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Abstract Let | < p < co. We show that a function u € C (RN)isa viscosity solution to
the normalized p-Laplace equation A% u(x) = 0 if and only if the asymptotic formula

u(x) = pp(e, u)(x) + o(e?)

holds as ¢ — 0 in the viscosity sense. Here, 1, (¢, u)(x) is the p-mean value of u on B, (x)
characterized as a unique minimizer of

le — AllLr (B, (x))

with respect to A € R. This kind of asymptotic mean value property (AMVP) extends to
the case p = 1 previous (AMVP)’s obtained when 11, (e, u)(x) is replaced by other kinds
of mean values. The natural definition of 1, (¢, u)(x) makes sure that this is a monotonic
and continuous (in the appropriate topology) functional of u. These two properties help to
establish a fairly general proof of (AMVP), that can also be extended to the (normalized)
parabolic p-Laplace equation.
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1 Introduction and main theorems

It is well-known that the classical mean value property characterizes harmonic functions and
helps to derive most of their salient properties, such as weak and strong maximum principles,
analyticity, Liouville’s theorem, Harnack’s inequality and more. In fact, we know that a
continuous function u is harmonic in an open set € RY if and only if

u(x) 2][ u(y)dy :][ u(y)dSy (1.1)
B (x) 3B (x)

for every ball B, (x) with B.(x) C ; here, fE u denotes the mean value of u over a set E
with respect to the relevant measure (see Evans [4] for instance). The relation (1.1) can also
be regarded as a statistical characterization of solutions of the Laplace equation, without an
explicit appearance of derivatives of u#. A similar mean value property can also be obtained for
linear elliptic equations with constant coefficients, by replacing balls by appropriate ellipsoids
(see [2,3]).

Recently, starting with the work of Manfredi et al. [14], a great attention has been paid to
the so-called asymptotic mean value property (AMVP) and its applications to game theory.
In [14], based on the formula

_ lAU(.x) 2 2
][l;gx v(y)dy_v(x)+2N+2s +o0(e”) as ¢ — 0, (1.2)

that holds for any smooth function v not necessarily harmonic, it is shown that the charac-
terization (1.1) for the harmonicity of u can be replaced by the weaker (AMVP):

u(x) :][ u(y)dy +o(*) as e — 0, (1.3)
B. (x)

for all x € Q.

Nonetheless, the decisive contribution of [14] is the observation that, provided the mean
value in (1.3) is replaced by a suitable (nonlinear) statistical value related to u#, an (AMVP)
also characterizes p-harmonic functions, that is the (viscosity) solutions of the normalized
p-Laplace equation A’Igu = 0. Here,

V- (|Vu|PVu) (V2u Vu, Vu)

A'u for 1 < p<oo, A" u=
=r o0 [Vul?

P |Vu|P—2
denotes the so-called normalized or homogeneous p-Laplacian.

In fact, in the same spirit of (1.2), for | < p < oo and for any smooth function with
Vu(x) # 0, they proved the formula:

3

1 A"v(x)
* P 2 2
,V) = 4+ - ———"+ — 0,
p,p(s v) = v(x) 5 » £ o(e”) as ¢
where

N+2
wi(e, u) = ][ u(y)dy
r N+p B (x)

p—2 .
max u + min u | . (1.4)

+

1
2 N+p\Bo Bg(x)
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(The average of the minimum and the maximum will be referred to as the min—max mean of
u.)
That formula allowed them to prove that u is p-harmonic in the viscosity sense in 2 if
and only if
u(x) = (e, u) +o(e%) as & — 0, (1.5)

in the viscosity sense for every x € €2 (see Sect. 3 for the relevant definitions), thus obtaining
an (AMVP) for p-harmonic functions. It is also worth a mention that, for N = 2 and small
values of the parameter p > 1, in [11] it is proved that the (AMVP) holds directly for weak
solutions of the p-Laplace equation, without the need to interpret the formula in the viscosity
sense.

Thus, the mean p,’l‘,(e, u) is an example of the desired (nonlinear) statistical value men-
tioned above. By similar arguments, one can obtain an (AMVP) with the ball B, (x) replaced
by the sphere d B.(x) simply by replacing (N + 2)/(N + p) and (p — 2)/(N + p) by the
numbers N/(N + p —2)and (p —2)/(N + p — 2).

In the quest of extending this type of result to the case p = 1, which is not covered by the
choice (1.4), other kinds of means were proposed by several authors. Here, we mention the
ones considered by Hartenstine and Rudd [7], based on the median of a function,

1 —1
;L;,(a,u):— med u + 2= [ min u + max u , (1.6)
P 9Be(x) 2p \B.» Be(x)
2 — 2(p—1
Woge,uy = —2 med u 4 22— u(y)dS,, (1.7)
P 9B:(x) p 9B, (x) .
and that considered by Kawohl, Manfredi and Parviainen [9],
(5. 1) L ave @ + 2 2= i w + ma (1.8)
W (e, u) = ve(u)(x) + = u xul, .
r N+p ° 2N+p\Bx®» B

where
avg (u)(x) :][ u(x + y)dsSy,

L.={yeB:(x):(y—x)-v=0}and

vV = vy € dB1(0) issuch that u(x + ev) = min u.
B (x)

Both //L/p (e, u) and ;L;;(S, u) yield an (AMVP) for all the cases 1 < p < o0, but only when
N =2, and p}* (e, u) produces an (AMVP) forany 1 < p <ocoand N > 2.

In this paper, for 1 < p < oo, we propose one more mean that helps us to characterize—
in an intrinsic way— p-harmonic functions by an (AMVP). Its definition was inspired by
the simple remark that the median, the mean value and the min—-max mean of a continuous
function u on a compact topological space X equipped with a positive Radon measure v are
respectively the unique real values ,uff (u) that solve the variational problem

= 1y OllLr ey = min [l = AlLrcxn, (1.9)

for p = 1,2, and oo. Thus, it is natural to ask whether the solution of (1.9) yields a char-
acterization of viscosity solutions of AZu = 0 by means of an (AMVP), for each fixed
1 <p=<oo.
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Therefore, foreach 1 < p < oo, we consider the p-mean of u in B (x), that is the number
defined as

Mp(e, u)(x) = the unique pu € R satisfying (1.9) with X = B, (x). (1.10)
The main result of this paper is the following characterization.

Theorem 1.1 Let 1 < p < oo and let Q be an open subset of RN . For a function u € C ()
the following assertions are equivalent:

(i) u is a viscosity solution of A’Z,u =0in
(i) u(x) = pp(e, u)(x) + 0(e2) as & — 0, in the viscosity sense for every x € Q.

As a by-product, this theorem confirms the (AMVP) for M;) (e, u) and ,uf;,(e, u) for the case
p = 1 in any dimension N > 2.

Theorem 1.1 is based on the asymptotic formula
1 A’[‘,v(x)
mp(e, v)(x) = v(x) + 5 m
that holds for any smooth function v such that Vv(x) # 0.

We mention in passing that the mean ,uff (u) has also been considered in [5], when p > 2
and N = 2, when X is a finite set and v is the counting measure and has proved to be
effective in the numerical approximation of the operator A'[;. Another type of (AMVP) has
been proved in [6] for N =2 and 1 < p < oo; however, the mean considered there, besides
the values of the function « on B, (x), also depends on the value of Vu at x.

Compared to the means defined in (1.4), (1.6), (1.7), and (1.8) (and that in [6]), 1, (e, u)
has a drawback, since it cannot be defined explicitly, unless p = 1, 2, co. Nevertheless, we
think it is somewhat natural, for a number of reasons, that we list below.

First of all, it provides a unified proof of the (AMVP) for all the range 1 < p < co.

Secondly, it has desirable and advantageous properties that the means defined in (1.4),
(1.6), (1.7), and (1.8) do not always have. Those properties are the consequences of the fact
that u, (g, u) is the projection of u on the linear sub-space A C LP(B.(x)) of constant
functions on B, (x), thus making it in a sense a best possible approximation of u#. As a matter
of fact, we shall show that the functional L” (B¢ (x)) 3 u +— (e, u)(x) € Ris continuous
in the corresponding L?-topology and monotonic, in the sense that

&2 + 0(82) as ¢ —> 0,

u < v pointwise implies that w , (s, u)(x) < pp(e, v)(x).

In this respect, it is worthwhile noticing that the functionals defined by ,u’p (¢, u) and /ﬁ;,* (e, u)
are always monotonic, but never continuous for p € (1, 00)\{2}, while those defined by
/ﬁ,‘, (¢,u) and pL’]; (¢, u) are not always monotonic (the former for p > 2, the latter for 1 <
p < 2) and never continuous for p € (1, 00)\{2}, due to the presence of the min—max mean
in their definition.

We shall see that the properties of continuity and monotonicity play an essential role in
the proof of Theorem 1.1, since they allow to reduce the argument to the simpler case of
a quadratic polynomial (see Lemma 3.1 and Theorem 3.2). We hope that these important
properties will also help to find better proofs in the development of the theory asin [12,13, 15].

With a few technical adjustments, it is not difficult to treat the case of the parabolic p-
Laplace operator. It is just the matter of replacing the euclidean ball and the Lebesgue measure
by a suitable measure space. The appropriate choice is the so-called heat ball,

Ea(x,t):{(y,s)eRNH s <1, dD(x—y,l—s)>8_N},
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where

Ly

2
D(y,s) = (47TS)7N/267% X0,00)(s) for (y,s) € RN x (—00, 00)

is the fundamental solution for the heat equation, equipped with the space-time measure

o2
lx — yl dy ds

dv(y,s) = =2 .

Thus, by arguing in a similar spirit, we shall consider the value 7, (¢, u) (x, t) as the unique
solution of the variational problem

lu —mp(e, u)(x, Ol Lr(E (x.0)) = I;gﬂlg} lu — AllLrE.x.0.0)- (L.11)

Notice that the value 7, (¢, u)(x, ¢) in (1.11) can be easily computed for p = 2 as the caloric
mean value of u, for which a classical mean value property holds true for solutions of the
heat equation ([4] [pp. 52-54]). If we define the space-time cylinder Q7 = Q x (0, T), we
can prove the following companion of Theorem 1.1 .

Theorem 1.2 Let 1 < p < oo. For a function u € C(2r), the following assertions are
equivalent:

1) u; = #[1—2 A’;u in Qr in the viscosity sense;

(i) u(x,t) =mp(e, u)(x,t) + o(e2) as e — 0in the viscosity sense for every (x,t) € Qr.

A similar result can be obtained if we replace 7, (e, u)(x,t) by the cylindrical mean
defined by

/ 1 !
7Tp(8, H)(x, t) = 87 \/t_SZ l'l’p(gv M(’,S))(x)ds,

in analogy with some results contained in [15]. We chose to use 7, (¢, u) to stress its (natural)
connection to the fundamental solution of the heat equation (as it also happens for i, (e, u)
in the elliptic case).

For further developments and applications of (AMVP)’s, we refer the reader to [1,8,11,
12,15,17], and references therein. For numerical applications to game theory, we refer to
[5,6].

This paper is organized as follows. In Sect. 2, we derive the pertinent properties of the
p-mean value of a continuous function u: continuity and monotonicity will be the most
important. Then, we shall prove Theorems 1.1 and 1.2 in Sects. 3 and 4, respectively. Finally,
Sect. 5 is devoted to the calculation of some relevant integrals.

2 Properties of p-mean values

Let X be a compact topological space which is also a measure space with respect to a positive
Radon measure v such that v(X) < oco. We recall that, if u € C(X), the median m)?d u of u

in X is defined as the unique solution A of the equation
v({ye Xtu(y) = Ah) =v({y € X 1 u(y) <A}. 2.1
We start by showing that the definitions (1.10) and (1.11) of u, (e, u) and 7, (e, u) are

well posed.
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Theorem 2.1 Let 1 < p < oo and u € C(X). There exists a unique real value M;( (u) such
that

X .
u— u =min |u — A .
llu — py, OIlLex,v) min l Iz x,v)

In particular,
M{((u) = medu, ué((u):][ u(y)dv
X X
and pX () = l min u + max u
Hoolit) =75 \ Ty X ‘
Furthermore, for 1 < p < 00, M;{ (u) is characterized by the equation
X, \|P72 X
) = u¥ @] [u) =l @] av =0, 22)
X

where, for 1 < p < 2, we mean that the integrand is zero if u(y) — /L;( (u) =0.

Proof The case p = 1 is a straightforward extension of the proofs in [16, Theorems 2.3-2.4],
[18, Exercise 2.6.92], [19, Exercise 1.4.27].
If p = oo, the assertion follows at once by observing that

max | — Al = max | maxu — A, A —minu | .
X X X

Next, in the case 1 < p < 0o, we observe that

min ||u — Al zr =min |lu — v|rr s
min Il lLr x,v) min Il lLrx.v)

where A is the subspace of constant functions on X; in other words Mif (u) is a projection of
u on A. Thus, the existence, uniqueness and characterization of M;f (u) are guaranteed by the
theorem of the projection, since L? (X, v) is uniformly convex and A is a closed subspace,
and the differentiability of the function A > |lu — Al|Lr(x,v) (see [10, Lemma 2.8]).

The expression of p,éf (u) is readily computed as the minimum point of a quadratic
polynomial. O

Remark 2.2 In the case p = 1, the fact that X satisfies (2.1) is equivalent to A = /,L‘i( (u), see
[18, Exercise 2.6.92] and [19, Exercise 1.4.27]. As a result, we see that /Lf (1) in Theorem
2.1 is the unique value satisfying (2.1).

Note that, for 1 < p < oo, Theorem 2.1 extends to the case in which u € L?(X,v),
provided the minimum and the maximum are replaced by

essinfu and esssupu,
X X

when p = oo.
If u € L'(X, v)\C(X), it is known that the median of « in X may not be unique (see
[16]).

The following corollary will be very useful for further computations. From now on, we
set B = B1(0).
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Corollary 2.3 Letu € L”(Bg(x)),forl < p <00, andu € C(B:(x)), for p = 1.
If we let ug(z) = u(x + €z) for z € B and set

(e ) () = ppe™ ), (2.3)

then it holds that
wp (e, u)(x) = pup(1, ue)(0). 24

Proof It suffices to observe that, for every A € R, it holds that
= Ao,y = €7 llue = Ao ).
for1 < p < oo, and
llu — Alzoe(B.x)) = lue — Allzeocn),
and hence invoke the uniqueness part of Theorem 2.1. O

In the next two theorems we regard ,ul’f(u) as the value at u# of a functional ,uff on
LP(X).If p=1andu € LI(X)\C(X), we allow /x,f( (1) to be any minimizing value of
A > flu — AllL1x) on R, whenever it is convenient.

Theorem 2.4 (Continuity) Let 1 < p < oco. It holds that

[~ 150] gy = o= 30

< llu —vllLrx), (2.5)

LP(X) LP(X)

forany u,v € LP(X).

Moreover, if u, — uin LP(X) for 1 < p < oo and up,,u € C(X) for p = 1, then
/L])f(un) — ,u])f(u) asn — o0.

In particular, the same conclusion holds for any p € [1, oo], if {un}nen C C(X) converges
to u uniformly on X as n — oo.

Proof The inequality (2.5) simply follows by observing that Hu — [,L[))( (u) HLP(X) is nothing
else than the distance of « from the subspace A C L?(X) of constant functions on X.
Next, if u, — win L?(X) as n — 00, (2.5) implies that

lun — X n)llLrcxy = llu =y @)lLecxy as n— oo, (2.6)

and hence, in particular, that the sequence { /L;)( (uy)}nen is bounded. Now, set

= Tim sup pX (u,):
n—o0
by taking a subsequence, if necessary, we may assume that ,uif (up) — pasn — oo. Thus,

(2.6) gives that |lu — pllLrx)y = llu — M;((u)llm(x) and hence we obtain that ,ul’f(u) = U,
since [t (u) is unique, by virtue of Theorem 2.1. At the same conclusion we arrive, if we
replace lim sup by lim inf, and this means that 1, (u,) — ,uif(u) asn — 00. ]

Theorem 2.5 [Monotonicity] Let u and v be two functions in LP(X), for 1 < p < oo, or

in C(X) for p = 1.
Ifu <vae. inX, then ,ug(u) < Mif(v).
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Proof The case p = oo follows by an inspection, since we know that

1
,ué(o(u) == (ess inf u + ess sup u) .
2 X X
For 1 < p < oo, the function R x R 3 (u, 1) — |u — MP2(u — 1) € Ris strictly
increasing in u for fixed A and strictly decreasing in A for fixed u. Thus, if u < v a.e.in X,
we have that

/X|u(y>—x|f’—2[u<y>—udvysfx|v<y)—x|f’—2[v(y>—nduy

for every A € R. Since the two functions of A in this inequality are both decreasing, we easily
obtain that ,uif (n) < M;{ (v), by the characterization of p-means as unique zeroes of (2.2).
The proof in the case in which p = 1 runs similarly. We consider the function defined by

G =v({yeX ru(y)zrh) —v({yeX :u(y) =i} for A eR;

it is clear that G, is decreasing in A. It is also clear that G, (1) < G, (1) for any fixed X,
if u < v a.e. in X. Thus, we conclude as in the case 1 < p < oo, by the characterization
of Mf( (u) and M{( (v) as the unique zeroes of G, and G, as shown in Theorem 2.1 and
Remark 2.2. O

Remark 2.6 Notice that the mean /L;(S, u) in (1.4) is not monotonic when 1 < p < 2 and
is continuous in L? (B (x)) only for p = 2, oc.

The mean p/l’, (e, u) in (1.7) is not monotonic for 2 < p < oo and the mean p/p (e,u) in
(1.6) is not continuous unless p = oo.

Finally, the mean ,u’;,* (&, u) in (1.8) is not continuous unless p = oco.

To disprove continuity, it is sufficient to take the sequence of functions u,(y) = (|y —
x|/e)" for y € B (x): this converges to zero in L” (B, (x)) for 1 < p < oo, but the average
of its maximum and minimum is always 1/2.

The proof of the following proposition is straightforward.
Proposition 2.7 We have that

(1) Mf,((u +c)=c+ ,ui,((u)for every ¢ € R;
(ii) ,uff(om) =« /L?f (u) for every a € R.

3 The (AMVP) for the elliptic case

This section is devoted to prove Theorem 1.1. We first give a proof of the (AMVP) for smooth
functions. The following lemma is the crucial step of that proof.

Lemma3.1 Let 1 < p < oo, pick & € RV\{0}, and let A be a symmetric N x N matrix.
Consider the quadratic function q : B.(x) — R defined by
1
9 =q@)+& =0+ (A —x),y —x), y € Be(x).

Then it holds that

(A, &)

A -2
w4+ (0 =2)

} &2 + 0(82)

1
mp(e, @)(x) = q(x) + m {

as e — 0.
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Proof Set

4 =gt +e9), w0 =TDID g v =gz for s e B

We know that 11, (g, ¢)(x) = (1, g¢)(0), from Corollary 2.3. Then Proposition 2.7 implies
that

mp(e, q)(x) —q(x)
£

= up(l, ve)(0).

Since v, converges to v uniformly on B as ¢ — 0, Theorem 2.4 yields that

lim P& D) —q(x)

Jim, . = up(1,v)(0).

We now claim (1, v)(0) = 0. Indeed, if 1 < p < oo, by Theorem 2.1, A = (1, v)(0)
is the unique root of equation

/ lv(z) — AP %[v(z) — A]dz = 0.
B

This implies that 1, (1, v)(0) = 0, since

/|v(z>|f’*2v<z)dz=f & 2|P72(E - 2)dz = 0,
B B

being £ - z symmetric in z with respect to the center of B.
If p = oo instead, by using Theorem 2.1, we can directly compute:

2 ptoo (1, v)(0) = min(§ - 2) + max(§ - z) = —[§| + [§] = 0.

zeB zeB

Next, for 1 < p < oo, set

_ mpe, @)(x) —q(x)

S
& 82

(3.1)

Case 1 < p < oo. To simplify notations, for s € R, we set h(s) = |s|P~2s. From the
characterization of u = (1, v¢)(0), we know that

/ h(ve(z) —n)dz =0;
B

then, noting v (z) =& - 7+ % (Az,z) and up (1, ve)(0) = € &, we obtain that

[ 2+ etz a2 sz =o.
B
Without loss of generality, we assume that || = 1. By applying the change of variables

z = Ry, where R is a rotation matrix such that ‘R & = ey, and setting C ='R A R, we obtain
the equation

=0,

/h(y1+8[(Cy,y>/2—5e])—h(y1)d
B & Y

since [ h(y1)dy = 0.
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Then, we apply the fundamental theorem of calculus to the function [0, 1] 3 T +— h(y; +
te[{(Cy, y)/2 — §¢]) to infer that

1
/B {/o Ry +7el{Cy,y)/2 8] df} [(Cy. y)/2 =81 dy = 0. (3.2)

This equation implies that &, is a weighted average of the function (Cy, y)/2, and hence, by
the mean value theorem, is bounded by its maximum on B, that we shall denote by ¢ (c is
equal to half of the norm of the matrix C).

If 2 < p < oo, it is easy to prove that, by the dominated convergence theorem, (any
converging subsequence of) §, converges to the number &g defined by

[ ooty 2= sidy =o. (33)
B
If 1 < p < 2, we observe that

1 -2
VO Wy +tel{Cy,y)/2 =681 [(Cy,y)/2 — 8] dr ‘p

<2¢|nl-2ce

and

hm/ lly1] = 2ce|P™? dyz/ 1172 dy.
e—0 B B

If (any converging subsequence of) §, converges to a number &g, then the integrand in (3.2)

converges pointwise to 7' (y;) [(Cy, y)/2 — 8o], and hence we can conclude that (3.3) also

holds in this case, by the generalized dominated convergence theorem (see Theorem 5.4).
Therefore, by Lemma 5.1 we have that

. 1[5 1y11P72(Cy, y)dy
lim §, = =
e—0 2 fB [yi|P~2dy

1
=———{r(C) + (p —2) (Cey, e1)}

2(N + p)
N L Ag g
2N+ ) {“(A)“p ST }

since (C ey, e1) = (AReq, Rey), with Re; = £/|€].
Case p = 1. We know that 1t (g, ¢) is the unique root of the equation
{y € Be(x) : q(y) > pi(e, @} =y € Be(x) 1 q(y) < pi(e, @)}l (3.4

Then, by the change of variables y = x + ¢ z in (3.4), we can write that

’{ZEBZS'Z+§(AZ,Z>>83£]

=HzeB:E'z+§(AZ7Z)<85£]

and, by applying the substitution z = R y, where R is arotation matrix suchthat’ R & = |&| ey,
we can infer:

&
{ye B+ cyn=es)

&
= ||y e B lgin+ iy <es

; (3.5)

here C = 'RAR, as before.
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Now, consider the right-hand side of the last formula, set

£0) = gl +§<Cy,y>,
and
o=y eB:fi(y) <edell — B,

where B~ = {y € B : y; < 0}. The use of the change of variables

y= —e +z' where 2/ = (0,22,...,2n),

€]
yields that

|i—|c£ = H(m,z’) eB el f, (giel—l—z) <8£}

—[B571,
&1

where
Bf ={(z1,2) e RN : (e 1 /IED? + |27 < 1),
and B®~ ={z¢€ B®:z; <0}.

Now, set B’ = {z/ € RV~! : |7/| < 1} and notice that, if ¢ is small enough, by the implicit
function theorem, there is a unique function g, : B’ — R such that

/
e fe <8g|2__(|z ) el +Z’) =6, for 7 € B.

We can then infer that

“T lélf min [ ¢ (). (11/e)/1 = 2]

—min [¢7 (), (gl/e)/T=121]} a2,

where g and g, denote the positive and negative parts of g.. Thus, since g¢(z') — 8o —
(CZ, 7’)/2 pointwise (possibly passing to a subsequence), by the dominated convergence
theorem, we obtain that

1
lim L} ce = / |:50 - = (CZ, z’):| dz7'.
e—=>0 & B’ 2

We can repeat the same arguments for the left-hand side of (3.5) and obtain that

1
lim = E ity e B+ £ = e} — 1871} = fB [5 (c. ) —60] dz'.

Therefore, (3.5) implies that

1 ! / ’
80— =(Cz,7)|dz =0,
B 2

_ 1 WN—-1
- C7. Vd7 = C:
N_1 2/,< Z,z)dz 2(1\/2—1)Z Ji

and hence

8o =
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Finally, the desired conclusion follows from

lim m(a,q)();) —q@) _ lim 8, = 5.
£—0 & =0
where

(A§,8)
512 7

2(N+1)83 =t(C) — (Cey,e) = tr(A) —
since (C e, e1) = (ARey, Rep), with Rey = £/|§].

Case p = oo. For what we already showed at the beginning of this proof, we know that

Moo(g, q)(x) —q(x) _ 1 {min[é z+e(Az,z)/2] + max[€ -z + ¢ (Az,z)/Z]} )
£ 2 |zeB Z€B

Now, notice that, if ¢ is sufficiently small, the minimum and the maximum are respectively
attained at some points z;” and z; on 3B and

T kAL U S
C T T lereAdl

as € — 0. Thus, we can infer that

Poole: ) —q(x) _ (Azf, zf) +(Az z;)
g2 4

+o(1)

and conclude that

Hoole,q) —q(x) 1 (A& §)

1
e? 2 g

ase — 0. O

Theorem 3.2 (Asymptotics for i, (e, u) as & — 0) Let 1 < p < oo. Let 2 C RN be an
open set and x € Q.

Ifu € C2(Q) with Vu(x) # 0, then
1 Alu(x)

uple, u)(x) = u(x) + =

3N &2+ o0(?) as ¢ — 0. (3.6)

Proof Lete > 0 be such that B, (x) C 2 and consider the function ¢(y) in Lemma 3.1 with
g(x) =u(x),& =Vu(x)and A = V2u(x); also, notice that
Aé,
tr(A) + (p —2) { é'f) = Agu(x).
Set us(z) = u(x + €z) and q.(z) = g(x + €z); since u € C%(), then for every n > 0
there exists &, > 0 such that

lus(z) — qe(2)| < naz forevery z€ B and 0 < ¢ < £y.
Thus, since by Proposition 2.7
Kp(e, g £ 16D (x) = wple. ) (x) £ e,
Theorem 2.5 and Corollary 2.3 yield that

/Lp(s,q)g)—u(X) < (e, u)g)—u(X) - Mp(s,q)g)—u(X) .
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Therefore, Lemma 3.1 implies that

A" _
LAME) limint Mo 00 — 4@
2 N+ p e—0 g2
_ An
< lim sup Hp(e, M)();) ulz) < 1 pu(x)
e—0 € 2 N+p
The desired conclusion follows, since 7 is arbitrary. O

Corollary 3.3 ((AMVP) for smooth functions) Let 1 < p < coand u € C%(). The
following assertions are equivalent:

@) A;u(x) = 0atany x € Q such that Vu(x) # 0;
(i) u(x) = pp(e, u)(x) + o(e?) as e — 0 at any x € Q such that Vu(x) # 0.

Remark 3.4 Without any essential modification, we can show a similar result with
Mp(e, u)(x) in Corollary 3.3 replaced by an analogous spherical p-mean value of u on
0B (x), that is the minimum value in the variational problem (1.9), where the L? norm is
taken on 0 B (x). The asymptotic formula (3.6) reads in this case as:

1 A;’,u(x)

mp(e, u)(x) =u(x) + -

2m52+0(82) as ¢ — 0.

We are now going to prove that continuous viscosity solutions of the normalized
p-Laplace equation are characterized by an (AMVP) in the viscosity sense. We recall the
relevant definitions from [14].

A function u € C(K2) is a viscosity solution of A'['ju = 0in €, if both of the following
requisites hold at every x € Q:

(i) for any function ¢ of class C2 near x such that u — ¢ has a strict minimum at x with
u(x) = ¢(x) and Vo (x) # 0, there holds that A’I‘,d)(x) <0;

(ii) for any function ¢ of class C 2 near x such that u — ¢ has a strict maximum at x with
u(x) = ¢(x) and Vo (x) # 0, there holds that AZq’)(x) > 0.

We say that a function u € C(2) satisfies at x € Q the asymptotic mean value property
(AMVP)

u(x) = pple, w)(x) +o(e?) as e — 0
in the viscosity sense if both of the following requisites hold:

(a) for any function ¢ of class C? near x such that u — ¢ has a strict minimum at x with
u(x) = ¢ (x) and Vo (x) # 0, there holds that

d(x) = puple, d)(x) +0(?) as & > 0;

(b) for any function ¢ of class C 2 near x such that u — ¢ has a strict maximum at x with
u(x) = ¢(x) and Vo (x) # 0, there holds that

P (x) < wple, §)(x) +o(e?) as e — 0.

We are now in the position to prove Theorem 1.1.
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Proof of Theorem 1.1 Let ¢ be of class C2 near x with V¢ (x) # 0; by Theorem 3.2, we

know that
_ 1 &2
P (x) = puple, P)(x) — IN+p

A (x) + o(e?) (3.7)

ase — 0.
Thus, if u — ¢ has a strict minimum at x with u(x) = ¢(x) and A';,¢>(x) < 0, then (3.7)
implies that

P (x) > pp(e, $)(x) +0(e?) as & — 0.
Conversely, if ¢ (x) > up (e, $)(x) + o(e?) ase — 0, by (3.7) we infer that
—A;l,¢(x) >o0(1) as ¢ — 0,

and hence AZd)(x) <0.
We proceed similarly, if # — ¢ has a strict maximum at x. O

4 The (AMVP) for the parabolic case

The situation in the parabolic case is similar to that presented in the previous paragraph: we
just have to use the proper cost function. As already observed, the choice disclosed in (1.11)
is a good candidate since it yields for p = 2 the classical mean value property for solutions
of the heat equation. Thus, we shall denote:

p(e, u)(x,t) = the unique w € R satisfying (1.11). “4.1

It is clear that the characterization, continuity and monotonicity of Theorems 2.1, 2.4
and 2.5 applyto (g, u)(x, t),if weset X = E¢(x, t)anddv(y, s) = |x—y|2/(t—s)2dy ds.
In particular, the heat mean value of u is

1
][ u(y,s)dv(y,s) = ﬁ/ u(y,s)dv(y, s)
Eg(x.1) €7 JE (x.1)

and the heat median of u, h-mec)i u, is the unique root of the equation:
E¢(x,t

_ vl2 u2
/ Eall dyds :/ =)l dyds, 4.2)
Ebtan (E—9)? Eb () (t—9)?

where
Eg"i(x, ) ={(y,s)e E(x,1) : Asu(y,s)}

The companion of Corollary 2.3 is the following result, that does not need an ad hoc proof.

Corollary 4.1 Let 1 < p < 00, u € C(E¢(x,1)) and define
Ue(z,0) = u(x +¢ez,t —£°0), (z,0) € E,
where

1
E:{(z,a)e]RNH:0<U<—,d>(z,o)>l}. 4.3)
T

4

Then
Tp(e, u)(x,t) =mp(1, ug)(0,0), 4.4)
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where .. = 1,(1, u;)(0, 0) is the unique root of the equation
/ lue(z,0) — AP 2[us(z,0) — Aldv(z,0) = 0. “4.5)
E

Lemma 4.2 Let1 < p < oo, picka € Rand & € R¥\(0}, and let A be a symmetric N x N
matrix.
Consider the quadratic function q : E¢(x,t) — R defined by

1
q(y,S)=q(x,t)+£-(y—x)+a(s—t)+§(A(y—x),y—x>

for (y,s) € E¢(x,t). Let w) (e, q) be the heat p-mean of q on E¢(x, t).
Then it holds that

1+M
(&, q) ( t)+f1 1 2 ’ +7N tr(A)
TpH(E, = X, — —a T
pied) =4 4 N+p N+p—2

+(p=2) “E |’f> } } e+ o(e?)

as e — 0.

Proof We proceed similarly to the proof of Lemma 3.1. Set

ge(z,0) = qx + ez, 1 — &2 0),

x+8Z,l‘—82O'— X, t
va(z,0)=q( e -4l )aﬂd v(z,0)=§ -z

We know that
mp(e, q)(x, 1) = 7mp(1, ) (0, 0);
thus, Proposition 2.7 implies that

mp(e, @) (x, 1) —q(x, 1)
£

=mp(1,v¢)(0, 0),

and v, converges to v uniformly on E as ¢ — 0. Theorem 2.4 then yields that

lm}) T[P(Eﬂ q)(xvgt) - q(x’ t) — JTP(I, U)(O, O),

and 7, (1, v) = 0, since it is the unique solution A of

/ vz, 0) = AP ?[v(z, 0) — Aldv(z,0) =0,
E
for 1 < p < oo, and for p = co maximizes the quantity

max(|§] — A, A+ |€])

for A € R.
As before, set

_ p(e, q)(x,t) —q(x,t)

d
& 82
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Case 1 < p < oco. By some manipulations, similar to those used in the proof of Lemma 3.1,
we get that

/ h(¢-z4+¢el—ao+(Az,2)/2 —8;]) dv(z,0) =0,
E

where 4 is the function already defined. Without loss of generality, we assume that |§| = 1,
apply the change of variables z = R y, where R is a rotation matrix such that’ R € = ey, and
set C ="RAR to obtain that

/h(y1+8[—acr+(Cy,y>/2—85])—h(y1)d
E &

v(y, o),

since fE h(y1) |y*/o? dydo = 0. Thus, by proceeding as before, we have that
1
5 [ {/ W +7el—ao +(Cy.y)/2 - amdr} dv(y. o)
E UJo

1
= /E {/0 W(yi+te[—ao + (Cy,y)/2 — 86])dr} [—ao + (Cy, y)/2]1dv(y, o),
4.6)

and this implies that §, is bounded by some constant (this is equal to ¢ + |a|/4m).
If 2 < p < o0, it is easy to prove that, by the dominated convergence theorem, (any
converging subsequence of) §, converges to the number &g defined by

/Eh’(yl)[—aa+<Cy,y>/2—50]dV(y,0) =0. 4.7)

If 1 < p < 2, we observe that

1
f W (51 4 tel—ao + (Cy.y)/2—8.1) [—ac + (Cy, )/2 — 8] dt
0

-2

p
< 2+ lal/4m) |Iy1| = 2 (c + lal /4 |
and
. p=2 -2
tim [ finl =26 +lalamye] dviv.o) = [ i dve.o.
e—=0JE B

If (any converging subsequence of) §, converges to a number &y, then the integrand in (3.2)
converges pointwise to /' (y1) [—a o + (Cy, y)/2 —8¢], and hence we can conclude that (4.7)
holds, by the generalized dominated convergence theorem (Theorem 5.4).

Therefore, by Lemma 5.3 we have that

[P 2 [—ao + (Cy, y)/2]dv(y, o)

2 O = [z Iyi1P~2dv(y, 0)
1 2\ N
- = (1— N+p> {‘”m [tr<c>+<p—2><Ce1,e1>]}
L (-3) T et [ s - 58]
47 N+p N+p-2 |£]2
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since (C ey, e1) = (ARey, Rey), with Re; = £/|€].
Case p = 1. By proceeding as in the proof of Lemma 3.1, it is easy to show that

Iyl? yl?
L+ 7dyd0' = . ?dydo'

&

where
Ef={(y,0) € E:—y1 S0, §ly1 +e[—ao + (Cy,y)/2] S €5},

R is the usual rotation matrix, and C = RAR.
Now, we assume that |£| = 1 without loss of generality, use the change of variables

y=¢ez1e1 +7 where 7 =(0,z2,...,2N),
and take the limit as ¢ — 0; similarly to the proof of Lemma 3.1 we obtain that

2 2
/ %dzda =/ %dzda
E(‘)" o E- O

0

where & is, as usual, the limit of §; as § — 0 and

1
E(j)E = {(z,cr) eRM:0< | </-2No log(dno), 0 <o < o

(c7,7) }

0sz1,80s21—ao + 5

Thus, &g results to be the solution of

1 ’ !/ |Z/|2 ’
So+aoc—=-(Cz,7)| —dz do =0,
) 2 o2

where
1
E = {(z/,a) eRY:0<|7| <y/-2No logdno), 0 <o < 4—},
T
and hence

50/ rNU_Zdrda=—a/ No~ldrdo

(AE,§) _
|:tr(A)— e i|/E*rN+2a 2dr do,

I —D

where E* is defined in Lemma 5.2.
Finally, Lemma 5.2 gives that

| /N—1)\ 7+ N (AE, &)
50:G<N+1> {_”N—l [U(A)_ BE “

Case p = oo. For what we already showed at the beginning of this proof, we know that

Teoleq) —qx,0) 1 [£-z+e(—ao +(Az,2)/2)]
& 2 (z,0)€E

1
-|-E (ZTT?éE [§-z4+¢e(—aoc+(Az,2)/2)].
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Now, notice that if ¢ is sufficiently small, since £ 7 0, the minimum and the maximum
are attained at some points (z;', 05‘" ) and (z_, 0, ) on dE. Thus, there exist two Lagrange
multipliers A and A such that the following three equations hold:

E+eAzf =2FzE, —ea=rFN{logldmol) + 1},
125> + 2NoF log(dmat) = 0.

N N
L) = " and i L) = .
max - =Bl o, ad min G0 =kl

a straightforward asymptotic analysis on the system (4.8) informs us that

(4.8)

Since

N
+ + S

1
&= ﬁ|‘§7|+0(‘9) and 0 = — +o0(¢) as ¢ — 0.

dre

Therefore, we obtain:

fim @D gD [ e s tol | (A z) +(A 4
e—0 g2 e—0 2¢e 2 4
1 (A&, &)
= —-— —_ N N
dre < N TR
as desired. [}

Theorem 4.3 (Asymptotics for 7, (¢, u) as ¢ — 0) Let 1 < p < co. Assume (x,t) € Qr,
u e CX(Qr) and Vu(x, 1) # 0.

Then
I 2\
(e w(r0) = ue, )+ (1= 5
2 2
X {—u,(x,t)—i— mA;M(x,I)} & +0(8 ), (49)
as e — O.

Proof Lete > 0be suchthat E.(x, t) C Q7 and consider the function ¢ (y, s) in Lemma 4.2
withg(x,t) = u(x,t),a = u;(x,t),& = Vu(x,t),and A = VZ2u(x, t); then, set u,(z, o) =
u(x +ez,t — e20) and qe(z,0) =u(x +ez,t — &20).

Since u € C*(Q7), for every n > 0 there exists &y > 0 such that

lue(z,0) — qe(z,0)| < nsz forevery z € E and 0 < & < &n.

Thus, by Proposition 2.7, (4.4) and Theorem 2.5,

Tp(e, q)(x, 1) —qx, 1) - wpe, u)(x, 1) —q(x, 1)
g2 = g2

< ”p(S’Q)(X,;) —q(x,t) .
€
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Therefore, Lemma 4.2 implies that

Lbd S|
P (60 + o AT 1)
— - —u;(x, — AN u(x, -
4 N+p ! N+p-2 7 g

wpe, u)(x, 1) —q(x, 1) < lim sup wp(e, u)(x, 1) —q(x, 1)

< liminf

£—0 g2 0 g2
1 2\ N
SE (1_N+p> {—ut(x,t)—f-mA';,u(x,t)}%-n.
The desired conclusion follows at once, since 7 is arbitrary. O

Corollary 4.4 Let u € C*(Qr). The following assertions are equivalent:
(i) —ur(x, ) + =y Apux, 1) =0,
(ii) u(x) =mp(e, u)(x,t) + o(e¥) ase — 0,
at any point (x,t) € Qr such that Vu(x, t) # 0.
We do not provide the proof of Theorem 1.2, since is a straightforward re-adaptation of
that of Theorem 1.1, once the following definitions are established.

A function u € C(Q27) is a viscosity solution of u; = %HA’;M in Qr, if both of the
following requisites hold at every (x, t) € Qr:

(i) for any function ¢ of class C 2 near (x, t) such that u — ¢ has a strict minimum at (x, t)

with u(x, 1) = ¢ (x, 1) and Vo (x, 1) # 0, there holds that #HA';,M(;C, 1) < up(x, 1)

(i1) for any function ¢ of class C 2 near (x, t) such that u — ¢ has a strict maximum at (x, ¢)

with u(x, 1) = ¢ (x, 1) and Ve (x, 1) # 0, there holds that #HA';,M(X, 1) > uy(x, 1)

We say that a function u € C(Q27) satisfies at (x, t) € Qr the asymptotic mean value
property (AMVP)

u(x,t) =mp(e,u)(x, ) + 0(82) as ¢ > 0
in the viscosity sense if both of the following requisites hold:

(a) for any function ¢ of class C 2 near (x, 1) such that 4 — ¢ has a strict minimum at (x, 1)
withu(x,t) = ¢(x,t) and Vo (x, t) # 0, there holds that

d(x,1) > 7p(e, d)(x, 1) +0(e?) as & — 0;

(b) for any function ¢ of class C 2 near (x, t) such that u — ¢ has a strict maximum at (x, t)
with u(x,1) = ¢(x,t) and Vo (x, t) # 0, there holds that

d(x, 1) <mp(e, d)(x,1) —|—0(82) as ¢ —> 0.

S Useful integrals

We begin with the computation of some useful integrals.

Lemma 5.1 Ler S¥=! be the unit sphere in RN. Let € € RV\{0} and A be an N x N
symmetric matrix. Then for 1 < p < oo we have that

Jov-1 16 - y1P2(Ay, y)dS, 1 {
fSN—l |$'}’|p_2dsy N+p-2

A§,
w+ -2 550 6
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and

- y|P2(Ay, y)d
Jpl&-yI"2(Ay, y)dy 1p{tr(A)+(p_2) (5.2)

(Ag.§) }
Jpl&-yIP—2dy N+ '

&1

Proof Let R be a rotation matrix such that’ R€ = |&| e1; by the change of variables y = R0,
we have that

Jovr & - yIP72(Ay, y)dS,  Jov1 16117 72(( RAR)6,6) dS,
ng—l |‘§ : )’|p_2 dSy ng—l |91|p—2 dSy .

On the other hand,

. . .
/ 1011726, 6, dSg =/ 2 72y dy = [sij+(p—2>6i151,]/ P 2dy
SN-1 B 0y B

Sij —2)8i161
_ U-l—(P )8i1 1j / |01|p_2d59,
N+p-2 N1

where we have used the divergence theorem in the first equality. Therefore, we obtain that

Jov-1 1€ - YIP7(Ay, y)dSy  w('RAR) + (p — 2)((RAR) e1, e1)
Jon-1 1§ - y|P=2dS, N+p=2

=L {tr(A) +(p-2)

(A&%)}
N+p-2 '

1§12

Formula (5.2) easily follows from (5.1). O

Lemma 5.2 Leta > 0and B < a + 1 be real numbers and let

1
E, = {(r,a)€R2:0<r <+/—2No log(dno), 0 <o < 4—}
1

Then
22ﬂ7a73 7.[,370(71 N¢

w(@—p 1 et [+ 1). (5.3)

/ r? lo=Pdrdo =

*

Proof The result follows from the calculations:

1

1 ks

/ 2 o=P drdo = e o P{—2No log(4mo))* do
o Jo

203 fa-I
_2 pa=3 gp-a=l ya /°° 1% p—a—pDr 4o
0

o

22/370173 nﬂfotfl N¢ oo
= *e Tdr;
(@~ p+ Dot /0 ‘

in the second equality we used the substitution 470 = e °. O

Lemma 5.3 Let & and A be as in Lemma 5.1. Then for 1 < p < oo we have that

tp

Jgl6 2P 2odvzo) 1 (N +p- 2)1+Nz

[ol& 2P 2dv(z,0)  4x \ N+p

(5.4)
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and
[ 1€ -21P72(Az,2) dv(z, 0)
Jg & 21P~2dv(z, 0)

1 N <N+p_2>1+N2+" lt Wt (r—2) <A.§,g>} 55)
=5 r —-2)—="1. .
2t N+p—-2\ N+p P HE
Proof By using spherical coordinates, we calculate that
[el& 2P 20 dv(z,0)  [p PN o ldrdo
JplE-2lP2dv(z.0) Jg, rPN"lo2dr do
and
Jp & 2P Az, 2)dv(z,0) [, rPNT o 2drdo [ 1g - y1P72(Ay, y) dS,
Jg & - 21P=2dv(z, 0) IE* PN 6=24r do Jon-1 1€ - y|P=2ds,
Thus, (5.4) and (5.5) follow from the calculations
fE* rPtN=15=1lg, do
fE* rPN=16=2dr do
and (5.1). O

For the reader’s convenience, we recall the generalized dominated convergence theorem
(see [10] for instance), that is needed for the proofs of Lemmas 3.1 and 4.2.

Theorem 5.4 (Generalized dominated convergence theorem) Let (X, v) be a measure space
and let { f}nen and {gn}nen be sequences of measurable functions on X such that

(1) fu converges to a measurable function f a.e. on X as n — oo;

(i1) each g, € LY(X,v)and gn converges to a function g in LY(X,v)a.e onX asn — ooy
(iii) |fu] < gna.e.on X foralln € N;
(@iv) nll)nolofx gndv = [y gdv.

Then, we have that

lim fndv:/fdv.
n—00 X X
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