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ABSTRACT. We consider the inverse problem of determining the Lamé pa-
rameters and the density of a three-dimensional elastic body from the local
time-harmonic Dirichlet-to-Neumann map. We prove uniqueness and Lipschitz
stability of this inverse problem when the Lamé parameters and the density
are assumed to be piecewise constant on a given domain partition.

1. INTRODUCTION

We study the inverse boundary value problem for time-harmonic elastic waves.
‘We consider isotropic elasticity, and allow partial boundary data. The Lamé param-
eters and the density are assumed to be piecewise constants on a given partitioning
of the domain. The system of equations describing time-harmonic elastic waves is
given by,

(1) {div((C@u) +pwtu=0 inQCR?

u:¢ OnaQ,

where () is an open and bounded domain with smooth boundary, Vu denotes the
strain tensor, Vu := 3(Vu + (Vu)T), v € HY?(9Q) is the boundary displace-
ment or source, and C € L*°(Q2) denotes the isotropic elasticity tensor with Lamé
parameters A, p:
C= )\13 (%9 Ig + 2,Ufﬂsym7 a.e. in Q,
where I3 is 3 x 3 identity matrix and Iy, is the fourth order tensor such that
LeymA = fl, p € L>=(Q) is the density, and w is the frequency. Here, we make use
of the following notation for matrices and tensors: For 3 x 3 matrices A and B we
set A: B = Zijzl A;jB;; and A = (A + AT). We assume that
(1.2) 0<a0§u§a61,0<50§2u+3)\§ﬁ51a.e. in Q,
(1.3) 0<p<lh
The Dirichlet-to-Neumann map, Ac ,, is defined by
Ac,, s HY2(09Q) 3 ¢ — (CVu)v|sq € H/2(09),
where v is the outward unit normal to 9€2. We consider the inverse problem:
determine C, p from Ac, .

For the static case (that is, w = 0) of our problem, Imanuvilov and Yamamoto
[28] proved, in dimension two, a uniqueness result for C'° Lamé parameters. In
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dimension three, Nakamura and Uhlmann [36] proved uniqueness assuming that
the Lamé parameters are C'™ and that p is close to a positive constant. Eskin
and Ralston [24] proved a related result. Global uniqueness of the inverse problem
in dimension three assuming general Lamé parametres remains an open problem.
Beretta et al. proved the uniqueness when the Lamé parameters are assumed to be
piecewise constant. They proved the Lipschitz stability when interfaces of subdo-
mains contain flat parts [14]; later, they extended this result to non-flat interfaces
[13]. Alessandrini et al. [2] proved a logarithmic stabilty estimate for the inverse
problem of identifying an inclusion, where constant Lamé parameters are different
from the background ones.

The key application we have in mind is (reflection) seismology, where Lamé
parameters and density need to be recovered from the Dirichlet-to-Neumann map.
In actual seismic acquisition, raw vibroseis data are modeled by the Neumann-to-
Dirichlet map, the inverse of the Dirichlet-to-Neumann map: The boundary values
are given by the normal traction underneath the base plate of a vibroseis and are
zero (‘free surface’) elsewhere, while the particle displacement (in fact, velocity)
is measured by geophones located in a subset of the boundary (Earth’s surface).
The applied signal is essentially time-harmonic (suppressing the sweep); see [7,
(2.52)-(2.53)]. (The displacement needs to be measured also underneath the base
plate.)

A key complication addressed in this paper is the multiparameter aspect of this
inverse problem. For the acoustic waves modeled by the equation

(1.4) V- (vVu) + qu?u = 0,

Nachman [35] proved the unique recovery of v € C? and ¢ € L* with Dirichlet-
to-Neumann maps at two different admissible frequencies wy,ws. For the optical
tomography problem, that is, recovering simultaneously ¢ > 0 and ¢ > 0 in the
partial differential equation

-V - (aVu) +cu =0,

from all possible boundary Dirichlet and Neumann pairs, Arridge and Lionheart
[5] demonstrated the non-uniqueness for general a and c¢. However, when a is
piecewise constant and c is piecewise analytic, Harrach [27] proved the uniqueness
of this inverse problem. In this paper, we prove, for our problem, that recovering a
higher order coefficient and a lower order coefficient jointly, that are assumed to be
piecewise constant, only needs single frequency data also. If we assume 7, ¢ to be
piecewise constant in (1.4), we can establish the uniqueness with single frequency
data, following the methods of proof of this paper.

With the conditional Lipschitz stability which we obtain here, we can invoke
iterative methods with guaranteed convergence for local reconstruction, such as the
nonlinear Landweber iteration [22] and the nonlinear projected steepest descent
algorithm [23] (including a stopping criterion which allows inaccurate data). In
reflection seismology, iterative methods for solving inverse problems, casting these
into optimization problems, have been collectively referred to as Full Waveform
Inversion (FWI) through the use of the adjoint state method. These methods were
introduced in this field of application by Chavent [18], Lailly [30] and Tarantola
& Valette [42, 41] albeit for scalar waves. An early study of stability in dimen-
sion one can be found in Bamberger et al. [8]. Mora [33] developed the adjoint
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state formulation for the case of elastic waves and carried out computational ex-
periments; Crase et al. [21] then carried out applications to field data. Advantages
of using time-harmonic data, following specific workflows, were initially pointed
out by Pratt and collaborators [39, 38, 37]; Bunks et al. [17] developed an im-
portant insight in the use of strictly finite-frequency data. In recent years, there
has been a significant effort in further developing and applying these approaches
(with emphasis on iterative Gauss-Newton methods) — in the absence of a notion
of (conditional) uniqueness, stability or convergence — often in combination with
intuitive strategies for selecting parts of the data. In exploration seismology, we
mention the work of Gélis et al. [25], Choi [19], Brossier et al. [15, 16] and Xu &
McMechan [44]; in global seismology, we mention the work of Tromp et al. [43] and
Fichtner & Trampert [26].

In this paper, we consider piecewise constant Lamé parameters and density of
the form

N
Clz) =Y (Nls ® Iy + 2p15Leym)xp, (2),  pla) = ijXDj (),

Jj=1

where the D;’s, j = 1,--- , N are known disjoint Lipschitz domains and A, u;, p;, 7 =
1,---, N are unknown constants. We establish uniqueness and a Lipschitz stability
estimate of the above mentioned inverse boundary value problem. The method
of proof follows the ideas introduced by Alessandrini and Vessella [4] in the study
of electrical impedance tomography (EIT) problems. The counterpart for scalar
waves, that is, the inverse boundary value problem for the Helmholtz equation, was
analyzed by Beretta et al. [10].

The existence and the “blow up” behavior of singular solutions close to a flat
discontinuity are utilized in our proof. The quantitative estimate of unique contin-
uation for elliptic systems, which is derived from a three spheres inequality, play
an essential role in the procedure. We directly prove a log-type stability estimate
for the Lamé parameters and the density combined with alternatingly estimating
them along a walkway of subdomains. Uniqueness then follows from the stabil-
ity estimate. From the restriction that the parameters to be recovered lie in a
finite-dimensional space, a Lipschitz stability estimate is obtained.

The paper is organized as follows: In Section 2, we summarize the main results.
In Section 3, we construct the singular solutions and establish the unique contin-
uation for the system describing time-harmonic elastic waves. We also prove the
Fréchet differentiability of the forward map, (C, p) = Ac,,. In Section 4, we prove
the main result. In Section 5, we give some remarks on the problems of identifying
the Lamé parameters given the density, and identifying the density given the Lamé
parameters.

2. MAIN RESULT

2.1. Direct problem. We summarize some results concerning the well-posedness
of problem (1.1).

Proposition 2.1. Let Q be a bounded Lipschitz domain in R®, f € H=1(Q) and
g € HY2(00). Assume that \, u, p satisfy (1.2) and (1.3). Let X be the smallest

Dirichlet eigenvalue of the operator — div((CO@u) in ), where Cy = ﬂ‘)_;’a" I3® 13+
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0
2a0lsym. Then, for any w? € (0, %], there exists a unique solution of

div(CVu) + pwu = f in Q C R3,
(2.1)

u=g on 052,
satisfying
(2.2) lullzr@) < CUlgllazoo) + 1 flla-1(@);

where C' depends on ag, Bo, Yo and Y.

Proof. Without loss of generality, we let ¢ = 0. Indeed, we can always introduce a
w = u — g where § € H'(Q) is such that § = g on 99, which satisfies (2.1) with
g = 0. We recall that

(2.3) A} = min {/ CoVu : Vu ‘ ue HY(Q), ||lullrz@) = 1} ,
)

and observe that C > Cy, that is, (C — Co)A : A > 0 for any 3 x 3 matrix A.
We consider on H{(€2) the bilinear form

a(u,v) = / CVu : Vudz — / w?pu - vdz.
Q Q
Then we can write problem (2.1) (for g = 0) in the weak form,
a(u,v) = —(f,v) Vv € H}(Q).

Clearly a(-,-) is continuous. We check now that a(-,-) is coercive. To this aim, we
recall the Korn inequality

(2.4) / |Vu|?dz < 2/ |Vu|?dz
Q o

for any u € H} () (using the matrix norm, |A]> = A : A for any 3 x 3 matrix A).
Furthermore,

a(u,u) = /Q(C@u:?udx—/QprMQdm
> / CoVu : Vudz — w2val/ lu|?da
Q Q

1 A A 1 - -
= 7/ CoVu : Vudz + - {/ CoVu : Vudzr — 2w’y / |u|2dx} .
2 Jo 2 Ua 0

By (2.3), the strong convexity of Cy, the Korn inequality (2.4) and the Poincaré
inequality, we have

1 A -
%0/ |Vu|2 dx + 3 {/ CoVu : Vudzr — 2w2fyal/ |u2dx}
Q Q Q

§Cp
= 4 ||U||§{1(Q)

Y

alu, u)

indeed, where &y depends on aq and Sy only and Cp is the Poincaré constant of €.
By the Lax-Milgram lemma there exists a unique solution u € H}(Q) to problem
(2.1), and (2.2) holds. O

Remark 2.1. We note that whenever w is not in a particular countable subset of
real numbers (the set of eigenfrequencies), Problem (2.1) has a unique solution and
estimate (2.2) holds with the constant C' depending also on w.
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We let 3 be an open portion of 0f2. We denote by H,}O/Q(E) the space
HJP(2) = {¢ € H'/*(09) | supp ¢ C X}

and by HC_OI/Q(E) the topological dual of HS({Q(E) We denote by (-,-) the dual

pairing between Hclo/Q(Z) and Hc_ol/2(2) based on the L?(¥) inner product. By
Proposition 2.1 it follows that for any ¢ € Hclo/ 2(E) there exists a unique vector-
valued function u € H'(Q2) that is a weak solution of the Dirichlet problem (1.1).

We define the local Dirichlet-to-Neumann map Aé p s
AZ, HY2(R) 3¢ — (CVu)v|s € HLYA(S).

We have Ac, = Agff). The map A%) , can be identified with the bilinear form on
HYP (D) x He' P (%),

(2.5) JAXap(w, @) == (A@pzp, Py = /Q(C@u Vo — pw?u - v)de,

for all ¢, ¢ € Hclo/Q(E), where u solves (1.1) and v is any H'(Q) function such that
v = ¢ on 9. We shall denote by || - ||, the norm in L(H'/?(X), H-/2(X)) defined
by

1Tl = sup {(T0,6) | 1,6 € HY2(E), 1] 13,25y = 191122 sy = 1} -

2.2. Notation and definitions. For every z € R3 we set * = (2/,x3) where
2’ € R? and z3 € R. For every z € R?, r and L positive real numbers we denote by
B, (z), B.(z') and Q,. 1, the open ball in R? centered at = of radius r, the open ball in
R? centered at 2’ of radius r and the cylinder B..(z') x (x3— Lr, x3+Lr), respectively;
B,(0), B.(0) and @, 1(0) will be denoted by B,, B, and @, 1, respectively. We
will also write R% = {(2/,23) € R® : 23 > 0}, R? = {(a/,23) € R® : 23 < 0},
Bf =B.nN Ri, and B, = B, NR3. For any subset D of R® and any h > 0, we let

(D), = {x € D | dist(xz,R*\ D) > h}.

Definition 2.2. Let Q be a bounded domain in R3. We say that a portion ¥ C 05
is of Lipschitz class with constants ro > 0,L > 1 if for any point P € X, there
exists a rigid transformation of coordinates under which P =0 and

QN QryL ={(2',23) € QroL | 73> ¥(a)},

where ) is a Lipschitz continuous function in B, such that
¢(O) =0 and Hw”CU»l(B;O) < L’I“0.

We say that Q is of Lipschitz class with constants ro and L if OS2 is of Lipschitz
class with the same constants.

2.3. Main assumptions. Let A, L, ag, 89,70, N be given positive numbers such
that N € N, ag € (0,1), o € (0,2), 70 € (0,1) and L > 1. We shall refer to them
as the prior data.

In the sequel we will introduce a various constants that we will always denote by
C. The values of these constants might differ from one another, but we will always
have C' > 1.
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Assumption 2.1 ([14]). The domain Q C R3 is open and bounded with

Q] < A4,
and
_ N =
Q=uU;, Dy,
where Dj,j = 1,...,N are connected and pairwise non-overlapping open subdo-

mains of Lipschitz class with constants 1, L. Moreover, there exists a region, say D1,
such that D1 NOQ contains an open flat part, ¥, and that for every j € {2,...,N}
there exist ji,...,jm € {1,..., N} such that

D; =Dy, Dj, =D
and, for everyk=2,..., M
oD
contains a flat portion ¥y such that
Y CQ, forallk=2,..., M.

Furthermore, for k=1,..., M, there exists P, € ¥j and a rigid transformation of
coordinates such that P, = 0 and

kN Qi3 = {7 € Quar - 23 =0},
Dj, NQuizr ={z € Quyzr: a3 <0},
Dj  NQiyzr={z € Qs :x3>0}
here, we set ¥y = X. We will refer to Dj,,...,Dj,, as a chain of subdomains

connecting Dy to D;. For any k € {1,..., M} we will denote by ny, the exterior
unit vector to 0Dy, at Pj.

noD;,

Jk—1

An example of such a domain partition with Lipschitz class subdomains is an
unstructured tetrahedral mesh.

FIGURE 1. A domain partition including D;.

Assumption 2.2. The stiffness tensor, C, is isotropic and piecewise constant, that
18,

N
C=> Cixp,(®), C;j=XI3&Is+ 2p;leym,
j=1

where the constants \; and p; satisfy (cf. (1.2))
(26) O<ap<p;<ay', N <ag', 2u+3\>p >0, j=1,...,N.
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The density, p, is of the form,
N
p=>_ pixo,(),
j=1

where the constants p; satisfy (cf. (1.3))
0<p <w’sj=1....,N.
Assumption 2.3. Let A} be the smallest Dirichlet eigenvalue of operator
—div(CoVu) in Q as before,
W2 < YA
— 2 .
2.4. Statement of the main result. We define for any set D € R?,

dD(((Cl, Pl)’ (CQ’ PQ)) = maX{HAl - /\QHLOC(D)a ||M1 - U2||L°°(D)v ||P1 - /72||Loo(D)}-
Theorem 2.3. Let (CY2 ph2) satisfy Assumption 2.2. Let Q and X satisfy As-
sumption 2.1 and w satisfy Assumption 2.3. If Agz’pg = AKZ?%/ﬂ then C' = C? and

p' = p?. Moreover, there exists a positive constant C depending on L, A, N, ag,
Bo, Yo and A} only, such that

(2.7) do((Ch, "), (C*,p%) < ClAG 1 — AG 2 s

In preparation of the proof, we introduce the forward map associated with the
inverse problem. We let L := (Aq,..., AN, 41, -, N, P15 - - -, pn) denote a vector
in R3N and A stand for the open subset of R*V defined by
(2.8)

2 2 Bo Yo 2

={L IR{QN’%< <N < =230 > < pi<—,j=1,...,Ny.

A {6 g SIS oo S G2 B3N > T o <0< :

For each vector L € A we can define a piecewise constant stiffness tensor Cr, and
a density pr, with

ILlloe = max {sup{|A;], 1 |pjl}}-
j=1,...,N
The forward map is defined as
(2.9) F: A— LHX),HVAE), L— F(L)=A

b
Cr,pL"
We can identify F with a map F : A — B upon identifying F'(L) with the bilinear

form, A%L,pu on Hclo/Z(E) X Hc_ol/z(E) (cf. (2.5)); B is the Banach space of this

>

bilinear form with the standard norm. In the sequel, we will write F' and ACL’ oL

instead of F' and AEM - We denote
K:={LeAlag<py<agh Ay <ag ' 2u+30 > 5,0< p; <75 'j=1,...,N}.
Then the stability estimate in Theorem 2.3 can be stated as follows:

IL" = L?||c < CIIF(LY) = F(L*)]s,

for every L', L? in K. We note that Theorem 2.3 implies that F is injective and
that its inverse is Lipschitz continuous.

Remark 2.4. Assumption 2.3 in Theorem 2.3 can be relaxed to include any w that
is not in the set of eigenfrequencies. Then the constant C' will also depend on the
distance between w and the set of eigenfrequencies.
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3. PRELIMINARY RESULTS

Here, we follow Beretta et al. [14, 13]. We summarize the relevant results in
their work and adapt them to the time-harmonic problem. We begin this section
with Alessandrini’s identity [1, 29]. We let u;, be solutions to

div(CFVuy) + pFwur =0 in Q
for k = 1,2, where CF, p¥ satisfy Assumption 2.2. Then
(3.1)
(((C1 — C*Vuy : Vug — (p! — p?)w?uy ~uQ> de = ((Act pr — Acz p2)ur, ug).
3.1.QFréchet differentiability of F.
Here, we prove the Fréchet differentiability of the forward map, F.
Proposition 3.1. Under Assumptions 2.1, 2.2 and 2.3, the map
F: A= LIHL (D), Hy (%))
is Frechét differentiable in A and
(32) (PP = |

where Hl = Cg, h = pg. Moreover, DF : A — £(R3N7£(H§O/Q(E),chl/Q(Z))) is
Lipschitz continuous with Lipschitz constant Cpp depending on A, L, ag, Bo, Yo,
A only.

Proof. Fix L € A and let H € R3N such that ||H||» is sufficiently small. By (3.1)
we have

(F(L+H) - F(L)), ¢) =/QHﬁuyﬂiﬁvgdx—/ghﬁuyﬂ'%dm-

Hence, by setting

H@UL: @va hw?uy, - vy, ) d,
( )

(3.3) n:= <(F(L+Q)—F(L))qp,@—/QH@uL:dex+/Qhw2uL-@dx

= / HV (up g — ug) : Vopde —/ hw*(up g —ug) - vrde,
Q Q
we find that
(3.4) 0l < CllH oIV (ursm — ur)llL2@lldll /2 sy

where C' depends on A, L, ag, 0,70, \Y only. We estimate |V (up g — up)|lz2()-
We observe that w := up g — ug is the solution to

w =0 on 0f.
By Proposition 2.1, we have

(3.5) {diV(CL@w) + pw?w = —div(HVugyg) — hw?up g in Q,

[Vwllrz0) < Cllwllm o)
< Clldiv(HVup )l -1 (0) + Clhe*uppm |l g1 @
(3.6) < C|HVupypllz2ie) + Cllhw*ups )l a1 ()
< ClH|sollur+allmr ) + CllH o lur+al 20
< CllHlloo 91l /25y
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where C depends on A, L, ag, 80,70, \}. By inserting (3.6) into (3.4) we get
(3.7) inl < CUEIZ Nl 3205 191 172

that yields (3.2).
We now prove the Lipschitz continuity of DF. Let L', L?> € A and set

¢ :=((DF(L*) — DF(L"))[H]v, ¢)

:/ (H?Ulg U2 —H@ULI Z’ULl) d$+/ (th’u,Lz *Vr2 — hw2uL1 -’ULl)d.’E
Q - - - - Q - - - B

:/ H(@uéz - @uél) : @vézdx—i— / H?uy : (@UE - @vy)dx
Q Q

+/ hw2(UL2 —Uél)’ULZd.'IJ‘i‘/ hw2uL1 .(ULQ —’l)Ll)d.T.
Q Q

By reasoning as we did to derive (3.7) we obtain
161 < Corll Ello 1L = E'loallél 172 5 911 1/

where Cpr depends on A, L, ag, Bo, Y0, Y. O
3.2. Further notation and definitions.

Construction of an augmented domain and extension of C and p. First we
extend the domain € to a new domain Qg such that 0 is of Lipschitz class and
Bic(Pr) 'Y C §y, for some suitable constant C' > 1 depending only on L. We
proceed as in [3]. We set

3vV1+L?

(3.8) m = 1/Cp,where Cp, = 7 ,
and define, for every ' € B’
3
o for [2'] < &
YT (a') = {m —2L)a!| for B < |z/| < 1
0 for |2'| > 7.

We observe that for every 2’ € BY 5, [¢(2')] < % and [VypF(2)| < 2L. Next,
we denote by

Do ={x=(a',23) € Q3.1 | 0 < a3 < ¥ (a')},
Qo = QU Dy.
We have
i) Qo has a Lipschitz boundary with constants %, 3L;
ii)
Qo D Qujarcy,L-

Let C be an isotropic tensor that satisfies Assumption 2.2. We extend C to €
such that C|p, = Cy. We also extend p such that p|p, = 1. Then C, p are of the
form

N
(3.9) C=) Cjxp,(x),
j=0
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N
(3.10) p=_pjxp, ().
=0

Construction of a walkway. We fix j € {1,...,N} and let Dj,,...,D;,, be
a chain of domains connecting Dy to D;. We set D, = Dj,, k =1,...,M. By
[3] Proposition 5.5, there exists C; > 1 depending on L only, such that (Dy)y is
connected for every k € {1,..., M} and every h € (0,1/C%). We introduce

(3.11) ho = mi {1 ! n }
. =min< -, —, —————

0 6" C; 81+ 4L2
where 7, is as in (3.8).

Furthermore
i) Quy, k =1,..., M, is the cylinder centered at P such that by a rigid trans-
formation of coordinates under which P, = 0 and X belongs to the plane
{(z’,0)}, and Qx) = @y, /ar,- We also denote Q) = Quy N Dar—1;
ii) K is the interior part of the set UkMz_l1 D;;
i) Kp, = kM:_ll(Di)h, for every h € (0, hy);
iv)
M-1
(3.12) Kh =KpUu Q(_M) U U Q(k);
k=1

v)
Ko = {z € Dy | dist(z,0Q) > %}

It is straightforward to verify that K, is connected and of Lipschitz class for every
h € (0, ho) and that

(3.13) Ko Bl 4 (P1) x (7 n

FIGURE 2. A path or walkway.

3.3. Existence of singular solutions.

Next, we construct singular solutions to the system describing time-harmonic elastic
waves. We prove the stability estimates for our inverse problems by studying the
behavior of singular solutions.
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3.3.1. Static fundamental solution in the biphase laminate. In order to construct
singular solutions, we make use of special fundamental solutions constructed by
Rongved [40] for isotropic biphase laminates. Consider

Cy, = (C+XR3+ +C™ xgs ,
where CT and C~ are constant isotropic stiffness tensors given by
Cct = M3 ® I3+ 2/L]Isym, C = )\113 ® I3 + 2/1,/]Isym,

with A\, and X, p' satisfying (2.6).

By [40], there exists a fundamental solution T' : {(z,y) | z € R3,y € R3 2 #
y} — R3*3 such that

div(C,VI(-,y)) = —0,13.

Here 4, is the Dirac distribution concentrated at y. We point out some properties
of I". First of all, it is a fundamental solution, in the sense that I'(z, y) is continuous
in {(z,y) € R* xR3 | # # y}, ['(z,-) is locally integrable in R? for all x € R3, and,
for every vector valued function ¢ € C§°(R?), we have

) CyVT(,y) : Vodaz = é(y).
R
Furthermore, for every z,y € R, 2 # y, we have

Nz,y)| < ——

M)l <
and

vr T,y S T 9

VIl €
while for any r > 0,

C

(3.14) IVNTC )z @ens, ) < S173>

where C' depends on ag, By only.
3.3.2. Time-harmonic singular solutions. Let § denote the union of the flats parts
of UL 0D;. Let G = UL;0D; \ §. Let C = Z;\f:o Cjxp, where the tensors C;
satisfy Assumption 2.2. Let y € Q¢\ G and let 7 = min(1/4, dist(y, GUOS)). Then,
in the ball B,.(y), either C is constant, C = C; or C = C; + (Cj 11 — Cj)X{ay>a) for
some a with |a| < r. We write
- (Cj if C= (Cj in Br(y),
Y1 Cj + (Cjg1 — Cj)X{rs>ay Otherwise,

and consider the biphase fundamental solution satisfying

div(C,VI(-,y)) = —d,I3 in R3.

Proposition 3.2. Let Q, C and w satisfy Assumptions 2.1, 2.2 and 2.5. Then,
fory € Qu\G, there exists only one function G(-,y), which is continuous in Q\ {y},
such that

315) [ (CVG.): Vo= mRG9) - 6) de = olu). Vo € O ().

and

G(-,y) =0 on 0%y.
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Furthermore, if dist(y, G U 9Qq) > i for some ¢1 > 1 then

(3.16) 1GCy) = TC 9l <O,
(3.17) GG @By < Cr™ '3,
(3.18) 1G9l L2 (00) < C,

where C' depends on ag, Bo, A, L, 70, A} and on c;.

3.4. Unique continuation for the system describing time-harmonic elastic
waves. We state a quantitative estimate of unique continuation. We will omit the
proof of this estimate since it is a minor modification of the proof of a similar
estimate for the Lamé system of elasticity [14].

Proposition 3.3. Let €1, E1 and h be positive numbers, h < hg, where hg is defined
in (3.11). Let v € H} (K) be a solution to

div(CVv) 4 pw?v =0 in K,

such that
[vllpee (r0) < €1
and
3.19 v(z)| < By (dist(x, Xar))” " for every x € Kp, /.
/
Then
(3.20) l0(Z)| < Cr=3/277er (B 4 €)™,

where r € (0, &), & = Py + roa,

T = 079,
and C, § and 6 with 0 < 8 < 1 depend on A, L, ag, Bo, Yo and N.

Therefore, if the solution to the system of time-harmonic elastic waves is small in
a subdomain of X, and has a priori bound (3.19), then it is also small in . The
above proposition gives a quantitative estimates on how the smallness propagates.

4. PROOF OF THE MAIN RESULT

In this section we prove the main result that consists of showing the uniform
continuity for DF and F~!, and establishing a lower bound for DF. These results
together with the Fréchet differentiability of F' establish Theorem 2.3 by Proposition
5 of [6].

4.1. Injectivity of F|k and uniform continuity of (F|k)~!. Let

-1 1
(41 J(t){|logt| ss for 0 <t < ¢

t—%—i—lfortz%

and
a1(t) = (o(t)"/°.

Theorem 4.1. For every L', L? € K the following inequality holds true,
(4.2) IL! = L?|| oo < Cuop (|IF(LY) = F(L?)]|,)
where C, is a constant depending on A, L, ag, Bo, Y0, A}, N.
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Let j € {1,..., N} be such that

dDj (((CLI ) PLl), (CL23 pL2)) = on ((CLI y PLY )7 ((CLZa pLQ))’
and let Dj,,..., Dy, be a chain of domains connecting D; to D;. For the sake of
simplicity of notation, set Dy = D;,. Let W, = Int(Ufzoﬁj), U, = Qo \ W, for
k=1,...,M — 1. The stiffness tensors C;1 and C2 are extended as in (3.9) to
all of Q. The densities py1 and pp2 are extended as in (3.10). We set C := Cp,
C := Cyz2, p:= p1 and p := pr2. Finally, let K = K, N W, and for y, z € K,
define the matrix-valued function

Sk(y, z) := / (((C — Q)\VG(z,y) : VG(x,2) — (p — p)w?C(z,y) - G‘(x,z)) dz,
Uy
the entries of which are given by

S (y, 2)
= / (€= O¥CD (@) : VGO (,2) = (p— PGP () - GV (z,2)) da,
Uy

p,q = 1,2,3, where G®)(-,y) and G(9(, ) denote respectively the p-th columns and
the ¢-th columns of the singular solutions corresponding to C,p and C,p. From
(3.17) we have that

Sy, 2)| < Cd(y)d(=) "2 for all y, = € K,

where the constant C' depends on the a priori parameters only and d(y) = d(y, Us)
and d(z) = d(z,Uy).
First, following a similar argument in [14], we have the following two propositions:

Proposition 4.1. For all y,z € Kj, we have that S,i"q)(~72), S;(f’i)(y» -), belong to
H} (Kk) and for any q € {1,2,3},

(4.3) div(CVSL V(. 2)) + pw?SU P (-, 2) = 0 in Ky,

and for any p € {1,2,3},

(4.4) div(CVSP ) (y, ) + puw?SP ) (y,-) = 0 in Ky.
Proposition 4.2. If for a positive eq and for some k € {1,...,M — 1}
(4.5) |Sk(y, )| < eo for every (y, z) € Ko x Ko,

then

(4.) [Sulyr 1) < o2 () T

where y, = Pry1 + mgy1, 27 = Pepr + Mg, Pepr € Ypga, 17 € (0,1/0),
7, = 0rd, 7= = 07° and C,C1,6,0 € (0,1) depend on A, L, o, Bo, Yo only.

We can also prove the following

Proposition 4.3. If (4.5) holds, then
4. <o (0 N
(@) 00 Sular )] < O3 () T

where y, = Pry1 + mgy1, 27 = Pepr + Mgy, Pepr € Yy, 17 € (0,1/0),
7, = 0r, 7m = 0F° and C,C1,8,0 € (0,1) depend on A, L, v, Bo, Yo only.
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We note that, in the above, 9,, and 0., denote derivatives in directions lying on
the interface Xg1.

Proof of Proposition 4.3. Fix z € Ky and consider the function v(y) := S¢9 (y, 2),
for fixed ¢q. By Proposition 4.1 we know that v is a solution of
div(CVu()) + pw?v(-) = 0 in K.
Moreover, from Proposition 3.2, we get
v(y)| < Crd(y) "%, y € Ki,

where C; depends on A, L, ag, Bo,70,w, A}. Then, applying Proposition 3.3 for
€1 = ¢g and Fy = Cy, we have

— 154 < (Or—2 €o "
o) = 15 ) < 072 ()

forally € B,/2(y,). By the gradient estimate for an elliptic system (see for example
[31]), we obtain

< COr3 €0 TT,
oot <0 (o)

We note that 0y, G(z, yr) = Oy, I'kt+1(z, yr) + 0y, w(x, yr), where 0y, w(z, y,) sat-
isfies

div (C%(aylw(x, yr))) + pw?y, w(w, yr) = div (((C’;“ — C)Va(0y, Tiga (=, yr))>
- pw28y1Fk+1(:I:7 y'r) in QO7
aylw(x’yT) = _8y1rk+1(xa yr) on 0¥,

where I'y4; is the biphase fundamental solution for stiffness tensor
Chtl = Crxrz + Cryixrs -
Thus 9y, w(-,y,) € H'(Uy) and
(4.8) 10y, (s yr)ll @y < C.
Moreover,
aylv(yr) = ayISIE:I’Q) (yr> Z)
= | (€= 090,60 50)) : VG 2) = (0= )0, Gla1) - Gl 2))

k

while
0(2) = 03, 5" (ur. 2),
is a solution to
div(CVu(+)) + pw?v(-) = 0 in Ky,

by the same reasoning as in Proposition 4.1. By (4.8) and the estimates,

(4.9) 10y, Ths1 (W)l L2 @\ B, () < Cr Y2,
(4.10) IV (0y, Ths1 () | 2o\ B, () < Cr ™5/,
we find that

M

0(z)] < Cr=2d(z)" 3.
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Tr .
Applying Proposition 3.3 with e; = r—3 (Cfim) and Fp = Cr_%, we have

v(z <C’F2rg( < )TT7
o(e)l < o
for all z € By /o (z7). Then, again, by the gradient estimate,

0tz < ot (=)
sl < ot (S0

Arguing in a similar way, it also follows that

0z, Oy, Sk (Yrs 27) = 02, 0(27)

= | ((€-0%0,6(.u) : 9(0.Gla )

~ (p = P00, G(w,3p)) - (-, G, 2) ),
This completes the proof of (4.7). O

Proof of Theorem 4.1. We follow a walkway and alternate between estimates for
Lamé parameters and for the density. Observe that ||[F(L') — F(L?)||, = ||Ac,, —
Ag ;|- We write

e:= |F(L") = F(L?)].
Then using (3.1), we derive that for every y, z € Ky and for |l|, |m| =1,
(4.11)

/ (€= O @) VG, : VG, 2)m ~ (p — p)(@)w?Cla, y)l - Gz, 2)m) da
Q

where C' depends on ag, By, Yo, w, A, L. Let

O »= max {max{|}; — Nl = Ryl s = p51b),

< Ce,

where k € {0,1,...,M}. We will prove that for a suitable, increasing sequence
{wi(€) Yo<r<nr satisfying € < wy(e) for every k =0,..., M we have

O <wi(e) = Op+1 < wiy1(e), for every k=0,..., M — 1.

Without loss of generality we can choose wg(€) = €. Suppose now that for some
kE={1,...,M — 1} we have

(412) 5k S wk(e).

In the following, we estimate 5,1 by first estimating [Apy1 — Moty |ae1 — Frstl
and then |pg+1 — Pprt1|. Consider

Suly,2) = /M (€~ O@VE(.y) : ¥a(r.2) — (o~ D))’ Cla,y) - Cla, 2)) da,

and fix z € K. From Proposition 3.2 and from (4.11) we get that, for y, z € K,
Sk (y, 2)| < Cle + wi(e)),

where C' depends on A, L, ag, 89,70, A},w. By (4.6) and choosing # = cr with
¢ € [1/4,1/2], we find that there are constants Cp,d € (0,1) and 6, depending on
A, L, g, Bo,Y0,w and M, such that for any r» < 1/Cy and fixed I,m € R® with
| = |m| =1,

(4.13) 1Sk (4, ze)m - 1] < Cr=92¢ (wi(e),7),



16 E. BERETTA, M.V. DE HOOP, E. FRANCINI, S. VESSELLA, AND J. ZHAI

t 0*825
S(t,s) = (1+t>

We choose | = m = e3 and decompose
(4.14) Slc(ym 27)63 ceg =11 + I,

where

(4.15) I, = /B - (C—C)(z)VG(z,y,)es : VG(x, zr)es

where

—(p—p)(2)w?G(x,y,)es - G(x, z;)eg)dx,

(4.16) I, = / (C—C)(2)VG(z,y,)es : VG(x, zr)es
Uk41\(Br; NDg1)

—(p—p)(2)w?G(z,y,)es - G(x, z;)eg)dx,
with ry = ﬁ. Then, from Proposition 3.2, we derive immediately that
(4.17) || < C.
By (3.18), we have

<C,

/ (p— p)(x)w?*G(z,y,)es - G(x, zr)ezdx
By NDk41

where C' depends on A, L, g, 89,70, AJ. Using (3.16) and (3.17), we get
(4.18)

|I| >

/ (! = C ) (@) T (2 )es : i (2, 25)eade
B,,‘1 ﬁDk+1

()
where I'y 1 and [y, are the biphase fundamental solutions introduced in Subsec-
tion 3.3 corresponding to the stiffness tensors ng+1 and Cf“ given by

Cyt! = Crxrz + Cryixrs ,

Cit' = @kmi + Chy1xps

up to a rigid coordinate transformation that maps the flat part of ¥y into z3 = 0.
Furthermore by (4.13), (4.14) and (4.17) we obtain

(4.19) L] <C (r_9/2§ (wi(e),r) + 1) ,

where C' depends on A, L, ag, Bo, 70, A. Hence, by (4.18) and (4.19) and by per-
forming the change of variables = rz’ in the integral, we get

(4.20) /7 ((C]sz - @§+1)($/)@Fk+1($l7€3)€3 : @fkﬂ(xlacezs)@:adx'

/v

é 50 (T),

where
oo (r)y=0C {7’77/% (wr(e),r) + rl/Q} .

We then follow the procedure of [14] pp. 27-29, and obtain
(4.21) N1 = Akgr| < Co(wi(€)s |1 — finr] < Co(w(e)).
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Next, we estimate |pg1+1 — pr+1|. By Proposition 4.3, there are constants Cp,d €
(0,1) and 6, depending on A, L, ag, Bo, Y0, w and, increasingly, on M, such that for
any r < 1/Cy and fixed I, m € R3 such that |I| = |m| =1,

(4.22) |8y, 02, Sk (Y, yr)m - 1] < O~ 2¢ (wi(e), 7).

We choose | = m = e3, again, and decompose

(4'23) aylazlsk(y’f‘7 yT)eB c€3 = Jl + J27

where

(4.24) Jy = / LQ(C ) (@) (Dy, Gl p))es : V(0o Gl yr))es—
By NDg41

= (p = D@9, Glw,yr)es - (02, Gz, yy)es ) da,

(4.25) Jp = /u (C = C) (@) (D, Cla,yr))es - V(Do Gla, yr))es—

k+1\(Bry NDg41)
— (p = P)(@)?(D, Gz, ye))es - (02, G, yr) s ) d
Then, with (4.8), (4.9), (4.10) we derive that
(4.26) |J2| < C.

By estimates (4.8), (4.9), (4.10), and using that [\, — Ax| < Cwy(e), |pur — fix] <
Cwi(€), [Ae41 — Apy1| < Co(wi(e)) and |ppi1 — fiws1] < Co(wi(e)), we get

(4.27)

_ 0] 0
|1 = / (Pr1 = Prr) 3 ~Lrsr (@ yr)es - 5T (2, yr)esde

By NDg41 Y1 Y1
1 o(wk(e)
o = 4 2R

<\/F T
d 2 ( 1 a(wk(e)))
> ) —7T z,yrles| de —C | —+ ————= ),
|Pr+1 — Pr+1] [ k+1(2, yr)es Jr 3

where we have used that
0 0 -

/ —ir(z,yr)es — s—Liqa(x,yr)es

l?rlﬁl)k+1 69y1 E?yl

Furthermore, by (4.22),(4.23) and (4.26) we obtain

iF/chl(SC,yr)eza dz < CM'

oy

(4.28) L <cC (r*w/?g (wi(€),) + 1) :

By (4.27) and by performing the change of variables x = rz’ in the integral, we
have

2
Y pryr — ﬁk+1|/
e
ri/T

9 da’

— T (2, e3)e
ayl +1( 3) 3

<C ((r—15/2§ (wr(e),r) + 1) + Ly ‘7(‘%(6))) _
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Since r1/r > C/ALCy, when r € (0,1/C), we have

l e
Ly olnla)),

ri/r
Pkt — Pralr ™ < C ((7"_15/2§ (wi(€),r) + 1) + 7 + .3

2
dz’ > C,

0
7Fk+1(1'/,e3)€3 ‘ark+1($/a€3)e3
Y1

o

c/aLcy,

for some positive C. Then

and thus

(4.29) Pkt = Prtr| < 61(r),
where

() = € [ (o) + v+ T

If wi(€) < 1/e, we choose
o (wr () [/

r=—

C
and then

(4.30) |Pri1 = D] < Clo(wr(e))]"?.

Otherwise, if wi(€) > 1/e, since |pg+1 — pr+1| is bounded, we get (4.30) trivially.
By (4.21) and (4.30), we follow the weakest estimate to get

Opt+1 < wrr1(€) :== Coq(wi(e)).

Following the way of alternatingly estimating |\ — A|, | — fi| and |p — p| along the
walkay D1, Da, ..., Dy, and recalling that wo(e) = €, we get (4.2).
(I

The uniqueness statement in Theorem 2.3 is an immediate consequence of the
proposition above.

4.2. Injectivity of DF(L) and estimate from below of DF|k.
Proposition 4.4. Let
do i= win{|DF(L)[H)|. | L € K, H € BV, |[H o = 1};

we have
(4.31) (01)H(1/C) < qo,
where Cy, > 1 depends on A, L, ag, Bo, Y0, ) and N only.
Proof. By the definition of ¢y there exists an L, € K and

Hy= (ho1,---,hon,ko1,---,kon,l01,---5lo.n), [Hplleo =1,
such that
(4.32) IDF(Lo)[Holllx = go-
Therefore, by (3.2), (4.32), we have

(4.33) < Cqo

/QH(:Z?) (@G(z,y)l VG (z, 2)m — h(z)w?G(x,y)l - Gz, z)m) dz
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for every y, 2 € Ko, where C' depends on ap, 89,70, w, 4, L, H=Cpy_, h = ppg, and
G(-,y) denotes the singular solution corresponding to Cr,pr. From now on the
vector
(O, ho)l, ey h07N, 0, k071, ey k07N, 0, 1071, ey loJ\[)7
will still be denoted by H,.
We fix j € {1,...,N} and let Dj,,...,Dj,, be a chain of domains connecting
Dy to Dj, where

max{|ho;l, ko ;], [lo,j|} = [ Hpllw = 1.

Now, let
ni = pax {max{ho ;. ko ;1. llo[}},
where ¢ € {0,1,...,M}. We will prove that for a suitable increasing sequence

{wi(qo) }o<i<m satistying € < w;(qo) for every k =0,..., M, we have
Ok < wi(go) = dit1 < wit1(qo) for every i =0,..., M — 1.

Without loss of generality we can choose wg(go) = go. Suppose now that for some
i ={1,...,M — 1} we obtain (4.32). Let Y;(y,2) = {yi(p’Q)(y,z)}lgnng be the
matrix valued function the elements of which are given by

W) = [

(H(w)@G(p)(a:,y) VG (x,2) — h(z)w?GP) (z,y) - D (x, z)) dz,
U;

with z € K fixed. From Proposition 3.2 and from (4.11) we get that, for y, z € K,

1Viy, 2)] < Clqo0 + wi(q0)),

where C' depends on A, L, ag, 89,70, \]). Choosing # = cr with ¢ € [1/4,1/2], as
in Proposition 4.2, we have that there exists a constant Cy such that for every

r € (0,1/Cs),
(4.34) Viyr, zr)] < Cr=*"%¢ (wilao, 7)) ,

where
0 825
" .
ts) = —
s(t,) (1+t>

We choose | = m = e3, again, and decompose

(435) yk(y’r'a ZF)€3 -e3 = Il + 12’
where
(4.36)
I = H(z)VG(z,yr)es : VG(x, zr)es — h(z)w?G(x, yy )es - G(xsz)GB) da,
BriND;tq
L= / (H(x)@G('T’ay’F)e?) : @G(JU,ZF)E:‘;
(437) Ui+ 1\(BryND;i11)

- h(:v)oﬂG(ﬂc7 yr)es - Gz, z,:)e;;)dx,

izey - Then, from Proposition 3.2, we derive that

(4.38) L] < C.

and r =
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Using (3.18), we find that

<C,

/ h(x)sz’(x, yr)es - G(x, zr)esdx
By, NDg41

where C' depends on A, L, ag, 80,70, A). Then, by (3.16) and (3.17) we get

o2z 1)

(4.39) || > / H(2)VT i1 (2, yr)es : Vg1 (2, 27 )esda
By ND;t1

With (4.34), (4.35) and (4.38) we obtain
(4.40) L) < C (7“_9/2§ (wi(qo),r) + 1) ,

where C' depends on A, L, avg, Bo, Y0, \Y. Following the procedure of [14] pp. 31-33,
we get

(4.41) |ho,iv1| < Co(wi(qo)), [ko,iv1] < Co(wi(qo))-

Similar to Proposition 4.3, we find that there are constants Cs,d € (0,1) and 6,
depending on A, L, ag, o, Y0, w and, increasingly, on M, such that for any r < 1/Cq

(4.42) |0y, 02, Vi (yr yres - 3] < Cr~ %2 (wilqo, 7)) -
We decompose

(4.43) 0y, 02, Vi(Yrs yr)es - e3 = J1 + Ja,

where

(4.44) le/B . (H(x)@(aylG(x,yr))eg,:?(BZIG(x,yT))eg

— (@) (D, G, yr))es - (02, Gl yp))es ) da,

(@43) 7= [ (H(@)V (0, Claou))es : V(02 Gl yr)ey
Ui+ 1\(BryND;t1)

— h(@)w?(Dy, Gz, yr))es - (95, Gz, y,«))eg>daj.
Using (4.8), (4.9), (4.10) and (4.41), we get

(4.46) || <C
and
(4.47)
d d 1 o(wi(e))

> i+1 5 Lir1 (@ yr)es - =i (@, yr A

|J1] > /BrmDm lo, s +1(x,yr)es o +1(z,yr)esdx| — C <\ﬁ + 3
d 2 1 o(wi(q))
=|lo,i L (@ yr de -C(—=+—7—7"-
lloi+1] RN +1(x,yr)es| dz (\/77 t—23 )

Furthermore by (4.42), (4.43) and (4.46), we obtain

(4.48) lh<C (r‘15/2< (wilgo)), 7) + 1) :
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Hence, by (4.47) and upon performing the change of variables x = rz’ in the
integral, we obtain

T_l\lo,i+1|/
-
ry/T

2
da’

0
aT/lrm (2',e3)es

<C ((7"_15/2<(wi(q0))77“) + 1) 4 O(M(qo))) :

Since 1 /r > C/4LCy, when r € (0,1/C), we have
2

/ Tri+1(x/a63)63 da’ > / ‘8P1+1(x/733)63 da’ > C
B, 10U Bgjavc, 19N
Then
- - 1 o(wi(q))
] 1 15/2 )
lloiv1lr™ < C ((7‘ S (wi(qo)), ) + 1) + 7 t—3 )
and thus
(449) |ZO,i+1| S 61 (T’)7
where

51(r) = € |3/ (o) ) + v+ T

If wi(qo) < 1/e, we choose

_ o)
C
so that
(4.50) llo.iv1] < Clo(wilgo))|/®.

Otherwise, if w;(go) > 1/e, because |lg,;+1]| is bounded, we get (4.50) trivially. Then,
by (4.41) and (4.50) we get

Nit1 < wit1(qo) := Cor(wilqo))-
Finally, by alternating the estimates for |\ — A|, | — i| and |p — p|, we get

1 =nu < Cai'(q0) < Cof (qo),

and the statement follows. O

5. REMARKS ON TWO REDUCED PROBLEMS

The stability estimates for the following two complementary inverse problems
are immediate implications of Theorem 2.3.

(i) Inverse Problem S1: For known p: determine C from Ac ,;
(ii) Inverse Problem S2: For known C: determine p from Ac p,

However, here, that we get much improved estimates in Theorem 4.1, and Propo-
sition 4.4. This enables us to get better Lipschitz constants in the final Lipschitz
stability estimates.
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Corollary 5.1. For every L', L? € K the following inequality holds true
(5.1) IL' = L?||oo < Cuo™(|IF(LY) = F(L?)]|+)
if either

or

pll — p?’ i=1,---,N (Problem S1)

M =X, ul=p? i=1,---,N (Problem S2)

where C, is a constant depending on A, L, ag, 80,0, \J, N.

Corollary 5.2. Let

go == min{||DF(L)[H]||.|L € K, H € R*Y || H]|o = 1}.

We have
(5.2) q > (™)' (1/Cy)
if either
l;=0,i=1,---,N (Problem S1)
or

hi=ki=0,i=1,--- ,N (Problem S2)

where C, > 1, depends on A, L, ag, Bo, Y0, A and N only.

We note that, here, o replaces oy in the corollaries above. This is due to the
fact that we are not dealing with the multi-parameter identification. That is, we
do not need to alternatingly estimate coefficients of different order terms.

(1]
2]
(3]
(4]
(5]
(6]
7]
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