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ABSTRACT. We consider a nonlinear model for electrical conduction in biological
tissues. The nonlinearity appears in the interface condition prescribed on the cell
membrane.

The purpose of this paper is proving asymptotic convergence for large times to
a periodic solution when time-periodic boundary data are assigned. The novelty
here is that we allow the nonlinearity to be noncoercive. We consider both the
homogenized and the non-homogenized version of the problem.
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1. INTRODUCTION

We study here a problem arising in electrical conduction in biological tissues with the
purpose of obtaining some useful results for applications in electrical tomography, see
[4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14]. Our interest in this framework is mo-
tivated by the fact that composite materials have widespread applications in science
and technology and, for this reason, they have been extensively studied especially
using homogenization techniques.

From a physical point of view our problem consists in the study of the electrical
currents crossing a living tissue when an electrical potential is applied at the boundary
(see [17], [19], [22], [25], |29]). Here the living tissue is regarded as a composite
periodic domain made of extracellular and intracellular materials (both assumed to be
conductive, possibly with different conductivities) separated by a lipidic membrane
which experiments prove to exhibit both conductive (due to ionic channels in the
membrane) and capacitive behavior. The periodic microstructure calls for the use of
an homogenization technique. Among the wide literature on this topic, we recall for
instance [1], [2], [3], [15], [16], [18], [20], [21], [28], [30], [31], [32], [33], [34]. As a result
of the homogenization procedure we obtain a system of partial differential equations
satisfied by the macroscopic electrical potential u, which is the limit of the electrical
potential u. in the tissue as € (the characteristic length of the cell) tends to zero.
Different scalings may appear in this homogenization procedure and they are studied

in [9] and [13]. We study here further developments of the model proposed in [4],
1
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[5], [7], 9], [12], [11], [13], where the magnetic field is neglected (as suggested by
experimental evidence) and the potential u. is assumed to satisfy an elliptic equation
both in the intracellular and in the extracellular domain (see, (2.1) below) while, on
the membranes it satisfies the equation

a0 [ue]\ .
ga[ue]—i-f( . )—UVUE'VE

where [u.] denotes the jump of the potential across the membranes and o*Vu, - v,
is the current crossing the membranes. From a mathematical point of view a big
difference does exist between the case of linear f and the nonlinear case, as already
pointed out in [13] and [14].

At least in the linear case, the asymptotic behavior of the potentials u. and wu is
crucial in order to validate the phenomenological model employed in bioimpedance
tomography devices, which currently relies on the use of complex elliptic equations,
see [10]-]12].

Motivated by the previous considerations, in [14] and in this paper we investigate the
behavior as t — 400 of the nonlinear problem introduced in [13].

In [14], we proved that, if periodic boundary data are assigned and f is coercive in
the following sense

feci(R), f'(s)>k>0, Vs € R, (1.1)

for a suitable k > 0, then the solution of the e-problem converges as t — +o0
to a periodic function solving a suitable system of equations. In that case such a
convergence was proved to be exponential. A similar asymptotic exponential behavior
was proved for the solution of the homogenized problem. Similar results in different
frameworks can be found in (23], [24], [26], [27].

It is important to note that in [10]-[12]|, where f is linear, our approach was based
on eigenvalue estimates which made it possible to keep into account (as far as the
asymptotic rate of convergence is concerned) both the dissipative properties of the
intra/extra cellular phases and the dissipative properties of the membranes. Namely,
we looked at the eigenvalue problem associated to the static version of our problem
(3.1)—(3.5) where f(s) = xs. The relevant eigenvalue is positive and bounded from
below uniformly in € if ¢° or s are positive. This allows us to obtain a differential
inequality for the L2-norm of the solution u. in space, which implies its exponential
asymptotic decay, again uniformly in e.

Instead, in the nonlinear but coercive case (i.e., in [14]), we proceed by exploiting
the coercivity of f, hence the electrical properties of the intra/extra cellular phases
do not appear in the rate of convergence. Indeed the eigenvalue approach, which is
peculiar to the linear case, cannot be applied here due to the lack of good comparison
results. Thus the differential inequality mentioned above can rely only on the coercive
dissipative effect of f (i.e., the exponential decay rate vanishes as k — 0).

If f is not coercive we must drop the approach via differential inequalities applied in
[10]-]12] and in [14]. Instead we assume f to be monotone increasing and we proceed
via a Liapunov-style technique so that the rate of convergence is not quantified.
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The paper is organized as follows: in Section 2 we present the geometrical setting
and the nonlinear differential model governing our problem at the microscale €. In
Section 3 we prove the decay in time of the solution of the microscopic problem.
Finally, in Section 4 we prove the decay in time of the solution of the macroscopic
(or homogenized) problem, providing also the differential system satisfied by such
asymptotic limit.

2. PRELIMINARIES

Let £2 be an open bounded subset of R™. In the sequel v or 7 will denote constants
which may vary from line to line and which depend on the characteristic parameters
of the problem, but which are independent of the quantities tending to zero, such as
€, 0 and so on, unless explicitly specified.

2.1. The geometrical setting. The typical geometry we have in mind is depicted
in Figure 1. In order to be more specific, assume N > 2 and let us introduce a
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OO OLOLOLOLOLOOLOLO®

FIGURE 1. On the left: an example of admissible periodic unit cell Y =
EyUFE>UTI in R?. Here E; is the shaded region and I is its boundary. The
remaining part of Y (the white region) is Eo. On the right: the corresponding
domain 2 = 27 U 25 U I'*. Here (2} is the shaded region and I'® is its
boundary. The remaining part of {2 (the white region) is 25.

periodic open subset E of RY, so that E+z = F for all z € Z". For all € > 0 define
2 =0nNekE, 25 =02\ cE. We assume that {2, F have regular boundary, say of
class C™ for the sake of simplicity, and dist(1®,02) > ~e, where I'* = 0(25. We also
employ the notation Y = (0,1)Y, and B, = ENY, B, =Y \E, ' =0ENY. As a
simplifying assumption, we stipulate that £ is a connected smooth subset of Y such
that dist(I,0Y) > 0. We denote by v the normal unit vector to I" pointing into FEs,

so that v.(z) = v(e 'x).
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For later use, we introduce also the conductivity

o, ifyeE,
o(y) = and oo = |E1|oy + | Es|os,
(y) {02 ity € By, 0 = |Ei|oy + |Es|oy

where 1, 0y are positive constants, and we also set o°(z) = o(e~'x). Moreover, let
us set
GQ(Y) ={u:Y\I' = R |upg €CE\), ug, € C*(E,), and u is Y — periodic},
for every 0 < k < 400, and

Xi(Y):={ue L*(Y) | yg, € H'(E\), wg, € H'(E,), and v is Y — periodic} .
More generally, the subscript # in the definition of a function space will denote
periodicity with respect to the first domain, in such a way that the extended function
remains (locally) in the same space.
We set also

Xl(.QE) = {u S L2(.Q) | u)os S Hl(Qi), U|0s € Hl(Qg)} .

We note that, if u € X;(Y) then the traces of ug, on I', for ¢« = 1,2, belong to
HY2(T'), as well as u € X'(f2) implies that the traces of ujos on I'%, for i = 1,2,
belong to H'Y?(I*).

2.2. Statement of the problem. We write down the model problem:

—div(c*Vu.) =0, in (27U 825) x (0,7); (2.1)
[0°Vu - v.] =0, on I'* x (0,7); (2.2)
%%[ue]ij([u;]) =0°Vu, - Ve, on I'* x (0,7); (2.3)
[ue] (Iv O) = Ss(x) ) on I'%; (24)

us(x) = ¥(z,t), on 92 x (0,7), (2.5)

where ¢ is defined in the previous subsection and o > 0 is a constant. We note that,
by the definition already given in the previous section, v. is the normal unit vector
to I'® pointing into (25. Since u. is not in general continuous across I™* we set

e

o/ = trace of ug g on I'* x (0,7); ug) := trace of ugo; on I'° x (0,7).

Indeed we refer conventionally to 2] as to the interior domain, and to (25 as to the
outer domain. We also denote

[ue] = u® —uM) .

Similar conventions are employed for other quantities, for example in (2.2). In this
framework we will assume that

i) S.e HY*(Ire), i) /Sf(x) do < e, (2.6)
FE

where the second assumption in (2.6) is needed in order that the solution of system
(2.1)-(2.5) satisfies the classical energy inequality. (see (3.1) in [14]).
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Moreover, f : R — R satisfies

fecCYR), (2.7)
f is a strictly monotone increasing function, (2.8)
f(0)=0, (2.9)
f'(s) = do, for a suitable dy > 0 and V/|s| sufficiently large. (2.10)

The previous assumptions imply also
f(s)s > A\is® — Agls], for some constants A; > 0 and \y > 0. (2.11)

Notice that the results presented in this paper hold also in a more general case, namely
if we replace condition (2.10) with the assumption that f~! is uniformly continuous
in R, for example when f(s) = s+ sins.

Finally, ¥ : {2 x R — R is a function satisfying the following assumptions

i) WL (RH(2);
i) VU, €L (R H(2); (2.12)
iii) W(w,-) is l-periodic ~ for a.e. z € 2.

Existence and uniqueness for problem (2.1)—(2.5) has been proved in [8|. Moreover, by
[14, Lemma 4.1 and Remark 4.2] it follows that the solution u. € C°((0,T]; X*(12.))

and [u.] € C°((0,T); L*(I"?)), uniformly with respect to &, and [u.] € C°([0, T; L*(I)),
but with non uniform estimates.

3. ASYMPTOTIC CONVERGENCE TO A PERIODIC SOLUTION OF THE e-PROBLEM

The purpose of this section is to prove the asymptotic convergence of the solution of
problem (2.1)—(2.5) to a periodic function u# when ¢t — +o00. The function u¥ is, in
turn, a solution of the system

—div(c°Vu?) =0, in (22U 6%) x R; (3.1)
[c°Vu? - 1] =0, on I'* x R; (3.2)

#
g%[uf] +f ([u; ]) = (0c°Vu¥ -v.), on I°x R; (3.3)
u? (2, t) = V(z,t), on 012 X R, (3.4)
u¥(z,-) is 1-periodic, in (2. (3.5)

Indeed, this problem is derived from (2.1)-(2.5) replacing equation (2.4) with (3.5).
The rigorous definition of weak solution of (3.1)—(3.5) is standard (see for instance
[14, Definition 4.13|

As a first step we will prove the following result.

Proposition 3.1. Under the assumptions (2.7)—~(2.10) and (2.12), problem (3.1)-
(3.5) admits a solution uf € CY([0,1]; X' (£2.)).
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Proof. For § > 0, let us denote by fs(s) := f(s) + s, for every s € R, and consider
the problem

—div(c*VuZ;) =0, in (025 US%) x R; (3.6)
[UEVuji; ‘v =0, on I'* x R; (3.7)

0 u?
ga[ufé] + fs ([ 5’5]> = UEVufi; Ve, onl*® xR, (3.8)
ufi;(x, t) =V(x,t), on 012 x R; (3.9)
uji;(x, -) is 1-periodic,  in f2. (3.10)

For any positive € and 9, the previous problem admits a unique time-periodic solution
because of the results already proved in [14].

On the other hand, multiplying equation (3.6) by ufé — W, integrating by parts on
(2 x [0, 1], using the periodicity and taking into account equations (3.7)—(3.9), we get

1 1 # 1
€ U €
//%|vujf5|2dxdt+//f5 ([ ;’5]> [ufé]dadtS//%W\Ddedt. (3.11)
0 N 0 Ie= 0 N

Finally, using (2.11) we obtain

// |Vu€6|2d:):dt+// ]?do dt<// |V\If|2dxdt+—A2|F€| (3.12)

07re

Multiplying now equation (3.6) by ue, 5. — Vi, integrating by parts on (2 x [0, 1], using
the periodicity and taking into account equations (3.7)—(3.9), we get

o | (o ()
= / / [uﬁ&f do dt + / fs 6’ [uji;’t] do dt
0re 0re
1 1 . 1 .
< //aevuj;v\ptdxdt < //%|vuj5|2dxdt+//%W\ptpdxdt
0 0 0

1 1
g//“—|W\2dxdt+iA§|F€|+//U—\V\Ift\2dxdt, (3.13)
2 2 2
0 N 0N

where we used (3.12). Notice that the second integral on the left-hand side is equal
to zero by periodicity and trivial integration. Hence

1 1 1
- # 12 o 2 o 2 € \2ipe
— dodt < — |V, |*dxd — |V |[*dedt + —X\5|17°].
o [ Jutipacas [ [Zwupasas [ [ Zvupasar oxgir
0 Ie 0 N 0 N

(3.14)
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Inequalities (3.12) and (3.14), for € > 0 fixed, yield the weak convergence of ufé and
VuffiS in L2(§2 x (0,1)), i = 1,2, and respectively the strong convergence of [ufé]
in L?(I"° x (0,1)), for § — O Since all the functions u#(S are 1-periodic, denoting as

usual with u# the limit of u? s we have that the same periodicity holds true for u?.
Moreover we can pass to the limit, as 0 — 0, in the weak formulation of problem
(3.6)—(3.10), thus obtaining that uffE is a 1-periodic solution of problem (3.1)—(3.5),
under the assumptions (2.7)—(2.10) and (2.12).

Differentiating formally with respect to ¢ (3.6)—(3.9), multiplying the first equation
thus obtained by (u? uls, — V) and finally integrating by parts, we obtain

1 1
//%\Vuff&fdxdtﬁ//%|V\Ift\2dxdt.
0 £ 0 0

Since the estimates above are uniform in §, we have that u¥ belongs to the class
claimed in the statement. O

Given € > 0, it remains to prove the asymptotic convergence of the solution wu. of
(2.1)-(2.5) to uf, for t — +o0.

Theorem 3.2. Let ¢ > 0 be fized and let u. be the solution of problem (2.1)—(2.5).
Then, for t — 400, u. — uf in the following sense:

Jm lue(-,8) = uZ (- 1) 122y = 0; (3.15)
lim ||[Vue(-,t) — VuZ (-, 8) || 2(2) = 0; (3.16)
t—+o00

Jm el (- 1) = W] ) 2re) = 0. (3.17)

Proof. Setting r. := uf — u., we obtain that r. satisfies

—div(e*Vr.) =0, in (27U 25) x (0,+00); (3.18)

[0°Vre v =0, on I'* x (0,+00); (3.19)

g%[m] + g-(z,t) [T;] =0o°Vr. - v., on I'¥ x (0,400); (3.20)
[re](z,0) = [u(x,0)] — S.(z) =: Ag(x), on ['%; (3.21)

re(z) =0, on 02 x (0,400); (3.22)

where

7 ([“E] <x,t>) i [u.](2. ) = [u?] (. 1),

if [ue) (2, ¢) # [uf](z, 1),




8 M. AMAR, D. ANDREUCCI, AND R. GIANNI

so that g.(z,t) > 0, and S.(z) still satisfies assumption i) in (2.6) because of (3.12)
and (3.14). Multiplying equation (3.18) by r. and integrating by parts we have

/ﬂwﬁngfmmqw+/%@ﬁmﬁw:0 (3.23)

£
9] Ie Ie

Equation (3.23) implies that the function t — 2 [, [r.(z,t)]* do is a positive, decreas-
ing function of ¢; hence, it tends to a limit value 7. > 0 as t — +00. We claim that
the value 7. must be zero. Otherwise, for every ¢t > 0, %frf [re(z,t)]*do > 7. > 0.

On the other hand, setting IZ (t) := {z € I'"* : [r.(z,t)]* < 25@‘35‘}, we have that

g /1 Vxxﬁﬂ2d72?§, vt > 0. (3.24)
P\IE, (1)

Indeed, by definition,

7. < %/[Ta(l’, t)]*do = % / [re(z,1)]* do + % / [ro(z,t)]* do
Ie Po\IE (1) IE (1)
«a 9 o TE Q 9 T.
< - / [re(x,t)]*do + = 2all7] |5 ] < - / [ro(x,t)]"do + 5
PeIT, () Ie\IE (t)

which implies (3.24). Moreover, we have that, on 1'°\ I': (), g-(x,t) > x > 0, where
X is a suitable positive constant depending only on (7., ¢, a, [I"¢|) (this last result
follows from assumption (2.8)—(2.10)). Hence, using (3.23), it follows

% ﬁ/m@@ﬁw g—/ @)1 (2 2 do

2e €
re Ie\IE_(t)

1 T
< - - HPde < ——<x<0. (3.25
<-x [ Zh@oPdes-fx<o. (32)
r=\I% (1)
Inequality (3.25) clearly contradicts the asymptotic convergence in t of the function

t—= 2 [.[re(z,t)]* do, hence

lim = /[ra(a:,t)]z do=0. (3.26)

t—+o0 £
FE

In particular, this gives (3.17). Integrating (3.23) in [£,00) and taking into account
(3.26), we get

“+oo
//ﬂwﬁmag%/m@m%m (3.27)
P 0 e
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which implies

t—+00

—+o00
lim //05|Vr€\2dxdt:0. (3.28)
9]

Condition (3.28) guarantees that for every positive 1 there exists a £(n) > 0, such

that
+o0o
/ /UE‘V’/‘EPdLL’dt <n,
i(n)

which, in turn implies that, for every natural number n, there exists a t,, € (£(n) +
n,t(n) + (n + 1)), such that

/ o°|Vr.(z,t,)*dz < 7. (3.29)
9]

Now, we multiply (3.18) by 7., and integrate in (2, so that

/U'SVraVra,t(x, t)dz + g /[Ta,t(if, t)]* do + / gE(Z’t) [re(z,t)] [res(z,t)]do =0,

02 Ie Ie
(3.30)
which implies
92 (SL’, t) 2
/O’ VreVre doe < / [re]“do. (3.31)
20

Moreover, integrating (3.31) in [t,,, t*] with t* € [t,,, ¢, + 2] and using (3.29), we have

2

€ L
sup | [ S| <30% sp (2 [ln@opds| . men.

2
tE€[tn, tn+2] A7 ety +00)

Since t, 41 — t, < 2, the intervals of the form [t,,t, + 2], when n varies in IN, are
overlapping; hence, we obtain

€ L2

sup /U—|V7’E(z,t)|2d:£ <74 ~3 Sup g/[713(:5,15)]2 do | . (3.32)
teff+1,400) 2 ~ 2 te[t,+00) 5F5

Because of (3.26) the integral in the right-hand side of (3.32) can be made smaller

-1 .
than 7 (5—;) , provided t is chosen sufficiently large in dependence of . This means
that

sup / T\ Vre(z, )P de | <, (3.33)
te[t+1,+00) 2
so that
lim [ o°|Vre(z,t)]?de=0. (3.34)
t—4o00

N
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In particular, this gives (3.16). Finally, Poincare’s inequality together with (3.26)
and (3.34) yield

t——+00

lim /|r€(a:,t)\2d:c =0, (3.35)
Q

which gives (3.15). O

Remark 3.3. More in general, the previous procedure allows us to prove that solutions
of (2.1)-(2.5) having different initial data satisfying (2.6) but the same boundary
condition tend asymptotically one to the other (such convergence being exponential
if f is coercive in the sense of (1.1)). O

Remark 3.4. Observe that, thanks to previous remark, Theorem 3.2 implies unique-
ness of the periodic solution of problem (3.1)~(3.5) in C ([0, 1]; X" (£2.)). O

4. ASYMPTOTIC DECAY OF THE SOLUTION OF THE HOMOGENIZED PROBLEM

The aim of this section is to prove asymptotic decay of the solution of the homogenized
problem. To this purpose, let (u,u')e L*(0,T); H'(£2)) x L*(£2 x (0,T); X4(Y)) be
the two-scale limit of the solution wu. of problem (2.1)—(2.5), where the initial data S.
satisfies the additional condition that S. /e two-scale converges in L?(£2; L*(I')) to a

function Sy such that Si(z,-) = S|p(z, ) for some S € C(£2;CL(Y)), and
g\?2
liII(l)E/ (f) (x)do = //Slz(x,y) dodz. (4.1)
re QT

We recall that, under these assumptions, by [13, Theorem 2.1], the pair (u,u!) is the
weak solution of the two-scale problem

—div | ooVu + /avyul dy | =0, in 2 x (0,T); (4.2)
Y

—div,(cVu +oV,u') =0, in 2x (EyUEy) x(0,7); (4.3)

[o(Vu+ Vu')-v] =0, on 2xI'x(0,T); (4.4)

a%[ul] + f([u]) =c(Vu+Vyuu') v, on2xI x(0,T); (45)

[u'](z,y,0) = Si(z,y), on 2 x I (4.6)

u(z,t) = V(x,t), on 02 x (0,7); (4.7)

in the sense of the following definition.
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Definition 4.1. A pair (u,u') e L*(0,T); H'(£2)) x L*(£2x (0,T); X4(Y)) is a weak
solution of (4.2)—(4.7) if

/T / / o (Vu+Vyu') (Vo +V,@) dydedt + /T / / F([w'))[®] do dz dt
a]// stioirat—o [ [wsianizo.

for any function ¢ € C°(0,T; Hy(£2)) and any function ® € C°([0,T]; L*(£2; X4 (Y)))
with [®,] € C°([0,T7]; L*(2 x I')) which vanishes at ¢t = T'.
Moreover, u satisfies the boundary condition on 0f2 x [0,7] in the trace sense (i.e.

u(x,t) = ¥(x,t) a.e. on 02 x (0,7T)) and u' is periodic in Y and has zero mean value
in Y for a.e. (x,t) € 2 x(0,T) (see [14, Definition 5.1]).

For later use, let us define
| (RC 1), B GO = 1Rlleoqoagm oy + 17 |eogo,1:22(0xv))
+ [IVyhH leo o1 c22xvy) + IR Mleoqo, L2 oxryy » - (4.9)
where (h, h') € C°([0,T; H'(£2)) x C°([0, T]; L*(£2; X4(Y))), and
1, EOT == IRl ) + [ 2 oxyy + IV R [ z2eoxyy + IR | 22oxry ,  (4.10)

where (h,h') € H'(£2) x L2(2; XL(Y)).
As in the previous section, first we prove that there exists a time-periodic weak
solution of the two-scale problem

—div [ oo Vu® + /vaul’# dy | =0, in 2 x R; (4.11)
Y

—div, (o Vu? + oV, u"#) =0, in 2x(E;UEy) xR; (4.12)

[o(Vu? + Vyul’#) v =0, on 2 xI'xR; (4.13)

aﬁt[l# + f (W'#]) =o(Vu# + Vyu'#) v on 2 x I'x Ry (4.14)

[u'#](z,y, ) is 1-periodic, on 2 x I} (4.15)

u(x,t) = U(z,t), on 92 X R; (4.16)

in the sense of the following definition.

Definition 4.2. A pair (v¥, v'#) € C5 ([0, 1]; H'(£2)) x C%([0, 1]; L*(£2; X4 (Y')) with
vi#] e L%(0,1; L*(2 x I')) is a time-periodic weak solution (with period 1) of
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(4.11)—(4.16) if

///U (V7 (2,1) + Vv (2,9, 1)) (Vo(z,t) + V, (2, y,t)) dydedt

+///ﬂwﬂameawmmmw
R

—a/// VY (z,y,1)] [(ID(:L" y,t)]dodzdt =0 (4.17)

for every (¢, ®) € CO(R; H}(£2)) x CO(R; L*(£2; X4(Y)), [®4] € L*(R; L*(2x I")) and
vh# has zero mean value in Y for a.e. (z,t) € 2 x R and v# satisfies (4.16) in the
trace sense (see [14, Definition 5.7]).

Remark 4.3. We note that by a standard approximation of periodic testing functions
with functions compactly supported in a period, the weak formulation (4.17) can be
equivalently rewritten as

///“ (Vv (2, t) + Vyvi 7 (2, 9,1)) (Vo(z,t) + V,(z,y,1)) dydedt

1

+ [ [ [ g ey ) do dedr

0 QT
/ 0
—a/// VY (2, y, 1) ]8_[ (z,y,t)]dodxdt =0
0o QT

for every (¢, ®) € C([0,1]; Hg(£2)) x C([0,1]; L*(£2; X4(Y)), [®4] € L (0,15 L*(£2 x
F)) Hence, when it is more convenient, we replace compactly supported testing
functions with 1-periodic testing functions. O

Proposition 4.4. Under the assumptions (2.7)-(2.10) and (2.12), problem (4.11)-
(4.16) admits a 1-periodic in time solution.
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Proof. For § > 0, let us denote by fs(s) := f(s) + s, for every s € R, and consider
the problem

—div | oo Vul + /avyué’# dy | =0, in 2xR;
Y

(4.18)

—divy(oVu + oV,u;*) =0, in 2 x (EyUEy) xR;
(4.19)

[0(Vul + Vyug®)v] =0, on 2x I xR;
(4.20)

0 # 1,#

sy 1+ fi ([0 #]) = o(Vuf + Vyuy®) v, on 2x T x R;
(4.21)
[uy*](x,y, -) is 1-periodic, on 2 x I'; (4.22)

ul (z,t) = U(z,t), on 02 x R;
(4.23)

where u;™ has zero mean value on Y for a.e. (z,t) € 2 x R.
Since f5 has a strictly positive derivative on R, by the results proved in [14, Section

5], a unique periodic solution (u},u;®) of problem (4.18)- (4.23) does exist, i.c.
(uf, uy™) satisfies

///a Vu(; :)st)+Vu5 (z,y, ))(Vqs(g; t)+ V,®(z,y,t)) dydzdt
0 2 Y

*/1 / / f(fug® (2, y.4))[@(x, y.1)] do dz dt

—a///[u§’#(z,y,t)]%[@(z,y,t)] dodzdt =0, (4.24)

for every (¢, ®) € CL([0, 1]; Hj(£2)) x C5.([0,1]; L*(£2; XL(Y)), [®¢] € L2(0,1; L*(£2 X
I')) (recall Remark 4.3). Moreover uy® has zero mean value in Y for a.e. (z,t) €

2 x R and u} satisfies (4.23) in the trace sense. By (4.24) we get that (u,uy™)
satisfies an energy estimate, easily obtained replacing (¢, ®) with (u}éﬁ — \I/,u(1; #),
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which implies

1 1
///—|Vu5 + Vuy 7| dydxdt+///f(s([u;’#])[u;’#]dadxdt
0 0 2 r
1
:///%|V\If\2dydxdt, (4.25)
0 Y

where we take into account

1
1 8
0 = 5 / P dr=o, (4.26)
0 0

which is a consequence of the periodicity of ué’#
From (4.25), working as done in (3.11)—(3.12) of Section 3 and taking into account
(2.11) we get

1 1
///o—\vu?+vyu6#| dydxdt+///Al[u(y#]?dadxdtgy, (4.27)
0 Y 0 2 r

where 7y is a constant depending on )\1, A2, |F | and the H'-norm of V.
Replacing (¢, ®) in (4.24) with (uét \I/t,uét ), by (4.27), (2.11) and taking into
account the fact that

1 1
1[0
/ (Vuf + Vyuy ™) (Vu, + Vyusf) dt = 5 / a\vué + Vyuy#2dt =0

0
and, denoting by Fj a primitive of fj,

1

1
///fa([ué’# %t dO'dxdtz///aF‘S u5 dadxdt_o
0 r

0 2 r

because of the periodicity, we get

1
a///uﬁ dodrdt <7, (4.28)
0
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where, again v depends on Aj, Ay, |[I'| and the H'-norms of ¥ and ¥,;. From (4.27),
we obtain

1
//|vuj§\2dxdt§7, (4.29)
0

1
///|Vyu(1;’#|2dydxdt§7. (4.30)
0 Y

Indeed,

1 1

\Vyué’#(x,y,t)|2dydxdt+//\Vu?ﬁdxdt
2

/ 0
/

(4.31)
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In order to be able to pass to the limit & —> 0 We need a formulatlon with vanishing
boundary data. To this purpose we set 1)6 = u(S U clearly 1)6 satisfies

—div | oo Vv7 + / oVug®dy | = div (o, VV) | in 2x R;
Y

(4.32)

—divy(eVv} +oV,uy®) =0, in 2 x (EyUE;) x R;
(4.33)

[0(Vof + Vuy )] = —[oVT -], on 2xI'x R;
(4.34)

0 L4 .

aat[ 1+ fs ([us™] oo (Vo + Vyuy®) v+ 0o,V v, on 2x ' x R;
(4.35)

[ug#] (x,y,-) is 1-periodic, on 2 x I';
(4.36)

v?(:c,t):O, on 02 x R,
(4.37)

or, in the weak form,

/// V1) + Vyuy (f”’y’t)> (Vo(z,t) + V,@(z,y,t)) dyda dt

1 1
ooV (x,t)Vo(z,t)dedt + oV (z,t) - ]®Y (z,y,t) do da dt
. i

Q2 r

+ 0/ ! F/ sV (z, 1) - V[, y, 1) dodzdt, (4.38)

for (¢, @) as in Remark 4.3. At this point, (4.27)—(4.30) allow us to pass to the limit
with respect to d in the weak formulation (4.38), thus proving that there exists a peri-
odic (in time) pair of functions (v¥#, u'#) € L% (0, 1; Hj(£2))x L% (0, 1; L*(2; X1 (Y)))
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such that u'# has zero mean value on Y, for a.e. (z,t) € 2 x R, and (v, ub#) sat-
isfies the homogenized problem
1 1
/ / (Vo + V,u'#) - Ve dyde dt + / / o(Vo# + V,u'?) . V,®dydz dt

0 N2xY 0 2xY

1 1
—I—///u[(b]dadxdt—a///[ul’#]%[é]dadzdt
0 2 r 0 2 r
1 1
—//JOV\I/V¢dxdt+///[aV\II~V]<I>(1) do dz dt
0 0 2 r
1
—i—///agV\If-u[(I)]dadxdt (4.39)
0 2 r

for every test function (¢, ®) € C% ([0, 1]; Hy(£2)) xCL([0, 1]; L*(£2; XL (Y')) with [&,] €
L%(0,1; L*(£2 x I')), where we have taken into account that (2.7) and (4.27) imply
Fs([ug®]) = f([ug®])+o[uy™] — p, weakly in L*((0,T) x £2 x I'*), when § — 0.
It remains to identify p. To this purpose, we follow the Minty monotone operators
method. Let us consider a sequence of 1-periodic in time test functions iy (z,y,t) =
o6 (2,t) + o1 (2,9, 1) + Ads (2,9, 1), with ¢f € C(£2 x R), ¢f € C*(2 x R;€Z(Y)),
¢o € CL(£2x(0,1); €L(Y)), with ¢f(-, t) vanishing on 012 for t € R, ¢f — v¥ strongly
in Lf,.(R; Hy(12)), ¢’“ — uh# strongly in Lj, (R; L*(£2; X4(Y))), [#1] — [u'#] and
(%] — [u;”] strongly in L?((0,1) x 2 x I'), i.e
1

/:/H¢ﬁxf¢)—u%#u,JN@ﬂwﬁdzm

0 2

+!!WWWMFW#@mW@mM@

1
+ [ [ ekitae ) = fad o Ol B dode 50, for k400, 1= 1,2
0

Clearly, ¢F can be constructed by means of standard convolutions with regular kernels;
instead, in order to construct ¢¥ we proceed as follows. Taking into account that,
passing to the limit for § — 0 in (4.28), we have

[uy®] € L2((0,1) x 2 x T), (4.40)
by standard arguments we can approximate the jump [u 1#] with a sequence of 1-
periodic in time functions ¢f € C®(2 x I' x R) such that ¢¥ — [u'#] strongly in
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L2((0,1) x £2; HY*(I'")) and Zs'ft — [uy#] strongly in L2((0,1) x 2x I'). Now, define
¥ as the (1-periodic in time) solution of the problem

—div, (6(Veg + Vyeh)) =0, in (B, UE,) x 2x R, (4.41)
[0(Voh + V%) - v] = —[oVV - 1], on I' x {2 x R; (4.42)
[¢] = o, on I' x {2 x R, (4.43)

and ¢¥(x,-,t) is Y-periodic with zero mean value on Y for (z,t) € 2 x R. By
Lemma 7.3 in [7], it follows that ¢f € C=(£2 x [0,1];€Z(Y)). Here, for the sake
of simplicity, we work as if ¥ has enough regularity, otherwise we proceed with a
standard regularization procedure also on W. Moreover, by [8, Lemma 5| applied to
¢F —ul* with P = div, (0(Vo§ — Vo?)) =0 in Ey U Ey, Q = [0(Vek — Vo#)], and
S = ¢k — [ul#], we obtain

||¢If_u1’#||L2((0,1)x9;2¢(y)) < 7(||¢]f_[ul’#]||L2((0,1)xQ;H1/2(F))+||V¢§—VU#||L2((0,1)x0)) .
(4.44)

Since the right-hand side of (4.44) tends to zero for k — 400 we obtain the desired

approximation.

Taking only into account the monotonicity assumption on f, the periodicity in time

of ¢f and ¢} and Remark 4.3, we calculate

/ o(Vof + Vyus™ = Vg5 — Vo — AV, es) - (Vo] — Veg) dy da dt

2%

+ o(Vul +V,uy® —Vok -V, 08 = AV, ¢9) - (Vyus™ =V, 0 — AV, ¢) dy d dt

O\H O\H

Y
02xY
1

+a / / O (10k#) — (6 + 2n]) (4] 04 + A62]) ol

0 xI'
1

w [ ()= 5 (654 20)) (1) 16f 4+ X6a]) dor

0 2xI'
1

= / / o|Vvi + Vyuy® — Vek — V0% — AV, ¢o)? dy da dt

0 2xY
1

- / / (£s(us™) = f5 (165 + Aa]) ) ([u5™] = (65 + A6s]) dodzdt >0, (4.45)

0 02xI’
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where we have taken into account that the time-periodicity of ué’#, ¢k and ¢, implies

1

0
o [ [ 5 (= 16t 20a)) (1) = fot + 2al) dodaar
0 2xI
1
o 0 9
- 5/ / ot <[ "ot +>\¢2]> dodzdt
0 2xI’
2
-3 / ([ @,y D] = [0 (2,9,1)]) dorda
0xr
=5 [ (100 = ok 0)) dode o,
oxr
Taking the function (Ua ¢0> — ¢ — \¢py) as a test function (¢, ®) in (4.38),

inequality (4.45) can be rewrltten as

1

= [ [ (V6 V8t 29,0 - (Ve - Vo) dydo

0 2xY

1
/ / o(Voy + Vydh + AVye2) - (V, uy® — V, 0% — AV, ¢9) dy dz dt
0

02xY

—a/ / 101+ Mg ([ ]—[¢’f+>\q§2]> do dz dt

0 2xI'

[ [ g et rea)) (1% - 16} + A0l dodoa

0 2xI'

1 1
> / / ooV - (Vul — Vek) de dt — / / / (VT - v)(uy® — ¢F — Apy)V do d dt
0 0 2 r

_ 0/1 Q/ F/ 52V - o([ub*] — [¢F + Au]) dodzdt. (4.46)
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Hence, passing to the limit as 6 — 0 and using (4.28), it follows

1

~ [ [ (V6 V8t AT ,00) - (V¥ - V) dy o
0 2xY
1

— / / o(VoE + Vyoh + AV, 0) - (Vu'# — V08 — AV, ¢9) dy da dt

0 N2xY

—a [ [ ot a0l (1#) - 6} + 20a) dodear

0 2xI"

= [ [ k3 () - 16k + A6a]) do s

0 O2xI’

1 1
//UOV\II (Vo — Vok) do dt — ///UV\II v|( qﬁl—)\gbg) ) do dz dt
0 0 0

— 0/ 9/ F/ ooV - v([ut#] — [¢F + Ago]) dodr dt. (4.47)

Now, letting £k — 400, we obtain

/// (Vo + YV, ul# + AV, 09) - AV, 0o dy dz dt+

///at [u# + Ada Al d“dfde///f u# 4+ A Ao do d dt

2

1 1
///UV\I/ V)\q52 dadxdt+///agv\lf v[Apo]dodadt. (4.48)
0 QT 0 0

r

Taking into account (4.39) with ¢ = 0 and ® = ¢, (4.48) becomes

A2 0/1 / / oV, by - Vypy dy dz dt + a\’ 0/1 Q/ I/ %[@][@] do dz dt

Y
1 1

—A///u[¢2]dadxdt+)\///f([ul’#+)\q§2])[q§g]dadxdt20. (4.49)

0 2 r 0 2 r
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Assuming firstly that A > 0 and then A < 0, dividing by A the previous equation and
then letting A — 0, we obtain

[ [ Jrissamaa [ [ [ s posaosea

which gives

= () (4.50
By (4.39) and (4.50), setting v# = u# + ¥ and taking into account Remark 4.3, we
obtain exactly the weak formulation of problem (4.11)—(4.16). O

Remark 4.5. Note that (4.28) is uniform with respect to 6. Moreover, we can obtain
also estimates for Vu}%t and Vyuclgf uniformly in §. Indeed, differentiating formally
with respect to ¢ problem (4.18)—(4.23), multiplying equation (4.18) (differentiated
with respect to t) by ((u?; —U,), uﬁfﬁ ), and finally integrating by parts, we obtain,
exploiting also the periodicity in time,

1
///J|Vuf§t + Vyuéjt#ﬁdy dedt <~ (4.51)
02 v

where we used assumptions (2.7), (2.12) and inequality (4.28). Now, proceeding as
in the proof of (4.29) and (4.30), we obtain

1
//|Vu§;\2d:cdt§7, (4.52)
0

1
///|Vyu(1;f|2dydxdt§7. (4.53)
0 Y

Therefore, passing to the limit for § — 07, in (4.28), (4.52) and (4.53), we obtain

that the same estimates hold for (u#, ub#).

This implies that (u#,u'#) belongs to C% ([0, 1]; H'(£2)) x CL([0,1]; L*(£2; X4 (Y)).
U

It remains to prove that any solution (u,u') of the homogenized problem converges
to (u,ub*) as t — oo. This is the purpose of the next theorem.

Theorem 4.6. Let (u,u') € L*(0,T); H'(£2)) x L*(£2x(0,T); X4(Y')) be the solution
of problem (4.2)~(4.7). Then, for t — +oo, (u,u') — (u#,ul#) in the following
sense:

lim |Ju(-,t) — u# (-, )| g0y = 0; (4.54)

t——+o0
tEE—noo [HU1(’ K t) a UL#(.’ .’t)||L2(Q><Y) + ||Vyu1(-, K t) - Vyul’#(-, Yy t)HLZ(QxY)} = 0;
(4.55)
lim [[[u')(, - 8) = [ *](, - )| 2wy = 0. (4.56)

t—+00
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Proof. Firstly we recall that, by [14, Lemma 5.2] which holds even in the present case,
(u,u') € CO((0,T]; H'(£2)) x C°((0,T]; L*(£2; X4 (Y))) and [u'] € CO((0, T]; L*(£2 X
r).

As usual, let (r,r1) := (u” — u,ub* — u'), so that the pair (r,r!) satisfies:

/// (Vr+V,r') (Vo + V,®) dydzdt

+///f ul# []“1])[ I dad:):dt+a///[rt1][(l>]dadxdt:0, Vi e (0,7),

" (4.57)

where 7 = 0 on 952 x [0,7T] in the trace sense, r! is periodic in Y and has zero

mean value in Y for almost every (z,t) € £2 x (0,7"). Here ¢ is any regular function
depending on (z,t), with compact support in {2 and ® is a any function depending

on (z,y,t) which jumps across I, is zero when t = T and is regular elsewhere.
Differentiating (4.57) with respect to ¢, we get
// (Vr+V,r') (Vo +V,0) dydx+//f ul# [] D[rl][@]dadx

+a [rH[®]dodz =0. (4.58)
Q/ F/
Replacing (¢, ®) with (r,7!) in (4.58), we get

//a\vr+vr12dydx+//f ul# [] ])[r1]2dad:c

+a//[r§][r1] dodr =0. (4.59)

As in Section 3, equation (4.59) implies that the function ¢t — « [, fF (z,t)]?do dx
is a positive, decreasmg function of £, hence it tends toa hmlt value 7 > 0ast — +o0.
The value 7' must be zero othervvlse a [, [plr']*dodez > 7' > 0 for every t > 0. On

the other hand, for ¢t > 0 and setting [ (t) := {( Y) €2 x T [P (x,y,t) <

reasoning as in the proof of Theorem 3.2, it follows that

a/ / ri(z, y, 1)) do dz %1 V> 0.

(] F\F;l (t)

- 2a\FI\QI}’

However, on I'\ I, g(z,y,t) = % > x > 0, where x is a suitable

positive constant depending only on 7', o, |I'|, |2| (this last result follows from the
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assumptions (2.8)—(2.10)). Hence, using (4.59), we get

d
pr %//[rl(x,y,t)]zdadx / / (x,y,t)[r (z,y, )]2dadx
Qr

(% F\Fl(t

=1
< —X/ / [rH (2, y,t)]*dodx < —;—ax <0. (4.60)

2 F\FFI (t)
Inequality (4 60) clearly contradicts the asymptotic convergence for ¢ — 400 of
o [, [plr')*(z,y,t) do dz to a positive number, hence
. 1 2 _
i a / / (2, y, )2 dod = 0, (4.61)
Qr

which is exactly (4.56). Integrating (4.59) in [t,00) and taking into account (4.61),

we get
+oo
///0|V7’+Vyrl|2dydxdt§ %//[rl(x,y,t)]Qdadx, (4.62)
t Y QT

which implies

t——+o00

+o0o
lim ///U|Vr+vyr1|2dydxdt20. (4.63)
'Y

This last condition guarantees that for every positive n there exists a tA(n) > 0, such

that
“+oo
///J\Vr—i-vyrl\2dydxdt§n,
T oY

which in turn implies that, for every n € IN, there exists a t, € (t +n,t + (n+ 1)),
such that

//U|Vr(x, tn) + Vyr!(z,y,t,))? dyde <. (4.64)
Hence, replacing (¢, ®) with (ry,7}) in (4.58), we get

//U(VT+VyT1)(V7“t —I—Vyrtl)dyd:c+//g(x,y,t)[r1][rt1] do dx

r

+a//[r§(x,y,t)]2dadx=0, (4.65)
2 r

//aw+v7~ (Vrt+Vrt)dydx<//M[ (., ) dodz. (4.66)
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Moreover, integrating (4.66) in [t,, t*], with t* € [¢,,t, + 2], we have

sup //%|V7“(I,t) —I—Vyrl(x,y,t)|2dyd:)s

tE[tn tn+2]
77 212
~ 4+ == sup (z,y,t)*dodz | , Vne N; (4.67)
2 20{ te tn +OO
ie.,
sup //%\Vr(x,t)+Vyr1(x,y,t)\2dydx
te[t+1,400)

L?
Q+— sup // (z,y,t)]*dodr | . (4.68)
T2 o te[t,+o0)

Because of (4.61) the integral in the right-hand side of (4.68) can be made smaller

—1 R
than 7 (i—;) , provided t is chosen sufficiently large in dependence of 1. This means

that

sup //%|Vr(:v,t) + V' (z,y,t)Pdydr | <7n. (4.69)

te[t41,+00)
Inequality (4.69) implies

lim //o—\vr(x,t) + V! (z,y,t)Pdydr = 0. (4.70)

t——+o0

Now, working as done in (4.31), we get

lim /\Vr(x,t)\2dx20; and lim //\Vr z,y,t))*dydr = 0.

t—-+o0 t——+00

Finally, the previous results together with (4.61) and Poincare’s inequalities yield

- 21 _ 0. )2
t£+moo/\r(x,t)| dz =0; and t£+moo//|r z,y,t)|"dydr =0,
Q

which give (4.54) and (4.55) and conclude the proof. O

Remark 4.7. More in general, the previous procedure allows us to prove that solutions
of (4.2)-(4.7) having different initial data satisfying the assumptions stated at the
beginning of this section but with the same boundary condition tend asymptotically
one to the other (such convergence being exponential if f is coercive in the sense of

(1.1)). O
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Remark 4.8. Observe that, thanks to previous remark, Theorem 3.2 implies unique-
ness of the periodic solution (u#, u"#) of problem (4.11)~(4.16) in C% ([0, 1]; H(£2)) x
CY% ([0,1]; L*(£2; X4 (Y))). O
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