
25 November 2024

On the indices of maximal subgroups and the normal primary coverings of finite groups / Fumagalli. - In:
JOURNAL OF GROUP THEORY. - ISSN 1433-5883. - STAMPA. - (2019), pp. 0-19. [10.1515/jgth-2018-0212]

Original Citation:

On the indices of maximal subgroups and the normal primary
coverings of finite groups

Published version:
10.1515/jgth-2018-0212

Terms of use:

Publisher copyright claim:

(Article begins on next page)

La pubblicazione è resa disponibile sotto le norme e i termini della licenza di deposito, secondo quanto
stabilito dalla Policy per l'accesso aperto dell'Università degli Studi di Firenze
(https://www.sba.unifi.it/upload/policy-oa-2016-1.pdf)

Availability:
This version is available at: 2158/1170473 since: 2021-03-26T11:53:40Z

Questa è la Versione finale referata (Post print/Accepted manuscript) della seguente pubblicazione:

FLORE
Repository istituzionale dell'Università degli Studi

di Firenze

Open Access

DOI:



J. Group Theory 22 (2019), 1015–1034
DOI 10.1515/ jgth-2018-0212 © de Gruyter 2019

On the indices of maximal subgroups and the
normal primary coverings of finite groups

Francesco Fumagalli

Communicated by Andrea Lucchini

Abstract. We define and study two arithmetic functions 
0 and �, having domain the set
of all finite groups whose orders are not prime powers. Namely, if G is such a group,
we call 
0.G/ the normal primary covering number of G; this is defined as the smallest
positive integer k such that the set of primary elements of G is covered by k conjugacy
classes of proper (pairwise non-conjugate) subgroups of G. Also we set �.G/, the indices
covering number of G, to be the smallest positive integer h such that G has h proper
subgroups having coprime indices. This second function is an upper bound for 
0, and it
is much friendlier. The study of these functions for arbitrary finite groups reduces imme-
diately to the non-abelian simple ones. We therefore apply CFSG to obtain bounds and
interesting properties for 
0 and �. Open questions on these functions are reformulated in
pure number-theoretical terms and lead to problems concerning the distributions and the
representations of prime numbers.

Introduction

A finite non-trivial group G can never be the set-theoretic union of all the con-
jugates of a fixed proper subgroup H . For the question of whether there are el-
ements outside

S
g2G H

g possessing some interesting group theoretical proper-
ties, a significant answer is given in [9, Theorem 1]. The authors prove that, for
any H < G, there always exists an element of prime power order which does not
lie in

S
g2G H

g . An equivalent statement is that every non-trivial finite transitive
permutation group has a derangement (i.e., an element acting fixed-point-free) of
prime power order. This result – which relies on the Classification of Finite Simple
Groups – permits the authors to prove that there is no global field extension L � K
such that the reduced Brauer group B.L=K/ is finite, a theorem of significant im-
portance in algebraic number theory.

In this paper, given a finite group G, whose order is not a prime power, we
let G0 be the set of primary elements of G (we recall that a primary element of
a group is an element having prime power order) and, along the lines of [2–5, 7],
define a normal primary covering forG to be any collection of complete conjugacy
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classes of subgroups ofG whose union containsG0. The normal primary covering
number ofG is by definition the cardinality of a minimal normal primary covering,
namely, the smallest natural number 
0.G/ such that

G0 �


0.G/[
iD1

[
g2G

H
g
i

for some proper – pairwise non-conjugate – subgroups Hi of G.
Theorem 1 in [9] can therefore be reformulated by saying that 
0.G/ � 2.
We are interested in bounding the function 
0. For this, we define a second func-

tion on the set of finite groups G, whose orders are not prime powers, by setting
�.G/ to be the smallest number of proper subgroups of G having coprime indices.
We call �.G/ the indices covering number ofG. Note that �.G/ is always an upper
bound for 
0.G/. It happens that this second function is much friendlier than 
0.
Most of the paper is addressed to the study of �, which immediately reduces to the
case of finite non-abelian simple groups (Proposition 1). We therefore make use of
the Classification theorem.

If, following the number-theoretic literature (for instance, [20]), we denote with
!.n/ the number of distinct prime divisors of n; our results on alternating groups
can be summarized in the following theorem.

Theorem A. If An is the alternating group of degree n � 5, then

(1) �.An/ � !.n/C 1 (Lemma 2),

(2) �.An/ D 2 if and only if n is a prime power (Theorem 1),

(3) lim inf!.n/!1 �.An/ D 3 (Theorem 2).

For groups of Lie type, we manage to prove the following (Theorems 3 and 4):

Theorem B. If G is a simple group of Lie type of rank n, then �.G/ is bounded
above by a linear function in !.n/. In particular, if G is an exceptional group,
�.G/ is uniformly bounded.

Tables 1, 2 and 3 provide upper bounds (which may be close to best possible)
for the classical, the exceptional and the sporadic simple groups, respectively.

The last part of the paper is devoted to normal primary coverings and the related
function 
0. In particular, we show that 
0 and � are in general different functions
(Proposition 6).

The paper leaves open the following questions.

Question A. Do there exist positive constants C and D such that, for every finite
group G (whose order is not a prime power), 
0.G/ � C and �.G/ � D?
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Of course, if � is uniformly bounded, then so is 
0. Our analysis allows us
to reduce the above question (relative to the case of alternating groups) to prob-
lems concerning distributions and representations of prime numbers. In particular,
Question A for the function � and when G is alternating, can be restated in the
following purely number-theoretical form.

Question B. Given a positive integer n, let �.n/ be the smallest number such that

gcd
²�

n

m1

�
; : : : ;

�
n

m�.n/

�³
D 1 if n is odd;

gcd
²�

n

m1

�
; : : : ;

�
n

m�.n/

�
;
1

2

�
n

n=2

�³
D 1 if n is even;

for some 1 � mi < n=2 for every i . Is it true that lim sup �.n/ < C1?

1 Some basic results for the function �.G/

As stated in the introduction, for every finite group G whose order is not a prime
power, we define the indices covering number of G, �.G/, to be the smallest num-
ber of proper subgroups ofG having coprime indices, i.e., �.G/ D k if and only if
there are k (and not fewer) proper subgroups of G, say, H0;H1; : : : ;Hk�1, with
the property

gcd.jG W H0j; jG W H1j; : : : ; jG W Hk�1j/ D 1: (CI)

The following lemma collects some elementary properties. We recall that, fol-
lowing the number-theoretic literature [20], we set !.n/ for the number of distinct
prime divisors of a positive integer n. The proof of the lemma is left to the reader.

Lemma 1. Let G be a finite group whose order is not a prime power. Then the
following holds.

(1) �.G/ � !.jGj/.

(2) �.G/ can always be realized by taking a collection of maximal subgroups Hi
of G (for i D 0; 1; : : : ; �.G/ � 1).

(3) If �.G/ D 2, then G D H0H1 (Poincaré lemma).

(4) If N is a proper normal subgroup of G, then �.G/ � �.G=N/, and if G=N is
a p-group, for some prime p, then �.G/ D 2.

The following proposition is easy but crucial.

Proposition 1. Let G be a finite group whose order is not a prime power. Then
�.G/ D 2 if G0 ¤ G. In particular, if G is a soluble group or an almost simple
group which is not simple, then �.G/ D 2.
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Proof. By Lemma 1 (4) with N D G0, it is enough to show that the result holds
forG a finite abelian group of non-prime power order. In this case, choose a prime
p dividing jGj, and take asH0 a (maximal) subgroup containing the Sylow p-sub-
group P ofG and asH1 a maximal one containing the complement of P inG.

In virtue of Proposition 1, the study of the function � takes its interest only
for perfect groups and, in particular, it immediately reduces to the case of finite
non-abelian simple groups. However, the following remark shows that there are
perfect groups G having �.G/ < �.G=N/, for every proper non-trivial normal
subgroup N .

Remark 1. LetG D A6 � PSL2.13/. By looking at the list of maximal subgroups
(for instance, in [6]), it is immediate to see that �.A6/ D �.PSL2.13// D 3. How-
ever, G has maximal subgroups isomorphic to A6 � A4 and A5 � PSL2.13/, and
therefore �.G/ D 2.

From now on, we assume that G is a finite non-abelian simple group. We sepa-
rately treat the various cases according to CFSG.

2 The case of alternating groups

Let An be the alternating group of degree n � 5 that is acting on the natural set
¹1; 2; : : : ; nº. We start with this simple lemma.

Lemma 2. �.An/ � !.n/C 1.

Proof. Take H0 D StabAn.1/ to be the stabilizer of point 1. Then H0 ' An�1
has index n in An. For every prime pi dividing n, let Hi be a maximal subgroup
containing a Sylow pi -subgroup of An. Then the collection of subgroups

H D ¹H0;H1; : : : ;H!.n/º

has property (CI), and therefore �.An/ � !.n/C 1.

Lemma 2 in particular implies �.An/ D 2 whenever n is a prime power. We
will prove that the converse of this statement holds (see Theorem 1).

From now on, assume that the degree n is not a prime power.
Moreover, we make the following important assumption. We always include

a one-point stabilizer (as subgroup H0) in a list of maximal subgroups of An
whose cardinality is at least �.An/C 1, meaning that if �.An/ D k and there
is a list H D ¹H1;H2; : : : ;Hkº of maximal subgroups of coprime indices and
not containing the stabilizer of a single point, then we consider the extended listbH D H [ ¹H0º. The family bH still has property (CI). The advantage of this
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choice is evident: the computation of �.An/ is reduced to finding which maxi-
mal subgroups of An contain Sylow p-subgroups for the various primes p that
divide n.

The maximal subgroups of An split in three different classes, according to their
action on ¹1; 2; : : : ; nº: intransitive subgroups, imprimitive and primitive ones.

The primitive maximal subgroups are unnecessary for the computation of the
indices covering number; this is a consequence of the following famous result of
C. Jordan.

Lemma 3. No proper primitive subgroup of An contains p-cycles for primes p,
where p � n � 3. In particular, no primitive maximal subgroup of An contains
a Sylow p-subgroup for p a proper divisor of n.

Proof. We refer to [24, Theorem 13.9].

Before considering in detail the other cases of maximal subgroups of An, we
introduce some more notation.

Given two natural numbers n and b � 2, if

n D n0 C n1b C n2b
2
C � � � C nkb

k

is the expansion of n in base b, we write

Œn�b D .n0; n1; : : : ; nk/:

Also, if m and d are other positive numbers, we write

Œn�b � Œm�b if ni � mi ;

Œn�b D d � Œm�b if ni D d �mi

for all i D 0; 1; : : : ;max¹blogp.n/c; blogp.m/cº. We recall also that if p is a prime,
the p-adic value of nŠ, namely, the exponent of the p-part of nŠ, is usually denoted
by vp.nŠ/ and is given by

vp.nŠ/ D
X
i�1

bn=pic (2.1)

and, equivalently, if Œn�p D .n0; n1; : : : ; nk/, then

vp.nŠ/ D

kX
iD1

ni �
pi � 1

p � 1
(2.2)

(see, for instance, [20, Theorem 1.12] or [8, Example 2.6.8]).
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Consider now the case of intransitive maximal subgroups of An. Any such sub-
group is the setwise stabilizer of a set of cardinality m, for some 1 � m < n=2,
being therefore isomorphic to .Sm � Sn�m/ \ An and having index

�
n
m

�
. For con-

venience, we choose a prototype of these subgroups by lettingXm be the stabilizer
of the set ¹1; 2; : : : ; mº in An.

The next lemma says exactly when a maximal intransitive subgroup contains
a Sylow p-subgroup of An, for some prime number p which divides n. This is
basically a result of Ernst Kummer [15, pp. 115–116]. See also [21, Lemma 3.1]
and [11] for an overview.

Lemma 4. Let 1 � m < n=2 and p a prime number, p � n. The following condi-
tions are equivalent.

(1) p does not divide
�
n
m

�
;

(2) Xm contains a Sylow p-subgroup of An;

(3) any p-element of An lies in a conjugate of Xm;

(4) Œm�p � Œn�p.

Proof. Since jAn WXmj D jSn W Sm�Sn�mj D
�
n
m

�
, we prove the analogous state-

ment for the groups Sm � Sn�m � Sn instead of Xm � An.
The implications (1)) (2)) (3) are trivial consequences of Sylow theorems.

We prove (3)) (4). Write the p-adic expansions of n and m respectively as

Œn�p D .n0; n1; : : : ; nl/ and Œm�p D .m0; m1; : : : ; ml/;

where l D blogp nc and mi D 0 for i D blogp mc C 1; : : : ; l . The group Sn con-
tains p-elements whose cycle type consists of exactly ni cycles of length pi , for
i D 1; 2; : : : ; l . By (3), let g be such an element of Xm. The set ¹1; 2; : : : ; mº be-
ing the union of hgi-orbits, we have mi � ni for every i D 0; 1; : : : ; blogp.n/c,
i.e., Œm�p � Œn�p.

Finally, assuming (4), from formula (2.2), it is straightforward to see that

vp.nŠ/ D vp.mŠ/C vp..n �m/Š/;

which is equivalent to (1).

Corollary 1. If any of the conditions (1)–(4) of Lemma 4 is verified, then the p-part
of n divides both m and n �m.

We consider now the case of imprimitive maximal subgroups. Any such sub-
group of An is the stabilizer of a partition of ¹1; 2; : : : ; nº into equal-sized subsets,
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and therefore it is isomorphic to the wreath product .Sd o Sn=d / \ An, for some
proper non-trivial divisor d of n, its index in An being

nŠ

.d Š/n=d � .n=d/Š
µ In;d :

As before, for convenience, we set Wd to be the stabilizer in An of the partition®
¹1; 2; : : : ; dº; ¹d C 1; d C 2; : : : ; 2dº; : : : ; ¹n � d C 1; n � d C 2; : : : ; nº

¯
:

We prove the analogous result of Lemma 4, which already appeared in [23,
Lemma 2] (see also [21, Lemma 3.2]).

Lemma 5. Let d be a proper non-trivial divisor of n. Then p − In;d , i.e., the im-
primitive maximal subgroup Wd contains a Sylow p-subgroup of An if and only if
one of the following is satisfied:

(i) either d is a p-power, or

(ii) n=d < p and Œn�p D n=d � Œd �p.

Proof. For convenience, we set l D n=d . Since In;d D jSn W Sd o Sl j, we prove
the lemma by considering the subgroupHd ´ Sd o Sl of Sn, instead ofWd inAn.

We first assume that Hd contains a p-Sylow subgroup of Sn, equivalently that
vp.nŠ/ D l � vp.d Š/C vp.lŠ/.

As d > 1, p divides nŠ
lŠ

, and therefore vp.nŠ/ > vp.lŠ/, showing that vp.d Š/ > 0,
i.e., d � p. We write

Œn�p D .n0; n1; : : : ; nu/;

Œd �p D .d0; d1; : : : ; dh/;

Œl �p D .l0; l1; : : : ; lk/:

Note that u D blogp nc is either hC k or hC k C 1. If u D hC k C 1, the group
Sn contains cycles of length phCkC1. Note that none of these p-elements belong
to Hd since, as phCkC1 > d , the support of such an element must meet at least
pkC1 blocks, which do not exist. Thus u D hC k. Assume now that k � 1, equiv-
alently that l � p. Consider a cycle of length phCk that lies in Hd . Such an el-
ement would cyclically permute pk blocks, and its support must be a union of
complete blocks; this shows that d divides phCk , i.e., condition (i) holds. Now let
k D 0, and show (ii), i.e., ni D l � di for any i D 0; 1; : : : ; u. Arguing by con-
tradiction, we set r to be the largest integer for which nr > l � dr (of course,
nu � l � du). The full symmetric group Sn contains p-elements which are prod-
ucts, for i running from r to u, of ni disjoint cycles of length pi each. However, for
similar reasons as before, such an element cannot stay in Hd , which contradicts
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the fact that Hd contains a Sylow p-subgroup. Therefore, we proved

ni � l � di for every i D 0; 1; : : : ; u: (2.3)

But then nu D l � du and, from this and equation (2.3), it is then straightforward
to prove ni D l � di for every i D 0; 1; : : : ; u.

Conversely, first assume condition (i), and let d D pr , so that the p-adic ex-
pansions of n and l D n=d are, respectively,

Œn�p D .0; : : : ; 0; nr ; : : : ; nu/

Œl�p D .nr ; : : : ; nu/;

where the first line starts with r zeros, n being divisible by pr .
We have

l � vp.d Š/C vp.lŠ/ D
n

d
�
pr � 1

p � 1
C

u�rX
iD0

nrCi
pi � 1

p � 1

D

u�rX
iD0

nrCip
i
�
pr � 1

p � 1
C

u�rX
iD0

nrCi
pi � 1

p � 1

D

u�rX
iD0

nrCi

�
pi
pr � 1

p � 1
C
pi � 1

p � 1

�

D

u�rX
iD0

nrCi

�
prCi � 1

p � 1

�
D vp.nŠ/:

Now assume (ii), and write Œd �p D .d0; : : : ; dh/ and Œn�p D .ld0; : : : ; ldh/. Thus

l � vp.d Š/C vp.lŠ/ D l �
X
i�1

di
pi � 1

p � 1
D

X
i�1

l � di
pi � 1

p � 1
D vp.nŠ/;

which completes the proof.

Lemma 5 has these easy but important consequences.

Corollary 2. Let d be a non-trivial proper divisor of n.

(1) If d is a p-power, then Wd contains Sylow p-subgroups of An, but not Sylow
q-subgroups for any other prime q ¤ p dividing n.

(2) If Wd contains a Sylow p1-subgroup, with p1 the smallest prime divisor of n,
then d is a p1-power and Wd does not contain any other Sylow p-subgroup
for p ¤ p1 dividing n.
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Proof. (1) Let d D pr , and let q be a different prime dividing n. Then q divides
n=d , forcing n=d � q. By the previous lemma, Wd cannot contain a Sylow q-
subgroup of An.

(2) If d is not a power of p1 and Wd contains a Sylow p1-subgroup of An, by
Lemma 5, we have n=d < p1, which is a contradiction since p1 is the smallest
prime divisor of n.

Proposition 2. Let n be different from a prime power. If n is odd, the maximal
intransitive subgroups of An are enough to produce a set of (maximal) subgroups
of An realizing �.An/. If n is even, there always exists a set of (maximal) sub-
groups realizing �.An/ consisting either entirely of intransitive subgroups or of
intransitive subgroups and the subgroup Wn=2.

Proof. Let H be a collection of maximal subgroups realizing �.An/. Assume that
H contains some primitive maximal subgroup R. By Lemma 3, the only prime
divisors of jAnj that do not divide the index of R are greater than or equal to
n � 2. Since n is not a prime power, we may replace this subgroup R with the
intransitive subgroup X1 in H .

Assume now that H contains some imprimitive maximal subgroup Wd , for
some proper non-trivial divisor d of n. By Lemma 5, if d is not a prime power, the
only primes r not dividing In;d are those for which n=d < r and Œn�r D n=dŒd �r .
Note that this implies Œd �r � Œn�r , and so, by Lemma 4, these primes r do not
divide

�
n
d

�
. As long as n ¤ 2d , we may therefore substitute Wd with Xd in H .

Suppose now that d is a prime power, say, d D pa. If paC1 j n, then note that,
in virtue of Lemma 5, the primes r not dividing In;d also do not divide In;dp;
therefore, the subgroup Wdp may take the place of Wd in H . Without loss of gen-
erality, we assume therefore that paC1 does not divide n. Of course, Wd contains
Sylow p-subgroups and possibly Sylow r-subgroups for those primes r such that
n=d < r and Œn�r D n=dŒd �r . As before, by Lemma 4, neither p nor any of these
r’s divide

�
n
d

�
, and again if n ¤ 2d , the subgroup Xd can substitute Wd in the

list H .

Example 1 below shows that, in some situations, the presence ofWn=2 is neces-
sary for H to realize �.An/.

We can now prove the already anticipated characterization of alternating groups
having indices covering number equal to two.

Theorem 1. Let n � 5. Then �.An/ D 2 if and only if n is a prime power.

Proof. One implication is obvious from the remark after Lemma 2.
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Let us assume that �.An/ D 2 and prove that n is a prime power. A direct
inspection of the Atlas [6] shows that �.A6/ D �.A10/ D 3; therefore, we as-
sume n � 12. Let A and B be two proper subgroups of coprime indices; in par-
ticular, we have An D AB . According to [16, Theorem D] up to changing A
with B , we have A ' Xm and that B is m-homogeneous (i.e., transitive on the
set of m-subsets of ¹1; 2; : : : ; nº), for some 1 � m � 5. By [8, Theorem 9.4B],
if m � 2, then either B is 2-transitive or m D 2 and ASL1.q/ � B � A�L1.q/,
with n D q � 3 .mod 4/, acting in the usual permutation representation on the
field of q elements. Since, in the latter case, we clearly have that n is a prime
power, we assume that B is 2-transitive and therefore primitive. Now B contains
a Sylow p-subgroup of An for any p dividing

�
n
m

�
, the index of A. Let p1 be the

smallest of these primes. If n � p1 � 3, we reach a contradiction by Lemma 3.
Therefore, n � p1 � 2, and the only possible situations arise when n D 7, p1 D 5
and m D 3 or 4, which is not the case as n � 12. Therefore, m D 1, A ' X1, and
B is a transitive subgroup whose index is coprime with n. By Lemma 3, B is not
primitive. ThenB is a transitive imprimitive subgroup isomorphic toWd , for some
proper non-trivial divisor d of n. By Corollary 2, n is a prime power.

In Lemma 2, we proved �.An/ � !.n/C 1. The following theorem shows that
the difference between �.An/ and !.n/ can be arbitrarily big.

Theorem 2. lim inf!.n/!1 �.An/ D 3:

We need a preliminary lemma in number theory.

Lemma 6. Let m D p1p2 : : : pk be the product of k distinct prime numbers pi .
For every i D 1; : : : ; k, let ai be the pi -adic value of mŠ, and choose any prime
number q which is congruent to 1 modulo pa11 : : : p

ak
k

. Then�
mq

m

�
� 1 .modpi / for every i D 1; : : : ; k:

Proof. Let p be any prime from the set ¹piºkiD1. By applying Lucas’ theorem (see,
for instance, [11]) we have�

mq

m

�
�

hY
jD0

�
.mq/j

mj

�
.modp/;

where
Œm�p D .m0; m1; : : : ; mh/;

Œmq�p D
�
.mq/0; .mq/1; : : : ; .mq/h

�
:
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By our choice of q, we have mq � m .modpa11 : : : p
ak
k
/ and .mq/j D mj for ev-

ery j D 0; 1; : : : ; blogp mc, while .mq/j � mj D 0 for j D blogp mc C 1; : : : ; h.
This implies

�
.mq/j
mj

�
D 1 for all j , and so

�
mq
m

�
� 1 .modp/.

Proof of Theorem 2. Let m and q be chosen as in the previous lemma, and let
n D mq. Of course, !.n/ D k C 1!1 when k !1.

By Lemma 6, the maximal subgroups Xm of Amq contain Sylow p-subgroups
for every prime p different from q that divides n. Therefore, the family

H D ¹X1; Xm;Qº;

whereQ is any Sylow q-subgroup ofAn, is made of subgroups of coprime indices,
proving that �.An/ � 3. Finally, Theorem 1 completes the proof.

Question A stated in the introduction, for the function � and the case of alter-
nating groups becomes:

Question A0. Is lim sup!.n/!1 �.An/ always finite?

Our analysis permits the following reformulation in terms of pure number the-
ory.

Question B. Given a positive integer n, let �.n/ be the smallest number such that

gcd
²�

n

m1

�
; : : : ;

�
n

m�.n/

�³
D 1 if n is odd;

gcd
²�

n

m1

�
; : : : ;

�
n

m�.n/

�
;
1

2

�
n

n=2

�³
D 1 if n is even;

where 1 � mi < n=2 for every i . Is it true that lim sup �.n/ < C1?

This seems to be quite a hard problem since it deals with the distributions and
the representations (in different bases) of prime numbers. We made some com-
putations with a program, considering values of n that are products of the first k
distinct primes, up to k D 10 (and so n � 6 469 693 230). Our data suggest that it
might be �.An/ � bk=2c � 1, but more evidence should be gathered.

The following example shows a particular situation when n is even.

Example 1. Consider n D 826 610 D 2 � 5 � 131 � 631 and d D n=2. Then we have

826 610 D 2 � 5C 4 � 52 C 2 � 53 C 2 � 54 C 4 � 552 � 56 C 2 � 58

D 22 � 131C 48 � 1312

D 48 � 631C 2 � 6312:
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Therefore, by Lemma 5, Wn=2 contains Sylow p-subgroups for p D 5; 131; 631.
The collection

H D ¹X1; Wn=2;H2º;

where H2 is a maximal subgroup containing Sylow 2-subgroups, satisfies condi-
tion (CI). By Theorem 1, we have �.An/ D 3.

Example 1 also suggests the following:

Question C. Are there infinitely many odd primes pi for which the subgroupWn=2
of An, for n D 2p1p2 : : : pk , contains Sylow pi -subgroups for all i D 1; : : : ; k?

Equivalently,

Question C0. Are there infinitely many odd primes pi for which the number
1
2

�
n
n=2

�
, for n D 2p1p2 : : : pk , is coprime with every pi?

Note that a positive answer to the above questions will provide a different proof
of Theorem 2.

3 Other finite simple groups

3.1 Classical groups of Lie type

We assume now that G is a finite simple classical group. We adopt the notation
of [12] and, by [12, Proposition 2.9.1], we let G be one of the following groups:

� PSLn.q/ for n � 2 and q � 7 when n D 2,

� PSpn.q/ for n � 2 even and q � 3,

� PSUn.q/ for n � 3, q � 9 a square,

� P�n.q/ for n � 7 odd and q � 3 odd,

� P�Cn .q/ for n � 4 even,

� P��n .q/ for n � 4 even.

Proposition 3. Assume that G is a finite simple classical group. Then Table 1 pro-
vides upper bounds for �.G/. In particular, we always have �.G/ � 4C 2!.n/.

Proof. The proof is based on a direct inspection of the indices of the maximal sub-
groups of the simple classical groups. The basic references are [12] when n � 13,
and [1] otherwise. Here we limit our exposition to n � 13 and treat in detail only
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G �.G/ � d

PSLn.q/ 2C !.d/C !.n/ gcd.n; q � 1/
PSpn.q/ 4C !.n=2/

PSUn.q/ 4C !.d/C !.n/ gcd.n; q C 1/
P�n.q/ 3

P�Cn .q/ 4C !.d/C !.n=2/ gcd.4; qn � 1/
P��n .q/ 4C !.n=2/

Table 1. Upper bounds for �.G/ when G is a simple classical group.

the case G D PSLn.q/; for the other groups, we just exhibit a list H of subgroups
having property (CI) and whose cardinality realizes the upper bound given in Ta-
ble 1. When n � 12, better bounds (and, in some cases, explicit computations) can
be found, according to the specific parameters of G.

Case G D PSLn.q/. The only maximal subgroups of G containing Sylow p-
subgroups, for p being the characteristic of the underlying field, are the maximal
parabolic subgroups, namely, the conjugates of the various Pi , for i D 1; : : : ; n.
We take P1 to be the stabilizer of a 1-dimensional subspace so that

jG W P1j D
qn � 1

q � 1
:

Now, for every odd prime p dividing n, we set Rp to be a maximal subgroup of
Aschbacher’s class C3 associated to the field extension Fqp of Fq . For the struc-
ture of Rp, as well as its order and properties, we refer the reader to [12, Propo-
sition 4.3.6], (or [10, 19]). Such a group Rp contains Sylow t -subgroups for the
various primes t such that p divides the order of q .mod t /, i.e., t dividing qp � 1.
Therefore, by taking all the Rp, for the primes p j n, we can cover every prime
dividing .qn � 1/=.q � 1/ and not dividing q � 1. In particular, we have

gcd.jG W P1j; jG W Rpj W p j n/ divides gcd
�
qn � 1

q � 1
; q � 1

�
:

Note that every odd prime s, dividing both .qn � 1/=.q � 1/ and q � 1, is neces-
sarily a divisor of n and so of d D gcd.n; q � 1/. In general, a Sylow s-subgroup
Qs is not contained in any of the Rp above (it does if and only if s2 − q � 1)
and, for this reason, we need to add at most !.d/ more subgroups (the Sylow
s-subgroups for s dividing d ). Finally, if necessary, we need to add to our list
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(a maximal subgroup containing) a Sylow 2-subgroup Q2. Then

H D ¹P1; Rp;Qs;Q2 W p j n; s j dº:

Case G D PSpn.q/. A list of subgroups having coprime indices is

H D ¹P1; A; B;Q2; Rp;Qs;Q2 W p j .n=2/º;

where

� P1 is the stabilizer of a point [12, Proposition 4.1.19],

� A and B are given by

A '

´
q�1
2
:PGLn=2.q/:2 2 C2 if q is odd [12, Proposition 4.2.5];

OCn .q/ 2 C8 if q is even [12, Proposition 4.8.6];

B '

8̂̂̂<̂
ˆ̂:
OCn .q/ 2 C8 if q; n=2 are even [12, Proposition 4.8.6];
O�n .q/ 2 C8 if q is even and n=2 is odd

[12, Proposition 4.8.6];
qC1
2
:PGUn=2.q/:2 2 C3 if q is odd [12, Proposition 4.3.7];

� Q2 is a Sylow 2-subgroup,

� Rp, for p j .n=2/, are maximal subgroups of class C3 [12, Proposition 4.3.10],
each containing Sylow t -subgroups for primes t such that the order of q2 .mod t /
is divisible by p.

Case G D PSUn.q/. The bound in Table 1 is reached by considering the follow-
ing list of subgroups having coprime indices:

H D ¹P1; S1; W;Q2; Rp;Qs W 2 ¤ p j n; s j dº;

where

� P1 is the stabilizer of an isotropic point [12, Proposition 4.1.18],

� S1 the stabilizer of a non-isotropic point [12, Proposition 4.1.4],

� W ' PSpn.q/:
.2;q�1/.qC1;n=2/

d
2 C5 when n is even [12, Proposition 4.5.6],

� Q2 is a Sylow 2-subgroup and Qs a Sylow s-subgroup, for s j d ,

� Rp, for odd primes p j n, is a maximal subgroup of class C3 (see [12, Proposi-
tion 4.3.6]), each containing Sylow t -subgroups of G for the primes t such that
the order of q .mod t / is divisible by the prime p.
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CaseG D P�n.q/, nq odd. A collection of three maximal subgroups having (CI)
is

H D ¹P1;H
C;H�º;

where
� P1 is the stabilizer of an isotropic point,
� HC ' �Cn�1.q/:2 is the stabilizer of a “plus” point [12, Proposition 4.1.16],
� H� ' ��n�1.q/:2 is the stabilizer of a “minus” point [12, Proposition 4.1.16].

Case G D P�Cn .q/. We may take

H D ¹P1;H;U;R2; Rp;Q2;Qs W 2 ¤ p j .n=2/; 2 ¤ s j dº;

where
� P1 2 C1 is the stabilizer of an isotropic point [12, Proposition 4.1.20],
� H is given by

H '

´
Spn�2.q/ 2 C1 if q is even [12, Proposition 4.1.7];
�n�1.q/:a 2 C1 if q is odd [12, Proposition 4.1.6];

where a 2 ¹1; 2º,
� U 2 C3 (see [12, Proposition 4.3.18]) containing Sylow t -subgroups for

2 ¤ t j .q C 1/ when 4 j n;

� R2 2 C3 when n=2 � 4 and n is even [12, Proposition 4.3.14],
� Rp 2 C3, for 2 ¤ p j .n=2/, when n=2 is not a prime [12, Proposition 4.3.14],

otherwise Pn=2 2 C1 if n=2 is an odd prime [12, Proposition 4.1.20],
� Q2 and Qs are respectively Sylow 2- and s-subgroups, for odd primes s j d .

Case G D P��n .q/. Here we take

H D ¹P1;H;Rp; R;Q2 W p j .n=2/º;

where
� P1C1 is the stabilizer of an isotropic point,
� H is given by

H '

´
�n�1.q/:2 2 C1 if q is even [12, Proposition 4.1.6];
�n�1.q/:a 2 C1 if q is odd [12, Proposition 4.1.6];

where a 2 ¹1; 2º,
� R ' qC1

.qC1;4/
:Ur.q/:Œ.q C 1; r/� 2 C3 when n=2 is odd [12, Proposition 4.2.18],
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� Rp, for primes p j n=2, are maximal subgroups of class C3 (see [12, Proposi-
tion 4.2.16]) containing Sylow t -subgroups of G for those odd primes t such
that the order of q .mod t / is divisible by p,

� Q2 a Sylow 2-subgroup.

We conclude the case of classical groups by noting that, contrary to what hap-
pens for alternating groups (Theorem 1), there exist classical simple groups having
indices covering number two, without having maximal subgroups of prime power
index. One example is the group PSL4.5/.

3.2 Groups of exceptional type

Let G be an exceptional simple group, namely, one of the following groups:

2B2.q/ with q D 22mC1 � 8;

G2.q/ with q � 3; 2G2.q/ with q D 32mC1 � 27;

F4.q/ with q � 3; 2F4.q/ with q D 22mC1 � 8;

3D4.q/, E6.q/, 2E6.q/, E7.q/ and E8.q/. Note that we need not treat 2B2.2/
(which is solvable),G2.2/ ' PSU3.3/:2, 2G2.3/ ' PSL2.8/:3 and 2F4.2/0, which
will be treated in Section 3.3.

Proposition 4. For every finite exceptional simple group of Lie type G, we have
�.G/ � 20.

Proof. Let p be a prime dividing jGj. If p is different from the characteristic of G
and p does not divide 2jW j, where W is the Weyl subgroup associated to G, then
every Sylow p-subgroup ofG lies in a Sylow d -torus, for a unique d , for which the
cyclotomic value ˆd .q/ divides jGj (see [19, Theorem 25.14]). Since exceptional
groups have bounded rank, the number of such d is bounded and therefore so are
the values of �.G/.

Table 2 provides reasonably good bounds for �.G/ whenG is one of the simple
groups of exceptional type. These results have been obtained by analyzing the
indices of the maximal subgroups of G; these have been classified in the papers
[13, 14, 17, 18, 22].

3.3 The case of sporadic groups

Table 3 provides the exact values of �.G/, for (almost all) the sporadic simple
groups G and the Tits group 2F4.2/

0. Indeed, for the groups Fi024, B and M , we
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G �.G/ � G �.G/ �

2B2.q/ 3 3D4.q/ 5

G2.q/ 3 E6.q/ 7
2G2.q/ 4 2E6.q/ 6

F4.q/ 4 E7.q/ 6
2F4.q/ 6 E8.q/ 14

Table 2. Upper bounds for �.G/ when G is an exceptional group.

G �.G/ !.jGj/ G �.G/ !.jGj/ G �.G/ !.jGj/

M11 2 4 Co3 4 6 B � 5 11

M12 3 4 Co2 3 6 M � 10 15

M22 3 5 Co1 5 7 J1 3 6

M23 2 6 He 3 5 O’N 5 7

M24 2 6 Fi22 3 6 J3 4 5

J2 3 4 Fi23 4 8 Ly 4 8

Suz 3 6 Fi024 � 5 9 Ru 4 6

HS 3 5 HN 5 6 J4 5 10

McL 3 5 Th 5 7 2F4.2/
0 3 4

Table 3. A comparison between �.G/ and !.jGj/ for sporadic groups and the
Tits group.

furnish an upper bound (which we think is probably the exact value of �.G/), as
the list of maximal subgroups of these groups is still incomplete. These results
have been obtained by a direct inspection in [6] of the maximal subgroups of G.

4 Normal primary coverings and the function 
0.G/

Given a finite group G, let G0 be the set of its primary elements, namely,

G0 D ¹g 2 G j jgj is a prime powerº:

Definition 1. A normal primary covering forG is a collection of conjugacy classes
of subgroups of G whose union contains G0.
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If G is a finite group which is not a cyclic p-group, we define 
0.G/ to be the
cardinality of a smallest normal primary covering for G, i.e., the smallest natural
integer such that

G0 �


0.G/[
iD1

[
g2G

H
g
i ;

for some proper (pairwise non-conjugate) subgroups Hi of G.
This definition is suggested by the analogous function 
.G/ (defined in [3])

as the smallest positive number of conjugacy classes of subgroups that covers all
of G.

The following lemma collects some basic facts about the function 
0.

Proposition 5. Let G be a finite group. Then the following holds.

(1) If G is a non-cyclic p-group, then 
0.G/ D 
.G/ D p C 1.

(2) If G is not a p-group, then 2 � 
0.G/ � �.G/.

Proof. (1) This is trivial from the definitions of the functions 
0 and 
 .
(2) The fact that 
0.G/ � �.G/ is immediate from the definitions of the two

functions. The fact that 
0.G/ � 2 is [9, Theorem 1], and it depends on CFSG.

Lemma 7. Let p be a prime divisor of n. Then any p-element of An acting fixed-
point-freely on ¹1; 2; : : : ; nº lies in a conjugate of the subgroup Wn=p.

Proof. Let p be odd (the proof for p D 2 is just a slight modification). Write
n D rp, and let � be a p-element that has no fixed points. Assume that � is
the disjoint product of cycles ci , for i D 1; 2; : : : ; h, and that each ci has order
p˛i so that it can be written as ci D .ai1; a

i
2; : : : ; a

i
p˛i
/. Since � acts fixed-point-

freely, we necessarily have n D
Ph
iD1 p

˛i , thus r D
Ph
iD1 p

˛i�1. Now, for every
j D 0; 1; : : : ; p � 1, we set

�j ´ ¹a
i
s j i D 1; : : : ; h; s � j .modp/º:

Note that j�j j D
Ph
iDi p

˛i�1 D r for every j and that � stabilizes the partition
¹�0; �1; : : : ; �p�1º. Since An acts transitively on the set of partitions of r-size
blocks, � lies in a conjugate of Wr .

Proposition 6. If n � 5 and n is either pk or prq, with p ¤ q, then 
0.An/ D 2.
In particular, 
0 and � are different arithmetic functions.
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Proof. The case n D pk is trivial by Proposition 5 (2) and Theorem 1.
Let n D prq. We construct a normal primary covering of cardinality 2 by taking

the subgroupsX1 andWpr . Indeed, any given primary element ofAn with no fixed
point is either a p-element or a q-element. In any case, it lies in a conjugate ofWpr
by Lemma 5 and Lemma 7.

When p and q are different primes we have 
0.Aprq/ D 2 and �.Aprq/ D 3:
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