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Abstract

For the Generalized Plane Stress (GPS) problem in linear elastic-
ity, we obtain an optimal stability estimate of logarithmic type for the
inverse problem of determining smooth cavities inside a thin isotropic
cylinder from a single boundary measurement of traction and dis-
placement. The result is obtained by reformulating the GPS problem
as a Kirchhoff-Love plate-like problem in terms of the Airy’s func-
tion, and by using the strong unique continuation at the boundary for
a Kirchhoff-Love plate operator under homogeneous Dirichlet condi-
tions, which has been recently obtained in [A-R-V].

Mathematics Subject Classification (2010): Primary 35B60.
Secondary 35B30, 35Q74, 35R30.

Keywords: Inverse Problems, Generalized Plane Stress Problem,
Stability Estimates, Cavity.

*Dipartimento Politecnico di Ingegneria e Architettura, Universita degli Studi di Udine,
via Cotonificio 114, 33100 Udine, Italy. E-mail: antonino.morassi@uniud.it

tDipartimento di Matematica e Geoscienze, Universita degli Studi di Trieste, via Valerio
12/1, 34127 Trieste, Italy. E-mail: rossedi@units.it

tDipartimento di Matematica e Informatica “Ulisse Dini”, Universita degli Studi di
Firenze, Via Morgagni 67/a, 50134 Firenze, Italy. E-mail: sergio.vessella@unifi.it


http://arxiv.org/abs/2001.04805v1

1 Introduction

In this paper we consider the inverse problem of detecting cavities inside
h o h

a thin isotropic elastic plate 2 x (—5, 5), where the middle plane 2 is a
bounded domain in R? and h is the constant thickness, subject to a single
experiment consisting in applying in-plane boundary loads and measuring the
induced displacement at the boundary. Practical applications concern the use
of non-destructive techniques for the identification of possible defects, such
as cavities, inside the plate.

The static equilibrium of the plate is described in terms of the classical
Generalized Plane Stress (GPS) problem, which allows to reformulate the
original three dimensional problem in a two dimensional setting [S]. More
precisely, denoting by D X ( —%, %) the cavity, with D a possibly disconnected
subset of €2, the in-plane displacement field a = aje; + ases, solution to the
GPS problem, satisfies the following two-dimensional Neumann boundary

value problem («a, f =1,2)

(1.1) ( Nags =0, in 0\ D,
(1.2) Nagng = Na. on 05},
(1.3) Napng = 0, on 0D,
(1.4) Nug = 12 (1 = v)eas + v(€4y)0as), in Q\ D,
(1.5) | €op = 5(0as +ag.0), in Q\ D.

Here, N = Niey + Naes is the in-plane load field applied to 0f) satisfying the
compatibility condition

(1.6) N.r= 0, for every r € Ro,
a0

where R, is the linear space of infinitesimal two-dimensional rigid displace-
ments. Here, £ = E(z) and v = v(z) are the Young’s modulus and the
Poisson’s coefficient of the material, respectively. Under suitable strong con-
vexity assumptions on the elastic tensor of the material (see Section Bl for de-
tails), and assuming NeH ~2(09, R?), problem (LI)—(LH) admits a unique
solution a € HY(Q \ D, R?) satisfying the normalization conditions

(1.7) / a=0, / (Va—VTa) =0,
0D OD

and such that [|a| ;o) < CHNHH,%((?Q’RQ).
In this work we face the inverse problem of determining the cavity D
from a single pair of Cauchy data {a, N} given on 0). More precisely, we
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are interested to obtain quantitative stability estimates, which are useful
to control the effect that possible errors on the measurements have on the
results of reconstruction procedures. The arbitrariness of the normalization
conditions (7)), which are related to the non-uniqueness of the solution
to the direct problem (LI)—(Ld), leads to the following formulation of the
stability issue: given two solutions a” € H'(Q,R?), i = 1,2, to the direct
problem (LI)-(L6) with D = D;, satisfying, for some ¢ > 0,

1.8 in ||at) —a® — <
(1.8) {Iel% |a a rllzemre) < e,

to control the Hausdorff distance dy (D1, Dy) in terms of € when & goes to
zero, where ¥ is an open subset of 0S).
Assuming D € 0%, 0 < a < 1, we prove

(1.9) dw (D1, Dy) < C|loge|™,

where C' > 0 and n > 0 are constants only depending on the a priori data. We
refer to Theorem [3.1lfor a precise statement. Let us notice that, in view of the
counterexamples obtained in the simpler context of electrical conductivity
(see, for instance, [Al], [Ma], [DiC-R]), we can infer the optimality of the
stability estimate (L9).

The general scheme of our proof is inspired to the seminal paper [Al-Be-Ro-Vel,
which established the first optimal logarithmic estimate for the determina-
tion of unknown boundaries in electrostatics. The key tool in [Al-Be-Ro-Ve]
was, among others, the polynomial vanishing rate for solutions to the sec-
ond order elliptic equation of electrostatics, satisfying either homogeneous
Dirichlet or homogeneous Neumann boundary conditions, ensured by a dou-
bling inequality at the boundary established in [A-E]. Aiming at obtaining a
strong unique continuation property at the boundary (SUCB) for solutions to
the GPS elliptic system, in this paper we have exploited the two dimensional
character of the problem (ILT)—(T6]) by using the classical Airy’s transforma-
tion, which (locally) reduces the GPS system with homogeneous Neumann
boundary conditions to a scalar fourth order Kirchhoff-Love plate’s equation
under homogeneous Dirichlet boundary conditions. This reformulation al-
lows us to use the finite vanishing rate at the boundary for homogeneous
Dirichlet boundary conditions recently obtained in [A-R-V] in the form of
a three spheres inequality at the boundary with optimal exponent, and in
[M-R-V3] in the form of a doubling inequality at the boundary.

It is worth noticing that the present approach, here applied to the GPS
problem, allows also to cover the analogous inverse problem of detecting
cavities in a two-dimensional elastic body made by inhomogeneous Lamé



material, thus improving the log — log stability result previously obtained in
[M-R]. An optimal log-type estimate in dimension three remains a challeng-
ing open problem. Let us mention that the Airy’s transformation has been
used in [L-U-W] to prove global identifiability of the viscosity in an incom-
pressible fluid governed by the Stokes and the Navier-Stokes equations in the
plane by using boundary measurements.

The paper is organized as follows. Notation is presented in Section
Section [3l contains the formulation of the inverse problem and the statement
of our stability result. The Airy’s transformation is illustrated in Section @l
The proof of the main result, given in Section [B] is based on a series of auxil-
iary propositions concerning Lipschitz propagation of smallness (Proposition
[.1)), finite vanishing rate in the interior (Proposition [£.2)), finite vanishing
rate at the boundary (Proposition £.3), stability estimate from Cauchy data
(Proposition[5.4]). Finally, for the sake of completeness, in Section [0l we recall
a derivation of the GPS problem from the corresponding three dimensional
elasticity problem for a thin plate subject to in-plane boundary loads.

2 Notation

Let P = (z1(P),x2(P)) be a point of R%. We shall denote by B,(P) the
disk in R? of radius r and center P and by R,;(P) the rectangle of center
P and sides parallel to the coordinate axes, of length 2a and 2b, namely
Rop(P) ={z = (z1,22) | |1 — 21(P)| < a, |x2 — 22(P)| < b}.

Definition 2.1. (C*® regularity) Let © be a bounded domain in R?. Given
k,a,withk € N, 0 < a < 1, we say that a portion S of O is of class C** with
constants rq, My > 0, if, for any P € S, there exists a rigid transformation
of coordinates under which we have P = 0 and

QN Rryortgro = {x € Rrgorgre | @2 > g(x1)},
where g is a C*“ function on [—rg, 1] satisfying
9(0) = ¢'(0) =0,
91| cte((=ro,ro) < Moo,

where

k
Hg”C’“’a([fm,ro}) = Z T(Z) : sup | |g(l)‘ + T§+a‘g|k,av
=0

—To,70

{ 99(1) — g (5) 3

|t — s

|g|k,a - sup
t,s€[—ro,r0]
t#£s



We use the convention to normalize all norms in such a way that their
terms are dimensionally homogeneous and coincide with the standard defi-
nition when the dimensional parameter equals one. For instance,

1l = o ( [ IVf|2)2 |

and so on for boundary and trace norms.

Given a bounded domain €2 in R? such that 0 is of class C*°, with
k > 1, we consider as positive the orientation of the boundary induced by
the outer unit normal n in the following sense. Given a point P € 052, let
us denote by 7 = 7(P) the unit tangent at the boundary in P obtained by

applying to n a counterclockwise rotation of angle 7, that is

(2.1) T=e3Xn,

where x denotes the vector product in R® and {ej, es, €3} is the canonical
basis in R3.

Given any connected component C of 0€) and fixed a point Py € C, let
us define as positive the orientation of C associated to an arclength param-
eterization ¢(s) = (z1(s),x2(s)), s € [0,{(C)], such that (0) = P and
Y'(s) = 7(¢(s)). Here [(C) denotes the length of C.

Throughout the paper, we denote by w,,, a« = 1,2, w,,, and w,, the
derivatives of a function w with respect to the z, variable, to the arclength
s and to the normal direction n, respectively, and similarly for higher order
derivatives.

We denote by M™ the space of n x n real valued matrices and by £(X,Y")
the space of bounded linear operators between Banach spaces X and Y.

Given A, B € M" and K € £L(M",M"), we use the following notation:

(2.2) (KA)ij = Z Kijri A
ki=1
(2.3) A-B= Z AijBij,
ij=1
(2.4) Al = (A - A)z,
—~ 1 T
(2.5) A:§(A+A ).



We denote by I, the n X n identity matrix, and by tr(A) the trace of A.
When n = 2, we replace the Latin indexes with Greek ones.

The linear space of the infinitesimal rigid displacements, for n = 2, 3, is
defined as

(2.6) an{r(az):c—i—Wx,ceR”,WGMnjijWT:O}.

3 Inverse problem and main result

i) A priori information on the geometry.
Let © be a bounded domain in R? and let us assume that the cavity D
is an open subset compactly contained in €2, such that

(3.1) Q\ D is connected.

Moreover, let us assume that, given positive numbers rq, My, M;, with My >

% , we have

(3.2) diam(Q2) < My,

(3.3) dist(D, 0Q2) > 2Myry,

(3.4) 082 is of class CH™ with constants 1o, My,
(3.5) dD is of class C%* with constants ry, M,

with « such that 0 < o < 1.
Let us denote by > the open portion of 02 where measurements are taken.
We assume that there exists Py € ¥ such that

(36) oan RTOQM()T‘O(PO) C 2,
and
(3.7) Y is of class C** with constants rq, M.

Let us notice that, without loss of generality, we have chosen M, > % to
ensure that B, (P) C Ry, 2myr (P) for every P € 0S).

ii) A priori information on the Neumann boundary data.



We assume that

(3.8) N e H 2(00,R?), N0,

(3.9) N-r=0, foreveryr € Ry,
o0

(3.10) supp(N) CC %,

and that, for a given constant F' > 0,

(311) ||N||H_%(8Q,R2)

— )

[N z-1(00,r2)
iii) A priori information on the elasticity tensor.

The constitutive equation (L4]) can be written as

(3.12) Naﬁ(x) = Caﬁvé(x)evtsa
where the elasticity tensor C = (Cyg4s) is defined as

Eh

= =i (= V) A+ (i) ),

(3.13) C(x)A

for every 2 x 2 matrix A, where the Young’s modulus F and the Poisson’s
coefficient v are given in terms of the Lamé moduli as follows

() 2p(x) + 3A()) A(x)
() + Az) 2u(z) + A(@))

On the Lamé coefficients p = p(x), A= Ax), p: Q =R, A : Q = R, we
assume

(3.14) E(z) =

, o vir) =

for positive constants aqy and .
The above assumptions ensure that C satisfies the minor and major sym-
metries

(3.16)
Caﬁ’yé = Cﬁa'y(s - Caﬁ&ya Cozﬁ’yé = C’y(SozBa for every «, 3,7, d=1,2, in ﬁa

and that it is strongly convex in Q, precisely

(3.17) CA-A> h&lAP,  inQ,
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for every 2 x 2 symmetric matrix A, where §, = min{2ap, v} (see [M-
Lemma 3.5] for details). Moreover, F(z) > 0 and —1 < v(z) < 5 in (0.
We further assume that

(3.18) Mesy  ellog < Ao,

for some positive constant Ag.
We note that the equilibrium problem (LI)-(L5) can be written in com-
pact form as

(3.19) div (CVa) =0, in Q\ D,
(3.20) (CVa)n = J/\}, on 02,
(3:21) (CVa)n =0, on 0D.

The weak formulation of (3.I9)-(3.21) consists in finding a = a(z) € H'(2\

D) satisfying
(3.22) / CVa-Vv = N-v, forevery v € H*(Q\ D).
o\D o9

Under our assumptions, there exists a unique solution to ([3.:22)) up to addition
of a rigid displacement. In order to select a single solution, we shall assume
the normalization conditions

(3.23) / a=0, / (Va—VTa) =0,
Q\D Q\D

which imply the following stability estimate for the direct problem (B.19])-

B.21)
(3.24) lallmenm) < Crol N, 3 oz
where C' > 0 is a constant only depending on h, «ag, Yo, My and M.

In what follows, we shall refer to the set of constants h, ag, Yo, Ao, a,
My, My and F' as the a priori data.

Theorem 3.1 (Stability result). Let Q be a domain satisfying [B.2), B.4)
and let 3 be an open portion of 02 satisfying [B.6)—-(B.1). Let the elasticity
tensor C = C(x) € LM?* M?) given by B.13), with Lamé moduli A = \(z),
p = u(x) satisfying BI5) and BIR). Let N € H=2(09, R?), N # 0,
satisfying B9)-BII). Let D;, i = 1,2, be two open subsets of Q satisfying
GI), BG3), BH), and let o € HY(Q\ D;,R?) be the solution to (319)-
B21)), satisfying B.23), when D = D;, i = 1,2. If, given € > 0, we have

(3.25) min ||aV) — a® — 7|25 g2y < Toe,
r€R2



then we have
-n
(3.26) dy (D1, D3) < Cro |log | —— ,

HN|’H7%(8Q,R2)

where C, n, C >0, n > 0, only depend on the a priori data.

Remark 3.2. Let us notice that, as it will be clear from the proof, the above
stability result holds true also when the domain €2 contains a finite number of
connected cavities DY), j = 1,...,J, such that 9D € C%* with constants
ro, My, and dist(DY) dDW®)) > ry, for j # k.

4 Airy’s transformation

It is known that the boundary value problem in plane linear elasticity can
be formulated in terms of an equivalent Kirchhoff-Love plate-like problem
involving a scalar-valued function called Airy’s function. Although this ar-
gument is well established, see, for instance, |G] and [Fic], for reader conve-
nience in what follows we recall the essential points of the analysis.

For the sake of completeness, we consider a mixed boundary value prob-
lem, in order to describe the transformation of both Dirichlet and Neumann
boundary conditions. Let a = aje; + ases, a € HY(U, R?), be the solution to
the GPS problem

(4.1) ( Nupp =0, inl,
(4.2) Nopgng = N., on O,
(4.3) (o = g, on d,U,
(4.4) Nop = 1205 (1 = V)eag + v(€4,)0ap), Il
(4.5) | €as = +(aap + asa), in U,

where N € H-V2(94,R?) and @ € HY2(0,U,R?) are given Neumann and
Dirichlet data, respectively. Here, 0,U, 0,U are two disjoint connected open
subsets of dU, with oU = I, U U O,U.

The equilibrium equations (4.1]), and the simply connectness of U, ensure
the existence of a single-valued function ¢ = (xy,15), ¢ € H*(U), such that

(4.6) Nag = €ar€85% s,

where the matrix e, is defined as follows: e;; = €22 = 0, €12 = 1, €91 = —1;
see [Ai]. We recall that, by construction, the function ¢ and its first par-
tial derivatives ¢ 1, @2 are uniquely determined up to an additive arbitrary
constant.



It is convenient to introduce the strain functions K.g, o, 8 = 1,2, asso-
ciated to the infinitesimal strain €,g:

(47) Kaﬁ = €5a€~BE€5y, a, 6 = 1, 2.

By inverting the constitutive equation (4.4]), we get

1+v v
(4.8) €ap = E—hNaﬁ - E—h(Nw)éan
and using (4.6]) we obtain
14+v v
(4.9) €ap = L Car€psPis — r (Povy)as.

Inserting this expression of €,4 into (A7), we have

(4.10) Kap = Loy 0,
where the Cartesian components Lqs,5 of the fourth order tensor IL are

1+v v

(4.11) Lagms = —(50[7555 — ﬁ

h 00,30~s.

The strain €,3 obviously satisfies the well-known two-dimensional Saint-
Venant compatibility equation

(4.12) €1122 + €2211 — 261212 =0, inU.
Inverting (4.1), we have

(4.13) €aB = €ar€s5 s,

and the equation (4I2)), written in terms of K5, becomes
(4.14) div (div (LV?p)) =0, in U,

or, more explicitly,

1 v
2 —_— . J— —_—
(4.15) A%p+ 2ERV (Eh) V(Ap) — ERA (Eh) A+
+ EhV? (1;;:) V2o =0, inl.

The above partial differential equation expresses the form assumed by the
field equation (A1) in terms of the Airy’s function .
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We now consider the transformation of the Neumann boundary condition

(#2) on oU. By (46]), the condition on U4 can be written as
(4.16) €aryE€R5P ATB = Non

that is, recalling that 75 = egsng on oU,

(4.17) (¢a1)s = —Nay  (p2)s=Ni, ondlU,

where s is an arc length parametrization on 0. By integrating the above
equations with respect to s, from Py € o to P € o, with s(FPy) = 0 and
s(P) = s, the gradient of ¢ on 9 can be determined up to an additive
constant vector ¢ = cje; + coeg, namely

(4.18) Vo(s) =c+g(s), on U,

where §(s) = Gi(s)e1 + Ga(s)ez, G1(s) = — Ji? Na(€)dE, Gals) = [ Mi(€)de. Tt
follows that the normal derivative of ¢ on ;U is prescribed in terms of the
Neumann data N, that is,

(4.19) ©n=(c+7g(s)) -n, ondl,
whereas, integrating once more (I8 from Py to P, we have
(4.20) o(s)=C+G(s), ondlU,

where C' = ¢(0) =constant, and @(s) = Jy(c+79() - T(§)d§. We notice
that it is always possible to select the two arbitrary constants occurring in
the construction of V¢ such that ¢; = ¢ = 0 (see, for example, [S] for
details). In particular, if the Neumann data N vanishes on OU, then we
can also choose the third constant C' = 0, so that ¢(s) = 0 on d4. In this
case, the homogeneous Neumann boundary conditions for the GPS problem
are transformed into the homogeneous Dirichlet boundary conditions for the
Airy’s function:

(4.21) =0, ¢,=0, ondlU.

The determination of the boundary conditions satisfied by ¢ on 9,/ is less
obvious, since the corresponding boundary conditions in the original two-
dimensional elasticity problem are not explicitly expressed in terms of the
Airy’s function or its derivatives. In dealing with this boundary condition, we
need to assume C'-regularity for 0. We adopt a variational-like approach.
Without loss of generality, we can assume 0,4 = OU.
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Let §, ¢ : U — R, be a C*®-test function, and define the associated Airy
stress field

(4.22) Nag = emeﬁg@ﬁg, in U,

which obviously satisfies the equilibrium equations

(4.23) Nagﬁ = O, in .

Multiplying (£23) by the displacement field a = aje; + ages solution to
(1)—-(A3F), and integrating by parts, we obtain

(424) /@,75[(75:/ ]’\7&577,56&.
u ou

We first work on the integral of the left hand side of (4.24]). After two
integrations by parts, we obtain

(425) /&775Ky5:/K757756+/ aﬁKy(gTL(g—/ QKW;,(;TLq/.
u u ou ou

We elaborate the second integral I on the right hand side of the above equa-
tion in terms of the local coordinates. Recalling that 7, = eg,ng on OU and
Po="NaPn+ Taps on U, a, = 1,2, we have

(4.26) I= / (@nEKnn + ©,5K7m),
ou

where, to simplify the notation, we have introduced on dU the two functions
(427) K,m = Kvgngnv, Km- = Kq/(;n(;Tq/(: KTn)
Since OU is of C11-class, integrating by parts the second term in (426) gives
au
Therefore, the left hand side of (£.24)) takes the form
@29) [ Boikss= [ KosoaB+ [ (Ko~ (Kossn, + Ken)P)
U U au
We next elaborate the integral appearing on the right hand side of (£.24]). Let

us introduce the boundary displacement functions associated to the Dirichlet
data a:

(4.30) (77 = €ayla, on OU.
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Passing to local coordinates, after an integration by parts, we have

(4.31) / Naﬁnﬁaa:/ (5,757'5[]“/:/ (@),sUy = _/ PUys.
ou ou ou ou

Expressing again V¢ in terms of local coordinates, and integrating by parts,
by the regularity of OU we obtain

(4.32) / Nopiiglia = / (=Gl un, + 31 00).).
ou ou

Finally, by rewriting (£.24) using (4.29) and (4.32]), the strain functions K5
satisfy the condition
(4.33)

/ KV&MSSZJF/ (Knn + ﬁv,snv)ﬂan - / (Kﬂ/éﬁnv + Krps + (7767,8)78)95 =0,
u ou ou

for every ¢ € C°(U). By the arbitrariness of the test function @, and of
the traces of ¢ and ¢, on OU, we determine the conditions satisfied by K.,
namely, the field equation

(4.34) Kfﬂg,fﬂg = 0, in Ll,
which coincides with (£.14]), and the two boundary conditions

(4.35) K, = —(7%3717, on OU,

~

(4.36) Kssny + Kops = —(1U,5) s, on U.

The above equations (£34)) and (£35)), ([£30]) are known as compatibility field
equation and compatibility boundary conditions for the strain functions K.,
respectively. In conclusion, under the assumption N =0on oU, the two-
dimensional elasticity problem ({I)—(@3]) can be formulated in terms of the
Airy’s function as follows:

(4.37) ( K506 =0, in U,
(4.38) 2= 0, on dU,
(4.39) an =0, R on O,
(4.40) Kognang = =U, sn, on 0,U,
(4.41) Ko gt + (Kagngta)s = —(1,0,)6, on 0,
(4.42) | Kas = 57 (L+1)¢.as —v(Ap)dasg),  inl.
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There is an important analogy connected with the above boundary value
problem. Equations (437)-(4.42) describe the conditions satisfied by the
transversal displacement ¢ = ¢(x1, z5) of the middle surface U of a Kirchhoff-
Love thin elastic plate made by isotropic material. The plate is clamped on
U, and subject to a couple field M = M;n + M,7 assigned on d,U, with
M, = —U,sn, and M, = 7,U, , see, for example, [M-R-V1]. Within this
analogy, the strain functions K3 = K,p(x1, z2) play the role of the bending
moments (for a = [3) and the twisting moments (for o # ) of the plate at
(71, 75) € Q (per unit length), and the bending stiffness of the plate is equal
to (Eh)~L.

Let us observe that the geometry of the inverse problem here considered,
that is 4 = Q\ D does not ensure the existence of a globally defined Airy’s
function, since the hypotheses of simple connectedness is missing. For this
reason, in the following Section [l we shall make use of local Airy’s func-
tions, defined either in interior discs (see the proof of Proposition [5.2]) or in
neighbourhoods of the boundary of the cavity (see the proof of Proposition

B.3).
Proposition 4.1. Under the above notation and assumptions, we have

(1 — v’ (1 + [v])?
E?h? E?h?

PT’OOf. By (M), we have N11 = ©,22, N22 = P11, N12 = N21 = —¥ 12, SO that

(4.43) V2] < |Vaf* < [VZ|*

2
(4.44) V%l = Y N2,

a?/BZ]‘

_ 1 v _ 1 v _
By ([@.8), we have e; = 2rlV11 — 27 Nao, €22 = 55 Nog — 27 N1y, €12 =
€21 = IEJ,F—:NH, so that

(4.45)
2
= 1
Val> = > el = Ep Lt V) (NTy + N3yp) +2(1+ 1)’ Ny — 4v N1y Nyo }-
a,B=1

Let us estimate the term —4vN;; Noy by using the elementary inequalities
(4.46) + 2Ny Nyy < N} + N3,.

I) Estimate from below.
i)0<v<s

14



If Ni1Nggy < O, then —4vN11 Nop > O, whereas if Ni11Nogy > 0, then, by
({46), —4v Ny Noy > —2v(NZ + N3,). Since —2v(NE + N3,) < 0, we have,
independently of the sign of Nj; Nao,

(4.47) — 4uNy Nyy > —2v(N7, + Nyy).

i) v=20

In this case,

(448) - 41/N11N22 = 0.

i) —1<v<0(e0<—-rv<l)

If Ni1Nayg > 0, then —4v N1 Nog > 0, whereas if Ni1Nagy < 0, then, by
(A46), —4vN; Ny > 20(NE + NZ). Since 2v(NE + N3,) < 0, we have,
independently of the sign of N3 Nao,

(4.49) — 4uNy 1 Nog > 2v(N}, + N3y).

Therefore, collecting together the three cases, we have

(4.50) — 4vNi Noy > —=2[V|(N; + N3y).

From (£.45) and (£50), we have

(4.51) |Vaf* > {1+ [ = 2lw) (N}, + Ngp) +2(1 +v)*Nip} >

1
(Eh)?

2
(1—|v])? s (L=v)? o2 2
> EETE R a%:l Nzg = T |V=pl”.

II) Estimate from above.
By distinguishing the three cases as above, we get similarly

(4.52) — 4u Ny Nop < 2|v| (N7, + Nay).

From (£45) and (452), we get the right hand side of (£43).
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5 Proof of the main result

Proposition 5.1 (Lipschitz Propagation of Smallness). Let Q be a domain
satisfying (B2), B4). Let D be an open subset of ) satisfying B.1)), [B.3),
BE). Let a € HY(Q\ D,R?) be the solution to BIA)-B2I), satisfying
B23). Let the elasticity tensor C = C(z) € L(M? M?) given by (B.I3),
with Lamé moduli X\ = \z), p = p(x) satisfying BI5) and BIF). Let
N e H’%@Q,Rz), N # 0, satisfying B9)-@BII). Then, there exists s > 1,
only depending on oy, Yo, Mo and My, such that for every p > 0 and every
T € (Q\ D)s,, we have

sps
2
Cr§ ~

(5.1) [ (%= _|¥
B epa(2)’]

||2 _1 )
H™2(00Q,R?)

where A, B, C > 0 are positive constants only depending on ag, Yo, Mo, Mo,
My and F.

Proof. The proof follows by merging the Lipschitz Propagation of Smallness
estimate (3.5) contained in [M-Rl Proposition 3.1], Korn inequalities (see, for
instance, [Ey], [A-M-R]), trace inequalities (|[L-M|) and equivalence relations
for the H=2 and H '-norms of the Neumann data N (see (3.9)-(3.10) in
[M-Rl Remark 3.4]). O

Proposition 5.2 (Finite Vanishing Rate in the Interior). Under the hypothe-
ses of Proposition[51), there exist ¢y < % and C' > 0, only depending on oy,
Yo and Ao, such that, for every T € (0,7) and for every T € Q\ D such that
Bx(z) € Q\ D, and for every v, < ¢, we have

~ 71\ 70 = 9
(5.2) / |Val> > C (= / Val?,
By, (%) <7“ ) By (z)

where 1o > 1 only depends on ag, Yo, Ao, Moy, My,"2 and F.

Proof. We can introduce in Br(z) a locally defined Airy’s function ¢ as-
sociated to the solution a. The proof follows by adapting the arguments
in the proof of the analogous Proposition 3.5 in [M-R-V2] which applies to
Kirchhoff-Love plate equation. The main difference consists in estimating the
L? norms of ¢ and |V| appearing in (3.21) of [M=R-V2] in terms of the L?
norm of |V?¢| and using (&43)), the stability estimate (3.24)) and Proposition
Bl

O
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Proposition 5.3 (Finite Vanishing Rate at the Boundary). Under the hy-
potheses of Proposition 5.1, there exist ¢y < % and C > 0, only depending on
o, Yo, No, My, «, such that, for every T € 0D and for every ri < ¢org, we
have

(5.3) / ﬁaPZO(ﬁ) / Val?,
By, (1)N(2\D) "o By (2)N(Q2\D)

where 7 > 1 only depends on «aq, Yo, Mo, My, o, My and F.

Proof. Let us consider the Airy’s function ¢ associated to the solution a and
defined in R, 2nyr, (Z) NE2\ D, which satisfies the partial differential equation

(5.4) div (div (LV?¢)) = 0, in Ry oy (7) NQ\ D,
or, equivalently,

v

(5.5) A2p+2ERV (i) - V(Ap) — ERA (Eh

Eh ) Ayt

14+v
Eh

RV ( ) V=0, in Ry oae(1) N O\ D,

and the homogeneous Dirichlet conditions
(5.6) e=pn,=0, ondDN Ry (T).

Let us notice that, under our assumptions, the fourth order tensor IL satisfies
the strong convexity condition

1
5hA

(5.7) LA-A> |AJ?, in Q,

for every 2 x 2 symmetric matrix A. We also notice that the coefficients
of the terms involving second and third-order derivatives of ¢ in (5.0) are
of class C? and C? in R, an1r, (Z) N2\ D, respectively, with corresponding
C? and C3*-norm bounded by a constant only depending on h, ag, v, and
Ag. Therefore, we can apply the results obtained in [A-R-V]. Precisely, by
Corollary 2.3 in [A-R-V], there exist ¢ < 1, only depending on M, and «,
and C' > 1, only depending on «g, v9, Ag, My and «, such that, for every
r1 < r9 < crg, we have

log B

(5.8) / 2> C (T—l) o / o
By@n@\p)  \T0 Bry (2)N(2\D)
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where B > 1 is given by

Of
To By (Z)N(Q\D)

9 poo(2) mans,
T2 Bry (@)N(Q\D) ¥

Let us choose 73 = ¢gro, with ¢y = 5. We need to estimate the quantity B.
By applying Poincaré inequality (see, for instance, [A-M-Rl Example 4.4])

and (£43), we have

(5.10) / @? < C’Té/ (V2] = CTé/ |§a|2
Byo (Z)N(Q\D) Byo (®)N(Q\D) Byo (®)N(Q\D)

where C' > 0 only depends on «q, vg, Ag, My and «. Moreover, by applying
Lemma 4.7 in [A-R-V] and (£.43)), and recalling the choice of 5, we have
(5.11)

[ emen | wpeo [ SR
By (2)N(©\D) Bry (@)N(©\D) Bery (2)N(2\D)

By (GI0)-(5I0), using the stability estimate of the direct problem (3:24)
and Proposition 5.1, we can estimate B < C, with C' only depending on ay,
Y, Mo, My, o, My and F. By using again Poincaré inequality, Lemma 4.7 in
[A-R-V] and (£.43]), we obtain the thesis. O

From now on, we shall denote by G the connected component of €\
(D1 U Dy) such that ¥ C 0G.

Proposition 5.4 (Stability Estimate of Continuation from Cauchy Data).
Under the hypotheses of Theorem [3 1], we have

G2y [ RO SRR e | e ,
(Q\G)\Dr RO N -4 90, pey

(5.13) / B 7|€a(2)|2 < TSHNHZ*%(QQR%W _ 5 ’
(2\G)\ D> ’ 1N -3 o0.22)

where w is an increasing continuous function on [0, 00) which satisfies
(5.14) w(t) < C(log | logt|)*%, for every t < e,

with C° > 0 only depending on o, Yo, Ao, My, o and M. Moreover,
there exists dy > 0, with ‘j—g only depending on My and o, such that if

dyu(Q\ D1,Q\ Dy) < dy then (512)-(EI3) hold with w given by
(5.15) w(t) < C|logt|™°, for every t <1,

where o > 0 and C' > 0 only depend on oy, Yo, Ao, My, o, M.
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Proof. The proof can be easily obtained by adapting the proof of the anal-
ogous estimates contained in Proposition 3.5 and Proposition 3.6 in [M-R].
The only difference consists in replacing the auxiliary function w = a® —a®
with w = a¥) — a® — r, where r € R, is the minimizer of problem (3.25),
and noticing that Vr = 0. O

Proof of Theorem[31. It is convenient to introduce the following auxiliary
distances:

(5.16) d=dy(2\ D1,Q\ Dy),
(5.17) d,, = max {mrgaal))(l dist(z, Q2 \ Ds), max dist(x, Q\ Dl)} :

Let n > 0 such that

(5.18) mzfoz(/ B _|§a(i)|2 <.
THEJ(Q\G\Di
Step 1. Let us assume n < r%”ﬁ”fq,m(mkg). We have
n
(519) dm < CTO y

TS”N”ijfl/Q(aQ’RQ)

where T has been introduced in Proposition and C' is a positive constant
only depending on the a priori data.

Proof. Without loss of generality, let xq € dD; such that

Since By, (19) C Dy C Q\ G, we have

(5.21) By, (o) N (Q\ D1) € (2\G)\ Dy

and then, by (5.I8]),

(5.22) / IVa|? < .
B, (z0)N(2\D1)

Let us distinguish two cases. First, let

(5.23) dm < Coro,
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where ¢ is the positive constant appearing in Proposition (.3l By applying
this proposition, we have

A\ " ~
(5.24) n>C (—) / Va2,
To Bry (z0)N(Q\D1)

where C' > 0 is a positive constant only depending on ag, Yo, Ao, o, My, M
and F.
By Proposition 5.1}, we have

d,\" ~
(5.25) n>C (T_o) T(QJHNH%I—I/Q(aﬂ,RQV

where C' > 0 is a positive constant only depending on «q, vo, Ao, o, My, My,
F, from which we can estimate d,,, obtaining (5.19)).
As second case, let

(526) dm Z 507"0.
By starting again from (5.22), applying Proposition [5.] and recalling d,, <

M;rqy, we have

Ui

= )
T(% HN|’§{71/2(397R2)

(5.27) d <

CTO

where C' > 0 is a positive constant only depending on g, Y0, Ao, Mo, M,
F'. Since we have assumed 7 < 7“S||N||§{_1/2((99 g2)» also in this case we obtain

G19). m

Step 2. Let us assume n < 7“S||]/\7||§{_1/2(8Q g2y We have

(5.28) d<Crp | e ,
r0||N||H—1/2(aQ7R2)

with 7 = max{7, 79} and C' > 0 only depends on ag, Yo, Ao, o, My, My and
F.

Proof. We may assume that d > 0 and there exists yo € 2\ D; such that

(5.29) dist(yo, 2\ D2) = d.
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Since d > 0, we have yo € Dy \ D;. Let
(530) h = diSt(yo, 8D1),

possibly h = 0.

There are three cases to consider:

. d‘

sy

h>g5h<%

iii) h > 5, h > 9.
Here the number dy, 0 < dy < 1, is such that ‘j—g only depends on M, and it
is the same constant appearing in Proposition[5.4l In particular, Proposition

3.6 in [Al-Be-Ro-Ve] shows that there exists an absolute constant C' > 0 such
that it d < dy, then d < Cd,,.

Case 1i).
By definition, there exists zg € dD; such that |z — yo| = h. By applying

the triangle inequality, we get dist (zO,Q \ DQ) > g. Since, by definition,
dist <zo, Q\ Dg) <d,,, we obtain d < 2d,,.
Case ii).

It turns out that d < dy and then, by the above recalled property, again
we have that d < Cd,,, for an absolute constant C'.

Case iii).
Let h = min{h,ro}. We obviously have that B;(yo) C €\ D; and

Ba(yo) C Ds. Let us set
d Codo
d
| = min { X } :

where ¢ is the positive constant appearing in Proposition 5.2l Since dy < d
and d; < h, we have that By, (yo) C D5\ D; and therefore n > s, (w0) Va2,

Since & < h, Bdo (yo) C Q\ Dy so that we can apply Proposition [5.2 with

ri=di, T = 9, obtaining n > C <2d1) de (o) |Va(1 1, with C' > 0 only

depending on «q, Yo, Ag, My, M7 and F. Next by Proposition Bl recalling
that ‘j—g only depends on Mj, we derive that

dl S CTO 7 9

r3ll M2

H-1/2(00,R2)
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where C' > 0 only depends on g, 7o, Ao, My, My and F. For n small enough,
dy < cofo, so that d; = g and

d < Crq U

T%”M’ﬁ{flﬂ(ag’Rz)

where C' > 0 only depends on «g, 79, Ao, My, My and F. Collecting the
three cases, the thesis follows. O

Step 3. We have

(5.31) dn(Dy, Dy) < \/1+ M2 d.

Proof. The proof is based on purely geometrical arguments, we refer to
[M-R-V2| Proof of Theorem 3.1, Step 3]. O

Conclusion. By Proposition [5.4]

3

(5.32) d < Cro | log|log | —=—
HNHH—IM(aQ,RQ)

with 71 > 1 and C' > 0 only depends on ag, Y9, Ao, a, My, M; and F'. By
this first rough estimate, there exists ¢y > 0, only depending on on «q, 7o,
Ao, o, My, My and F, such that, if ¢ < gy, then d < dy. Therefore, we can
apply the second statement of Proposition [5.4] obtaining the thesis. O

6 Generalized Plane Stress problem

In this section we derive the Generalized Plane Stress (GPS) problem for the
statical equilibrium of a thin elastic plate under in-plane boundary loads.
Our analysis follows the classical approach of the theory of structures, ac-
cording to the original idea introduced by Filon [Fil]. Alternative, more
formal derivations have been proposed to justify the GPS problem. The in-
terested reader can refer, among others, to the contributions [C-D], [A-B-P]
and [P].

Let U be a bounded domain in R?, and consider the cylinder C = U x
(=%, %) with middle plane U x {z5 = 0} (which we will simply denote by ¢{ in
what follows) and thickness h. Here, {O, x1, 22, z3} is a Cartesian coordinate
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system, with origin O belonging to the plane x3 = 0 and axis x3 orthogonal
to U. Such cylinder is called plate if h is small with respect to the linear
dimensions of U, e.g., h << diam(U).

Let us suppose that the faces U x{x3 = j:%} of the plate are free of applied
loads, and all external surface forces acting on the lateral surface ol x (—g, %)
lie in planes parallel to the middle plane U, and are independent of x3. We
shall further assume that body forces vanish in C. The plate is assumed to be
made by linearly elastic isotropic material, with Lamé moduli independent of
the wz-coordinate, e.g., A = Ny, 22), = pu(x1, z2) for every (z1,z9,0) € U.
Moreover, let A, 4 € C%'(U) and such that u > ag, 2+ 3\ > 7o in U, with
g, Yo positive constants.

Under the above assumptions, the problem of elastostatics consists in

finding a displacement u solution to

(6.1) ( Ty, =0, in C,
(6.2) T3 =0, on U x {xz = £},
(6.3) Topng = tos on OU x (—g, g) ,
(6.4) Tsang = 0, on OU x (—4,14),
(6.5) Ti; = 2uE;; + M Egg)0ij, in C,
(6.6) | Eij = S (uiy +uyy), in C,

where the force field ¢ = (tAl,tAg, 0), with to = tAa(:El, x9), a = 1,2, assigned on

U x (—%, %) satisfies the compatibility conditions

(6.7) / t=0, /’ zxt=0,
oux(-4.%) oux(—-4.%)

see, for example, |G §45]. The above boundary value problem is called plane
problem of elastostatics. It is known that, under our assumptions and for
ta € H_%(OL{,RQ), a = 1,2, there exists a solution u € H'(C,R?) which
is unique up to an infinitesimal rigid displacement r(x) = a + b X x, with
a, b € R? constant vectors.

We now formulate the Generalized Plane Stress (GPS) problem associ-
ated to (G.I)—(66). The GPS problem is a two-dimensional boundary value
problem formulated in terms of the thickness averages of u, F and T', under
the a priori assumption

(68) T33 = O, in C.

For a physically plausible justification of the above assumption under the
hypothesis of small h, we refer to [S, §67] and to the paper [Fil| by Filon,
who first derived the GPS problem.
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Given a function f : C — R3 f € H'(C), let us define the function
f:C — R3 as follows:

(6.9) fi(z, w2, 23) = fi(w1, 22, —13),
(6'10) ]?2(551,1‘2,1‘3) = f2(x17$2’ _$3)a
(611) %(%1,$2,$3) = —f3<.§lf1,ﬂf2, —.’173).

By definition of the plane problem, if u is a solution to (6.1)—(6.6]), then also
w is a solution of the same problem. Moreover, (v —u) is a solution to (6.1I)—
(6.6) with ¢t = 0 and, therefore, (u — @) € Rs. Noticing that (u; — uy)|zy—0 =
(ug — U2)|zs—0 = 0, we have u — u = azes + (bre; + baey) X Z?Zl x;e;, with
as, by, by € R. Now, it is easy to see that, choosing ' € R3 asr’ = 25’:1 aie;+
S ey x 00 wie;, with afy = —% b = —Y b, =—2 the solution u-+7r’
to (6.1 (6.6) satisfies the condition u+1" = (u + 1), for every a}, ay, b3 € R.
~ We next introduce the thickness average f of a function f : C — R3,
f:U — R, defined as

[Ny

— 1

(612) f(l‘l,l'g) = E f([L‘l,l‘Q,l‘g)dl‘g.

[Nl

Taking into account that the thickness average of an x3-odd function is
zero, and the xs-derivative of an x3-even function is x3-odd, for every point

(1, 22) € U we have

(6.13) Us = FEo3 =Tos =0, a=12,

(6.14) Eop = § (Wap +Tp0), @ f=12

(6.15) Top = 21Eup + MNE + E33)005, a,8=1,2,
(616) T33 = 2/,LE33 + )\(Efw + E33),

where the solution u + 7" is denoted by u. Using the a priori assumption
(68)) in (6.16), the function E33 can be expressed in terms of .., and the
two-dimensional constitutive equation can be written as

(617) Taﬁ = 2#Ea5 + )\*Eq/q/éaﬁ,
with
20\
6.18 A= :
(6.18) A4 2pu

Integrating on the thickness in ([6.I)—(6.6]), and neglecting those equations
which yield to identities, we obtain the averaged equations of equilibrium
and the corresponding boundary conditions, and w € H' (U, R?) is a solution
to
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) Topp =0, inU,
6.20) Topnpg = tu, on OU,
) Top = 20Eap + N (Ey))00s, U,
6.22) Eop = 1 (Tap +Tpa), in U,

where the force field ¢ = t1e1 + taeq applied on OU satisfies the compatibility
conditions

(6.23) / =0, / xxt=0.
ou ou

Let us notice that the constitutive equation ([6.2I]) can be written as

— E

(6.24) Top = 1_ .2 ((1 — V) Eag + V(Ew)éaﬁ) g
with

E vE
(6:25) T A T T )

where E, v are the Young’s modulus and the Poisson’s coefficient of the
material, respectively. Finally, by defining
(6.26)

Ao = Up, €ap = FBop = %a, Nog = hT o, ]Va = ht,, «,B=12,

we obtain the GPS problem

(6.27) Nagp =0, in U,
<628) Naﬁng = ]/\}a, on 82/{,
(6.29) Nag = 2 (1= v)eas + v(6,)00g) . in 1,
(630) Eaﬁ = %(aaﬂ + a@a), in Z/{,
with
(6.31) / N-r=0, foreveryr € Rs.

ou
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