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Quantitative estimates of strong unique
1 continuation for wave equations

15 S. Vessella®

20 Abstract

The main results of the present paper consist in some quantitative
23 estimates for solutions to the wave equation 9?u — div (A(x)V,u) = 0.
24 Such estimates imply the following strong unique continuation
25 properties: (a) if u is a solution to the the wave equation and w is
flat on a segment {xo} x J on the ¢ axis, then u vanishes in a neigh-
borhood of {z}xJ. (b) Let u be a solution of the above wave equation
29 in © x J that vanishes on a a portion Z x J where Z is a portion of
30 0 and w is flat on a segment {xg} x J, ¢ € Z, then u vanishes in a
31 neighborhood of {zp} x J. The property (a) has been proved by G.
32 Lebeau, Comm. Part. Diff. Equat. 24 (1999), 777-783.

34 Mathematics Subject Classification (2010) Primary 35R25, 35L;
35 Secondary 35B60 ,35R30.

37 Keywords Stability Estimates, Unique Continuation Property, Hy-
38 perbolic Equations, Inverse Problems.

P 1 Introduction

44 The strong unique continuation properties and the related quantitative esti-
45 mates have been well understood for second order equations of elliptic ([AE],
46 [A-K-S], [Ho1], [Ko-Tal]) and parabolic type ([Al-Ve], [Es-Fe], [Ko-Ta2]).
48 The three sphere inequalities [Lal, doubling inequalities [Ga-Li], or two-
49 sphere one cylinder inequality [Es-Fe-Ve| are the typical form in which such
quantitative estimates of unique continuation occur in the elliptic or in the
50 parabolic context. We refer to [Al-R-Ro-Ve] and [Vel] for a more extensive
53 literature on these subjects. On the contrary, the strong properties of unique
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continuation are much less studied in the context of hyperbolic equations,
[Le|, [Ma], [Ba-Za].

To the author knowledge there exits no result in the literature concerning
quantitative estimates of unique continuation in the framework of hyperbolic
equations. In this paper we study this issue for the wave equation

(1.1) Otu — div (A(x)V,u) = 0,

(div := 377 | 0y;) where A(z) is a real-valued symmetric n x n, n > 2,
matrix whose entries are functions of Lipschitz class and satisfying uniform
ellipticity condition.

The quantitative estimates of unique continuation for the equation (1.1)
represent the quantitative counterparts of the following strong unique con-
tinuation property. Let u be a weak solution to (1.1) and assume that

Stg? “u('at)H[ﬂ(Br) = CNTNa VN € N7 Vr < L,

where Cy is arbitrary and independent on r, J = (=7,T) is an interval of
R. Then we have
u=0 inlU,

where U is a neighborhood of {0} x J. The above property was proved by
Lebeau in [Le]. As a consequence of such a result and using the weak unique
continuation property proved in [H62], [Ro-Zu] and [Tal, see also [Isl], we
have that, if the entries of A are function in C*°(R") then v = 0 in the
domain of dependence of a cylinder Bs x .J, where B; is the ball of R", n > 2,
centered at 0 with a small radius . Previously the strong unique continuation
property was proved by Masuda [Ma] whenever J = R and the entries of the
matrix A are functions of C? class and by Baouendi-Zachmanoglou [Ba-Za]
whenever the entries of A are analytic functions. In both [Ma] and [Ba-Za),
the above property was proved also for first order perturbation of operator
O?u — div (A(z)Vu). Also, we recall here the papers [Che-D-Y], [Che-Y-Z]
and [Ra]. In such papers unique continuation properties are proved along
and across lower dimensional manifolds for the wave equation.

The quantitative estimate of strong unique continuation (in the interior)
that we prove is, roughly speaking, the following one (for the precise state-
ment see Theorem 2.1). Let u be a solution to (1.1) in the cylinder By x J
and let r € (0,1). Assume that

ey luls Ol 2gp,) <& and - Jul 0)lgagp,) < 1,

where € < 1. Then
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(1.2) G 0)ll 2,y < C Jlog ()]

where sy € (0,1), C' > 1 are constants independent of w and r and
(1.3) 0 = |logr| ™t

The estimate (1.2) are sharp estimate from two points of view:

(i) The logarithmic character of the estimate cannot be improved as it is
shown by a well-known counterexample of John for the wave equation, [Jol;

(ii) The sharp dependence of 6 by r. Indeed it is easy to check that the
estimate (1.2) implies the strong unique continuation for the equation (1.1)
(see Remark 2.2 for more details).

As a consequence of estimate (1.2) and some reflection transformation
introduced in [AE] we derive a quantitative estimate of unique continua-
tion at the boundary (Theorem 2.3). Also, we extend (1.2) to a first order
perturbation of the wave operator (Section 4).

One of the main purposes that led us to derive the above estimates is their
applications in the framework of stability for inverse hyperbolic problems
with time independent unknown boundaries from transient data with a finite
time of observation. Some uniqueness results has been proved in [Is2]. In
the paper [Ve2] the most important tools that are used to prove a sharp
stability estimate are precisely the strong unique continuation (at the interior
and at the boundary) for the equation (1.1). The quantitative estimate
of strong unique continuation was applied for the first time to the elliptic
inverse problems with unknown boundaries in [Al-B-Ro-Ve]. Concerning the
parabolic inverse problems with unknown boundaries such estimates were
applied in [C-Ro-Ve|, [CRoVe2|, [Dc-R-Vel, [Vel]. In both the cases, elliptic
and parabolic, the stability estimates that were proved are optimal [Dc-R]
and [Al] (elliptic case), [Dc-R-Ve] (parabolic case).

The proof of (1.2) follows a similar strategy and ingredients as the one
used in [Le]. In particular, in order to perform a suitable transformation of
the wave equation in a nonhomogeneous second order elliptic equation we use
the Boman transformation [Bo|, then, to the obtained elliptic equation, we
use the Carleman estimate with singular weight, [A-K-S|, [H61], [Es-Ve] and
the stability estimates for the Cauchy problem. The main difference between
our proof and the one of [Le| relies in the different nature of the results;
in our case the results are quantitative while in [Le| the results are only
qualitative. More precisely, in [Le| the parameter ¢ has the particular form

3
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e = Cnr" while in the present paper ¢ is a free parameter. An important
consequence of this fact is that we need to control very accurately how much
the error ¢ affects the growth of the solution to (1.1) in order to reach the
above sharpness character (i) and (ii).

The plan of the paper is as follows. In Section 2 we state the main results
of this paper, in Section 3 we prove the theorems of Section 2, in Section 4
we consider the case of the more general equation q¢(z)02u—div (A(z)V,u) =
b(z) - Vyu+ c(z)u.

2 The main results

2.1 Notation and Definition

Let n € N, n > 2. For any x € R", we will denote x = (2, z,), where

1/2
v =(ry,...,0,1) ER" 2z, € Rand |z| = (Z" £L‘2> . Given z € R™,

j=1"j
r > 0, we will denote by B,, B B, the ball of R”, R"! and R"*! of radius r
centered at 0. For any open set 2 C R™ and any function (smooth enough)
u we denote by V,u = (0y,u,---,0,,u) the gradient of u. Also, for the
gradient of u we use the notation D,u. If j = 0,1,2 we denote by Diu the
set of the derivatives of u of order j, so DYu = u, Dlu = V,u and D?u is
the hessian matrix {0,,,;u}7,;—;. Similar notation are used whenever other
variables occur and € is an open subset of R"~! or a subset R**!. By H(Q),
¢ = 0,1,2 we denote the usual Sobolev spaces of order ¢, in particular we
have H°(Q) = L?(Q).
For any interval J C R and €2 as above we denote by

W(J;Q) ={ueC’(J;H*(Q) : Ofue C° (J; H* " (Q)) £ =1,2}.

We shall use the letters C,Cy, C4,--- to denote constants. The value
of the constants may change from line to line, but we shall specified their
dependence everywhere they appear.

2.2 Statements of the main results

Let A(x) = {a¥ (x)}?jzl be a real-valued symmetric n x n matrix whose
entries are measurable functions and they satisfy the following conditions for

given constants pg > 0, A € (0,1] and A > 0,

(2.1a) MEP < A(z)e-€ < ATLEP,  for every z, € € R,
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A
(2.1b) |A(x) — A(y)| < p |z —y|, forevery x,y € R".

Let ¢ = g(x) be a a real-valued measurable function that satisfies
(2.2a) A <q(z) <At for every x € R,
A
(2.2b) lg(z) — q(y)| < " |z —y|, forevery x,y € R".
0
Let u € W ([—Apo, Apo); B,,) be a weak solution to

(2.3) q(2)07u — div (A(x)V,u) =0, in B,y X (=Apo, Apo).

Let 9 € (0, po] and denote by

1/2
(2.4) £:=  sup pa”/ u?(z,t)dx
te(—/\po,)\po) B

and

70

1/2
| DZu(z, 0)|2 dx) :

2.5) H - (Z |

Theorem 2.1 (estimate at the interior). Let u € W ([—Apo, A\pol; Bpy)
be a weak solution to (2.3) and let (2.1) and (2.2) be satisfied. There exist
constants sy € (0,1) and C > 1 depending on A and A only such that for
every 0 < ro < p < sopo the following inequality holds true

]

C (pop™)" (H + e2)

- o = g (T
where

_ log(po/Cp)
21) - log(po/ro)

The proof of Theorem 2.1 is given in section 3.
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Remark 2.2. Observe that estimate (2.6) implies the following property of
strong unique continuation. Let u € W ([—Apo, Apo]; B,,) be a weak solution
to (2.3) and assume that

w (i
te(—Apo,Apo) B

(2.8) u(-,t) = 0, for || + A sp[t] < sopo.

70

1/2
u?(z, t)dx) =0(r)), VN €N, as ry — 0,

then

It is enough to consider the case t = 0. If |ju(, 0)”1:2(13 ) = 0 there is
S0PO

nothing to proof, otherwise if

(2.9) ||u(-,0)||L2( ) > 0,

BSOPO

we argue by contradiction. By (2.9) it is not restrictive to assume that
H = ||u(-,0)||H2(BpO) = 1. Now we apply inequality (2.6) with g = Cyr,
N € N, and passing to the limit as ry — 0 we have that (2.6) implies

[ Ol 28y, ) < CsyON~YS YN e N,

by passing again to the limit as N — 0 we get, by (2.9), |lu(-,0)||;2(5,) =0
that contradicts (2.9).

In order to state Theorem 2.3 below let us introduce some notation. Let
¢ be a function belonging to C*! (B, ) that satisfies

(2.10) 6(0) = [V (0)] = 0
and

(2.11) ||¢||cl,1(3;,0) < Epo,
where

_ , 2 | H2
HQSHCLI(B;O) = “QZ)HLoo(B;)O) + 0 |V QbHLoo(B;)O) + 90 HDz'¢ ‘LM(B;J()) .
For any r € (0, po] denote by

K, :={(a',z,) € B, : x, > ¢(2')}

6
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and
Z = {(a,¢(z")) : 2" € B, }.
Let u € W ([—Apo, Apol; K,,) be a solution to

(2.12) Ofu — div (A(z)Veu) =0, in K, x (—=Apo, Apo),

satisfying one of the following conditions

(2.13) u=0, on Z x (=Apo,A\po)
or
(2.14) AV, u-v =0, on Z X (=Apo, A\po),

where v denotes the outer unit normal to Z.
Let ro € (0, po] and denote by

1/2
(2.15) = sup pg"/ u?(x,t)dx
te(*)\po,)\po) K,

and

70

1/2
| Du(z, 0)|2 dx) .

(2.16) H= (i " /

Theorem 2.3 (estimate at the boundary). Let (2.1) be satisfied. Let
u € W ([=Apo, Apo); Kpy) be a solution to (2.12) satisfying (2.15) and (2.16).
Assume that u satisfies either (2.13) or (2.14). There exist constants 3y €
(0,1) and C > 1 depending on A\, A and E only such that for every 0 < rq <
p < Sopo the following inequality holds true

PO

C (pop™") (H + ec)

(2.17) (-, 0}l 2y <

— 1/6
(7108 (225
where
= log(po/Cp)
2.18 = ="~
(2.18) log(po/70)
7
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The proof of Theorem 2.3 is given in section 3.2.

Remark 2.4. By arguing similarly to Remark 2.2 we have that estimate (2.17)
implies the following property of strong unique continuation at the boundary.
Let u € W ([=Apo, Apol; K, ) be a solution to (2.12) satisfying either (2.13)
or (2.14) and assume that

(i
te(—Apo,Apo) K,

u(x,t) =0, for x € K 1), t € (—Apo, Apo),
where p(t) =30 (po — A7 [t]).

1/2
u2(a:,t)dx> =O(r)), VN €N, as rp — 0,

0

then

3 Proof of Theorems 2.1 and 2.3

3.1 Proof of Theorem 2.1

Observe that to prove Theorem 2.1 we can assume that u(x,t) is even with
respect to the variable t. Indeed defining

u(x,t) + u(x, —t)
5 ;

us(z,t) =

we see that u, satisfies all the hypotheses of Theorem 2.1 and, in particular,
we have
uy(z,0) = u(x,0),

sup P /
tE(—)\po,)\PO) By,
2 .
(i
3=0 B

also, notice that the function of € at the right hand side of (2.6) is not
decreasing. Hence, from now on we assume that u(x,t) is even with respect
to the variable t. Moreover it is not restrictive to assume py = 1.

1/2
u? (z, t)dx) <eg,

0

and

1/2
| D2y (x, 0)‘2 dw) =H,

0]

In order to prove Theorem 2.1 we proceed in the following way.
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First step. After a standard extension of u(-,0) in H?(By) N H}(By) we
will construct, similarly to [Le|, a sequence of function {vg(z,y)}ren, with
the following properties:

(i) for every k € N the function vy, belongs to H?*(By) N H}(By), in addition
vk(x,y) is even with respect to the variable y € R,
(ii) the sequence {v(+,0)}ren approximates u(-,0) in L?*(By), more precisely
we have

[u(-,0) — UkHL?(Bl) < CHES.

Moreover, for every k € N the function vg(z,y) is a solution to the elliptic
problem,
q(x)vg + div (A(z)Vevr) = fi(z,y), in By xR,
||Uk('70)||L2(BT0) <eg,

where f; satisfies

1 fe( ) 2 < (Cly)*  Vk € N

Second step. Here we derive some stability estimates of Cauchy problem
for the above elliptic equation getting estimates vy, in the ball of R™*! centered
at 0 with radius ro/4, (Proposition 3.6). Then we use Carleman estimates
with singular weight (Theorem 3.7) for the elliptic equation and the above
estimate of [[u(-,0) — v 2(p,). Finally, we choose the parameter k and we
get the estimate (2.6).

FIRST STEP.

Let us start by introducing some notation and by giving an outline of the
proof of Theorem 2.1. Let @, an extension of the function uy := u(-,0) such
that a() € H? (BQ) N H& <B2) and

(3.1) |to|| 2(B,) < CH,

where C' is an absolute constant.
Let us denote by Aj, with 0 < A\ < Xy < --- < Aj < -+ the eigenvalues
associated to the Dirichlet problem

(3.2) { div (A(x)V,v) + wg(xz)v =0, in By,

NS Hol (Bg),

and by e;(-) the corresponding eigenfunctions normalized by

9
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(3.3) /B e (x)g(z)dr = 1.

By (2.1a), (2.2) and Poincaré inequality we have for every j € N

34) N = /B A(2)Vej(z) - Vye;(x)dr > c/\2/B e (x)q(x)dz = c\?

where ¢ is an absolute constant. Denote by

(3.5) a; = /B uo(z)ej(x)q(x)dx,
and let
(3.6) u(z,t) = Z aje;(x) cos \/At.

Proposition 3.1. We have
(3.7) > (1+X)a) <CH?,
7j=1

where C' depends on \, A only. Moreover, w € W (R; B2)NC° (R; H? (By) N Hy (Bs))
is an even function with respect to the variable t and it satisfies

q(2)0?u — div(A(z)V,u) =0, in By x R,
(3.8) u(-,0) =uy, in By,

8,(-,0) =0, in Bs.
Proof. By (3.2) and (3.3) we have

Ao :/B up(z)Ajq(x)e;(z)dr = —/B div (A(x)Vup(x)) ej(x)dx.

Hence, by (2.1), (2.2) and (3.1) we have

Z (1 + )‘3) O‘? = ||“0H%2(Bg;qu) + H—div (AV 1) < CH?,
j=1 q L2(Basqdz)
where C' depends on A\, A only and (3.7) follows. m

10
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Notice that, since u(-,0) = uy(-,0) and du(-,0) = 0 = dyu4(+,0) in By,
we have for the uniqueness to the Cauchy problem for equation (2.3), (see,
for instance, [Ev]),

(3.9) u(z,t) = uy(z,t), for|z|+ 27t < 1.

Let us introduce the following nonnegative, even function 1 such that

T (1 +4cosmt), for |t| <1
— 2 ’ —
(3.10) v(t) = { 0, for |t| > 1.

Notice that ¢ € Ct1) supp ¢ = [0,1] and

(3.11) /w(t)dt: 1.
Let
(3.12) 12(7') = /Rw(t)e”tdt = /Rw(t) cosTtdt, T € R.

~

Since ¢ has compact support, ¢ is an entire function. By (3.11) we have
‘12(7')‘ < /¢(t)dt =1, for every 7 € R,
R
and
~ d2 "
‘TQw(T)‘ = ’—/Qﬁ(t)@ cosﬁdt‘ = ‘—/w (1) COSTtdt‘ < 72, for every 7 € R,
R R

hence we have

(3.13) ‘{/J\(T)‘ < min {1,7°77*}, for every T € R.
Let
(3.14) I(t) = 414N, t € R,

In the following proposition we collect the elementary properties of ¢ that
we need.

11
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Proposition 3.2. The function 9 is an even and positive function such that
ﬁECll,suppﬁ—[ 4,4} Jeo(t)dt =1, 19() ¢(%) and

3. V()| dt = 8\

(315) Jona=s

(3.16) ‘@(7)‘ < min {1,167*(7A)*}, for every T € R,
2

(3.17) ‘%)—1‘3 (%) . for % <T

(3.18) % <I(r), for |Z- g%.

Proof. We limit ourselves to prove property (3.17) and (3.18), since the other
properties are immediate consequences of (3.12), (3.13) and (3.14). We have

(3.19) 91| < /_11 (s) (1 ~ cos (%)) ds.

Now, if s € [-1,1] and |27| < Z then

1 — cos AST < A7 2
4 —\ 4 ’

Hence by (3.19) we get (3.17). Finally (3.18) is an immediate consequence

of (3.17) O
As usual, if f,g € L'(R), we denote by (f * = o f(t —s)g(s)ds.
Moreover we denote by f**) := f« f**=1 for k > 2 Where f =f.

Let us define
(3.20) D) := (kO(kt))*™ | for every k € N.

Notice that ¥, > 0, supp 9, C [—%, %] fR Ur(t)dt = 1, for every k € N and

~ ~ k
(3.21) V(1) = <19(k_17)> , for every k € N, 7 € R.

12
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Moreover, by (3.17) we have

(3.22) lim (1) = 1, for every 7 € R.

k—4o00

For any number p € (0,1] and any k € N let us set

(3.23) Pk = (U * p)
where
(3.24) eu(t) =p "9 (p~'t), for every t € R.
We have supp ¢, C [ (“4+1) OLH)], @ure > 0and [; o, k(t)dt = 1.

Now, let us define the following mollified form of the Boman transforma-
tion of u(z,-), [Bo],

(3.25) p(x) = / (s ) p(t)dt, for 7 € By,
R
Proposition 3.3. Ifk € N and . = k=5 then the following inequality holds
true
(3.26) (-, 0) = Ty kll o, < CHEY®,

where C depends on A only.

Proof. Let u € (0,1]. By applying the triangle inequality and taking into
account (3.11) and (3.24) we have

(3.27) Hu<7 0) - ﬂﬂ:k<‘)‘|L2(31) <

/\u/4 2 1/2
/ da:/ —u(z,t)|" p,(t)dt +
B, Au/4
u+1)/4 1/2
/ d$/ u(x,t)] dt lon = Pl 2@y =11 + Lo
By Ap+1)/

In order to estimate I; from above we observe that by the energy inequality,
(3.1), and taking into account that d,u(z,0) = 0, we have

13
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0, (x, 1) da < / (|0c(z, t)” + |V, a(z, t)[*) de <

B2 BZ

< x?/ (10,(z, 0)2 + [V, 0)) da < CH?,
By

where C' depends on A only. Therefore

Ap/4 2 AM Ap/4 )
/ Opi(z, n)dn| < 7/3 dm/ |Oyu(z,m)|" dn < CH?p.
0 1 0

_712§2/ dz
B1

Hence

(3.28) I, < CHp,

where C' depends on A only.
Concerning [, first we observe that by using Poincaré inequality, by
energy inequality, and by (3.1) (recalling that p € (0,1]), we have

Ap+1)/4 A/2
(3.29) / dt | |z, ) de < / dt [ |z, b)) do <
“Mp+1)/4  JB -2 JBy

/2
< 0/ dt | |Vu(x,t)] de < CH?,

—)/2 By

where C' depends on A only.
In order to estimate from above [/, — @kl 12y We recall that ©,(7) =

~ ~ ~ k
Y (pr) and @, x (1) = IH(pr) (ﬂ(k‘%)) , hence the Parseval identity and a
change of variable give

330 2llpn = pualloe =+ [ | (T )" - 1'2 )

By (3.16), (3.17) and (3.18) and by using the elementary inequalities 1—e™* <

z, for every z € R, and logs < s — 1, for every s > 0, we have, whenever

AT 1
dpk | — V27

~ k ~ _ )\27_2
) <1 — -1 — 1 _ pklogd((uk) L) <
(331)  0<1 (19((%:) T)> 1—e < Sar

14
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Now let § € (0,1] be a number that we shall choose later and denote
= 255, By (3.30), (3.16) and (3.31) we have

-~

(37 - 1\2 9(r)

2
dr+

1
(332) 27 lloy — Puklliem = _/
K Jir<p
1 oy ) i
v [ (R ) -1
H Jir|>p

1 272\ 2 1 3272\ 2 1
<= dr + = dr < C (K36 + —— ),
T /T|<B (8u2k) T 0 /|T>5 (AW) "= ( - 5%4165)

where C' depends on A only. If z2k%° > 1, we choose § = (u2k%)~/* and by
(3.32) we have

~5/8
(3-33) HSDu - ‘Pu,kHB(R) <C (k3/5ﬂ2) )
where C' depends on A only. Hence recalling (3.29) we have
~5/8

(3.34) I, < CH (K p?)
By (3.27), (3.28) and (3.28) we obtain

~ —5/8
(3.35) (-, 0) = Tl oy < CH (s (K202) %)

Now, if o = k™5, k > 1 then (3.35) implies (3.26). O

From now on we fix 11 := k=5 for k > 1 and we denote

(336) ﬂk = ﬂmk.

Let us introduce now, for every k& € N an even function g, € C'(R)
such that if |z| < k then we have g(2) = cosh z, if |z| > 2k then we have
gr(z) = cosh 2k and such that it satisfies the condition

(3.37) 91 (2)| + 1g.(2)| + |gi(2)| < ce®*, for every z € R,
where ¢ is an absolute constant.

The following proposition is the main result of this first step.

15
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Proposition 3.4. Let

(3.38) wi(z,y) Zajgouk< )gk <y\/_> ej(x) , for (x,y) € By x R.

We have that vi(-,y) belongs to H? (By) N Hy (By) for every y € R, vi(x,y)
is an even function with respect to y and it satisfies

’ vk (+,0) = U, in By.
and
(3.40) ”Uk('aO)HLZ(B,.O) <e.
where

(3.41)  fi(z,y) = Zkamﬂk< )( (y\/_‘>‘9k<y\/_)>

Moreover we have

(3.42) Z 1070k (- y) || 23 (y) < CHE™, for every y € R,

(343) (/i) s < CH min {1, (4mA o)™}, for cvery y € R

where C' depends on X\ and A only.

Proof. First of all observe that

Pk (\/)\_J>

For the sake of brevity, in what follows we shall omit k from wy.
In order to prove that v(-,y) € H? (By)NH} (By) fory € R, let M, N € N
such that M > N and let us denote by

(3.44)

< lemrlloiw = 1.

(3.45) Viun(z,y) Z ;Onk ( >9k (Z/\/_> ej(x

j=N+1

16
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By (3.37) and (3.44) we have, for every y € R,

A / Vo Vi (2, )P de < / A@)Va Vi (2, 9) - VaVarx (@, y)da =
B2 By

M

= > < . A(x)Vaej(z) - vva,N(x,y)dx> Bk (\/@ O @\/A—j) o =

j=N+1

= i A0 P <\//\_]> Ir (y\//\_]> < ce't g: Ajal.

j=N+1 j=N+1
Therefore, since Vs n(-,y) € Hy (B2) we have
M
(3.46) ||VM,N(-,y)||§I6(BZ) < cet* Z )\ja?, for every y € R.
j=N+1
The inequality above and (3.7) gives
HVM,N(‘>ZJ)”H5(BQ) — 0, as M, N — oo, for every y € R,

hence v € H} (Bs).
In order to prove that v € H? (By), first observe that by (3.37), (3.44)
and (3.45) we have

M
|div (AV Vi) ]\%2(32) <eatett Z A2a?, for every y € R,
Jj=N+1

then by the above inequality and standard L? regularity estimate [G-T| we
obtain

(3.47) 1DV (5 )72y <

M
< O|ldiv (AVeVarn) 1725, < €** Z A2a7, for every y € R,
J=N+1

where C' depends on A and A only. Hence v € H?(B,). Moreover by (3.7),
(3.46) and (3.47) we have

(3.48) [0 ) llz2Ba) + IVav (o 9) |22y + 1DZ0 () |22 () <
< CHe*, for every y € R,

17
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where C' depends on A and A only. Similarly we have d,v(-,y), ;v (-, y), 0, V,v(-,y) €
L2 (BQ) and

(3.49) Z 109D 70 (-, y) || r2(py) < CHe™, for every y € R,

where C' depends on A and A only.

By (3.38) we have immediately that the function v is an even function.
Moreover by straightforward calculations it is simple to check that v satisfies
(3.39) and (3.41). Inequality (3.49) and (3.48), yields (3.42). By (3.38) we
have immediately that the function v is an even function and it satisfies
(3.39).

Concerning (3.40), we have by ||zl L1 (r) = 1, by Schwarz inequality, by
(2.4) and by (3.25),

Hvk(-,o)Hi2(3TO) :/B |tk (2)] do <

A1)/ )
S/ / lu(x, )" dz | pur(t)dt < 2.
A1)/ \J By

Concerning (3.43), first observe that by the definition of g we have that

y\/_—gky\/_—OforlyI\/A_<kand\g (yv/N) — gely/A5)| <

ce% for |y|\/A; > k. Hence, taking into account (3.16) and (3.21), we have,
for every y € R and for every k € N,

(3.50)

ar(v/A))

< ce*

k*l

k
X{y:\yl\//\_jzk} =
yl A > k’} < ce?* min {1, (47T/\_1|y|)2k} .

Aj)

< ce® sup {‘19

By (3.42) and (3.50) we have

- 1/2
2%
15 (5 9) |28 < ce® min {1, (4\/§7T/\_1|3/|> } <§ :/\?O‘JQ) , for every y € R.
=1

By the above inequality and by (3.7) we obtain (3.43).
0

18



O©CoO~NOOOITA~AWNPE

SECOND STEP.

In what follows we shall denote by ET the ball of R™! of radius r centered
at 0. In order to prove Proposition 3.6 stated below we need the following
Lemma.

Lemma 3.5. Let r be a positive number and let w € H? (§r> be a solution

to the problem

{ q(m)aﬁw(m,y) + div(A(z)V,w(z,y)) =0, in ér,

(3.51)
oyw(-,0) =0, in B,,

where A satisfies (2.1) and q satisfies (2.2).
Then there exist 5 € (0,1) and C > 1 depending on A and A only such
that

1-8 B
(3.52) / w?drdy < C </ w2dxdy) r/ w?(z,0)dr | .
Er/él ~T B’V‘/2

Proof. After scaling, we may assume r = 1. By [Al-R-Ro-Ve, Theorem 1.7]
we have

359 ullas <€ (lolaga) ~ (Relego,)

where C' and B € (0,1) depend on A and A only. Now, by the interpolation

inequality, the trace inequality and standard regularity for elliptic equation
[G-T] we have

2/3
(3.54) 0725, ) < CllwlZ,

< Ol e, o 10l ) < N, 10l

1/3

||IUHH3/2(BU2)

where C" depends on A and A only. By (3.53) and (3.54) we get (3.52) with
B=2 O

Proposition 3.6. Let vy, be defined in (3.38) and let ro < 4. Then we have

B 1-3
(3.55) ||vk||L2(§m/4)gom(e+ﬁ(coro)%) (H62k+ H(COTO)%) _

where 3 € (0,1), C' depend on X and A only and Cy = dweX™.

19
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Proof. Let wy, € H? (Er()) be the solution to the following Dirichlet problem

(3.56) { q(:c)c‘?;wk +div (A(z)Vwg) = fr, in Em,

w =0, on 8§T0.

Notice that, since fj is an even function with respect to y, by the uniqueness
to the Dirichlet problem (3.56) we have that wy, is an even function with
respect to y.

By standard regularity estimates we have

(3.57) lwella(,,) + ol Vaywello(s,) < Crillfill s,

where C' depends on A only. By the above inequality and by the trace in-
equality we get
(3589) Ol o, ) <
~1/2 1/2 3/2
<C (To / ||wk||L2(§TO) +r ||Vz,ywk||L2(§T0)> < Crd ||fk||L2(§T0)a

where C' depends on A only.
Now, denoting

(359) 2 = VU — Wg,

by (3.43), (3.40), (3.57) and (3.58) we have

(3.60) et O)ll2(s,, ) < €+ CroH (Coro)™*
and
(3.61) Vb5, < Cro/*H (e + 18 (Coro)™)

where C' depends on A only.
Now by (3.56) we have

q(2)05 2 + div (A(2)Veze) =0, in ETO,
Oyzi(+,0) =0, on B,

hence by applying Lemma 3.5 to the function z; and by using (3.42), (3.59),

(3.60) and (3.61) the thesis follows. O
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In order to prove Theorem 2.1 we use a Carleman estimate with singular
weight, proved for the first time by [A-K-S]. In order to control the depen-
dence of the various constants, we use here the following version of such a
Carleman estimate that was proved, in the context of parabolic operator, in
[Es-Ve]. First we introduce some notation. Let P be the elliptic operator

(3.62) P = q(x)0; + div (A(z)V,).

Denote

(3.63) o(a,y) = (A (0)z -z + (q(0) ' 4?) ",

(3.64) BY = {(z,y) eR" i o(z,y) <r}, r>0,
Notice that

(3.65) éf&r C B, C E;’/ﬁ , for every r > 0.

Theorem 3.7. Let P be the operator (3.62) and assume that (2.1) and (2.2)
are satisfied. There exists a constant C, > 1 depending on A and A only such
that, denoting

(3.66a) o(s) = sexp </OS eC*#dn) :
(3.66b) 6(z,9) = & (o(z.9)/2V2).

for every v > C, and U € C§° (E;’\A/C* \ {O}) we have

(3.67) T / 012 (2,y) |V, Ul dady + 73 / S (2, y)UPdady <
Rn+1 R

n+1

< C*/ 6* ¥ (2, y) | PU|? dady.
R+

Conclusion of the proof of Theorem 2.1

Set
. \/XTO
16

r
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by (3.55) we have

(368) okl 25, ) < CVTSE,
where C' depends on A and A only and
. 21\ ? 2k ok 178
(369) Sk =le+ H (017"1) He + H (017'1) s
where C7 = 16Cy/ VA, recall that Cj has been introduced in Proposition 3.6.
Denote
So(r) == p(r/2VA) , for every r > 0
and /3
A
R = )
C,

Let us consider a function h € CZ (0, dy (2R)) such that 0 < h < 1 and

h(s) =1, for every s € [0y (2r1),00 (R)],
h(s) =0, for every s € [0,0¢ (r1)] U [do (3R/2),d0 (2R)],
ri W (s)| + 77 [R"(s)] < ¢, for every s € [0y (r1), 0o (2r1)] ,
|R'(s)] + |h"(s)] < ¢, forevery s € [0y (R),d (3R/2)],

where ¢ is an absolute constant.
Moreover, let us define

C(z,y) =h(6(z,y)).

Notice that if 2r < o(z,y) < R then ((z,y) = 1 and if o(z,y) > 2R or
o(z,y) <ry then ((z,y) = 0.

For the sake of brevity, in what follows we shall omit k& from vy and f;.
By density, we can apply (3.67) to the function U = (v and we have, for
every 7 > C,

(3.71) T/~
B,
<C | Ty |fPC+C [ 8T (a,y) PSS v+

o o
B2R BQR

+C 0272 (2, ) |Vayvl* [Vay (P = I + I + I,

Ro
B2R

5 (1, ) [V (GO + 7 / 51 () o <

o
B2R
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where C' depends A and A only.
Estimate of ;.
Notice that

2 2 2 2
a1y VEEEE <5 ) < EVITHY

20, = 5 for every (z,y) € Ba,

where Cy > 1 depends on A and A only.
By (3.43), (3.65) and (3.72) we have

(3.73) / 527 (2,y) |f] Cdady < / (2Caly|™) 1P dady <

o
BY e, By

: /2 {(202|y|—1)—2+27

2

2

|f(w,y)|2d:c] dy < CH? / (2Cly| ™)) T (Coly)) ™ dy,

B> —2

where C' depends on A and A only.
Now let k£ and 7 satisfy the relation

-1
(3.74) <k
2
By (3.73) and (3.74) we get
(3.75) I < CH?(Cs)*,

where C3 = 2C,C5.

Estimate of I
By (3.42) and (3.68) and (3.71) we have

I, < Crf4/~ - 8272 (z, y)v dady + C/~ - 8272 (z, y)widady <
Bg, \B?, Bir/2\B

< C(ri?67° () Sy + e H?*6; T (R)) |

hence (3.72) gives

(3.76) L, < C (057 (r)S; + e H?6y ' (R))

Estimate of I3
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By (3.71) we have

(3.77) I3 < Cri2637% () [ V) dody+

By, \Bg,

|Vl dady.

ar/2 \BR

B

+C5?(R) /

Now in order to estimate from above the righthand side of (3.77) we use the
Caccioppoli inequality, (3.42), (3.43) and (3.68) and we get

v2d;1:dy—|—/ FPdxdy | +
\B® Bg, \BZ

r1/2 r1/2

(3.78) I3 < 0(53_2T(r1) (rf4/~
B

o
4rq

|Vl dady <

SR/ \B%

B

+C(58_27(R)/
S C <S]3 + H2 (Clrl)4k) 6071727(7,1) + CH2€4I€6372T<R) — E

Now let r; < % and let p be such that %%1\ < p< \% and denote by

7 = v/ A\p. By estimating from below trivially the left hand side of (3.71) and
taking into account (3.78) we have

3719 8@ [ Vel 45T [ WP <L+ L+T

BZ\Bg, BZ\BY,,

Now let us add at both the side of (3.79) the quantity

06(P) | IVayul 0T (0) [ 0P
Bg,, BS,,
by using standard estimates for second order elliptic equations and by taking

into account that o(p) > do(r1), we have
380 [ Vel + [ <8 @) (1 L+ L),
BZ BZ

where C' depends on A and A only.
Now by (3.72), (3.75), (3.76), (3.78) and (3.80) it is simple to derive that
if (3.74) is satisfied then we have

(3.81) p2/~ |Vx,yv|2+/v v <
B)xp B/\p

<C|s? (50@ )HZT + H2CE (5"@ )HQT] ,

50(7“1) 50(R)
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where Cy > 1 depends on A and A only.
Now, by applying a standard trace inequality and by recalling that v(-,0) =
ug(-,0) in By (where uy, is defined by (3.36)) we have

(3.52) [t s
Byp/2
B 5 ()5) 1+271 (50(@ 1427
<C 152(0 ) Lok [ 20P)
=P 176\ Golr) 4\ 6o(R)
By Proposition 3.3, by (3.69) and (3.82) we have, for r; < g
(383) p [ 0 <O (Hig + H) 4
B/\p/2
do(p) )HZT - So(p)\' "
+C |CE ( =P8 4 2ok :
* \ do(r1) *\ do(R
where

5 (ﬁ) 1427
172 0 k, .48k
Hkﬂ- =H (50(7”1)) 05’/’1 .

and C, C5 depend on A, A only.

Now let us choose 7 = WT_I. We have that (3.74) is satisfied and by
(3.72), (3.83) we have that there exist constants Cs > 1 and ky depending
on X\ and A only such that for every k > ko we have

(3.84) p/ Ju(-,0)* < CsHY [(wal)wkéf“r (Cop)*™ + k713
Bypy2

where
€

H,=H de = .
1 +ec and e 0+ ee

Now, let us denote by

— log 4
k.= 1
{2logr1} +h

where, for any s € R, we set [s] ;= max{p € Z: p < s}. If k < ko we choose
k = k so that by (3.84) we have, for p < 1/Cg,

0 r1 1/3
oo aecon(m (1))
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where

 log(1/Cyp)
2log(1/r)"

Otherwise, if & < ko then multiplying both the side of such an inequality by
log(1/Csp) and by (3.86) we get 0y log(1/e1) < kolog(1/Cgp). Hence

(3.86) to

(H + eg)?P% < (Cgp)~2PRog?%,

By this inequality and by (2.5) we have trivially

(387) [l 0 < (4 eef? =
B)\p/Z
(H + 66)2(1—690)52590 S (H + 65)2(1_’300)(CGp)_QﬁkOSQBQO.

Finally by (3.85) and (3.87) we obtain (2.6). [

3.2 Proof of Theorem 2.3

First, let us assume A(0) = I where I is the identity matrix n x n. Following
the arguments of [AE] or [Al-B-Ro-Ve| we have there exist pi, pa € (0, po]
such that Z—é, Z—i depend on A, A, E only and we can construct a function

® € CY(B,,(0),R") such that

(3.88a) ® (B,,) C B,,,
(3.88b) O(y',0) = (¥, 0(y)), foreveryy € B,
(3.88¢) ®(Bf) C K,,

(3.88d) Cil'ly—z| < |@(z) — ®(2)| < Cily — 2|, for every y,z € B,,,

(3.88¢) Cyt < |detD®(y)| < Cy,  for every y € B

P2

(3.88f) |detDP®(y) — detD®(z)| < Csly — 2|, for every y,z € B,,,

where C,Cy,C3 > 1 depend on A\, A, E only.
Denoting
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A(y) = [detDO(y)[(DD™) (R (y)) A(2(y) (D2 ™)"(D(y)).

(3.89) v(y,t) = u(®(y), 1),

we have

(3.90a) A(0) =1

(3.90b) a*(y,0)=a"(y,0)=0,k=1,...,n— 1.

Moreover, we have that the ellipticity and Lipschitz constants of A depend

on A, A, E only. For every y € B,,(0), let us denote by A(y) = {as(y)}7=1
the matrix with entries given by

a”’ (v, |lyal) = a7y, lyal), ifeither i, j € {1,....,n—1},ori=j=n,
A" (Y, yn) = @" (Y, yn) = sgn(y)@ (Y lyal), 1<) <n—1L
We have that A satisfies the same ellipticity and Lipschitz continuity condi-

tions as A.
Now, if u satisfies the boundary condition (2.13) then we define

U(yat) = Sgn(Qﬂ)”(?/? ’yn’7t)7 fOf (y>t) € sz X (_)‘p2>)\p2)7

q(y) = |detDO(y', |yn])|, for y € B,,,
we have that U € W ((=Ap2, A\p2); B,,) is a solution to

(3.91) G0V — div (A(y)VU) =0, in By, x (—Aps, Apa).
Moreover, by (3.88d) we have that
K.je, C® (B) C K¢y, for every r < po.

Now we can apply Theorem 2.1 to the function U and then by simple changes
of variables in the integrals we obtain (2.17). In the general case A(0) # I
we can consider a linear transformation G : R® — R" such that setting

A(Gzx) = %?GG* we have A’(0) = I. Therefore, noticing that

B, € G(B,) C B =,, foreveryr >0,

it is a simple matter to get (2.17) in the general case.
If u satisfies the boundary condition (2.14) then we define

V(y,t) = v/, yal,t), for (y,t) € By, X (=Ap2, Ap2),

and we get that V is a solution to (2.12). Therefore, arguing as before we
obtain again (2.17).00
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4 Concluding Remark - A first order pertur-

bation

In this subsection we outline the proof of an extension of Theorems 2.1, 2.3

for solution to the equation

(4.1) q(2)0}u — Lu =0, in B,, X (—=Apo, Apo).
where
(4.2) Lu = div (A(z)V,u) + b(x) - Vu + c(z)u,

and A, ¢ satisfy (2.1), (2.2), b = (b',---,0") ¥ € C¥(R"), ¢ € L=(R").

Moreover we assume

(4.3a) lb(x)] < A 1pyt,  for every » € R”,
A n
(4.3b) |b(x) — b(y)| < P |z —y|, forevery z,y € R".
0
and
(4.4) le(x)| < X tpy?,  for every x € R™.

In what follows we assume py = 1.
First of all we consider the case in which

(4.5) b=0
and we set
(4.6) Lou = div (A(z)Vu) + c(x)u,

Let us denote by A;, with Ay < -+ <A, <0< Ay < -+

the eigenvalues associated to the problem

Lov +wq(x)v =0, in B,
(A7) { 0 q(x) 2

UEHI(BQ),

and by e;(-) the corresponding eigenfunctions normalized by

28
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(4.8) /B e?(x)q(x)dx =1.

In this case the main difference with respect to the case considered above is
the presence of non positive eigenvalues \; < --- < \,,. In what follows we
indicate the simple changes in the proof of Theorem 2.1 in order to get the
same estimate (2.6) (with maybe different constants sy and C'). Let € and H
be the same of (2.4) and (2.5)

Likewise the case ¢ = 0, the proof can be reduced to the even part u.
with respect to ¢ of solution u of equation (4.1). Moreover denoting again by

(4.9) Uz, t) = Z aje; () cos /A,

it is easy to check that instead of Proposition 3.1 we have
Proposition 4.1. We have
(4.10) S+ + M) of <Ol

J=1

where C' depends on A\, A only. Moreover, u € W (R; B)NC® (R; H? (By) N Hy (Bs))
is an even function with respect to variable t and it satisfies

q(x)0%u — Loyu =0, 1in By x R,
(411) ﬂ(, 0) = a07 m BQ,
atﬂ(', O) = O, m Bg.

Similarly to (3.9), the uniqueness to the Cauchy problem for the equation
q(x)0?u — Lou = 0 implies

u(z,t) = uy(z,t), for|z|+ 27t < 1.
Likewise the Section 3 we set
ﬂk = ﬂﬁyk,

where 71 := k=5, k> 1 and U, is defined by (3.25). In the present case we
set, instead of (3.38),

(4.12) velz,y) == v (@, ) + 07 (2, y),
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where
(4.13a)
y) =D Gk (i\/ |/\j|) cos (\/ |>\j|y) ej(x) , for (z,y) € By x R
j=1
(4. 13b)

T,y Z %%Lk( >gk(y\/_>ej , for (z,y) € By x R.

j=m+1

and gi(z) is the same function introduced in Section 3, in particular it satisfies
(3.37).
Instead of Proposition 3.4 we have

Proposition 4.2. Let vy be defined by (4.12). We have that vi(+,y) belongs
to H' (By)NH] (By) for everyy € R, vy (z,y) is an even function with respect
to y and it satisfies

(4.14) { a0y - div(A(2)Vovr) = fu(z,y), in By x R,
Og(+,0) = Uy, in Ba.

and

(4.15) 06 )l (5, < &

where

(116 filry) = >0 A sk (V) (9 (5v/%) = 06 (s/) ) esta).

j=m+1

Moreover we have

(4.17) Z ||8Jvk Y) || r2-i(py) < CeV M for every y € R,

(4.18) [ fuCs )l z2my) < C'He?* min {1, (47r)\_1\y])2k} , for every y € R,

where C' depends on X\ and A only.

Instead of Proposition 3.6 we have
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Proposition 4.3. Let vy, be defined in (4.12). Then there exists a constant
c, 0 <c <1, depending on X only such that if ro < ¢, we have
(4.19)

B 1-8
okl (5, 0y < Cvoe™Y ™ (24 H (Coro)™ ) (He + H (Coro)™)

where 8 € (0,1), C depend on X\ and A only and Cy = 4me\™".

With propositions 4.1, 4.2, 4.3 at hand and by using Carleman estimate
(3.67), the proofs of estimates (2.6) and (2.17) are straightforward, whenever
(4.5) is satisfied.

In the more general case we use a well known trick, see for instance [La-O],
to transform the equation (4.1) in a self-adjoint equation. Let z be a new

variable and denote by Ag(z, 2) = {agj (x, z)}l(jill) the real-valued symmetric
(n+1) x (n + 1) matrix whose entries are defined as follows. Let n € C*(R)
be a function such that n(z) = z, for z € (—1,1), and |n(2)| + |7'(z)| < 27!

af)j(:v,z) :af)j(x), if Za] € {1,...,71},
ag" (2, 2) = )"V (2, 2) = m(2)b(x), Hf1<j<m,
a(()n-i—l)(n-i—l) (l’, Z) _ KO

where Ky = 8\73 + 1. We have that A, satisfies
MolCl? < Ag(z,2)¢ - ¢ < M C)?, for every ¢ € R™!
and
|Ao(z,2) — Aoy, w)] < Ao (|z —y| + |2z —w]|), for every (z,2), (y,w) € R*™!
where )\ depends on A only and Ay depends on A, A only. Denote
LU :=div, , (Ao(z, 2)V,.U) + c(x)U

It is easy to check that if u(z,t) is a solution of (4.1) (pp = 1) then
U(z,z,t) := u(x,t) is solution to

q(2)02U — LU =0, in By x (=, \).

Therefore we are reduced to the case considered previously in this sub-
section and again the proofs of estimates (2.6) and (2.17) are now straight-
forward.
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