Ah:{ﬂn—n ifd=2

PLCE S Y )

(1.8.2)

If the hypersurface X C P(V) of degree d is general, then EDdegree(X) = N.

The above result is a special case of [DHOST, Corollary 2.10]. For example, a
general plane curve C' C P? has EDdegree(C) = d? and a general surface S C P2
has EDdegree(S) = d(d* —d + 1).

Remaining in the case of a projective hypersurface X C P(V), things get
more difficult if we allow X to have isolated singularities. Recalling from [Dol,
§1.2.3] that u(X, ) is the Milnor number of an isolated singularity € X (more
in general, of a complete intersection variety X C P(V)), we have the following
ED degree formula.

Proposition 1.8.3. [Piel5, p. 146] Let X C P(V) be a hypersurface of degree
d with only isolated singularities. For any point x € Xging, let

e(X,z) = p(X,z)+ pu(HNX,x),
where H is a general hyperplane section of X containing x. Then

EDdegree(X) = N — Z e(X,x), (1.8.3)

IEXsing

where the integer N was defined in (1.8.2).

It is known (see [Dol, Example 1.2.3]) that if € X is a singular point of type
Ak, then
wX,x) =k, pHNX,z)=1.
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This gives the formula of the ED degree of a hypersurface with s singularities of
type Akl, ey Aks

EDdegree(X) =N — (k1 +1)— - — (ks + 1).

In particular, if we consider a plane curve C' C P? of degree d with with § ordinary
nodes and x ordinary cusps, the ED degree of C'is

EDdegree(C) = d* — 26 — 3k. (1.8.4)

Proposition 1.8.3 is the first example recalled of an ED degree formula related
to non-smooth projective varieties. In this wider perspective, the Chern classes
of smooth projective varieties are replaced by the so-called Chern-Mather classes,
introduced by MacPherson in [Mac74]. Another excellent introduction to Chern-
Mather classes is furnished by Aluffi in [Alul§|.

Roughly speaking, Chern-Mather classes are constructed as follows. Let X C
P(V) be a projective variety of dimension m and consider the Gauss map vx
defined in (1.5.2). The Nash blow-up of X is the closure X of the image of ~x.
It comes equipped with a proper map v: X = X.

Now let U — G(m + 1,V) be the universal bundle over the Grassmannian
G(m+ 1,V), where U .= {(v,W) e Vx G(m+ 1,V) | v € W}. In particular,
rk(U) = m + 1. Similarly as in the proof of Proposition 1.6.7, the vector bundle
U gives a short exact sequence

0-U—-0V =9 =0,

where Q denotes again the quotient bundle. Then rk(Q) =n—k—1 and QU
is isomorphic to the tangent bundle TG(m + 1, V).

Since~)~( is a smooth variety, we can consider the Chern classes of the restric-
tion to X of the universal bundle ¢/ and, in turn, their push-forward to X with
respect to the map v. The resulting classes are called the Chern-Mather classes
of X and are denoted as ¢ (X). They agree with Chern classes if X is smooth.

Aluffi proves in [Alul8| the following generalization of Theorem 1.8.1. Below
we use a slightly different convention than in [Alul8]. Indeed, for us ¢}'(X) is the
component of dimension m — ¢ (as with standard Chern classes), while in Aluffi’s
paper it is the component of dimension 1.

Theorem 1.8.4. [Alul8, Proposition 2.9] Let X be an irreducible variety of
dimension m in P(V'), and suppose that X is transversal to the isotropic quadric
Q. Then

EDdegree(Y) = i(—ni (2m T — 1) eM(Y) - nm (1.8.5)
=0
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The polar classes §;(X) of a non-smooth projective variety X C P(V) may be
written in terms of Chern-Mather classes as well, thus generalizing the classical
formula in (1.8.1). This generalization is due to Piene ([Pie88, Theorem 3] and
[Pie78]), see also [Alul8, Proposition 3.13]:

_7>c§4(X)-hmj VO<i<n-—2. (1.8.6)

The integer at the right-hand side of (1.8.6) is always nonnegative. For example,
when do(X) # 0, then XV is a hypersurface (see Theorem 1.5.4) of degree

deg(XV) = 2"1: (m+1—j)c)(X)-h™ . (1.8.7)
7=0



Chapter 2
The distance from the variety
of rank-one symmetric tensors

In the introduction, we focused on the best rank-one approximation problem for
rectangular matrices as well as higher-order format tensors, with respect to the
Frobenius inner product. The key result, for matrices, is the Eckart-Joung Theo-
rem which uses the SVD of a matrix. The tensor counterpart is due to Lim and
is reported in Theorem 0.0.5. It is based on singular values and singular vector
tuples of tensors. In particular, we intentionally did not consider tensors with
(partial) symmetry.

Actually, we may think of the Eckart-Joung Theorem as a generalization of
the classical Spectral Theorem, which is related to real symmetric matrices. This
important result tells us that, given a symmetric bilinear operator f € S2VF,
then f admits n real eigenvectors uq,...,u, € V® forming an orthonormal basis
of V¥, and n associated real eigenvalues A1, ..., A, not necessarily distinct. Each
eigenvector-eigenvalue pair (u;, A;) is a solution of the equation

fu) = u<= (f —AId)(u) =0, (2.0.1)

where Id denotes the identity operator in S2V¥. In particular, each eigenvalue
Aj is such that the operator f — A;Id is not invertible. If we call Ay and I the
symmetric matrices associated to the operators f and Id, respectively, we have
that each A; is a root of the characteristic polynomial

Ya,(\) = det(A; — A1) (2.0.2)

The Spectral Theorem tells us more. If we let U = (uq|---|u,) be the or-
thogonal matrix formed by the normalized eigenvectors of f, and we let D =

31



32 Chapter 2. The distance from the variety of rank-one symmetric tensors

diag(A1, ..., A,) be the matrix whose diagonal elements are the eigenvalues of f,
then Ay admits the spectral decomposition

Ay =UDU” = \jui+ -+ A\ul. (2.0.3)

Moreover, assume that S2V* is equipped with the restriction of the Frobenius
inner product ¢% introduced in (0.0.4) for matrices and later generalized to higher
format tensors in (0.0.19). This makes (S?V*, ¢%) a real Euclidean space. Then
all rank-one symmetric matrices which are critical points of the function 6“2f
defined as in (0.0.3) with respect to the inner product ¢} are of the form

X =UD;U" = \ju?, Dy = diag(0,...,\;,...,0). (2.0.4)

What is more, the closest rank-one symmetric matrix to Ay corresponds to the
largest eigenvalue of f in absolute value, as the following relation suggests:

Gr(Ap — Aiug) — qp(Ap = Xjul) = A7 — A7 V1<i,j<n.

The goal of this chapter is basically to replay the above itinerary in the space
of real symmetric tensors of degree d > 3. If (V*, ¢*) is, as usual, an n-dimensional
real Euclidean space, the d-th symmetric power S¥VF C V=@ Jescribes all the
symmetric tensors of degree d over VF. The set of all real symmetric tensors of
(symmetric) rank one is the affine cone of the d-th Veronese embedding of V*.
In this chapter, we indicate this affine cone with X ggd). We equip the space S4V®

with the restriction ¢} of the Frobenius inner product over V=@ induced by
¢". As pointed out in the introduction, for our investigations we need to extend
the Euclidean space (VF,¢*) to its complexification (V,q). This, in turn, yields
an extension from the real Euclidean space (SdVR,qRF) to the complex space
(S, qr). A precise definition of qp is furnished in Section 2.1. The variety
defined by the common complex zeros of the elements in I(X 2 1)) is denoted by
X(d)~

In the assumption given above, for a given real symmetric tensor f € SIV®,
one could study the critical points on de) of the squared distance function
6“}}]@(9) = ¢5(f —g). By a result of Lim and Qi, these, in turn, are defined
in terms of the so-called E-eigenvectors and E-eigenvalues of f. E-eigenvectors
and E-eigenvalues of symmetric tensors may be regarded as the cornerstone of
the Spectral Theory of symmetric tensors. Their definition is clearly inspired by
the normalized eigenvalues and eigenvectors of a symmetric matrix (d = 2). As a
matter of fact, one might frame E-eigenvectors and E-eigenvalues as the symmet-
ric counterpart of the singular vector d-ples and singular values of a nonsymmetric
tensor in VR®d, which we presented in Theorem 0.0.4. In Section 2.1 we recall
the definition of E-eigenvectors and E-eigenvalues and their main properties.
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The other main character of this chapter is the E-characteristic polynomial
Y¢(A\) of a symmetric tensor f € S?V, which generalizes well the notion of
characteristic polynomial ¢¢(\) = det(f — Al,,) of a symmetric matrix f € S?V.
It is defined in Section 2.2. The E-eigenvalues of f € S?V are roots of Yy, but
the converse is true only for regular symmetric tensors (see Definition 2.2.6 and
[Qi07, Theorem 4]). In particular, for a general symmetric tensor f € SV,
the degree of 1(\) is equal to the number of (distinct) E-eigenvalues of f, and
corresponds to the ED degree of X C SV (introduced in general in Definition
1.2.3) with respect to the isotropic quadric Qr = V(qr). The computation of
this number is due to Cartwright and Sturmfels and is reported below.

Theorem 2.0.1. [CS, Theorem 5.5] For alln > 2, define the integer N = n for
d =2, whereas N .= ((d — 1)" —1)/(d — 2) for d > 3. Every symmetric tensor
f € 8% has at most N distinct E-eigenvalues when d is even, and at most N
pairs (A, —\) of distinct E-eigenvalues when d is odd. This bound is attained for
general symmetric tensors. In particular, EDdegree(X) = N with respect to the
isotropic quadric Qp.

This fact was previously conjectured in [NQWW] and is confirmed by Friedland-
Ottaviani formula in Theorem 5.1.1 (see also [OO]). However, this result had
already essentially been known in complex dynamics due to Fornaess and Sibony,
who in [FS] discuss global questions of iteration of rational maps in higher di-
mension.

Our main contributions in this chapter are related especially to the study of
the coefficients of 1#(A). In the following, @@ denotes the Veronese embedding
in P(SV) of the isotropic quadric Q = V(q) C P(V), whereas Ag(f) is the
@—discriminant of f, namely the equation of @v, when it is a hypersurface (see
Section 2.1). We show that the highest coefficient of 7 (), when it has maximum
degree, is the (d—2)-th power (respectively the ((d—2)/2)-th power) when d is odd
(respectively when d is even) of A@( f). This fact, together with a known formula
for the lowest coefficient of ¢ (), leads to a closed formula for the product of the
E-eigenvalues of f when 1y has maximum degree, which generalizes the fact that
the determinant of a symmetric matrix is equal to the product of its eigenvalues.

Theorem 2.0.2. [Sod18, Main Theorem] Let f € SIV*® be a real symmetric
tensor of degree d > 2. If f admits the mazimum number N = EDdegree(X)
of E-eigenvalues (counted with multiplicity) defined in Theorem 2.0.1, then their
product is

iRes (éVf)

A Ay = e (2.0.5)
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Theorem 2.0.2 is the main result of this chapter and its proof is developed in
Section 2.3. We note (see Lemma 2.3.10) that the assumption of Theorem 2.0.2
is satisfied for a general f, and it corresponds geometrically to the fact that the
hypersurface V(f) C P(V) is transversal to the isotropic quadric @ (see Remark
2.3.11). We stress that the polynomial Res (éV f ) appearing in the numerator of
(2.0.5) is equal to the classical discriminant Aq(f) of f times a constant factor.
For the definition of discriminant of a homogeneous polynomial and a relation
between Res (éVf) and A4(f) we refer to Section 2.2. Moreover, the product of
the E-eigenvalues of f is a priori equal to the right-hand side of (2.0.5) times a
constant factor depending only on n and d. Using the definitions of resultant and
Q-discriminant, we prove via Lemma 2.3.1 that this constant factor is (in absolute
value) 1 by specializing to the family of scaled Fermat polynomials. However, the
identity (2.0.5) is given up to sign since the definition of E-eigenvalue has this
sign ambiguity.

The combination of Theorem 2.0.1 and Theorem 2.0.2 shows that the degree
of the E-characteristic polynomial 1 ¢ is equal to N (or 2N, depending on d even
or odd), whereas it is smaller than the “expected” one exactly when f admits at
least an isotropic eigenvector. This in particular motivated our research on the
geometric meaning of the vanishing of the leading coefficient of 1¢. Therefore
Theorem 2.0.2 describes that, if the coefficients of f annihilate the polynomial
A@ (f), then some of the E-eigenvalues of f have gone “to infinity™ in practice,
f admits at least an isotropic eigenvector whose corresponding eigenvalue does
not appear as a root of the E-characteristic polynomial 1. We stress that both
numerator and denominator in (2.0.5) are orthogonal invariants of f, namely
polynomials in the coefficients of f that are invariant under the orthonormal
linear changes of coordinates in f.

The results presented in this chapter will be generalized later in Chapter 5 in
the context of partially symmetric tensors, including the case of nonsymmetric
tensors presented in Theorem 0.0.8. Nevertheless, we chose to separate the case
of symmetric tensors from all the other ones. The main reason is that, unlike
all the other cases, some of the proofs are based on the theory of resultants of a
homogeneous polynomial system, which we summarize in Section 2.2.

2.1 E-eigenvalues and E-eigenvectors
of symmetric tensors
In this section we recall the main properties of E-eigenvectors and E- eigenvalues

of symmetric tensors. We start by setting our notation more in detail. Let V* be
an n-dimensional real vector space. Given an integer d > 2, the tensor product
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Ve of 4 copies of V* describes all real tensors of format n*?, or tensors of order
d on VE. An excellent reference for spaces of tensors and the algebraic geometry
related to them is [Lan]. Consider the projection operator mg: yred _, yred
defined on decomposable elements by

1
(1 ® - ®xq) = a Z To(1) ® - @ To(dy,
" 0€Sy

where Sy is the group of permutations of d elements. The map 7g is in fact a
projection, since 7%(T) = ng(T) for all T' € yred,

Definition 2.1.1. The symmetric product of d vectors x1,...,rq is the vector
z1-xq = ws(11 @ - @ xq) € VE®? The image m5(VE®Y) is called the d-
th symmetric power of V* and it is denoted by SV®. Its elements are called
symmetric tensors of order d on V*.

Actually, if we want to consider real tensors of order d on V* as d-linear
maps VF*? — R, we should consider the tensor product (V**)®? where V** :=
{f: V® — R | fislinear} is the dual vector space of V*. In particular, the
space SYV** corresponds to the space of symmetric d-linear maps on V*, namely
d-linear maps f: VvE*d 5y R such that, for all z1,...,z4 € VF,

f@o), - To(@) = fla1,. - 7a)

for every permutation o € Sy.

In fact, there is another interpretation of S?V*" as the space of degree d
homogeneous polynomial functions on V*. In other words, given a multilinear
map f € S?V*", the map sending z € V* to f(z,...,2) € R is polynomial
and homogeneous of degree d. Thus, having fixed a basis (z1,...,z,) of V&
a symmetric tensor f € S4V®" may be seen simply as a d-dimensional array
f=(cii 2)1<i;<n of real numbers which are symmetric under permutations of
the indices. The corresponding homogeneous polynomial of degree d is

n

f= E Ciy-igLiy =" Liy-

01,0y8a=1

Actually, we adopt a different notation and write f as

=y (Z)fx (2.11)

lor|=d
where a = (a1,...,0p) € Z8, [a| = a1 + -+ + ay, % = 27" -z and
i . . . . .
4y .= 45 the multinomial coefficient. In particular, we suppose that
a ar!lapn! ?

(fa)a is a system of coordinates for SV .
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As we show throughout this chapter, the advantage of treating symmetric
tensors as homogeneous polynomials (or forms) is that we can associate with
every f € S4V*" a projective hypersurface Xy = V(f) C P(V*) of degree d.
Geometrically speaking, it is obtained as a hyperplane section of X ER ) here viewed

as a projective variety in ]P’(SdV]R*).

Remark 2.1.2. In the following, we fix a positive definite symmetric bilinear
form ¢® on VF. This assumption allows us to identify the two vector spaces
V® and V®". Therefore, if not specified, we always deal with Va9 as well as
S4V* even if its elements are viewed as (symmetric) multilinear maps or, in the
symmetric case, homogeneous polynomials. Indeed, our aim is to focus more on
the metric properties of S4V*".

Definition 2.1.3. A symmetric tensor f € S¥V* has (real) symmetric rank one
if f =14 for some linear form | = &1 + - - + &,2,, € VF. Symmetric tensors of
rank one fill the affine cone X Fd) of the image of the d-th Veronese embedding of
P(VF)

vg: P(VF) — P(SV®),  wa([l]) = [19].

More in general, the (real) symmetric rank of f € STV* is the smallest positive
integer r such that f =1¢ + --- 4 ¢ for some linear forms I; € VE.

We remark that, in a slightly wider perspective, the variety vy(P(V*®)) is the
restriction to P(S?V*) of the Segre embedding of d copies of P(V*) introduced in
its full generality in (0.0.17).

In the introduction of this chapter, we set the Frobenius inner product as the
Euclidean structure over the space S4V*. How does it work explicitly?

In a coordinate-free way, the Frobenius inner product ¢} of two symmetric
tensors of rank one ¢ and % is

g (1%,1%) = q*(1, D)7, (2.1.2)

where ¢* is a fixed inner product on V*. If we consider two symmetric products
of linear forms f =1;---l; and g =1y - - -4, then

I a Z (1 loy) -+ @ (las Lo ay)-
' o€Sq

More generally, if we consider two symmetric tensors f = (fo)a and g = (ga)a
written as in (2.1.1), and if we assume that the basis (z1,...,2,) of V* is or-
thonormal, it turns out that

Glfo) =3 (j) futo

loo|=d
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Thus in particular the squared Frobenius norm of f = (f,)a € S4VF is

d
G =an =3 (5)7. (2.13)
|a|=d
Definition 2.1.4. Let f € SV* and consider the function O ¢ de) — R
defined by 6% ;(x%) = ¢ (f — %) for all & € V*. Then a critical rank-one
symmetric tensor for f is a critical point 2? € de) of 0% -

The notions of E-eigenvalue and E-eigenvector of a symmetric tensor were
proposed independently by Lek-Heng Lim and Liqun Qi in [Lim, Qi05] in the
more general setting of n-dimensional tensors of order d on V, namely elements
of V®4, There are different types of eigenvectors and eigenvalues in the literature,
see [CS, HHLQ, NQWW, Qi07, QL].

Definition 2.1.5. Given a symmetric tensor f € SV, a nonzero vector x € V
such that ¢(x) = 1 is called an E-eigenvector of f (where the “E” stands for
“Euclidean”) if there exists A € C such that z is a solution of the equation

qr(f, zd 1. ) =Xq(z, ) (2.1.4)

The scalar A corresponding to x is called an F-eigenvalue of f, while the pair
(A, z) is called an E-eigenpair of f. The corresponding power 2 € SV is called
an E-eigentensor of f. In particular, for even order d, (), x) is an E-eigenpair of
f if and only if (A, —x) is so; for odd order d, (A, x) is an E-eigenpair of f if and
only if (=, —z) is so.

If € V is a solution of (2.1.4) such that ¢(z) = 0, we call z an isotropic
eigenvector of f.

An E-eigenvalue X of f € S?V* is called a Z-eigenvalue of f if it has a real
E-eigenvector x. In this case, the corresponding E-eigenvector z is called a Z-
eigenvector of f associated with A.

By an eigenvector of f we mean any solution of equation (2.1.4), whether it
has unit norm or not.

Note that both sides of relation (2.1.4) correspond to linear operators on V.
If we assume that g is defined as ¢(z) = 2?7 + - - - + 22, we can rewrite the system
(2.1.4) as

1
gi(ac) = Az, (2.1.5)
where Vf is the gradient of the corresponding homogeneous polynomial. The

factor 1/d appearing in (2.1.5) follows the notation in [Qi05] conformed to the
symmetric case.
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Observe that, if (\,x) satisfies (2.1.4), then (a?=2)\ ax) satisfies (2.1.4) for
any nonzero o € C. This is why we impose the additional quadratic equation
g(z) =1 in Definition 2.1.5.

At this point, it is important to stress how different is the behavior of sym-
metric tensors of order d > 3 compared with symmetric matrices (d = 2). First
of all, Definition 2.1.5 agrees with the standard definition of normalized eigen-
value and normalized eigenvector of a symmetric matrix. Instead, if we consider
nonsymmetric square matrices, then the notion of E-eigenvector excludes the
nonzero complex eigenvectors x such that g(x) = 0. In addition, despite the
case of symmetric matrices, there exist real symmetric tensors of order d > 3
admitting non-real E-eigenvalues. An example is shown below.

Example 2.1.6. Assume that n =2, d =5 and consider the symmetric tensor
fz1,20) = 23 + 5,

written as a binary form of degree five. Assuming that q(xq,72) = 2% + 3, the
system analogous to (2.1.5), together with the normalization condition, is

=1y
x5 = A1

i4zi=1

Let 6 = 3™V~ be a third root of unity. It is not difficult to verify that x =
(0/v/1462,1/v/1+62) is a non-real E-eigenvector of f with corresponding E-
eigenvalue A = /—1. The binary form f is an instance of a Fermat polynomial,
which are treated in detail in Lemma 2.3.1.

The absence of non-real eigenvalues and eigenvectors is just one of the prop-
erties of symmetric matrices that fail for symmetric tensors of higher degree.
Nevertheless, a positive result is the following:

Theorem 2.1.7. [QL, Theorem 2.18] Consider a symmetric tensor f € SIV*®,
Then f always has Z-eigenvalues.

Z-eigenvalues are important since they are the fundamental tool for determin-
ing the best rank-one approximation of a real symmetric tensor. A remarkable
fact observed in [Lim, Qi05] is that the Z-eigenvectors of f € S4V* correspond
to the critical points of the function f: VF — R restricted on the affine variety
{x € V® | q(z) = 1}. Hence, if q(z) = 23 + --- + 22, the Z-eigenvectors of f are
the normalized real solutions z, in orthonormal coordinates, of:

rank (VJ; (x)> <1.
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Theorem 2.1.8 (Lim, variational principle). Suppose that f € SV®. The crit-
ical rank-one symmetric tensors for f are exactly of the form x®, where x is an
eigenvector of f. Moreover, if A, is a Z-eigenvalue of f such that |\.| is mazi-
mum, and if T, is a Z-eigenvector associated with A, then )\*xf s a best rank-one
approzimation of f.

This interpretation is used by Draisma, Ottaviani and Tocino in [DOT], where
they deal more in general with the best rank-k approzximation problem for tensors.

Let us examine again Definition 2.1.5. Another consequence is the following
property, where we are assuming (without loss of generality) that the complex
form ¢ is induced by the standard inner product ¢*(z1,...,7,) = 23 + -+ + 22

on VE.

Proposition 2.1.9. Let f € SV. If (\, x) is an E-eigenpair of f, then A = f(x).

Proof. Apply the operator ¢(_,z) on both sides of equation (2.1.4). Then we
have

¢ (;Vf(x),x> — 4O\, @),

Using Euler’s identity, the left hand side of last identity is equal to f(x), whereas
by linearity and the fact that g(z) = 1 the right-hand side is equal to A. O

Note that, as a consequence of the previous result, every Z-eigenvalue of
f € S%V* is a real E-eigenvalue, but a real E-eigenvalue is not necessarily a
Z-eigenvalue.

So far we did not mention another important property of E-eigenvalues, which
somehow motivated Definition 2.1.5. We are talking about their invariance with
respect to an orthonormal linear change of coordinates in V. More precisely, the
set of automorphisms A € Aut(V') that preserve the bilinear product ¢(_, ), i.e.,
such that ¢(Axz, Ay) = q(x,y) for all z,y € V, forms the orthogonal group O(V)
and is a subgroup of Aut(V). The special orthogonal group SO(V) is defined as
the set of all A in O(V) with determinant 1. An SO(V)-invariant (or orthogonal
invariant) for f € S?V is a polynomial in the coefficients of f that does not vary
under the action of SO(V) on the coefficients of f, where the above-mentioned
action is the one induced by the linear action of SO(V') on the coordinates of
V. We will treat in more detail this topic in Chapter 3. The main result is the
following.

Theorem 2.1.10. [Qi07, Theorem 1] Given f € SV, the set of the E-eigenvalues
of f is a SO(V)-invariant of f.
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2.2 The E-characteristic polynomial
of a symmetric tensor

In this section, we study a fundamental tool for computing the E-eigenvalues of a
symmetric tensor, namely its E-characteristic polynomial. Actually, the definition
of E-characteristic polynomial needs the knowledge of the resultant of a set of m
homogeneous polynomials in m variables (see [CLO, GKZ]). It is introduced via
the following proposition.

Proposition 2.2.1. Let fi1,..., fm be m homogeneous polynomials of positive
degrees dy, . .., d,, respectively in the variables z1, ..., zm. Then there is a unique
polynomial Res(f1,..., fm) over Z in the coefficients of fi,..., fm such that

i) Res(f1,...,fm) = 0 if and only if the system f1 = -+ = fp, = 0 has a
solution in qu'
i) Res (éVf) =(ay--- am)(d_l)mfl, where f(21, ..., 2m) = @128+ -+ a, 2%,
ai,...,an, € C, is the scaled Fermat polynomial.
i) Res(f1,..., fm) is irreducible, even when regarded as a polynomial over C

in the coefficients of f1,..., fm.

The normalization assumption of i) coincides with the classical definition
made in [CLO, Chapter 3, Theorem 2.3 and Theorem 3.5] and in [GKZ, p. 427].
The degree of the resultant is known in general.

Proposition 2.2.2. Res(f1,..., fi) is a homogeneous polynomial of degree [ ], d;
with respect to the coefficients of f; for all i € [m]. Hence the total degree of

Res(f1,..., fm) is

degRes(f1,..., fm) = Zdl coedio1digr o di.
i=1
In particular, when all the forms f1,..., fin have the same degree d, the resultant

has degree d™~' in the coefficients of each f;, namely degRes(f1,...,fm) =
mdm™ 1,

The notion of resultant is closely related to the classical notion of discriminant
of a homogeneous polynomial of degree d in m variables. An excellent reference for
the theory of resultants and discriminants is [GKZ]. The problem of computing
the discriminant of a homogeneous polynomial is a particular case of a more
general geometric problem, that is, finding the equations of the dual XV of an
irreducible projective variety X C P(V) (see [GKZ, Hol, Tev]), which in this
thesis was introduced in Definition 1.3.1.
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As we outlined in (1.3.1), the dual variety XV is obtained as the image of the
conormal variety N (X, XV) via the projection onto V = V* and is an irreducible
variety. Moreover, since dim(N (X, X)) = n—2, it follows that dim(X") < n—2
and we expect that in “typical” cases XV is a hypersurface.

Definition 2.2.3. Let X C P(V) be a projective variety. If XV is a hypersurface,
then it is defined by the vanishing of a homogeneous polynomial, denoted by A x
and called the X-discriminant. We assume the X-discriminant to have relatively
prime integer coefficients: in this way, Ax is defined up to sign. If XV is not a
hypersurface, then we set Ax = 1.

If X C P(V) is an irreducible variety such that XV is a hypersurface, then
Ax is an irreducible homogeneous polynomial over the complex numbers. When
X is the Veronese variety X(4) introduced in Definition 2.1.3, then it is known
that, for all d > 1, X(\él) is a hypersurface and its equation coincides, up to a
constant factor, with the discriminant Ag(h) of a homogeneous polynomial h of
degree d in n variables.

Now we have all the necessary tools to introduce the E-characteristic poly-
nomial of a symmetric tensor. If not otherwise specified, we assume that ¢(z) =
2?2 + -+ + 22 is the complex form associated with the standard Euclidean inner
product in V¥,

Definition 2.2.4. Given f € SV, when d is even the E-characteristic polyno-
mial ¥y of f is defined by 17(\) == Res(Fy), where A € C and Res(F)) is the
resultant of the n-dimensional vector

d—2

Fy(z) = éVf(x) —Aq(z) = . (2.2.1)

When d is odd, the E-characteristic polynomial is defined as 1;() == Res(G)),
where Res(G)) is the resultant of the (n + 1)-dimensional vector

1’2 — A
G (7, 2) = (W p (; ) q&:ﬁg—%) . (2.2.2)

For d = 2, the E-characteristic polynomial agrees with the characteristic
polynomial 14, ()) of a symmetric matrix Ay viewed in (2.0.2). In this case, the
roots of ¥4, are all the eigenvalues of f, and if the coefficients of f are real, then
the roots of 14, are all real by the Spectral Theorem. Moreover, the leading
coefficient of 14, is 1, implying that its constant term is equal to the product of
the eigenvalues of f, that is the determinant of A;.

The interesting fact is that this happens only for d = 2: as we show throughout
this chapter, given f € SV with d > 2, then some of the roots of the E-
characteristic polynomial )y may not be real even though the coefficients of f
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are real. However, there exist symmetric tensors with only real E-eigenvalues,
as shown by Maccioni in [Mac| and Kozhasov in [Koz]. Moreover, the leading
coefficient of 9 is a homogeneous polynomial over Z in the coeflicients of f with
a positive degree for d > 2.

Theorem 2.1.10 states that the symmetric functions of the E-eigenvalues of f
are orthogonal invariants of f, giving rise to the following corollary (see [LQZ,
Theorem 3.3]):

Corollary 2.2.5. Given f € SV, all the coefficients of the E-characteristic
polynomial ¢ are SO(V)-invariants of f.

Given f € SV, we observe that if d is even there exists a nonzero constant
¢ € Z such that

(X)) == Res(Fi(z)) = ¢- Ag (f(x) - )\q(at)%) ) (2.2.3)

where the n-dimensional vector F)(z) was introduced in (2.2.1) (see again [GKZ,
Proposition XIII, 1.7]). On the other hand, a relation equivalent to (2.2.3) is no
longer possible for odd d: in (2.2.2), an additional variable xg is required to make
the polynomial ¢y well-defined.

In the study of the E-characteristic polynomial ¢, a crucial role is played by
a family of particular symmetric tensors, the ones admitting at least a singular
point on the isotropic quadric Q.

Definition 2.2.6. A symmetric tensor f € S%V is irreqular if there exists a
nonzero vector z € V such that ¢(x) = 0 and Vf(z) = 0. Otherwise f is called
regular.

Clearly, any symmetric matrix (d = 2) corresponds to a regular symmetric
tensor. Instead for d > 3 there exists symmetric tensors that are not regular.

Example 2.2.7. Assume that n = 2, d = 4 and consider the quartic binary form
f(x1,72) = (23 + 22)%. Then the condition V f(z) = 0 becomes

Since the vectors (1,1/—1) and (1, —y/—1) are isotropic solutions of the previous
system, then f is not regular. Note that, in this example, every vector x € V
such that ¢(z) = 1 is an E-eigenvector of f with eigenvalue A\ = 1 (see [OT,
Lemma 3.7]).
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The first general property about irregular symmetric tensors is that, when
d > 2, their E-characteristic polynomial is identically zero.

Proposition 2.2.8. Given f € SV with d > 2, if f is irreqular then s is the
zero polynomial.

Proof. Suppose that f is irregular. Then, by Definition 2.2.6 there exists a
nonzero vector ¢ € V such that ¢(z) = 0 and Vf(z) = 0. Looking at Def-
inition 2.2.4, this implies that, for even d > 2, z is a solution of the system
Fy(z) = 0 for all A € C, whereas for odd d > 2, the pair (0,z) is a solution of
the system Gj(xp,2) = 0 for all A € C. By resultant theory, this means that
Yr(A) =0 for all A € C, namely s is identically zero. O

Remark 2.2.9. The statement of Proposition 2.2.8 is no longer true for d = 2.
In fact, for d = 2 and any n > 1 there exist irregular symmetric tensors f € SV
such that v is not identically zero. For example, the polynomial f(z) = (z1 +
V—1z3)% + 2% + - -+ + 22 is irregular because the vector (1,/—1,0,...,0) is a
solution of V f(z) = 0, whereas one can easily check that 1;(\) = A?(1 — A\)"~2,
hence it is not identically zero.

The notion of regularity of a symmetric tensor plays a crucial role in the
following result.

Theorem 2.2.10. Suppose that d > 3. Given f € SV, every E-eigenvalue of
f is a root of the E-characteristic polynomial 1¢. If f is regular, then every root
of ¥y is an E-eigenvalue of f.

Proof. For completeness we recover and adapt the proofs in [Qi07, Theorem 4]
and in [QL, Theorem 2.23|. Suppose that = € V' is an E-eigenvector of f and A €
C is the E-eigenvalue associated with A. Then looking at Definition 2.2.4, when d
is even we get that « and —z are nonzero solutions of the system F(x) = 0; when
d is odd, (1,z) and (—1,—x) are nonzero solutions of the system Gy (zg,z) = 0.
Therefore A is a root of 1y by Proposition 2.2.1.

On the other hand, suppose that f is regular and let A € C be a root of ;.
By Definition 2.2.4 and Proposition 2.2.1, when d is even there exists a nonzero
vector ¢ € V such that Fy(z) = 0 for that A; when d is odd, there exists a nonzero
vector € V and zy € C such that G (zo,x) = 0 for that A. If g(xz) = 0, both
Fy(z) = 0 and Gx(xg,x) = 0 yield the condition V f(z) = 0, which cannot be
satisfied because of the regularity of f. Hence ¢(z) # 0 and we define & := z/q(x).
Therefore, when d is even the equation (2.1.4) is satisfied by (A, Z) and (A, —Z),
while for odd d it is satisfied by (\,Z) and (—X, —&). This implies that A is an
E-eigenvalue of f. O
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Example 2.2.11. Let us consider the case in which d is even and f = q(:z:)%
Then equation (2.1.4) becomes q(x)%x = Az: this means, if d = 2, that every
nonzero vector x € V such that g(z) = 1 is an E-eigenvector of f with E-
eigenvalue A = 1 (and in fact the E-characteristic polynomial of f is 1s(\) =
(A =1)"). Instead for d > 2 every nonzero vector & € V such that ¢(z) =1 is
an E-eigenvector of f with corresponding E-eigenvalue A = 1, and every nonzero
vector z € V such that g(z) = 0 is an isotropic eigenvector of f. In particular f
is irregular for d > 2, and in fact in this case the E-characteristic polynomial of
f is identically zero by Proposition 2.2.8.

The greatest difference among eigenvectors of a symmetric matrix and eigen-
vectors of a symmetric tensor of degree d > 2 is related to the presence or not of
isotropic eigenvectors. Suppose that f € SV admits an isotropic eigenvector x
and let P := [z] be the corresponding point of the isotropic quadric @ C P(V).
In the same fashion of Proposition 2.1.9, this time we have that f(z) = 0, that is,
P € Xy. As we show in Section 2.3, equation (2.1.4) acquires a new interesting
meaning: the isotropic eigenvectors of f are all the nonzero vectors = such that
[z] = P € X;NQ and P is singular for X; (and hence f is irregular) or P is
smooth for X and X is tangent to @ at P.

We study more in detail the coefficients of the E-characteristic polynomial of
a symmetric tensor. Given a general f € SV, from Theorem 2.0.1 and Theorem
2.2.10 we have that deg(i)y) < N for even d, where N is the integer defined in
Theorem 2.0.1. Thus ¥¢ can be written as

N

BN =N, (2.2.4)

=0

where for all 0 < j < N the coefficient ¢; = ¢;j(n, d) is a homogeneous polynomial
in the coefficents of f. Otherwise if d is odd and (A, z) is an E-eigenpair of f,
then (=X, —z) is an E-eigenpair of f as well. This means that for odd d the
E-characteristic polynomial 1 has maximum degree N in A% and in particular
it contains only even power terms of A. Hence 1y can be written explicitly as

N
br(N) = ea Y. (2.2.5)
=0

Now we focus on the constant term of the E-characteristic polynomial ;. In
particular we recover the fact that, when nonzero, the constant term of ¢y is a
power of Res (éV f ) times a constant factor.
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Theorem 2.2.12. [LQZ, Theorem 3.5] Let f € SV. Then for even d we have
that

co =c- Res (;Vf) , (2.2.6)

while for odd d we have that

1 2
co = ¢ - Res (de> (2.2.7)

for some constant ¢ € Z depending on n and d.

Proof. The relations (2.2.6) and (2.2.7) are trivially satisfied when f is irregular
(compare with Proposition 2.2.8), so we can assume f regular. When d is even,
from relation (2.2.1) we have that

co = 15(0) = Res(Fa)| g = ¢ Res(Fp) = ¢ Res (;Vf)

for some constant ¢ = ¢(n, d) € Z.
Now suppose that d is odd. From relation (2.2.2) we have that

V(@)

for some constant ¢ = ¢(n,d) € Z. In order to prove relation (2.2.7), it is sufficient
to prove that

co = 7(0) = Res(G1)| g = ¢~ Res(Go),  Golwo, ) = (x% - q<x>>

Res(Glo) = Res (;v f> g (2.2.8)

First of all, we prove that the system
2
x5 —q(x) =0
2.2.9
o (229)

has a nonzero solution if and only if Res (%Vf) = 0. Let (zg,z) be a nonzero
solution of (2.2.9). In particular, z is a nonzero solution of V f(z) = 0. Thus,
Res (%Vf) = 0. On the other hand, suppose that Res (éVf) =0. Then Vf(z) =
0 admits a nonzero solution z and (¢(z)?,z) is a nonzero solution of (2.2.9).

Hence the equations Res(Gp) = 0 and Res ( %V f ) = 0 define the same variety.
By definition Res (év f ) is an irreducible polynomial over Z in the coefficients of
f. Therefore

1 k
Res(Gp) = Res (de)
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for some positive integer k. Since the polynomial z3 — ¢(z) is quadratic, from
Proposition 2.2.2 we have that Res(Gp) is a homogeneous polynomial in the
coefficients of 8f /0x1,...,0f /0, of degree 2(d—1)"~1. On the other hand, the

degree of Res (%Vf)k is k(d — 1)"~1. Therefore relation (2.2.9) is satisfied only
if £ = 2. This completes the proof. O

We apply the following result when we study the degree of the leading coef-
ficient and of the constant term of 1y, viewed as polynomials in the coefficients
of f (see [LQZ, Proposition 3.6]).

Proposition 2.2.13. Consider f € SV and let Yy be its E-characteristic poly-
nomial written as in (2.2.4), (2.2.5).

i) When d is even, ¢; is a homogeneous polynomial in the coefficients of f with
degree n(d — 1)1 —i. In particular deg(cy) = n(d —1)""1 — N = ¢, (d),
where N is the integer defined in Theorem 2.0.1. In particular ¢, (2) =0
for alln > 2.

1) When d is odd, co; is a homogeneous polynomial in the entries of f with
degree 2n(d — 1)"~1 — 2i. In particular deg(con) = 2n(d — 1)""1 — 2N =
2¢n(d).

Remark 2.2.14. It can be easily shown that the polynomial ¢,,(d) defined in
Proposition 2.2.13 is a strictly increasing function in the variable d. This fact,

together with Proposition 2.2.13, implies that ¢y (respectively con) has positive
degree in the coefficients of f for all n > 2 and d > 2.

We have this natural question: is there a geometric meaning for the vanishing
of the leading coefficient of 1 #? The answer is positive and is stated in Proposition
2.3.9.

2.3 The product of the E-eigenvalues
of a symmetric tensor

In this section we give the proof of Theorem 2.0.2. The proof starts with an
example: in fact, the next lemma studies the product of the E-eigenvalues of a
particular class of symmetric tensors, the scaled Fermat polynomials

flzy,...,xp) = arzd +---+a,na:fll, ai,...,a, € C. (2.3.1)

This result is important to prove the identity (2.0.5) up to sign in the statement
of Theorem 2.0.2.
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Lemma 2.3.1. Let d > 2 and suppose that f is the scaled Fermat polynomial in
(2.8.1). The product A\ --- An of the E-eigenvalues of f, where N is the number
defined in Theorem 2.0.1, can be written as

Res (3Vf
A Ay = 7&{2 )7 (2.3.2)
h™ =2
where h = h(ai,...,ay,) is a homogeneous polynomial of degree 2, (d)/(d—2) and
the polynomial ¢, (d) was defined in Proposition 2.2.15. Moreover, the leading
term of h with respect to the lexicographic term order is monic and it is equal to

(d 1)n— 1 (d 1)5— 1

LTLez H as

Proof. In this case, rewriting the number N of E-eigenvalues as

SO

the binomial (’}) denotes the number of E-eigenvalues for f whose corresponding

E-eigenvectors have exactly j nonzero coordinates, while the factor (d — 2)7~1
corresponds to the number of (j — 1)-arrangements (allowing repetitions) of the
elements of {0,1,...,d — 3}, for all j € [n].

Let x = (z1,...,2y,), with g(x) = 1 be an E-eigenvector of f. We have
a;ixd™ = Az; Yie[n] (2.3.3)

Suppose that exactly J coordinates of = are nonzero, call them zg,, ..., zg, with
indices 1 < ky < --- < k; < n. Moreover, we write a; = fffz for all i € [n].
Looking at (2.3.3), 1f x; # 0 we obtain that A = a;z? % = (&z;)?2 for all

i € [n]. Moreover, considering (2.3. 3) with respect to the indices i; < is, we get

the relations aile_ = A\zy,, alzxd = \x;,, from which we obtain the equation
1 12 29
d—3
k
Ti) Ty H(gilxil —€ gith) = Oa
k=0

where ¢ is a (d — 2)-th root of unity. This means that, for any indices i; < iq it
could be that z;, =0, z;, = 0 or &, x;, = e*&;,x;, for some k € {0,1,...,d — 3}.
Therefore the coordinates of x, when nonzero, can be always written as

ka,=<q(1x)> &cl"f o Epy et
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where ay, € {0,1,...,d—3} for all [ € [j]. Since |¢| = 1, we can assume oy, = 0.
In addition to this, the squared norm of x can be written as

J
Q@) =&, G, + D & & & e
=2

and the E-eigenvalue corresponding to z is

= (gkzxkz)d_Q = <C](1.’E)> N Afy * A

From this argument we obtain that the product of the E-eigenvalues of the scaled
Fermat polynomial f is equal to

g
A Ay = =2
where g = g(a1,...,a,) and h = h(ay,...,a,) are equal respectively to
d—3

i
=
—

I o ax, (2.3.4)

J=11<k1< - <k;<n Qog seees Ol =0

d—3

j —
11 (fi"’&ijJrE ggl...gzl..,gzﬁmkl).
=2

j=1 1§k1<<kJSn (Xk2,...,(l/,kj =0

I
=
—

(2.3.5)
Now consider in particular the polynomial g defined in (2.3.4). We have that

H (ak.l e akj)(d_2)j71

J=11<k1<---<k;<n
ﬁ n 1)(d 2yi—1
= (al e an)(dfl) B ,

where the last polynomial coincides exactly with Res (éV f ) by Proposition 2.2.1.
On the other hand, having fixed Lex as term order in Zay, ..., a,], the leading
term of A is equal to

d—3

LTpen(h) = H H H &, ...513%152%

J=21<k1 <o <kj<n Qg ook ; =0

- H M @ )

1<k < <k;j<n
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2(d—2)7 2(d72)-7_1

Observe that in the last product (Wlth Jj fixed) the factors &; Y

2(d—2)7~ n—1

appear (?7 ) times, while &5 appears (jil) — (] 1) times for j < s < n.

Hence (assuming (§) = 0 for a < b)

LTy () = [T [ 107D G2

na e
= H Qs 4=z . O

Remark 2.3.2. Observe that in Lemma 2.3.1 the degree of LT, (h), that is
the total degree of h, is

2 = n— s—171 __ 2 n— (d_l)n_l
o dla= 1t = @ = 2 -yt - 2D

s=1

2
= m%%(d)a

where ¢,,(d) was introduced in Proposition 2.2.13 and d > 3. This value is the
one expected as shown in the sequel.

Now consider the variety @ = v4(Q), namely the Veronese embedding in
P(S9V) of the isotropic quadric @ C P(V). In particular, @ is a smooth projective
variety, hence we can introduce the Chern classes of é in order to compute its
polar classes 6i(é), according to the relations (1.8.1).

Lemma 2.3.3. In the hypotheses above, 6o(Q) = 2300 2 ad®, where

n—2—k
ap = (k+1) Z ( ) 1)ign—2-k=J, (2.3.6)

Jj=

Proof. First of all we compute the Chern polynomial of the tangent bundle 7@,
for brevity indicated with ¢(Q) (this computation was performed in Example
1.7.4):

c(Q) = (1172: = TS (?) (—2)7hi+i = Tf (i (7;)(_2).9—1'> he

4,j7=0 s=0 \1i=0
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where h = ¢1(Og(1)). Then we compute the polar class 80(Q) using an equivalent
formulation of (1.8.1) with m = n—2 and [Tev, Theorem 7.2|, taking into account

that Q = vq(Q).

1
[ V)

60(Q) = D (=1)"*F(k + 1) deg(cu—2-1(Q))

k=0
n—2 n—2—k n
— (_1)n—1—k(k + 1) deg Z ( ) (_Q)n—2—k—j hn—2—k(dh)k
k=0 =0 M
n—2 n—2—k
— <k+1)deg Z < ) J2n 2—k—j dkhn—Q
k=0 Jj=
n—2 n—2—k n
-9 Z(k +1) Z (]) (—1)ion—2-k=i | gk, O
k=0 =0

In the following technical Lemma, we rewrite the polynomial ¢, (d) defined
in Proposition 2.2.13 in a useful way for the sequel.

Lemma 2.3.4. Let gon(d) be the polynomial defined in Proposition 2.2.13. Then
on(d) = (d—2) 35 0 Bkd , where

n—2—k

Bri=(k+1) Y <k+l+1>(1)l. (2.3.7)

l
1=0
Proof. With a bit of work, the polynomial ¢, (d) can be rewritten as

n—2

n—2
pu(d)=(d=2)) (k+1)(d-1)"=(d~2)) Brd",

k=0
where
- i+ n(;)en
_ "gk(z +k+1) (l *]; k) (1)

wzzh (MR b ]

o I
=0
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e B

=0

" k41
=(k+1) (-1 O
1=0 ( l )

Now we prove that the degree of the leading coeflicient of 9; is a multiple of
the polar class dp(Q) computed in Lemma 2.3.3.

Proposition 2.3.5. For anyn > 2 and for any 0 < k < n —2, a = B. In
particular,
d—

onld) = = 250(0). (2.3.8)

Proof. From the identities (2.3.6) and (2.3.7) we see that both oy and S are
multiples of £+ 1. In particular, we have to prove that

gfﬁk (7) -y jfgk (57 >

The proof is by induction on n. If n = 2, both the sides of the equality are equal
to 1. Suppose now that the equality is true at the n-th step. At the (n + 1)-th
step, the right-hand side of the equality is

njz;;k <k+j+1) ”§k<k+3+l)( 1)j_~_(_1)n—1—k<nﬁk)’

while the left-hand side at the (n + 1)-th step is equal to
n—1—k
Z (n+ 1) (_1)j2n—1—k—j —
=0 N7
n—1—k
1 . _
3 (M apee

=1

G o

j=1

—1-k n—1—k
1-k— 1-k—
]Z () 1)ign—1k=i | Z (jl) )ign—1-k-3

<.
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n—2—k
n n
—9 72n2kj 1n—1—k
() +(=1) n—=k +

Jj=

n—

2—k
]+1n2k]
+Z 2

i < > 1)ign=2-k=i 4 (= 1)”1’€<n_?_k>

By applying the induction hypothesis we conclude the proof of (2.3.9). O

Remark 2.3.6. Matteo Gallet suggested an alternative proof of the identity
(2.3.9), applying the so-called “Zeilberger’s Algorithm” (see [Zei90, Zei91]). For
example, using the Mathematica package HolonomicFunctions, developed by
Cristoph Koutschan (see [Kou]), the code

Annihilator [Sum[Binomial[n,jl*(-1)~j*2~(n-2-k-j),{j,0,n-2-k}],{S[k],S[n]}]
Annihilator [Sum[Binomial [k+j+1,j1*(-1)~j,{j,0,n-2-k}]1,{S[k],S[n]}]

provides the operators that annihilate the left-hand and right-hand side in (2.3.9),
respectively, thus showing that (2.3.9) holds true.

Corollary 2.3.7. Consider the isotropic quadric @ C P(V) and its Veronese
embedding Q C P(SIV) with the same notations as before. Then Q" is a hyper-
surface of P(S?V) of degree deg(QV) = 6o(Q).

Proof. From Remark 2.2.14 and Proposition 2.3.5 we have that dg (@) is a positive
integer for all n > 2 and d > 2. Applying Theorem 1.5.4 we conclude the
proof. O

Summing up, there is an explicit formula for the degree of the leading coeffi-
cient of 1 in terms of the degree of the dual variety of @ embedded in P(S4V)
via the Veronese map, stated in the following corollary.

Corollary 2.3.8. Given f € SV, if f is general then

deg(en) = 222 deg(§Y)

when d is even, while
deg(can) = (d — 2) deg(Q")
when d is odd.
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In the following, we prove that the leading coefficient of 1y is a power of
the discriminant A@( f), where the exponent was obtained in Corollary 2.3.8.
The next two lemmas clarify the geometrical meaning of the vanishing of the
polynomial ¢y (respectively can).

Lemma 2.3.9. Assume that d > 2 and let f € SYV. Then the leading coefficient
of ¥y vanishes if and only if the system

{ g(z)f(joz Az (2.3.10)

called deficit system in [LQZ], has a nontrivial solution.

Proof. If f is irregular, from Definition 2.2.6 we have that the system (2.3.10)
has a nontrivial solution when A = 0, while from Proposition 2.2.8 we have that
1y is identically zero.

Suppose instead that f is regular. By Theorem 2.2.10 the roots of ¢y are
exactly the E-eigenvalues of f and for even d we have deg(yy) < N, whereas
for odd d deg(yy) < 2N. However, we know by Theorem 2.0.1 that a general
f has N distinct E-eigenvalues when d is even, and N pairs (A, —A) of distinct
E-eigenvalues when d is odd, which means that 1y would have exactly N distinct
roots when d is even, and 2N distinct roots when d is odd. On the other hand, E-
eigenvalues are the normalized solutions x of equation (2.1.4), and by definition
p¢ is the resultant of the homogeneization of the system whose equations are
(2.1.4) and the condition ¢(z) = 1. The solutions at infinity of this system are
precisely the solution of the system (2.3.10). Hence a symmetric tensor f such
that 9y has not the maximum degree provides a nontrivial solution of the system
(2.3.10), or equivalently admits an isotropic eigenvector. O

Lemma 2.3.10. Given f € SV, the system (2.3.10) has a nontrivial solution
if and only if the coefficients of f annihilate the polynomial Aé(f), namely f is

represented by a point of @V.

Proof. Suppose that x is a solution of (2.3.10). By regularity of f we have that
A # 0. Moreover, P = [z] is a smooth point of f, and f is tangent to @ at P.
This means that f, thought as a point of P(S%V), belongs to @V, namely its
coeflicients annihilate the polynomial A@( f). The converse is true by reversing
the implications. O

Remark 2.3.11. One could ask if the condition on f to have the maximum
number of E-eigenvalues imposed in Theorem 2.0.2 has a geometric counterpart.
For example, this condition is not the same as requiring X; to be regular: al-
though any symmetric tensor f having the maximum number of E-eigenvalues
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is necessarily regular, there exist regular symmetric tensors f admitting at least
one isotropic eigenvector. The right property to consider is revealed by Lemma
2.3.10, which shows that f € S?V admits an isotropic eigenvector if and only if
the hypersurface X; and the isotropic quadric @) are tangent. This means that
the condition on f in Theorem 2.0.2 is satisfied if and only if X is transversal

to Q.

Remark 2.3.11 is even more interesting when considering the following result
(see [Alu00, Claim 3.2]):

Proposition 2.3.12. If two smooth hypersurfaces of degree dyi, ds in projective
space are tangent along a positive dimensional set, then di = ds.

An immediate consequence of Proposition 2.3.12 is the following

Corollary 2.3.13. Given f € SV with d > 2, if Xy is smooth then f has
always a finite number of isotropic eigenvectors.

Aiming at explaining better Lemma 2.3.10, below we give an example of a
symmetric tensor f admitting an isotropic eigenvector, with a study of the tan-
gency between the variety X, and the isotropic quadric (). Moreover, we compute
explicitly the E-characteristic polynomial ¢y and observe that deg(yy) < N.

Example 2.3.14 (A plane cubic admitting an isotropic eigenvector). First of all,
we recall that due to Theorem 2.0.1, a general ternary form has N = d? — d + 1
E-eigenvalues. Consider the cubic ternary form

[y, 0, 23) = 342v/ =123 — 522/ 12122 — 389V 1233
+ 79V —1adzs — 474V 12123 + 95V 1 a3

— 77395%1;2 + 1913:% — 48x1 2213 + 1751;2333).

It can be easily verified that the vector z = (0,1, —/—1) is an isotropic eigenvec-
tor of f. In particular the projective curve Xy is tangent to the isotropic quadric
Q at [x] € P2, and the common tangent line has equation x5 — v/—123 = 0. In
order to represent graphically this situation, we consider the change of coordi-
nates

z1=—V—-1z1, 2o=x0+V—-1x3, 23=129—+V—1x3.

In the z’s the quadric @ (the red curve in the affine representation of Figure
2.1) has equation 2? — 2523 = 0. The image of the isotropic eigenvector z is
z = (0,2,0), while the image of the projective curve Xy (the blue curve in Figure
2.1) is the projective curve of equation

g(21, 20, 23) = 34227 + 58127 29 + 19227 23 + 49821 223
+ 1392223 + 242123 + 482925 + 423,
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Figure 2.1: The isotropic quadric ) and the plane cubic X; in the affine plane
zo = 2. They are not transversal at the origin.

The presence of an isotropic eigenvector can be detected by computing explicitly
the E-characteristic polynomial of f as well. In order to compute ¥ s(\) we
used the following Macaulay2 code [GS] (for the package Resultants see [Sta]),
taking into account Definition 2.2.4 modified according to the given change of

coordinates:

loadPackage "Resultants"; KK=QQ[t]; R=KK[z_0..z_3];
f=342%z_1"3+581%z_1"2%z_2+192%z_1"2%z_3+498%*z_1*z_2%*z_3+139%z_2"2%z_3+
24%z_1%z_3"2+48%z_2%z_3"2+4*z_3"3;

F_0=z_0"2-(-z_1"2+z_2%z_3);

F_1=diff(z_1,f)/3+t*z_0*xz_1;
F_2=diff(z_2,f)/3+diff(z_3,f)/3-t*z_0*(z_2+z_3)/2;
F_3=diff(z_2,f)/3-diff(z_3,f)/3+t*z_0%(z_2-z_3)/2;

Echarpoly=resultant ({F_0,F_1,F_2,F_3}, Algorithm=>"Macaulay");

factor Echarpoly

The output of factor Echarpoly is

1y(\) = 22405379203945800000

+ 1737672597491537284396875\1°

+ 45686609440492531312122181875)\8

+ 538619871002221271247213134552625\°

+ 274603158432055685296264 7720783548350\

+ 2137752598886514957981090279414043391031\2

+ 13843807659909379464027427753236120270069196.
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Since a general cubic ternary form has seven E-eigenvalues, we expect that the
degree of 1y is fourteen, but in this case deg(1y) = 12. This confirms that f has
one isotropic eigenvector and six E-eigenvectors (counted with multiplicity) up
to sign.

Returning to the proof of Theorem 2.0.2, an immediate consequence of Corol-
lary 2.3.8 and Lemmas 2.3.9 and 2.3.10 is the following formula for the leading
coefficient of the E-characteristic polynomial of a symmetric tensor.

Theorem 2.3.15. Given f € SV and d > 2, if f does not admit isotropic
eigenvectors, then

ey =e-Az(f) 7 (2.3.11)

when d is even, while
con = e~ Ag(f)?? (2.3.12)

when d is odd, for some integer constant e = e(n,d).

Proof. Applying Lemma 2.3.9 and Lemma 2.3.10 we obtain that the varieties
{eny =0} and {A@ (f) = 0} coincide. The proof for the case n = 2 is postponed

to Section 2.4, where we treat more in detail binary forms. If n > 2, then @ is an
irreducible hypersurface and the variety Q" is irreducible as well. Corollary 2.3.7
tells us that @V is in fact a hypersurface. Hence, for even d, cxy = e - A@(f)j,

whereas for odd d we have coy = e - A@(f)k for some integer constant e =

e(n,d) and positive integers j, k. Moreover, from Corollary 2.3.8 we have that
j=(d-2)/2and k=d - 2. O

Proof of Theorem 2.0.2. Theorems 2.2.12 and 2.3.15 describe respectively the
constant term ¢y and the leading coefficient ¢y (or con) of the E-characteristic
polynomial ¥y of a general symmetric tensor f, up to a constant integer factor.
Moreover, the product of the E-eigenvalues of f is ¢o/cn (respectively co/can)-
If we restrict to the class of scaled Fermat polynomials, as in Lemma 2.3.1, we
notice that the integers ¢ and e of Theorems 2.2.12 and 2.3.15 have to coincide,
for the leading term of the denominator in (2.3.2) is monic and by definition

A@ (f) has relatively prime integer coefficients. This concludes the proof. O

2.4 The case of binary symmetric tensors

In this final section, we focus on the case of binary forms (n = 2) and complete the
proof of Theorem 2.0.2, recovering the results of Li, Qi and Zhang in [LQZ|. In
particular, we show that in this particular case equation (2.0.5) can be rewritten
more explicitly. Here any element of S?V is represented by a binary form
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d
flz1,22) = Z (j) ajzi7al, ag,...,aq € C, (2.4.1)
j=0
According to Theorem 2.0.1, a general binary form f of degree d admits N = d
E-eigenvectors. As one can easily see from relation (2.1.4), the E-eigenvectors of
f are the normalized solutions (x1,x2) of the equation D(f) = 0, where the
discriminant operator D is

of of

D(f) = xla—m - xga—xl. (2.4.2)

The operator D is well-known and its properties are collected in [Mac].

We are interested in the E-characteristic polynomial ¢y of a regular binary
form f. We know that deg(¢)y) = d in the even case, while deg(¢)y) = 2d in the
odd case. A remarkable formula for the leading coefficient of the E-characteristic
polynomial of a 2-dimensional tensor of order d is given in [LQZ|. We show that
this formula can be simplified a lot in the symmetric case.

Following the argument used in [LQZ], the isotropic eigenvectors of f are the
solutions of the following simplified version of the system (2.3.10):

d a1 d—j -1
Zézl (j71)aj*1551 a3 = An

d— d—j j—1
Zj:l (j,})ajxl Jxé = Ax2 (243)
x? + a3 - 0.

We observe that all the nontrivial solutions (x1, z2) of (2.4.3) are nonzero multi-
ples of (1,4/—1) or (1, —/—1). Substituting (1,+/—1) to (2.4.3) and eliminating
A we obtain the condition

zd: (j) a; V1 =0. (2.4.4)

=0

In the same manner, considering instead the vector (1,—+/—1) we obtain the

condition
d

d .
> ( _>aj(\/1)ﬂ = 0. (2.4.5)
— \J
=
Therefore, if the binary form f has at least one isotropic eigenvector, then the
product of the left-hand sides of equations (2.4.4) and (2.4.5) vanishes. On the
other hand, if this product is zero, then (1,v/—1) or (1, —/—1) is a solution of
the system (2.4.3) and is in turn an isotropic eigenvector of f.
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We observe that the left-hand sides in (2.4.4) and (2.4.5) have an interesting
interpretation. Consider the linear change of coordinates defined by the equations

T1 = Y1171 + Y1222, X2 = Y2121 + Y2222.

Applying this change of coordinates, the binary form f(x1,x2) is transformed

into the binary form f(z1,22) in the new variables z1, 2o defined by

d d
~ d . . d\ _ . .
flz1,22) = Z (j)ag‘(’}’uzl +71222) 7 (2121 + Y2220) = Z (j)ajzf 2,

j=0 7=0
where (see [Stu, Proposition 3.6.1])
d min(k,d—j) d j j
a - —1d—j—l_j—k+l
aj = Z Z ( I ) (k _ l) s e T e T | an (2.4.6)

k=0 |l=max(0,k—j)

for all 0 < j < d. Let us introduce the new coordinates

=Y Ve, =Y - v )

The inverse change of coordinates has equations
vy =V—1(21 + 22), 2=z — 20.

With this choice, applying formula (2.4.6) the coefficients @; of the transformed
binary form f(z1,29) are

d min(k,d—j)

B8 ()

k=0 |l=max(0,k—j)
for all 0 < j < d. In particular the extreme coefficients become

ap = Zd: (j) aj\/jlj, Qg = (—1)dzd: (C,l)aj(_\/fl)j.

=0 j=o M

Therefore, if we define by = ap and by = (—1)%ag, then the left-hand sides of
equations (2.4.4) and (2.4.5) are equal to by and by, respectively. Moreover, we
observe that the product byby has integer coefficients even though some of the
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coefficients of by and by have nonzero imaginary part: in fact we see that

d

boba = > (j) (Z) ajar(—1)v/=1""

3§, k=0
(2.4.7)

:i ma§,d) (d>< d )a]as S| v

s —
$=0 [ j=min(0,s—d) J J

where in the last relation all summands corresponding to odd indices s vanish.
Since the coefficient of a2 in the expressmn of bpby is 1, we conclude that bobd =
A@(f) up to sign. In particular QV = {bpbg = 0}: in fact in this case Q is the
union of two distinct points (more precisely, the classes of the rank-one symmetric
tensors (21 ++v/—1x2)% and (21 — v/—1a2)%), while the variety Q" is the quadric
union of the hyperplanes {bg = 0}, {bs = 0}. In particular, the hyperplane
{by = 0} parametrizes the binary forms having (1,/—1) as isotropic eigenvector,
while {b; = 0} parametrizes the binary forms having (1,—+/—1) as isotropic
eigenvector.

Regarding the leading coefficient of the E-characteristic polynomial ¢, the
previous argument suggests that it must coincide with cbf)bfi for some ¢ = ¢(d) €
Z. Since 1)y is a polynomial in the indeterminates ag, ..., aq with integer coeffi-
cients, it follows that ¢ = j. Hence, for even d, ¢4 = eA@ (f)P, whereas for odd d
we have coq = eA@(f)q for some e = e(d) € Z and positive integers p,q. From

Corollary 2.3.8 we have that p = (d — 2)/2 and ¢ = d — 2, thus completing the
proof of Theorem 2.3.15 in the case n = 2.

Remark 2.4.1. If we specialize to the class of scaled Fermat binary forms
f(xlaxQ) :axilJerg, avﬂ € (Cv
from relation (2.4.7) we confirm the statement of Lemma 2.3.1 by observing that
d
As(f) =a® + 1+ (-))V-Tap + 5
Example 2.4.2 (E-characteristic polynomial of a binary cubic form). In this
computational example we derive symbolically the E-characteristic polynomial
of the cubic binary form
f(x1,29) = apx’ + 3ay2320 + 3agz1 23 + azxs.

The Macaulay2 code used is
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restart

loadPackage "Resultants"; d=3; KK=QQ[a_0..a_d,t]; R=KK[x_0,x_1,x_2];
f=sum(d+1, j->binomial(d, j)*a_j*x_1~(d-j)*x_2"3);
F_0=x_0"2-x_1"2-x_2"2;

F_1=diff(x_1,f)/d-t*x_0~(d-2)*x_1;
F_2=diff(x_2,f)/d-t*x_0"(d-2)*x_2;

Echarpoly=resultant ({F_0,F_1,F_2}, Algorithm=>"Macaulay");

factor Echarpoly

The output obtained is

Yr(A\?) = —(ag + 9a7 — 6agaz + 9a3 — 6ajaz + a3)\°
+ (aaL + 12a3a% + 24af — 60,8&2 12apa3ag + 9a0a2 + 45a%a’
— 8a0a§ + 24a‘2l — 6aga1a3 — 8a:fa3 — 12apaia2a3 — 12a1a2a3
+ 3agai + 9a3a3 — 6apazaj + 12a3a3 — 6aja3 + a3)\*
—2(8a% — 24apatay + 21ata3a3 + 6ajas — 4adal — 15a0aial + 12a0a2
+ 6atas + 8a$ + 4adalaz — 6adayazaz — 6alaia3az — 15a3a3az
— 24aya3a3 + a0a3 + 6azaia3 + 12a‘11a3 — 3agaga3 — 6agaiaza; + 6ajaza;
+ 2laa3a3 + dagasal — 3akaias — 4alal — 6agarazal + alaz) N\’

+ (3a2a3 — 4apa3 — 4ataz + 6agarasas — aia3)?

Note in particular that the lowest coeflicient of s is the square of the discriminant

of f, whereas the highest coefficient agrees with formula (2.4.7). Moreover, the
A2-discriminant of ¢y may be written, up to scalars, as

Ay [wf(AQ)] = (a% + 9a§ — 6agas + 9a§ — 6ajas + ag) g% gg’ ,

On one hand, as pointed out in Proposition 4.2.4, the hypersurface cut out by the
polynomial g;(f) corresponds to the bisector hypersurface B(X(3), X(3)), namely
the locus of binary cubic forms admitting two distinct critical rank-one symmetric
binary cubics at the same distance from f. The expression of g; in coordinates
is the following (see also Figure 2.2):

g1(f) = 2apa3 — 3a2aias + 3aay — 6agara3 — 3aya3 + adas + 3apaias
+ 6atazaz — 3agaias — 2a3a3 + 3ajasa3 — apas .
On the other hand, the hypersurface cut out by the polynomial go(f) corresponds

to the ED discriminant X x ,,, namely the locus of binary cubic forms having two
coinciding critical rank-one symmetric binary cubics. The expression of g in
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20.0-20.0

Figure 2.2: The bisector hypersurface B(X 3y, X(3)) of the rational normal curve
X(3) C P2 in the affine chart ag = 1.

coordinates is the following (see also Figure 2.3):

g2(f) = 4aia? + 32a7 — 4adas — 52apaias + 24aka3 + 61ata3 — 48apas

+ 32(1‘2L — 4a3a1a3 — 48a?a3 + 34apaiasaz — 52a1a§a3 + a%a%

2 2 2 2 2 3
+ 24aja3 — 4apaqas + 4ajaz — 4aqay .

We conclude this chapter focusing on complex harmonic binary forms. Let
A: S — S92V denote the Laplace operator defined in coordinates by
_O*f o f

Af(xlv"'vl'n) _a_m%‘f""w

Definition 2.4.3. The subspace in SV of complex harmonic forms in n inde-
terminates is

H = ker(A) C SV.
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Figure 2.3: The ED discriminant Xy, of the rational normal curve X(3) C P3
in the affine chart ag = 1.

With an induction argument one may prove that the map A is surjective,
thus implying that

n—1

-1 _
dim(HV) = dim(S?V) — dim(5%2V) = <d j; " ) - (d tn-3

). (2.4.8)

Hence, in our case n = 2 we have that dim(H?V) = 2. In particular, if z; and x5
denote the linear forms associated to the vectors (1,0) and (0,1) of V, we define
the linear forms z; = 1 + v/—1x5 and 23 = 21 — v/—1x5. One may verify that
24 and 2¢ belong to HV and are linearly independent, hence they form a basis
of HV. Then any complex harmonic binary form g € SV can be written as

g=azl+b2, [a,b] €PL (2.4.9)
We prove the following result.

Proposition 2.4.4. Consider g as in (2.4.9). Then its characteristic polynomial
is equal to (up to a scalar factor)

bp(N) = (dab— N?)

4
2
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for even d and
¥y(A) = (dab — N*)*
for odd d.

Proof. Developing the identity (2.4.9), we have that
g=azl + bz = a(x) +V—1x2)? + b(x; — V—115)¢
Then the gradient of g with respect to the variables x; and x5 is

g

D, =v—1d(az¢"! — 2471,

= d(az? 4 b4 1), (%E
2

We compute the E-eigenvectors © = (z1,22) € V of g via the system (2.1.5).
They correspond to the normalized solutions of the equation D(g) = 0, where D
is the discriminant operator defined in (2.4.2):

1
gD(g) = 29(azd™t + 0287 — V=T (a287 — 0287 = =1 (a2d — b22).

More precisely, the equation D(g) = 0 simplifies to
a(ry +v-1 a:g)d —b(x; — V-1 xg)d =0.

The left hand side of the last equation can be factorized as

a(xy + \/jll‘g)d —b(xy — lxg H z1 +V—1x) — eln(z; — \/—71332)]

Q. b
|
= O

[(€ —Pm)zy + V=1 (£ +&7n)as]

<.
I
o

where ¢4 = a and 1? = b. Hence the eigenvectors are
v; = (—V=1(£+¢e/n), & —<&'n), je{0,....,d—1}.
In addition, the norm of v; is equal to
a(v;)? = =€+ ) + (€ i) = /—dein = 2V=T/eign.

Summing up, the E-eigenvectors of g are (call them v; again)

1(&+¢en),&—eln), jef0,...,d—1}. (2.4.10)

v = 2F wvee VL
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In this case, the system (2.1.5) becomes

199 199
doe = doy =M

If we substitute the coordinates of v; in (2.4.10) in the first equation (substituting
in the second equation would lead to the same result), then we get the identity

i d—1 ¢ d—1 ¢ 4 iy
a _ +b - = — — .
< Vein ) ( NEIT ) 2\/€ién

Solving for A the last equation gives an expression for the E-eigenvalues of g:
42 (ag? Dt 4 ped )iy

Vab(€ + e7n)
_ (C1)t2 ab(& + 5-777)

Vab(¢ + ein)
= (-1)*22Vab O

A=(-1)

In the original variables z; and x5, a complex harmonic binary form h € HV
may be written as

d

d o (-1) ‘ if 7 is even
h _ i d—1 z’ ;= i 2.4.11
(w1, 22) ; <i>a1’1 Ta, Q {(_1) 2177 if 7 is odd ( )

B

for some [¢, 7] € PL

Example 2.4.5. For d = 4, a general harmonic binary form is
f = &x] +dnaday — 6Exinl — dnxyxs + Ex5,  [€,m] € PL.
The analogous statement to Proposition 2.4.4 is the following.

Corollary 2.4.6. Consider [ as in (2.4.11). Then its E-characteristic polyno-
mial is equal to (up to a scalar factor)

4
2

V(N = (€ +n* = %)

if d is even and
wf()\) — (52 +772 o )\Q)d
if d is odd.

The last corollary yields another interesting fact.
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Corollary 2.4.7. Every E-eigenvalue of a real harmonic binary form g € HYV*®
s a Z-eigenvalue.

The last corollary does not generalize to real harmonic forms in more than
two variables. Indeed, we show in Example 3.5.9 that there exist real harmonic
ternary forms which admit non-real E-eigenvalues, starting from the case d = 3.






Chapter 3
On the orthogonal stability
of binary and ternary forms

In Chapter 2 we outlined the main properties of the Euclidean eigenvalues and
eigenvectors of a degree d symmetric tensor f € S%V on some complex vector
space V = V* ® C, where (V* ¢") is our usual starting real Euclidean space of
dimension n. Moreover, we stressed two facts

1. In Theorem 2.2.10, we reported that the roots of the E-characteristic poly-
nomial 1;(\) of a regular symmetric tensor f € SV correspond to the
E-eigenvalues of f.

2. In Remark 2.3.11 we observed that a symmetric tensor f € S?V admits the
maximum number of E-eigenvalues, counted with multiplicity, if and only
if the hypersurface Xy C P(V') defined by f is transversal to the isotropic
@ C P(V) defined via the quadratic function ¢: V' — C associated, in turn,
with the quadratic form ¢* on V*. Moreover, transversality between X
and (@ is not related to the regularity of f.

Transversality between a projective variety X C P(V) and the isotropic
quadric @) plays an important role in this chapter as well as in the forthcom-
ing ones. Moreover, here we want to stress another property shared by the
E-eigenvalues of f € SV and the coefficients of the E-characteristic polynomial
¥¢(X), namely their invariance with respect to the complex special orthogonal
group SO(V') (see Theorem 2.1.10 and Corollary 2.2.5).

We recall that the complex orthogonal group O(V) is the subgroup of GL(V)
of invertible linear operators of V' that preserve a fixed bilinear form: in our case,
the bilinear form ¢: V' x V — C associated to the inner product ¢ on V*. For
the rest of the chapter, we assume that ¢(z,y) = Y., ;y; is the bilinear form
associated to the standard Euclidean inner product in V* = R™. The group O(V)

67
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is, in fact, an example of a matriz Lie group and has two connected components.
The component of O(V') containing the identity Idy is precisely the complex
special orthogonal group SO(V).

By our assumption, in the following we adopt the notations GL(V') = GL(n, C),
O(V) = O(n,C), SO(V) = SO(n,C) and similarly for the other known matrix
Lie groups on V. In particular, SO(n,C) is the subgroup of complex matrices
A of size n such that A”A = I and det(A) = 1. Note that the matrix Lie
groups O(n,C) and SO(n,C) are different from the unitary group U(n) and the
special unitary group SU(n). The last two are defined analogously to O(n,C)
and SO(n,C), but with respect to a Hermitian inner product on C". Note that
the bilinear form ¢ fixed is symmetric rather than conjugate-symmetric. Our
main references for the theory about matrix Lie groups, matrix Lie algebras and
representation theory are [Hal, FHJ.

The space SIC" is a GL(n,C)-module via the representation

pa: GL(n,C) = GL(S'C"),  pa(9)(f(x)) = f(g~"(x)) (3.0.1)

for all f € SYC™ and all g € GL(n,C). In this chapter, the elements of P(SYC")
are called forms of degree d in n variables. Our aim is to investigate the action of
the subgroup SO(n, C) on P(SYC"™). In particular, a very hard task in Geometric
Invariant Theory is the computation of all stable and semistable elements of
P(S9C") for the action of SO(n,C). For the notion of semistability and stability
with respect to the action of an algebraic group G on a projective variety X, we
refer to Section 3.1. All the necessary material is provided essentially from [LeP].

The theory of stable and semistable binary forms (n = 2) with respect to the
action of the special linear group SL(2,C) (that is, the subgroup of GL(2,C) of
complex 2 x 2 matrices with determinant 1) as well as the group SO(2, C) has been
extensively studied since the XIX century. In Section 3.2 we report the classical
result by Hilbert in this direction, which uses the well-known Hilbert-Mumford
criterion stated in Theorem 3.1.6.

The core of this chapter deals with the action of the complex orthogonal group
SO(3,C) on the space S?C? of complex ternary forms. In order to give conditions
for stability and semistability on S?C3, a crucial role is played by the space of
harmonic ternary forms H?C? c S?C3, introduced in Definition 2.4.3. It has
dimension 2d + 1 by formula (2.4.8). This space is important since every form in
S4C3 admits a unique harmonic decomposition, as stated below.

Theorem 3.0.1. Let g € S?C? be the quadratic form q(z) = 23 +x3+ 3 fized by
the group SO(3,C). The space S?C3 admits the following SO(3, C)-equivariant
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decomposition
L4]
Sch — @ ku{d72k(C:37
k=0
that is, every polynomial f € SYC? admits a unique harmonic decomposition

_ fa+ qfa—o+--+q%fy  forevend
fa+aqfoo+---+q 7= fi foroddd

where we call fq_o € H¥2*C3 the harmonic form associated to f of degree
d—2k, for all0 <k < |4].

The harmonic decomposition stated above allows us to give the following
stability condition.

Proposition 3.0.2. Let f € SIC3 be a ternary form and consider its unique
harmonic decomposition as in Theorem 3.0.1. Then f is stable (semistable) with
respect to SO(3,C) if at least one of the harmonic forms fq_ok associated to f is
stable (semistable) with respect to SO(3,C).

A relevant part of this chapter is devoted to the study of the SO(3, C)-stability
and semistability in the space H4C? of harmonic ternary forms. In this direction,
we provide a necessary and sufficient stability condition in the following Propo-
sition 3.0.3 and Theorem 3.0.4. In their proofs, we consider essentially three
relevant facts:

1. There exists an isomorphism between the Lie algebras sl(2, C) and so(3, C)
of the groups SL(2,C) and SO(3,C).

2. All the irreducible SL(2, C)-modules are of the form S¥C? for some k > 1.

3. The space H?C? c SC3 of complex harmonic ternary forms, introduced
in Definition 2.4.3, is an irreducible SO(3, C)-module of dimension 2d + 1.

Summing up all these pieces of information, there is an SL(2, C)-equivariant
isomorphism between the spaces HYC3 and S??C?. Therefore, we can use the
well-known semistability theory of binary forms of degree 2d to understand its
counterpart in H?C3.

The first characterization of stable and semistable complex harmonic ternary
forms with respect to the action of SO(3,C) is furnished by the next proposition.

Proposition 3.0.3. Let h € HYC? be a harmonic ternary form and denote with
X}, its associated curve in P2. Denote with Q the quadric fized by the group
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SO(3,C). Then h is non-stable (non-semistable) with respect to SO(3,C) if and
only if its associated divisor Xp N Q on Q may be written in the form

X,NQ=kP+D

for some k> d (k> d+1), where D is a divisor of degree 2d — k on Q.

&
-

Figure 3.1: From left to right, an affine picture of a non-stable and a non-
semistable harmonic plane quintic. We have |X;, N Q| = 10. In the first case,
X, NQ =5P + D, whereas in the second case X, NQ = 6P + D.

Last proposition leaves us the following problem: which harmonic ternary
forms h € HYC? determine a plane curve Xy, such that X, NQ is a divisor on Q
of the form kP + D for some k > d?

The main result of this chapter answers this question. In the following state-
ment, for any integer m > 0 and any curve X C P? with ideal I(X) = (f), we
indicate with mX the divisor on P? whose ideal is generated by the polynomial
f™. Moreover, we denote by CTpX the tangent cone of X at the point P € X.
This notion and the related notion of multiplicity of a point are recalled in Sec-
tion 3.5. When not specified, the stability and semistability of either an element
of HYC? or an element of S??C? are considered with respect to either SO(3,C)
or SL(2,C).

Theorem 3.0.4. Let h € HIC3 be a harmonic ternary form. Then

1. If d is even, h is non-stable if and only if there exists P € @ and an integer
k> % such that P is a k-ple point for X; and %TPQ C CTpXy. Moreover,
h is non-semistable if and only if it is non-stable and poq(h) = 0, where
aq € SPHAIC? is the SO(3,C)-invariant corresponding to the SL(2,C)-
invariant in S2S?1C? defined in (3.5.7).
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2. If d is odd, h is non-stable if and only if there exists P € (Q and an integer
k > % such that P is a k-ple point for X,. In particular %TPQ C
CTpX},. Moreover, h is non-semistable if and only if it is non-stable and
(pgd(h) =0.

In particular, if h is non-semistable, then X}, is reducible in the form X = LXy,
where the line L and the curve Xy are tangent to QQ in a common point, and
h' € H*'C? is non-stable.

As we can observe from the statement of the last theorem, the multiplicity of
roots of binary forms is somehow related to the multiplicity of the correspond-
ing harmonic curve at a certain isotropic point. When this multiplicity is large
enough, the curve turns out to be non-semistable and is forced to split into a line
and a non-stable harmonic curve of one degree less. For example, the non-stable
plane quintic X}, on the left in Figure 3.1 is such that P is a triple point for X,
and the double line 2Tp(@ is contained in the tangent cone CTpX}. Moreover,
the non-semistable quintic X}, on the right is the union of Tp(@Q and a non-stable
plane quartic. After the proof of Theorem 3.0.4, we provide concrete examples
of non-stable and non-semistable harmonic ternary forms in small degrees.

3.1 Semistability and stability criteria

Roughly speaking, the necessary ingredients needed to talk about stability and
semistability in this chapter are basically two: a linear algebraic group G acting
on a projective variety X.

The group GL(n,C) of complex invertible matrices of order n is naturally an
affine algebraic variety. In the following, a linear algebraic group is any Zariski
closed subgroup of GL(n,C). In particular, all the groups mentioned in the in-
troduction of this chapter are linear algebraic groups. Their structure of reduced
algebraic variety is the one induced by GL(n,C). If G denotes a linear algebraic
group, the map G — G sending an element g to its inverse ¢! is an isomorphism
of algebraic varieties. Moreover, since the variety G is non-reduced, the open
subset of smooth points is nonempty and invariant under translation. In other
words, G is smooth.

Definition 3.1.1. Consider a projective algebraic variety X. We say that G acts
on X if there exists a morphism o: G x X — X such that

1. for all ¢ € G, the morphism o(g, ): X — X sending any z € X to
g.x =0(g,z) € X is an automorphism of X,

2. the map sending any g € G to the automorphism X — X already defined
is a group homomorphism.
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Moreover, the image G.x = {o(g,z) | g € G} is called the orbit of z € X under
the action of G.

Let ¢: G x X — X x X be the morphism sending any pair (g,z) € G x X to
(g.z,z) € X x X. We say that the action of G on X is proper if the morphism
is proper (see [Har, Chapter 2, §4]). If G acts on the projective varieties X and
Y and ¢: X — Y is a morphism of projective varieties, then ¢ is G-equivariant
if the following diagram commutes:

GxX — X

|

GxY —— Y,

where the horizontal arrows are the actions of G on X and Y, while the vertical
arrows are equal to the product map Idg X ¢.

Now we briefly recover the essential ingredients of representation theory needed
for this chapter. For further details, we refer to [FH|. For our purposes, V is a
finite-dimensional complex vector space. For a given linear algebraic group G,
then V is a G-module if there exists a finite-dimensional representation p: G —
GL(V). A G-module V is simple if the representation p is irreducible, mean-
ing that all proper G-invariant vector subspaces of V are trivial. Moreover, V'
is semi-simple if p is totally reducible, namely it is a direct sum of irreducible
representations. All these notions are necessary to introduce the next important
definition.

Definition 3.1.2. A linear algebraic group G is linearly reductive if all finite
dimensional G-modules V' are semi-simple.

Basically, all the examples of linear algebraic groups appearing in this chapter
are linearly reductive. For further details we refer to [LeP, Section 6.2].

We move directly to the most important definitions used in this chapter.
Let X C P(V) be a projective algebraic variety for some n-dimensional com-
plex vector space V. Suppose that G is a linearly reductive group acting on
X. We denote by S = S(X) the homogeneous coordinate ring of X. Then
S = Clxy,...,xy]/I for some homogeneous ideal I C C[zy,...,x,]. One might
consider the subring S C S of the elements that are G-invariant. It turns out
that A% is finitely generated, and the inclusion S¢ < S yields a rational map
X = Proj(S) --+ Proj(SY) of projective algebraic varieties.

Definition 3.1.3. A point x € X is semistable under the action of G if there
exists a homogeneous G-invariant polynomial with strictly positive degree which
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does not vanish at . Otherwise, such a point is said to be non-semistable for
the action of G.

The locus of semistable points of X is indicated with X*°. In particular, the
variety X \ X** corresponds to the locus of common zeros of the elements in S¢ of
positive degree. Therefore the restriction X** — Proj(S%) becomes a morphism.

For the moment, we call C'(X) the affine cone of the projective variety X. We
recall the following result without proof.

Lemma 3.1.4. A point x € X is non-semistable under the action of G if and
only if it is the image of a point p € C(X) \ {0} such that 0 € G.p.

The second important notion to define is the following.

Definition 3.1.5. A point « € X is said to be stable under the action of G if it
is semistable and if the orbit map G — X*® sending g € G to g.x is proper. The
locus of semistable points of X is indicated with X*.

The next tool we introduce is a fundamental criterion to compute the semistable
or stable points of the action of a linearly reductive algebraic group G on a pro-
jective variety X. Until the end of this paragraph, the symbol C* denotes a
one-parameter subgroup of G. Of course, the action of a one-parameter sub-
group C* on X is defined by restricting the action of G.

Theorem 3.1.6 (Hilbert-Mumford). Let G be a linearly reductive group acting
on a projective algebraic variety X. A point x € X is semistable (stable) if and
only if it is semistable (stable) for the action induced by every one parameter
subgroup C* C G.

The above statement is essentially [LeP, Theorem 6.5.3]. We also mention a
simplified proof of Theorem 3.1.6, valid only over C, which uses elementary linear
algebra results [Sur].

3.2 Stability criteria for binary forms

In this section we focus on the case of V.= C? (n = 2) and we choose X =
P(S9C?), with d > 2, as our projective variety. The next classical result by
Hilbert determines all semistable and stable elements of X under the action
of SL(2,C), using the already mentioned Hilbert-Mumford criterion stated in
Theorem 3.1.6.

Theorem 3.2.1 (Hilbert). A binary form f € P(SC?) is semistable (stable) for
the action of SL(2,C) if and only if every root of f has multiplicity < ¢ (< g)
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Remark 3.2.2. Note the difference in the previous result between the even and
the odd case: in the odd case, the conditions < % and < % coincide, namely a
binary form of odd degree is semistable if and only if it is stable.

Sketch of the proof. Consider a one parameter subgroup C* C SL(2,C). We can
choose coordinates (21, 29) for C? such that

e-{(s Prrec)

Then C* acts on C? by sending (21, 22) to (tz1, +22). The induced action o: C* x
P(S9C?) — P(SC?) is defined by

a(g, (ag,...,aq)) = (tdao, t2aq, ..t gy, t_dad)7

for all g € C*, where the vector a = (ao, ..., aq) identifies the binary form

d
d o
f= Z (j)ajzf_]z% € sic?.
§=0

Then it is almost immediate to see that 0 € C*a if and only if ap = -+ = agp, =0
for d = 2k or ax41 = -+ = aggy1 = 0 for d = 2k + 1. Therefore, applying
Theorem 3.1.6, the set of non-semistable binary forms is

k—1
2%k o
X\ X% ={ f=7F1 Z ( _ )ajzk_l_]uﬂ | [a0; ..., ar_1] € PET!
=0 7
for d = 2k, whereas
52k +1 .-
= = (I et ) <

7=0

for d = 2k + 1. In particular, for d = 2k we have that the multiplicity of z is at
least k+1 >k = g, and similarly for d = 2k + 1 the multiplicity of z is at least

k+1>k+31=4% O

Example 3.2.3. Consider for example the case d = 3. By Theorem 3.2.1, the
semistable (or stable, by Remark 3.2.2) cubic binary forms are exactly the ones
having three distinct roots. To determine geometrically which are these forms,
we consider the projective space X = P(S3C?) = P? parametrizing all the cubic
binary forms. The rational normal curve C3 C X parametrizes the cubic binary
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forms of rank one, namely the forms f = (Ax; + px2)3. Moreover, the tangential
surface of C'5, denoted by T'Cj, is the locus of cubic binary forms having at least
a double root. Hence the locus of semistable cubic binary forms is precisely
X \ TCs. In addition to this, we observe that TC3 = V(A), where A is the
cubic discriminant. We recall that A is the only one generator for the algebra of
invariants for SL(V') acting on X.

Another linearly reductive group which acts on P(S%C?) is the special orthog-
onal group SO(2,C). The analogous result to Theorem 3.2.1 is the following.

Theorem 3.2.4. A binary form f € P(SC?) is semistable (stable) for the action
of SO(2,C) if and only if the isotropic roots of f have multiplicity < % (< g)

We consider two explanatory examples of the last result.

Example 3.2.5 (Cubic binary forms). Consider the case d = 3, hence X =
P(S3C?). Denote with Ly, Ly the lines tangent to C3 in 23 and z5 respectively,
where z; = 21 ++v/—1x5 and 25 = 21 —/—1 9 are the two isotropic linear forms
of C2 (see Figure 3.2). Then L; and Ly are the loci of cubic forms having z? and
22 as a factor, respectively. In particular we have that 2729 € Ly, 2122 € Ly and
additionally L; N Ly = (). Hence the locus of semistable points with respect to

the action of SO(2,C) is X** = X \ (L1 U Ly).

Figure 3.2: The locus of non-semistable cubics for SO(2, C).

Example 3.2.6 (Quartic binary forms). Now consider the case d = 4. Denote
with Lq, Lo the lines tangent to the rational normal quartic Cy at the points
2} and z3, respectively. In addition, let 7; and 7 be the osculating planes to
Cy at z{ and z3, respectively (see Figure 3.3). On one hand, L; and Ly are the
loci of quartic forms having 27 and 235 as a factor, respectively. On the other
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hand, 7; and 7o are the loci of quartic forms having 2? and 22 as a factor,
respectively. In particular, L1 C m; and Ly C me. We remark that zf’zg € T,
2125 € ma, and w1 Ny = {2725}, Then the loci of semistable and stable points
of X with respect to the action of SO(2,C) are respectively X** = X \ (L1 U Ls)
and X°® = X \ (71 Uma).

Figure 3.3: The loci of non-stable and non-semistable quartics for SO(2, C).

In general, we have the following result.

Proposition 3.2.7. Let X = P(S9C?) and denote by Cy4 the rational normal
curve of degree d in X. Call z1 and z» the two isotropic linear forms of C2.

1. Suppose that d = 2k. Let Ly and Lo be the projective subspaces of X that
parametrize the binary forms of degree d having z*T* and w**! as a factor,
respectively. Moreover, denote by m1 and o the projective subspaces of X
that parametrize the binary forms of degree d having z* and w* as a factor,
respectively. Then dim(Lq) = dim(Lg) = k—1, dim(m ) = dim(ms) = k and
the loci of semistable and stable points of X under the action of SO(2,C)
on X are respectively

XSS:X\(LlULQ), XS:X\(WlU’]TQ).

2. Suppose that d = 2k+1. Let Ly and Ly be the projective subspaces of X that
parametrize the binary forms of degree d having z*T* and w**! as a factor,
respectively. Then dim(L;) = dim(L2) = k and the locus of semistable
(equivalently, stable) points of X under the action of SO(2,C) on X is

X = X* =X\ (L1 U Ly).
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3.3 An orthogonal stability criterion

for harmonic ternary forms
In the previous section we considered the action of the complex special linear
group SL(2,C) as well as the complex special orthogonal group SO(2,C) on the
projective space P(S?C2) of (classes of) complex binary forms of degree d.

The aim of this section is to prove Proposition 3.0.3. First, we need to explain
the three facts outlined in the preamble, before the statement of Proposition 3.0.3.

The Lie algebra s((2, C) of SL(2, C) corresponds to the space of 2 X 2 complex
matrices with trace zero. It has dimension three with the basis

(D 0)x= (0 )= (00, e

The basis elements have the following relations with respect to the Lie bracket:
[H,X]=2X, [HY]=-2Y, [X,Y]=H.

On the other hand, the Lie algebra so(3,C) of SO(3,C) is the space of 3 x 3
complex matrices A satisfying A” = —A. It is three dimensional and a basis of
50(3,C) is given by

00 0
=00 -1|, =
01 0 ~1

The linear map ¢: sl(2,C) — s0(3,C) such that
p(H) = =2v/—-1F, ¢(X)=F,—v-1F;, ¢(Y)=F+v-1F; (332)

is a Lie algebra isomorphism. At the level of Lie groups, we have the following
result.

Lemma 3.3.1. [Hal, Lemma 4.30] There exists a Lie group homomorphism
®: SL(2,C) — SO(3,C)
such that
1. ® is surjective,
2. ker(®) = {Id,—Id}, and

3. the associated Lie algebra homomorphism is the map ¢: sl(2,C) — s0(3,C)
defined in (3.3.2).
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Now consider the space S¥C? of (classes of ) complex binary forms of degree k.
It is a (2k + 1)-dimensional SL(2, C)-module via the restriction to SL(2,C) of the
representation py defined in (3.0.1), which we call here II;. The associated Lie
algebra representation 7y : 5[(2, C) — gl(S*C?) is such that for all g € sl(2,C)

’/Tk(A) = in(etA)

o (3.3.3)

t=0
Applying the above identity to the vector z = (21, 22) € C? we obtain that

d

—fle™z)

m(A)f () = &

t=0

Let z(t) be a curve in C? defined as z(t) = e~*4z. In particular, 2(0) = z. We
can write z(t) = (z1(t), 22(t)) and by the chain rule

8f le 3f dZQ
Af = —4—— bl .
= st |,
However % ’ o0 = — Az, so we obtain the formula
0 0
(A f = —(Anz + A1222)7f — (Ag121 + A2222)—f (3.3.4)

(921 822 '

As one might foresee from the first lines of this section, the representations
my, are very important for the whole development of this chapter. Indeed, they
are “good” representations of s[(2,C) (see [Hal, Theorem 4.9]).

Theorem 3.3.2. For each integer k > 0, the representation m, of (2, C) is irre-
ducible. Moreover, if 7 is an irreducible representation of s1(2, C) with dimension
k+ 1, then w is equivalent to the representation 7y described before.

At this point, we might carry all the information provided so far to the Lie
algebra s0(3, C), via the isomorphism ¢ defined in (3.3.2).

The space SYC? of (classes of) complex ternary forms is an SO(3, C)-module
via the restriction to SO(3,C) of the representation pg defined in (3.0.1), which
we keep calling pg.

Since sl(2,C) and s0(3,C) are isomorphic Lie algebras, they have essentially
the same representations. More specifically, if 7 is a representation of s((2, C),
then mo¢~! is a representation for s0(3, C), and every representation of s0(3, C) is
of this form. In particular, the irreducible representations of so(3, C) are precisely
of the form oy, := 7, 0 ¢~ '. This fact holds true at the level of Lie groups as well,
at least for even k.
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Proposition 3.3.3. [Hal, Proposition 4.29] Let o, = mp 0 ¢~ L be the irreducible
representation of s0(3,C) for some k > 1. If k is even, then there is a represen-
tation ¥, of SO(3,C) such that $y,(e?) = e7*A) for all A € 50(3,C). If k is odd,
then there is no such representation of SO(3,C).

The third ingredient is the space of harmonic ternary forms HC3 c S¢C3,
introduced in Definition 2.4.3 as well as in the preamble of this chapter. Consider
the representation (HYC3,pg) of SO(3,C) (see for example [Ste, Lemma 4.1,
Section 4.4]).

Theorem 3.3.4. For every d > 1, the representation (HAC3, pg) of SO(3,C) is
irreducible. Therefore, HYC? is a simple SO(3,C)-module. In addition, every
simple SO(3, C)-module is equivalent to HYC? for some d > 1.

Summing up all the properties given in this section, by Schur’s Lemma we
conclude that

Theorem 3.3.5. There exists an SL(2, C)-equivariant isomorphism
@: HIC® — §%4C2.

This result implies, thanks to the results outlined in the previous lines of this
section, that for each d > 1 we can read HC? as an irreducible SL(2, C) module
of dimension 2d + 1. Therefore, we can transfer all the SL(2, C)-stability theory
of S24C? to describe all stable and semistable elements of H?C? with respect to
the group SO(3,C).

Proof of Proposition 3.0.3. Let h be a complex harmonic ternary form. Since X}
is a curve of degree d in P2, it intersects the isotropic quadric @ in 2d points,
counted with multiplicity. In particular, X;, N @ is a divisor of degree 2d in Q.
Observe that, thanks to Theorem 3.0.1, if A; and hy are not proportional
forms in HYC?, they give different divisors on Q. This is not true if f; and fo
are not proportional forms in SC3: indeed, given a harmonic form h € HC3
and two not proportional forms g; and gy in S?72C3, the forms f; = hy + qq1
and fo = hy + qg2 are not proportional but yield the same divisor on @), since

XpNQ=XrNQ=Xp,NAQ.

The divisor X; N @Q corresponds to a divisor on the projective line P!, namely

to the equivalence class of a binary form f € S24C2. The statement follows by
considering the stability and semistability criterion of Theorem 3.2.1. O

We make a couple of comments about Proposition 3.0.3. The case d = 1
is trivial: indeed, every line in P! is harmonic and is non-stable, while all lines
tangent to () are non-semistable.

The first nontrivial case is d = 2:
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1. By Proposition 3.0.3, a harmonic ternary form h € S2C3? is non-stable if
XnNQ =2P+ D, with |D| = 2. How do we achieve such a divisor? If X},
is a smooth conic, then necessarily X}, is tangent to Q at some point. Now
consider two linear forms a and b vanishing at the point P = [p] € Q and
their corresponding lines L, and L;. The tangent line Tp@ is the locus of
points P’ = [p'] such that ¢(p,p’) = 0. The singular conic Cyp = L, U Ly, is
harmonic if and only if A(ab) = 0. By the relation

A(ab) = Aa +2¢(Va, Vb) + Ab,

this is equivalent to the requirement ¢(Va,Vb) = 0. This condition, to-
gether with the condition P € L,NLy, yields either L, = TpQ or L, = TpQ.
This can be verified easily by looking at the dual space P? (see Figure 3.4):
on one hand, the lines L, and L; correspond to points in P2, each one of

(o})

them belongs to the polar line (with respect to QY) of the other. On the
other hand, the line P contains the points L, and L;, and P is tangent to
QV at the point Tp@. This forces either L, or L; to coincide with TpQ.

Figure 3.4: The non-stable singular harmonic plane conic Cyp, = L,UL; in (P?)V.

2. Finally, a harmonic ternary form h € H?C? is non-semistable if either
Xp,NQ = 3P + P’ for some points P # P’ or X, N Q = 4P. The first
case is achieved by the conic L U TpQ, where L is a line passing through
P € @ distinct from the tangent line Tp@Q). The second case is achieved by
the double line 27TpQ for some P € Q.

3.4 A dictionary between harmonic ternary forms
and binary forms

As one might foresee, the geometrical description of Proposition 3.0.3 is difficult
in general. To give a more detailed characterization of stable and semistable
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elements of HC?, we need to introduce suitable bases of HYC? and S?¢C? and
give a coordinate-based description of the SL(2, C)-equivariant isomorphism ¢ of
Theorem 3.3.5.

Consider the basis element H € sl(2,C) introduced in (3.3.1) and apply to it
the representation 7 via the relation (3.3.4): we get

0 0
me(H) = _Zlaizl +22372’2.

Applying 7 (H) to the monomial 2{257]‘ € S*C? we get the identity

mh(H) (2 ") = (k= 2j)z{ 2.

This means that z{ zg ~Jisan eigenvector of 7 (H ) with corresponding eigenvalue
k —2j, for all 0 < j < k. Therefore, the linear operator 7 (H) is diagonalizable.

Applying again formula (3.3.4) to the other basis elements X and Y of s1(2, C),
we get the identities

0 0

’/Tk-(X):fzgaiZl, ﬂ—k(y):721872;2

Applying mx(X) and 7 (Y) to 2/ 24 7 € S*C? we obtain that

i k—j . j—1_k—j+1 i _k—j . j+1_k—j—1
T(X)(Aze ) = =i T T m(Y) () = (- k) T

Hence the operators 7 (X) and 7, (Y) somehow move from one eigenvector of
7 (H) to the previous or the next one. This is why they are also called lowering
and rising operators.

Now assume that k = 2d for some integer d > 1. Which are the linear opera-
tors in GL(HYC3) corresponding respectively to moq(H ), m2q(X) and maq(Y)? By
Proposition 3.3.3, every (2d+1)-dimensional irreducible representation of s0(3, C)
is of the form ogq = maq 0 ¢!, where ¢ is the isomorphism between s[(2, C) and
$0(3,C). Then looking at the relations in (3.3.2) we get

Toa(H) = oaq(¢(H)) = 24/—1 (_I3(()012 J””?@i) |

124(X) = 024(0(X)) = ~(V=Tz +03) 5= +VTar o

’/ng(Y) = O—Qd((b(Y)) = (\/jlxg — xg)aixl — \/_71%6733 + 1’187333.
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Therefore, we can construct a basis of eigenvectors for HYC? as for S2¢C2, by
finding an eigenvector of mo4(H) and then by lowering or rising it using the op-
erators moq(Y') and moq(X). In particular, we observe that applying the operator
m24(H) to the form (xo — /—1z3)? € HIC? we get

ng(H)[((EQ — VvV —]. .’Eg)d] = Zd((EQ — —]. l'g)d,
that is, (2o —/—123)¢ is an eigenvector of moq(H) with eigenvalue 2d. Moreover,
Wzd(X)(l‘Q —V -1 .Z‘g)d =0.

This means that the other eigenvectors of mo4(H) are obtained applying repeat-
edly to (vo — v/—1x3)% the lowering operator maq(Y) until we obtain, at the
(2d + 1)-th iteration, the zero vector:

Toa(Y) (29 — V—123)% = 2/ —1dw; (29 — V—123)%"
maa(Y)? (w2 — V=Ta3)? = 2d(x2 + V=1 a3)(x2 — V—Ta3)*!
—4d(d — 1) a?(xy — V/—1x3)472
maa(Y)? (w2 — V=Tag)? = -

In this way, we obtained a concrete “dictionary” between the spaces H?C? and
524C2. The following proposition gives a concrete expression for the eigenvectors
of ng(H).

Proposition 3.4.1. Define v; == moq(Y)? (x2 — /—113)? for all 0 < j < 2d.
Then

(3.4.1)

k
Vo = ZOthDd’k_;_sAd*kisBk*SOQS (3.4.2)
s=0
for all 1 < k < d, whereas
k-1
Vok+1 = Z [ak,s + 2(8 + 1)()4;€73+1] Dd7k+1+5Ad_k_l_sBk_sCZS+1 (3.4.3)
s=0

foralll <k <d-—1, where
14:(.%27\/711‘3)7 B:2(I2+\/71I3), 0272\/711171,
{m! n<m (3.4.4)

Do = (m—n)!

0 n>m
and the coefficients ay, s have the following recursive definition:

0 fork<O0ands>k
ags =141 fork=s=0
ap—1,5-1 + (ds+ Dag_1s +2(s +1)(25 + 1)ag_1,s+1 otherwise.
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Proof. The proof is by induction on k. Consider the three polynomials A, B and
C' defined in (3.4.4). From the definition of m4(Y") in (3.4.1) we get that

Vo = Ad, v = ng(Y)(Ad) = dAd_lC,
hence the formulas (3.4.2) and (3.4.3) are true for k = 0.

Now consider the polynomial AP B1C" for p,r > 1 and ¢ > 0 and apply to
this polynomial the operator moq(Y):

(2 + ﬁ:cg)@i(Aqucr) = —y/=1rArpoticr—?

T

oy (2w v L) (i) = —yTipar-ipecr
&vg 8%3

Hence
m2a(Y)(APBIC™) = r APBITIO"! 4+ pAPTIBIC™ Wp,r > 1, ¢ > 0. (3.4.5)

Assume that the relation (3.4.2) for vgy, is true. From relation (3.4.5) we observe
that the summand of index s in the expression for vy, 1 depends on the sum-
mands indexed by s and s + 1 in the expression for vsx. So the idea is to apply
the operator m4(Y") to these two summands, using relation (3.4.5). We get that

Toa(Y) (g s D jors AT K5 BF 5028

+ g 541D ppspr ATTHETD pE=(s T o2y =

— 954, Doy AT BFs 10251
b (d =k — 8)tps D pys AH-175 BE=s 02541
425+ 1)tps i1 Dy ss ASH175 BE=s 2541
+(d—k —s = Vagsp1 Do A2 BI04

= s Dajy1s(s—1)2[(s — 1) + 1A 16— ph=(s=1) g2(s =1+
+ [ohs +2(5 + D sy1]Da gy sy A4 17 phms g2stl
+ 541D 14 (s 1) ATETIT D R (D) G2 H)FL

In particular the second summand of the last polynomial is precisely the summand
of index s in the expression for vgr41. This argument can be repeated for every
summand of vogy1, proving that formula (3.4.3) is true.

Now we prove that the formula (3.4.2) is true as well. Assume again that
(3.4.2) is true at the step k. To compute the polynomial vy(;1), observe that
the summand of index s in the expression for vy(;41) depends on the summands
indexed by s — 1, s and s 4+ 1 in the expression for vo,. Hence we apply the
operator m4(Y)? to these three summands, using relation (3.4.5). We get that
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for s —1:

72a(Y)2 (g1 D s g1 AGF= (=1 BE= (=1 g2(s-1)) _
= 7aq(Y) [2(5 _ 1)ak73_1pd7k+s_1Ad7k7(sfl)kas+2C«2sf3:|
+ m24(Y) [ak,s—lekJrsAd_k_sBk_(S_l)025_1}
= 95— 1)(25 — 3)a_1 Dy s (s_1) ATH— (D) pos+32e—4
+2(s = 1)(d =k — s + 1)og,s—1 D (s—1) A F o BF s 1202071
+ (25 — D)o s—1Dg g s A2 BEms 202071

+ (d — k- S)Oék,s—1Dd,k-i—sA’le_k_l_sBk_(s_1)6(2S
= (Cy_1 + other terms

for s:

7T2d(Y)2(OthSDdVIH_SAd*k*SBk*SCQS) =

= 724(Y)(250p,sDa g s AT F O BF ST CPTT)

+ maa(Y) (ks D oy s AYH 1o BRSO
=25(25 — D)oy Dy s AT F 2 BF o120 72

4 25(d — k — 8)asDa s s ATF5 -1 BRms+1 028

+ (25 + Dag, Dy ppspr AT F 175 BEs 102

4 (d—k—1— §)aupyDappss1 ATH—275 Bhosg2s+2
= (s + other terms

for s + 1:

7T2d(Y)2(ak,s+1Dd,k+s+1Ad*kf(SH)Bk*(SH)CQ(SH)) =

= m2q(Y) {2(5 + 1)ak,s+1Dd,k+s+1Ad*kf(”l)Bk*SCQSH]

+ m24(Y) {O‘k7s+lpd,k+s+2Ad_k_s_QBk_(erl)Cszrg}

=2(s +1)(25 + D)ag s 41D s i1 A4 F (5T phmstigzs
+2(s+1)(d -k —5—1)ags1Dapysp1 AT F572BF=5025+2
T (25 + 3)ak’s+1Dd’k+s+2Ad—k—s—2Bk—sC2s+2
+(d—k—s— 2)ak13+IDd,HsHAdfkfs—sBk—(s+1)023+4

= (U541 + other terms,
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where
Co 1 = ap s 1Da i1y A FH)=s phtl=sg2s
Cs = (45 + D) sDagr14s AT DT BEI75 02
Cot1 = 2(s + 1)(25 + D) o4 1Dy 14, AT R phtl=s g2s,
Finally we obtain that

Cs—l + Cs + Cs+1 == ak+1,led,k+1+3Ad7(k+1)7sBk+lisC2S7

where
Qhtl,s = Oks—1 + (s + Dags +2(s+1)(25 + 1)ag, s4+1-

This completes the proof. O

Remark 3.4.2. We write now more explicitly which are the middle and the two
last eigenvectors:

d

>z, a%,st7%+s(AB)%*SCQS for even d

da-3 -
S 20 [az 425+ Dauss | Dy s (AB)'F 75211 for 0dd d

vag—1 = (g—1,0 + 204-1,1)d' B C

Vod = Oéd@d!Bd

In the following, we consider the bases
2d o
wlosizaa, {3394 |i=0.. 2]

for HC? and S?C?, respectively. With these choices of bases, the isomorphism
p: §24C% — HIC3 of Theorem 3.3.5 is represented by the diagonal matrix

. (1) .
diag |~ ‘ogy <2d). (3.4.6)
4!
3.5 Geometrical description of the stability
for harmonic ternary forms
In this section, we implement the machinery created in the previous sections.

In particular, in Proposition 3.4.1 we derived explicitly a good basis {v;}; of
eigenvectors of the irreducible SO(3,C)-module H?C3. Using the equivalence
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with the irreducible SL(2, C)-module S??C? and Hilbert’s Theorem 3.2.1, we are
ready to describe geometrically all the stable and semistable harmonic plane
cubics under the action of SO(3,C), thus proving Theorem 3.0.4.

Let h € HC? and consider its associated curve X}, in P2. As anticipated by
Proposition 3.0.3, the crucial part of the proof of Theorem 3.0.4 deals with the
study of the intersection between X, and the isotropic quadric Q: z3+z3+23 =0
in P2. Below we recall some basic facts about the multiplicity of a point on a
hypersurface in P?. A detailed treatise on this subject may be found for example
in [Mum, Chapter 5].

~

For every form h € SYC" = C[zy,...,2n]q and every multi-index 3 =
(B1s---,By) with 8; > 0 for all 1 < jn, we adopt the notations |3| :== B1+- - -+,
Bli= Bl B!, 2 =2t - xBr and

9l8lp RIEIN

— =————(P) VPeP.

Oxh A ... ol
Fix a point P € Xj,, say P = [y1,...,Yn]. Any line passing through P is of the
form L = PR for some point R = [z1,..., z,] € PP. In particular

L={[z] € P! |a; = Ay; + pz; Vi € {1,...,n} for some [\, pu] € PL}.

Consider the Taylor expansion of h(\, p) = h(A\y1 + w21, ..., \yn + f122) in a
neighbourhood of P, that is at ;4 = 0 (the notation used below takes into account
Schwarz’ Theorem):

d ~
~ 1 omh -
A =3 ol g N O
m=0
d [ m
1 m! 0™h
= o) ———(\P)2?| ™
nzo m! /32_:0 B s A # (3.5.1)
d [ m
1 m! 0™h
= - —_— ﬂ d—m , m
- Z m) Z ,3! o8 (P) A w
m=0 L18]=0

From this Taylor expansion we obtain that
Ip(Xp, L) =m, < p™ |; and p™ i,

where Ip(Xy, L) is the intersection multiplicity between X; and L at P. Now
suppose that the coordinates z; of R are general and consider the polynomial

" m! amh
hanp = — ||Z o 8 (3.5.2)
B|=0
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namely the coefficient of A¥=™ ;™ in (3.5.1).
Definition 3.5.1. The multiplicity of P for X}, is
mp(Xp) = min{Ip(Xp, L) | L is a line passing through P}.

In other words, the point P has multiplicity m for X}, (or is an m-ple point of X})
if hy, p is not identically zero and every partial derivative of h of order smaller
than m is zero. Moreover, the hypersurface defined by the equation h,, p =0 is
called the tangent cone of X} at P and is denoted by CTpX},. The tangent cone
of X}, at P is the union of the lines tangent to X, at P. If mp(X},) = 1, then
X, is smooth at P and CTpX), coincides with the tangent space TpX),.

As pointed out in the end of Section 3.4, any harmonic form h € HC? may
be written as

h= Z ( ﬂ) a;v; (3.5.3)
7=0
for some complex coefficients aq, . . . , azq. Fix the isotropic point P = [0, 1, —/—1].
From the expressions of the polynomials v; in (3.4.2) and in (3.4.3), we obtain
immediately that v;(P) = 0 for j # 2d and v24(P) = 2%, 0d!. Hence, using
(3.5.2) we get

22dad,od!

as -

In particular P € X}, if and only if asq = 0.

Our goal is to obtain a closed expression of the polynomials A, p: as we
show in a while, they are fundamental to study the stability and semistability of
harmonic ternary forms. In the next technical lemma, we start by computing all
the partial derivatives of h of order m, using the formulas obtained in Proposition
3.4.1.

Lemma 3.5.2. Let h as in (3.5.3) and P = [0,1, —y/—1]. Then

o™h d\B127 /=1 P +5s
— (_1)\Bs

m, B 4y

for every multi-index 8 = (81, B2, B3) with |B] = m, where ¥ = 2(d —m)+ 51 and

a5 By if P1 is even
Amp, =4 272 o
as—1 pi-1 +(B1+ Das—1 ;o if B1 is odd.
2 2 2 2
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Proof. From the definition of A we have that

omh 2L (—1)7 oy
5o (P):Z6 % e ()
p

Suppose that 51 is even. Then %(P) = 0 for every odd index j, by the formula

for v; in (3.4.3). Moreover, looking at the formulas in (3.4.2), we see that the

only possible nonzero value of 3(,;’;;-7 (P), with even j, comes from the summand

with j = % Hence

9. om B14j -8B
J =— (aj 5D, oy es AT JBJTIC[%)‘

2 2

2072 ’

P

om—h Bi1+i _i—p
= ! — —1 ﬂl N — ( d— 2 2 )‘
51 ( 2v ) 05%75 Dd7B12+3 8Q;;n_B1_B38x§3 A B

21 .
2 P

From last equality and the fact that A(P) = 0 we see that
omh (Ad*ﬁl%g%ﬂ -0
P

ax;nfﬁlfﬁaamge,

when the exponent of A, namely d — %, is not equal to m — 1. In turn, this
happens when j # 2(d — m) + 1 = 7. Otherwise if j = 7, then

amfﬁl

gm
m—pB1 pd—m _ 92(d—m)
ax;n*ﬁlfﬂgaxgz (A ‘B )| =2

Amfﬁl
P axgwf,é’l —Bs 8x§3 ( ) |P
= (m— By)l(—V/~1 )220,

Summing up, we obtain that

o™ h (-1)7 0™
o7 ) = 519175 (P)
—1)7
= (73%51!(2\/1 )Pty a1 Dagmmepy (m — fr)l(—v/=1)% 220
18,197 /—1 B1+B8s
— (—1)ﬁ3 dﬁlQ 1 Oy By a,—y.

’2

51

If ;1 is odd, a similar computation produces the following identity:

m 18,197 /—1 B1+B3
o™h P _1)53d.ﬁ1.2 1 [

W( )= 5 as s+ (bt Dasa pn|as. O

2 02
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Lemma 3.5.3. Let h and P as before. Then for every 0 < m < d,

d! " /2d —m)\
_ B1 m—p31
hm,p = 2d—m)! BEZO < 5 )27Am151a7(\/—1x1) (xa —vV—1z3) .

Proof. Applying the definition of h,, p and using the relation 5= (gz) (mgf 1),
we have

Z m' amh B
B ﬁ
m e Bt 0T

m—p1
_i m B1 m—Bl 8mh B2 B3
= 62;0 (ﬂl)xl > ( 5, )W (P)z5?as?.

B3=0

By Lemma 3.5.2, the last polynomial is equal to

m m—pB1
B m=Br\ 18 13127 /=1 Prt5s b b
m' Z (ﬁl) BZ:() ( 53 >( ) ,y' A m,B,A5To" T3

5 () e 5 (75 At

B1=0 B3=0 Ps

= % Z ( )51"2’y mﬂla;{(\/j]_xl)ﬂl (x2 o \/jlxg)m_ﬂl

B1=0
_ / B1 \/ m—p1
—d!BZ:OWAm,Bla;/( —121)" (22 — V—1x3)

d! " (2d —m)\ - o
= mﬁz ( "_y )27Am’ﬁlaﬂ7(\/ _1.'1/'1)51(,@2 — vV _15(}3) /31. D
1=0

The relevant fact from Lemma 3.5.3 is that the expression of h,, p involves
the coefficients ay = az(g—m)+s, for f1 = 0,...,m, namely the coefficients in
{a2d—2m,---,024—m}. In particular, for m = 0 the polynomial hg p = H(P)
involves only the coefficient maq. For m = 1, hy p involves the coefficients maq_2
and mgaq—1. For m = 2, hy p involves the coefficients mog_4, Mog—3 and mag—_a,
and so on.

Remark 3.5.4. Imposing the conditions ag(g—m+1)4+5, = 0 for every 0 < g1 <
m — 1, that is, imposing h,,—1,p to be the zero polynomial, simplifies a lot the
expression for A, p. Indeed, the only nonzero coefficients remaining in A, p are



90 Chapter 3. On the orthogonal stability of binary and ternary forms

a2d—2m and azq—2m+1. More explicitly, the expression for h,, p in Lemma 3.5.3
simplifies as

d12204=m) (g — /=T x3)™ ' [ Ao
T 2(d = m) (m - 1)) { o G2(d—m) (%2 = V—1xz3)

2Am 1

_rml v—1 )
+ 2d—m)+ 1 %2(d—m)+1 1
In other words, if we have already supposed that h,, p = 0 for every m’ < m
(namely that P is a m-ple point of X},), then the condition h,, p = 0 is obtained
by requiring only two more vanishing coefficients.

(3.5.4)

Carrying on this “degree by degree” computation of the Taylor expansion of
h at P, we get the following corollary.

Corollary 3.5.5. Let h be as before and P = [0,1, —/—1]. Then
1. if d is even and P is a %—ple point of Xy, then
2d+1

—2 -Ai .Aﬁ
h%,P = (d;2)|(1.2 -V _1x3)dT [ ;Z,oad(xZ -V _]-xS) + d—|2-711ad+1v_1x1‘| .
5 )

2. ifd is odd and P is a d;rl -ple point of Xy, then

24 (29 — V—lac;;)dz’;1 A%,O A%,l
h%JD— (d—l)(%)' dr1 ad,l(xg—\/—lxg)—i— d agV—1x1] .

The previous corollary allows us to proceed in the proof of Theorem 3.0.4.

Proof of Theorem 8.0.4. Consider a harmonic ternary form h € HC3, written
as in (3.5.3). In particular, the binary form

2d
2d L
r= 3 (%)t
=0 7
is such that ¢(f) = h, where ¢ is the equivariant isomorphism of Theorem 3.3.5
defined explicitly in (3.4.6).

Suppose that h is non-stable. This means, in turn, that f is non-stable, and
by Theorem 3.2.1 a general non-stable binary form of degree 2d has a root of
multiplicity m > d. We can assume that z{| ¢ or, equivalently, that

Ad4+1 = = A2d = 0. (355)

Consider the point P = [0,1, —y/—1] € P2. By Remark 3.5.4 and Corollary 3.5.5,
we have that
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1. if d is even, the conditions ag42 = -+ = azq = 0 in (3.5.5) imply that
P is a (d/2)-ple point of X}, while the condition agz11 = 0 implies that
4TpQ C CTpXy.

2. if d is odd, the conditions (3.5.5) imply that P is a [(d + 1)/2]-ple point of
X, and in particular %TPQ C CTpXy,.

Now suppose that h is non-semistable. Then the corresponding binary form f
is non-semistable, and again by Theorem 3.2.1 a general non-semistable binary
form of degree 2d has a root of multiplicity m > d + 1. We can assume that
zf+1| s or, equivalently, that

Aq =+ = a2q = 0. (356)

By Definition 3.1.3, every SL(2, C)-invariant of f of positive degree vanishes. In
particular, the quadratic SL(2, C)-invariant

2d
(f, F2a = (2d)* > (-1) (2].d> aja2d—; (3.5.7)

Jj=0

vanishes. We denote the corresponding SO(3, C)-invariant by ¢24. Therefore, by
the conditions (3.5.6) and (3.5.7), any non-semistable harmonic ternary form h
is non-stable and is such that ¢a4(h) = 0.

On the other hand, suppose that d is even and that there exists P € HN(Q and
an integer m > d/2 such that P is an m-ple point for X} and %TPQ C CTpXy,.
Then we can assume that P = [0,1, —+/—1] and again applying Remark 3.5.4
and Corollary 3.5.5 we obtain the conditions (3.5.5). Using the ismorphism ¢ in
(3.4.6), we see that z{|s, hence f is non-stable. In turn, this implies that A is
non-stable. Moreover, looking at (3.5.7), in this case @aq(h) = 0 if and only if
aq = 0, and this implies that zf+1| r, namely the binary form f associated to h
is non-semistable, and thus A is non-semistable as well.

Otherwise d is odd. Suppose that there exists P € X, N @ and an integer
m > (d+1)/2 such that P is an m-ple point for X},. A similar argument implies
that h is non-stable, and the additional condition ¢s4(h) = 0 provides the non-
semistability of h.

For the last part of the statement, if we look at the expressions in (3.4.2)
and (3.4.3) for the eigenvectors v;, we get that any non-semistable harmonic
ternary form h is reducible: in fact, we have that ag = --- = agq = 0, while the
polynomials vy, . ..,v4—1 have 2o — v/—123 as a common factor and TpQ: 2o —
V=123 = 0. In particular, X, = TpQ U X},-, where h/ is a harmonic ternary
form of degree d — 1.
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Repeating the same argument to k', we can conclude that, for even d, P is
a (d/2)-ple point for X}, whereas for odd d we have that P is a [(d — 1)/2]-ple
point for X, and %TPQ C CTpX},. Thus X is tangent to Q at P and A’ is
non-stable. O

In the following, we consider two explanatory examples of Theorem 3.0.4 for
de {3,4}.

Example 3.5.6 (Harmonic plane cubics, d = 3). A general harmonic ternary
cubic can be written as

6
f(@1,22,23) = Zajvj, (3.5.8)
j=0

where the polynomials v; are the eigenvectors obtained in (3.4.2) and in (3.4.3),
with rescaled coefficients for simplicity:

vo = (x2 — V—1m3)*

U1 = $1($2 - \/j1$3)2

ve = (z2 + V—1m3)(2 — V—123) — dai(zs — V—123)

v3 = 223 — 31 (23 + 23) (3.5.9)
vy = (x2 — V—1m3)(22 + V—-123)> — daf(zs + V—1x3)

vs = m1(z2 + V—123)?

ve = (29 +V—123)>

To visualize some examples, we consider the change of coordinates
z1=—V—-1z1, 2o=20+V—-1x3, 23=1290—+V—12x3.

In the z;’s the isotropic quadric @ (the red curve in Figure 3.5) has equation
z% — 2223 = 0. In Figure 3.5 we considered the coordinates z; = x, 2o = 2 and
23 =Y.

Starting from the picture at the top-left corner of Figure 3.5, we consider five
different harmonic plane cubics C1, ..., Cs defined by the polynomials hq, ..., hs,
respectively. They are written explicitly in (3.5.10). In particular, h; is a general
linear combination as in (3.5.8). Then hs is obtained by setting ag = 0, while
the other coefficients a; are randomly chosen. In particular, the curve Cy passes
through the origin (0,0) corresponding to P = [0,1, —y/—1]. Going further, hs3
is obtained by setting as = ag = 0, and the other coefficients a; are randomly
chosen. In particular, the curve C3 is tangent to @ at (0,0). The two last
pictures of Figure 3.5 are the most interesting in relation to Theorem 3.0.4.
Indeed, in the second to last picture, Cy is singular at (0,0). In particular, TpQ
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Q
Q
QD

Cy s e

Figure 3.5: Examples of harmonic plane cubics in the affine plane zo = 2. The
last two pictures represent a non-stable and a non-semistable harmonic plane
cubic.

is tangent to Cy. By Theorem 3.0.4, Cy is non-stable. Finally, in the last picture
C5 is reducible in the form Cs5 = LC, where the line L: y = 0 and the conic
C': 1822 — 3zy — 2y + 9y = 0 are tangent to Q at the origin. By Theorem 3.0.4,
this means that C5 is non-semistable, namely it is non-stable and its norm is
zZero.

hy = 923 4+ 1822y + 3xy? — y® — 8% + 2Txy + 9y + 10z — 4y + 12

ho = 623 — 422y — 8xy® + 5y° + 822 + 18zy — 2y — 122 + 4y

hs = 1623 + 162%y + 9zy® — y> + 3222 + 48zy + 8y* + 16y (3.5.10)
hy = 823 — 322y + 62y + y° + 242y — 16>

hs = y(182% — 3zy — 2% + 9y)

Example 3.5.7. Let us examine the first nontrivial case in even degree, that is



94 Chapter 3. On the orthogonal stability of binary and ternary forms

d = 4. The basis vectors vj, j =0,...,8 for H*C? are explicitly
vo = (w2 — vV —1ax3)*
U1 = £E1(582 - \/j1$3)3
vy = (w2 — vV —1a3)?(62] — 23 — 23)
v3 = x1(29 — V—123)(42? — 323 — 322)
vy = 8] + 3(23 4 23) (=827 + x5 + 23) (3.5.11)
vs = x1(29 + V—123)(42? — 323 — 322)
ve = (w2 + v/ —1x3)(62] — 23 — 23)
vy = 1 (22 + V—1m3)°
vg = (1 ++/—1x3)™.

Starting from the picture at the top-left corner of Figure 3.6, we consider six
different harmonic plane cubics Dy, ..., D5 defined by the polynomials p1, ..., ps,
respectively. They are written explicitly in (3.5.12). In particular, p; is a general
linear combination as in (3.5.8). Then py is obtained by setting ag = 0, while
the other coeflicients a; are randomly chosen. In particular, the curve Dy passes
through the origin (0,0). Going further, p3 is obtained by setting ay = ag = 0,
and the other coefficients a; are randomly chosen. In particular, the curve D3
is tangent to @ at (0,0). The more coefficients a; we set to zero, the more
“singular” the curve D; becomes at the origin. Eventually, we have the two last
pictures of Figure 3.6. In the second to last picture, Dj is singular at the origin
and 2TpQ C CTpDs. By Theorem 3.0.4, Dy is non-stable. Finally, in the last
picture Dg is reducible in the form Dg = LD, where the line L: y = 0 and the
cubic D: 203+ 2422y — 3y +2y> +302y+8y? = 0 are tangent to Q at the origin,
and D is non-stable. By Theorem 3.0.4, this means that Dg is non-semistable.

p1 = 8zt — 1223y — 54a?y? — 22y + 5y — 322 + 4822y — 18xy?
— 18y3 + 19222 — 482y + 12y + 402 + 64y + 96
po = 40zt — 2423y + 5y + 8yt — 642> + 24022y
— 36xy? + 242% — 962y + 60y> — 80z + 8y
p3 = 48z + 4023y + 362%y% + 9z1> + 8y* + 28822y
+ 60xy? + 12y° — 21622 + 72y% — 72y
pa = 8zt — 62%y — 122292 + 3z — 4y* — 2023
+ 4822y — 9z — 4y — 30xy + 1247
ps = 72x* 4+ 482%y% — 9xy® — 6y + 43222y + 16y° + 108y>
pe = y(202° + 242y — 32y + 2y + 30xy + 8y?)

(3.5.12)
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Figure 3.6: Examples of harmonic plane quartics in the affine plane zo = 2. The
last two pictures represent a non-stable and a non-semistable harmonic plane
quartic.

An immediate consequence of Theorem 3.0.4 finds an application in the theory
of E-characteristic polynomials outlined in Chapter 2.

Corollary 3.5.8. Let h € HYC? be a complex harmonic ternary form of degree
d written as

2d
h = Z ijj,
3=0

where the polynomials v; are written in (3.4.2) and in (3.4.3). Then

1.

if bog—1 = bag = 0, then h admits an isotropic eigenvector, by Remark
2.8.11,
if additionally bag_o = 0, then h is irreqular and therefore its E-characteristic

polynomial 1y, (N) is identically zero, by Proposition 2.2.8.

Example 3.5.9 (A real harmonic ternary cubic with non-real E-eigenvalues).
Consider the space H?R? of real harmonic ternary cubics. In particular, the
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following linear combination
h = b1 (vo + ve) + ba(v1 + vs) + b3(va +va) + bavs, bj € R,

where the polynomials v; are written in (3.5.9), is a polynomial in HR3, since
each polynomial v; is the complex-conjugate of vg_;.

Choosing random values for the coefficients b;, and computing the E-characteristic
polynomial of h, one might quickly check numerically that there exists real har-
monic ternary cubics admitting non-real E-eigenvalues. Here is an example with
b1 =99, by = 44, bs = 86 and by = —30:

h = —602% + 344zixs + 1347125 + 1325 + 462125 — 3831223

The E-characteristic polynomial v, (\) has the expected degree deg(p(A)) = 14,
namely degree seven in A2. Its roots are the following:

2448.93
—2448.93
270.306
—270.306
14.0615/—1
—14.0615y/—1
20.0813y/—1
—20.0813/—1
102.249y/—1
—102.249v/—1
—291.514 + 135.21y/—~1
—291.514 — 135.21v/—1
291.514 + 135.21/—1
291.514 — 135.21/—1




Chapter 4
The ED polynomial
of an algebraic variety

In Chapter 1 we introduced the ED degree of an algebraic variety X in a complex
vector space V = VF* ® C. This invariant has been introduced for answering the
following question.

What is the number of critical points on X of the squared distance function
0y: X — C for a general point u € V' 7

In problems like finding the best rank-one approximation of a symmetric tensor
mentioned in Chapter 2, it is also important the value of the distance, and if the
value 6§, (x) for a critical point z € X satisfies some algebraic relation depending
on the coordinates of u. How can we relate the results in Chapter 2 to this
slightly different approach? A partial answer was given in the Introduction for
rectangular matrices as well as higher format tensors, but it may be replayed for
symmetric tensors.

For a given real symmetric tensor f € S?V* we assume that (\,x) is a Z-
eigenpair for f. From Chapter 2, we learned that the symmetric tensor Az? is
critical for 7y when restricted to the affine cone X4y of the image of the d-
th Veronese embedding of P(V). The squared E-eigenvalue A\? is a root of the
E-characteristic polynomial ¢ ;(\), for odd d, or of the product ¥;(X)s(—A),
for even d. In addition, the value gp(f — A\z?) is critical for 65 on X An
immediate consequence of Theorem 1.3.3 is the identity

ar(f — A2%) + qp(Az?) = qr(f), (4.0.1)

where gr(Az?) = A2. Summing up these facts and taking into account that
f — Xz belongs to the dual affine cone X(Vd) of X(4), the conclusion is that

97
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Yr(A) = 0 or ¥r(A)Yr(—A) = 0 may be interpreted as the equation of the A-
offset of X (Vd), namely the affine hypersurface of symmetric tensors in SV having
distance A form X Y,.

And what about the A-offset of X(4)?7 By simply looking at the identity
(4.0.1) and remembering Theorem 1.3.3, the equation of the e-offset of X4 is
obtained setting to zero the E-characteristic polynomial () (or the product
Pr(N)r(=N)) evaluated at A = qp(f)—e?. Actually, this “Pyhtagorean duality”
is stated more generally in Theorem 4.2.8.

In this chapter, we deal exactly with these “c-offset hypersurfaces” of algebraic
varieties X C V. This topic is indeed classical. For example, Salmon studied in
[Sal, §373, ex. 3] the offsets of affine conics and called them parallel curves. He
considered the distance parameter € as a variable and observed that the parallel
curve of a parabola drops degree with respect to a general conic.

Salmon’s computation uses invariant theory of pencils of conics. Here we give
an analogous example in R? to highlight the contents of this chapter. Let C C P?
be the projective conic of equation 4x? + 23 — 2% = 0, which we regard as an
affine cone in R3. Let u = (u1, u2,u3) € R be a data point. Denote by M¢ the
4 x 4 symmetric matrix of C' and by Mg the matrix of the sphere

S = S(u,e): (x1 —u1)* + (w9 — up)? + (3 —uz)? —? = 0.

The point (x1,z2,x3) € C is critical for §,, if and only if S is tangent to C. By a
well-known result of Cayley, CN S is not smooth if and only if the determinant of
the matrix Mo+ uMg has at least two coincident roots. Therefore, the nontrivial
factor of A, [det(M¢ + uMsg)], where the operator A,, computes the discriminant
with respect to the variable p, provides the equation of the e-offset of C.

In this thesis, the alredy obtained polynomial is called the ED polynomial
of C at u. We write this polynomial as EDpoly,(e?), highlighting that the
variable € appears squared. This notation was introduced in the joint work with
Ottaviani [OS], which is the core of this chapter. In our example, the expression
for EDpoly,(e?) is

EDpolyc (%) = 900e® — 60(64ui + 5u3 + 21u3)e’
+ (6016u] + 2960u3us — 275u3 + 3312ulu? — 810udu2 + 621uj)s?
— 2(2048u$ + 2208utu? + 540uius — 25uS + 1184utus — 224uiudu?
+ 185u3u3 + 324u?uj — 20Tuduy + 63ul)e?
+ (4u? +u3 — u)?(64u] + 80uus + 25uy + 48uus — 30uiu3 + 9u3).
More in general, the ED polynomial of an algebraic variety X is computed via
elimination of variables from the ideal of the so-called offset correspondence of X,
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for this example see also Example 4.1.4. All the details are explained in Section
4.1, while its first properties are listed in Section 4.2. Note that EDpolycyu(SQ)
has degree four in €2. This agrees with the fact that C, wiewed in the complex
space C3, is transversal to the isotropic quadric Q: 2 + 23 + 2% = 0, implying
EDdegree(C') = 4 by Proposition 1.8.2. More in general, Horobet and Weinstein
showed that, if X is a variety in V, then the e°-degree of EDpoly x ,(¢?) equals
EDdegree(X) (see Theorem 4.2.2). Hence, they linked the subject about offset
hypersurfaces to ED degree. The e-offsets of an algebraic variety have several
engineering applications, starting from geometric modeling techniques. They
also establish an interesting link between Algebraic Geometry and Architectural
Geometry: for instance, rational curves and surfaces with rational offsets possess
various applications in Computer-Aided Manufacturing (see [PAHK, Chapter
10]). Farouki and Neff studied algebraic properties of the e-offset in the setting
of plane curves.

In Section 4.3, we analyze the highest coefficient of the ED polynomial of
an algebraic variety X. Coming back to the ED polynomial of C, note that
its highest coefficient does not depend on the data point w. In particular, the
algebraic function d,,: C' — C is integral, meaning geometrically that no branch
goes to infinity. This fact holds whenever the algebraic variety X is transversal
to @, as stated in Proposition 4.3.4. Note that in this chapter the transversality
assumptions are considered with respect to Definition 4.3.3, which uses the notion
of Whitney stratification of a variety.

Finally, in Section 4.4 we consider the lowest coefficient EDpoly x ,,(0), which
somehow describes the variety of data points having distance zero to the variety
X. In our example, observe that EDpoly. ,(0) is the product of the square of
the equation of C' times a quartic polynomial. Indeed, this polynomial is the
equation of (CV N Q)Y, and its projective real locus is empty. In general, the
interpretation is that, when restricting to V*, the points having distance zero
from the real locus of X are essentially the points of X*. Anyway, the complex
points u € V such that ¢(u — z) = 0 for some critical point z € X for 9§, fill
an entire hypersurface in V. When X is not a hypersurface, then (XV N Q)Y is,
and its equation is exactly EDpoly x ,(0) = 0. All these facts lead in general to
Theorem 4.4.12, which can be applied for projective varieties. The core of the
proof of this result applies the identity in Theorem 4.4.10, which in turn needs
Aluffi’s formula (1.8.4) for the ED degree as well as Piene’s formulas (1.8.6) and
(1.8.7) for the polar varieties of a singular projective variety.

4.1 Definition of the ED polynomial

The notation used in this chapter agrees with Section 1.1. In Section 1.2 we
recalled the definition of the ED degree of an affine algebraic variety X in a
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complex vector space. This important definition uses the ED correspondence
E(X) of X, introduced in Definition 1.2.1.

A nice geometrical description of the e-offset hypersurface of X is furnished
by Horobet and Weinstein in [HW]. For a complex number ¢, we define the
e-hyperball centered at uw € V as

V(6. — %) ={y €V |b.(y) =} (4.1.1)

Note that e-hyperball centered at u € V is the usual sphere in C™ only when §,, is
defined via the standard FEuclidean quadratic form ¢® on R™. Taking into account
our assumptions on ¢, in general it is a smooth affine quadric hypersurface in
V. For example, in the complex vector space SV of degree d symmetric tensors
f = (fa)jaj=d equipped with the Frobenius quadratic form g, the e-hyperball
centered at f is not a sphere (see relation (2.1.3)).

Suppose that x € Xy, is a critical point of §,,. Then trivially € V(§,—d,(x))
and the ++/d,(z)-hyperball centered at u intersects X non-transversally. This
leads to the following definition.

Definition 4.1.1. [HW, Definition 2.1] The e-offset hypersurface of X is defined
to be the union of the centers of e-hyperballs that intersect the variety X non-
transversally at some point x € X. Equivalently the e-offset hypersurface is the
envelope of a family of e-hyperballs centered on the variety. For a fixed £ we
denote the e-offset hypersurface by O.(X).

The geometrical description given above suggests also the following definition.

Definition 4.1.2. For a fixed € € C, the e-offset correspondence of X is
0.£(X) =E(X)N V(5. —&?),

where the ED correspondence £(X) was introduced in Definition 1.2.1 and the
hypersurface V(§(.) —e?) C V x V consists of all pairs (2, u) such that d,(z) = &%,

Analogously to (1.2.2), we might consider the diagram

0.£(X)

V Y (4.1.2)

X 1%
Then the e-offset hypersurface of X is

O:(X) = m(0:£(X)) C V.

We recall that the ED correspondence £(X) is an affine variety in V' x V of
dimension n. Since the general pair (z,u) € £(X) is such that 6,(x) # €2, we
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0.5

1 0.5 0 05 1 15 2

Figure 4.1: A critical point € X for the distance function §, on the “three
leaved clover” X : (22 +23)% + 32322 — 23 = 0 and the \/d,(x)-hyperball centered

at u.

have that O.£(X) has dimension n—1in V x V. Moreover, the second projection
7o is finite-to-one, hence the dimension of T3 (O.£(X)) is n — 1 as well. This fact
essentially motivates the name e-offset hypersurface of X.

How do we get the equation of O.(X)? The ideal of £(X) is the critical ideal
Iit(X) introduced in (1.2.1). Therefore, the ideal of O.£(X) is

I(OE(X)) = Iuit(X) + (64 — €3 C Clay, ..., Ty g, ..oy Uy

Finally, the projection onto the second factor 7y corresponds algebraically to
elimination of the variables of € X. Hence the ideal of O.(X) is

1(0.(X)) = I(0.£(X)) N Cluy, . . ., un).

Actually, in this chapter we suppose that ¢ is a variable as well as the coordinates
of u. Therefore, we assume that I(O.(X)) lives in the larger ring Cluq, . .., up, £].
The unique generator of this ideal is the main object of this chapter.

Definition 4.1.3. Up to a scalar factor, we denote the generator of I(O.(X)) by
EDpoly x ,,(¢?) and we call it the Euclidean Distance polynomial (ED polynomial)
of X at u.
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Note that, if the variety X is the complex zero locus of a real variety X*, then
the elimination procedure that produces the ideal I(O(X)) gives EDpoly x ,,(¢?)
with real coefficients.

Example 4.1.4. According to Definition 4.1.3, the following M2 code computes
the ED polynomial of the affine cone C' C R3 discussed in the preamble of this
chapter, with respect to u = (uy,uz,u3) € R3. It may be adapted to any affine
variety in a complex vector space V.

R = QQ[x_1,x_2,x_3,u_1,u_2,u_3,el;

IX = ideal (4*x_1"2+x_2"2-x_3"2);

ISingX = IX+minors(codim IX,compress transpose jacobian IX);
jacX = matrix{{u_1-x_1,u_2-x_2,u_3-x_3}}1|

(compress transpose jacobian IX);

IcritX = saturate(IX+minors((codim IX)+1, jacX), ISingX);
IoffsetX = IcritX+ideal(sum(3,j->(u_(j+1)-x_(j+1))"2)-e"2);
EDpolyX = (eliminate({x_1,x_2,x_3},IoffsetX))_0

In Definition 1.2.12, we introduced the ED discriminant X x as the branch lo-
cus of the second projection in (1.2.2). Analogously, here we consider the second
projection 7y in (4.1.2). For a general € € C, the branch locus B.(X, X) of 7, is
generically a hypersurface inside O.(X), by the Nagata-Zariski Purity Theorem
[Zar, Nag]. Since O.(X) is in turn a hypersurface in V, then B.(X, X) is a codi-
mension two variety in V. More precisely, the variety B.(X, X) is populated by
all data points u € O.(X) such that either {(z1,u), (z2,u)} C OE(X) for some
smooth critical points x1 # x5 of 6, on X, or (z,u) € O.£(X) with multiplicity
two for some smooth critical point z of §,, on X.

Definition 4.1.5. The bisector hypersurface of X is the closure of the union of
all branch loci of 7a:
B(X,X) = | B:(X, X).
eecC
For instance, in Example 2.4.2 we computed the bisector hypersurface of the
rational normal curve X(3). Moreover, the red curve in Figure 4.2 corresponds

to the bisector curve of X: 23 — x5 = 0. Finally, we determine in (5.4.13) the
equation of the bisector hypersurface of X3 2 Seg, (P! x P! x P!).

4.2 First properties of the ED polynomial

The following proposition states that the distance function is a root of the ED
polynomial. It is a consequence of Lemma 1.2.2 and Definition 4.1.3.
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Proposition 4.2.1. For general u € V, the roots of EDpolyX#(sz) are precisely
of the form €2 = §,,(x), where x is a critical point of the squared distance function
0y on Xgm. In particular the distance € from the real locus X® to a data point
u € V* is a root of EDpolyy ,(e?). Moreover EDpolyy ,,(0) = 0 for all u € X*.

Introducing the ED polynomial EDpoly y ,(¢?), we stressed that ¢ is seen as a
variable as well as the coordinates of the data point u. Hence, a natural question
is to compute the e2-degree of EDpoly y , (¢?).

Theorem 4.2.2. [HW, Theorem 2.9] For a general u € V, the €*-degree of
EDpoly yx ,(€?) coincides with the ED degree of X.

Proof. Observe that a fixed general point u € V is an element of the e-offset
hypersurface O.(X) for precisely two times ED degree many distinct . This is
because u has N = EDdegree(X) many critical points to X, say z1,...,2n and
then the corresponding offset hypersurfaces that include u are the ones where

se{i Bu(z1),. .., + 5u(xN)}.

This is equivalent to EDpoly X_’u({—:2) having exactly two times N many roots, and
the roots are precisely £4/9,(x;) for i € [N] by Proposition 4.2.1. O

The ED polynomial behaves well under the union of varieties, as shown by
the following proposition.

Proposition 4.2.3. Assume X = X1 U---U X,. for some integer r > 0, where
X, CV is a reduced variety for every i € {1,...,r} and X; # X; for everyi # j.
Then

EDpolyx ,(¢*) = [ [ EDpolyx, .. (€*).

i=1

Proof. For general u € V, the variety of the critical ideal I.(X) in V with
respect to X is the union of the varieties I..;t(X;). The conclusion follows by
Lemma 4.2.1. ]

As we pointed out in Section 1.2, for an affine variety X C V, the number of
complex-valued critical points of §,, remains constant as the data point u varies
in V, and this number is equal to EDdegree(X). On the other hand, the number
of real-valued critical points of §, is constant on the connected components of
the complement of the ED discriminant Y x (see Definition 1.2.12). In particu-
lar, if u is close to X x, then two distinct real (or complex conjugate) roots of
EDpoly X’u(sz) tend to coincide. This fact implies the following natural result,
which appears essentially in [HW, Proposition 2.13|, where the discriminant of
the ED polynomial was called offset discriminant.
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Proposition 4.2.4. Given an affine variety X C V, let f and g be the equations
of the ED discriminant ¥ x and of the bisector hypersurface B(X, X), respectively.
Define

Ax(u) = AezEDpolyXM(eZ)

to be the discriminant of the ED polynomial of X at w. Then f(u)g(u) divides
Ax (u). In particular, if X is symmetric to a finite number s of affine hyperplanes
Lq,...,Ls of equations ly,...,ls, then

LiU---UL, C B(X,X),
namely the product l1(u) - - l5(u) divides g(u).

Proof. By definitions 1.2.12 and 4.1.5 of ED discriminant and bisector hypersur-
face, any point u € Yx U B(X, X) satisfies Ax(u) = 0, since two roots in &2
coincide, by Proposition 4.2.1. Let u € L; and let 2 € Xy, \ L; be a critical
point of the distance function §,, (there exists at least one). Call y the reflection
of x with respect to L;. In particular, y € X as well and y is again a critical
point of d,,. Since §,(x) = d,(y), we have that u € B(X, X), hence it is a zero of

Remark 4.2.5. If X C V is symmetric to an infinite number of affine hyper-
planes of V, then there exist p € V and r € C such that the hyperplanes of
symmetry of X are exactly the ones containing p and X is the sphere centered
in p of radius r. In this special case, Ax(u) coincides with the equation of X,
which in turn is the sphere centered in p of radius zero.

Example 4.2.6. We provide a couple of examples related to Proposition 4.2.4.
First, Salmon remarks in [Sal, §372 ex. 3| that when X is an ellipse with symmetry
axes Ly, Lo, with the notation of Proposition 4.2.4, then

Ax(u) = (lil2)? f3,

of total degree 22. On one hand, the union L; U Ly forms the bisector curve
B(X, X). On the other hand, the curve cut out by f is a sextic Lamé curve and
corresponds to the evolute of the ellipse depicted in Figure 3.

A concrete example of an affine curve without symmetry axes is furnished in
Figure 4.2, where X : 3 — x5 = 0 and

AX (’LL) = h2f3.
Again, the curve cut out by f is the evolute

Yy : 8748z x5 + 937527 + 202502303 — 72925 — 4800z 29 + 256 = 0,
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whereas the curve cut out by h is the bisector curve

B(X, X): 2162525 + 312528 + 11252123 + 27225 + 2725
+ 4002320 + 1442125 — 4822 — 1625 = 0.

u
2 X
T
Yx
0
Y
B(X, X)

-3 2 -1

Figure 4.2: The two components Yy and B(X,X) of the zero locus of
A.EDpoly y ,(€?).

Note that in these computations as well as in Example 2.4.2 and in (5.4.12),
the equations of B(X, X) and X x appear in the expression of A x(u) with expo-
nents two and three, respectively. It should be interesting to compute in general
the exponents occurring in the factorization of A(u).

The principal results of this chapter regard affine cones X with the origin as
the vertex. In this case I(X) is homogeneous and moreover, all coefficients of
EDpoly X’u(sz) are homogeneous in the variables of .

Definition 4.2.7. Let Z C P(V) be a projective variety. The ED polynomial of
Z is by definition the ED polynomial of its affine cone of Z in V.

As we underlined in Section 1.3, for affine cones there is a notion of duality.
By Theorem 1.3.3, the ED degrees of an affine cone X and of its dual affine cone
XV, both interpreted as varieties in V, coincide. This nice geometric property
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has a natural algebraic counterpart in the study of the ED polynomial of X,
stated in the following proposition.

Theorem 4.2.8. Let X C V be an affine cone and X" its dual in V. Then
EDpoly y,,(6?) = EDpoly yv , (q(u) — £2).

Proof. Fix a data point u € V and let « be a critical point of §, on X. Then, by
Proposition 4.2.1, €2 = q(u — x) is a root of EDpolyX)u(£2). Applying Theorem
1.3.3, uw — x is a critical point of d, on X. Hence again by Proposition 4.2.1,
3 = q(z) is a root of EDpoly yv ,. Moreover, by the Pythagorean Theorem we
have the equality q(u) = €% + €3, thus giving the desired result. O

When X is a hypersurface transversal to @ (to be defined in Definition 4.3.3),
after Theorem 4.4.12, the last result allows to write explicitly the equation of XV
from EDpoly x ,(¢?).

An immediate consequence of Theorems 1.3.3 and 4.2.8 is the equality between
the discriminants of the ED polynomials of an affine cone X and its associated
dual affine cone XV.

Corollary 4.2.9. Let X C V be an affine cone and XV its dual in V. Then
Ax(u) = Axv(u),

where Ax (u) was defined in Proposition 4.2.4. In particular, the ED discrimi-
nants Xx and Xxv coincide, as well as the bisector hypersurfaces B(X, X) and
B(XV, XV).

A special case occurs by adding a hyperplane “at infinity” at the affine space V,
which in Section 1.1 was denoted by Hy,. In particular, VUH,, =2 P(CaV) = PZ,
with coordinates zg, x1,...,Z,, and Hy: zg = 0.

We know from [DHOST, Section 6] that in general the ED degree of an affine
variety X C V is not preserved under the operation of projective closure. Here
we stress that the ED degree of X is computed with respect to the quadratic
form ¢, whereas the quadratic form g(x) :== 22 + 23 + --- + 22 is the one used
to compute the ED degree of the projective closure X in V U H,,. Note that
there are infinitely many possible choices of quadratic forms on P? that restrict
to ¢ on V. This is one of the reasons why EDdegree(X) and EDdegree(X) are
not related in general. Actually, this fact is even clearer when comparing the
ED polynomial of X with respect to the ED polynomial of X, as shown in the
following example (see also Example 4.3.6).
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Figure 4.3: The example of the hyperbola X.

Example 4.2.10. Consider the hyperbola X : 422 — 923 — 1 = 0 in Figure 4.3.
Given a data point u = (ug,us) € C2, one can verify that

EDpoly y ,,(0) = (4uf—9u3—1)?(1296u]+2592u3 u3+1296u;—936uT+936u3+169).

The second factor of the above polynomial is the product of the four pairwise
conjugate lines tangent to X and meeting Q.. = {[0,1,v/—1],[0,1,—/—1]} at
infinity. This fact is clarified after Proposition 4.4.2. On the other hand, we
consider the projective closure X : 423 — 923 — 23 = 0 of X and we compute its
ED polynomial with respect to the point @ = [1, u1, u2]. Now we obtain that

EDpolyx 5(0) = (4uf—9u3—1)?(1024uj+2880uius+2025u;—832ui+1170u3+169).

Note that the second factor of EDpolyY’ﬂ(O) corresponds to the dual variety of
X'n @ which is the union of four pairwise conjugate lines different from its

corresponding ones in EDpoly y ,(0) (see Corollary 4.4.6).
In order to display all these lines, we consider the change of coordinates of

equations 21 = —v/—121,22 = 22 +v/—123,23 = o — v/—1x3. Then the image
of X is the ellipse of equation 1327 — 102122 + 1322 — 4 = 0. On one hand,
the points A, B,C, D in Figure 4.3 generate the four lines corresponding to the
second factor of EDpoly x ,,(0). Note that in the new coordinates the lines meeting

the points [0, 1,4/—1] and [0, 1, —/—1] at infinity are the horizontal and vertical
lines respectively. On the other hand, the union of the four lines generated by

E, F,G, H correspond to the second factor of EDpolyxﬂ(O).

A positive result is that, under some reasonable transversality assumptions,
In particular, in [DHOST,

EDdegree(X) and EDdegree(X) can be related.
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Lemma 6.7] it is shown a bijection between the critical points of the distance
function from the origin (0,...,0) on X and the critical points of the distance
function from ug = (1,0,...,0) on X. This property has a natural interpretation
in terms of ED polynomial, as the following result suggests.

Proposition 4.2.11. Assume that EDdegree(X) = EDdegree(X) = r and that
there are r critical points of g on X which satisfy q(x) # —1. Then, up to scalars,

T 82
EDpoly y o(¢*) = (1 +¢*)" - EDpolyx (1 + 52> '

Proof. By [DHOST, Lemma 6.7], the map

S (1 +1q<x>’ I +1q<x>9”>

is a bijection between the critical points of §y on X and the critical points of §,,
on X \ Xoo. Define r = EDdegree(X) and let 21, . .., x, be the critical points of §y
on X. By Proposition 4.2.1, the roots of EDpoly x (£?) are €7 = ¢(x;—0) = q(;),
i€{l,...,r}. Let #; € X be the critical point of §,, corresponding to x; for all
i €{l,...,r}. Hence &2 = q(%; — up) is a root of EDpolyx ,, (€2) for every i.
Then by hypothesis we have

EDpoly x (%) = c-(e?—¢}) - (¢?—¢7), EDpolyx ,, (8%) = &(&—&7) - (€°—&))

for some scalars ¢ and ¢. Moreover, the following equalities hold true:

1 1 22
! (@ q 3 .
B -1 ) = ,ode{l,...,r}
& =q(&; — uo) q<1+q(xi) 1“1‘(](1'1')1‘1) e { "}
From this it follows that
T r 2 2
22 [ (—— - =) =
I - [[(1+ )
a 827522 C/ T ) ,

where ¢/ = [];_,(1+¢?). From the last chain of equalities, we obtain the desired
identity. O

Another reasonable property of the ED polynomial is its behavior under the
isometry group Isom(V'), where an isometry is the composition of a translation
and an element of the orthogonal group O(V) introduced at the end of Section
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2.1. Fix g € Isom(V') and consider the transformed variety ¢X = {gz | x € X}
of X. Then the identity

EDdegree(gX) = EDdegree(X)

holds true. For any data point v € V and any critical point x for d,, we have
that g - x € gX is a critical point for d,.,. Moreover, we have the identity
q(g-u—g-x) = qg(u—x). The immediate consequence in terms of ED polynomial
is that

EDpoly,x ,,(¢*) = EDpolyx ,1,(¢%).

In the projective setting, we can reduce to the subgroup of isometries that fix the
origin, which is precisely O(V).

Proposition 4.2.12.

1. Let X CV be an affine variety. Let G C Isom(V) be a group that leaves X
invariant. Then the coefficients of EDpolyy ,, are G-invariant.

2. Let X C P(V) be a projective variety. Let G C O(V) be a group that leaves
X invariant. Then the coefficients of EDpoly x ,, are G-invariant.

Proof. The proof is the same in both cases. Let ¢ € G. Since q(u — x) =
q(g-u—g-x), the critical values of §,, coincide with the critical values of 64.,,. O

Now consider the uniform scaling in V' with scale factor ¢ € C. Calling c¢X
the scaling of X, for any data point u € V' and any critical point x for J,, we have
that cx € c¢X is a critical point for 6.,. Moreover, g(cu — cx) = c*q(u — x) and
this implies that

EDpoly,y . (c*€?) = EDpoly y .1, (€?).

Remark 4.2.13. There are many meaningful examples with such a G-action. If
X is the affine cone of rank-one symmetric tensors in S?V introduced in Definition
2.1.3, the group G = O(V') works. If X = X, is the affine cone of decomposable
partially symmetric tensors in S*V = S#1V; ®- - - ® S#«V,. introduced in Chapter
5, the group G = O(V4) x ... x O(Vy) works. In these examples, X and the
isotropic quadric () are not transversal. It should be interesting to study the
intersection between X and () when a positive dimensional group G C O(V) acts
on X.

All the mentioned properties of the ED polynomial are general. Now we start
considering specific types of varieties. The simplest varieties to consider are affine
subspaces of V.
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Proposition 4.2.14 (The ED polynomial of an affine subspace). Let L C V* be
an affine subspace and let w; . be the orthogonal projection onto L. Then for
any data point uw € V' the ED polynomial of L is

EDpoly; , (%) = &* — q(mp+ (u)).

Proof. By Proposition 1.2.7 and Remark 1.2.9, the only critical point of §, from
L is mp(u), hence EDdegree(L) = 1. The statement follows by the identity
mpi(u) = u— 7 (u), see also [DHOST, Example 2.2]. O

Remark 4.2.15. Proposition 4.2.14 extends to complex subspaces L such that
L, is transversal to Q.

The case of linear subspaces (that is, affine subspaces containing the origin)
is simpler and it is contained in next Corollary. This is generalized to any variety
in Theorem 4.4.12.

Corollary 4.2.16 (The ED polynomial of a linear subspace). Let L C V be a
linear subspace transversal to Q (this is always the case if L is the complezification
of a real subspace).

1. If codim(L) > 2, then the dual projective variety of L N Q is the quadric
hypersurface cut out by a polynomial g and

EDpolyL!u(tQ) =2 - g(u).

2. If L is the hyperplane cut out by a polynomial f, then
EDpoly , , (t*) = t* — f*(u).

Proof. In the following, we interpret L, L+ and Q as projective varieties of P(V/).
It is straightforward to check that the dual variety of L+ NQ is the join between
L and L*+NQ (see Definition 4.4.1), which is a quadric cone with vertex L, having
equation ¢ (71 (u)). If L is a hyperplane then L+ N Q = §) and the quadric cone
has rank one. O

Example 4.2.17. For example, if L C C? is a point, then the quadric Zy, cut
out by ¢ (mp1(u)) is the circumference centered in L of radius zero, namely the
union of the lines joining L and the points of Qs (the dashed lines in Figure
4.4), where in this case Qoo = T U J, I = [1,1/=1,0],J = [1, —/—1,0].

More in general, the quadric Z; has a nontrivial description. We refer to
Section 4.4 for a complete study of the lowest term of the ED polynomial of an
affine variety. Anyway, when restricting to the real points of V', the quadric Zp,
restricts to L.
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Figure 4.4: The dashed lines above form the quadric Z;, when L C C? is a point.

Example 4.2.18 (The ED polynomial of an affine conic). Let u = (uy,us) € C?
be a data point. A general affine conic C' C C? has equation

C: axf +bx1x2—|—cx§—|—dx1 +exs+ f=0.
The ED polynomial of C' at u may be written in the form
EDpolyau(sQ) = c4® + c365 + cae® + c16% + co.

Note that this polynomial contains only even powers of € and has degree four in £2,
according to the fact that the general plane conic C is such that EDdegree(C) = 4,
by Proposition 1.8.2. In particular, we display the two extreme coeflicients of
EDpoly¢ ,,:

ey = (b* — 4ac)?[(a — ¢)* + V7],
co = (aui + buyug + cuj + duy + euy + f)?g(ur, uz).

Note that the first factor of ¢q is the square of the equation of C. Let us con-
centrate on the factor g(ui,us2). As explained in more generality in Proposition
4.4.2, the locus of zeros of g is the union of the four lines tangent to C' and passing
through the points of Q. = {[0,1,v/—1],[0,1, —/—1]}. We denote these lines
by LT, Ly, L7, Ly, where

LinLy=100,1,v-1], LynL; =[0,1,—V-1].

The foci of the conic C are by definition the four pairwise intersections LT NLy,
LinLy, L nLy and L N L. If C is either an ellipse or a hyperbola, then
C has two real foci. Otherwise if C is either a parabola or a circumference, then
C has only one real focus. In the case of a circumference, the only real focus
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coincides with the center. In particular, there exist real solutions of the equation
¢op = 0 outside the real conic C™ (see also Remark 4.4.4).

Now consider the highest coefficients c4. If both of the two factors in ¢4 do
not vanish, then either C is an ellipse or an hyperbola, respectively when b2 —4ac
is positive or negative. Moreover, b?> — 4ac = 0 if and only if C is a parabola,
whereas (a — ¢)? + b? = 0 if and only if (over R) C' is a circumference:

1. If C is a parabola then EDdegree(C) = 3. Rewriting the equation of C as
(ax1 + bx2)? + cay + dxy + e = 0, we get that EDpoly. ,(¢*) has degree 3
in €2 and its leading coefficient is —16(bc — ad)?(a® + b*)3. In particular,
the condition bc — ad = 0 forces C' to be the union of two distinct parallel
lines.

2. If C is a circumference, then EDdegree(C) = 2. Rewriting the equation of
C as (1 —a)® + (x2 — b)* —r? = 0, we get that EDpoly ,(¢*) has degree
2 in €2, In particular, it factors as

EDpoly,(¢?) = [(21—a)*+(z2=0)*— (e+7)][(21—a)* +(22—b)* — (e —7)?].

4.3 The highest coefficient of the ED polynomial

In this section, we study the leading term of the ED polynomial of an affine (re-
spectively, projective) variety X. We show that with transversality assumptions
the leading term is scalar, in other terms the ED polynomial may be written as
a monic polynomial, see Proposition 4.3.4 (resp. Corollary 4.3.7). In algebraic
terms, this implies that the ED polynomial is an integral algebraic function.

We recall from [VAW, Section 100] that an algebraic function

d

Fltu) =t pp(u)

k=0

is called integral if the leading coefficient py(u) is constant. The branches of a
integral algebraic function are well-defined everywhere. Otherwise, if pg(u) = 0,
then one branch goes to infinity.

To express transversality, we need to recall the Whitney stratification of an
algebraic variety. The following definitions are recalled from [Nic, Section 4.2].

Definition 4.3.1. Let XY C V be two disjoint smooth quasi-projective vari-
eties. We say that the pair (X,Y’) satisfies the Whitney regularity condition (a)
at zg € X NY if, for any sequence y,, € Y such that

1. Yn — T0,
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2. the sequence of tangent spaces T, Y converges to the subspace T,

we have T,,, X C T. The pair (X,Y) is said to satisfy the Whitney regularity
condition (a) along X, if it satisfies this condition at any x € X NY.

Definition 4.3.2. Suppose X is a subset of V. A stratification of X is an
increasing, finite filtration

F_lz(bCFoCFlC"'CFm:X
satisfying the following properties:
1. F} is closed in X for all k.

2. For every k € {1,...,m} the set Xy = Fj \ Fyp_1 is a smooth mani-
fold of dimension k& with finitely many connected components called the
k-dimensional strata of the stratification.

3. (The frontier condition) For every k € {1,...,m} we have X} \ X}, C Fj_1.

The stratification is said to satisfy the Whitney condition (a) if, for every 0 <
Jj < k <'m, the pair (X;, X}) satisfies Whitney’s regularity condition (a) along
X;. Note that if X is smooth then the trivial stratification () C X satisfies the
Whitney condition (a).

We recall (see [PP]) that any affine (or projective) variety admits a Whitney
stratification, satisfying condition (a) and a stronger condition (b) that we do
not use explicitly in this chapter.

Definition 4.3.3. We say that a variety X is transversal to a smooth variety Y
(in the applications we have Y = @) when there exists a Whitney stratification
of X such that each stratum is transversal to Y.

If X is smooth and the schematic intersection X NY is smooth, then X is
transversal to Y according to Definition 4.3.3.

If each stratum of a Whitney stratification of X is transversal to a smooth
variety Y, then by [PP, Lemma 1.2] this stratification induces a Whitney strati-
fication of X NY.

Proposition 4.3.4. Let X C V be an affine variety. If Xoo is transversal to
Qoo (according to Definition 4.3.8), then the ED polynomial of X is an integral
algebraic function.

Proof. This proof uses the interpretation of duality as polarity with respect to the
isotropic quadric @), hence for more details about the subject and the notation
we refer to Section 1.1.
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If the ED polynomial is not an integral algebraic function, then there is a
point u € V that annihilates the leading coefficient of EDpolyy ,. We get a
sequence {ur} C V such that up — u and a corresponding sequence {x;} C X
of critical points for &,, such that EDpolyy ,, (¢7) = 0 when &} = q(xx — up)

diverges. In particular we have that < u, —z, >€ [(kaX)oo]J' for all k, where
the dual is taken in the projective subspace H,,. Up to subsequences, we may
assume that

klgr;}(xw =: () € X, for some z € V. (4.3.1)

We may assume there are two different strata X; and X, of X such that

x, € Xp for all k and (x) € X,. In the topology of the compact space X =

X U X we still have zp, — (z) € X, more precisely in P(C & V) we have

[(1,25)] — [(0,2)]. We may assume (up to subsequences) that {T,, X1} has a

limit. Hence by Whitney condition (a) we have T,y Xo C limg_s o Ty, X1. From
this and from (4.3.1) we have immediately that

(2) € Ty (X2)oo C lim (T, X1)oc. (4.3.2)

Since {z1} diverges we get

(z) = lim (u — ) = lim (ug — zk).
k— o0 k—o0

By construction, we have that (up — xx) € [(Tkal)oo]L for all k. This fact and
relation (4.3.1) imply that

()

1
lim (ug — z) € lim [(Th, X1)oo] ™ C {lim (Tkal)oo} :
k—o00 k—o00

o k—o0

In particular (z) € [limy_ o0 (Ts, X1)oo] N [imp—so0(Te, X1)oo] ", hence (z) € Qoo

We now show that T,y (X2 N Heo) C TigyQoo, Where

Pick a nonzero vector v € V such that (v) € T,y (X2 N Hy). We claim that
q({z),(v)) = 0, where ¢ is the quadratic form in H,, = P(V), which is the
quadratic form defined on V.

Indeed, pick a sequence (vi) — (v), where (vg) € (T4, X1)oo. Since q(up —
Zg,vE) = 0 for all k, at the limit we get ¢((z), (v)) = 0. This contradicts the
transversality between X, and @, as we wanted. O
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Remark 4.3.5. The transversality conditions stated in Proposition 4.3.4 are suf-
ficient for the integrality of the distance function, but not necessary: for example,
the parabola studied in Example 4.2.18 is in general transversal to (0., but not
transversal to H,,. Nevertheless, its ED polynomial is monic.

On the other hand, the cardioid studied in Example 4.3.6 is singular at Q)
(and consequently is not transversal to Hy,), and its ED polynomial has a leading
coefficient of positive degree. It should be interesting to find general necessary
conditions for the integrality of the distance function.

Example 4.3.6. Let C' C R? be the real affine cardioid of equation (2% + 23 —
221)% — 4(2? + %) = 0. It has a cusp at the origin and at the isotropic points
at H.. Hence, according to the formula (1.8.4), EDdegree(C) =16 —3 x 3 = 1.
On the other hand, EDdegree(C) = 3: the drop is caused essentially by the non-
transversality with Q.. Computing the ED polynomial of C, one may observe
that its leading coefficient is (z1 — 1)? + 23, namely one branch of the distance
function diverges when the chosen data point is © = (1,0). It is interesting to
note that the projective embedding of (1,0) is the meeting point of the three
tangent cones at the three cusps of C. Moreover, the cardioid C is the trace left
by a point, initially at the origin, on the perimeter of a circle of radius 1 that is
rolling around the circle centered in (1,0) of the same radius. In Figure 4.5 we
see that the ED discriminants ¥¢ and ¥ are dramatically different. While the
real part of X is again a cardioid, the real part of X divides the plane into four
connected components, one of them is shown in the detail on the right of Figure
4.5.

Corollary 4.3.7. Let X C P(V) be a projective variety. If X is transversal to
Q, according to Definition 4.5.3 then for any data point u € V

d
EDpolme(ez) = ij (u)e?,
3=0

where d = EDdegree(X) and p;(u) is a homogeneous polynomial in the coordi-
nates of u of degree 2d —2j. In particular, pg(u) = pg € C, deg(po) = 2d and the
ED polynomial of X is an integral algebraic function.

Proof. For affine cones, the assumption that X is transversal to @ is equivalent
to X transversal to Q. O

Another consequence of Proposition 4.3.4 and Theorem 4.2.2, valid for pro-
jective varieties, is the following.

Corollary 4.3.8. Let X C P(V) be a projective variety. If X is transversal to
Q, according to Definition 4.3.3 then the degree of the e-offset of X is

deg(O.(X)) = 2EDdegree(X).
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Figure 4.5: The cardioid C' with its ED discriminant ¥¢ and the restriction to
the affine plane of the ED discriminant ¥ of its projectivization C'. A detail of
Y& on the right.

4.4 The lowest coefficient of the ED polynomial

In the last section, we gave some geometric conditions on X that affect the shape
of its ED polynomial. In particular, we have obtained some useful pieces of
information about the degrees of the coefficients of EDpoly y ,, for a general data
point w € V. In this section, we aim to describe completely the locus of points
u € V such that the lowest term of the ED polynomial of X at u vanishes. First,
we recall a definition.

Definition 4.4.1. Let X,Y € P(V) be two disjoint projective varieties. The
union

JX. V)= |J (& cPWV)
zeX, yey

of the lines joining points of X to points of Y is again a projective variety (see
[Har, Example 6.17]) and is called the join of X and Y. Note that J(X,0) = X.

Proposition 4.4.2. Consider an affine variety X C V. Given any point p €
Xem, we define Jx p, == J(p, [(TpX)Oo]J' NQx) CVUHs, =P(V@C). Then the
zero locus u € V' of EDpolyx ,,(0) is Jx NV, where

Jx= |J Jxp CVUH.
PEXsm
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Proof. The variety [(T,X Joo] " N Qoo C Hoo parametrizes all the directions in V
corresponding to isotropic vectors w such that w € Np,X. In particular, for all
D € Xgm, the variety Jx , is the union of the lines passing from p and generated
by isotropic vectors w such that w € N, X.

Now pick a point u € Jx NV. Then w is a limit of points wg, such that there
exist py € Xgm with uy € Jx p,. Hence up = pr + wy, for some vector w, € V
whose direction belongs to [(Tka)oo]J‘ NQw- In particular ¢ (wg) = q(ur—pr) =
0 and wy € N,, X, that is, p; is a critical point on X of the squared distance
function §,,. In particular, ux is a zero of EDpolyX)u(O), hence u is a zero of
EDpoly y ,,(0) as we wanted.

Conversely, let u € V' be a general zero of EDpolyy ,(0). Then there exist
p € Xgm such that w —p € NpyX and 0 = ¢(u — p). Define w = u — p. Then
the direction corresponding to w, when nonzero, is represented by a point of
[(TpX)OO]lﬂQOO, namely v € Jx , C JxNV. When w =0, we have u = p € Jx 5.
Conclusion follows by taking closures. O

Example 4.4.3. The simplest case is when V is 2-dimensional. Let C' be an
affine plane curve which is transversal with the isotropic quadric at infinity. In
this case, Qoo = {[0,1,v/~1],[0,1, —v/—1]}.

Looking at Proposition 4.4.2, for any p € Csp, we have Je,, # 0 if and only
if T,C = p+ (v) with v € {(1,v/=1), (1,—v/—1)}. In other words, the zero locus
of EDpolyc,,(0) is the union of C' and of the tangent lines to C' meeting Qoo-

Remark 4.4.4. As showed in Example 4.2.18, the real foci of a real conic C*
are zeros of the lowest coefficient of the ED polynomial of C'. Therefore, given a
real affine variety X* C V¥, the hypersurface Jx NV might contain real points
which do not necessarily belong to X®. The reason is that there could exist real
data points u admitting (non real) critical points x for the function §, such that
g(u — x) = 0. This is essentially the price to pay for describing the distance
function with algebraic tools and, above all, for allowing non real solutions to the
problem. For a concrete example, let C* be the real ellipse of equation

2 2
%+%—1:0, a>b>0.

The two foci of C* are u® = (+¢,0), where ¢? = a®> — b?. On one hand, the only
real critical points of §,+ and J,- on C* are the points (£a,0). On the other
hand, with straightforward computations one verifies that the non real points

2* = (a—;, :t\/—lg) are critical for d,+ on C, as well as w* = (—%, :I:v—l%)

are critical for §,- on C. Note that, for instance T,+C': x; ++/—1xs —c = 0 and
coincides with the normal space N,+C, with u™ — 2% € N,+C. In addition, we
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have that g(ut — 2%) = q(u™ — w*) = 0, thus confirming the fact that u* are
real points of Jo NV.

Proposition 4.4.5. Let X C V be an irreducible cone. Then
JxNV=XU(X"NQ)".

Proof. For the proof of this statement, we stress the hidden assumption XUX" ¢
@, which was given in Chapter 1.

Suppose that there exists a point p € Xqy, such that u € Jx . If u = p, then
in particular u € X. If u # p, then u — p is a nonzero element of XV N Q. We
show that necessarily u € (XV N Q)Y when (XY N Q)Y is nonempty.

By definition, we have that (XV N Q)Y = S, where

S = U N.(XVNQ).

2€(XVNQ)sm

If XV N Q is non-reduced, then (XV N Q)Y = @ and by taking closures we have
trivially that Jx NV € X U(XYNQ)Y. Hence suppose that XV NQ is a reduced
variety. On one hand, by construction p is critical for §,, on X. On the other
hand, since u is general, u — p is critical for §, on XV by Theorem 1.3.3.

In order to prove that u € (XY NQ)Y, it remains to show that u € N,_,(X¥N
@). Indeed, pick a vector y € T,,_,(X") such that (y,u — p) = 0. The condition
that u — p is critical for d,, implies that p is orthogonal to any tangent vector to
XV at u — p, so we have (y,p) = 0. Then

(y,u) = (y,u—p) +(y.p) =0+0=0,
thus proving our claim. By taking closures we get
JxNVCXU(XYNQ) .

On the other hand, suppose that . € XU(XVNQ)V. If (XVNQ)Y =0, thenu € X
and clearly u € Jy. Now assume that (XY N Q)Y is nonempty and that u € S.
Then there exists a smooth z € XV NQ such that u € N,(XVNQ). In particular,
z is critical for 8, on XV. By Theorem 1.3.3, u — z is critical for &, on X. This
means that z is an element of [(Tu,zX)oo]J‘ NQs. In particular, u € Jx . By
taking the Zariski closure, we have that X U (XY N Q)Y C Jx NV. O

Corollary 4.4.6. Let X C V be an affine cone such that X U XY ¢ Q. Then
the locus of zeros u € V' of EDpoly x ,,(0) is

XuxYnQ)Y.

In particular, at least one between X and (XV N Q)Y is a hypersurface.
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Corollary 4.4.7. Let X C V be an affine cone such that XUXY ¢ Q. If XVNQ
1s a non-reduced variety, then necessarily X is a hypersurface.

In the following, we show an improvement of Corollary 4.4.6 applying the
theory of Chern-Mather classes. The price to pay is an additional transversality
assumption.

Let Y € P(V) be an irreducible projective variety and consider its conormal
variety introduced in Definition 1.3.2. As Theorem 1.5.5 states, if N(Y,Y") does
not intersect the diagonal A(P(V)) C P(V) x P(V), then the ED degree of Y is
equal to the sum of its polar classes.

A sufficient condition for N'(Y,Y ") not to intersect A(P(V)) is furnished in
the following result.

Proposition 4.4.8. Assume that YV (or Y) is transversal to Q, according to
definition 4.3.3. Then N'(Y,YV) does not intersect A(P(V)).

Proof. By Biduality Theorem it is enough to prove the result for YV. Suppose
that (y,y) € N(Y,Y"V) for some y € Y. By Definition 1.3.2 and by hypothesis,
there exists a sequence of vectors (y;,z;) and pairs (Y7,Y2), (Y{,Yy) satisfying
the Whitney regularity condition (a) along Y and YV respectively such that

L. (yz,xl) - (y>y)7
2.y €Yy, z, €Y/ NN,Y; for all 4, and
3. yeYanYy.

In particular, point (2) says that g(y;, ;) = 0 for all 4, hence taking the limit we
find y € Q.

Now take a vector v € T,,Y;. We show that v € T, @, obtaining that T,Y; C
Ty,(Q, and thus contradicting the transversality assumption. By the Whitney
condition (a) we have that T,,Yy C lim;_,o T,Y{. This means that there exists
a sequence {v;} with v; € T,,Y{ for all 7 such that v; — v. From point (2) we
have y; € N,,Y7 for all i, hence ¢(y;,v;) = 0 for all i. Finally taking the limit we
have ¢(y,v) = 0, that is v € T, Q. O

In the following, we assume the hypothesis of Proposition 4.4.8. Theorem
1.5.5 allows us to express the ED degree of Y in terms of Chern-Mather classes
cj'(Y) via Aluffi’s formula in Theorem 1.8.4. Indeed, the polar classes J,(Y") of
Y are determined by the Chern-Mather classes of Y via the formulas (1.8.6).

In particular, we aim to apply (1.8.7) in the case when ¥ = XV N Q, once
we know the Chern-Mather classes of XV N Q. Since XV N Q is a divisor in
XV with normal bundle O(2), these can be computed by a result of Pragacz
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and Parusinski in [PP]. We need the assumption that XV is transversal to Q,

according to Definition 4.3.3.
Denote by ¢”(Y) =, ¢}*(Y') the total Chern-Mather class of Y. The equa-

tion displayed in three lines just after [PP, Lemma 1.2] shows that
1

MXVNQ) = 1+2h§2h-c§“(XV), (4.4.1)
hence
J
C;_W(Xv nQ)- pm—1-j _ 22(—1)j_i2j_icé\4(Xv) i (4.4.2)
i=0

Lemma 4.4.9. The following identity holds true:

m

2T = (m 4 1—i)+ Y (m— )2
j=i
Proof. Using the identities (r # 1)
m s m+1 m m+1 m
P b1 1-—T (m+ Dr
= — d k = —
ZT 1—r o Z " (1—r)2 1—r 7
k=s k=1
we have that
DU ) S SR
J=1 Jj=t j=i
_2mtl —(m 42 — )2
= >
=2mHI= (42 — ),
thus getting the desired identity. O

Theorem 4.4.10. Assume that XV is transversal to Q, according to definition
4.8.8. If X is not a hypersurface, then

2EDdegree(X) = 2EDdegree(X ") = deg((X* N Q)Y). (4.4.3)
Otherwise if X is a hypersurface, then
2EDdegree(X) = 2EDdegree(X ) = 2deg(X) + deg((XY NQ)Y).  (4.4.4)

In particular, (XV N Q)Y has always even degree.
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Proof. If X is not a hypersurface, then (XVNQ)V is a hypersurface by Corollary
4.4.6. Hence we can apply the identity (1.8.7) and we obtain that (here m =
dim(XV))

m—1

deg((XVNQ)") = 3 (=1 (m = j) e’ (XY nQnm '
j=0

= (1) (m—j) e} (XY nQhm 1
j=0

J

() =23 (1) (m— j) | S (=12 e (XY

=0 =0 (4.4.5)
_ 22( )z M XV pm—i Z _ J 2] i
=0 j=t

2 (- 1) ()
=0
— 23 (=) (m+ L= i)el (X¥) - hm

where in (%) we used (4.4.2) and in the last equality we applied Lemma 4.4.9. In
the last expression obtained, since XV is transversal to @, by (1.8.5) the first term
coincides with 2EDdegree(X ") = 2EDdegree(X ), whereas by (1.8.7) the second
term is equal to 25¢(X "), which vanishes because X is not a hypersurface. Hence
the identity (4.4.3) is satisfied.

Now assume that X is a hypersurface. The expression in the first line of
(4.4.5) is exactly the polar class do(XY NQ). The computation (4.4.5) shows that
the same expression is equal to

n—2
2EDdegree(X) — 260(X") =2 5;(XY),
j=1

by Theorem 1.5.5. If this expression vanishes we get §,;(X") = 0 for j > 1, which
is equivalent to ¢;(X) = 0 for j < n—3. Hence the defect codim(X")—1isn—2
and XV is a point in P(V'), namely X is a hyperplane in P(V). In particular,
XV NQ is empty and therefore (XV N Q)Y = P(V). In conclusion, the identity
(4.4.4) is satisfied.

Otherwise if dp(XY N Q) # 0, since in this case 0 # do(XY) = deg(X), the
identity (4.4.4) is satisfied as well. O
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One may wonder if Theorem 4.4.10 remains true without transversality as-
sumptions. The case of symmetric tensors studied in Chapter 2, as well as the
case of partially symmetric tensors in Chapter 5, answer in negative. Already the
binary cubic case gives a counterexample, as shown in Example 2.4.2. Indeed,
for (partially symmetric) tensors the degree of XV is greater than the ED degree
of X, the opposite of the general case.

Corollary 4.4.11. Let XV be a positive dimensional variety which is transversal
to a smooth quadric Q, according to Definition 4.3.3. Then (XY N Q)Y is a
hypersurface.

Proof. The computation (4.4.5) shows that
5o(XY N Q) = 2EDdegree(X) — 250(X ).

If (XV'NQ)Y is not a hypersurface, we get dp(X Y NQ) = 0, hence §;(X") = 0 for
all j > 1, namely §;(X) = 0 for all j <n — 3. Hence the defect codim(X") — 1
isn —3 and XV is zero dimensional. 0O

In the projective case, Theorem 4.4.10 leads us to a more precise description
of the lowest term of the ED polynomial, with reasonable transversality assump-
tions. In particular, the factor corresponding to (XVNQ)V is always present when
X is not a hyperplane. If X is a hypersurface, an additional factor corresponding
to X appears.

Theorem 4.4.12. Let X C P(V) be an irreducible variety and suppose that X
and XV are transversal to Q. Let uw € V be a data point.

1. If codim(X) > 2, then (X¥V N Q)Y is a hypersurface and

EDpolyy ,(0) = g

up to a scalar factor, where g is the equation of (X¥ N Q)Y. Moreover
X Cc(XVnQ)V.

2. If X is a hypersurface, then
EDpoly x,,(0) = fg

up to a scalar factor, where f is the equation of X and g is either the
constant 1 if X is a hyperplane, or the equation of (XV N Q)V.

Proof. First, assume that codim(X) > 2. On one hand, by Corollary 4.4.6 we
have that (XYNQ)" is a hypersurface, hence EDpoly y ,(0) = g* for some positive
integers k. In particular,

deg(EDpoly x ,,(0)) = k deg(g)-
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On the other hand, comparing degrees by Theorem 4.4.10 we get k¥ = 1. The
inclusion follows again from Corollary 4.4.6.

Now assume that X is a hypersurface. If X is a hyperplane, the statement
follows by Corollary 4.2.16. Otherwise deg(X) > 2 and therefore XV is positive
dimensional, thus implying that (X¥ N Q)" is a hypersurface by Corollary 4.4.11.

On one hand, by Corollary 4.4.6 we have that EDpoly x ,,(0) = fhg* for some
positive integers h and k, hence

deg(EDpolyx ,,(0)) = hdeg(f) + k deg(g).

On the other hand, by Corollary 4.3.7 and Theorem 4.4.10 we have that h > 2
and deg(EDpoly x ,(0)) = 2deg(f) + deg(g)- O

The hypotheses of Theorem 4.4.12 are reasonable and agree with the principal
results in the ED degree-philosophy. Anyway, in the most important examples
studied in this thesis, related to varieties of tensors with the Frobenius quadratic
form, these hypotheses are not satisfied. A positive result is that we can relax
the assumptions of transversality at least for computing the exact multiplicity of
the equation of X in EDpoly x ,(0), when X is a hypersurface.

Proposition 4.4.13. Let X C P(V) be an irreducible projective hypersurface.
Then the equation of X appears with multiplicity two in EDpolyX’u(O).

Proof. Quadric hypersurfaces of P(V) that are transversal to X and XV form
a dense open subset U C P(S?V). In particular, @ is the limit of a sequence
{Q;} CU. Let EDpoly(]) (¢2) be the ED polynomial of X at u € V with respect
to te quadric Q;, for all j. By Theorem 4.4.12, for all j we have

EDpoly(”() 795,

where g; is the equation of (XY N Q;)Y. Moreover, by Corollary 4.4.6 we know
that EDpolyy ,(0) = f< - ¢? for some nonnegative integers a and §, where ¢ is
the equation of (XY N Q)Y. In particular,

feg% h= EDpolyx ,,(0) - h = lim EDpolyU) (0) = hm f2- g; = = f2. hm n gj,

j*}\’)o

for some homogeneous polynomial h, possibly a scalar. In particular, o > 2.

We show that actually o = 2. If & > 3, then f divides lim;_, g;, that is, f
divides g or f divides h. It remains to show that f cannot divide g. In particular,
our claim is that codimg[(XY N Q)] > 2.

Consider a smooth point z € XV N @Q and the corresponding normal space
S, = N,(XVNQ). Assume that l1,...,[, are the linear polynomials defining 5, .
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We denote by S the variety defined by li,..., 1, where the bar means complex
conjugation. If z € S, then q(z — z,y) = 0 for all y € T,(XV N Q). In particular,
q(z,2) = q(2,2) — q(2,2) = q(Z — 2,2) = 0, contradiction. This implies that

S, # S, and, in turn, that codimg(S,) > 2. The claim follows by Definition
1.3.1. O



Chapter 5
The ED polynomial
of a Segre-Veronese variety

In Chapter 2, we studied the E-characteristic polynomial ¢ ;(\) of a symmetric
tensor f € S?V. As pointed out in the preamble of Chapter 4, the polynomial
r(A) is useful for determining the equation of the A-offset hypersurface of the
affine cone X (\Q), where X (4) is the affine cone of the image of the d-th Veronese
embedding of P(V') of Definition 2.1.3. Now that we have in mind the general
theory on ED polynomials of Chapter 4, we derive the following conclusion.

Corollary 5.0.1 (Lim, Qi). Consider a symmetric tensor f in the space SV .
The ED polynomial of X(\é) with respect to the isotropic quadric Qg is

{d)f()‘)djf()\) if d is even

EDpolyyv +(\?) =
Pl s A =10 v if d is odd.

Note that in this case the variety X(q) N QF is non-reduced of multiplicity
d. This non-transversality is confirmed by the fact that the identity of Theorem
4.4.10 cannot hold, since the integer deg(X(\fi)) - EDdegree(X(\él)) vanishes for
d = 2 and is positive when d > 2 for all n > 2, as pointed out in the end of
Section 2.2.14.

The case d = 2 deals with real symmetric matrices. For any symmetric matrix
u € S?2V, we have the identity

EDpolyX(vd)’u()P) = Yy (M) (=) = det(U — AI,,) det(U + AL,), (5.0.1)
In particular, the lowest term of EDpoly XYy is the square of det(u).

In the Introduction, we already considered a similar problem in the vector
space V1 ® V, of ny X ng rectangular matrices (ny < mny). Here X = Xs is the

125
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Segre product introduced in (0.0.1), and Qp is the isotropic quadric defined by
the Frobenius inner product defined via the relations in (0.0.4). In this setting,
for any matrix u € V3 ® V5 we have the identity

EDpoly yv ,,(6?) = det(uu” — 6°I,,). (5.0.2)
Here, the roots 0 of EDpolyxv ,(0?) are the squared singular values of w.

The two cases resumed above are instances of a much harder problem: study-
ing the ED polynomial of XV, where X is the affine cone of rank-one partially
symmetric tensors of a prescribed format.

We outline more rigorously our problem. Given a vector of dimensions n =
(n1,...,mns) and a vector of degrees u = (u1, ..., s), our ambient vector space
is the tensor product

SHVE = SMVE® @ SV

where the symmetric power of a vector space was defined in 2.1.1. The vectors in
SHV*® are addressed simply as (real) partially symmetric tensors. Their format
is clear from the context and it is specified only if necessary in the forthcoming
examples.

Similarly to Chapter 2, we want to fix a reasonable square distance function
8hut SPVE — R from v € SHVF and restrict it to a certain “target variety”
Zy, looking for the critical points of d,, , on Zz. To this aim, we consider the
complexification S*V = (SFV*) @ C = S*(V*® C), the complex variety Z = Z,
and the function ¢, ,: S*V — C restricted to Z.

Our natural choice for Z; is the affine cone X, of partially symmetric tensors
in S*V* of rank at most one, namely the affine cone of the image of the Segre

-Veronese embedding

Seg, : [[P(V}) = B(S"V?), Seg, (], [u]) = 4t © - @ vfe). (5.03)
j=1
For brevity, we do not indicate the dependence from n in the notations of X and
Seg,. If p=(1,...,1) = 1%, we recover the Segre variety Xy := X7. introduced
in (0.0.17). If s = 1, we have u = (d) and we get the Veronese variety X?*d) of
Definition 2.1.3.

Now consider s arbitrary inner products ¢f, ..., ¢ on the spaces V*,..., V.
In applications, ¢; is simply the standard Euclidean inner product on V. The
Frobenius inner product on S*V* is defined, for partially symmetric tensors of
rank one, to be

Qr (@ @@k Yt @ @yl =g (e, y)M - g (s, ys)e
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for all z;,y; € V;* and all j € [s], and is extended to S*V* by linearity, similarly
to (2.1.2). The squared Frobenius distance function from a fixed v € S#V* is

() = G (u — )

for all z € S*V*. Note that df , , is the only distance function on S*V* com-
patible with the group embedding SO(VF*) x -+ x SO(VF) C SO(SH*V*™).

Definition 5.0.2. A critical (partially symmetric) tensor for u € S*V is defined
to be any critical point x € X, for the function dp , u.

The isotropic quadic in S*V is Qp,, = V(qr,u). A partially symmetric tensor
u € S*V is isotropic if u € QF .

Theorem 5.0.3 (Lim, Qi). Given a partially symmetric tensor u € SHV, the
non-isotropic critical tensors for u correspond to tensors ox = o(z}' ®- - -@at=) €
StV such that q;(z;) =1 for all j € [s] and

p1 1

grp(t, 2! @@ @ ealt) =gz, ), 1<j<s,  (50.4)

for some o € C, called (partially simmetric) singular value of u. The corre-
sponding s-ple (x1,...,xs) is called (partially symmetric) singular vector s-ple
for w. Moreover, we call (partially symmetric) singular tensor for u any partially
symmetric tensor written as o(z}* ® --- @ xt=), where (x1,...,xs) and o are a
singular s-ple and a singular value for u, respectively.

When s = 1, the system (5.0.4), together with the normalization assumptions,
corresponds to the E-eigenpair system in (2.1.4).

Summing up, in this chapter we compute the ED polynomial of the dual affine
cone Xl\f C S*V, with respect to the isotropic quadric Q. As pointed out in
Section 5.1, the roots of the ED polynomial of X;L/ at u € SV are the squared sin-
gular values of u. Secondly, we report in Theorem 5.1.1 the Friedland-Ottaviani
formula for the ED degree of X, with respect to ), which corresponds, via
Theorem 4.2.2, to the e2-degree of EDpoly Xl,u(EQ)' An independent formulation
of Theorem 4.2.2 was given by Aluffi and Harris in [AH]. We underline that their
computation does not apply the Catanese-Trifogli formula of Theorem 1.8.1, since
X, is not transversal to Q. Indeed, we show that the ED polynomial has a
nontrivial highest coefficient.

Definition 5.0.4. For all J C [s] :={1,..., s}, we define
X7 = Seg, (Y1 x --- x Yy) CP(S"V), (5.0.5)

where Y, = Q; = V(q;) if j € J and Y; := P(V') otherwise. Moreover, we define
fu,s to be the equation of the dual variety of X, ;, when it is a hypersurface,
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otherwise f,, ;j := 1. When p = 1°, we use the notation f, j = fis ;. Generally,
fu = fu,p is the equation of the dual variety of X,, = X, y when it is a hypersur-
face, usually called p-discriminant of a partially symmetric tensor. For p = 1°
the p-discriminant is known as the hyperdeterminant of a tensor in V; ® - - - ® Vi,
whereas for s = 1 and p = (d) the p-discriminant is addressed simply as the
discriminant of a symmetric tensor.

Section 5.2 keeps dealing with partially symmetric tensors of any format.
First, we use Corollary 4.4.6 to determine the vanishing locus of EDpoly XX’U(O).
Moreover, in Proposition 5.2.6 we describe the set of partially symmetric tensors
that fail to have the maximum number of singular values, that is the vanishing
locus of the highest coefficient of EDpoly X;,U(EQ)-

Afterwards, the results stated in Section 5.3 are related to the current research
and encourage further investigations on this topic. Our main goal would be to
generalize Theorem 2.0.2 in the context of partially symmetric tensors of any for-
mat. A first answer was given in [Sod] in the special case of partially symmetric
binary tensors. Actually, the argument used in [Sod] may be generalized to par-
tially symmetric tensors with hypercube format, that is when ny =--- =ngs=n
and V; = --- = V. Applying the results on the lowest coefficient of ED polyno-
mials in Chapter 4 and the inspiring work by Oeding [Oed] on symmetrizations
of the discriminant of a partially symmetric tensor, we determine an explicit ex-
pression, involving powers of the polynomials f,, ;, for the highest coefficient of
the ED polynomial of the dual variety of X,,. This leads to the following closed
formula for the product of the singular values of a general partially symmetric
tensor ¢t € S*V, which generalizes Theorem 2.0.2 in the context of symmetric
tensors.

Theorem 5.0.5. 1. Assume that the linear system Sy introduced in Remark
5.8.19 has maximal rank. Let p = (u1,...,us) be a partition of an integer
d > 1. If the partially symmetric tensor u € S*V admits the maximum
number N = EDdegree(X,) of singular values, counted with multiplicity
(hypothesis verified for a general w), their squared product is

(o1 on)* = ] fusw)® Zrer (5.0.6)
JC|[s]

2. (Theorem 2.0.2) In the symmetric case p = (d), the product formula (5.0.6)
is true for any n > 2:

2 _ f(d)(u)2
f(d),{l}(u)d_2 '

(01 "’UN)
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3. (Proposition 5.8.18) When d € {2,3,4}, the system Sy has mazimal rank
and the product formula (5.0.6) is true for oll pt d and all n > 2.

4. (Proposition 5.4.4) In the binary case n = 2, the system Sy has mazimal
rank d — 1 and the product formula (5.0.6) is true for any d > 1.

We stress that, for n > 3 and p # (d), the previous theorem has been proved
so far for small values of n and d. Indeed, we need to show that the linear system
Si = S4(n), defined in Remark 5.3.19, has the maximal possible rank. So far,
this has been checked for all positive integers n and d less than 100, using the
software Macaulay?2. For arbitrary large n and d, this check depends on nontrivial
binomial inequalities.

The right-hand side of (5.0.6) should be interpreted as the ratio between the
lowest and the highest coefficient of the ED polynomial of X l at u € SHV.
Depending on the sign of their exponent, the polynomials f, ; appear in the
numerator or the denominator of this ratio, otherwise, they do not appear at all
if their exponent is zero. The nonsymmetric case u = 1¢ was stated in Theorem
0.0.8.

The binary case (n = 2) considered in Section 5.4 reveals many interesting
aspects. In Proposition 5.4.6 we show that for tensors of binary format, the
polynomial f, ; admits a sum of squares (SOS) decomposition for every nonempty
subset J C [s]. In particular, f, j(u) > 0 for any nonzero real partially symmetric
binary tensor u. This fact confirms the following known result.

Proposition 5.0.6. [Lim, Proposition 2] If the dual variety of X,, is a hyper-
surface, then 0 is a singular value of w € S*V*® if and only if f,(u) = 0.

Finally, we pick a general 2 x 2 x 2 tensor u and we compute simbolically
all the coefficients of EDpoly ng’u(sz), and the equation of the ED discriminant

Yxy, in terms of SO(V)3-invariants. This is useful for studying more in detail
the 6 = 3! singular values of u, even when u is partially symmetric. Note that in
this case the formula in (5.0.6) or in (0.0.31) simplifies as

2
(76)2 — 90 91

g3
go=1f3, g1=f3q faq2y fa 3, 92=1, 93= faq123}

(o1

5.1 The distance from a Segre-Veronese variety

We follow and generalize the notation adopted for symmetric tensors in (2.1.1).
For each space V;, we set an orthonormal system of coordinates {x; 1, ... s Tjm; }.
Every partially symmetric tensor v € S*V may be written as an s-homogeneous
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polynomial of s-degree p, namely as a polynomial which is homogeneous of degree
; in the variables of V; for all j € [s]:

S
Hi\ o
U= E Il T;7 | Uy ays
aj

|0t_j|:Hj Jj=1

J€ls]
where a; = (a1, .., @jn;) € 220, |aj| = Y01, ajk, 57 =237 - j;:ﬂ and
(g; ) = %1,"7&], is the multinomial coefficient, for all j € [s]. In particular, we
suppose that (uq,...o.) is as a system of coordinates for S*V.
Then, the squared Frobenius norm of u = (ug,...a,) € S*V is

aru(u) = Y H(Zj) Wl (5.1.1)

|aj|:ij j=1
JEls]

Note that the preceding identity gives also the equation of the isotropic quadric
QF, as a smooth quadric hypersurface in S*V.

In this section, we show two equivalent approaches for computing the ED
polynomial of the dual variety of a Segre-Veronese variety X,, at a given tensor
u € S*V. The first way follows the original setting about the ED polynomial of
an algebraic variety explained in Chapter 4, and uses the Pythagorean Theorem.
The second one applies directly Theorem 5.0.3.

We recall that the polynomial EDpolwau(52) was defined in general in
4.1.3. For any fixed € € C, the variety defined in S#V* by the vanishing of
EDpoly qu(EQ) coincides with the e-offset hypersurface of X ;. Here we suppose
that v € S*V is fixed and that € € C is a variable, hence we view EDpolyX,“t(aeQ)
as a univariate polynomial.

The first property of EDpoly X‘“t(82) that we mention deals with its e2-degree.
In Theorem 0.0.6 we recalled Friedland-Ottaviani formula for the ED degree of
X, in the nonsymmetric case p = 1%, where X, = X;s. Below we furnish their
formula in its full generality.

Theorem 5.1.1 (Friedland, Ottaviani). The ED degree of X,, C S*V equals the
coefficient of the monomial h?l_l -+~ hm=1 n the polynomial

s il?l . h:“ R s
HAi, hl = Zp,jhj 7hi.
i=1 hi — h; j=1



5.1. The distance from a Segre-Veronese variety 131

Sketch of the proof. For simplicity, we give an idea of the proof in the nonsym-
metric case p = 1°. We denote for brevity by II the product P(V;) x - - - x P(Vj).
In particular, X, = Seg,(II). For every j € [s], we call 7; the projection of II
onto the j-th factor. Moreover, for all j € [s] we define the quotient bundle on
B(V;) as

o5 O
0;(=1)  Op,)(~1)

Qj =
Now consider the pullbacks
W;O?nja W;Oj(_]-)a W;Oj(]-)v W;Qj’

which represent vector bundles on II. In particular, we have the short exact
sequence
0= 7;0;(=1) = TTOF™ — 15Q; — 0.

If we tensorize the above sequence with respect to the vector bundle ), 25T 0;(1),
we get another short exact sequence as

0= [ Qo) | @ m;0;(-1) = [ Q)7 0:(1) | @ 1;OF™ — R; — 0.
7] i#]
(5.1.2)
where we defined the vector bundle on X,

Q) 0:(1) | @759,
i#j

Finally, we define

R = éRJ
j=1

As explained in [FO|, the vector bundle R on X, is the right one for studying
the number of critical points of the squared distance function dr . on X,. For
every i € [s] we consider the hyperplane class h; := ¢;(77O;(1)). In particular,

. Z[h17...7hs]
H“ )€ A X = G Ry

Il

Since rk(R) = dim(X,), it follows that the top Chern class of R is of the form

S

Crop(R) = c [ [ hi

i=1
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for some positive integer ¢, which turns out to be equal to EDdegree(X). In order
to determine ¢, we consider the above sequence (5.1.2) and by the Whitney sum
property (see Section 1.7) we have that

c [(@i# w;oiu)) ® w;o;‘?"f}
¢ [(@i# w;oiu)) ® w;foj(—n]
B (1 + Zi# hz)nj

B 1fhj+zi¢jhi

- [Z (j;)m] Sty i)t

k=0 k>0

c(Rj) =

where we defined izj = 2; hi- Expanding the last expression and multiplying
over j, we thus obtain the desired coefficient ¢ in ¢gop(R). O

Corollary 5.1.2. Assume that ny = --- = ns, = 2 and consider the vector
w=(p1,...,us). Then

EDdegree(X,,) = slpy - - - pis.

Proof. According to Theorem 5.1.1, the ED degree of X, equals the coeflicient
of the monomial A --- hg in the polynomial

[T+ ) =TT [{ 3wt | = i | = Guaka -+ b,
i=1 i=1 j=1
and the coefficient of hy - - - hy in the last expression is precisely slpy - - - fis. O

The following is an immediate consequence of Proposition 4.2.1 and describes
which are the roots of the ED polynomial of X,.

Proposition 5.1.3. For a general u € S*V, the roots of EDpolwau(ez) are
precisely of the form 2 = qp,,(u — z), where z is a critical tensor of rank one
for w on X,,. In particular, the distance € from X, to u € S*V*® is a root of
E]Zp)(;lgxwu(sz). Moreover uw € S*V* satisfies EDpoly y, ,,(0) = 0 if and only if
u .

“w

Anyway, this is not the end of our construction. Indeed, as anticipated in the
introduction, we consider the ED polynomial of the dual variety of X, rather
than the ED polynomial of the variety X, itself. The passage between the ED
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polynomial of X, and the ED polynomial of X /Y is just a variable reflection, by
Theorem 4.2.8. Hence, for any u € S*V,

EDpolyXWu(52) = EDpolyXX’u(qF,M(u) —%). (5.1.3)

The next result clarifies the reason why we concentrate on ED polynomials of
dual varieties of Segre-Veronese varieties.

Proposition 5.1.4. For any partially symmetric tensor uw € SFV and any sin-
gular tensor ox € S*V for u, we have EDpoly yv ,(?) = 0.
e

Proof. By Proposition 5.1.3, the roots of EDpolyXMu(EQ) are of the form 2 =
qr,u(u—z), where z is a critical binary tensor of rank one for u on X,,. Moreover,
by Theorem 5.0.3 the non-isotropic critical tensors of rank one for u correspond
to the singular tensors for u. Then, consider a singular tensor ox for u. The root
qr,u(u —ox) of EDpolyX‘“u(EQ) corresponds, via Theorem 4.2.8, with the root

qru(u) = qpu(u — 02) = 2qpu(u, 07) = qru(07) = 20qp,u(u, x) — 0% = 0%,

of EDpoly xv ,(€?) (see Figure 5.1), where we used the fact that o = qp ,(u, z) for
"o
any singular tensor oz for u, which is a direct consequence of equation (5.0.4). O

Figure 5.1: Singular tensors cx € X, and critical points u — ox € X/\L/ for
the distance function 6p . on X X are in correspondence via the Pythagorean
Theorem.

Remark 5.1.5. The converse of Proposition 5.1.4 is true only for general ten-

sors. Indeed, there exist tensors u € S*V such that some of the roots of

EDpoly yv ,(¢2) do not correspond to singular values of u. In the symmetric
W

case (s =1, p = (d)), this phenomenon is studied in detail for example in [Qi07,
Theorem 4] and in [LQZ].
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Remark 5.1.6. On one hand, one may verify from (5.1.3) that

EDpolyy, ,,(c*) = EDpoly xy . (¢r,u(u) — €%)

N N

=2 (- Z(i)qm(uw"“axu)

k=0 j=k

(5.1.4)

Hence the highest terms of EDpolyXWu(sz) and EDpolyXl,u((IF,u(u) —&?) are

equal to an(u) up to sign, where N = EDdegree(X,,). On the other hand, the
corresponding lowest terms are not proportional.

Summing up, a first way to compute the ED polynomial of XX at u € SHV
is by applying Definition 4.1.3 together with the identity (5.1.3). The following
Macaulay?2 code computes the ED polynomial of X;Y in the case s =1, n; = 2,
p = (d), namely when X, is the rational normal curve of degree d > 2.

R = QQ[z_0..z_d, c_0..c_d, el;

RatNormCurve = minors(2, matrix{toList(z_0..z_(d-1)), toList(z_1..z_d)});
Jac = compress transpose jacobian RatNormCurve;

M = matrix{apply(d+1, j-> binomial(d, j)*(z_j-c_j))};

It = saturate(RatNormCurve + minors(d, M||Jac), ideal(toList(z_0..z_d)));
Hyperball = ideal(sum(d+1, j-> binomial(d,j)*z_j~2)-e~2);

EDpoly = (eliminate(toList(z_0..z_d), It+Hyperball))_O;

The output EDpoly is the ED polynomial of the dual variety of RatNormCurve
because we are taking into account (5.1.3) in the definition of Hyperball. Indeed,
the usual relation g, (u— z) —e? is replaced by qr,(z) —e? (see the definition in
(4.1.1)). Moreover, we stress that the metric gr, used in S%V is the one defined
in equation (5.1.1). With this choice, the ED polynomial EDpoly of X(\fi) has
degree d = EDdegree(X(4)) in e~2.

Unfortunately, with this approach, the symbolic computation of the ED poly-
nomial is very hard also in the symmetric case u = (d) for small values of d.
The main reason lies in the computation of the critical ideal I.;it(X,,). Actually,
Theorem 5.0.3 and Proposition 5.1.4 provide a slightly more effective way for
computing EDpoly Xg,u(52)» described in the following corollary.

Corollary 5.1.7. Given a general partially symmetric tensor u = (Uay...a,) €

StV , define J C C[{xj1,Zjn,; }» {Uay-a. ), €] to be the ideal generated by all the
relations in equation (5.0.4), when restricted to S*V. Then

(J+(gj(z;) =11 <7 <s)NClug,..a,, & = (EDpolyXl,u(52)> .
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Below we give a second and more efficient Macaulay?2 code for computing the
ED polynomial of X;Y in the case s = 1, n; = 2, u = (d), with the alternative
approach stated in Corollary 5.1.7 (note the similarity with the code in Example
2.4.2 for d = 3):

R = QQ[x_0, x_1, a_0..a_d, el;

u = sum(d+1l, j-> binomial(d,j)*a_j*x_0~(d-j)*x_1"3j);

I ideal(first entries((1/d)*diff (matrix{{x_0, x_1}}, u)-
exmatrix{{x_0, x_1}}));

EDpoly = (eliminate({x_0, x_1},I + ideal(x_0"2+x_1"2-1)))_0;

Note that in this case equations (5.0.4) simplify as in (2.1.4), which in turn
correspond to the system (2.1.5), where we interpret ¢ as a binary form of degree
d. For more details about the output of the above code we refer to Section 5.4.
The case of the ED polynomial of the dual of the rational normal curve of degree
d is studied in Chapter 2 in the context of Veronese varieties.

5.2 On the zero loci of the extreme coefficients

In this and the following sections, we focus on the lowest and highest coefficients
of the ED polynomial of X l at a given partially symmetric tensor u € S*V.

A crucial role is played by the varieties X, s, which were introduced in Def-
inition 5.0.4. First, we investigate the dimension of their respective dual affine
cones.

Lemma 5.2.1. The variety XX,J is a hypersurface in P(S*V) if and only if
2(n; — 1) <dim(X, j)=n1+---+ngs—s—|J| (5.2.1)
for all indices j ¢ J such that p; = 1.

Proof. Considering a slight modification of [GKZ, Chapter 1, Corollary 5.10],
the dual affine cone Xl’ 7 is a hypersurface if and only if the following system of
inequalities is satisfied:

dim(éj) + codim(é)vjy) —1<dim(X, ) VjeJ

: ey . : (5:2.2)
dim(X,;)) + codim(X,, ) — 1 < dim(X, 5) Vi ¢ J,

Hs)

On one hand, the first set of inequalities is related to the variety @j, which is
the pj-th Veronese embedding into P(S#iV;) of the isotropic quadric @Q; C P(V}).
On the other hand, the second set of inequalities is related to the variety X, ),
namely the p;-th Veronese embedding of P(Vj) into P(S*/ V).
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Through the computations made in Lemma 2.3.3 and Corollary 2.3.7, we
verified that Q;/ is a hypersurface for all u; > 1. Hence for all j € J the
corresponding inequality in (5.2.2) becomes

nj—2 < dim(Xy, ) =n 4 +ng—s—|J],

which is trivially satisfied.

Now consider the second set of inequalities in (5.2.2). Note that dim(X, ) =
dim(P(V})) = n; —1for all j. If pn; > 1, then X(VM is a hypersurface in P(S*/V}),
hence the corresponding inequality in (5.2.2) becomes n; —1 < dim(X,, ), which
is trivially satisfied. Otherwise p; = 1 and X(V N = P(V;)¥ = 0. Therefore,

Hj
we have that codim(P(V;)Y) = n; and the corresponding inequality in (5.2.2)
coincides with (5.2.1). O
Lemma 5.2.2. Assumen, = --- =ng =n, V; =V and Q; = Q for all j.

Consider a subset J C [s]. Then X’YJ is a hypersurface unless
1.n=2|J]=s—1andp; =1 forallj &J,
2. n>3,(s,|J]) € {(1,0),(2,1)} and p; =1 for all j & J.

Proof. Without loss of generality, we may assume J = [I|] C [s] with 0 < < s. If
I = s, then J = [s] and the inequalities in (5.2.1) are vacuously satisfied, hence
X,Y’ s is a hypersurface. So in the following we assume [ < s.

By Lemma 5.2.1, we need to verify that | < (s —2)(n — 1) for all j ¢ J such
that p; = 1. In particular, note that the preceding inequality is independent of
J, hence in the following, we assume that p; = 1 for some j ¢ J.

If n = 2, we are left with the inequality | < s — 2. In particular, in this case
Xl’ s is not a hypersurface if and only if [ = s — 1. Note that this is the case
X}L,[S*l] = SegM(QX(s_l) X ]P)(V)) with p = (Mla ceey Ms—1, 1)

Now suppose that n > 3. If s = 1, then by our assumptions J = () and the
inequality | < (s — 2)(n — 1) becomes n < 1, which is not satisfied. Indeed, this
is the trivial case X; g = P(V), and P(V)¥ = 0. If s = 2, then the inequality
I < (s—2)(n—1) is not satisfied for (s,l) = (2,1). Finally if s > 3, the inequality
1 <(s—2)(n—1) is satisfied for all n > 3. O

The vanishing locus of the lowest coefficient ao(u) = EDpoly yv ,,(0) is com-
pletely described in the following result, which descends immediately from Corol-
lary 4.4.6 and Proposition 4.4.13.

Corollary 5.2.3. The set of tensors u € SV which admit a partially symmetric
critical tensor of rank one z such that qp (v —2z) =0 is

V(ag) = X,) U (X, NQrp)Y. (5.2.3)

Moreover, if X,\j is a hypersurface, its equation f,, has multiplicity two in ag.
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Observe that an immediate consequence of Lemma 5.2.2 is that X/\L/ = X;Y.a)
is always a hypersurface except for the trivial case s =1, uy = 1. /

Now we take a closer look at the other component (X, N Qp,)" in (5.2.3).
By definition, the affine cone of the variety X, N Qr,, which we keep calling
X, NQF,, is isomorphic to

{(z1,...,25) €Vi X - X Vi | qppu(a* @ - @ k) = 0}.
Define
Yij=A{(@1,...,25) € Vix - x V| gj(x;) =0} Vj€ [s].
Then clearly X, NQr, =Y, 1 U---UY, .

Lemma 5.2.4. For all j € [s|, we have (Y, j)rea = X, (53, where (Y j)red
denotes the reduced locus of Y, ;. Moreover if pi; > 1, then Yuv’j = 0.

Proof. Tt follows immediately by the definition of Y}, ; that its reduced locus is
isomorphic to X, (;3. Consider any j € [s] and z = 2" @ --- @ 2k € Y, ;. On
one hand, x € (F,, and the tangent space 1T, Q) is the hyperplane filled by all
tensors u such that ¢p ,(x,u) = 0. On the other hand, z € X, and the tangent
space of X, at x is

T,X, = <x,v1x‘1‘1_1®~-~®x§~*,...,x’f1 ® - @ugrhaTt vy € Vi VE € [3}>

For any k € [s] we pick a nonzero vector v, € Vi, and we consider the partially
symmetric tensor

Q- Quprtt Tl @ @ ot € T X,
Then we get the relation

qF,/,L(x7xiL1 ® e ®Uk‘rzk_l ® e ®:L'gs) =

= qu ()" - (o, wx) - gr(ag)™ 7 gy ()
for all k € [s]. In particular, gr,(z, 25" @ - @ vl ' @ --- @ at) = 0 for all
k # j. Now assume k = j. If pu; = 1, then for a general v; we get g(z;,v;) #0
and in turn )
arp(z, e @ @ual? T @ @alkt) £ 0.

This implies that the general point z € Y, ; is smooth if y; = 1. Otherwise if

p1 > 1, then .
arp(z, o)t @ @ vl @ alt) = 0.

This means that 7, X, C T,Qr,, and every point z € Y, ; is not smooth.
Therefore, by the definition of dual variety we have that Y, = 0 if u; > 1. O
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An immediate consequence of Lemma 5.2.4 is the identity
(XuNQru)" = U X PRTIE (5.2.4)
JE[s]: py=1

Remark 5.2.5. Counsider the identity (5.2.4) in the case p = 1°. In particular,
we have that (calling Qp s = Qr1s)

VvV __ \%
(Xs mC?F,s) - U Xs’{j]n

where
Xoiy =P(V1) x -+ x P(Vj_1) X Q5 x P(Vjy1) x -+ x P(V5)

for all j € [s]. By Lemma 5.2.1, the dual affine cone X;f{j} is a hypersurface if
and only if

2ny —1)<nmi+---+n,—s—1 Vkels], k#j.

On the contrary, X;’ G is not a hypersurface if and only if there exists k € [s],
k # j such that

2ng — 1) >ny+ - +ns —s.

Without loss of generality, assume that ny > - -+ > ng. Suppose that (XsNQps)Y
is not a hypersurface. In particular, X (1} and X {2} are not hypersurfaces.
These facts give the inequalities

S S
n22n1+2(nj—1), n12n2—|—2(n]—
Jj=3 j=3

namely
TL1>TL2+Z *1 >n1+22

Therefore ijs(nj —1) =0, namely ng =--- =nys =1 and ny; = no.

The conclusion of this remark is the following: if (X, NQp, s)V is not a hyper-
surface, then s = 2 and n; = ns, so we are in the square matrix case. Neverthe-
less, here Xy is the hypersurface defined by the determinant. In particular, the
polynomial EDpoly xv ,,(0) admits an extra coefficient (different from f2) unless
we are in the matrix case. This marks another big difference between the matrix
case and all the other possible tensor formats.
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In the second part of this section, we are interested in giving a complete de-
scription of the vanishing locus of the highest coefficient ay (u) of EDpoly xv (o).
o
In the following proof, we use the notations introduced in Section 1.1.

Proposition 5.2.6. The following inclusion holds true:

vav)c U X U Xl
Jiopi>1 [J]>1

Proof. For any nonzero partially symmetric binary tensor v € S*V, we indicate
by (u) € Hs the line spanned by u. Now assume that ay(u) = 0. From
this fact, from Corollary 4.3.7 and (5.1.4), there exists a sequence {uy} C SHV
such that up — u and two corresponding sequences {fx} C X/ and {uj —
fx} € X, of critical points for 6z, ., on Xl\f and X, respectively, such that
EDpolyX#v}uk (62) = 0 and EDpoly x, ., (n?) = 0 when €} = qpu(fx — ug) and
n2 = qr,u(fr) diverge simultaneously (see Figure 5.2). In particular, we have that

<Uk—fk> € [(Tka/,\L/)OO]L = (kaX[\L/)OO7 <fk> € [(Tulc*fk‘)(lt)m]l = (Nuk*fk,X,u)OO

for all k, where the external duals are taken in the projective subspace Ho,. Up

Figure 5.2: The sequences {fx} C X,/ and {uy — fx} C X,..

to subsequences, we may assume that

lim (fy) = (f) € (X,)%, for some f € S*V. (5.2.5)

k—o0
In the topology of the compact space X,, = X, U (X,,)oo we still have f, — (f) €

(X,1)2, more precisely in P(C& V) we have [(1, fx)] — [(0, f)]. Consequently, we
have that

(ur, = fr) = (u = f) € (Xp)oo-

lim
k— o0

Repeating the argument of Proposition 4.3.4, one verifies that



140 Chapter 5. The ED polynomial of a Segre-Veronese variety

(1) gru((u— f)) =0, namely (u— f) € (Qr,.)00, Wwhere in this case gr , is the
quadratic form defined in H.

() Ttup)(Xp)oo C Tiu—p)(QFu)oo-
Remembering that u— f is a decomposable tensor, then (u— f) = [z ®- - - @at<]
for some vectors z; € V;. By (¢), necessarily g;(x;) = 0 for some j, say j = 1.
Now there are two possible cases to study.

If 4y = 1, then we may suppose that ¢;(z1) = 0. The inclusion in (¢7) implies
that for any (v) € Tiy— ) (Xu)oo, We have gr, ((v), (u — f)) = 0, where in this
case qpu(-,-) is the bilinear form on S*V restricted to Hy,. More explicitly, we
may write

S

i— i—1 i s

rU:E 931®"'®x£‘_11®&~$f ®xf_ﬁ1®"'®l’g
i=1

for some &; € V; for all i € [s]. Then
0= gru({v), (u=1))

S
=Y gru(E1® @ @& T @ - @) [ ® - @ o))
=1

S
= th(ﬂh) s (o) qi (&) - @) T i (T )P - gs(s) P
i=1

By our assumption ¢;(z1) = 0. Then necessarily we get the identity

a1 (&1, 1) - qa(x2)H2 - - g (z5)*s = 0.

Taking v sufficiently general, we may suppose that ¢;(£1,21) 0. Therefore
there exists at least one more index ¢ # 1 such that ¢;(xz;) = 0. In particular
u— fe X, s, where J = {j € [s] | ¢j(z;) = 0}.

Otherwise p; > 1, then uw — f € X, 11y, otherwise u — f € X, ; for some
J C [s] such that |J| > 1.

Now assume that p; = 1 (the proof in the case 1 > 1 is the same). We show
that necessarily ¢ € X/ ;. By definition, XY ; = 5, 7, where
Sus= U NaXp
2€(Xy,J)sm

Now suppose that y € T,,_yX,, ;. By the previous claims, ¢z, (y,u— f) = 0. On
the other hand, we have ¢p ,(y, f) = 0, since X, and X/Y are affine cones. Then

qru(y,uw) = 4y, u = f) + 4y, f) = 0+ 0 = 0.
This means that u € S, 7, hence u € X ;. O



5.3. The product of the singular values of a tensor 141

Proposition 5.2.6 gives the following piece of information: if a partially sym-
metric tensor u € SV does not admit the expected number of critical points,
then it must have a critical point with a precise isotropic structure.

5.3 The product of the singular values of a tensor

For all J C [s], we recall that f, ; denotes the equation of X,/ ;, when it is
a hypersurface. Otherwise, we set f, ; := 1. Moreover, we use the notation
fu = fu0- For brevity, we define 0, ; = deg(f,,s) and 6, := deg(f,).

In Lemma 5.2.2 we determined the conditions for the variety X, Y, to be a
hypersurface or not. When X M s 1s a hypersurface, its degree (that is, 6,,75)
coincides with the polar class 50( s) introduced in Section 1.5. In turn, since
X7 is a smooth variety, the 1nvar1ant d0(X,,,7) may be written in terms of the
Chern classes of X, ; via the formulas in (1.8.1) for i = 0. Setting m = m(u, J) =
dim(X,, s) for brevity, we have

m

=D (=DF(m+1—k)er(X,..) - B, (5.3.1)

k=0
where h = ¢;(Ox,, ,(1)) is the hyperplane class.
Our goal is to write explicitly the Chern classes ¢, (X, 7). Let H be the
hyperplane class of P(V;) and denote with h the restriction of H; to the variety

Y;. In particular, recalhng that X, ;= Segu(Yl X -+ X Yy) (see Deﬁnltlon 5.0.4)
we have the relations

B;Lj—XJ(j) =0 forallje]ls],

where  j is the characteristic function of the subset J. Keeping in mind all these
relations, we have that

(X)) =[[cvi) =11 <Z ci(Yj)> =11 (Z w(Yj)ﬁé—)

j=1 j=1 \ i=0 =
SIS (o) #] =55 32
k=0 ||8]=k \I=1 k=0 |8|=k

where hf = ﬁfl .-~ kP and using (1.7.1) we have

S () (=2)h ifle
VB ()/l) = {(g;) 0 i1 ¢ g B = u J H’Yﬁz l/l
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Therefore, the k-th Chern class of X, j is

cx(Xpu,) = Z vsh? Y0 <E<m.
|B1=Fk
Then, taking into account the Segre-Veronese embedding Seg,, we have that
h= u1/~11 + -+ usﬁs, hence the power h™~* in equation (5.3.1) becomes
- - m—k -
e T I N D) < >“whw'

w
|w|=m—k

Summing up, the product cx(X, ;) - A™* in (5.3.1) may be written as

m— m—k wiw
cr(Xpug) - = ZW?hﬁ Z (w )Mh
|BI=k jwl=m—k
(5.3.2)

=(m=k)| > naysut P B
|B|=k

where we observed that, for every k, the product hP - h* is nonzero if and only
if B4+w=n-—1°—xy (namely 8, +w; = n; — 1 — xs(I) for all I € [s]) and
consequently that |8 + w| = |n — 1° — x ;| = m. Moreover, we defined

_ e = lia maoon A= xs() 2 1V 1€
’I]ﬁ =
0 otherwise.

Finally we observe that, from the definition of X, s, we have deg(ﬁm) = 2l
Merging together formulas (5.3.1) and (5.3.2) we get the following result

Proposition 5.3.1. If XX,J s a hypersurface, then its degree is

Ous =271 (=D (m 4+ 1= k)Y mgypunt P (5.3.3)
- |BI=k

We consider two explicit examples of the above formula, which are useful for
example in Remark 5.3.19. See also Corollary 5.4.1 for a simplified version of
(5.3.3) in the binary case.

Example 5.3.2. Consider the case s = 2, ny = ny = n and the vector of degrees
p = (1, p12). The degree of the dual affine cone of X, 11} = Seg,(Q x P(V)) is

AL i [ I
M{l}_ZZ F2n—2-k)! > N T gy T T

B1<n—2
B2<n—1
|B|=k
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Example 5.3.3. Consider the case s = 3, ny = ns = ng = n and the vector
of degrees p = (u1, 12, 13). Below we compute the degrees of the dual affine
cones of X, 1) = Seg,(Q x P(V) x P(V)) and X, 11,2) = Seg, (Q x Q x P(V)),
respectively:

3n—4

0013 =2" Z )*(3n — 3 —s)! -

St (D=2 [ () n—13—f-x(1
Z (n—(gl—2)' |:H n—ﬁl—l :|,LL B {},

B1<n—2 i=2
B2,83<n—1
|Bl=k

3n—5

Opu 12y =4~ Z (=1)°(Bn —4 —s)! -
s=0

)ﬁ,—l (ga)lu/ﬂ—le’—ﬁ—X{lg}
} (n—pBs—1)!

For the rest of the chapter, we assume that n; = --- = ny = n. Moreover,
without loss of generality, we may identify all vector spaces V; = V as well as the
quadratic forms g; = ¢ and the corresponding isotropic quadrics Q; = Q.

From now on, we consider an integer d and all degree vectors p = (pu1, ..., tis)
such that || = d, namely all partitions p of d. We use the symbol u - d to
denote any partition of d. The two trivial partitions are g = (1,...,1) (d times),
denoted by p = 1%, and the symmetric partition y = (d).

Proposition 5.2.6 carries the following fact: if ay = gIB1 -~ g8 is the irre-
ducible factorization of the highest coefficient an of EDpoly Xl,u(€2)7 then the
gr’s are either proportional to f, ;3 for some 1 < j < s such that u; > 1, or
to fu,s for some J C [s] such that |J| > 1. In particular, we may write, up to
scalars,

II fugry@ o I fus@™7, aus >o0. (5.3.4)

Jiopi>1 [J|>1

Moreover, from Lemma 5.2.3 we have that, up to scalars,

ao(u) = fo(u)?- H Juy(w) oy iy <0 when py =1. (5.3.5)
Jipi=1

The reason for the negative sign in the notation of the integers ¢, y in (5.3.5)
is clarified in the proof of Theorem 5.0.5. When pu = 1% we observe that
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EDpoly X(\{yu(sz) is invariant under the action of the symmetric group ¥, on the
entries of u = (u;,...;,). More precisely, we use the notation

aqj=oqay forall JC[d]. (5.3.6)

A nontrivial task is showing what are the exponents «, ; appearing in the
expressions of ay and ag. Actually, Corollary 5.3.13 simplifies a lot our problem,
stating that a, ; € {aq1,...,aqq} for all g = d and all J C [s]. In order to
determine the exponents «,, y, we consider the following list of linear conditions
whose coefficients are the degrees 6, ;, which descend from relations (5.3.4),
(5.3.5) and the identity deg(an) + 2N = deg(ap), where we already know from
Corollary 5.2.3 that o, 9 = o, = —2:

> usbus+2N =0 forall pukd. (5.3.7)
JC[s]

The main idea of the proof of Corollary 5.3.13 is related to partial symmetriza-
tions of the ED polynomial of X ;. To this aim, we recall some definitions and
preliminary results.

Definition 5.3.4. Let p = (p1,. .., 1s) be a partition of d. A symmetrization of
1 is any partition A = (A1,...,A,) of d with

Aj = i, i, forall1<j<r, (5.3.8)

where f1 = (fiy 15y iy g s> Bipys -« -5 Hi,,, ) after a possible permutation. We
write A < p to indicate that A is a symmetrization of u. We stress that different
choices of p; appearing in different sums (5.3.8) yield different symmetrizations
of i, even if some of the u; are equal.

Given two partitions A = (A1,..., ) and p = (u1,. .., us) such that A < p,
we may consider the inclusion SV C S*V. Since the group GL(V) is linearly
reductive (see Definition 3.1.2), S*V is a GL(V)-module and S*V is a submodule
of SHV, there exists a unique GL(V)-invariant complement to S*V in SHV,
denoted by W** (see [LeP, Lemma 6.2.2]). We have a natural projection

Tap : P(SPV) - P(S*V)
from W™*, whose definition on decomposable elements is
m (o @@

. [ Piva aHil,tl
i1,1 1,44

Milftl

Hig q iy ¢, .—
1,4 ® ®ais,1 ® ®ait,ts] T

Q- ® a“is,l L a/"it,ts]

is,1 Tt tg
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The projection 7y, induces another projection P(S¢(SHV)) --» P(S¢(S*V)),
which we keep calling 7y ;. The A-symmetrization of a degree e homogeneous
polynomial f € §¢(S#V) is the image 7 ,(f) under the map already defined.

The case p F d, A = (d) - d is studied in detail by Oeding in [Oed|. Here we
write 7, = 7, for brevity. We consider the projections

Chow,P(V) := 7,(X,) C P(SV), (5.3.9)

classically known as multiple root loci of P(S?V'). They are filled by (classes of)
symmetric tensors of the form I{* - --[% for some linear forms ly,...,l;. When
p = (d), the corresponding multiple root locus is the Veronese variety X 4.
Oeding derived the following striking factorization formula for the p-discriminant
fu in terms of equations of dual multiple loci.

Theorem 5.3.5. [Oed, Theorem 1.2] Let p+ d > 2, and let V' be a complex
vector space of dimension n with n > 1. Then

X NP(S'V*) = | J [Chow,P(V)]".

In particular,

Wu(fu) = H (b%;{'”v
Y=u
where ®.,, ,, is the equation of [Chow.,P(V)]Y when it is a hypersurface in P(S4V*),
and the multiplicity M, ,, is the number of partitions p such that v is a sym-
metrization of L.

A more general result by Holweck and Oeding which we apply is the following.

Theorem 5.3.6. [HO, Theorem 2.2] Let X CP(V) and Y C P(A) be algebraic
varieties with V.= A @ B. If for each smooth point [y] € Y there is a smooth
point [x] € X such that np(T,X) C T,Y (where in the inclusion X and Y are
seen as affine cones), then

YV c XY NP(AY).

Moreover if XV and YV are hypersurfaces defined respectively by polynomials f
and g and, for every general point [h] € YV, H = V(h), viewed as a hyperplane
in P(V), is a point of multiplicity m of XV, then g™ divides w5 (f).

The following result an almost immediate consequence of Theorem 5.3.5 and
is an instance of Theorem 5.3.6. It relates the A-symmetrization of the u-
discriminant (the equation of X 7), where A <  are two partitions of d.
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Proposition 5.3.7. Let A < p be two partitions of d. Then
XY C X)) NP(S'V).
Moreover, fy is a factor of multiplicity one in wy.u(f.).

Proof. By Theorem 5.3.5, we have the inclusions X7 C X7 N P(S9V) and
X € X¥n P(S9V). We stress that, taking into account Definition 1.3.1,

we are identifying P((S#V/SV)+) with SV and by abuse of notation write
X(\fz) C X/ NP(S*V). Again by Theorem 5.3.5, the discriminant fq) is a factor
of multiplicity one in both the polynomials 74 ,,(f.) and g x(fx)- O

Remark 5.3.8. Fix a partition u - d and a vector space S#V. As a completion
of the remark in Definition 5.3.4, we stress that distinct symmetrizations A; # Ay
of u yield isomorphic but distinct subspaces SV # S*2V and, in turn, distinct
(but isomorphic) varieties X, and X,,, even if A\; = Ao as partitions of d.
For example, when we write X(2,1) C X(1,1,1) we do take into account which
components of u = (1,1,1) we are summing to get A = (2,1). Nevertheless, we
choose to omit this assumption in our notation. In terms of projections my .,
different symmetrizations A; # Ao of p yield different maps my, ,, # T, u-

The following key fact shows how the previous result shifts from dual Segre
-Veronese varieties to their respective ED polynomials.

Proposition 5.3.9. Let A\ < u be two partitions of d and let u € SMV. Then the
ED polynomial of XY at u divides with multiplicity one the A-symmetrization of
the ED polynomial of X,] at u.

Proof. Let u € S*V and let x € X, C X, be a A-symmetric singular tensor for
u. We show that z is also a u-symmetric singular tensor for u. According to the
decomposition S#V = SAV @ WMH, the tangent space of X,, at  decomposes in
a good way as T, X, = T, X\ ® W for some subspace W C WHMH, In particular,
any tangent vector of X, at  may be written in a unique way as y = yx +w for
some yy € T, X and w € W. Then we have

qF,y,(u - mvy) = qF,,u(u - 5571//\) + CIF,;L(U - (E,’w) =0 + 0=0

for all y € T;,X,,. Thanks to Proposition 5.1.4, this fact means, at the level of
ED polynomials, that there exists an integer 8 > 0 such that

EDpoly x . (¢?) = [EDpoly xy ,,(¢*))” - h,

and EDpolyXAvﬁu(z-:Q) is not a factor of h. By Lemma 5.2.3, the equations of X
and XY, namely f, and fx, appear with multiplicity 2 in the lowest terms of
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EDpoly yv ,(¢?) and EDpoly xy .(€2). Moreover, by Proposition 5.3.7, fy is a
W )
factor of multiplicity one in 7y ,(f,). This implies that 5 = 1. O

Definition 5.3.10. Let g = (u1,...,ps) F d. Consider a subset of indices
J C [s]. We say that a partition A = (Ay,...,\.) < u is compatible with J if for
all 1 < j <r we may write

)‘j = Mijq + Nij,zj
and the subset of indices Iy ; = {ij1,...,4;,} is either contained in J or in
[s] \ J. Moreover, we define Jy :={j € [r] | In,; C J}.

Example 5.3.11. Let u = (p1,...,u4s) F d. Consider a nonempty subset J =
{p1,...,pn} C [s] and its complement [s] \ J = {q1,...,¢s—n}. Then any of the
following partitions A < p, which we use in Corollary 5.3.13 and Lemmas 5.3.15
and 5.3.17, is compatible with J:

LA=(d)=(u1 4+ +ps) if J=1[s],

2. A= (A, A2) = (ppy + -+ fap, Mgy + - F Haa )

3. A= (A1, A2, A3) = (Hpy 4+ F By Hpps Hgy + 0 F Hg, )
4oA= (A1, A2, A3) = (tpy + Mo by + o+ Mgy Haa)-

Definition 5.3.10 is useful for introducing the following variation of Proposition
5.3.7.

Proposition 5.3.12. Let p = (p1, ..., ps) be a partition of d. Consider a subset
of indices J C [s] and a partition X\ = (A1, -, \.) < u compatible with J. If
XX,J is a hypersurface, then XXJ)\ is a hypersurface too, and

XY, C XY, NP(SMV). (5.3.10)
Moreover, fx 1, is a factor of multiplicity one in 7 ,(fu,r5)-

Proof. In the first part, we derive the inclusion (5.3.10) by applying Theorem
5.3.6. Since the partition A is compatible with J, we conclude immediately from
Definition 5.3.10 that Xy s, C X,,.; NP(S*V). Observe that X,, ; and X, j, are
smooth varieties. Pick any point y = yi‘l R QYN € X, g, First of all, we
have ﬂ;L(y) = {z}, where z = 2" ®---@a#* € X, s is such that z; = y; for all
i € I, ; and for all j € [s]. Secondly, we show that the projection my ,(TxX,. 1)
of the tangent space of X,, ; at x is contained in 7 X j,. By definition,

T_/I;XM7J:<$,$I{1 @ vt T e @ate | vy e T, Qifi e J, vieVifi¢J>.



148 Chapter 5. The ED polynomial of a Segre-Veronese variety

If i € J, then /' ® ~-~vix§”71 ® - ® ks = z and we already showed that
(@) =y € TyX, j,. Now assume that j ¢ J. Then

1

71')\7#(1[,”1“ ®-~~vixf"71 ®®1’l;é) :yfl ®~~®viy;j_ ®~'®y;\"' S TyX)\“]A,

where the index j is such that i € I ;. Hence 7y (T, X, 7) C T, Xx s, as we
wanted. Therefore the inclusion (5.3.10) follows by Theorem 5.3.6.

Now suppose by absurd that X}\/’ 7, 1s not a hypersurface. Then necessarily
|[Jx\| =7 —1and Ay =1 for k£ ¢ Jy, by Lemma 5.2.2. By Definition 5.3.10, we
have that [J| = s —1 and y; = 1 for all j ¢ J, that is, X/ ; is not a hypersurface
by Lemma 5.2.2, a contradiction.

Finally we assume that X l 7 is a hypersurface and we verify that the equation
fa,g, of X)YJA appears with multiplicity one in 7y ,(f. 7). We mimick the argu-
ment used by Oeding in the second proof of [Oed, Lemma 5.1]. Let h be a general
vector in X)Y, 7, In particular, h is a smooth point of X;C 75+ SO there is exactly
one point y € X s, such that h € Ny X, j,. By the previous part of the proof, we
know that ﬂ';; (y) = {«} for some x € X,, ; and that h € N, X, ;, where we are
considering the inclusion h € S*V c SHV. If X/\\/7 7, had multiplicity greater than
one in X/Y’JOIP’(S’\V), there would be a point € X, s, distinct from z, such that
h € N3 Xy j,. Again the first part of the proof would imply that g = ) ,(Z) is
distinct from y and that h € N3 X, j,. But then h € Ny X, 5, N NyX, s,, and
this contradicts the fact that A is smooth on XX Ta- O

Propositions 5.3.9 and 5.3.12 yield the following useful corollary for the proof
of Theorem 5.0.5.

Corollary 5.3.13. Let p = (u1,...,us) be a partition of d. Then

Qu,g = Od 3.y

for all J C [s], where the integers o, j were defined in (5.3.4) and in (5.8.5),
whereas the integers aq ; were defined in (5.3.6).

Proof. Let K C [d] such that [K| = 3, ;u;. By Proposition 5.3.12, f, s is a
factor of multiplicity one in m, y4(fs,x). Moreover, given any tensor u € SHV,
by Proposition 5.3.9 the ED polynomial of X l at u divides the ED polynomial of
X/ at u with multiplicity one. Therefore, the exponents of fq x and f, s, which

are respectively ag x| = g —_— and «a,, s, must coincide. O]
; 2 ;

Thanks to Corollary (5.3.13) and the identities in (5.3.7), one might consider
the linear system

Y s, ubus F2N =0 Vukd (5.3.11)
JC[s]
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in the variables g 1,...,aq,4, and show that the system (5.3.11) admits the
unique solution
(a1, oqa) = (—=1,0,1,....d—2). (5.3.12)

Note that the system (5.3.11) has d variables and as many equations as the num-
ber of partitions p F d, which is considerably larger than d in general. Actually,
it turns out that many equations are linearly dependent.

After initializing the system (5.3.11) on the mathematical software Macaulay?2,
we verified that it admits the unique solution (5.3.12) for small values of n (say,
n < 100). Modulo this issue, we are ready to conclude the proof of Theorem
5.0.5.

Proof of Theorem 5.0.5. Let d > 1 be an integer and let p = (u1,...,us) be a
partition of d. We only need to show that the highest coefficient ay = an(u)
and the lowest coefficient ag = ao(u) of the ED polynomial of X/ at u € S*V
are respectively

i — .—2
av=TI fig TL o= ao=£2 1 fuine (5:313)
Jrpg>1 |J|>1 Jipi=1

By Corollary 5.3.13, for every nonempty subset J C [s], the exponent of f, ;
is ay,; = aaqy, - Moreover, by (5.3.12), we have that

ad7zk€J BE Zﬂk -2
keJ
thus completing the proof. O

In the last part of this section, we extract a system S; of d equations from
(5.3.11). In our computations, we observed (for small values of n) that Sy is of
full rank when n > 2, whereas is of rank d — 1 for n = 2. Actually, the case n = 2
is completely described in Section 5.4, where we show in Proposition 5.4.4 that
the system S, admits essentially the unique solution (5.3.12).

The first equation to add in Sy corresponds to the trivial partition u = (d),
as explained in the following result.

Corollary 5.3.14. For any partition p = (u1,...,us) b d, we have the relation
Quls] = Qd),{1} = ¥d,d =d — 2. (5.3.14)

Proof. The proof is a direct application of Theorem 2.0.2. On one hand, the
highest coefficient of EDpoly X(Vd),u(Ez) is
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where Ag(u) = f(a),{1}(u) is the equation of the dual of the d-th Veronese em-
bedding into P(S%V) of Q C V. On the other hand, the lowest coefficient is

aO(u) = Ad(u)Qv
where Agy(u) = f(q) is the discriminant of the form . O
Actually, the last corollary solves the first problem of determining the expo-
nent a4 of f, s, for any partition ¢ = (p1, ..., ps) F d. The next two technical

lemmas furnish a bunch of linear conditions involving the remaining exponents
aq ;, to be added in the system Sg.

Lemma 5.3.15. Let d > 2 and consider the partition p = (k,d — k) = d for all
1< k< |d/2|. Then for all 1<k < |d/2] we have the relation

01y + 04 (2y¥a,a—k + 0, 210d,0 = 2(0,, — N). (5.3.15)
Proof. There are essentially three cases to discuss:

1. Assume d = 2. Then p = (1,1) and we have
EDpolyXl,u(esZ) = det(el — u)det(el + u).

Then ay(u) =1 and f,(u) = det(u) is the determinant of the n x n matrix
representing u. In particular, we get 0, (13 = 0,2y = 0 and az2 = 0,
yielding the identity 2N = 26,,, which corresponds to (5.3.15) in this very
special case.

2. Now assume d > 2 and k =1, hence p = (1,d — 1). From Lemma 5.2.2 we
have that XL/,{Z} is not a hypersurface, therefore f,, (o1 =1 and 0,, 153 = 0.
By Corollary 5.3.13 we have that « 57 = g4, Whereas o, (13 = @q1-
Therefore equations (5.3.4) and (5.3.5) become respectively

an(t) = fuls),  aolt) = Fi- f 0y

Equation (5.3.7) yields the identity
0, (130d1 + 0, j210a,0 = 2(0, — N). (5.3.16)
Hence we get relation (5.3.15) for k = 1.

3. Finally we consider the case d > 2 and 2 < k < |d/2]. Equations (5.3.4)
and (5.3.5) become respectively

an(t) = foi”  fay - fey s aot) = i
Again by Corollary 5.3.13 we have that o, 5) = g, while o, (17 = aq

and v, (2} = g q—k. Then relation (5.3.15) follows by (5.3.7) after applying
Theorem 5.4.2 and Corollary 5.4.1. O



5.3. The product of the singular values of a tensor 151

Corollary 5.3.16. For alln > 2 and d > 1, we have that agy = —1. In
particular, for all p & d, the lowest coefficient of EDpoly yv ,(€2) is
wo

ao(w) = fu(? I fuin.

J:pi=1

Therefore, the e-offset of X}\L/’ with respect to the squared distance function dp,,,
18 a hypersurface of degree

deg(O-(X)) = 2deg(fu) + D deg(fu(p):

Proof. We know from Corollary 5.3.14 that o g = d—2for alln > 2 and alld > 1.
Then equation (5.3.16) is linear in the only variable cg;. Similarly to Remark
2.3.6, one may check that ay; = —1 is the solution of the above-mentioned
equation. The rest of the statement follows from identity (5.3.5). O

Lemma 5.3.17. Let d > 3 and consider the partition p = (k,d—k —1,1) - d
foralll <k < L%J Then for all 1<k < Ld—glj we have the relation

Op13ya1 + 01y an + 041,31 0d k1 + 0, (23 a,a—k—1

(5.3.17)
+ 042,304k + 0 11,2y0d,0-1 + 0, 3510a,0 = 2(0, — N)
Proof. We discuss three cases in this proof as well:

1. We start by considering the case d = 3, hence u = (1,1,1). By Corollary
5.3.13 we have

gy =031 V1 <G <3, oy =2 VI<i#j <3, a,p =033

The highest coefficient ay = ay(u) and the lowest coefficient ag = ag(u) of
EDpoly Xg,u(fz) become respectively

a3,2

ay = [0 (Feo2r S fuizsy)
ao = fi - (fu oy fuioy fugsn)

In particular, we get the identity (5.3.17) in this special case. We refer the
reader to Section 5.4 for a detailed treatise on this specific example.

2. Now we suppose that d > 3 and that £ = 1, hence p = (1,d — 2,1). By
Corollary 5.3.13 we have that

O {1}y = Oy 3}y = Qd,1, Oy (2} = Od,d—2

Qu{1,2} = Op{2,3} = Ad,d-1, Qpu {13} = QXd,2
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and «, (31 = ag,q.- The highest coefficient ay and the lowest coefficient ag
of EDpoly yv ,, (%) become respectively
"o

)ad‘d—l fad,z Qd,d—2

[e4 3
aN = fu,c[i:s(]l ‘ (fu,{172}fu7{273} w{1,3} a2y

ao = fii - (Fuiny fusy) ™
Putting all these facts together, we get equation (5.3.17) in this case.

3. Finally we suppose that d > 3 and that 2 < k < L%J By Corollary 5.3.13
we derive the identities

Qu,{1} = Qdk, QA {2} = Add—k—-1, {3} = Ad,1

{12y = Xdd—1, Xy (1,3} = Xdk+1, Op {23} = Qd,d—k
and o, (31 = aq,q- The highest coefficient ay and the lowest coefficient ag
become respectively

ad,d gk g, d—k aq,k Qg d—k— 2 —au,
on = Fuf s Fusy Ly Sy 0= fugy

Summing up, we obtain equation (5.3.17). O

The next proposition verifies the product formula (5.0.6) for all tensors of
format n*? with d € {2,3,4}, possibly with partial symmetry.

Proposition 5.3.18 (Product formula for d € {3,4}). When d € {2,3,4}, the
product formula (5.0.6) is true for oll p+ d and all n > 2.

Proof. The case d = 2 corresponds to the trivial case of n X n matrices, possibly
symmetric if ¢ = (2). The first nontrivial case is d = 3. In this case, the
unknown exponents are as 1, a3 and aszz. By Corollaries 5.3.14 and 5.3.16 we
have a3 3 =1 and a3 1 = —1, respectively. To conclude, we consider the relation
(5.3.17) for k = 1, namely

—3937{1} + 3937{1’2}013’2 + 93’[3] =2 [93 — EDdegree(Xg)] .

With an analogous check to Remark 2.3.6, one verifies that necessarily a3 = 0.

Now suppose that d = 4. The unknown exponents are a1, oa,2, a3 and oy 4.
Again Corollaries 5.3.14 and 5.3.16 yield oy 4 = 2 and a4,1 = —1, respectively.
Consider the relation (5.3.15) for k£ = 2, namely

9(272)7{1}(1472 + 9(272)7[2] = 9(272) — EDdegree(X(Zg)).

Solving for ay 2 we get that ay o = 0. Finally, we consider the relation (5.3.17)
for k = 1, which simplifies as

0(1,2,1),41,2304,3 + 01,2,1),13) = O(1,2,1) + 0(1,2,1),{11 — EDdegree(X; 2,1)).

Solving for a3, one verifies that ay 3 = 1. O
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Remark 5.3.19. Define S; to be the linear system formed by equations (5.3.14),
(5.3.15) and (5.3.17). In particular, S; has 1+ [2] + |%51] = d equations in d
unknowns a1, ..., Qq,q. As we observed in Proposition 5.3.18, when d € {2,3,4}
the linear system S, is solved via substitution, since at every step we obtain a
linear equation in only one variable. Things become more complicated for d > 5,

where a more detailed study of the matrix of coefficients of Sy is required.

In order to distinguish between all different partitions, for the moment we
rename all partitions in Lemmas 5.3.15 and 5.3.17 as

p M (k) = (k,d—k)Fd, pP (k)= (kd—k—1,1)Fd.

Observe that, when n = 1, no equation in S; involves the unknown ayg 41,
hence the rank of the matrix of coefficients of Sy is at most d—1. The geometrical
reason is that, for any partition g = (u1,...,pus) b d, with g > -+ > pg, the only
subset J C [s] such that o, j = ag,q—1 is J = [s—1], by Corollary 5.3.13. Indeed,
by Lemma 5.2.2, the corresponding dual variety X M s s not a hypersurface, thus
fu,g =1 and the exponent oy 4—1 remains undetermmed To be consistent with
the higher dimensional results, we define ag 41 :==d — 3.

After substituting in (5.3.14), (5.3.15) and (5.3.17), we see that the vector
(g1, 0q4) =(—1,0,1,...,d —2) is a solution of Sy.

It remains to show that the matrix of coefficients of S; is of maximal rank d (or
d—1 when n = 2). First of all, we observe that all equations coming from (5.3.15)
are pairwise linearly independent. The same holds for the set of equations coming
from (5.3.15). Moreover, any equation coming from either (5.3.15) or (5.3.17) is
linearly independent with (5.3.14). It may happen that the k-th equation in
(5.3.17) is a linear combination of the k-th and (k + 1)-th equations in (5.3.15).
This happens only if the maximal minors of the submatrix

Oucr(hy, (1 0 0 0.0 (k) {2}
May = 0 Ourk1),01y Ou (hr1),2)

om0y omw.ns  uomie Guow.2s)
obtained extracting the coefficients of ay, a1, ag—k—1 and ag—x from the three
mentioned equations, vanish simultaneously. We verified for small values of n
that this is impossible for 1 < k < L%J In particular, this could be checked
easily for n = 2, as showed in Proposition 5.4.4. The entries of the matrix Mg
can be computed applying the formulas in Examples 5.3.2 and 5.3.3.

5.4 The case of binary tensors

Throughout this section, we set n = 2, hence we concentrate on tensors of binary
format. In the first part of this section, we derive degree formulas and we show
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in Proposition 5.4.4 that the linear system Sy defined in Remark 5.3.19 admits
a unique solution. Afterwards, we show a sum of square property related to the
equations f, y of the dual affine cones X,, ;. We conclude the section studying
in detail the case of a 2 x 2 x 2 tensor.

In Proposition 5.3.1, we compute the degree 8, ; of Xl’ ; in full generality.
However, that formula simplifies a lot in the binary setting. In the following, we
define e;(p1,...,ps) = 21<k1< ~<hy<sPhy " Pk, tO be the elementary symmetric
polynomial of degree j.

Corollary 5.4.1. For any subset J C [s], let p(J) = d =3, ; p; be the partition
whose summands are all the py such that k € [s]\ J. In particular, u(0) = p.

Then
s—|J|

0,5 =2 Z I =G 1) e (u( ). (5.4.1)

Proof. In the notations of equation (5.3.3), we have respectively m = s — |J|,
B; =01if j € J, otherwise 0 < 5; < 11if j ¢ J. Then

s—|J|

s=2 S b=l 10 3 s |TT (5 )
k=0 Ak Ligs Vi
s—|J|

— 9lJl Z (—1)F(s = [+ 1 —k)12% ey —i(p(J]))

s—|J]|

= ol Z I G 4 1) e (u( ).

where in the last passage we used the change of indices ¢ = s — |J| — k. O

When J = (), we recover the degree of the so-called p-discriminant of a binary
tensor (see [GKZ, XIII, Theorem 2.4]).

Theorem 5.4.2. Let d > 1 and suppose that p = (p1,...,us) Fd. Then

S

O, = (=2)" 7 (i + Dles(p). (5.4.2)

=0

Note that in the nonsymmetric case u = 19, we have ¢;(19) = (f) for all
0 < i < d. Hence we recover the degree 64 := 6,4 of the hyperdeterminant of a
d-dimensional binary tensor:

04 = Z(_z)d*i (f) (i +1).. (5.4.3)
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Now we take a closer look at the relations obtained in Lemmas 5.3.15 and
5.3.17. In the binary case, we used the simplified formula in Corollary 5.4.1
to compute them more explicitly and show in Proposition 5.4.4 that the linear
system Sy defined in Remark 5.3.19 is of rank d — 1.

Proposition 5.4.3. The equations in Sq coming from (5.3.15) simplify to
(d —k— 1)04[17]4 + (k — l)ad,d_k +agq = Q(k(d — k) —d+ 1). (5.4.4)

foralll <k < L%J Instead, the equations coming from (5.8.17) become respec-
tively

(d —k— 1)Ozd7k +2(d—k— 2)ad,k+1 + kog,a—k—1

545
+2(k — Dovga_i + 2040 = 2(3k(d — k — 1) — 2d + 3) (5:45)

forall1 <k < L%J

Proof. We perform an explicit computation for the first set of equations. The
proof is similar for the other set of equations. So consider the partition u =
(k,d — k) d. We apply formula (5.4.1) in this special case:

2
=3 (=277 (i + 1)les(p) = 4 — 4d + 6k(d — k),
=0

u,{l}—QZ )17 (i 4+ 1lei(d — k) = 4(d — k — 1),

{2}—22 )+ Dlei(k) = 4(k - 1),
9u,[2J:4-

Moreover, by Corollary 5.1.2 we have that N = EDdegree(X,,) = 2k(d—k). Sub-
stituting the preceding relations and simplifying we obtain the relations (5.4.4).
O

Proposition 5.4.4. The linear system Sy defined by equations (5.8.14), (5.4.4)
and (5.4.5) admits the unique solution (aga,...,aqq) = (—1,0,1,...,d — 2),
provided that og,q—1 = d — 3.

Proof. After substituting in (5.3.14), (5.4.4) and (5.4.5), we see that the vector
(g1s---,aqq) =(—1,0,1,...,d —2) is a solution of Sg.

It remains to show that the matrix of coefficients of Sy is of maximal rank
d—1. By Remark 5.3.19, we need to check that the maximal minors of the matrix
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Mg 1, do not vanish simultaneously for all 1 < k < L%J In this case, the matrix
Mg becomes

d—Fk—-1 0 0 k-1
My = 0 d—k—-2 k 0
d—k—-1 2(d—k-2) k 2k-1)

and the maximal minors m((jj L’j 233) ohtained picking the columns ji, ja, j3 of Mg
are respectively

mY = k(d—k-2)(d—k—-1), miPV=(k-1)(d-k-2)(d—k-1),
myP Y =k(k—1)(d—k-1), mGY = —k(k—1)(d—k—-2).

From the above identities we see that the four maximal minors of Mg do not
vanish simultaneously for all 1 < k < [451]. O

An immediate consequence of Theorem 5.0.5 is that, for any partition p F d,
we may write an identity involving the ED degree of X, and the degrees of the
varieties Xl, 7+ as pointed out below.

Corollary 5.4.5. Consider a partition p = (p1,...,ps) & d. Let p(J) be the
partition defined in Corollary 5.4.1 for all J C [s]. Recalling that the degrees of
the p-discriminant 6, and of the hyperdeterminant 6; are defined in (5.4.2) and
(5.4.8), respectively, then

EDdegree(X,,) = sl -+ - s = Z 2l71=1 (2 — Z #k) 00
JC[s] keJ
d ‘
EDdegree(Xy) = d! = Z (]) (2—5)27"10,4;.
j=0

In this section, we investigate also the non-negativity of the various factors
fu,s appearing in the extreme coefficients of EDpoly X;,u(52)- Actually, they are
(products of) SOS polynomials. This fact is useful for the considerations about
tensors of format 2 x 2 x 2 made in Proposition 5.4.9.

Proposition 5.4.6. Let J C [s], J # 0. If J = [s], then f, ; is the product of d
SOS polynomials. If J # [s], then f, 5 is an SOS polynomial. In particular, f,
is a nonnegative polynomial for all J # ().
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Proof. For J = [s], the statement follows since X\ ; C P(V®?) is the union of d
pairwise conjugate hyperplanes. Now let ;1 = 1¢ and J = {1}. More explicitly,

Xiqgy = [Segd([(l,ﬁ)] x P(V)X(dfl))}v

y (5.4.6)

U [Sega(l(1,=V=T)] x BV)<“=1)] " < P(ve9).
Thus X¢\i/,{1} is isomorphic to two copies of X ; ¢ P(V®(4~1). By Lemma 5.2.2,
the varieties Xg,{1} and X | are hypersurfaces when d > 3. If {a;,..;,} and

{bj,...;,} are homogeneous coordinates for P(V®9) and P(V®(@=1)) respectively,
the equations of the two components of Xj{l} in (5.4.6) are

.y ieig b)) = fa—1({bj,...j )
fd_—l({ajl o) = fa-1({bj, Jd})‘{bjzmjd = aoiy iy VT ariyi,} (5.47)
fd—l({ajl“~jd}) = fd—l({bjz'”jd})‘{bjzmjd = ity T arig,}

In particular, f;il and f, , are conjugate polynomials and their product is the
equation fy 1y of de’ ay Therefore fy (1} is the sum of two squared polynomials.
In the same fashion, we show that fy (10} = f;{z} * f4 {2y» Where the factors
fI{z} and f; 5, are defined as in (5.4.7). Therefore, fg (12} is again a sum of
two squared polynomials. More in general, the iteration of this argument shows
that, possibly after a permutation of the indices, the polynomial fg ; is a sum of
two squared polynomials for any subset J C [d].

Now consider a partition p = (g1, ..., us) F d and a nonempty subset J C [s].
On one hand, By Proposition 5.3.12 there exists a subset J C [d] with |.J| =
>_jes ij such that f, ; divides 7, 14(f,; 7) with multiplicity one. On the other
hand, the first part of the proof implies that f,; ; = h2 +h3 for some homogeneous
polynomials h; and hs.

Summing up, there exist two homogeneous polynomials k] and k) such that
hy £+ +/=1hY divides 7, 1a(hy £ v/—1hs) with multiplicity one and

fug =T+ hs = (b +V=1hy)(h} — V—1hj). O

Problem 5.4.7. In particular, Proposition 5.4.6 tells us that, at least in the
binary case, if (X, NQp,,)" is a hypersurface, then its equation is an SOS poly-
nomial. We consider concrete examples in Remark 5.4.8 and in the last part of
this section dealing with binary tensors of format 2 x 2 x 2.

Looking at Remark 5.2.5, we observed that the variety (X, N Qp,)", in the
case i = 1% is always a hypersurface (with several irreducible components), unless
s = 2 and ny = ns. In particular, it is a hypersurface when s = 2 and n; < no.



158 Chapter 5. The ED polynomial of a Segre-Veronese variety

This is indeed the case of non-square matrices, where the determinant is not
defined, namely X3 is not a hypersurface. As pointed out in (5.0.2), the lowest
coefficient of EDpoly xy ,,(0) is equal to det(uu™), which is in fact the equation
of X2V{2} by Lemma 5.2.1. What is more, the polynomial det(uu”) is an SOS
polynomial by the classical Cauchy-Binet formula.

Beyond the study of varieties of rank-one tensors, we considered the variety
(XVNQ)Y appearing in Corollary 4.4.6 in various examples (say, projective curves
and surfaces) and verified (with the help of the Macaulay2 package "S0S") that,
when it is a hypersurface, its equation admits an SOS decomposition. It would be
interesting to solve the following problem suggested by Bernd Sturmfels: assum-
ing that (XV N Q)Y is a hypersurface, is its equation a nonnegative polynomial?
If so, is it an SOS polynomial?

Remark 5.4.8. Looking closely at the polynomials defined in (5.4.7), one may
see that for all d > 3 and for all j € [d], the polynomial fg (;; is written as

fa,{53(u) = Det (uél) + \/—1u§-2)> - Det (ug.l) - \/—1u§2)) , (5.4.8)

where ugl) and ugg) are the tensors in V®(@=1 obtained considering in u the slices

{ti,...i,} with i; = 1 and i; = 2, respectively. The cases d = 3 and d = 4 are
depicted in Figures 2 and 5.3, respectively.

N N R >
LA ]

1)

J

(2

Figure 5.3: The slices u; "’ and u;

appearing in the computation of fy (;3.

As pointed out in the proof of Proposition 5.4.6, formula (5.4.8) may be
generalized to any polynomial fg; # 1. For example, below we interpret the

equation fy (1 2y of X4V{1 2} in terms of the tensors u({rf;} e VeV, withr s € [2],
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obtained extracting from u the slices {u,s;;} highlighted in Figure 5.4.
faqu2y(u) = det{ ( %1;} + F“ﬁ%}) + F( 5{112;} ﬁ?})
( {12}+r ﬁ%}) F( {12}+F {12}) }
'det{ ( ?11;} ?11;}) + \/jl( ({1122} fg})
( )=V )

(12) (22)

ta (21) V-1 Uy 2y — {1 2}

Uty — VoTug g

1121

1111

1221

2111

2221

2211

Figure 5.4: The slices fgz)} appearing in the expression of fy g1 0} (u).

We conclude this chapter by studying in detail the ED polynomial of the
variety X3 at a given tensor of format 2 x 2 x 2.

More in general, we recall that, thanks to Proposition 4.2.12, the coefficients
of EDpoly x ,,(¢2) are SO(V)“-invariants. Indeed we are interested in computing
a minimal generating set for the invariant ring S (V®d)SO(V)d.

As in the previous sections, ¢ is the standard Euclidean scalar product. We
fix x;1,7;2 as coordinates for the j-th copy of V in V@4 Then, the associated
quadratic form ¢ is in coordinates x?’l + x?z for all j € [d].

Now consider the change of coordinates

Zjn =%j1 +V-1lzj2, zjo=a;1 —V—-1lzjs.

In these new coordinates, the expression for the quadratic form ¢ on the j-th copy
of V in V®? becomes 2;j1%j,2. Moreover, each binary tensor u = (u;,...;,) € yed
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may be written as

u = E Wiy i iy~ Tdyig = E Liy g 21,6, """ Zd,ias

(i1,..yiq)€{1,2}¢ (i1,0-s8a) €{1,2}4

for some coefficients t;,...;, depending on the old set of coordinates {u;,...;,} via
the following relations:

Ja)€

(J1seess

e L
{\/_712’=1Jl(—1)271(1“m:| Ujyoonjy-

{1,234

One may verify by direct computation that, for all (iy,...,iq) € {1,2}%, the

complex conjugate of t;,...;, is tg,...r,, where kj =1 — 1.

The new system of coordinates is more effective for computing invariants with
respect to SO(V)<. Indeed, the torus SO(V)¢ = (C*)¢ = (C\ {0})? acts on V&4

by rescaling each coordinate ¢;,...;, as shown below:

d )
1)
til”'id — Hfj( )Jtil,..id,
j=1

for some (£1,...,&q4) € (C*)4.

Using [Stu, Algorithm 1.4.5], we computed a minimal generating set of invari-
ants of S(VE)SOM)’ 4 Jeast for small values of d. Focusing on the case d = 3,
we get that

. }SO(V)”’ ~ (|

101

d
S(V®d)SO(V) = C[tl 917623637943Q017502]3
where the ;s are four real invariants of degree two, whereas 1 and 2 are two
non-real mutually conjugate invariants of degree four:

01 =1t111t22,2, 02 =t112t221, 03 =t121t212, 04 =t122t21.1, (5.4.9)
p1 =1t112t12,1%2,1,1%2,2,2, Y2 =1t1,1,1t1,2,2t2,1,2t22,1-

In addition, the only relation among them is 61050364 — 102 = 0. Since we are
dealing with real binary tensors, the coefficients of the ED polynomial of X ,Y at
u are all real polynomials in the entries {u;,...;,} of u. Indeed, they are elements
of R[Gl, 02, 93, 04, (p], where

P11t

5 (5.4.10)
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In the old set of coordinates {u;,...;,}, these invariants become respectively

91 = (u111 — U122 — U212 — U221)2 + (w112 + w121 + U211 — u222)2,

= (u111 — U122 + U212 + U221)2 + (w112 + w121 — uon1 + u222)2,
93 = (u111 + U122 — U212 + U221)2 + (w112 — w121 + ugi1 + u222)2,
01 = (w111 + w122 + uz12 — U221) + (u112 — w121 — U211 — U222)2,

_ .4 2 .2 4 2 .2 2 2 4
o = ujyy + 2ui U1 + Upig + 22U Uy — 2UT19UT eyt Uy

+ Bur11u112u121 U122 — 2U 1 UTas + 207 19Ulsy + 2uTa Uy + Uls
+ 2uf) Uy — 2uf gy — 2ufg U3y — Bufegudyy + Us);
+ 8u111U112U211 U212 + BU121 U122 Us11 U1 — 2UT ) US) g + 2UT U3 o (5.4.11)
— 6ufy Ud1y — 2uTnatidyy + 2u31 U)o + Usyg + BUi11UI21 Ug11 U2
+ Bu112U122U211 U221 + BUI12UTI21 U212U221 — BUTT1U122U212U221
— 2uf ) u3gy — 6uTgudy; + 2ufy udy — 2uisnUdy; + 2u5) U3y,
- 2”%12“321 + U%zl — BU112U121 U211 U222 + SUTT1UI22U211 U222
+ 8u111U121U212U222 + BUT12UI22U212U222 + BUI11UT12U221 U222
+ 8u121U120U21 U222 + SU211U212U201 U222 — BUT; USe — 2UT15US00
- 2“%21“%22 + 2“%22’“322 - 2“%11“%22 + 2“%12“%22 + 2“%21“322 + U§22~
The geometrical properties of the extreme coefficients of the ED polynomial of

Xy CP(V®3) 2 P7 at u € V3 were previously described in Example 0.0.7. We
recall that EDdegree(X3) = 6, hence EDpolng/’u(EQ) is written as

EDpOlyX§/7u(€2) = ag(u)e'® + as(u)e'® + - - + ag(u).

We determined symbolically all the coefficients of EDpoly ngyu(esQ) with respect
to the generators 61,...,04,¢. In particular, deg(a;) = 2(10 — j) for all 0 <
j < 6. For example, the coefficient as(u) is relevant since the ratio as(u)/ag(u)
corresponds to the sum of the squares of the singular values of u, thanks to
Proposition 5.1.4. We observed that the coefficients a;(u) may be written in a
more concise way using the following symmetric polynomials of the four quadratic
invariants 61, ...,04:

=01+ 02 + 05 + b4,
— 0,0 + 0105 + 0104 + 0205 + 020, + 0504,
= 010203 + 010204 + 010304 + 020304,
0162630,4.

e1(01,02,03,04
62(‘9 02,03, 04
e3(01,02,03,04
e4(01,02,03,04) =

e — — —
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The coefficients a;(u) are displayed below:
as(u) = eq,

1 3
as(u) = <§> (esp — 3eies),

1\ 8
as(u) = <§> [46%02 — 2 (beres + 24eq) o + 156%64 — 12ese4 + eg] ,

1\ 10
asz(u) = <§> [261g03 —2(2e1e2 + 1le3) <p2 + (56%63 + 30e1e4 — 46263) %)

756?64 + 12e1e0e4 — eleg — 186364} ,
1\'¢ f
az(u) = <§> [164,04 -8 (36% + 2062) ap3 +8 (36%62 + 18e1e3 — 46% + 6064) <p2

—4 (56?63 + 186%64 — 12e1e9e3 — 24e2eq + 44@%) %)
+156%e4 — 726?6264 + Ge%eg + 144e,1e3e4 + 486%64 — 8626% — 43262] R

1\
a(u) = (5) [—16061g04 +4 (36‘;’ + 4eiez + 8863) g03

—4 (2@11"@2 + 3e§e3 — 86165 — 24e1e4 + 5262@3) g02
+ (56?63 — 126?64 — 246%6263 + 48e1e2e4 + 80€1€§ + 166363 — 2886364) %)
—36?64 + 246?6264 — 26?63 — 366?6364 — 48616%64 + 8eleze§ + 144ese3e4 — 3263] ,

ao(u) = Det(u)*g1 (u),

where the hyperdeterminant Det(u) and the polynomial gq(u) are expressed as

12
q1(u) = (2> [—8903 + degp? — 2(eres —4deq)p + e?e4 — 4degeq + eg] ,

Det(u) = (;)6 (—8p — €3 + 4ea).

A classical expression for the hyperdeterminant Det of a 2 x 2 x 2 tensor was
showed in (0.0.28).

Using the coefficients above, we computed symbolically the e2-discriminant
of EDpolstvyu(e:Q), denoted with Axy(u). We know from Corollary 4.2.9 that
Axy = Ax,. For the moment, let f(u) and b(u) be the equations of the
ED discriminant ¥xy = Yx, and of the bisector hypersurface B(Xy,Xy) =
B(X3, X3), respectively. We know from Proposition 4.2.4 that f(u) and b(u)
divide EDpoly Xg,u(52)~ Then we verified that

Axy = ey V7, (5.4.12)
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where, taking into account relation (5.4.10),

b(u) = (p1 —2) [ [ (6: — 6;) (5.4.13)

1<j

flu) =8¢ — 3 (9e] — 20e2) ® — 24 (Yeres — dej — 12e4) "
—4 (546?64 — bdereqes + 166% — 252eqe4 + 1596%) 4,06
+ 24 (Yerezes — 24ejes + Teael + 90e3) ¢
—6 (816?64 T2e1e0e3€e4 + 456163 86263 + 4686264 2466364) 904
+24 (81616364 + 36e3¢e7 — 42626364 + 763 - 32464)

—12 (5461626364 — 27616364 + 6263 — 3246264 + 1356364) <p2

— T2e4 (27616364 — 9626364 + 263 — 8164) %)
+ 729¢2¢] — 54816364 + 63 2916eze] + 9726364

In particular, the ED discriminant of X3 cut out by f(u) is an irreducible hy-
persurface of degree 36 in P7, whereas the polynomial b(u), which defines set-
theoretically the bisector hypersurface B(Xs, X3) (see Definition 4.1.5), has de-
gree 16. Note also that the exponents appearing in (5.4.12) confirm the compu-
tations made in Example 4.2.6.

In the following, we assume that u € V®3 is y-symmetric for u € {(2,1), (3)}.
Among the six critical binary tensors for v on X3, EDdegree(X,,) of them are u-
symmetric. Below we describe the critical binary tensors that belong to X3\ X,,.

Proposition 5.4.9. (1) Let p = (2,1) and let u € S*V be general. Then
u admits four critical binary tensors on X,. The remaining two critical
binary tensors are t @Yz and yRx & z for some x,y,z € V. If u is real,
the common singular value of the two critical points on X \ X,, is real.

(2) Let p=(3) and let u € S*V be general. Then w admits three critical binary
tensors on X,,. The remaining three critical binary tensors are * @ T ® y,
rTRYRx and yQxrx for some x,y € V. Ifu is real, the common singular
value of the three critical points on X \ X, is real.

Proof. By Proposition 5.3.9, EDpolyX‘Y’u((sZ) divides EDpolyXBv,u(SQ) with multi-
plicity one when u € S#*V. Let us discuss part (1). Then u admits EDdegree(X,,) =
see (5.1.2)) critical binary tensors corresponding to four singular vector triples
Yy P g g p
x;,x;,y;) for some z;,y; € V, j € [4]. Moreover, for any singular vector triple
j]jf Ly eV, e M f ingular vector tripl
(x,y,2) for u with singular value o and = # y, the permutation (y, z, z) is again
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a singular vector triple for u, and shares the same singular value o. Hence, there
is a linear polynomial h(g?) such that

EDpoly yy ,(¢%) = EDPOWXX,u(EQ) ~h(e?)?.

In conclusion, apart from the p-symmetric singular vector tuples, there is
room left only for one more nonsymmetric singular vector triple (x,y, z) and its
permutation (y,x,z). Moreover, if u € S¥V*, the root of the linear polynomial
h(g?) must be real.

Now let us look at part (2). Then u admits EDdegree(X(s)) = 3 (see (5.1.2))
critical binary tensors corresponding to three singular vector triples (z;,z;, ;)
for some z; € V, j € [3]. With a similar argument of part (1), we observe that
there is a linear polynomial A (2) such that

EDpoly xy .,(¢*) = EDpoly xv , (€?) - 1 (€*)*.

We recall that the polynomial EDpolyXlY’u(Ez) was computed symbolically in
Example 2.4.2. In conclusion, apart from the p-symmetric singular vector tuples,
there is room left only for one more nonsymmetric singular vector triple of the
form (z,z,y) for some z,y € V, together with its permutations (z,y,z) and
(y,x, ). Moreover, if u has real entries, the root of h’(¢?) must be real. O

Remark 5.4.10. Let us examine Proposition 5.4.9(1). In this case the invariants
5 and 03 introduced in (5.4.11) coincide. This implies that the highest coefficient
ag = 01050504 of EDpolyXBvM(EQ) splits into two factors 016, and 0265 = 63, which
correspond to the highest coefficients of EDpoly XX7“(82) and h(g?)?2, respectively.
About the lowest coefficient ag, from (0.0.29) we see that in this case the polyno-
mials f3 (1} and f3 3y coincide. Indeed, the lowest coefficients of EDpoly Xl,u(ez)
and h(g?)? are respectively Det2-f37{2} and f3 1y f3,433 = f32{1}. More precisely,
Det = f, and f3 2y = f, 23 We computed symbolically the ED polynomial of
Xy at a p-symmetric tensor u. In particular,

h(€2) = 169262 — 6105 — 0504 4+ 20,

where ¢ was defined in (5.4.10). In addition, a consequence of Proposition 5.4.6
is that, up to sign multiplication, the highest and lowest coefficients of h(e?) are
SOS polynomials. In particular, the root of h(c?) may be written as

2 0105 + 0504 — 2¢
= 0

(corc10 — c11¢20 — Co0C11 + C10€21) 4 (CooCa1 — Co1¢20)?
(coo + €20)? + (co1 + c21)?

16¢

)
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where we are using p-symmetric variables {c;;} defined analogously to the begin-
ning of Section 5.1.

Now take into account Proposition 5.4.9(2). Looking at their definition in
(5.4.11), in this case the invariants 65, 03 and 04 coincide. Indeed the highest coef-
ficient ag = 01020504 of EDpOlyX;}/,u(EQ) splits into two factors 6 and 620360, = 63,
which correspond to the highest coefficients of EDpoly Xg,u(fg) and h'(g%)3, re-
spectively. About the lowest coefficient ag, from (0.0.29) we see that in this case
the polynomials f3 1}, f3 2} and f3 (3} coincide. Indeed, the lowest coefficients of
EDpolyX#v}u(€2) and h/(2)? are respectively Det? and Ja 01y faq2y fa,q3) = f:?,{1}'
More precisely, Det = f,,. Moreover, in this case

h/(EQ) = 169282 — 0105 — 0% + 2¢p

and the root of 1/(¢?) may be expressed as (using the coordinates {c;} of the
symmetric tensor t)

0102 4+03 —20 (] — 3 —coc + cres)? + (cocs — crez)?

16&2
02 (co+c2)?+ (1 +c3)?

Remark 5.4.11. More generally, one may verify that for any partition p - d
and for a general symmetric tensor u € SV (not necessarily a binary tensor),
the polynomial EDpolyX‘Y)u(g) is divided by EDpoly X(vd)7u(52) and by other
factors. We observed that there is a precise relation between the factors of
EDpolyXMv}u(«e?) and the dual multiple root loci [ChowP(V)]Y (see (5.3.9)) for

all A < p, that somehow shifts the work by Oeding [Oed] from symmetrizations
of p-discriminants to symmetrizations of their respective ED polynomials. This
fact encourages another line of research on the ED polynomials of varieties of
tensors.
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