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Abstract

In this paper we first obtain a constant rank theorem for the second fundamental form of the space-
time level sets of a space-time quasiconcave solution of the heat equation. Utilizing this constant
rank theorem, we can obtain some strictly convexity results of the spatial and space-time level
sets of the space-time quasiconcave solution of the heat equation in a convex ring. To explain our
ideas and for completeness, we also review the constant rank theorem technique for the space-time
Hessian of space-time convex solution of heat equation and for the second fundamental form of

the convex level sets for harmonic function.
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Chapter 1

Introduction

Throughout the paper, Q = Qg \51 is a C>® convex ring in R" (n > 2), i.e. Qp and Q; are bounded
convex open sets in R” of class C2 with 51 c Qp, and we consider a classical solution u of the

following problem
ou

B = Au in QX (0,+c0),

u(x,0) = up(x) in Q, (1.0.1)
u(x,1) =0 on 0Qg X [0, +0c0),

u(x, 1) =1 in  Qp X [0, +00),

where the initial data ug > 0 is regular enough and satisfies #y = 0 on Q¢ and uy = 1 on 9Q2;. We
study the spatial and the space-time quasiconcavity of u (notice that we set u = 1 in Q).

We recall that a function v : R" — R U {—o0} is called quasiconcave in R™ (m € N) if
all its superlevel sets {y € R™ : v(y) > c} are convex. If v is defined only in a proper subset
A c R™, we extend it as —co outside A and we say that v is quasiconcave in A if such an extension
is quasiconcave in R™. Then we say that u € C (Qo x [0, +00)) is spatially quasiconcave if the
function x — u(x, 1) is quasiconcave in Qy c R” for every fixed r > 0, and we say that u is
space-time quasiconcave if it is quasiconcave in Qg x [0,00) C R™! that is if all its space-time
superlevel sets

X6, =1{(x,1) € Qo x [0,00) : u(x,1) > c}

are convex in R"*!. Equivalently (and more explicitly) we can give the following definition.
Definition 1.0.1. A functionu € C (ﬁo X [0, +00)) is spatially quasiconcave if
u((1 — Dxg + Axy, 1) > min{u(xo, 1), u(xy, 1)}, (1.0.2)

for every xg, x1 € 50, A€ (0,1) and every fixed ¢ > 0.

Analogously, u is space-time quasiconcave if
u((1 — Dxg + Axy, (1 = Dt + Aty) = minfu(xg, to), u(x1, t1)}, (1.0.3)

for every xp, x| € 50, to,11 =2 0,41€ (0,1).
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Clearly, if a function is space-time quasiconcave, then it is spatially quasiconcave at every
fixed time: if we fix a time 7 > 0, (1.0.3) coincides with (1.0.2) if fg = #; = 1.

The quasiconcavity of solutions to elliptic partial differential equations in convex rings has
been extensively studied, starting from [1] which contains the well-known result that the level
curves of the Green function of a convex domain in the plane are convex Jordan curves. In 1956,
Shiffman [41] studied the minimal annulus in R3 whose boundary consists of two closed convex
curves in parallel planes P1, P;: he proved that the intersection of this surface with any parallel
plane P, between P; and P», is a convex Jordan curve. In 1957, Gabriel [22] proved that the level
sets of the Green function of a 3-dimensional bounded convex domain are strictly convex. In 1977,
Lewis [35] extended Gabriel’s result to p-harmonic functions in higher dimensions. Caffarelli-
Spruck [15] generalized the Lewis’ result [35] to a class of semilinear elliptic partial differential
equations. Motivated by Caffarelli-Friedman [11], Korevaar [33] gave a new proof of the results
of Gabriel and Lewis by applying a deformation process jointly with a constant rank theorem for
the second fundamental form of the level sets of a quasiconcave p-harmonic function. A survey
of this subject was given by Kawohl [31] in 1985. For more recent results and updated references,
see for instance [6, 5, 26].

For parabolic equations, a natural question is whether the solution of an initial-boundary value
problem is able to retain the quasiconcavity of the initial datum. This is in general not true, as
showed in [28]. On the other hand, Brascamp and Lieb [10] earlier proved that the log-concavity
of the initial datum is preserved by the heat flow and, as a consequence, they got the log-concavity
of the first Dirichlet eigenfunction and the Brunn-Minkowski inequality for the first Dirichlet
eigenvalue of Laplacian operator in convex domains. In a series of papers [7, 8, 9], Borell studied
certain space-time convexities of the solution of heat equation with Schrédinger potential, obtain-
ing a new proof of the Brascamp-Lieb’s theorem and a Brownian motion proof of the classical
Brunn-Minkowski inequality. Precisely, in relation to the present paper, in [7] Borell considers a
solution of the heat equation, 5

u

i Au in QX (0,+00), (1.0.4)

with the following initial boundary value condition

ux,00=0 in Q=0y\Q,
u(x,H)=0 on AQy X [0, +c0), (1.0.5)
u(x,t)y=1 1in Qi X [0, +c0),

that is problem (1.0.1) with uy = 0, and he proved the following theorem.

Theorem 1.0.2 ([7]). Let u be a solution to problem (1.0.4)-(1.0.5). Then the space-time superlevel

sets X$ , of u are convex for every c € [0, 1].

In 2010 and 2011, Ishige-Salani [29, 30] gave a new proof of the above theorem of Borell, and

they extended it to more general fully nonlinear parabolic equations, also introducing the notion of



Space-time Quasiconcave Solutions 7

parabolic quasiconcavity. But they still need the initial datum to be identically vanishing, indeed
a quite restrictive assumption. Some results similar to [29] are contained in [20] too, while an
attempt to treat the case of a general (not zero) initial datum was done in [21]. Earlier related
results can also be found in [32].

However, until now, it remained a longtime open problem what are suitable conditions on the
initial datum ug that suffice to guarantee a spatially or (better) a space-time quasiconcave solution
u of (1.0.1).

In this paper, we give the following strictly convexity result for the space-time quasiconcave

solution of heat equation

Theorem 1.0.3. Let u be a space-time quasiconcave solution of problem (1.0.1) (where Q is as
said at the beginning), with
u >0, in Qx(0,+00). (1.0.6)

Then
(1) u is spatial strictly quasiconcave, i.e. the spatial superlevel sets " of u are strictly convex for
every c € (0,1) and t € (0, +0).
(2) there exists Ty € [0, +00), such that u is space-time strictly quasiconcave for t > Ty. Exactly,
Rank(IIaz;J (x,))=n-1, forany(x,1) € Qx(0,Ty];
Rank(IIaz;J(x, ) =n, forany(x,t)€ QX (Ty,+0),
where Ilaz;t(x, 1) is the second fundamental form of the space-time level set 9% , at (x, 1).
The proof of Theorem 1.0.3 is given in Section 4.
Remark 1.0.4. (1) As showed in [21], the initial condition (1.0.6) guarantees
[Vu| >0 in QXx(0,+00). (1.0.7)

This is essential for our proof of the main Theorem 1.0.3, as well as for the proofs of Theorem
1.0.5 and Theorem 1.0.6.

(2) Here Ty € [0, +00). If Ty = 0, we will get the space-time strictly quasiconcavity for any
¢t > 0. But it is not easy.

(3) The condition that u is space-time quasiconcave is not easy to verify, even we add some
strong conditions on uy and Q. Chau-Weinkove [16] give some counterexamples to indicate that
u is not space-time quasiconcave even for smooth and subharmonic #y. Here we indicate some
necessary conditions on .

First, if u € C*3(Q X [0, +0)), then uy € C*Q), A2uy = Aug = 0 on JQ, and we have the

following compatible necessary conditions
up(x) =0, x€0Qy;, up(x)=1, xe€0y;
Aupg(x) >0, [Vug(x)| >0, forany x e Q.
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For any x € Q, if we choose the coordinate such that
Uon = [Vuo(x)| > 0, {uo,ij}lgi,jgnq is diagonal at x.
Then we need the following necessary condition

up;; <0, forany 1 <i<n-1;

and

1
2 A2 2 2
ug A uo + o nn(Auo)” — 2up nAuoAug,, — Z — [uonAug,; — Auguo in]” < 0,

Uuo i
7 0,ii

where the }; is the summation for all i such that ug; < 0.
i

We will prove Theorem 1.0.3 through the following constant rank theorem for the second
fundamental form of the space-time level surfaces of a space-time quasiconcave solution of the

heat equation.

Theorem 1.0.5. Suppose u € CHQx(0,T)) isa space-time quasiconcave solution to the heat
equation (1.0.4) satisfying (1.0.6). Then the second fundamental form Ilys:  of the space-time level
sets OX3, has the following constant rank property for ¢ € (0, 1): if the rank of Ilgsc, attains its
minimum rank ly (0 < Iy < n) at some point (xg, ty) € Q% (0, T), then the rank of pse, is constant
lp in Q X (0,ty). Moreover, let I(t) be the minimal rank of II@E;-J in Q, then I(s) < I(t) for all

s<t<T.

The proof of Theorem 1.0.5 is given in Section 3.2 and Section 3.3. For reader’s convenience,
the Appendix contains the same proof in dimension 2.

Constant rank theorems constitute an important tool to study convexity properties of solutions
to elliptic and parabolic partial differential equations. A technique based on the combination of
a constant rank theorem and a homotopic deformation process was introduced in dimension 2 by
Caffarelli-Friedman [11] (a similar result was also discovered by Singer-Wong-Yau-Yau [42] at the
same time). The result of [11] has been later generalized to R" by Korevaar-Lewis [34]. Recently
constant rank theorems have been obtained for the Hessian of solutions to fully nonlinear elliptic
and parabolic equations in [12] and [3, 4, 43]. Notice that, for parabolic equations, the constant
rank theorems in [3, 12] regard the space variable only; Hu-Ma [27] obtained instead a constant
rank theorem for the space-time Hessian of space-time convex solutions to the heat equation,
while Chen-Hu [17] were able to reduce the computations of [27], so to get a generalization to
fully nonlinear parabolic equations.

About quasiconcave solutions in convex rings, we already mentioned Korevaar [33] who got
a constant rank theorem for the second fundamental form of the level sets of quasiconcave p-

harmonic functions; then Bian-Guan-Ma-Xu [5] and Guan-Xu [26] obtained a generalization to
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fully nonlinear elliptic equations, while Chen-Shi [18] got a parabolic version of [5, 26] for the
second fundamental form of spatial level sets.

As applications of constant rank theorems, apart from the existence of convex and quasicon-
cave solutions to partial differential equations, we recall that the Christoffel-Minkowski problem
and the related prescribing Weingarten curvature problem were studied in [24, 25], the uniqueness
of Kéhler-Einstein metric with the related curvature restriction in Kidhler geometry was studied by
[23]. Moreover, the preservation of convexity for the general geometric flows of hypersurfaces has
been investigated in [3].

We also recall that constant rank theorems can be often regarded as microscopic versions of
some corresponding macroscopic convexity principle; this relationship exists in particular between
the results of [3] and [2], as well as between the results of [5] and [6] .

Similarly to the proof of Theorem 1.0.3, we can also get the strict convexity of the space-time
level sets of the solution to (1.0.4)-(1.0.5), as a corollary of Theorem 1.0.5 and Theorem 1.0.2.

Theorem 1.0.6. Let u be the solution to problem (1.0.4)-(1.0.5). Then
(1) u is spatial strictly quasiconcave, i.e. the spatial superlevel sets ' of u are strictly convex for
every c € (0,1) and t € (0, +c0).

(2) there exists T € [0, +c0), such that u is space-time strictly quasiconcave for t > Ty. Exactly,

Rank(IIagil(x, H)=n-1, forany(x,1) € Qx(0,Ty];
Rank(/lszc (x,1) =n,  forany (x,1) € QX (Tp, +0).

The rest of the paper is organized as follows.

In Chapter 2, we introduce some basic definitions; in particular Section 2.1 contains some
preliminaries and basic curvature formulas for the level sets of a function u. To explain our ideas
and for completeness, we review the constant rank theorem technique, including the constant rank
theorem on the space-time Hessian for the space-time convex solution of heat equation in Section
2.2 (see [27] and [17]) and the strict convexity of the level sets for harmonic functions in convex
rings in Section 2.3 via constant rank theorem technique and deformation process (see [33] and
[5D.

In Chapter 3, first we prove Theorem 3.1.1, a constant rank theorem for the second fundamental
form of the spatial level sets of a space-time quasiconcave solution to heat equation (1.0.4), then
we prove Theorem 1.0.5. Its proof is split into two cases (according to Lemma 2.1.8): CASE 1 is
treated in Section 3.2 using the constant rank theorem established in Section 3.1, while CASE 2 is
treated in Section 3.3.

In Chapter 4, we study the solution of Borell [7] and prove Theorem 1.0.6 in Section 4.1, by
utilizing the constant rank theorem of spatial level sets and space-time level sets. Similarly, we

prove Theorem 1.0.3 in Section 4.2.
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Finally, in the appendix we rewrite the proof of Theorem 1.0.5 in the plane. In particular, we
rewrite explicitly the computations of Section 3.3 in dimension 2; we hope this can be helpful to
clarify the hard (and long) computations of the general case.

Acknowledgment: Part of the work was done while the second author was visiting the IHES in
January 2012 and February 2013, and while he was visiting CMS (Zhejiang University) in August
2012; then he would like to thank these institutes for their warm hospitality. The second author
would also like to thank Prof. Fanghua Lin and Prof. Lihe Wang for asking him this question in
summer 2009. All the authors thank Prof. Pengfei Guan for the encouragement on this subject and
some helpful discussions. We also thank Prof. Chau and Prof. Weinkove to a communication their
recent works [16] on this subject. The first and the second authors were supported by the Wu Wen-
Tsun Key Laboratory of Mathematics in USTC and NSFC. The third author has been partially
supported by the PRIN 2012 project “Equazioni alle derivate parziali di tipo ellittico e parabol-
ico: aspetti geometrici, disuguaglianze collegate e applicazioni” of MIUR and by GNAMPA of
INdAM.



Chapter 2

Basic definitions and the Constant Rank
Theorem technique

In this chapter, in order to better explain our ideas and for completeness, we review the constant
rank theorem technique; in particular, in Section 2.2 we describe the constant rank theorem for the
space-time Hessian of space-time convex solutions to heat equation (see [27] and [17]), while we
review the strict convexity of the level sets for harmonic functions in convex rings via the constant
rank theorem technique and deformation process (see [33] and [5]) in Section 2.3. The technique
of Section 2.3 will be generalized to get a constant rank theorem for the second fundamental form
of the spatial level sets of a space-time quasiconcave solution to heat equation in Section 3.1. And
the technique in Section 2.2 will be generalized to get a constant rank theorem for the second
fundamental form of the space-time level surfaces of a space-time quasiconcave solution of the

heat equation in Section 3.2 and Section 3.3.

2.1 Preliminaries

Throughout the paper, Vu = (uy,up,--- ,u,—1,u,) denotes the spatial gradient of u and Du =
(Vu,us) = (uy,up, - -+, uy—1, Uy, U;) denotes its space-time gradient.
In the following four subsections we collect some useful facts about the curvature of level sets

and elementary symmetric functions.

2.1.1 The curvature matrix of the level sets of u(x)

In this subsection, we recollect some curvature formulas for the level sets of a C? function u(x)
from the presentation in [5]. We first recall some fundamental notations in classical surface theory.

Assume a surface £ c R” is given by the graph of a function v in a domain in R*"!:

= {(-x,’xn) L Xp = V(-x/)}’ xl = (Xl,xz, e ’xn—l) € Rn_l'

11
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Then the first fundamental form of X is given by g;; = d;; + v;v;. The upward normal direction it
and the second fundamental form of the graph x, = v(x’) are respectively given by

vij

-
n= _(_VI,_V2"" ’_Vn—la 1)’ bl] = W,

W

where 1 <i,j<n—1land W = (1 +|VvP)2.

Definition 2.1.1. We say that the graph of function v is convex with respect to the upward normal

Vis
it if the second fundamental form b;; = # of the graph of v is nonnegative definite.

The principal curvatures «i, - - - , k,—1 of the graph of v, being the eigenvalues of the second

fundamental form relative to the first fundamental form, satisfy
det(b;j — xgij) =0 forl=1,...,n-1.

Equivalently, «; satisfies

det(aij - K15ij) =0,
where

i1 il

(@ij) = (8" (bi)(g"):?

and (g'/) is the inverse matrix of (g; 7)- Then we have the following well known fact [14]: the

principal curvature of the graph x,, = v(x’) with respect to the upward normal it are the eigenvalues

of the symmetric curvature matrix

il =y WA +W) WA+W)  W2(1+ W)

1 Vivivji VIV Vi ViVIV ViV jik
W Vil — ]

where the summation convention over repeated indices is employed .

Let Q be a domain in R” and u € C?(Q). We denote by dX"*) the level set of u passing
through the point x, € Q, i.e. 9xx) = (x € Qlu(x) = u(x,)}. Now we shall work near a point
X, where |Vu(x,)| # 0. Without loss of generality we assume x, = 0 and u,(x,) # 0 and consider
a small neighborhood of x,. By the implicit function theorem, locally the level set 3X“**) can be

represented as a local graph
Xp=v(x), X =(x,x,-,xn-1) € B0,€) CR"!,
for € > O sufficiently small and v(x") satisfies the following equation
U(X1, X2, X1, V(XL X2, 0005 Xp=1)) = U(Xp).
The latter yields

u; +u,v; =0,
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whence

Vi=-——.
Uy

Then the first fundamental form of the level set is

(u13u27”' 7un—laun)- (211)

We also have

Ujj + UipVj + UpjVi + UppViVj + UpVij = 0.

If we set
2
hij = UpUij + UppUilhj — Upl Uiy — UpUilljy (2.1.2)
then it follows
1% i
ij=——%-
iy

The second fundamental form of the level set of the function u with respect to the upward normal

direction is given by
CVij o unlhy;

YW Vuuy

(2.1.3)

where W = (1 + V)2 = %.

Definition 2.1.2. In the same assumption and notation as above, we say that the level set 9X“¥) =

{x € Qu(x) = u(x,)} is locally convex respect to the upward normal direction i if the second
letnlhij

3

fundamental form b;; = — Val
ulu;,

is nonnegative definite at x,,.

Now we can express the curvature matrix (a;;) of the level sets of the function u in terms of
the derivatives of u. We can assume Vu is the upward normal of the level set 9Z*») at x,, then
un(x,) > 0.

From [5], it follows that the symmetric curvature matrix (a;;) is given by

|| .
aij:_m i, 1<ij<n-1, (2.1.4)
where
Ao s uiuihj B ujurhj uitt jugirhyg |Vl 215
YUY WA+ W WA+ Wd WAL+ Wil lut| o

With the above notations, at a point (xg, o) where u,(xo, t9) = |Vu(xg, o) > 0 and u;(xg,t9) = 0

fori=1,--- ,n—1, a;jx is commutative, i.e. it satisfies the Codazzi property
ajjx = aik,j Yi,jk<n-1,

where we use the following notation ay,, , = %alm.
r
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2.1.2 The curvature matrix of the spatial level sets of u(x, 1)

Throughout this subsection, Q is a domain in R" and u € C>1(Q x [0, 7)) satisfies Vu # 0 in
Qx[0,7T).
We introduce the following notation: for ¢ € [0, T) and ¢ € R, 0Z° denotes the spatial c-level

set of the function u, at the fixed time ¢, that is
g . _
OX ={xeQ : u(x, 1) =c}.

Notice that, thanks to the assumptions on u, dX¢" is a regular hypersurface in R”. Now we fix
(x0,19) € Q x (0,T) and without loss of generality we assume u,(xg,%) # 0. As in [5, 14], it

follows that the upward normal direction of the hypersurface 9X$" at xg is
= ——Vu (2.1.6)

and the second fundamental form I7 of 9X$' with respect to it is given by

[un|hij

- 2.1.7
|Vu|u,31 ( )

ij =
where

2
hij = Ui + UppUilhj — Ul jUin — UpUill j,.

Notice that if 9Z{" is locally convex with respect to the upward normal direction, then b; ;18 positive

semidefinite (and vice versa). Moreover, let a(x, 1) = (a;;(x, 1)) be similarly defined by

|| .
aij:‘m ijp 1<i,j<n-1, (2.1.8)
where
Ay = by - L vk gl _ [Vl (2.1.9)
YU W+ W W+ W W2+ Wit lutn|

then a;; is the symmetric curvature tensor of 0xy'.

2.1.3 The curvature matrix of the space-time level sets of u(x, 1)

In this subsection, we assume u € C>'(Q x [0, 7)) and u;(x,1) # 0 (whence |Du(x,1)| # 0) for
every (x,1) € Qx [0,7).
Similarly to the previous section, we introduce the following notation (in fact already given in

the introduction) for the space-time level sets of the function u:

X, ={(x,) € QX [0,T) : u(x,t) = c}.
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Following [5], we have that the upward normal direction of 9% , is given by

Joa|

fi= u, 2.1.10
|Duluy ( )
and the second fundamental form /1 of 6%, with respect to flis
2
N | (U tag + UgligUg — UUgUe — Uio U
aﬁ:—l t|( t Yap ntaolttp 3[ Bhat t“a ,Bt). (2111)
|Dulu;
Then we set
ilaﬁ = “zzuaﬂ + UyliqUg — Utgllgr — Uy, 1 < a,B<n, (2.1.12)
so that we can write
A sl
=——. (2.1.13)
o* |Du|u§’

Note that if 0X¢, = {(x,7) € Q X [0, T]lu(x, 1) = c} is locally convex with respect to the upward

normal direction, then Z’}a,ﬁ is positive semidefinite (and vice versa). Moreover, if a(x, 1) = (a;;(x, 1))

C

denotes the symmetric Weingarten tensor of 9% ,,

then a is positive semidefinite and it holds

&aﬁ = _lDulut3Aaﬁ, 1 S a’ﬁ S n, (2114)
where
o A Ugtiyh ugu,h Ug Ugllyliyh A D
Aop = hop = Lo - PXIy SBY TNy = [Duf. (2.1.15)
WA+ Wyu? WA+ Wyu? W21+ W)2u; |uay|
With the above notations, we get
% ~ n—-1_72
oot WeWhe w1 X (2.1.16)
W + Wyu? WA + Wyu? W WA+ Wu?
and, for 1 <i,j <n-1, we have
A A u,-unizjn M{,‘I/tnil,'n
Aij =hij - = 2 R )
WA+ Wy W + W),
w S why o u Y why win uth
_ 121_1 1t ji _ jZ[_] 11l il jUytnn Tij, (2'1‘17)

= S = = = = +
W+ W2 W+ W2 W21+ W)kt
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A —h — ”i”nilnn _ uyzjlin _ Un Z?:_]l ulilil M,‘ugilnn

WA+ W WA+ W2 WA+ W2 W21+ W)Rud
. L

B Ui Z?:] uphy + 2141'14121 Z?:l urhy

W+ Wy W21+ W)u?

in

_j [ 1 N 27:_11 u12 uiuniznn 1 N Z;:ll Mlz Up Z;l:_ll Mlilil
=Iinl— ~ ~ N ~ - ~ ~ N ~
W WA +Wu2 WA+Wu2 W Wl + W2 W+ Wy
-1..7 n-17% -1.2
_ Ui Z?zl uphy + 2”1’ Zl:l uphy 1— l _ Z;l:l u; 1 .

W +Wu? W+ Ww? W W+ W2
i o uiunizn:, _ Z;;]A”lilil
w W2(1 + W2 W(1 + Wyu?

hin X700 w0 wih 2

WA+ W2 Wa+Wwu2 W

1+ Tins (2.1.18)

and

. Unttihn Wiy
nn =hun — 2= = ~ 4
WA+ W2 W21+ W)2u!
N M%ilnn uiilnn
=hpn =22 2 o V2,4
W+ Wy W21+ W)k
Up Z?:_II uli’\lnl n MI:”’l 27:_11 uli/\l’ll + u% ZZ,_IZII ukulilkl
W+ W2 W2+ Wit W2+ W)
1 Z?:_ll u; 2

=h [+ = =
W WA+ Wyu?

-1, 7 n-1_2 n—1 7 n-1_2
Zun Z?:l uthy 1 21 u; N Zk,l:l ukttthig 1 1 2i-1 u

W +Wu2 W W+ W2 W+ Wy W W+ Wy

_1 ~
1 . Un 27:1 urhy

~ nn

w2 W2(1 + Wyu?

Z?;ll ulzljlnn 223:11 ukulilkl 1
— —— + — ——[1 = =]+ T, (2.1.19)
W21 +Wyu; W+ W)y |14

>

where T3 (1 < @, < n) includes all the terms containing at least three u;’s (1 < i <n-1).
Notice that, when we choose a coordinate system such that u,(xo, #o) = |Vu(xp, fp)| > O while

ui(xg,t9) =0fori=1,--- ,n—1, it holds
Top=0,DTap=0,DTop=0, 1<a,f<n (2.1.20)

2.1.4 Elementary symmetric functions

In this subsection, we recall the definition and some basic properties of elementary symmetric

functions. For more details we refer to [13, 25, 36, 39].
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Definition 2.1.3. Let A = (1, -+ ,4,) € R". Forany k € {1,2,--- ,n} we denote by o(1) the k-th

elementary symmetric function of Ay, ..., 4,, that is
D= D Ay i
1<ij<ip<--<ix<n
We also set ogp = 1 and o = O for k > n.

We denote by o (4[i) the k-th symmetric function of the vector A |i, obtained from A by re-
moving the i-th component (or equivalently by imposing 4; = 0), and by o(41[ij) the symmetric
function of the vector Aij, obtained form A by removing the i-th and the j-th components (or
equivalently by imposing 4; = 4; = 0).

We need the following standard formulas for elementary symmetric functions.

Proposition 2.1.4. Let A = (4y,...,4,) € R"and k € {0,1,--- ,n}, then

k(D) = op(Ali) + Aiog—1(Ai), V1<i<n,
D A1 (i) = ki),

D o) = (n = o).

The definition of o can be extended to symmetric matrices by letting o (W) = o (A(W)),
where
AW) = (W), (W), - -+, 1,(W))

is the vector consisting of the eigenvalues of the n X n symmetric matrix W.

Remark 2.1.5. It is easily seen that W > O if and only if o(W) > 0 for k = 1,...,n and that,
in case W > 0, then Rank(W) = r € {0,...,n} if and only if ox(W) > O for k = 0,...,r and
o (W)=0fork > r.

For further use, we denote by W |i the symmetric matrix obtained from W by deleting the i-row
and i-column and by W |ij the symmetric matrix obtained from W when deleting the i, j-rows and

i, j-columns, and similarly we define W |ijk. Then we have the following identities.

Proposition 2.1.6. If W = (W;)) is a diagonal n X n matrix and m € {1, ... ,n}, then

dorm(W) {am_uwm ifi =,

aw, o, ifi#
and
Twa(WIik),  ifi=jik=1i#k,
Py |7 (V:/I';c) ;_; ke
aWijawkl_ Om=-2 IK), gi=1,] =K1 Js

R otherwise .
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. . B . . . BT (W)
Here oy, is a function of A = (A;}) in the space of symmetric matrices, and we write oW, =

Ao (A) P, (W) _ Pou(A) .
oAy la=w and W W = A4 |a=w for convenience.

Given the n X n matrix a, we introduce the following notation:

A M é\lin
a=1. ~ )
Ani  Ann

where M = (4;)(n-1)x(n-1)-

Lemma 2.1.7. Forn >3 andl € {3,...,n}, we have
0141(a) =0 1.1(M) + anpo (M) — Z Ani@inoi-1(M1i)
i
+ D oo Mlij) = Y b (Ml + T, (2.1.21)
i#] i# ik, j#k
where T includes only terms containing at least three of the a;;’s with i # j. So when M is diagonal,

we have
T=0, DIT=0, D*T=0.

To study the rank of the space-time second fundamental form a, we need the following simple

technical lemma.

Lemma 2.1.8. Suppose a > 0, [ = Rank{a(xo, t0)} and M = (a;j(xo, 10))(n-1)x(n-1) is diagonal with
ay| = ay = -+ 2 ap—1p—1. Then there is a positive constant Cq such that at (xg, tp), we have
either CASE 1:

an =---2a1-1-12Co, agp=--+=ap-1n-1 =0,
1 a2

nn — #ZCO’ ain =0, I<i<n-1,
P aj;
=

or CASE 2:

an =---2ay2Co, arprp1 == ap—1n-1 =0,
) &2

G =), 2% 4w =0, I+l<i<n-l.
. 11

Proof. Let Rank{M} = k at (xo, tp). Then either k = [ — 1 or k = [. Otherwise, if k < [ — 1, since

ajy = ay = -+ = dy—1p—1 = 0, we would have
aj-1-1 = =+ = ap-1n-1 = 0 at (xo, 1o),
and from a(xo, fp) > 0, we would get

Ai-1n = -+ = Ap—1, = 0 at (xo, 1p).



Space-time Quasiconcave Solutions

So Rank{a} <[ -1, i.e. a contradiction.

For k =1 — 1, we have at (xg, fp)
an=--2a-1-1>0, ag=-+=ap1n-1 =0,
and, due to a(xg, f9) > 0, we get

Qp =+ = ay-1n = 0.

Since Rank{a} = [, then o(a) > 0. Direct computation yields

D

S)

i

-1 - 2
o(@) = appo-1 (M) — Z piGino—2(M|i) = o-1(M) [&rm - m} > 0,

Il
—

i=1 i

so we have

This is CASE 1 with
. . . O,
Co =min{dai, + ,n-1n-1,4mn — ) 5 ¢ -

— djj

For k = [, we have at (xg, tp)

appz---zap>0, apys = = ap-1a-1 =0,
and due to a(xo, fp) > 0, we get
Ais1n = =0p-1n = 0.

Since Rank{a} = [, then o41(a) = 0. Direct computation yields
L L a2
T141(@) = amo (M) = " tnitinoi1(Mi) = ou(M)[ag — ) -1 =0,

i=1 i=1 U

so we have

>|Q>

2
m — 0,
ii

S

!
=),
i=1

This is CASE 2.

Similarly to Lemma 2.5 in [3], we have the following.

19



20 Chuangiang Chen, Xinan Ma, Paolo Salani

Lemma 2.1.9. Assume W(x) = (W;j(x)) > 0 for every x € Q C R", and W;j(x) € C LY(Q). Then
for every O cC Q, there exists a positive constant C, depending only on the Hausdorff distance
dist{O, 02} of O from Q and ||W||c11(q), such that

|VWij| < C(Wiinj)%, (2.1.22)
foreveryxe Qand1 <i,j<n.

Proof. The same arguments as in the proof of [3, Lemma 2.5] carry through with small modifica-
tions since W is a general matrix instead of the Hessian matrix of a convex function.

It is known that for any nonnegative C"*! function h, [VA(x)| < Ch2(x) for all x € O, where
C depends only on ||Al|c11 ) and dist{O, 0Q} (see [44]). Since W(x) > 0, we can choose h(x) =
Wii(x) = 0. Then we get

VWil < C1(Wi)? = C1(WyWip)

and (2.1.22) holds for i = j.

Similarly, for i # j, we choose h = \/W,,—W,j > 0, then we get

1 1
|V Wl‘,‘Wjj| < Cy( \/Wiinj)z = Cz(W,‘inj)4. (2.1.23)
And for h = \JW;W;; — W;;, we have
1 1
|V( Wi,‘Wjj - Wij)| < C3( Wi,'Wjj - VVI']‘)2 < C3(Wil‘Wjj)4. (2.1.24)
So from (2.1.23) and (2.1.24), we get
[VWij| = [V N WiW; = V(A WiWi; = W)l
< |V \/Wiinj| + |V( Wiinj - Wij)|
1
<(Cr + C3) (W W),
So (2.1.22) holds for i # j. O

Remark 2.1.10. If W(x,1) = (W;j(x,0)nyxy = O for every (x,7) € Q X (0,T] and W;;(x,1) €
CH(Q x (0,T)), then for every O X (tp — 6, 1p] cC Q x (0, T] with ty < T, there exists a positive
constant C, depending only on dist(O X (to — 6, 1], (2 X (0, T1)), to, 6 and [|W||c11qx,77)> Such
that

IDW,| < cowaw )7, (2.1.25)

for every (x,1) € O X (tp — 6,1p] and 1 < i, j < N. Notice that DW;; = (V,W;;,d;W;;). In fact, if
to = T, it only holds
1
[V Wij| < COWW )5, (2.1.26)

for every (x,1) € O X (fp — 6,fp] and 1 < i, j < N.



Space-time Quasiconcave Solutions 21

2.2 A constant rank theorem for the space-time convex solution of
heat equation

In this section, we consider the space-time convex solutions of the heat equation

ou

i Au, (x,1) e Qx(0,T], (2.2.1)
and establish the corresponding space-time microscopic convexity principle. The result and its
proof belong to Hu-Ma [27] and Chen-Hu [17].

First, we give the definition of the space-time convexity of a function u(x, f).

Definition 2.2.1. Suppose u € C>*(Q x (0,T]), where Q is a domain in R"; we say that u is
space-time convex if u is convex with respect to (x, t) € Q x (0, T']; equivalently

2 T
D2 U= (V u (Vl/t[)
Vu, Ut

)zo in Q% (0,T],

. . . 2 . . .
where Vu = (uy,, -+ ,uy,) is the spatial gradient and V?u = {%}19, j<n is the spatial Hessian.

The following constant rank theorem is obtained in Hu-Ma [27].

Theorem 2.2.2. Suppose Q is a domain in R", and u € CHQx(0,T) is a space-time convex
solution of (2.2.1). Then D*u has a constant rank in Q for each fixed t € (0, T]. Moreover, let I(t)
be the (constant) rank oszu in Qat time t, then I(s) < I(t) forall 0 < s <t < T.

In the following three subsections, we give a brief proof of Theorem 2.2.2 based on the ideas
of [27] and [17].

2.2.1 The constant rank properties of the spatial Hessian V2u

Thanks to the assumptions of Theorem 2.2.2, we know the spatial Hessian V?u > 0. Suppose V2u
attains its minimal rank / at some point (xg, zp) € QX (0, T']. We pick a small open neighborhood O
of xp and § > 0, and for any fixed point (x, r) € OX(fp—, tp], we rotate the x coordinates so that the
matrix VZu(x, 1) is diagonal and without loss of generality we assume u; > upp > -+ > uy,. Then
there is a positive constant C > 0 depending only on ||u||-33, such that u;; > --- > uy > C > 0
for all (x,t) € O x (ty — 6, ty]. For convenience we set G = {1,--- ,l}and B={l+1,--- ,n} which

means good indices and bad indices respectively. With abuse of notation, but without confusion,

we will also simply set G = {u;1, -+ ,uy} and B = {up1541, -+, Unn)-
Set
¢ = 011 (V2u). (2.2.2)
Then

¢ = o11(V2u) > 0 (G)or1(B) > 0,
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so we get
ui; = O(¢), forieB. (2.2.3)
By Lemma 2.1.9 and (2.2.3), we can get
\Vuil* = O(¢), i,j€B. (2.2.4)

Computing the first derivatives of ¢, we obtain

¢ = Z T D ultgei = TUG) ) taai + O@), (2.2.5)
a=1 a€B
0
b="2 Z D aes = THG) Y thaas + OB, 22.6)
a€B

so from (2.2.5), we get

Z Uoai = 0@ +|Vidl), i=1,---,n. (2.2.7)

a€eB

Taking the second derivatives of ¢ in x coordinates, we have

o =2
Y 9x,0x,
n
90 141(D*u) o Foim
=), a2 Uyaa T ) o lUyyallma t ) oo —Uynallyya
Z Oty yz Oty Oy Z 6uy,,6u
n
= Z O-I(Dzul'y)uyyaa + Z 0i-1 (Dzulyn)uyyaunna
y=1 YEN
- Z U_I—I(Dzulyn)uynafunym (2.2.8)
YN
where
Z O'I(D uh’)”yy(m Z a I(D ul')’)uyyrm + Z O'I(D u|7)uyy(x<x
YEB yeG
=71(G) ) thyyae + O9), (2.2.9)
yeB
Z 0—1—1(D2”|777)M77aunna = Z O—I—I(D2ulyn)”yyaum],8 + Z 0_1—1(D2u|7n)uyyaunna
Y#EN v,nEB veEB
b5all neG
+ Z U'I—I(DZMWU)”)/V&MWQ + Z 0'1_1(D2u|7/77)uwau,7m
veG v,neG
neB Y#n
=0($) + Z O-I—I(Gln)um]a Z Uyyaq T Z U_I—I(Gb/)uyya Z Unna
neG vEB veG neB

=0(¢ + Vo), (2.2.10)
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and

Z O_I—I(Dzm'y’])uyna”m/a = Z O—Z—I(Dzulyn)uynaunya + Z O_I—I(Dzulyn)uynaunya
YEN v,nEB veB

Y#n neG
+ Z O-I—I(D2”|777)uynaunya + Z O—I—I(Dzuwn)uynaunya/
veG y.neG
neB y#n
=0(¢) + Z O_I—I(Gln)uynaunyaf + Z O_I—I(GW)uynaunya
yeB veG
neG neB
u u
=20/(G) Z YT L O(). (2.2.11)
yep M
neG

So from (2.2.8)-(2.2.11), we get

u u
baa = TUG) D thyyaa = 201(G) D LT+ O + V. 4)). (2.2.12)
veB veB U
neG

By (2.2.5), (2.2.12) and the equation (2.2.1), we obtain

no2
A= ¢ =0u(G) D |(Acttyy = tyy) =23 > L;ﬂ + 0 + V.))
m

YEB neG i=1
n Lt2 )
=-2 o
0G) Y, D D T+ 0@+ Vg
yeB neG i=1 M
2
<Ci(¢ +IVug) - C2 Y [V2ui|”. 2.2.13)
i€B

where C1, and C; are two small positive constants. Together with
d(x,1) >0, (x,0)eO0OXx(ty—0,1t], ¢(x0,70) =0, (2.2.14)

we can apply the strong maximum principle for parabolic equations, and we have

¢(x, 1) = o1 (VZu) = 0, (2.2.15)
and
> V2u’ = 0. (2.2.16)
i€EB

Then we get the following constant rank theorem for the spatial Hessian V2u.

Theorem 2.2.3. Under the assumption of Theorem 2.2.2, V>u has a constant rank in Q for each
fixed t € (0, T]. Moreover, let I(t) be the minimal rank of V2u in Q, then I(s) < I() forall0 < s <
t<T.
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Also we get the following useful properties.

Proposition 2.2.4. Under above assumptions at (x,t) € O X (ty — 6, to], we have

uij(x,1)=0, iorje€B,

uit(x7 t) = 09 i€ B’
and

> (Ve + Vsl 0) = 0.

i€eB

Proof. From the choice of coordinate at (x, r), we know
uij(x,1)=0, i#]
By the constant rank theorem of VZu, ie. (2.2.15), we obtain
ui(x,t)=0, 1i€B.
Hence, D*u > 0 yields
uy;(x,t) =0, i€eB.

So (2.2.17) and (2.2.18) holds.

By Lemma 2.1.9, we can get
[Vu| < C(uiiutt)% =0, i€B,
which, together with (2.2.16), gives (2.2.19).

2.2.2 A constant rank theorem for the space-time Hessian: CASE 1

(2.2.17)
(2.2.18)

(2.2.19)

(2.2.20)

O

In this subsection, we will prove Theorem 2.2.2 in CASE 1 (see Lemma 2.1.8). Suppose the space-

time Hessian D?u attains the minimal rank / at some point (xg, o) € Q X (0, T]. We may assume

[ < n, otherwise there is nothing to prove. Then from lemma 2.1.8, there is a neighborhood O of x,

-1 2

and § > 0, suchthatu;; >--- > w11 2 C >0and uy — Z—Z > C for all (x,1) € O X (tg — 6, tp].

i=1

For any fixed point (x, ) € O X (tp — 8, tp], we can rotate the x coordinate so that the matrix V2u is

diagonal, and without loss of generality we assume w1, > upp > -+ > u,. WesetG ={1,--- ,[-1}

and B={l,--- ,n}.

In order to prove the theorem, we just need to prove

o1 (D*u) =0, for every (x,1) € O X (ty — 6, 1]

(2.2.21)
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In fact, when V2u is diagonal at (x, ¢), we have

n
i1 (D) =011 (V210) + gy (V2u) = " ubori 1 (Vuli)
i=1
<o1:1(V2u) + uyo((V2u). (2.2.22)

In CASE 1, the spatial Hessian V2y attains the minimal rank / — 1 at (xq, 7y). From Theorem
2.2.3, the constant rank theorem holds for the spatial Hessian V2u of the solution u for the heat

equation (2.2.1), so we can get,
o1 (V2u) = o(V?u) = 0, forevery (x,1) € OX (ty— 6, tol. (2.2.23)
Then
0 < 041 (D*u) < 0141 (V2u) + uyor (V) = 0. (2.2.24)

Hence (2.2.21) holds.
By the continuity method, Theorem 2.2.2 holds in CASE 1.

2.2.3 A constant rank theorem for the space-time Hessian: CASE 2

In this subsection, we will prove Theorem 2.2.2 under CASE 2 (see again Lemma 2.1.8). Suppose
the space-time Hessian D?u attains the minimal rank / at some point (xo, fp) € Q X (0, T]. We may
assume / < n, otherwise there is nothing to prove. Under CASE 2, [ is also the minimal rank of V2u
in QX(t9—0, tp]. For each fixed (x, t) € Ox(t9—0, ty], we choose a local orthonormal frame e, .. ., e,
so that VZu is diagonal and letu;; = 4;, i=1,---,n. Wearrange 4| > Ay > --- > 4, > 0, where
A = (41,42, ,A,) are the eigenvalues of V2u at (x,1). As before, we let G = {1,---,1} and
B={l+1,---,n} be the “good” set and “bad” set of indices respectively. Without confusion we
will also again denote G = {uj1,--- ,uy} and B = {up 141, » Unn}-

At (x, 1), by the constant rank properties Proposition 2.2.4 we have

uij(x,t)=0, iorje€B, (2.2.25)
uy(x,t)=0, i€B, (2.2.26)
and
IV2uil(x,£) =0, |Vuyl(x,r) =0, i€B. (2.2.27)
Let’s set

¢ = o1 (D*w), (2.2.28)
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then we have at (x, 1)

¢ =0 11(D*u) = 7101 (V2u) + ugo ) (V2u) — Y o1 (V2uli)

2
u:.
=G = Y 7).
ieG !
SO
Lt2.
Ut — Tf = 0(¢). (2.2.29)
ieG !

Taking the first derivative of ¢ with respect to ¢, then using (2.2.25)-(2.2.27), we have

b0 = > oD uliyuii + w o (D?u) + uy Y oy (D uliuy

2 08 2 02
-2 E 11 (D uli)ugiuzi — Z o 1-2(D7uli jug;uiiy
i i*]

2 .
+ Z 12D uli fugivs ju;jr
i%)

=0 (G)usr + Uy Z o-1(Gliu;; — 2 Z o 1-1(Gli) itz

i€G i€G
e 2 ..
= > TGl + ) o1a(Gli it

i,jeG i,jeG
i*] i*]

Uy Uy Upj
=0 (G (U — 2 —Usir + ——1u;j) + O(p).
;‘ A" Z A4

(2.2.30)
i,jeG

Similarly, taking the first derivative of ¢ in the direction e, it follows that

Ui Uyg U
bo = UG o =2 ) o + Y~ = ttija) + O(@).
ieG i,jeG "t

whence

Uy Uy Upj
g — 2261 7u + ITJ”J = 0(¢ + V).

(2.2.31)
i,jeG



Space-time Quasiconcave Solutions 27

Computing the second derivatives, we have

dor (D u) o 11(D*u)

auz} iTr auijaukl
o(D“u o (D“u o1(D“u
do|(D? do|(D? o y(D?
+ 2Upq Z Tuija + U Z o Aulj U Z O Ol A o UijaUkly
W ij iy ij ik OHijOUR
o1 (D*uli)
-2 Z o1 (D uli)ug Ay — ZZ o1 (D*uli)usiqUsiq — 42 ———— Wsillgia U jka
ik aujk
Z dor1_1(D?uli) ZA Z &0 1(D2u|1)u2 ;
ik — Q. o UYilljkaUpga
ou " w Ou i Ou 1
i, jik J i.jk.p.q k%P
T T
+ Z o1-2(D7uli, pugiusAu;j + 2 Z o1-2(D7uli, jusjusiolt;jo
ij ij
i#j i#j
9o 1o (D?uli, j)
+2 Z (O Z(D uli, ])uttutjozuzja +2 Z Tuti”tjuijaukla
i,j.k,0 ki
z#/ i#j
T
=2 > o (DPuli, j Rt ot
ijk
i#]itk, j£k

For any i € B, we have from (2.2.27)

Auji = ujiy = 0.
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Hence

Ap =0(G) ) At + Augeri(G) + 2tia ) 11 (Gl

ieB ieG
+ Mzz[Z o1-1(Gl)Au;; + Z o1-1(G)Au;i] + uy Z o12(GliPltiiattjjo — Uijoltjia]
ieG i€eB i+jeG

-2 Z o 1-1(Gl)ugAug; — 2 Z T 1-1(Gl)usiqUsia — 4 Z T 1-2(Gli ) urittsial jja

ieG icG i#jeG
) N
- E o1-2(Gliju;Aujj — E o1-2(Glug;Au
i+jeG i€G,jeB

)
- Z o 1-3(Glijug[ujjoltike — Ujkalikje]

i+ j#keG
+ 2 oGl pugujAui+2 " o1 o(Gli s jtiatija
i+jeG i#jeG
+2 3" o1aGli, uittjatijo +2 Y o1-3(Gliy j Kttt jatika
i#jeG i#j#keG
=2 > 013Gl j s tiiatisjo + OP)
i#j#tkeG
Usi Ui Urj 1 Uj o
~UG) By =2 ) i+ ) 7 71 Al = 201G) PICHCIEDY 7, 1)
i€G i,jeG i€G JjeG
+0(p + V).

So we can write

1 Uy
A~ ¢, =~ 20(G) ZG} 7 o = ,ZG A—;uija)z +0(¢ +Ve))
<C(¢ + |V)). (2.2.32)
Together with
d(x,0) >0, (x,0)€O0xX(to—0610], ¢(x0,10) =0, (2.2.33)

we can apply the strong maximum principle of parabolic equations, and we obtain

d(x,0) = o (D*u) =0,  (x,1) € O X (to — 6, 10]. (2.2.34)

By the continuity method, Theorem 2.2.2 holds under CASE 2. The proof of Theorem 2.2.2 is

complete.
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2.3 The strict convexity of the level sets of harmonic functions in con-
vex rings

In this section, we consider the following initial boundary value problem

Au=0 in Q= Qo\Q_1,
u=0 on 0Q, (2.3.1)
u=1 in 0Q,

where Q = Qg \51 is a C? convex ring in R" (n > 2), i.e. Qp and Q; are bounded convex C?
domains in R" with 51 c Q.

Notice that in these assumptions, it holds [Vu| # 0 in Q (see Kawohl [31]) and the level sets
0X{ = {x € Q : u = ¢} are n — 1 dimensional hypersurfaces for ¢ € (0, 1). We ask whether 0% is
convex or strictly convex for every ¢ € (0, 1).

In 1957, Gabriel [22] proved that the level sets of the Green function of a 3-dimension bounded
convex domain are strictly convex. Later, in 1977, Lewis [35] extended Gabriel’s result to p-

harmonic functions in higher dimensions and obtained the following theorem.

Theorem 2.3.1. (Gabriel [22] and Lewis [35]) Suppose Q = Qq \ 51 is a C% convex ring, and
u € CX(Q) satisfies (2.3.1). Then the level set 0 of u is strictly convex for every c € (0, 1).

Motivated by a result of Caffarelli-Friedman [11], Korevaar [33] gave a new proof of Theorem
2.3.1. Also Ma-Ou-Zhang [38] gave a different proof of Theorem 2.3.1, based on a quantitative
Gauss curvature estimate for the curvature of the level sets.

In the following, we give a brief proof of Theorem 2.3.1 in two subsections. The result belongs

to [33] and its proof comes from [5, 33].

2.3.1 A constant rank theorem for the second fundamental form of the level sets of
harmonic functions

In this subsection, we use the notation of Subsection 2.1.1.

Theorem 2.3.2. (Korevaar [33]) Suppose Q = Q \ 51 is a C? convex ring, and u € CZ(E) isa
quasiconcave function satisfying the equation (2.3.1). Then the second fundamental form of level

sets OX has constant rank in Q.

Proof. By the regularity theory of harmonic functions, u € C*(Q) N C%(Q). And the second
fundamental form a(x) = {a;;} of a level set of u is as in (2.1.4).

Suppose a(x) attains minimal rank / at some point xo € Q. We can assume [ < n — 2, otherwise
there is nothing to prove. We also assume u,, > 0, and pick a small neighborhood O of xj. For any

fixed point x € O, we can choose ey, - - - , ,_1, €, such that

[Vu(x)l = u,(x) >0 and {u;;}1<i j<n—11s diagonal at x. (2.3.2)
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Without loss of generality we also assume u1; < upy < -+ < Uy—1,-1. S0, at x € O, by (2.1.4), we
have the matrix {g;;} is also diagonal and aj; > ax) > --+ > a,_1,-1. There is a positive constant
6 > 0 depending only on ||u||-+ and O, such that a;; > a > --- > ay > §. As before, we denote
the “good” and “bad” sets of indices by G = {1,--- ,/} and B = {I+ 1,--- ,n — 1} respectively. If

there is no confusion, we also denote
G ={ai1, - ,ay} and B = {aj1141," - , Gp-1n-1}. (2.3.3)
Set

¢(x) = oi11(aij). (2.3.4)

Following the notations in [11] and [34], if & and g are two functions defined in O, we say & < g if
there exist positive constants C; and C, depending only on [|u||-+, n (independent of x), such that
(h—2)(x) < (C1¢ + C3|Ve))(x), Yx € O. We also write

h~g if hsgg and gsh

For any fixed point x € O, we choose a coordinate system as in (2.3.2) so that |Vu| = u,, > 0

and the matrix {a;;(x, 1)} is diagonal and nonnegative. From the definition of ¢, we can get
aij~0, VieB, (2.3.5)

and
hii ~ 0, Ui ~ 0, Vi€ B. (236)
Taking the first derivatives of ¢, we get

n—1

0o 41(a . .
¢ = Z 1@, o = Z oi(ali)aiio + Z oi(ali)aiia

=1 Oaij icG icB
~ 0UG) ) aita ~ —1;°0G) ) hita
i€B i€B
~ —M’;3O'1(G) Z[uiuiia = 2Upltinltia],
ieB
whence
D tiia~0, > hita~0, ) [ubttia — 2tyttinttia] ~ . (2.3.7)
i€B i€B i€B
Then
D uij~0, ¥jeG. (2.3.8)

ieB



Space-time Quasiconcave Solutions 31

Taking the second derivatives of ¢, we have from (2.3.5) and (2.3.7)

B 301+1(a) O oir1(a)
¢aa - Z lj,(Y(lf Z 861,]6 » aij,aakl,a

i=1 daij tj,kl 1
n—1
= Z U_I(alj)a]] aa t Z o-1(alijaii aljja Z O—I—I(alij)aij,(xaji,a
i,j=1,i#j i,j=1,i#j
~ Z O-I(G)aj]mz + [ Z Z Z Z ]O-Z l(all.])all aljja
JjeB i,jeG,i#j i€G,jeB i€B,jeG i,jEB,i#j

Z + Z + Z + Z loi-1(alif)aijejia

i,jeG,i#j i€G,jeB i€B,jeG i,jEB,i#]

~ ZO'I(G)ajj,cm_z Z o1-1(GlD)aijabjia

JjEB i€G,jeB
a;ioa;
= O-I(G)Z Ajjaa — 22 —haie (2.3.9)
JjEB ieG

where we have used the following inequalities from Lemma 2.1.9:

1 1
Ia,-,-,aajjﬂl < Cal?l. . C(l,z-j <Ci¢, i,jeB,i* ]

1 1 .. D
laijeajigl < Clajajjl* - Clajajj]* < Cap, i,j€ B,i# J.
Sinceuy, =0fork=1,--- ,n—1, from (2.1.4),
2 ..
UnUijo = —U,Qijo T Unjlliq + Unilljo + UnaUij, Vi,j<n-1,

and

Z Ajjaa ~ 3 Z hj],(l(l - )(l Z hjj,(l

jeB Up JjeB jeB
~— u_ Z[u Ujjaa = 2UnllyjUaqj + 2u,muja + Aupo iyt jo — Aupl joltyjo ).
n
JEB

Hence it yields

n
Z Z djjoa ~ ~ Z Z[Zunnu + Al jUtjor = AtnU joltn jo ],

JEB a=1
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where
n
2
[zunnuja +4unaunjuja - 4Mnuja Mnja]
a=1

2
~2u,mujn + Attty it jr, — AUl jplty

=OUpp Uy jUjn — YU jrlpy j

n—1 n—-1
=6[Al/t - Z l/tl'i]l/tnjl/tjn - 4unujn[Auj - Z l/tl','j]

i=1 i=1

n—1 n—1

2
=— 6unj u;i + duyut Z Uijjj

i=1 i=1

2
~ = 6unj Z U + 4unujn Z Ujij.

i€G ieG
Fori € G, j € B, we have
2
Zn: Bija 1 5 [uaijal? 1 5 [Unltijo — UigUnj — Ujolinil*
i ajj up = wii up Ui
_ 1 + [unuija/ - 2uia/unj + UigUnj — Mja/uni]2
M% a=1 Uij
_ i g [unuija - 2Miwl'tnj]2 + 2[unuija - 2ui(xunj][ui<zunj - uj(zuni] + [uiwunj - uj(zum']2
Mr3; a=1 Ui
1 . [unuija - 2”1’arunj]2 2
~T 3 Z ; + 2unu,-,~junj - 3ui,~unj
uy \ 55 Ui
Then
< a;, 5 [ttt jo — 2utiqttjn]?
D D Majjaa -2 Y L~ 2 T 3 (2:3.10)
jeB a=1 icq i JjeB,ieG a=1 Uii
Since a;; = —% > 0 fori € G, we have u;; < 0 for i € G. Hence
3 5 [unltijo — 2uiltju]?
AB(x) =20 (G) D ] — +0(g + V)
jEB,i€G a=1 "
<C(¢ +|Vg)).
Together with
d(x) =0, xe€0, ¢x) =0, (2.3.11)
we can apply the strong maximum principle of elliptic equations, and we obtain
é(x) = 041(a;j) =0, xe€O. (2.3.12)
By the continuity method, Theorem 2.3.2 holds. O
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2.3.2 The strict convexity of the level sets of u(x)

Let 0 € Q). At the initial time we let the domain be the standard ball ring U = Bg(0) \ B,(0)
(0 <r<R),and forr € [0, 1], we set

Qo = (1 = HBg(0) + 1Q, (2.3.13)
Qi =1 -0B.0) +1Q, (2.3.14)
Q =Q,\ Q. (2.3.15)

where the sum is the Minkowski vector sum. So the domain €; is a family of C? strictly convex
rings ( see Schneider [40]) for 0 < ¢ < 1. We denote as u, the solution of the following Dirichlet

problem

{ Aug(x) =0 in Q,
u(x)=0 on 0Qq;, (2.3.16)
u(x) =1 in 0Qq;.

By the maximum principle [Vi,| # 0 in €, (see Kawohl [31]), and by the standard elliptic
theory we have uniform estimates on |u|¢3(q,) only depending on the geometry of Q. When 7 = 0,
Qo = U, and each level set 62?0 ={x € U : uyp = c}is a ball. Hence 622’0 is strictly convex for
each ¢ € (0,1). If 0 < 79 < 1 is the first time that the level sets of u,, becomes convex but not
strictly convex at some point x;, € €, we can use the constant rank theorem (that is Theorem
2.3.1) for uy,. Hence each level set 62?”) = {x € Q : uy, = c} is convex but not strictly convex.
But 9X$" is a closed convex hypersurface, and there is at least a strictly convex point on each

Ax$™. This is a contradiction.



Chapter 3

A microscopic space-time Convexity
Principle for space-time level sets

In this chapter, we prove the Theorem 1.0.5. On the proof of constant rank theorem on the space-
time convex solutions of the heat equation in Theorem 2.2.2, we first get the constant rank prop-
erties of spatial Hessian V2« in Theorem 2.2.3, then we can obtain some useful properties in
Proposition 2.2.4, at last we complete the proof Theorem 2.2.2 according CASE 1 and CASE
2 in Section 2.2. Using the similar idea in Section 2.2, in order to prove Theorem 1.0.5 on the
constant rank theorem for the second fundamental form of the space-time level sets of a space-
time quasiconcave solution of the heat equation, we divide three sections to complete the proof
on this theorem. Firstly in Section 3.1 we prove Theorem 3.1.1, a constant rank theorem for the
second fundamental form of the spatial level sets of a space-time quasiconcave solution to the heat
equation (1.0.4), and obtain some constant rank properties. Then the proof of Theorem 1.0.5 is
split into two cases (see Lemma 2.1.8). CASE 1 is treated in Section 3.2, using the constant rank
theorem established in Section 3.1. Finally we deal with CASE 2 in Section 3.3, completing the
proof of Theorem 1.0.5.

3.1 A constant rank theorem for the spatial second fundamental for-
m

In this Section we shall consider the spatial level sets of # and obtain the following constant rank

theorem for the spatial second fundamental form.

Theorem 3.1.1. Suppose u € C+3(Q x (0,T]) is a space-time quasiconcave solution of the heat
equation (1.0.4) with u; > 0 and |Vu| > 0 in Q X (0,T]. Then the second fundamental form of
spatial level sets 62? = {x € Qu(x, t) = c} has the constant rank property in Q for all ¢ € (0, 1),
i.e. ifthe rank of 11 oz attains its minimum rank ly (0 < I < n—1) at some point (xg, to) € Qx(0,T),

then the rank of 11 oxe is constant on QX (0, ty]. Moreover, let [(t) be the minimal rank of the second

34
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fundamental form I1 oxcr N Q, then I(s) < l(t) forall 0 < s <t < T.

The proof is split into two subsections.

3.1.1 Some preliminary calculations for a test function

Since Theorem 3.1.1 is of local nature, we can assume that the level surface 82;” ={x € Qlu(x,t) =
c} be connected for each ¢ € (0, 1). Suppose a(x, t) attains minimal rank / at some point (xg, fy) €
Q x (0,T]. Let us assume / < n — 2, otherwise there is nothing to prove. Furthermore we assume
ue CH(Qx(0,T]) and u, > 0. We can pick a parabolic neighborhood O X (ty — 6, 9] of (xo, )
for 6 > 0. For any fixed point (x, ) € O X (to — 6, to], we can express (g;;) as in (2.1.8), by choosing

el, -+ ,en_1,e, such that
up(x, 1) = [Vu(x, )l >0 and (u;j)1<; j<n—11s diagonal at (x, 7). (3.1.1)

Without loss of generality we can assume uy; < upp < -+« < Uy_1,-1. S0, at (x,1) € O X (ty — 6, 1],
from (2.1.8), we have the matrix (a;j)1<; j<n—1 18 also diagonal, and without loss of generality we
may assume dj; > dpp = -+ = dp—1,—1. There is a positive constant C > 0 depending only on
lullc+ and O X (fy — 6, 19], such that aj; > axp > --- > ay > C for all (x,1) € O X (ty — 8, tp]. Let
G={l,---,}and B={l+1,--- ,n—1} be the “good” and “bad” sets of indices respectively, and,

if there is no confusion, we also set
G ={a, - ,ay} and B = {ajz1141,°+ , Ap—1n-1}- (3.1.2)

Note that for any € > 0, we may choose O X (fy — 6, fp] small enough such that a;; < e forall j € B
and (x, 1) € O X (tg — 6, 1p].

For each ¢, let a = (a;;) be the symmetric Weingarten tensor of X Set

d(x, 1) = o1(aij), (3.1.3)

Theorem 3.1.1 is equivalent to say ¢(x) = 0in O X (fp — 6, tp].

Following the notations in [11] and [34], if & and g are two functions defined in O X (¢y — 4, t],
we write i < g if there exist positive constants C| and C, depending only on ||ul|-3.1, 7 (independent
of (x,1)), such that (h — g)(x,1) < (C1¢ + C2|VP|)(x, 1), ¥(x,1) € O X (tg — 6, t9]. We also write

h~g if hsg, gsh

In the following, we will use i, j,--- as indices running from 1 to n — 1 and use the Greek

indices @, 3, - - - as indices running from 1 to n.

Lemma 3.1.2. For any fixed (x,t) € OX(ty—9, ty), with the coordinate system chosen as in (3.1.1),

we have

G ~ =y oU(G) D [l = 2ot (3.1.4)
jeB
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and

A¢ - —u;30'1(G) Z[urzzAujj — 6ununjAuj + 6MEUAM]
JEB
n

Unlijo — 2WigUjn]?
+2u;30'1(G) Z Z[ ntija 103 ]n] )

Wi
JjeB,ieG a=1 u

(3.1.5)

Proof. This proof is similar as in [18]; for completeness, we give it with some modifications.

For any fixed point (x, 1) € O X (ty — 6, tp], we choose a coordinate system as in (3.1.1) so that

|[Vul = u,, > 0 and the matrix (a;;(x, 1)) is diagonal for 1 < i, j < n — 1 and nonnegative. From the

definition of ¢, we can get

a;; ~0, VYieB,

and

hij~0, wu;~0, VieB.
Taking the first derivatives of ¢, we get

& 00141 (a)

bo = g, e = Z o(ali)aiiq + Z o(ali)aiiq
ij=1 Y icG icB
-3
~ 01G) ) e ~ —u,°0U(G) ) hiva
i€eB i€B
—u301(G 2 DU e U
~ u, oy( ) [”nulza UpUinUia],
i€B
so we get
2
Z Ajjo ~ 0, Z hiio ~ 0, Z[unuiia = 2upinttio] ~ 0.
i€eB i€eB i€eB
Hence

Zuiij~0, VjEG
i€B

Similarly, we get

b0~ TUG) Y ajiu ~ =ty TUG) Y [t = 2ttt it

jeB jeB

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)

(3.1.10)
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Using relationship (3.1.6) - (3.1.8), we have

n—1
bus = 50’1+1(a)a Z o? 0" 0111(a) 4
o = B i j,aﬁ djjadklp
i,j:l Oaj; ,]7“1 ﬁauaa
n—1
= Zm(czma,, op + Z cr@ipaieajig~ . ori@ijaieas
i,j=1i#j i,j=1i#]j

~ ZO—I(G)GJJ,(IIB +1 Z Z Z Z loi-1(alijai; adjip

JjEB i,jeG,i#j i€G,jeB i€B,jeG i,jeB,i#]

Z + Z + Z + Z loi-i(alif)aijeajip

i,jeG,i#j ieG,jeB ieB,jeG i,jeB,i#j

~ Zo-,(G)a‘,j,(,ﬂ+ Z o-1(alijaiieajjp

JjEB i,jE€B,i#]

Z + Z + Z loi-i(alij)aijaajip

i€G,jeB  i€B,jeG i,jeB,i#]

~ ZO'I(G)ajj,aﬁ—2 Z o1-1(Gliajjeajip

JEB i€G, jeB
aj ,aal]B
= o(G) ) |a 2y P (3.1.11)
]GZB[ jhaB — ; i

where we have used the following fact from Lemma 2.1.9,

1 1
laiioajjgl < Cal?i -Ca;.j <Ci¢, i,jEB,i#J;

1 1 .. .,
laijeajipl < Clajajjl* - Clajajj)* < Ca, i,j€ B,i# ]
Sinceuy =0fork=1,--- ,n—1, from (2.1.8),
2 ..
Unlljjo = —UpQijq + Upjlliq + Upilljo + Unolij, Y i, j<n—1,

and for each j € B,
1 Iz

Ajjoa ™~ __h“,(m - 2(=———=)oh A
JJ M;,l JJ |Vl/l|l/l 3 Jia

2
= - (U1t jj0q — 2upltyjllaaj + Uit
Mn

-2

ja + 4”1101”11]”](1 - 4unu]aunja]

174 Yol
Va3 ™ 5
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Hence (3.1.8) yields

n

n
Z Z Ajjaa ~ — —3 Z u Auu 2uptyjAuj + Z[Zunnum + 4y UnjUjo — 4u,,ujau,,ja]}
j€B a=1 Un “ieB a=1
Ol
n
Z IVl Zh”’“
=1 JjEB

1
- —3 Z u Auﬂ 2uun jAu; + Z[Zu,mum + Aupo il jo — 4unu]aun]a]}
Un B

a=1

(3.1.12)
where
n
Z[Zunn”m + dupoUnjitjo — dUpltjolnjo] ~ 2unnu + At jt j, — Aty U jlty
a=1
=OUp U jil jy, — Yyl jplhyy j
n—1 n—1
=6[Au — Z Wii |ty ju jn — 4t ju[Auj — Z u;ij]
i=1 i=1
n—1 n—1

2 2
=6unjAu — duujnAuj — 6unj uii + 4upljy Z Ui j
i=1 i=1

~6uijAu — duujnAuj — 6u,21j uii + dupjy Z Ui j.

ieG i€G
Fori e G, j € B, we have
n 2 n 2
Z ija Z [u2aijal? 1 (Unltijo — UigUnj — UjoUn;]
T3 ) B
o1 i it Uy = Ui
[ -2 -+ - 1?
_ Z Unlijo UigUpj T UjgUnj — UjoUni
MZ a=1 Uij
n 2 2
_ 1 Z [unuija - 2uiaunj] + 2[”11“1']'01 - 2uiaunj] [uiaunj - ujauni] + [uiaunj - ujauni]
1y 4 Uij
2
1 [unuijoz - 2uiafunj] 2
~=— + 2upuiijunj — 3w, ;
3 .. Jrnj nj
Un o= 1 Uii
So

lm -3 2 2
Z Z Ajjoa — 2 Z ” - u, Z[unAujj — OupltyjAuj + 6unjAu]
il

JEB a=1 i€G JEB

_3 ”nuua zulaujn]
Z Z (3.1.13)

JjEB,ieG a=1

From (3.1.11) and (3.1.13), Lemma 3.1.2 holds. |
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3.1.2 Proof of the constant rank theorem for the spatial second fundamental form

Theorem 3.1.1 is a direct consequence of the following proposition and the strong maximum

principle.

Proposition 3.1.3. Suppose that the function u satisfies the assumptions of Theorem 3.1.1. If the
second fundamental form Il gse: of the spatial level sets 0" = (x € Qlu(x, 1) = ¢} attains minimum
rank [ at a point (xg, tg) € Q X (0, T], then there exist a neighborhood O X (ty — 6, t] of (xo, to) and

a positive constant C, independent of ¢, such that
Ap(x,1) — ¢ < C(p + V], VY (x,1) € O X (to = 6, 1]. (3.1.14)

Proof. Letu € CH3(Q x [0,T)]) be a space-time quasiconcave solution of equation (1.0.2) and
(u;j) € 8" Let [ be the minimum rank of the second fundamental forms 1132;.t of 05" (I €
{0,1,--- ,n—1}) for every c, and suppose the minimum rank / is attained at (xo, o) € Q% (0, T]. We
work in O X (fy — 6, to] of (xo, to), as usual. Obviously ¢(x, 1) > 0 and @(xg, fo) = 0. For each fixed
(x,1), choose as usual a local coordinate ej,--- , e,_1, e, such that (3.1.1) is satisfied. We want to
establish differential inequality (3.1.14) for ¢.

By Lemma 3.1.2 and u; = Au,

AP = = —u TG Y [~ Aty + 6ul ]
JjeB
L (tnlhiio — 2t in >
+2u73(G) Z Z nhe e (3.1.15)
jeB.ieG a=1 Ui
+0(¢ + [Vo)).
Since u;; = —upa; < 0fori € G, and for j € B

1
=ttty + Ottty = —[6(tyttn)* = Aatgttr) sttt )]
t

~

1 2 hjn
= —[6@uun ) — dustyj — ——)(usun)]
U Uz

A~

1 h;
= —[2utt))* + 4L ()]
Uy Uy

2 h; I
= —[utunj+ﬂ]2— 43"
Uy Uy u;
(3.1.16)
By (2.1.14), (2.1.17) and (3.1.7), for j € B, we know
hiowy
ajj = ——2= =L = 0(¢). (3.1.17)

- |Du|u,2 \Du|
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Now we use the key assumption in our Theorem 3.1.1 that the solution is space-time quasicon-

cave, then for j € B we get

&, < Qjjlyn = O(9), and 13, = O(@).

jn =
From (3.1.16) and (3.1.18), we obtain

2 h

2 jn 2

—duptyjugj + 6unjut = u—[u,unj + o 17+ O(¢).
1 t

Now we can get

1 B
AP =g = 2w Y UG — [y + L
JeB U Us

n 2
B [unutiiq — 2uiqt in]
+2Mn3 : : O'I(G)z : nija iajn
JjeB,ieG a=1 Uii

+0(¢ + Vo))

This yields (3.1.14) and the proof is complete.

3.1.3 Some consequences of Theorem 3.1.1
In the above proof, for (3.1.20) and the strong maximum principle, we get
¢=0 for(x,t)eOx(tg—0,1p)].
Then for any (x, ) € O X (ty — 8o, to] it must hold
a; =0, fori € B.

In fact, we can obtain more precise information as follows.

(3.1.18)

(3.1.19)

(3.1.20)

O

(3.1.21)

Corollary 3.1.4. For any (x,1) € O X (ty — 8o, to] with the suitable coordinate system (3.1.1), we

have

u;; =0, fori e B,
un =0, fori € B,

ujjo =0, forie B,je G,a=1,--- ,n.
Proof. By (2.1.8) and (3.1.21) we have
u; =0, fori € B,
Then from (2.1.12), (2.1.14) and (2.1.15),

~

hii =0, flii =0, fori € B.

(3.1.22)
(3.1.23)
(3.1.24)
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From a > 0,

~

fl,’n = 0, h,‘n = 0, fori € B.

Equation (3.1.20) yields

S

h; .
Uty + — =0, fori € B,
Uy

Uplljjo — 2Uujoityy = 0, forie B, je G,a=1,--- ,n,
so it holds
u,; =0, fori € B,
ujjo =0, forieB,jeG,a=1,--- ,n.
So the proof of Corollary 3.1.4 is complete. O

Remark 3.1.5. In this section we got a constant rank theorem for the second fundamental form
of the spatial level sets of a space-time quasiconcave solution to heat equation (1.0.4). But if we
delete the condition space-time quasiconcave solution in above Theorem 3.1.1, then we couldn’t
obtain the constant rank theorem for the second fundamental form of the spatial convex level sets
of the solution to heat equation (1.0.4). In fact we need another structure condition on the parabolic

partial differential equation to get this property, for example it is true for the equation

a'?u_ Au

ot |Vulr
Please see the detail in Chen-Shi [18] or Ishige-Salani [29].

3.2 A constant rank theorem for the space-time second fundamental
form: CASE 1

In this section, we begin the proof of Theorem 1.0.5 .
We start to consider the space-time level sets 9X5 , = {(x,7) € Q X [0, Tlu(x, ) = c}, and as in

Section 2.1.3, the Weingarten tensor of 9% ; is

|l/lt| A
dop=——" Al <aB<n, 32.1
Adap |Du|u,3 ap = =n ( )

where A, defined as in (2.1.15), and for explicit formulae see from (2.1.17) to (2.1.20).

Suppose a(x, ) = (Gqp)nxn attains the minimal rank [ at some point (xo, 7o) € QX (0, T']. We may
assume / < n — 1, otherwise there is nothing to prove. At (xp, fo), we may choose ey, - ,e,_1, €,
such that

un(xo, 10) = [Vu(xo, t0)l > 0, and (u;;)1<; j<n—11s diagonal at (xo, fo). 3.2.2)
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Without loss of generality we assume u1; < up < -+ < Upy—14-1. S0, at (xp, fp), from (3.2.1), we
have the matrix (a@;;)1<; j<n—1 1s also diagonal, and a1y > az> > -+ > @y-1,-1. From Lemma 2.1.8,

we get at (xo, fp), there is a positive constant Cy such that

CASE 1:
an =---2a-y-12Cy, ay=--+=ay-1p-1 =0,
_1 A
oo, ) .
Qpp — — >Cpy, @ =0, I<i<n-1.
i Qi
i=1
CASE 2:
apn =---2ay2Co, arpysr = = ap—1n-1 =0,
) Lal oo, .
annzzA—, a, =0, l+1<ig<n-1.
ajj

In this section, we consider CASE 1.

There is a neighborhood O X (ty — 6, o] of (xo, fp), such that for any fixed point (x,#) € O X (o —

6, to], we may choose eq, - - ,e,_1, ¢, such that
up(x,1) = [Vu(x,1)] > 0 and (u;j)1<;,j<n—11s diagonal at (x, 7). (3.2.3)
Similarly we assume uj; < upy < -+ < Up—1y-1- S0, at (x,1) € O X (o — 4, tp], from (3.2.1), we

have the matrix (4;;)1<;,j<n—1 is also diagonal, and a1; > d > -+ > Gu-1,-1. There is a positive

constant Cy > 0 depending only on ||u||~+ and O X (tp — J, t], such that

-1 aZ
ayg -+ 2ar-1-1 2 Co,  Qpn — Z — > Co.
izt dii
for (x,1) € O X (ty — 6, tp]. For convenience we denote G = {1,--- ,[—1}and B=1{l,--- ,n— 1} be
the “good” and “bad” sets of indices respectively.
Since v
flij = %al‘j, 1<i,j<n-1, (3.2.4)
u

there is a positive constant C > 0 depending only on |u]|-+ and O X (#o — 6, o], such that

apg 2 za-y-1 2C, (x,1) €0 X (to - 0,1, (3.2.5)
and
an(xo, to) = -+ = dn-1p-1(x0, 7o) = 0. (3.2.6)

So the spatial second fundamental form a = (a;;),—1xn—1 attains the minimal rank / — 1 at (xo, 7).
From Theorem 3.1.1, the constant rank theorem holds for the spatial second fundamental form a.

So we can get a; = 0, Vi € B for any (x, 1) € O X (ty — 6, tp]. Furthermore,

4 =0, VieB. (3.2.7)
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We denote M = (G;j)n—1xn-1, SO
op1(M) =o0(M)=0, forevery (x,t)€OX(ty— 0,1l (3.2.8)
Then we have from (2.1.21)
0<0i1a) < o1 (M) + appo (M) = 0. (3.2.9)

So
oi1(@) =0, forevery (x,t) €O X (ty— 6,1l (3.2.10)

By the continuity method, Theorem 1.0.5 holds under the CASE 1.

3.3 A constant rank theorem for the space-time second fundamental
form: CASE 2

Now we consider CASE 2. For completeness we write out the Weingarten tensor of the space-time
level sets 0%7 , = {(x,1) € Q X [0, T]ju(x, 1) = c} as

7P
dop = ————=Aus, 1 <a,f<n, 3.3.1
afs |DM|M¢3 af ﬁ ( )
where
A~ N uiu, il uiu /cl
Aij=hij— ——— - L (3.3.2)
W+ W2 W(l+ W
w Y why u Y why uu iuzh
_ AIZ[_IAZJI_ Ajzl_lAlzl _ z]nAnn +Tij, l<ij<n—1,
WA+ W2 W+ W2 W21+ W)2u}
. 1. tnh wn Y0 g
in =i — o Zi-t 1l (33.3)
w W21+ W2 W + Wu?
y Doy U W2y ik 2
WA+ W2 W + Wyu? W
I y 20 iy
App ===y — 2= = 334
MW TR+ Wl B34
n—-1_27 n—1 7
L ulh ki1 Ukt 1
2 AZI_] l/\ nnz + Ak’l 1 A [1 - T] + Tl’ln’
W2(1 + Wy W + Wyu? w
and
izaﬁ = utzuaﬁ + UnlgUp — Uglar — UloUg, 1 < a,B < n. (3.3.5)

When we choose the coordinates such that u; = 0 (1 < i < n - 1) at some point (xo, f9), T

(1 £ a,B < n) satisfies

Tep=0, DT,s=0, D*Te=0, l<a,f<n (3.3.6)
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From Lemma 2.1.8, a(x,f) = (@ep)uxn attains the minimal rank / at some point (xo, ) €

Q x (0,T] and at (xg, ty), we may choose ey, - -, e,_1, e, such that
up = |Vu| > 0, and (#;j)1<; j<n—11s diagonal at (xo, fo).

Then we have

N

ajp z---zap=Co, Ay = = Ap-1a-1 = 0,

l &2
=) 2, anw=0, l+1<i<n-1I.
iz1 dii

Then there is a neighborhood O X (fy — 6, 9] of (xo, fy), such that for any fixed point (x,7) €

O X (ty — 6, ty], we may choose ey, - , €,-1, €, such that
un(x,1) = [Vu(x, )] > 0, and (u;;)1<;, j<n—11s diagonal at (x, 7). (3.3.7)

Similarly we assume uj; < uzy < -+ < y_1-1- S0, at (x,1) € O X (ty — 6, ty], from (3.3.1) and
(3.3.2), we have the matrix (&;;)1<; j<n—1 s also diagonal, and a1y > a2 > - -+ > Gp—1,-1. There is

a positive constant C > 0 depending only on [[ul|c+ and O X (fy — 6, fp], such that
app=---=2ay=>C,

for all (x, ) € OX(ty—9, to]. For convenience we denote G = {1,--- ,l}and B={l+1,--- ,n—1}be
the “good” and “bad” sets of indices respectively. Without confusion we will also simply denote
G ={a, - ,ay}and B = {ass 141, , Apn-1n-1}-

We shall divide this part into three steps. In step 1 we use Theorem 3.1.1 to perform a reduction
of the proof. Step 2 starts from Lemma 3.3.5, which is the reduction for the second derivative of ¢

via step 1. In step 3, we shall complete the proof of Theorem 1.0.5 with the help of Theorem 3.3.7.

3.3.1 Step 1: reduction using Theorem 3.1.1

From Theorem 3.1.1, the constant rank theorem holds for the spatial second fundamental form a
with the minimal rank /. So for any (x,7) € O X (tp — 6, tp] with the coordinate (3.3.7), we can get
a;; = 0,Yi € B. Furthermore, a;; = 0, Vi € B.

Under above assumptions, we can get

Proposition 3.3.1. For any (x,t) € O X (tg — 6, ty] with the coordinate (3.3.7), we have

aii(x,H)=0, i€B. (3.3.8)
Furthermore, we have at (x, t)
a;j(x,t)=0, iorj €B, (3.3.9)
Qin(x, 1) = Gyi(x,1) =0, i€ B, (3.3.10)
Da;j(x,t) = (Vaj;j, a;j.)(x,t) =0, iorj €B, (3.3.11)

Dajn(x, 1) = Déi(x,£) =0, i€ B. (3.3.12)
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Proof. The proof is directly from the constant rank theorem of @ and Lemma 2.1.9 (i.e. Remark
2.1.10).
For any (x, 1) € O X (tg — 6, tp] with the coordinate (3.3.7), we can get

al‘j:ma[j, ISl,]ST’l—l,

then there is a positive constant C > 0 depending only on [|u||~+ and O X (#g — d, fp], such that

apg = --->ay>C, (x,t)EOX(tO—5,tO],

and

air1141(X0, 10) = -+ = Ap—1p-1(x0,0) = 0.

So the spatial second fundamental form a = (a;),—1xs—1 attains the minimal rank / at (xo, #o). From
Theorem 3.1.1, the constant rank theorem holds for the spatial second fundamental form a. Then

we can get for any (x, 1) € O X (tg — &, tp] with the coordinate (3.3.7) (that is (3.1.1)),
a;i(x,t) =0, VieB.

Furthermore, we have
[Vul

ai(x,1) = maii =

0, VieB.
From the positive definite of a at (x, ), we get
aip(x,t) =0, VieB.
And from Remark 2.1.10, we get
|Da;jl(x,t) = |Dajy|(x,t) =0, Vi€ B.
So the lemma holds. O
We denote M = (G;)n—1xn—1, and set

¢ = 01+1(a). (3.3.13)

Following the notation in [11] and [34], let / and g be two functions defined in O X (¢g — 6, ty], we
say h < g if there exist positive constants C; and C, depending only on |[u||-3.1, # (independent of
(x,1)), such that (h — g)(x,1) < (C1¢ + C2|Vo)(x, 1), Y(x,1) € O X (tg — 6, tg]. We also write

h~g if h<g g<h
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Lemma 3.3.2. Under the above assumptions and notations, for any (x,t) € O X (tg — 6, to] with

the coordinate (3.3.7), we have

hii
u; =0, i€B ui=—, 1€G; (3.3.14)
u;
wij=0, i€BUG,jeBUG,i# j; (3.3.15)
U tin = hin + upugityy, i€ G; (3.3.17)
1 A
=t = = > hi; (3.3.18)
U ieG
DEES)
2 in 7 3
WUy ~ — + ) hii —u; + 2upitity. (3.3.19)
i€G hi; i€G

Proof. Under the above assumptions, we need to do some routine calculations for the derivatives
of ¢. In the following, (3.3.7) can be used all the time.

Since M is diagonal and a;; = O for i € B, we can get from Lemma 2.1.7,

¢ =011 (M) + (M) = ) apidiinri-1 (M)
i

%)
a:
=r(Olam - ). 1,
ieG dii
SO
a;,
fn — Z —n . (3.3.20)
: Aaj
i€eG
By (3.3.1), we have
. A2
A — Z A’_’f ~0. (3.3.21)
ieG U

Since u,, = |Vu| > 0by (3.3.7),u; =0,i = 1,--- ,n — 1, then we get
N " 1. A 1 .

Aij = hij, Ay = Fhine A = 2, (3.3.22)
so from (3.3.21), we can get
o =, B (33.23)
" ieG ilii

From (3.3.1), (3.3.21) and Proposition 3.3.1, we have

177N 1771 -
0=qjj=——"0 A, =——" h.. i€B,je BUG,
T T Dl T T D /
loes|  » _ lot] 1~

= - —_— —hin, i€B
|Dulu’ " Duludw " ’
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so we get

2

il,'j=bltu[j=0, i€eB,je BUG;

From (3.3.5), (3.3.7) and (3.3.24), we get

. ha
ui,‘ZO, i €B; Mil'z—lzl i€G;
t
Ltl'j=0, i€eBUG,je BUG,i# J;
_ Up . . 2 2 : .
Uip = u_uib i € B; UilUin = hin + wauuy, i€ G
t
n—1
_ _ ll
Upp = Ut — Ujj = Uy — 2
i=1 icG u
72
2 2 h 7 3
WUy = h,m Uy Upp + 2UpUslp; ~ Z h + Z hii — w; + 2un Uiy,
icG ieG

By Corollary 3.1.4, u;, = u;; = 0 for i € B, so we can get (3.3.14) - (3.3.19). The lemma holds

s, B )
hin = uyuiy — upuuy =0, i € B.

47

(3.3.24)

O

Lemma 3.3.3. Under the above assumptions and notations, for any (x,t) € O X (ty — 6, tp] with

the coordinate (3.3.7), we have

A Qin ~ a; &jn;\
dnna —2 2. 72 Cinag + Z 2 2. dij

in ~0, a=1, n,
ieG " i,jeG i ajj ’

Ao -23 4 w0~ 0 1

nn,a ZA_ ina T Z 7. 7 Aije~Y, a=1, s 1,
ieG " i,jeG " I

A Bon fuin 1 7

hna =2 2 ﬁhma"' %;l_nhz]a'“(), a=1,
icG hi i.jeG hii hjj

and

. Qin 4
¢ ~ UGl — 22 Gt ) 2

al],t
ieG a” aj]

i,jeG

T - A; A Ajy
~ UGN =N Ay =2 ) T A+ Y LA
| Dl ieG i 56 Aii Ajj

|u[| 1 il ~
~0 — -2 ,\—h
(O )7 U EG] ”

(3.3.25)
(3.3.26)

(3.3.27)

(3.3.28)
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Proof. Taking the first derivatives of ¢ with respect to ¢, we have from Lemma 2.1.7

¢ = Z (M)t + G 1 i(M) + iy Z i1 (M0

-2 Z gl- 1(M|l)amamt - Z Oj- 2(M|l.])amaj]t + Z gi- Z(Mllj)amanjaljt

i#j i#j
=TUG)ituns + tun ) 11 (Gli)étig
ieG
“A A cnA2 A cnnA A A
-2 Z 0 1-1(GlD)anitnis — Z o12(Glij)a,ajj. + Z 0 1-2(Gli j)anitn s,
ieG i, jeG i,jeG
i) i#)

by (3.3.9)-(3.3.12) and (3.3.20), we get

o “~ CIN CnA A A
Gnn E o1-1(GlD)aii; — E o1-2(Glij)a,ajj. + g 0 1-2(Gli j)aniln jijs
ieG

i,jeG

J<C LjeG
1#] i#]
Qi Qnj
“41G) Y 3t = 71G) Z ——a,,t +ouG) Y ﬂﬂau,
ieG i,jeG i,jeG
i#j i#j
ai;
(G Y g
i,jeG (1 a”
so we can get that
Qin . Qin Qjn
N "'U_I(G)[ann (=2 Z - azn tt Alil ,\L.n'aij,z]- (3329)
i€eG i,jeG aij Ajj
By (3.3.1) and (3.3.20), we have
|ut| A m
¢r ~ o(G) (- Annt — 7 Aijdl, (3.3.30)
|Du z€G ]

i ]EG
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and from (3.3.2)-(3.3.4), we get

23 B =2 5 () 22+ e - Wz”f{”jhv’f;)ulz - W(ZlLW’)h!]
zw—n—) G g
o 2(%)( ZG: Z_ i W3(21u + I;/)u% ; uth

2uy, ), uithin
ieG

+ =~ . A A
W2(1 + Wyu?
Ain Ajfl A 1 ilin iljn ~ “it“niljn “]t”n in
2 a i A= 2 G e - e~ o s
ijeG i Ajj i.jeG i Njj (1+ Wy (I + W)u;
1 ilin h in ~ 2”;1 nn ulthm
~( = ) — 5 hij —
W2 ;; hii by W3(1 + W)u? ZG: hii

then

ieG ‘i i,jeG Aji AJ’J’
1 ~ il ~ il i:l A~
’“A—z[hnn,t -2 Z #hin,t + Z - hijl. (3.3.31)
w ieG i i, jeG hii hijj

So by (3.3.30) and (3.3.31), (3.3.28) holds.

Similarly, taking the first derivative of ¢ in the direction e, it follows that

Qin ain a/n
ba ~T1(G)annae — 2 § ama + ~ alj als
IEG i,jeG dii a”

SO
Qin am a]n
anna_2z_amw Z Ty ~ 0.
ieG i,jeG i 4jj

Similarly, we can get

~ A ~ A AA'nA
Ann,a_zz #Ain,a'i' Z - Aij,a ~0, a=1,---,n,

and

The lemma holds. a
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Lemma 3.3.4. Under the above assumptions and notations, for any (x,t) € O X (tg — 6, to] with

the coordinate (3.3.7), we have

uijo =0, i€B,je BUG,a€ BUG;
uijn =0, wu;j3 =0, i€B,jeBUG;

Wipn =0, iy =0, uiy =0, 1€B;

2 % _—
u;uii; = hii;, i€ G;

(3.3.32)
(3.3.33)
(3.3.34)

(3.3.35)

2 o 2th;\ 2 o th/\ 2 s Ujs ~ . . . .
Uy Ujij = hii,j - —h,',', UUjji = hij,i + —hii, Uiljj; = h,‘j,j + —hjj, 1€ G,] €eG,i# Js (3336)
Uz Uz Uz
2 Unt » Uit » . .
Uy Ujip = h,,,Z — 2_u hi; + 2 hm + 2un uy, 1i€G,
t

I/ttzu,‘jk=i’\l,'j’k, iEG,]GGkEGlijik;
2 Uit ~ . . . .

utzuij,, = hjjn + ! hj,, + hm + 2upuiu, 1€G,jeEG,i# J;
Uy

2 7 .
U Uppi = — thkl+utul,+2— Z hkk, ieG

keG W eGkei
_ 2 2 Uk o 2 2.
u; Uppnn = — hkkn + u; Upt + 2— hkk - _hkn - Uply,;
keG keG keG keG

2 ~ Uit » Upt ~ .
UnUrUjjs = _hin,i + hii,n + 3_hin -3— » —hj; + 2un“ + Ujiuptty, 1€ G
t

Upllsllj; = —hm i+ h,J,, + 3 . hm + 2upuyu, 1€G,jEG,i# j
1

A~ ult Upt »
UpUtUpnt = § [hin,i - un] + UplUUyy — § hip —3— » —hj; + 2unu + wiiunuy;

icG icG !

Ujt » Upt 2 . .

UnUtUiny = — mn hkkz + 3M_ hkk + u_hii + u_hin + Uinltyly, 1€ G,
keG " keG ki ! !

and

2 ~ ~
U, Ui :hnn,i - m n Z hkkl - u; Ujr + 4M_ Z hig
keG ! keG ki

Uit ~ Unt
+ 2 ! h” + 2—"hm — QU Uil + 2UUpils, + 2Un Ui, 1 E G

9 N ~ N
U, Uttn =hnn,n +2 Z hin,i - Z hkk,n

ieG keG

Ujr » unt
— Uity — 4 Z —hm Z hij —2 Z Untll + ittty

i€G i€G ieG

(3.3.37)

(3.3.38)
(3.3.39)

(3.3.40)

(3.341)

(3.3.42)
(3.3.43)

(3.3.44)

(3.3.45)

(3.3.46)

(3.3.47)
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Proof. By (3.3.1), (3.3.11) and (3.3.12), we get fori € Bor j € B,

OZD&Z'J':

|oa|

S

\Dulus "

|oa|

|oa|

=——" [Dh;
|D1/‘|Mt3 Y

~

A Duiunh jn

~

Dujunhm

~

" Dulu

0 = Da;, =

~ |Duly,

~ |Duly,

so we get

Il
=

ija =
n =

1]
?)

J

Il Il
SO SO

Il I I
S S0 SO
s Bl
s R

o O o o o o o o o
Il
=

u

u

|oa|

- b,

| Dut|u,

|oa|

17

2
t uij(Y’
2
r Uijn —

— 2 _ 2

ija = UsUjjo — Ul joUjr = U Ujjq,
_ .2

ijn = UrUijn —

—_ 2 _ .2
i = Up Ui — 2l e = Up Ui jg,

2
= Ui Uipn —

7 2
hin,t = U Uipr — UsUUp Uiy,

and by the equation (1.0.4), we have

[=
3w

W

3

~

1 . Du;u,hy,;,

WA+ W W+ Wy

_1 2~
U 2=, Dughyy

in

W2+ Wl
-

ins

i€eB,jeB,ac BUG;

_ .2
UilhinUjr — Ul jnlljs = Up Ujjn,

— .2 _ .2
ijt = UpUijr — Uil jy — Ul jiljy = Uy Uity

_ .2
UilhinUjr — Ul jnlljs = Up Ujjn,

i€eB,j
= Ul ing — Willnllizg = Ul Uing, 1€ B,
Ul Uis, 1€ B;
i € B;

n—1

W + Wyu?

i€B,jeB;
i€B,jeB;

i€eB,jeG,ae BUG

i€B,jeG;
€ G;

a € BUG;

Unni = Au; — Zukki = uj; — Zukki =0, i€B.

So

For i, j € G, we can get

~

k=1 keG
ujjo,=0, i€B,jeBUG,aeB
uijn=0, uijt=0, iEB,jEB
Ujpn = O’ Ujnt = 0’ Ujr = 0’ l

U G;
U G;
€ B;

_ 2
Rija = U Uijo + 2UsltiqUij — UigUslyj — Ujo iUy,

B

51

(3.3.48)
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)
2 g . o
uyuiii =hii; — [2ugiug; — wineny — wiitg] = hizg, i € Gy

and

R
uyuiij =hii j — (200 i — i juty; — Wi iy ]
=hii,j — 2usu; jui;

A Ujt A . . . .
:hii,j - 2u—hii, i€G,jeqG,i+].
1
Similarly, we have from (3.3.48)

3 g
uyuiji =hiji — [2umgu;; — wilteyj — W jitgity)

=hjj;i + ugugju;;
A Ujt o . . ..
Zhij,i+_hii’ lEG,]EG,li],
Uz
u; l/t,'jj :hij,j - [2u,utju,-j - Mijl/t,l/ltj - ujjutut,-]

~

=hijj + st

~ Ujr » . . . .
Zhij,j+_lthjj’ i€eG,jeqG,i+].
Uy

From (3.3.48), we also have

2 s
Uy Wiin =hii n — (20U Ui; — Winlhilhs; — WinlUy;]

=hiipn — 2utpUi; + 2000y
~ Unt o Ujt »~
=hijin — 2—ujuj; + 2—[hiy + wuusitg]
Uy Uy

2 Unt » Uit » .
=hjip — 2=y + 2~y + 2uut, i€ G;
t Uy

~

2 ~ . . . . .
uptje =hijr — [2uigu;j — wpgityj — wipigtiy] = hije, 1€ G,j€G,keG,i# j+k;

) s
Uy Uijn =hijn — [2utemiti; — Winltyj — Wjtslty;]
=Njjn + UinlteUsj + U jUslhsi
R Ui « Ui ~
Jt it
=hjjn + —[hin + uguti]] + —[hj, + uzu )
Uz Uz
A Ujs ~ ujt ~ . . . .
=hij,n + u_hjn + u_hin + 2unul~,uj,, i€eG,jeqG,i+ ]
t t
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And

2 2 2 2 2
Uy Uppi =uy [Au; — Z Upki] = uyuiy — uyuii; — Z Uy Uk

keG keG k+i
2 2 2 Uit »
=ufuy = hii = ) ik =2~ i)
keG ki !
—utu,,—thk,+2— Z hkk, iEG,
keG Ut 1 cGrei
2 2
Uy Upnn =U; [Au, — Z Ukin ]
keG
nt
=t = ) [ = 2+ 2—hk,, + 2utpiil,]
keG
Ukt »
—ut Ups — hkkn + 2— hkk -2 h;m -2 unukt
keG keG keG keG

For i € G, we can get from (3.3.5)

~

_ .2
hin,a = Ui Ujpg + Uy Uin + WigUnUy — WigUilhiy — Ung Uy — UnUioUs — UnliUiio,

then

_ _ 7 2
Unlslhiis = — Rip i + U Wijn + 20U Uiy + Wiiln Uy — Wil — UpilleUyi — UpUgilly
~ ~ Upt ~ Ujr ~ 2
== hini + [hijp — 2—h;; + zu_hin + 2u,u;;]
t t

+ 2u Uil + Wil Ugy — WiiliUiy — Unillyls; — UpUyills;

A ~ Uit ~ Unt »
== hini + hijn + 3—hip —3—
Uy Uy

hi; + 2unu + ujipty, 1€ G;

—__ 7 2
Unltyltijs = — Nin j + Uy Ui jn + 2005 Uiy + U jUg Uy — Ui Ul — Uy Ul — Uplly Ul
N A Uit ~ ujl‘ ~
== hinj + [hijn + —hjn + —=hin + 2upuisu j;]
Uz Uz
+ 20Uy jUin — U Uy — UnUy Ui

Ui

~ Uit » J g

=- hin,j + [hl]n + » h]n + u_hin + 2unuitujt]
t t

ujt ~ Uit ~
+ 2u—[hm + UpUlyi| — u—[h jn T Unlely ;] — Uy Uy
t t

2 2 Ujr » . . C
=—h,-,1,j+h,-j,n+3u—]hin+2unuituj,, 1 EG,J €qG,i * ],
t
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__7 2
UpUiUipnt = — hin n T U Uipp + Ul Uin + WinlUnlsy — Winlyllsy — UnpUilyi — UpUp Uy
= mn + [Ltt Ujp — Z hkkz + 2_ Z hkk]
keG U Gk

+ Uslinllin + UinUnUse — UppUsUsi — UpUmUzi

= znn Z hkkl + 2M_ Z hkk + [weutis Au — iy ]
keG ! keG ki

Unt
+ u—[u, Win — UnUsllsi] + UinlnUs

Uijt ~ Unt » .
mn § hkkl + 3_ E hkk + _hzz + —hip + Uiptpuy, i €G.
keG W Grzi a

So by the equation, we have

UpUslppy =Uplts[Aut; — Z U]

keG
2 2 Uit » Ut g 2

=UpllgUy — Z[_hin,i + hiin + 3—hin — 3—hi; + 2upuy, + ity

. Uz Uz

ieG
_ il 3 Mtt nth )
=UpUily + [ ing — lll’l [ i T unu + Wity U]

icG icG U

At last, we can get

=

_.2 2
nna Ui Upna + Uty + Uy Usrq + 2upUnallyy — 2Una Uil

= 2upltgo U — 2y Usling (3.3.50)
SO

2 7 2
Uy, Usgi :hnni = [ Uppi + 2ty + 20 Uity — 20Uy — 2Un Uil — 20 Uiy ]

nn i [u[ Ujr — Z hkk it 2_ Z ilkk]

keG W eGrei
Uit » Unt »
+2[- hmn Z hkkl + 3_ Z hkk + _hn + u_hm + Uinlplty]
keG W G !

- [2ututi“nn + 2up Uity — 2yl — 20 Ugilgy, ]

:hnn,i - m n Z hkkz Mz Ujr + 4_ Z hkk

keG U keG k+i
Uijr » Unt » .
+2—hi + 2—hiy — 2uii g, + 2Ulnily, + 22U, 1€ G

Uz Uz
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and
= 2Upnltslly — 2UpUm Uy — 2Up Uiy, ]

2 7 2
U, Usn Zhnn,n - [uz Upnn + 2UiU Uy + 20 Uyl
Ukt 2 2
Ranon [uz Upt — Z Mk + 2_ Z hjk — 2 Z _hkn -2 Z Mnukt]
keG keG

keG keG
it 3 ﬂ[
+ 2[upuiuy + Z (hin,i - ll n) 2(3 hm hll + 2unu + ujiuny)]
ieG ieG

[2uupntty — 21Ut

ann + 2 Z ilm i Z ilkk,n + Rugupuy — 2 Z(uiiunun) 2up Uyl

ieG keG ieG
Ui M t
u, Uy — 4 Z —lhm — Z hij =2 Z unu + 2unum
ieG ieG icG
=hnn,n +2 Z hin,i - Z hkk,n
ieG keG
Uijt » unt
— Uty — 4 Z —hm Z hii —2 Z Untls + 21102,
ieG ieG ieG
O

The lemma holds.
3.3.2 Step 2: reduction for the second derivatives of the test function ¢
Lemma 3.3.5. Under the above assumptions and notations, for any (x,t) € O X (ty — 6, tp] with

the coordinate (3.3.7), we have

boa ~ |0UG) + &m0 1(G) = ) @Ti2(GID)| D Ammae
meB

ieG
din aln
+O'I(G) annaa 22 amaa/ + Z 2 ”alj(la/ (3351)
icG i, /eG u
1], ajn .
_20-1(G)Z =~ |Gina Z A]n dijal| »
icg dii ec 4ii
where
o>
UG) + i1 (G) ~ 3 & r1a(Gli) ~ G| 1+ Y T2 | (3.3.52)
iG icG Yii

Proof. The proof is similar as in [17]. For completeness, we give the details of the proof.
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Computing the second derivatives directly, we have from Lemma 2.1.7

0(’(71+1(M)A Dopi(M),
baa = Z EYS dijjaa Z W l],aakla + ann a0 (M)
0y djj ikl ijOCk]
ZBGI(M)A ZaO'I(M)A Z 820'1(M)& Elk
Qnna dijo t Qnn Aijoa Qnn ijakl,a
—  0a;; 404, 2 0a;j0ay
o (M),
-2 Z gi- l(Mll)amam ae—2 Z gi- l(Mll)am aam a—4 Z &l—_amam aajka
ijk Jk
50’1 1(M|1)A2A o 1(M|1)A2A .
Z T ar Giljkea — Z da a Apid jk,alpg.a
i Jk i.jk.p.q TR Pe
+ " oM anitinsjae +4 Y | 12 (Ml anjiniadija
ij ij
i#j i£]
dooMlij), . . oA s A
+2 Z oan Cnitlnjlijalina — 2 Z 0 1-3(Mi jK)anitn jaxio Ok jo
i,j.k,0 Al i,j.k
i) i# ik, j#k
=I,+1l,+1I1,+1V,,
where
o1 1(M) . . oo (M)
Iy = Z —~ Uijaa T ann,a/ozo—l(M) + dnn —a~ Yijaa
6a,j — aaij
ij
AU O (M) > 4
-2 Z 0i-1 (Mll)aniani,aa - Z T Ajkoa T Z gj- Z(Mll.])aman]at],am
i ik Jk o
1#]
1 Z 0 SoM), .o Z 320’1(M)& 4 Z 0o 1(M|l)a2€Z 4
a ijatkl,a nn o~ an Gijalkla T T s o~ Ypitjkabpg.as
57 0a;j0ay 57 0a;j0ay o 00 .00,
. 50’1(M)A o1 (Mli), oo MNij), . .,
11y =2ap 4 aa. —dija -4 Z 9 Apidni (Ia]k at?2 Z 9 . @nilnjdijelilas
iy ij ik Jk ikl kl
i#j
Ve ==2 Z O- I(Mll)am allnia +4 Z 0- 2(M|l])an]am aat]a
ij
i#]

=2 > s (M1 K)anitin i ot

i,j.k
i#jitk, jk

Now we use the formulas (3.3.9)-

and 1V,

(3.3.12),(3.3.20) and (3.3.25) to treat the terms in 1, I1,,, 111,
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First, we will deal with /,.

I, =

G—I(G) Z &mm,(m + &nn,aaro_l(G) + &nn[z O—I—I(G |m)&mm,aoz + O—I—I(G) Z é\lmm,cmz]

meB meG meB
A A . A2 RN . ~
23 tinttinaai1(Gli) = > @41 D" 01 2(G lim)ammaa + 012G i) Y Gmmaal
i€G i€G meG meB
m#i

+ O tinltjnttijaai2(G i)

ijeG
i#j
~ A2 . ~
[01(G) + 4011 (G) = Z 3,012G 1)1 ) dnaa
ieG meB
Z\lin
+0(G) Z Amm,aa 2 — [l — Z &_]
meG Gmm ieG "
#Fm
Qin aip 4 Jn
+O'I(G)[ann o — 2 Z azn aa T a_ ‘ .al],(l(l]
ieG ijeG W Il
i#j
~ A2 . ~
[01(G) + amo1-1(G) = Y @3, 012(G 1] ) e
ieG meB
Qin Qin Ajn n
+O-I(G)[ann o — 2 Z am aa T a_ ;aij,mr]- (3353)
ieG ijeG W I

For 11,, it follows that

A A ") N c A A ")
Iy =" 011(Glip @itattjjo = @) + tun ) T12(Gli) @il jjo = &)

i#j i#j
A2
- Z Z T 1-3(Gli RV @ ok = T )
J#I, k;&z,/;&k
~ cnsA A ) caNa2 oA oA a2
=Unn Z U'I—Z(Gll])(aii,aajj,a - aij,a) - Z 0'1—3(Gll]k)ani(ajj,aakk,a — Ay, a)
i,jeG i,j,keG
oy i jizk, j2k
aii (lajj —a2 a2 &jjaakka - &2](
2o 1]7(1 ni ’ ’ JK
=im0i(G) ), —— T~ G) Y
i.jeG iijj i.jkeG u JjCkk
i*j i# ik, j#k
A AL AL A2
a, Qiiadjje —d;
~ nk ’ ’ PEY
=0UG) Y (O~ ) )"
i.jeG o kK =
i) Ktk j
A2 ~2 A2
az.  a;. Qj aajj i
ni nj o l]ﬂ
~a(G) ) [+ S ————
g Qi djj aiidjj
i#j
A N oY
ain ajj a2 i Yijer
=201(G) ), Hatia = = 20G) ) A2 (3.3.54)
&2 a:: &2 a::
i,jeG “ii 7] i,jeG 7
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For 111,, it follows that
Hly =2l ) 011 (Gli)iie + T11(G) ) ital

i€G i€eB
=4 titniol ) 01 2(Glifajja + o12(Gl) ) 0]
ieG JjeG JjeB
j#i
+2) anitinjtijal D T13(GlijRaga + 013Gl D kol
i,jeG keG keB
i#j k#ik#j
=Dama Y 11 (Gltia =4 ) tnidiia Y | 01-2(Glifjja
i€G i€G jeG
Jj#i
+2 titnjliije Y T1-3(Gli K
i,jeG keG
i#j ki k]
~ u a am 4 &jj,(l
:20_1(G)ann,a Z Apia -
ieG i i ¢ ajj
(£}
Qpj Anj ko
+201(G) Z ) R e (3.3.55)
S 4ii d4jj Akk
i# itk jEk
Now we need to expand the sum of the third term in (3.3.55)
IR YD 5 5 eD 3 3350
i,jkeG i,j,k€G  ijkeG  ijkeG  i,jkeG i,jkeG
i# ik, jEk =j =k j=k  i=j=k
so the third term in (3.3.55) becomes
O G Ok, i O Qg 02 4
ni Ynj a A ni “nj NN ni “JQ A
ai(G) Z 27 o diia =01(G) Z 27 o diie = 0uG) Z ~2 7 iia
(k<G i djj Ckk i, jkeG i djj Gkk i.jeG ail. Jj
i jizk, j#k
i G Qi a2 a;
ni Ynj dij,a . “ni i,
-20(G) Z 25, 7, et 20(G) Z -3 5 diia
ijeG "t T T e 4 “ii
(3.3.57)
Combining (3.3.55) and (3.3.57), it yields that
anja
u a n] N Ylj nk a
1I, —20_1(G)Z (anna 22 al’lj(l/ Z 2.4 A ,a)
icG jeG jkeG G Ckk
JEI
“ni JJa a Qi anj au @ i a” @,
—20%(G) Z o = 40U(G) Y| LTy, + 400(G) Z
,]EG U i,jeG dii djj dii icc 4y dii
Qni all a &nj n
~401G) D T (i = ) 7]
e dii a” e 4ii
Az a a
J./s /\ ni ll a A
~20¢(G) Z 222 i o + 407(G) Z i (3.3.58)
ajj icG a aii

,]EG
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At last, we deal with IV,
== 20> 011Gl plni + T11(G) ) tnialinial
i€G i€B
+4 > a1 012 (Glipani atija + 01-2Glj) Y niadijal
JjeG i€G. i€B
1#]
=2 anitl Y 01-3(GlijRkialija + 013Gl D diadija]
i,jeG keG keB
i*j k#ik+j
= =23 011 (Gli)aiatnia +4 Y 012(Glij)ininialiija
ieG i.jeG
1#]
=2 > 013Gl jR)anidin ki ali o
i,j,keG
i# jizk, j#k
By the decomposition (3.3.56), we have
52 n A A A
ani,a n] lj, Api Anj Akialkja
Vo ==201(G) Y| == + 40(G) Z g = 200G) Y
ieG dii i.jeG dii i.jkeG dii djj Ak
i#j i#]i#k, j#k
~2
ani,a nj lj, am au o
==201G) ), 4 +401G) ), 2 i ~ 40(G) ), 5t
ieG U i,jeG ajj ai i€G
A2 A oA
i Onj Qi oQkja a.. a;jqdi;,
~201G) Y F A+ 200(G) Y A
i, jkeG aij ajj - Gk ijeG i 4ii
Qi Qnj Qij o 0; Qi Qnj Qijodj
+ 20’1(G) n[ I’l] ll (07 l], + ZO'I(G) n[ }’l] l],(l ]],(I
i.jeG aji ajj ajj i5G a;; a” Cl”
&y, it alliia
ieG i “i
Combining the terms, it follows
n],\ Qni aua anjA
- 20(G) Z [am a — Z atja —40(G) Z [am a = Z alj,
i€G jeG ajj i€G jeG ajj
AD A
ac. a; Qiio0i
+200(G) ) A ”’Z Uit 4G) Z g (3.3.60)
i,jeG azt Ji tEG ii
So from (3.3.54), (3.3.58) and (3.3.60), we get
) 2
a jn .
Iy + I, + 1V, ~ —20/(G) Z lina = ), = lija (3.3.61)
i€G dii jeG Ji
The latter completes the proof of Lemma 3.3.5, jointly with(3.3.53). O
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Lemma 3.3.6. Under the above assumptions and notations, for any (x,t) € O X (tg — 6, tg] with

the coordinate (3.3.7), we have

~2
a oty
¢(l(l ~ O-Z(G) (1 + Z alg) |Du|lu Z hmm N Zes

ieG
| 1 Z inj hin Pjn 5
+ G 7y QC -2 l o T A_ hl a
O'l( )( |DM|M ) nn v = ,'l' n,aa Gh p ]m‘
il 2
o] 1 1. jn 3
16 |l)u|ul3)W2 ;ec i [fine ;EG 7, e (33.62)

Proof. From (3.3.7) and Lemma 3.3.2, we have
”iljlin = (ui]tlin)a/ = (uiilin)mr =0, i€eBa=12---,n-1;
”iljlin = (uiljlin)n =0, (Miilin)nn = 2uinljlin,n =0, i€B.

So from (3.3.1) and (3.3.2), we have

. lue & AERY>
Amm,aa = ( - |Du|u,3 )Amm,my = ( - |Du|ut3 )hmm,(zm m € B. (3.3.63)
From (3.3.1) - (3.3.4), (3.3.20) and (3.3.25), we have
. Qin . Qin O
Annaa — ﬂam aa Z “ alj fozes
leG i,jeG a” Clu
|I/t;| [ m
- (- Sy
nn,aa 1/ aa
|Dl/t|l/tt lEG szG
ul \ | 4 Ain 4 Ain Ajn A
+2( - Ann,a -2 = Ain,a + ~ A Aij,a/
( |DM|M13 )a | ; ii i%ZG Aji Ajj
oty A AAin ~ Ain Ajn A
(=l ) A —2) SAn+ Y SO,
( |Dl/t|1/l13 )aa ; ii i,j;; Aji Ajj
Joas| A AAm ~ AAm A]n A
~ (-=5)|A 2 Ainaa + A
3) nn,ea ~ Ainaa ~ ijaals
|Du|ut ; ii i;EG Aii Aj]
and
2
1 a
_ZO-I(G) Z ~ &m a A]n &t]a
icc “ii e 4ii
~ N 2
1 luts| N Ajn |uts| A Ajn
= 20/G) ~ ( 3)( ina < Alj(l/) ( ) ( n = lj)
ec dii |Dut|u, /GZG Ajj | Dut|u, jGZG A]]
2
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So we get

ai(G)

2
Ain Qin Qjn jn,
nnoa — 2 Z _aln aa T Z - 20(G) Z Aina — Z A “Qija

Qi a;
i€G ijeG i ©jj i€G jeG

|2ty A Ain
~aG) = ) |Amnaa =2 ) = +§ .,
l( )( |Du|u,3) nn,aa £ l- m(m/ ljecA t](m/

N ]Vl N
Ain,a - Z A Aij,a

JjeG “7JJ

2

2>

(3.3.64)

|y 1
_ 20'1(G)( - IDLL:IZM,3)Z A_,,

ieG

In the following, we will prove

~ 2
RERSHEP B
— {hin,a -3 J”hij,a:i : (3.3.65)

If (3.3.65) holds, (3.3.62) holds from (3.3.51), (3.3.52).
From (3.3.2) and (3.3.3), taking the first derivatives of Aaﬂ, we get

A :(i) . 1 i’\l ”iaunljlnn _ Un Z?:_ll ulailil
in,a We in W n,a W2(1 + W)MZ W(l + W)u2
t t
Iy s Wialtp Py UnUiohi
:(T) hm = h n,a 5 S T @ N
W T W W20 W W+ Wl

and

o uiauniljn _ ujaunilin
hij " WA+ W W+ Wy

~

1 ' UigUnhun " un in Z uja
WL T W W T WAL+ Wy
jeG ij (I + W)u; I+ Wyug <5 hjj
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SO

~ 2
Aip o
-2 ln @ Z AJnAlja
zeG jeG A]]
il 2
in ~ 1 ~ umu. h uj,
-_2 _ A]nh" +(— N n l(lAll n n jOz
£}y fi ; hj; ia) (W)“ WA+ W W2+ W)utz ]EZ(; hj;
. R, 2 1,1 Bin 1 R -
= (hin,a - Aj hij,w) - 47(7) #(hin,a - A_hij,a)
V2 ,Ze:‘; hij wiw “; hii JGZG hijj
il Lilt]a Uiy
W2(1+W)ut2; Zg hj; )
Rjn g
m jn katkn
zna - ~ hij,a/) ~
W3(1 + W)u,2 ; = hjj ,;; Pk
n 2
L1y, ol h; Ujgh;
_22 - (T) /’lin _ I/tnuzaAzl . " — uy mA - Z Jil jn . (3366)
pre] hy ["W7a WA + W)ug W1 + W)u; G hjj
Taking the second derivatives of A,g, we get
N 1 a 1\ - 1 .
Arm,aa Z(ﬁ)aahnn + 2(%) hnn,a + ﬁhnn,aa
_9 Un Z[ 1 Ml(m/ nl Zl Mn nl )
W2(1 + W)u = W2(1 + W)u
2300 ukattiohi 1
+4Z 2, syttt
W2(1 + W)u W + Wyu? w
1 1 Up IZG ul(z(xilnl
~ ~ ~ €
=(5 )+ 2(@)&% * e = g
ilnl Un i’\lnl
_4 ( M (M (3.3.67)
; W +W)u T e W+ Wy (5

4 305 g hn 221 1 Ui L
W2(1 + W)u W(l + Wu? W

1.
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o 1 ~ 1\ & 1.
Ain,(m :(W)aahm + 2(%) hzn at Whm aa
unilnn ”ni’\lnn
A— + 2”’ A .. A A5
Wi W2(1 + Wyl ’“(WZ(l + Wl ).

n—1 ~ N

uphi| uphi|
= lpe——F— + 2uje| ———) |
; lcmW(l W)u la(W(l +W)Ltt2)a
2 Z? 1l ulza in N 2uiq le_ll ulailnl - z]
W+ W2 W+ Wyu? W
_ 1 ~ 1 ~ 1 ~ unilnn uniln
_(‘T/‘/)aa’hin + 2(W)ahm at Whm aa — Uiaa Wz(l + W)u? 1227%% W(l 4 W)I/tt

Uy ~ Un "
- 21/{‘ [ . A A h + f ]
“ (W2(1 + W ) Jm W2(1 + Wyu2 ™

Uy A Uy A

—2ujo| ————=) hii + Uil =———= )hital 3.3.68

za( W(l + W)utz )(x ii ; la( W(l N W)u,z) il,a ( )
Zl 1 ula in 4 2uiq 27:_11 l"lojlnl[l B 3]

W+ W2 W+ Wyu? W

and

o A uniljn u”lilj”
Ajjaa =hijaa = Miga ————a— + 2tjg ———2—
taa =hijea = Wiea g, 17 Wu? ’“(W(l + Wy )a
hi hi
UpNin + 2uj(z( i Up lf 2)
w( + W)u WA + W)uz’@
Ujg ZI:I Mlahjl B zujd Z;:ll Mlajlil uia”jauglilnn
W + W2 WA+ Wy W2+ W)kt

A

- u”—hJ" +us M”—il’"
—Mijax Ujga = Jjaa ~ ~
W(l + W)u? WA + Wyu?
Up
(") Whj, + == (Wh;,) 1
e (W2(1 + Wl 5), Wi W2(1 + W)u,z( ),
Uy A A U, A A
2l ) Whip + = (Whyy) ] (3.3.69)
. (W2(1 + W)utz)" oW+ W)u,2< ),
”iaujailjj Mjauiaiiii uiaujailnn 1

- 2— = —-2— —~ +2— = [1—7]-
WA+ W2 WA+ W2 WA+ Wyu? 114

—[u Ujaa =

=
=

Then

. Ain ~ A Ain -
Amaa =2 ) Z Ainaa + Y T Aijaa = Lo + 1y + LIy +1V,, (3.3.70)
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where

and

Up D, Ulaahnl
leG

W2(1 + Wy
1

w2
0.

11,

A~

EN

hin h
”Ehh

~
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1.
Whin,my]

W)], (3.3.71)

~

Unhipp
Uiaa =

W21+ W2

1

W

B

u

o + W2

Un

hin
Z; 3
Mnhjn

WA+ W

~

uphin
WA+ W

(3.3.72)
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For the term 111,
ilnl Un ilnl
Hl, = -4) R —
¢ ; ol W(1+W)u )aW W(1+W)u3( )

1 hin ", A w
2% — 1\ 2Wiol| =) b+ ————h
1174 Z hii { m[( Wz(l + W)utz )a, nn W2(1 + W)utz nn,a]

i€G
Uy, A uy, A
_2[1/! . A A5 h + u ~ ~ h ]
"’(W(l ¥ W)u%)a ! ; l“(W(l ¥ W)u,z) e }

~

w>| S0

w2

i 2l Gy ) W+ Gy (7))

Uy A Uy A A
—21/!' ~A . A A Wh e Wh
il W2(1 + Wy ), Wi W2(1 + W)uf( ’")a]}

hnl
- 4wl W(1+W)u (_)a]

leG
_2%201’;1—{—2 [W wal - [; w5 +W) — i ﬂ,a]}
+V;2 ,ZG Z_Z_u{_ ’“[Wz(lufwm (Whs) ) -2 [m(% )a]}
it follows that
i, = —4; mf‘i—%[(%)(ﬁnﬁéﬁm]
+4; hl:[—w3 (bl‘—i‘tév ) > huna ZG: Wz(li‘n—:/—il(;/ T ]

ilinil'n UnUiq A p A n
—4 Y e [y ke + Wh
{W“(l + W2 [ o ”’“]

1,15 » Mnui(xi’\lii un in MJU jn
= 4 —(=) hin|—= = +
;‘ h (W)a { W+ Wy W21+ Wu? Z

i i ea i
11,4 il/'n ~ unuiahii
+4 = = hin,a - A;hij,a {_ ~ . A
; hi; W( ; hj; ) W(l + Wyu?
1. R - u Uioh
+4T hnn,af - A_h]n [0 { i l(f ml
W( ]GZG h-] ) W2(1 + W)u, ; h;
1,1y . i hi Ujoh jn
N 42 A—(T)ahin _ MnMLaAll ; +— ~ U mA - Z ]iy j (3373)
icG hii W + W)Ltt w-(1+ W)ut G hjj

1 1 iljnA Mnuiai’\lii un in Lt]a jn
+4 - ~—hijo)|—= = +
Z hina = 2, hj; ”"’){ WA+ W2 W21+ Wyu? Z

zeG jeG t jeG JJ
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For the term 1V,

1 2 1.2
v, = 4 2151 Uyt 227 1 “1ahll( _ é)
W2(1 + W)u? W(l + Wyu?

n—1 2 -1 7
1 hm 221 1 ula in 4 2uUiq Z;l:l Ui hni 2

—2—= = = (1-=)]
Wby WA+ W2 WA+ Wy 14
Al i’—ﬂ[-z Auiaujozfljj 2 A”ja”iaflii 42 Auiaujaflnnz(l B é)]
S by WA WE TWA W WA+ W W
23 ”lahll A 2uig ) ulailnl

1 1o i 2
v (- 2 =2 D (1 - )]
Wi+ W2 W W by WA+ W W

1

il Miaujai:ljj ”ia”jahrm i
w2 4 T h W +Wu? W +W2 W

)],

then we have

2% ud hy . By > Uil |
v, = LAZG_T)_LlZ in za[AleG 2(1_7)]
W + W, w — Ry W21+ W)ut w

42 Z }Aﬁ uiauja/hnn
hi;

h 1
(1 - )]
i by WA+ W2 W

i,jeG
2 Z ”1 hll 2 2 2 ulahnl 2
n

I€G uy, hinttia | 1€G u
= —— (= ——) —4 — [ = —— (= ——)]
WL+ W2 W + Wyu? ; hi W21+ Wyu? W + Wyu?

2 hm h]n[ umujofz,m u% )]
G hii hj; W3(1 + W)u Wl + W)u
. N . 12
ieG hii W(l + W)l/tt w=(1 + W)Mt G h]]
By (3.3.66), (3.3.70) and (3.3.71)-(3.3.74), we can get (3.3.65). So the lemma holds. |

3.3.3 Step 3: proof of Theorem 1.0.5
Theorem 3.3.7. Under the assumptions of Theorem 1.0.2 and the above notations, we have

Ap— ¢ <C(p+1|V9)), (x,1)€OX(ty— 6,1l (3.3.75)
So by the strong maximum principle and the method of continuity, Theorem 1.0.5 holds.

Proof. In fact, if to = T and (x,£) € O X {tp}, we only have (2.1.26) instead of (2.1.25) from
Lemma 2.1.9 ( see Remark 2.1.10 ). So in order to use (2.1.25), we just prove (3.3.75) holds for
any (x, 1) € O X (fg — 6, tp], with a constant C independent of dist(O X (to — 6, tp], (Q X (0, T1)) and
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then by approximation, (3.3.75) holds for ¢ = fy. Then by the strong maximum principle and the

method of continuity, we can prove Theorem 1.0.5 under CASE 2.

From Lemma 3.3.3 and Lemma 3.3.6, we have

Ap — ¢

~0(G) (1 + Z “tz@] |D|uz| Z
icG “ii ulu? i€B
+ U'I(G)( - |ut| 3 )AL (Ailnn - ilnnt) -2 Z @(Ailm - ilin,t) + Z ijﬂ ]:ljn (Ailij -
|Dulu,s” W2 ieG i i,jeG hii hjj
. 2
—209(G)( - ﬂ)i > L Z hina = ), T,
|Du|ut3 w2 icG hii a=1 jeG hjj

First, we have for i € B, u;, = uj; = u;iy = 0,
Ail,‘l' =u,2Au,~,- + AUt iio + ZM?QM[,
= 2uuy Au; — HutjgUsqUip + Uig Uiz ]
=u; Au,,
=uluy = 0,

then we get

> Ak
i€B
By (3.3.5), we get

7 _ 2 2
Rony =2UlUnn + Uy Unpe + 2Un Uity + Uy Uy
2
— 2uuyy, — 2upliylny — 2UnUslng

_.2 2 2
=UG Uy + Wyl + 2UsUie Uy — 2UiUye — 2UnUsling,

and

Al =ut2Au,m + dutgittyng + 2[uAu, + uit]unn
+ uiAun + dup gty + 2[u,Au, + uin]un
= 2Aup sty — 2u, Aty — 2u,u, Aty
— HutpoUsoUns + UnoUslnia + UnUioUnga ]

=u; Au,m +u Au,, + 2ultyn Auty — 20,0, Aty — 20,0, Ay,

(3.3.76)

(3.3.77)

(3.3.78)

+ duslgithpng + YnUhantsea + 2unUy Aty — 2up ity Aty — A UpoUiltnrg + UnllioUnia ]

2 2
+ 2u Upy + 205, Uy — Yupo o Ung,



68 Chuangiang Chen, Xinan Ma, Paolo Salani

SO

~ o ) 5
Ahyy — hnn,t =ty [Aupy — ppe] + [ Ay — i ] + 2050t [ Ay — uy]
= 2uput [ Aty — tps] — 200t [ Aty — 1]
+ 4utumunna + 4unu‘mutm + 2unu,,Aun — 2unun,Au,
— HupaUsUnsa + UnltioUne ]
2u’ 2ul iy — 4
+ ZUgUnp + ZUg, Uy UnaUtaUnt
=AUt oiUnng + AtnUanUirg + 2UnUlins — 2Uplyetty — Htpa s + Unlso N
2u’ 2ul iy — 4
t ZUgUnp + ZUg, Uy UnaUtaUnt
=g iUpng + AtnUone — 4 Unelts + Unlizg JUnsa
2u’ 2ul iy — 4
+ 2l nn + 2UG, Ur UnaUtaUnt
=dulortinng + dtnlantsa — Htnalty + Unlia JUnra (3.3.79)

2 2
+ 2u Upy + 2u5, Uy — Aupo g Ung.

By (3.3.5), we get for i € G,

=

_ 2
int =2UlytUin + Uy Wins + Unlhislly
— UntUrUjs — UpUyUi — UpUrUjy — UjrUUpe

_ 2
=2U U Ui + Uy Uinr — Unllslliss — 2UslhpiUis,

and

Ahiy =utzAu,-n + dugtting + 2[uAuy + uit]um
+ 2uio[Untsrq + Unalty] + UpttyAu;
= 2o [Usltpq + UrgUnr] — Ut Au;
= Augusttis — upAugttiy — e Aty — 2[UpoUsqUip + UpoUiUizg + UpUioUira ]
=ut2Au,-n + 2u i Ay — Aty — wen Auy — uguiAu,
+ 4uUoiUing + 2UniqUsq + UnUy Attj — 2 liq Upig — UpUi Aty
= 2[upoUstizg + UpUoUira ]

2
+ 2’/tm’/lin + 2UiqUno st — 2UiqUsqUns — 2UnaUra Uit
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so we have

~

Ailin - hin,t =2ustin[Auy — uy] — upute[Auir — ig]
+ 4uliUing + 2UpiqUsq + Unly[Au;] — 200 Upq
= Upltie[Aute] — 2[tpoUithizg + UnoUita ]
+ 202 iy + QiU Uy — QiU g — 2nalseUis
=AUt o iUing + 2UnltiqUsq + Unlylis — 2UiliqUnsa
— UpUiplyy — 2[UnoUslhisg + UnllioUisa]
+ 202 i + QiU Uy — iUy — 2WnallseUis
=4l Uing + 2UnUioUng — 2UiliqUnta — 2[Unolts + Unlso Uirg
+ 202 iy + QiU Uy — QiU g — 2nalhse Uiz
=4l giUing + 2UnUioUng — 2UsilioUnta — 2[Unalts + Unlso Uirg
+ 202 i + QiU Uy — Qi Usa g — 2o lse Uis.

By (3.3.5), we get for i, j € G,

~

hije =2usug i + Mtzuijz = 2uuis jr,
Ahij =1 Auij + Sttt jo + 2l Auty + 12, lu;j
+ 2ujqUjotty — Auiugjr — 2UiqlioUj + UioUsl jra ]
= Aujustis — 2 joUsoUis + UjoUrUisa ]
:u,ZAuij + 2uui Ay — upn jiAu; — ustigAu;j
+ dushorUijo — 2UiqUsil jro — 2U joUsllisg
+ 2u%ytuij + zui(yujautt - zuiaumujt - zujautauilv

SO

A~ A

Ahij - hij,z =2u,u,-j[Au, — Uy}
+ 4uluatuija - Zuiautujta - 2I/‘jozl/ttl'tiloz
2
+ ZMMMI']' + 2u,~aujau,t — 2um[umuﬁ + Ltjal/t,',]
=4utuatuija - 2l’tial/‘tl'tjtoz - 2ujautuila
2
+ 2umu,-j + 2u,-aujau,t - 2u,a[umujt + Ltjal/t,'[]
=4utuatuija - zuiautujta - 2l”ja”tuila
2
+ 2uguij + 2uigUjolty — 2o [Uig i + WjqUit].
Then we get from (3.3.79) - (3.3.81)
o b T
(A = hrans) =2 3" = (Ahin = hing) + > =2 (A = i) =2 200 + 11,

g hii i,jeG hij hjj

69

(3.3.80)

(3.3.81)

(3.3.82)
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where
I :(Zutuatunna + 2unuanutt(t - Z[Mn(zut + unuta]unm)
hin
-2 —2usttorUing + UnliqUsta — UilliqUnra — [Unally + Unltie [Uirg
ieG 't
hm n
+ Z il_ 2utuatul]a — UjgUil jto — u](lutull(l) (3383)
i,jeG i
and
1T =(12 s + 1021051 — 2
=\UgtUnn T Uy Ust UnaUtaUnt
hzn
-2 il_ mum + UjqUnaUtt — UigUtqUnt — UnaUtaUit
ieG U
i'\lm hj
]I’l
+ Z e A muzj + UjgU jo Ui — uta[utauﬂ + u]a“lt]) (3.3.84)
i,jeG i My
In the following, we will deal with I and 1. For I, we have
nt Uiz hm Unt 2 Unn hin Uin
I =Uy; unnn[2 1+ Z Uy Uppil2— = 4——]1 + upuyn[2— -2 ——1
Pre Uz hi; U n pere] hi; Un
Upj hin i Unt hm Uin
+ Q2 = 25wttt = 2(— W2 e
ieG i Un ieG ” Un
Uijn  Uijt Rin Unp  Up hm Ui hin hjn Ujn
+ )ttt =2 + 2 + lin | PR et al I
e Un hi; Un i Un hi; <G hjj Up
hin jl hin hjn Unt hin Uijn hin h; jn Ui
* Zutu,,n[ 4zt g g I N gy 25 (2 2y 22
ijeG hii hjj t ijeG h;; Un t hii /’ljj n
il ],:l n Ukt
+2 Z u,uij A—m%—,
hi; jj Uz
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it follows that

hin u hin u;
Uit in Unt in Uin
I =uy ”nrm[z_] + Z u; ”nm[z - 4__] tu Mttn[zu_ -2 Z _u_]
ieG n icG n
unt hm Uin
+ D u um[z 1+ ottt - 2(— = 22 ]
ieG i€eG lt
Uijr Rin Unp  Ups hin hjn Ujn
+ D i [-4= + il - plin P
ieG U hii Un i jeG hjj Un
hm ujl hm h jn Unt hm ujl hm h ],:lin iljn
+ Zu,uun A— 1+ Z”n”t”ijt[ +2— 2—2 57 ]
i.jeG hi e b by w2 hii e B i
il h n Ukt
+2 Z u,uijkA—m%—
4 hi hi; U
i,j,keG JJ
=:A+ B, (3.3.85)

where A is the terms of fzi k> and B is the sum of the terms of A;;. That is

A=Y B2+ ) (- thm[z@—zt'ﬂ@]

i€G icG  keG t
U h, u
nnn+22hknk_zhkkn)[2 a Z_"ﬂ]
keG keG ieG
. R R " b
+ 23 = iy = 7 2 O i = huaDI=2C2 42 +2 3 2
i€G keG keG U icg i Un
Uit Rin Upn  Upy il iljn Ujn
+ ;} ~hina - ;hkko[ 4 2_(7 - 272 )
jeG
hip u hi fAl- N . hip U hin B Ry, B
+ ) hial =425 L SB[t 422 L g S S
i,jeG hi; U hii hjj U ijeG hij W hij unu; Untty hjj
)
kG M hjj
so we have
u h; i
A=2 Z( D i = hin) + Z (Z(J”hu, )
i€G ” keG i€G ” jeG h
u hin u hin fz
2ﬂ -2 Z : m)[Z(hml - l Z hkkl) + (hnnn - Z ~ mn)]
1EG hii keG ieG hii
il'n hin hjn
+ ( hm] + hljn)[z m -2— ~ ]
JZE:G hu un”zz unutz hjj
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With some computations, we obtain

il in % iljn Upp ilin Uin Unt
A= Z[Z = (hzn,n = hz],n)](_ - - - —)
ieG 7eG h Uy icG hii Uy U
2 7’\[1 Unn ],:lin Uin  Upt
+2[Z(hin,i - Z hg )I(— = ) ————)
icG h” ieG Un g hig Un W
+Zz (=hinj + Fjni)
]eG hii unut
in 4 Unn ilin Uin Unt
= 2[2 (hzn,n - Z ~ zJ,n) (_ - - —)
icG Mii G hij Un  igg hii Un U
hkn Unn ilin Uin Upy
+2[Z(hmt - Z ~ th) (u_ - A_u_ - M_)
i€G ke ik n e hi Un !

200 g~ thk»](“”” > Fintin_

i€G keG "tk hii g iec i n U
ilin Ajn
+2ZA_ 2( hmj+h_/nl)
ieG i Untt;

At last we get

N ~ ~

Rin .~ h; hi
A=Y i = ) = A’"hwo Gy h—b;— -

ieG i ]eG ieG
kn Unn hm Uin Unt
+ 2[Z(hmt Z lkl)](_ - 0 M_)
icG kG Pk icG hi tn !
in Unn hm Uin Unt
w20 3 g - R Gty P
ikeG hii i€eG n
hin Tjn .
+2 Z }Al_ 2(_hm1 + h]n,l)
i,jeG i Unlty
Since
l,’\l JRp— 2 . +2 — — .
kik = Up Ukik Uil Uk — UkkeUrUyi — UjkUrUz,
7 2
Mii = Uy Uiy + 2ugtgitigge — 2ugitsligg,
we can get

~

hin
2 Z f:,, (hixe = haa) =2 Z (3Mtuzkukz — 3ujkcUss;)
i,keG i, kEG

-6 Z hm Uy _6 Z . hm Ui ‘

ieG keG lEG

(3.3.86)

(3.3.87)
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From Lemma 3.3.4, we have

a 2 Uit »~ Upt » .
UnUrUjjy = _hin,i + hii,n + 3M_hm -3— » hii + 2Mnu + Ujilplty, 1€ Gy
t t

U

A . jt . . N

UnUUijr = _hin,j + hij,n + 3M_hm + 2unu,~tuj,, i€G,jeqG,i+ J;
1

then

il jt & ult
2 S m]+h]nl) =2 ~ _] in+3 jn)
,]ZEG h t ,JZEG h Uz Uy
u Tin u h?
Z it 46 )2 ) ’”2. (3.3.88)
ity 42 ieq i Yt g Uunlt;
So by (3.3.86) - (3.3.88), we have
in iljn Unn ilin Uin Unt
A 2[2 7 oo = DT Ll - Y S
icc h G hij Un — ieg Mii Un Wi
h B s
Z(hm, = DRI = DS
i€G k<G i Un =g hij Un U
6thu” 6thkz}ﬂ@ (Mnn— @@—@)
icG kG i icg Mi Un U
6 ilnn /:l un hm Mtt jn 3.3.89

e icc i t jeG U
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Now for B, we have

u
i [u, g + 2— > -2 Z ﬁhkn 2> i)

keG keG keG
Uiz hip Upy
D e gty + 225 Y
ieG ’ 4 U keG k+i
Unn hm Uin Mtt unt
+ 2[u_ — Z —u—][ l/tt Upt — 4 Z Z h” -2 Z unult + 2unum]
noeg i i€G i€G i€eG
Uit Uit »~ Upt »
+2 Z —[ u, Ui + 4u_ Z hkk + 2 h,, + 2—hm — Ui Uy + 2U Uil + 20U U |
icG ! keGh#i U
Unn ~ Upt hm ”m Uijt » Unt » 2
S22 Z Wttt = ) (3 hin = 37 i + 2 + i)
lEG i€eG 4
ult hin  Unn Unt hin h]n Ujn Uit Uijt »
2_(u_ —) -2— » ][3u_ hkk + u_hu + u_hm + Uil Uy ]
zeG hij -~ Un i jeG n ! keG ki 4 !
hm ujt ilm 7/\’ jn Unt Mlt Ujr ~
+ Z[ —4— = [—hjn + —hin + 2upuiu ]
i,jeG l h” h/j Ur Uy U
ilm Uit hm l'tnt Unt »
+ ) A s 2
ieG ii W hu U U
i:l' Ui il il in h il n Uijt A
+ Z [4#_] + 2# J 5~ m2 Aj 1l ! —hip + zunuttuﬂ]
i it hij untt; Uty hjj U
ilin Uit Unt »
+4 Z — —[-3—hii + ujiupuy]
iec hii W U
hi iln”kt s hy i"nukt
+2 ) gz 2 > b, (3.3.90)
i\ ikeG i hjj W e i hjj
and we let
Upy u Pin u
B= 2—”31 2[ﬂ—zﬂﬂ132+33+34+35,

U Un i€G n



Space-time Quasiconcave Solutions

where

75

By =[u}uy + 2— Dh-2) = ”’“h,m =23 ui)

keG

_22

teG

keG

utu,,+2— >

Wi G

keG

“lt Unt »
— [unusuy — 2(3 hin —3 hu +2unu + Wil Uy)]

Uy

ieG
" Z m ult Z hkk Uit ~
i€G ii W i Grzi !
hin hjn Uit »
+ A_A_[u_hjn
ijeG i hjj M
_Unt u
-
U keG

icG

hm + 2upuiiu ] + Z

Unt »
+ _hu + u_hm + Winlty Uy ]

Mnt

ll]

ieG

20> wi + tn] + 2— D=2 bt -2 Z i,
keG

keG

~ 22 hin Uiy 2[2 i + 1] — 42 Rin Uir Z P + 4th Uit

ieG ” ieG ” U keG ieG
Uit Unt 2
— Uplyl Ui + Upp] +3 hm_ - 3_ hll +2u, Ui + UpUy Ui
icG icG ieG ieG ieG
72
iy s Wiy Uy h;, i u;
+3Z n i hkk—Zth - —+uut, Sz
i€G hij U keG i€G i€G icq Mmi U
~ hm Uit hm ult Unt »
+ 2hyp A__ nut [Z - 2u_ nn»
tEG !

ieG

(3.3.91)
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so we get

hm Uit hm Uiz
__Mt o — 3 kk

Uy
By~ 2y, +3th,, -2
U lGG i Ui keG

keG zeG
Upn h U;
- uzun + u2un o
Un ieG i W
hm ull hm ult unt ~
+ 2hnn e nut [Z u, n
ieG i ieG ” t
_ Uy 2 hin Uit 2
=—[~upuy + 2y U] — 2 — — [—uyuy + 2u,u,]
Ut icG hij s
”kt hm uzt
+#3) bt =3 )2 )
keG icc hi W g
u hin u; h; Ujs
L e Z = 2w P
Un  ieg hii U =g hi W
ujr hip Unt Unn hm Uin
=[2 ) T (T SR
e Wohi W Un — ieg i
Uyt h; Ujs A Uy A h; Uy
+ 22 —ZA—m—’]2+3th—’ —3thkz iy (3.3.92)
W e i Wi o W GG ieg ha
Now for the B;,

B, =[- u, Ups — 42 it Ynt Z h;; — 22 unu + 2unum]

icG icG ieG
ult Unt »
= [upusty — 2(3 hin — 3 hll + 214,,14 + Wil Uyr)]
icG
m ult Mzt Unt »

+ Z Z hkk + —hji + hm + Uinlpliy]

zeG U keG k+i

Unt 2 Mzt Mnt 2 2

=— u—u, [Z Uji + Uy — 4 Z hm Z hii — 2uy, Z u, + 2upuy,
I ieG icG icG i€G
h Uit Unt 2
— Uplty| Ui + ] +3 m_ - 3_ hu + 2uy, Uy + Upliy Ui
icG ieG ieG ieG

ieG
hi
in in (3.3.93)

h h?
+3Z tnuztzhkk_zzhmuzt Mpztzh_+uutt h -,
ieG ieG 4

i€G e i€G
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so we get

Unt . 2
By ~ — —[u;up, — hun] =3 Z hm L ¥ 2unum

U i€eG
Unn hin uin hm Mzt
B D Mt R Z I
n ieG i zeG ! keG
U Up; Bin U h Uy
:-[f—u—"—zﬂf]u Uy — 3th—’+32hkk _n ’. (3.3.94)
n tieg hii Un icG keG icG hii

Now for the Bz, we have

B3 —ZZ —[u, U + 2— Z ilkk]

icG U eGhzi
124
+2 Z —[ ut Ujs + 4— Z hkk + 2 i, h,, 2—mh — Uil + 2UUpilyy + 2Un Uil |
icG U eGhzi
Uit Uit Upt »
-4 Z [3_ Z hkk + _hu + hln + Wiy Uy ]
ieG U keG k+i
hm Jjt Uit » J hm Uijr Unt »
-4 > T Lt i+ 2 —4 ) =2 ]
56 hi; U U e h Ut t
]’lm Ujt hm Uit Upt ~
+4y 2 - [3 hm + Qi) +4 ) T L sttt
i,jeG h 4 icG h i 4
Wit o 2 2 Wir o7
~4 ( ) hyge — 4 ( )hu+8 ( ) By — 4 ( )hu
ieG keG ieG icG keG icG
Unt Uijt ~ 2 Uit hm Uijr
+ASE D i = A DG 07 At )t
Uz Ur Uy Uy
ieG ieG ieG =t
4 Z-12 2N hg+8 2hy;
+ AUp Uil ( ) ( ) kk + ( ) ii
ieG ieG keG ieG
Uny Uit Uit ilm Uit Uit h]’l Ujt Uit o
th ~ iy Y [ —]—4th Z—u——4h,m2( )
i€G icG ! M”uf i€G ' jeG i€G
h Ujr uj t u t Uit U [
- 81/{,11/!,2 Z Am ! Z( ! — Z hm_l + 12hnn Z( l
lEG _]EG ieG ieG

+ Supu? Z hin i Z( ot Z bt N ty nt (3.3.95)

u
iec hii Y g ieG ieG gy
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so we have

= — 4ttty Z(—) + Bty sl Z(—) A Z(u”
icG

ieG i€G

_4thultz jn Jf Shnnz(ult
ieG

ieG U 1EG
hiu
2t (3.3.96)

u u;
=4 ) (0 = 4th . -
]EG !

ieG ieG

For the term By,

hn B
/ ][3 iy hin + 2unultu]t]

hll’l
B4_Z[2 U, u? _zu u? h;
i,jeG ” net n“y Hjj Uz
AZ
(3.3.97)

Uz 6 Z hm Uri Z
m_ -
upu?’

zeG U jeG

ul ieG

and

Bjn u
z : 2 hm jn kt z : B
B5 :2 utuukil fl —u - hij’k_il _il —u
i,jkeG i 1jj =1 i,jkeG i 1jj =1

=

~

2
_ hm Ukt Uks » in hjn Ui ujt N
=2 _214_[ 2_hn] h h u U lt]
i,k€G,i+k ! i,jeG,i#] jji T
+2 }ﬁ @ Uje [ﬂ 1
2 ]:l i Ur Up H
i,jeG.i#] j Ji
uk[ ukl 7 h jn Ujr u]f A
m
=2 ) i T2 2 E—E——][u il
ikeGiek M U U i,jeGi#j !
) hm h]n Ujt Mzt
Uy

i,j€G,i#] JJ
hjn
“m Lt (3.3.98)

U;
~_4;1,1,,2( )+4th :,GZG o

jeG

el

So by (3.3.96) and (3.3.98), it is easy to see
Bz + Bs ~ 0. (3.3.99)
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For the 11, we can get

(l’t ln 2 hl}’l
[u, Upp — 2 Z u, Ui + Z fz_
i,jeG

2
;uij] — 2Upq Ui Un;

lEG u
tu u,,[ o 7 fin tia e @’jin”ﬂ“ﬂr
i€G hij Un Un i,jeG hij hjj Un Un
]:lin ilm h Jn
+2 Z  [UioUsoUn + UpoUsqtir] — Z = = UaUijgUjt
ieG i 26 Tii 1jj
2
u
atpr 2
"’_z[uz Upp — hyy — 2 Z ”nutult] Uy Uz Uny
u; zeG
Unn hm Uin 2 Win i Wi 2
+uu,,[<——Z ) Z(__;T_”
Un leG ii
hin
+2 Z = [Mzzununt + UinUmUn: + UnpUmUis + Z unjutjult]
ieG h” jeG
hin in
=2 ) = ity + wittn i, (3.3.100)
i,jeG i 1jj
then we have
2
11 ~ —[ u? U+ 2U Uty — 2 Z L] + Z —[ u? U+ 2 Uy — 2 Z unu,u,,]
ieG h” jEG tEG
Unn hzn Uin \» Uit >
= 2Upplliplty — 2 Z Up jUsjUns + u nUit (_ - Z ) Z(
G Un g hii
Unt nt hzn 2 Unt hzn ult in
2M_ Z hm Y Z ~—UilUin + 2_ Z — —UilUpy +2 Z [Z un/”t/”tt]
=re uy icG hii Ur i hii 4 iec hi G
Ung hip Njn wjr 5 ~ hjn Ujr Ujt
2 D T =2 ) g
t e i hjj He ‘G  hjj
u? h;
nt n
— [ 204 i — Upttys + 2t Uty — ZZ = UplleUir] + Z [2utputyttns — 22 unutun]
”t icc i jeG U4 i h
Unn hm Uin » Mnt
gl = ) 2P+ 22 D i - ] ”
Un ieG i Un ieG
2 ~
u iy~ u Rin u; Rin u;
nt in nt Rin Uit in Uit
+ 2_2 Z +[hin + upttsui] + 2I/£_ il Upp + 2 Z Z[hjn + “nul“jt]
U G Mii ! ieG o hi W i
hjn Ujr Ujt

Rin Njn wjz
— 2@ Z Aln Jn [hm + unutun 2 Z

b
U 526 hij hjj i, jeG h/.i Ur Uy
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SO

2

u u Rin u;
nty. 2 2 nn in Yin |2
1 N_z[unutt = 2upltglty;] + wyy[(— — Z ——)]
u; Un el hi; Un
Unt fiin Ujt = o Unt h h
2u_ A_M_[ut Unn — nn] - 2_ Z A_,\_ un”tutt
t 4G hii Ui G hii hj;
Sl gt 0 Uit i o i tin =
ut Uy =g hii Up o hy; Un
Unt Uit i:lin 2
S e Pt (3.3.101)
uz e Ur hj;
Then we get from (3.3.89) - (3.3.94), (3.3.97) and (3.3.101)
Unt Unn hm Uin
A+2—B1 +2[— - —— 1By + Bs+ 11
Uz Un ieG hy; Un
in Unn hm Uin Upnt
—2[2 - <hmn—z - ,,n)](——Z———u—)
leG ]EG ] i€G !
hkn Unn hin Ujn  Upt
20 i = ) = )ICE = ) F =)
icG k<G Tk nieg hii Un 4
Upy h; Ui 5
+ QUi [— = Y 212 4 uPu,C, (3.3.102)
u = h Uy
where
c:ﬂ[zz@@_@_ @_Z@@]
Uz Pl Us hj; Uz Un el h;; Un
gt N i tin o U 9 P Wi
Un =5 hi; Un  Un Uz el hi; Un
5 ~ ~
Uy Upt i hin Upn hin Win 2
+H5-2—= ) ==+ (- ) —=—)]
u; Ut Pre] Ur hj; Un e hi; Un
2 ~
o Pttt
I/tt2 Up G hi; Un U g e il,','
oMt N B Win gy e Y R Ui e Y Wi Bin 3505
Un Uz pere] hy; Un U Uy pere] hy; Un Uy <=5 W hy;i
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and

Unt hin uj 2 Unt
2Mnutunz[u— - g A—u—] =2unutunz[u— -
e i Tt 4

Unt
=2U, Uty [ — +
Uy

Unn
=2Up sl -
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Unn
=2up sl p -
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Unn
+ duy ity —
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(3.3.104)

2
ul’lutt ]2
_2 .
Upl;

(3.3.105)
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Then we have

hi
A+220 By 422 — N 2SRy By 11
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u hip win 1
+ 20> (hin - Z —hi (= = ) == — =)
icG ke Tk Un g hii Un U
[@ _ @%]zuf
Uy U pere h;; Un
Unn  Unt ilin Uin » ilzn ~
e B NN SN ). (3.3.106)
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>0.

So (3.3.75) holds, and the proof of the theorem is complete. O



Chapter 4

The Strict Convexity of Space-time
Level Sets

In this chapter, we study the solution of Borell [7] and prove Theorem 1.0.6 in Section 4.1, by
utilizing the constant rank theorem of spatial level sets and space-time level sets, i.e. Theorem

3.1.1 and Theorem 1.0.5. Similarly, we can prove Theorem 1.0.3 in Section 4.2.

4.1 The strict convexity of space-time level sets of Borell’s solution

In [7], Borell studied problem (1.0.4)-(1.0.5) and proved that the space-time level sets 0X7 , of the
solution u to (1.0.4)-(1.0.5) are convex for ¢ € (0, 1) (that is Theorem 1.0.2). Here we want to
refine the result of Borell by proving Theorem 1.0.6, that is the strict convexity of space-time level
sets of Borell’s solution.

Step 1: First we notice that, thanks to [7], we know the space-time level sets of u are all convex.
Then we can use Theorem 3.1.1 to get that the second fundamental form of spatial level sets
X" = {x € Q : u(x,1) = ¢} has the constant rank property in Q for all ¢ € (0, 1), i.e. if the rank
of Hyyes attains its minimum [y (0 < [ < n — 1) at some point (xg, fp) € Q X (0, T), then the rank
of Ilaz;[ is constant on Q X (0, fp]. On the other hand Hopf lemma implies (1.0.7), which in turn
implies that the spatial level set 0" is a closed convex (n — 1)-dimensional hypersurface whose
second fundamental form has positive Gauss curvature (then full rank) at least at one point for any
c € (0, 1) and any fixed € (0, +c0). Then we finally get that 9" has full rank n— 1 in QX (0, +0c0).
That is, u is spatial strictly quasiconcave.

Step 2: Since the space-time level sets 7, = {(x,1) € QX [0, +00)u(x,f) > ¢} for0 < ¢ < 1 are
convex, we can use Theorem 1.0.5 to get the second fundamental form of the space-time level sets
of u has the constant rank property, i.e. if the rank of Hf’Ei, attains its minimum rank /y (0 <[/ < n)
at some point (xg, fp) € QX% (0, +00), then the rank of Hﬁzﬁ»,t is constant on Q X (0, fy]. From Step 1,

we know the rank of I1szc is at least n — 1. Hence from Theorem 1.0.5, there exist T € [0, +o0],
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such that

Rank(IIazfm(x, N)=n-1, forany (x,1) € Qx(0,Tol;
Rank(llazfm(x, 1)) =n, forany (x,1) € QX (Ty,+c0).

In the following, we prove Ty < +o0. Otherwise, Ty = +0c0, and Rank(IIazg;J(x, 1)) =n-1for
any (x,1) € Q X (0, +00). Then we know its null space is parallel in (x,7) € Q X (0, +00). As in
Gabriel [22] and Lewis [35], suppose further that at a certain point Py(xp, fp) € € X (0, +00), there
is a tangential direction v of the level surface of u through Py for which the normal curvature of
the level surface is zero at Py; then the level surfaces of u in R” x R* are all cones with a common
vertex lying on the special tangent vq at Py.

Case I. The tangential direction vy is not parallel to the time direction #: since the domain Q is
bounded, the splitting line through Py with direction vy should meet the boundary of the domain,
contradicting 0 < u(Py) < 1 and the regularity of u (which is continuous up to the boundary).

Case II. The tangential direction vq is parallel to the time direction ¢: we know u; > 0 and this
case is also impossible.

Then the second fundamental form of every space-time level sets of u has full rank #, that is

0% , has everywhere positive Gauss curvature for every ¢ € (0, 1).

4.2 Proof of Theorem 1.0.3

In this section we prove Theorem 1.0.3, by utilizing the constant rank theorem of spatial level sets
and space-time level sets, i.e. Theorem 3.1.1 and Theorem 1.0.5.

Let u be a space-time quasiconcave solution of problem (1.0.1). Then the space-time level sets
of u are all convex. Hence we can use Theorem 3.1.1 to get the constant ran theorem of the second
fundamental form of spatial level sets 95" = {x € Q : u(x, f) = ¢}. Similarly to the above section,
we know that the spatial level set 9X$" is a closed convex (n — 1)-dimensional hypersurface whose
second fundamental form has positive Gauss curvature (then full rank) at least at one point for any
c € (0, 1) and any fixed € (0, +c0). Then we finally get that 9Z¢" has full rank n— 1 in QX (0, +0c0).
That is, u is spatial strictly quasiconcave.

Then we use Theorem 1.0.5 to get the constant rank theorem of the second fundamental form

of the space-time level sets of u. So there exist T € [0, +o0], such that

Rank(IIaz;t(x, N)=n-1, forany (x,1) € Qx(0,Tol;
Rank(llaz;t(x, 1)) =n, forany (x,1) € QX (Ty,+o0).

Similarly to the discussions of the above section, we can prove Ty < +oco, and then the proof of

Theorem 1.0.3 is complete.



Chapter 5

Appendix: the proof in dimension n = 2

In this Appendix, we prove the Constant Rank Theorem 1.0.5 in the plane. Then a = ( aian )

and let it attain the minimal rank / at some point (xg, fy) € Q X (0, T']. We assume [ < l,a éihefvizise
there is nothing to prove.

In CASE 1, Theorem 1.0.5 holds directly from the constant rank property of the spatial second
fundamental form a = (a;1)1x;. It is easy (see Section 3.1).

In the following, we consider CASE 2 in dimension n = 2. Since [ < 1, we deal with / = 0 and

[ = 1, respectively.

5.1 minimalrank /=0
From CASE 2 of Lemma 2.1.8, if the minimal rank is / = 0, we have at (xg, ty),
an =0, a»=0, ap=0.

Then there are a neighborhood O of x¢ and § > 0 such that for any fixed point (x, r) € OX(ty—9, t],

we can choose ¢, e, such that
ui(x,1) =0, uyx,t)=|Vu(x,1)|>0. (5.1.1)

From Theorem 3.1.1, the constant rank theorem holds for the spatial second fundamental form
a = (ai1)ix1.- So we can get aj; = 0 for any (x, 1) € O X (fy — 6, tp]. Furthermore, a;; = 0.
We set

¢ = apn + axn, (5.1.2)
Under the above assumptions, we get

up =0, wup=u, wup=0, wuy,=0,

2 3
UsUs ~ 2Upltsltdy — Uy
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from the constant rank property of a = (a;;) and CASE 2 of Lemma 2.1.8. Furthermore, by the

constant rank property of a = (a;1) and Lemma 2.1.9, we can obtain

uir =0, uxpi =0, uiz =0, U2 = Uy,
ui =0, Uor = Uy, uy ~ 0, Uy ~ 0,

2 2 2
Uty ~ 2Uplty, — Uy U,

So we get
Ap — ¢y
Joas| 1 a A~
- ( B |Du|ut3)ﬁ(Ah22 - h22,t>
wl \ Ly, : 2 2
= ( ~ Dulu )A—Z 4 Z UilioU220 + 4 Z U U Ure — 4l Z U2 U1e — 4U2 Z Urq U1
" W a=1 a=1 a=1 a=1
2 2 2
+2 Z ufauzg +2 Z ut,u%a = 2up Ausun; + 2uouAuy — 4 Z uZQut(,MZI]
a=1 a=1 a=1
17 1
=\- o |FUU2 U222 WU Upd — FUUDQUDD — FU U UDY.
( IDuluﬁ)W2 [ +a 4 4
+ 2u§tu22 + 2u,,u§2 — 2upUyns + 2unlylty; — 4u22u2,u2,]
)\ 1 , w
~(- — | 2uu5, — 4—uy + 2—
( |DM|Mt3)W2[ S ug]
e 1 3w Uy,
=(- —2u;[— - —]"<0. 5.1.3
( IDuluﬁ)W2 /! w U ] (5.1.3)
that is
Ap— ¢ < C(p+1|V]), VY(x,0) €O X(to— 6,10l (5.1.4)

Finally, by the strong maximum principle and the method of continuity, Theorem 1.0.5 holds.

5.2 minimalrank /=1

From CASE 2 of Lemma 2.1.8, if the minimal rank is / = 1, we have at (xp, ty),

~2

A aj,

ax» = —=,a; = Cy > 0.
ar

Then tthere are a neighborhood O of xg and é > 0 such that
. Co .
ap = > >0 inOX (-6, 1] (5.2.1)

For any point (x, 1) € O X (ty — 6, o], we can choose ey, e> such that

w60 =0, ux,t) = |[Vu(x, )| > 0. (5.2.2)
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We set
¢ = 02(a) = anaxn — apdy)- (5.2.3)
Under the above assumptions, we get from CASE 2 of Lemma 2.1.8,
_hny 3 hi I
uiy = —, U =Up— —, Ui = hio +upuy,
uz u;
R,
u%u,, ~ A12 + hyp — uf + 2upuuy;.
11
Direct computations yield
2 2 2 2 2
uyuiy = hit,  ujuonyr = —hpn + upugg,
2 ~ Uzt » Ui » 2
usu112 = h“’g — 2—]’111 + 2—]’112 + 2u2u1t,
U U
2 2 2 Uzt » Ul » 2
Uyun = —h11,2 + uyuys + 2—h11 - 2—]’!12 - 2142141[,
Uz Uz
2 2 U » Uir o 2
upuuyy = hyp — hizg — 3u_h“ + 3u—h12 + 2upuy, + uputy 1y,
t t
2 2 Uz Uis » 2
upttgUony = hioy — hi1p + uouoouy + 3u—h11 - 3u—h12 = 2upuy,,
t t
2 2 Ulr » Uzt »
w1y = —hi11 — hiop + —hi + —hp + uguipuy,
U U
and
2 N N A l,t]t/\ uZt"
Uty =hy — hiry —2hipp +2—hy + 2—hyp2
Uz Uz
Uiy o 2
—2—ujuxp —uuy + 2uuioun, + 2upu Uy,
t
2 ~ ~ ~ Ut ~ Ui » 2 2 2
UsU =h22,2 — h]l,z + 2]112,1 + 4u—/’l11 — 4u—h12 — U Uy — 2u2ull + 2u2u21.
1 1
At last, we get
A~ ’\2
|u[| 2 1 ~ ~ ~ h12 ~ A~ h]z A A
A¢ — ¢ ~( - —3) — hu[(Ahzz - h22,t) - 2A—(Ah12 - hlz,t) + T(Ahu - hn,z)]
[Dufu; w hi1 hll

A~

N hio A~
=2[h12,0 — Alzhll,a]z]- (5.2.4)
11
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and
lfz ss YR Y - hiay, o
= 11[(Ah22 - hzz,z) - 2A—(Nl12 - hlZ,t) + = (Ahll - hll,t)] = [h2,0 — =—hi1,0]
2 h11 11 hll
=1311[(Ai122 — Iy ) - QE(NAM — hn ) + 2%2 (Ailll — Iy )]
2 N All St A%I N
— [h121 - 2h 11 = [hips - _hll 21
hn hi1
up _u _ hipun
i up gy u2
N j h
+2(hi2 f2 M iz
hi U hyy U2
up uy  hipui A up uy  hpun o, Aa
= - = - == Pwhy - [— - = - 2222 + ho)hy
uz Uz hip w2 uz Uz hyp w2
hin hia -
— [y - 2hy 117 = [ha,
hn hiy
. his h .
~=[hi1 - —lhu 1= (@ J L A—lzﬂ)hu]2
hi1 us Uz hyp W2
. his up  uy  hipun
— g — x=h112 = (— — = — =)l
11 U Uz 11 U2
h R
2 L A_UQ]ZM?
uz Uz hy W2
<0. (5.2.5)
Hence we arrive to
Ap—¢; < C(p+1|Vel), Y(x,1) € OX(tg— 9, 1]. (5.2.6)

Finally, again by the strong maximum principle and the method of continuity, Theorem 1.0.5
holds.
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