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STRONG LOCAL OPTIMALITY FOR A BANG-BANG-SINGULAR1

EXTREMAL: THE FIXED-FREE CASE∗2

LAURA POGGIOLINI† AND GIANNA STEFANI†3

Abstract. In this paper we give sufficient conditions for a Pontryagin extremal trajectory,4
consisting of two bang arcs followed by a partially or totally singular one, to be a strong local5
minimizer for a Mayer problem. The problem is defined on Rn and the end-points constraints are of6
fixed-free type. We use a Hamiltonian approach and its connection with the second order conditions7
in the form of a LQ accessory problem. An example is proposed. All the results are coordinate free8
so they also hold on a manifold.9

Key words. Sufficient optimality conditions, singular control, second variation, Hamiltonian10
methods11

AMS subject classifications. 49K15, 49J15, 93C1012

1. Introduction. In this paper we consider a Mayer problem on a fixed time13

interval [0, T ] and governed by a control affine dynamics. We study the strong local14

optimality of a trajectory consisting of two bang arcs followed by a singular one.15

In Optimal Control literature two different kinds of local optimality are usually16

considered: weak local optimality, i.e. with respect to the C0 × L∞-distance of the17

couples (trajectory, associated control); strong local optimality, i.e. with respect to the18

C0-distance of admissible trajectories, without any localization on the controls and19

which is defined below. An intermediate kind of local optimality, called Pontryagin20

local optimality, is also studied in the literature, see for example [10]. In our case21

Pontryagin local optimality reduces to local optimality with respect to the C0 × L1-22

distance of the couples (trajectory, associated control).23

Here we give sufficient optimality conditions for the reference trajectory to be a24

strong local minimizer in the case when the end-point constraints are of fixed-free25

type. We also recall that since a Bolza problem can always be reduced to a Mayer26

one, sufficient optimality conditions can be also derived for a Bolza problem.27

Control affine systems can be modeled in different ways; since we want to consider28

both bang and partially singular arcs (see Definition 1.2), we model the system as29

follows: let X1, . . . , Xm be smooth vector fields on Rn and let X be their convex hull,30

i.e.31

X (x) =
{ m∑
i=1

uiXi(x) : u = (u1, . . . , um) ∈ ∆
}
,32

where ∆ := {u ∈ Rm : ui ≥ 0, i = 1, . . . ,m,
∑m
i=1 ui = 1} is the simplex of Rm.33

Given a smooth function c : Rn → R and a point x0 ∈ Rn, we consider a Mayer34

problem of the following kind35

minimize c(ξ(T )) subject to(1a)36

ξ̇(t) ∈ X (ξ(t)) a.e. t ∈ [0, T ],(1b)37

ξ(0) = x0.(1c)3839
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2 JUNE 11, 2018 LAURA POGGIOLINI AND GIANNA STEFANI

Equivalently, by Filippov’s theorem, equation (1b) can also be written as40

ξ̇(t) =

m∑
i=1

υi(t)Xi(ξ(t)), a.e. t ∈ [0, T ], υ ∈ L∞ ([0, T ],∆) .41

Our aim is to give sufficient conditions for a reference trajectory ξ̂ : [0, T ] → Rn42

of (1b)-(1c) to be indeed a strong local minimizer of the problem according to the43

following definition44

Definition 1.1. An admissible trajectory ξ̂ : [0, T ] → Rn for an optimal control45

problem is a strong local minimizer if it is a minimizer among the admissible trajec-46

tories which are in a neighborhood of ξ̂ with respect to the C0 topology.47

We consider the case when ξ̂ is the concatenation of bang and singular arcs.48

Definition 1.2. Given an admissible trajectory ξ and a time interval (t1, t2) ⊂49

[0, T ], we say that ξ|(t1,t2) is50

• a bang arc of ξ if ξ̇(t) is the same vertex of X (ξ(t)) for any t ∈ (t1, t2),51

• a singular arc of ξ if ξ̇(t) is in the relative interior of a face of X (ξ(t)) for52

any t ∈ (t1, t2). A singular arc is called totally singular if the dimension of53

the face is maximal, otherwise it is called partially singular.54

Notice that in the single input case, m = 2, singular means totally singular. This case55

was considered in [21] where a proof was only sketched.56

Here we assume there exist times τ̂1, τ̂2 such that 0 < τ̂1 < τ̂2 < T , vector fields57

h1, h2, h3 ∈ {X1, . . . Xm}, (where h1 and h3 might be the same vector field) and a58

measurable function υ̂ ∈ L∞ ([τ̂2, T ], (0, 1)) such that ξ̂ is the absolutely continuous59

solution to the following Cauchy problem60

(2)

ξ̇(t) = h1(ξ(t)) t ∈ [0, τ̂1),

ξ̇(t) = h2(ξ(t)) t ∈ [τ̂1, τ̂2),

ξ̇(t) = υ̂(t)h3(ξ(t)) + (1− υ̂(t))h2(ξ(t)) a.e. t ∈ [τ̂2, T ],

ξ(0) = x0.

61

Thus, if m = 2, then (τ̂2, T ) is a totally singular arc, else it is a partially singular one.62

Denoting by fd := h3 − h2 we can write the dynamics on the singular arc as63

ξ̇(t) = h2(ξ(t)) + υ̂(t)fd(ξ(t)), t ∈ (τ̂2, T ).64

We also define the time-dependent reference vector field f̂t as65

(3) f̂t :=


h1 t ∈ [0, τ̂1),

h2 t ∈ (τ̂1, τ̂2),

h2 + υ̂(t)fd a.e. t ∈ (τ̂2, T ].

66

Remark 1.1. In this paper we consider a case study for our Hamiltonian ap-67

proach, i.e. when the final point is not constrained and the initial one is fixed. Indeed68

in this case the second order conditions give the possibility of constructing a field of69

non intersecting almost extremals and this is sufficient to obtain the result. The ex-70

tension to a problem with constrained final point requires adding a penalty term by71

taking advantage of a classical result on quadratic forms due to Hestenes, see [8].72

This manuscript is for review purposes only.



STRONG LOCAL OPTIMALITY FOR A BANG-BANG-SINGULAR EXTREMAL 3

In a future paper, [17], we shall extend the result to the case when the end points73

are constrained to smooth sub-manifolds of Rn and the cost depends on both the end74

points.75

Since the main necessary condition for strong local optimality, Pontryagin Maximum76

Principle (PMP), is naturally set in the cotangent bundle (Rn)
∗ × Rn, we give our77

sufficient conditions in such framework. We then use a Hamiltonian approach and its78

connection with the second order conditions.79

The main idea is to use the symplectic properties of the cotangent bundle to80

compare the costs of neighboring admissible trajectories by lifting them to such bun-81

dle. To do so we define a suitable Hamiltonian flow H, emanating from a horizontal82

Lagrangian sub-manifold Λ, H : (t, `) ∈ [0, T ] × Λ 7→ Ht(`) ∈ T ∗Rn. Since the final83

point is free, we consider flows backwards in time, with T as a starting time, Section84

4.1. The existence of this flow will be ensured by the regularity assumptions on the85

extremal λ̂ given by PMP, see Assumptions 1–5.86

From a Hamiltonian point of view the sufficient conditions sum up to proving the87

existence of a tubular neighborhood of [0, T ] × {λ̂(T )} in [0, T ] × Λ where the map88

id × πH is locally invertible, see Theorem 4.2. Thanks to the compactness of the89

time interval [0, T ] it suffices to prove that πHt is invertible for any t, see Theorem90

4.3. The connection with a suitable second order approximation (2nd variation) is91

obtained as shown in the following lines.92

1. The 2nd variation J ′′ext is in the form of a coordinate-free linear-quadratic (LQ)93

problem on the interval [τ̂2, T ] and it is obtained applying an intrinsic version94

of Goh transformation. Indeed we can obtain our sufficient conditions either95

when J ′′ext is coercive or when Lfdc ≡ 0 (a fact which prevents the coercivity),96

provided a suitable restriction of J ′′ext is coercive, see Section 3.2.97

2. We show that the derivative of Ht along λ̂ is, up to an isomorphism, the98

linear Hamiltonian flow associated to the LQ problem, see Section 5.2.99

3. From the coercivity of the 2nd variation we deduce that πHt is locally invert-100

ible (Sections 5.3 and 5.4), so that we can compare the costs of neighboring101

admissible trajectories by lifting them to the cotangent bundle. In our case102

proving the local invertibility is equivalent to requiring the invertibility of103

πHt for any t ∈ [τ̂2, T ] and the sufficient conditions for the optimality of a104

bang-bang trajectory of a suitable Mayer problem on [0, τ̂2], see Remark 4.3.105

Remark 1.2. The Hamiltonian approach allows to prove strong local optimality106

of the reference trajectory in the case of a partially singular arc, by giving regularity107

conditions on the reference control, while in the second order conditions only the108

singular component of the control is considered.109

We also point out out that our result applies also to the case Lfdc ≡ 0, a case110

which, up to the authors knowledge, has not been considered so far. In Section 6.1 we111

provide an example where this condition holds and to which our theory applies.112

Remark 1.3. In [19] we considered the bang-singular-bang case for the minimum113

time problem in a single input control system with fixed end points. For technical rea-114

sons the construction of almost-extremals provided in [19] works for Mayer problems115

only if the singular arc is the first or the last one. The technique can be applied to the116

concatenation of an arbitrary number of bang arcs and a singular one, provided the117

singular arc is the initial or the final one. The possibility of modifying the technique118

in order to consider any concatenation of bang and singular arcs is currently being119

studied.120
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In the case of bang-bang extremals for either a Mayer or a Bolza problem, Hamiltonian121

methods have been successfully exploited in [3, 12, 14, 15], while bang-bang extremals122

in the minimum time problem have been studied in [18, 16].123

Bang-bang extremals are extensively studied in the literature, also with other124

methods, see for example [9, 11, 5] and the references therein.125

Hamiltonian methods have also been applied to singular extremals, see [22, 6] and126

to concatenations of bang and singular arcs, see [19] and the references therein.127

The literature is rich of results that involve some localization of the control and128

with different approaches, see e.g. [4] and the references therein.129

We should also like to mention that Hamiltonian methods can also be successfully130

employed to obtain sufficient conditions to structure stability of minimizers, see e.g. [7,131

20, 13].132

2. Preliminaries.133

2.1. Notation. We start by recalling some basic facts and by introducing some134

specific notations. We identify any bi-linear form Q on a vector space W with a135

linear form Q : W → W ∗, we write Q(v, w) = 〈Qv , w〉, and we denote the associate136

quadratic form as Q(v, v) = Q[v]2.137

In this paper we use notation from differential geometry and some basic element138

of the theory of symplectic manifolds referred to the trivial cotangent bundle T ∗Rn =139

(Rn)
∗ × Rn, see for example [1]. We take advantage of the intrinsic notation from140

differential geometry as it is more compact and clear. In particular we distinguish141

between points in Rn, usually denoted as x and tangent vectors to Rn, denoted as δx.142

Given a C1 vector field f on Rn, we denote as exp tf(x) the flow at time t143

emanating from a point x at time 0, i.e. exp tf(x) is the solution to144

ξ̇(t) = f(ξ(t)), ξ(0) = x.145

If g is another C1 vector field, then the Lie bracket between f and g is denoted as146

[f, g], i.e. [f, g](x) := Dg(x)f(x)−Df(x)g(x).147

If α : Rn → R is a C2 function, dα is its differential, while D2α is the second148

derivative of α. Moreover Lfα (x) := 〈dα(x) , f(x)〉 is the Lie derivative of α with149

respect to the vector field f at the point x.150

Finally, if G is a C1 map from a manifold X in a manifold Y , its tangent map151

at a point x ∈ X is denoted as TxG, or simply as G∗ if the point x is clear from the152

context. In particular, if α : Rn → R is a C2 function and δx ∈ Rn, we denote by the153

symbol dα∗δx the couple
(
D2α(x)(δx, ·), δx

)
∈ (Rn)

∗ × Rn whenever the point x is154

clear from the context.155

We denote by π : ` = (p, x) ∈ T ∗Rn 7→ x ∈ Rn the projection on the base space.156

The symbol s denotes the canonical Liouville one–form on T ∗Rn: s :=
∑n
i=1 p

i dxi.157

The associated canonical symplectic two–form σ = ds =
∑n
i=1 dpi ∧ dxi allows one158

to associate to any, possibly time-dependent, smooth Hamiltonian Ht : T
∗Rn → R, a159

Hamiltonian vector field
−→
Ht, by160

(4) σ
(
V,
−→
Ht(`)

)
= 〈dHt(`) , V 〉, ∀V ∈ T`T ∗Rn,161

i.e.
−→
Ht(`) =

(
− ∂Ht

∂x
(`),

∂Ht

∂p
(`)

)
, ∀` = (p, x) ∈ T ∗Rn.162

We keep this notation throughout the paper, namely the overhead arrow denotes163

the vector field associated to a Hamiltonian, moreover the script letter denotes its164

flow from time T , unless otherwise stated.165
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STRONG LOCAL OPTIMALITY FOR A BANG-BANG-SINGULAR EXTREMAL 5

Finally we recall that any vector field f on Rn defines, by lifting to the cotangent166

bundle, a Hamiltonian167

F : ` = (p, x) ∈ T ∗Rn 7→ 〈p , f(x)〉 ∈ R.168

In particular we denote by H1, H2, H3 the Hamiltonians associated with h1, h2, h3,169

respectively and by Hi1i2...ik , i1, . . . , ik ∈ {1, 2 3}, the Hamiltonian associated with170

the vector field hi1i2...ik := [hi1 , [. . . [hik−1
, hik ] . . . ].171

The flow from time T of the reference vector field f̂t defined in (3), is a local172

diffeomorphism defined in a neighborhood of the point x̂T := ξ̂(T ). For each t ∈ [0, T ]173

we denote such flow as Ŝt : Rn → Rn, while174

F̂t =


H1 if t ∈ [0, τ̂1),

H2 if t ∈ (τ̂1, τ̂2),

H2 + υ̂(t)H3 if t ∈ (τ̂2, T ],

175

denotes the time–dependent reference Hamiltonian and Ft denotes its flow.176

2.2. The necessary conditions. We start by stating the main necessary con-177

dition of optimality, i.e. Pontryagin Maximum Principle (PMP). Since there is no178

constraint on the final point, then PMP must hold in its normal form:179

Assumption 1 (Normal PMP). There exists an absolutely continuous mapping180

µ̂ : [0, T ]→ (Rn)
∗

such that a.e. t ∈ [0, T ]181

˙̂µ(t) = −µ̂(t) Df̂t(ξ̂(t)), µ̂(T ) = −dc(x̂T ),182

F̂t(µ̂(t), ξ̂(t)) = max
{
〈µ̂(t) , X〉 : X ∈ X (ξ̂(t))

}
.183

184

µ̂(t) is called adjoint covector and the trajectory ξ̂ of the system is called a state185

extremal of problem (1) while the couple λ̂(t) :=
(
µ̂(t), ξ̂(t)

)
is called an extremal of186

problem (1). We use the following notation for the end points and for the switching187

points of λ̂(t) ∈ T ∗Rn:188

̂̀
f := λ̂(T ), ̂̀

2 := λ̂(τ̂2) = F̂τ̂2(̂̀f ), ̂̀
1 := λ̂(τ̂1) = F̂τ̂1(̂̀f ), ̂̀

0 := λ̂(0) = F̂0(̂̀f ).189

We call λ̂
∣∣∣
[0,τ̂1)

and λ̂
∣∣∣
(τ̂1,τ̂2)

bang arcs, while λ̂
∣∣∣
(τ̂2,T ]

is a singular arc.190

Thanks to the structure of the reference trajectory, PMP gives the following191

necessary conditions:192

1. On the first bang arc, t ∈ [0, τ̂1], we get H1(λ̂(t)) ≥ 〈µ̂(t) , X〉, ∀X ∈ X (ξ̂(t)).193

2. On the second bang arc, t ∈ [τ̂1, τ̂2], we get H2(λ̂(t)) ≥ 〈µ̂(t) , X〉, ∀X ∈ X (ξ̂(t)),194

in particular H1(̂̀2) = H2(̂̀2).195

3. On the singular arc, t ∈ [τ̂2, T ], we get196

(H2 + υ̂(t)Fd) (λ̂(t)) ≥ 〈µ̂(t) , X〉, ∀X ∈ X (ξ̂(t)),197

which implies Fd(λ̂(t)) ≡ 0 and, by differentiation,198

(5)
d

dt
Fd(λ̂(t))=H23(λ̂(t)) = 0,

d2

dt2
Fd(λ̂(t))=−H232(λ̂(t))+υ̂(t)L(λ̂(t)) = 0,199

200

L(`) := (H323 +H232)(`) = 〈p , [fd, [h2, fd]] (x)〉, ` = (p, x) ∈ T ∗Rn.201

This manuscript is for review purposes only.



6 JUNE 11, 2018 LAURA POGGIOLINI AND GIANNA STEFANI

4. At the first switching time we get H12(̂̀1)=
d

dt
(H2 −H1) ◦ λ̂(t)

∣∣∣∣
t=τ̂1

≥ 0, see [3].202

5. At the second switching time we get H232(̂̀2)= − d2

dt2
Fd ◦ λ̂(t)

∣∣∣∣
t=τ̂−2

≥ 0, see [19].203

Moreover, other necessary conditions are known to hold along singular arcs, namely204

the Goh condition (which in this case is automatically satisfied) and the generalized205

Legendre condition (GLC), see e.g. [1], applied to the sub-problem where the controlled206

vector field is constrained on the edge whose extrema are h2 and h3207

(6) L(λ̂(t)) = 〈µ̂(t) , (h323 + h232) (ξ̂(t))〉 ≥ 0 ∀t ∈ [τ̂2, T ].208

We recall that the generalized Legendre condition (GLC) takes this form because we209

deal with Pontryagin Maximum Principle. If one considers the minimum principle,210

as in [4] and in [25], then GLC is given by the reverse inequality.211

3. Assumptions and main result.212

3.1. Regularity conditions. We now state regularity conditions by requiring213

strict inequalities to hold whenever necessary conditions yield mild inequalities.214

Assumption 2 (Regularity along the bang arcs).215

H1(λ̂(t)) > 〈µ̂(t) , X〉, ∀X ∈ X (ξ̂(t)) \ {h1(ξ̂(t))}, ∀t ∈ [0, τ̂1),216

H2(λ̂(t)) > 〈µ̂(t) , X〉, ∀X ∈ X (ξ̂(t)) \ {h2(ξ̂(t))}, ∀t ∈ (τ̂1, τ̂2),217218

namely we require that the reference control is the only maximizing control along219

each bang arc.220

Assumption 3 (Regularity along the singular arc). For any a ∈ [0, 1] and any221

t ∈ [τ̂2, T ]222

H2(λ̂(t)) + υ̂(t)fd(λ̂(t)) > 〈µ̂(t) , X〉, ∀X ∈ X (ξ̂(t)), X(ξ̂(t)) 6= (h2 + afd) (ξ̂(t)),223

i.e. we require that the set of maximizers along the singular arc is only the edge defined224

by h2 and h3.225

Assumption 4 (Regularity at the switching points).226

(7) H12(̂̀1) > 0, H232(̂̀2) > 0.227

Assumption 5 (Strong generalised Legendre condition).228

(SGLC) R(t) := L(λ̂(t)) = 〈µ̂(t) , [fd, [h2, fd]] (ξ̂(t))〉 > 0 t ∈ [τ̂2, T ].229

Thanks to (SGLC) from (5) we can recover the control along the singular arc:230

υ̂(t) =
H232

L
(λ̂(t)) ∀t ∈ (τ̂2, T ],231

so that, by recurrence, one can easily prove that υ̂ ∈ C∞([τ̂2, T ], (0, 1)).232

The condition υ̂(t) ∈ (0, 1) reads233

(8) H232(λ̂(t)) > 0, H323(λ̂(t)) > 0 ∀t ∈ [τ̂2, T ].234

Thus the reference vector field is discontinuous at ξ̂(τ̂2) if and only if υ̂(τ̂+2 ) > 0, i.e. if235

and only if the regularity condition at τ̂2, equation (7), holds.236
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3.2. The extended second variation. The second order conditions will be237

derived studying a sub-problem of the given one. Namely we consider the reference238

vector field f̂t and allow only for perturbations of υ̂ on the singular interval (τ̂2, T ) and239

for perturbations of the switching time τ̂1. Following the ideas of [19], we represent240

the perturbations of the first switching time τ̂1 by a new positive control υ0 which is241

a reparametrization of time. The sub-problem can be written as242

Minimize c(ξ(T )) subject to(9a)243

ξ̇(t) =


υ0(t)h1(ξ(t)) t ∈ (0, τ̂1),

υ0(t)h2(ξ(t)) t ∈ (τ̂1, τ̂2),

h2(ξ(t)) + υ(t)fd(ξ(t)) t ∈ (τ̂2, T ),

(9b)244

ξ(0) = x0, υ0(t) > 0,

∫ τ̂2

0

υ0(t) dt = τ̂2, υ(t) ∈ (0, 1).(9c)245
246

Problem (9) gives rise to a linear quadratic problem on the singular arc [τ̂2, T ] where247

the variation of the first switching time τ1 produces a cost at time τ̂2. Set248

(10) gt := Ŝ−1t∗ fd ◦ Ŝt , t ∈ [τ̂2, T ], ki := Ŝ−1τ̂1∗hi ◦ Ŝτ̂1 , i = 1, 2, k := k1 − k2,249

i.e. gt is the push-forward of fd from time t ∈ [τ̂2, T ] to time T while ki is the push-250

forwards of hi, i = 1, 2, from the first switching time τ̂1 to T . With this notation the251

second variation of (9) as defined in [2] and written in terms of the push-forwards to252

time T instead of pullbacks to time 0, is given by253

(11) J ′′[(δx, δυ0, δυ)]2 =

∫ T

τ̂2

δυ(t)Lδη(t)Lgtc (x̂T ) dt+
ε20
2

(
L2
kc (x̂T ) +H12(̂̀1)

)
254

subject to255

δ̇η(t) = δυ(t)gt(x̂T ), δη(T ) = δx ∈ Rn, δη(τ̂2) = ε0k(x̂T ),256

ε0 =

∫ τ̂1

0

δυ0(t) dt = −
∫ τ̂2

τ̂1

δυ0(t) dt.257

258

We then extend the second variation to a new quadratic form called extended second259

variation. Following the same lines as in the appendix of [19] and setting260

w(t) :=

∫ τ̂2

t

δυ(s) ds, ε1 := w(T ),261

the extended second variation of (9) is given by the following LQ problem on [τ̂2, T ].262

J ′′ext[(δx, ε0, ε1, w)]2 = −ε1LδxLfdc (x̂T )− ε21
2
L2
fd
c (x̂T ) +

+
ε20
2

(
L2
kc (x̂T ) +H12(̂̀1)

)
+

1

2

∫ T

τ̂2

(
2w(t)Lζ(t)Lġtc (x̂T ) + w(t)2R(t)

)
dt

(12)263

subject to264

(13) ζ̇(t) = w(t)ġt(x̂T ), ζ(τ̂2) = ε0 k(x̂T ), ζ(T ) = δx+ ε1fd(x̂T ).265
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8 JUNE 11, 2018 LAURA POGGIOLINI AND GIANNA STEFANI

This means that we consider the quadratic form J ′′ext defined by (12) on the linear266

space, called space of admissible variations, given by267

Wext := {(δx, ε0, ε1, w) ∈ Rn × R× R× L2([τ̂2, T ]) : (13) admits a solution}.268

Notice that269

(14) ġt = Ŝ−1t∗ h23 ◦ Ŝt, t ∈ [τ̂2, T ].270

We consider two cases:271

• Lfdc ≡ 0. J ′′ext cannot be coercive and we only require its coercivity on the272

subspace of Wext given by ε1 = 0. Notice that fd(x̂T ) 6= 0. Indeed, if fd(x̂T ) = 0,273

then L(̂̀f ) = 〈µ̂(T ) , [fd, h23] (x̂T )〉 = 〈dc , Dfdh23〉(x̂T ) = Lh23
Lfdc (x̂T ) = 0, a274

contradiction to (SGLC).275

• Lfdc is not identically zero. Choosing the variation δe = (−fd(x̂T ), 0, 1, 0) in276

(12) we get J ′′ext[δe]
2 = L2

fd
c (x̂T ) and we require L2

fd
c (x̂T ) > 0.277

In this case the set, locally defined near x̂T in Rn,278

M̃ := {x ∈ Rn : Lfdc (x) = 0} ,279

is a hyper-surface whose tangent space at x̂T is280

Tx̂T
M̃ = {δz ∈ Rn : LδzLfdc (x̂T ) = 0} .281

For x = exp(rfd)(z), z ∈ M̃ set c̃(x) := c(z), i.e. we extend c|
M̃

as a constant282

function along the integral lines of fd. In a sufficiently small neighborhood O of x̂T ,283

the function c̃ : O → R is smooth and it enjoys the following properties284

(15)
c̃(x̂T ) = c(x̂T ), dc̃(x̂T ) = dc(x̂T ),

c̃(x) ≤ c(x), Lfd c̃ (x) = 0 ∀x ∈ O.
285

Following [22] it can be shown that the coercivity of (12) on Wext is equivalent to286

L2
fd
c (x̂T ) > 0 plus the coercivity of287

J̃ [(δx, ε0, w)]2 =
ε20
2

(
L2
k c̃ (x̂T ) +H12(̂̀1)

)
+

+
1

2

∫ T

τ̂2

(
2w(t)Lζ(t)Lġt c̃ (x̂T ) +R(t)w(t)2

)
dt

(16)288

subject to289

(17) ζ̇(t) = w(t)ġt(x̂T ), ζ(τ̂2) = ε0 k(x̂T ), ζ(T ) = δx ∈ Rn.290

This is exactly the same formula we obtain in the case Lfdc ≡ 0 setting c̃ := c.291

We can now state our final assumption, concerning the second variation J̃ .292

Assumption 6. We assume the following conditions hold:293

a) The quadratic form J̃ , (16), is coercive on294

W̃ := {(δx, ε0, w) ∈ Rn × R× L2([τ̂2, T ],R) : (17) admits a solution}.295

b) Either L2
fd
c (x̂T ) > 0 or Lfdc ≡ 0 in a neighborhood O of x̂T in Rn.296
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3.3. The main result. We can now state the main result of this paper297

Theorem 3.1. Let ξ̂ be the admissible trajectory defined in (2). Assume that298

ξ̂ is a state extremal (Assumption 1) satisfying the regularity Assumptions 2–5. If299

Assumption 6 is satisfied, then ξ̂ is a strict strong local optimal trajectory of (1).300

Indeed, in Section 5 we prove that Assumptions 1-5 plus a) of Assumption 6 imply301

that ξ̂ is a strict strong locally optimal trajectory for the cost c̃(ξ(T )).302

This concludes the proof in the case Lfdc ≡ 0. When L2
fd
c (x̂T ) > 0, the claim is303

proved by (15).304

4. Hamiltonian approach. The first step in applying the Hamiltonian ap-305

proach described in the Introduction, is the construction of an over-maximized Hamil-306

tonian flow. Indeed the presence of a singular arc prevents us from using the maxi-307

mized Hamiltonian (see [19]) which can be used in the classical case, i.e. when it is308

C2, see [1]. The over-maximized Hamiltonian was introduced in [22] and then used in309

[19, 20, 6] . In [24] the authors give a systematic extension of the classical techniques310

to the case of an over-maximized Hamiltonian whose flow is only Lipschitz continuous.311

4.1. The over-maximized flow. In this section we describe how the regularity312

conditions allow to define in a neighborhood U of the graph of λ̂ in [0, T ] × T ∗Rn, a313

time-dependent Hamiltonian function H : U → R whose flow satisfies the assumptions314

stated in [24]. We consider the flow of the over-maximized Hamiltonian emanating315

from the following Lagrangian manifold:316

(18) Λ := {(d(−c̃)(x), x) : x ∈ O} .317

In our case the assumptions of [24] read as follows.318

1. The flow (t, `) ∈ [0, T ]× Λ 7→ Ht(`) := (µt(`), ξt(`)) ∈ T ∗Rn is Lipschitz contin-319

uous.320

2. The function Φ: (t, `) ∈ [0, T ] × Λ 7→ 〈µt(`) , π
−→
Ht ◦ Ht(`)〉 − Ht ◦ Ht(`) ∈ R is321

Lipschitz-Caratheodory i.e.322

• For almost every t ∈ [0, T ] the map ` ∈ Λ 7→ Φ(t, `) ∈ R is locally Lipschitz.323

• For each ` ∈ Λ the map t ∈ [0, T ] 7→ Φ(t, `) ∈ R is bounded measurable.324

• For any compact set K ⊂ Λ there is an essentially bounded measurable325

function m : [0, T ]→ R such that326

‖Φ(t, `1)− Φ(t, `2)‖ ≤ m(t) ‖`1 − `2‖ , ∀`1, `2 ∈ Λ.327

3. The following over-maximality conditions hold:328

(a) Ht ◦ Ht(`) ≥ Hmax ◦ Ht(`), for any (t, `) ∈ [0, T ]× Λ,329

(b) Ht ◦ λ̂(t) = F̂t ◦ λ̂(t) = Hmax ◦ λ̂(t), for a.e. t ∈ [0, T ],330

(c)
−→
Ht ◦ λ̂(t) =

−→
F̂t ◦ λ̂(t), for a.e. t ∈ [0, T ].331

The coercivity of the second variation will then guarantee the invertibility of the332

projected over-maximized flow of such Hamiltonian.333

In order to describe Ht, t ∈ [τ̂2, T ] notice that the SGLC condition (Assumption 5)334

implies that there exists a neighborhood Os of the range of the singular arc λ̂([τ̂2, T ])335

in T ∗Rn such that the sets336

Σ := {` ∈ Os : Fd(`) = 0} = {` ∈ Os : H2(`) = H3(`)} ,337

S := {` ∈ Σ: H23(`) = 0} = {` ∈ Os : H2(`) = H3(`), H23(`) = 0}338339
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are smooth simply connected manifolds of codimension 1 and 2, respectively. More340

precisely
−−→
H23 is transverse to Σ in Os, while

−→
Fd is tangent to Σ and transverse to S in341

Σ, see [19]. Moreover we can define a smooth function us : Os → R and the feedback342

Hamiltonian as follows:343

us(`) =
H232

L
(`), HS(`) = H2(`) + us(`)Fd(`).344

345

Remark 4.1. On the singular interval [τ̂2, T ], υ̂(t) = us(λ̂(t)) and λ̂ is the solu-346

tion to the Cauchy problem347

(19) λ̇(t) =
−→
HS(λ(t)), λ(τ̂2) = ̂̀

2.348

In [19] the authors prove that possibly restricting Os, the following implicit func-349

tion problem has a solution θ : Os → R:350 {
H23 ◦ exp(θ(`)

−→
Fd)(`) = 0,

θ(`) = 0 if H23(`) = 0,
351

and352

〈dθ(`S) , δ`〉 =
−σ

(
δ`,
−−→
H23(`S)

)
L(`S)

, ∀`S : H23(`S) = 0.353

The over-maximized Hamiltonian is defined starting from354

H̃2(`) := H2 ◦ exp(θ(`)
−→
Fd)(`).355

356

Lemma 4.1. Possibly restricting Os the following properties hold357

1. H̃2(`) ≥ H2(`) for any ` ∈ Σ and equality holds if and only if ` ∈ S.358

2. For any `S ∈ S and δ` ∈ T`SΣ359

(20) d
(
H̃2 −H2

)
(`S) = 0, D2

(
H̃2 −H2

)
(`S)[δ`]2 =

(
σ
(
δ`,
−−→
H23(`S)

))2
L(`S)

.360

3.
−→
H̃2 is tangent to Σ and, setting,361

(21) Ht(`) := H̃2(`) + υ̂(t)Fd(`), ∀(t, `) ∈ [τ̂2, T ]×Os362

we easily get that
−→
Ht is tangent to Σ.363

4. λ̂
∣∣∣
[τ̂2,T ]

solves the Cauchy problem λ̇(t) =
−→
Ht(λ(t)), λ(T ) = ̂̀

f .364

5.
[−→
Fd,
−→
Ht

]
≡ 0 on Σ hence

−→
Fd is invariant on Σ with respect to the flow of

−→
Ht:365

(22)
−→
Fd ◦ Ht(`) = Ht∗

−→
Fd(`), ∀(t, `) ∈ [τ̂2, T ]× Σ.366

The proof of Lemma 4.1 can be done adapting the results in [19] and completes the367

analysis of the singular arc.368

The bang arcs present problems of a different kind. Namely we need to define the369

switching times near the reference switching points ̂̀1 and ̂̀2.370
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For (t, `) near the graph of λ̂ we need Ht(`) ≥ Hmax(`) , but in [19] it is shown371

that the backwards flow of
−→
H2 from time τ̂2 is the maximized one if and only if372

H23(`) ≥ 0. In order to overcome this problem we introduce a correction of such a373

flow from time τ̂2 by keeping it on Σ whenever H23(`) < 0.374

In [19] it is shown that, thanks to the second inequality in Assumption 4, the375

implicit function theorem applied to the problem:376 {
H23 ◦ exp(t2 − τ̂2)

−→
H̃ 2 (`) = 0,

t2(`) = τ̂2 if H23(`) = 0.
377

defines, in a neighborhood O2 of ̂̀2, a function t2 : O2 → R such that if ` ∈ Σ, then378

t2(`) = τ̂2 if and only if ` ∈ S; moreover379

〈dt2(̂̀2) , δ`〉 =
−σ

(
δ`,
−−→
H23(̂̀2)

)
H223(̂̀2)

∀δ` ∈ T ∗Rn.380

We set381

τ2(`) := min {t2(`), τ̂2} =

{
t2(`) if H23(`) < 0,

τ̂2 if H23(`) ≥ 0.
382

The next step is the definition of the switching time τ1 : O2 → R, possibly shrinking383

O2. Actually, thanks to the first inequality in Assumption 4, the implicit function384

theorem applies also to385 {
(H2 −H1) ◦ exp (τ1 − τ2(`))

−→
H2 ◦ exp (τ2(`)− τ̂2)

−→
H̃2(`) = 0,

τ1(̂̀2) = τ̂1,
386

see e.g. [3]. Setting387

(23) k̃(x) := Ŝτ̂2∗k ◦ Ŝ
−1
τ̂2

(x), K̃(p, x) := 〈p , k̃(x)〉,388

the linearization of τ1 at ̂̀2 is given by389

(24) 〈dτ1(̂̀2) , δ`〉 =
σ
(

exp (τ̂1 − τ̂2)
−→
H2 ∗δ`,

(−→
H1 −

−→
H2

)
(̂̀1)

)
H12(̂̀1)

=

σ

(
δ`,
−→
K̃(̂̀2)

)
H12(̂̀1)

.390

We can now define the flow (t, `) 7→ Ht(`) backwards in time emanating from a391

neighborhood Of of ̂̀f in T ∗Rn at time T .392

For any t ∈ [τ̂2, T ] we choose as Ht(`) the flow of
−→
Ht defined in (21).393

For t < τ̂2, setting ˜̀ := Hτ̂2(`), we define394

(25) Ht(`) :=


exp(t− τ̂2)

−→
H̃2(˜̀) t ∈ [τ2(˜̀), τ̂2],

exp(t− τ2(˜̀))−→H2 ◦ Hτ2(˜̀)(˜̀) t ∈ [τ1(˜̀), τ2(˜̀)),
exp(t− τ1(˜̀))−→H1 ◦ Hτ1(˜̀)(˜̀) t ∈ [0, τ1(˜̀)),395

see Figure 1.396

Remark 4.2. Notice that H is C∞ on [τ̂+2 , T ]×Of and it is Lipschitz continuous397

on [0, τ̂−2 ] × Of . Actually it is C1 but on {(t,Ht(`)) : t = τ1(˜̀)}. Indeed on the398

set {(t,Ht(`)) : t = τ2(˜̀)} it is C1 since Hτ2(˜̀)(˜̀) ∈ S, so that
−→
H̃ 2(Hτ2(˜̀)(˜̀)) =399

−→
H2(Hτ2(˜̀)(˜̀)), by (20).400
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H1 H2

H̃2

H̃2 + υ̂(t)fd

t
=
τ
1 ( ˜̀)

t = τ̂1 t = τ̂2 t = T

t
=
τ 2

(
˜̀ )

T ∗Rn

t

Fig. 1. The over-maximized Hamiltonian along its flow emanating from Λ at time T . The
picture shows when the transition from one smooth piece to another is defined and where the over-
maxizimed Hamiltonian is actually greater than the maximized Hamiltonian of the control system.

4.2. Hamiltonian sufficient conditions. In this section we state and prove401

the sufficient conditions for strong local optimality of ξ̂ in terms of Hamiltonian flow.402

First we prove that if the projected over-maximized flow emanating from Λ is403

locally Lipschitz invertible then ξ̂ is a strong local minimizer, Theorem 3.1. Afterwards404

we give the second order conditions that ensure this invertibility property, Theorem405

4.2.406

Theorem 4.2. Let Λ be defined in (18). Assume that407

(26) id× πH : (t, `) ∈ [0, T ]× Λ 7→ (t, πHt(`)) ∈ U .408

is locally Lipschitz invertible onto a neighborhood U of the graph of ξ̂ in [0, T ] × Rn.409

Then ξ̂ is a strict strong locally optimal trajectory for the cost c̃(ξ(T )) subject to410

(1b)-(1c).411

Proof. Clearly (id× πH)−1(t, ξ̂(t)) = (t, ̂̀f ) for any t ∈ [0, T ]. Let ξ : [0, T ]→ Rn412

be an admissible trajectory for (1) whose graph is in U and let413

(t, `(t)) := (id× πH)−1(t, ξ(t)), λ(t) := Ht(`(t)) = (µ(t), ξ(t)) , t ∈ [0, T ].414

If ϕ : [0, 1] → Λ is a smooth curve such that ϕ(0) = `(T ), ϕ(1) = ̂̀
f then we can415

consider the closed path in [0, T ]× Λ obtained by the concatenation of the curves416

t 7→ (t, `(t)), s 7→ (T, ϕ(s)), t 7→ (T − t, ̂̀f ).417

Integrating the one-form ω := H∗ (s−Ht dt) (which is exact on [0, T ] × Λ, see418

[24]), we obtain419

420

(27) 0 =

∮
ω =

∫
id×`

(
〈µ(t) , ξ̇(t)〉 −Ht(λ(t))

)
dt+

∫
ϕ

H∗t s+421

−
∫
id×̂̀

f

(
〈µ̂(t) ,

˙̂
ξ(t)〉 −Ht(λ̂(t))

)
dt.422

423

By construction of the over-maximized Hamiltonian Ht, the integrand is non positive424

along the curve id× ` and is identically zero along the curve id× ̂̀f . Therefore425

426
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(28) 0 ≤
∫
ϕ

H∗t s =

∫ 1

0

〈ϕ(s) ,
d

ds
(πϕ)(s)〉ds427

=

∫ 1

0

〈d(−c̃)(πϕ(s)) ,
d

ds
(πϕ)(s)〉ds = c̃(ξ(T ))− c̃(x̂T ).428

429

Thus c̃(ξ(T )) ≥ c̃(x̂T ), i.e. ξ̂ is a strong local minimizer for the cost c̃. Let us show430

that in fact it is a strict one.431

If c̃(ξ(T )) = c̃(x̂T ), then (27)-(28) imply that432

(29) 〈µ(t) , ξ̇(t)〉 −Ht(λ(t)) = 0 a.e. t ∈ [0, T ]433

so that434

(30) 〈µ(t) , ξ̇(t)〉 = Hmax(λ(t)) = Ht(λ(t)) a.e. t ∈ [0, T ].435

Since ξ(0) = ξ̂(0), we also have λ(0) = ̂̀
0. On the interval [0, τ̂2), equation (30)436

and the maximality condition imply that d(Ht −Hmax)|λ(t) = 0 a.e. t ∈ [0, τ̂2], so437

that
−→
Hmax(λ(t)) =

−→
Ht(λ(t)) a.e. t ∈ [0, τ̂2]. Thus λ(t) = λ̂(t) for any t ∈ [0, τ̂2], in438

particular λ(τ̂2) = ̂̀
2.439

For t ∈ [τ̂2, T ], equation (29) yields H̃2(λ(t)) = H2(λ(t)), i.e. λ(t) ∈ S. Define440

Σξ(t) :=
{
p ∈ (Rn)

∗
: 〈p , fd(ξ(t))〉 = 0

}
441

and consider the function442

Ω: p ∈ Σξ(t) 7→ 〈p , ξ̇(t)〉 −Ht(p, ξ(t)) ∈ R.443

By PMP the function Ω is non positive and by (29) it is null in µ(t), therefore444

(31) 〈δp , ξ̇(t)− π
−→
Ht(λ(t))〉 = 0, ∀δp ∈ (Rn)

∗
, such that 〈δp , fd(ξ(t))〉 = 0.445

Hence there exists b(t) ∈ R such that446

ξ̇(t) = π
−→
Ht(λ(t)) + b(t)fd(ξ(t)) ∀t ∈ [τ̂2, T ].447

By (22), (πHt)−1∗ fd ◦ (πHt) (`(t)) =
−→
Fd(`(t)) so that448

˙̀(t) = (πHt)−1∗
(
ξ̇(t)− π

−→
Ht(λ(t))

)
= b(t) (πHt)−1∗ fd(ξ(t)) = b(t)

−→
Fd(`(t)),449

λ̇(t) =
−→
Ht(λ(t)) +Ht∗ ˙̀(t) =

−→
H2(λ(t)) + (υ̂(t) + b(t))

−→
Fd(λ(t)).450451

Finally, since λ(t) ∈ S, we get452

(32) 0 = σ
(
λ̇(t),

−−→
H23(λ(t))

)
= −H232(λ(t)) + (υ̂(t) + b(t))L(λ(t)),453

so that υ̂(t)+b(t) = us(λ(t)). Therefore λ(t) and λ̂(t) solve the same Cauchy problem454

(19). This proves that λ ≡ λ̂ and hence the strict strong local optimality of ξ̂.455

As we want to obtain second order sufficient conditions, we take a Hamiltonian456

approach based on the linearization of the flow from457

LT := T̂̀
f
Λ = {d(−c̃)∗δx : δx ∈ Rn} .458
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Our construction is naturally split in two parts by the time t = τ̂2. In particular we459

point out that if (πHτ̂2)∗ : LT → Rn is an isomorphism, then there exists at least a460

smooth function α2 : Rn → R such that461

(33) dα2(x̂2) = µ̂(τ̂2), Hτ̂2∗LT = {dα2∗δx : δx ∈ Rn} .462

We explicitly point out that α2 is not uniquely determined but only its first and463

second order derivatives at x̂2 are determined by (33).464

We can now state a second order sufficient condition for the strong local optimality465

of the reference trajectory ξ̂.466

Theorem 4.3. Let ξ̂ be the admissible trajectory defined in (2). Assume that ξ̂467

is a state extremal (Assumption 1) satisfying the regularity Assumptions 2–5.468

Assume moreover469

1. (πHt)∗ : LT → Rn is an isomorphism for any t ∈ [τ̂2, T ], i.e. the kernel of470

the map is trivial;471

2. H12(̂̀1) − L2
k̃
α2 (x̂2) > 0 where α2 is any smooth function on Rn satisfying472

(33) and k̃ is defined in (23).473

Then ξ̂ is a strict strong local minimizer for problem (1).474

Proof. According to Theorem 4.2 we only need to prove that the map id ×475

πH : [0, T ] × Λ → [0, T ] × Rn is one-to-one onto a neighborhood U of the graph of476

ξ̂. Since [0, T ] is a compact interval, it suffices to prove that id × πHt is locally477

bi-Lipschitz in a neighborhood of (t, ̂̀f ) for any t ∈ [0, T ].478

For t 6= τ̂1 Remark 4.2 implies that it suffices to prove that (πHt)∗ : LT → Rn479

is an isomorphism while, for t = τ̂1 we take advantage of Clarke inverse function480

theorem.481

• Condition 1 ensures the invertibility on [τ̂2, T ].482

• For t ∈ (τ̂1, τ̂2), (πHt)∗ = exp(t− τ̂2)h2∗ (πHτ̂2)∗ which is invertible.483

• If t = τ̂1, for any δ` ∈ LT , set δ̃` = Hτ̂2∗δ`. The linearization of πHτ̂1 at ̂̀f is484

given by485

(πHτ̂1)∗ δ` =

{
exp(τ̂1 − τ̂2)h2 ∗πδ̃`, 〈dτ1(̂̀2) , δ̃`〉 < 0,

exp(τ̂1 − τ̂2)h2 ∗

(
πδ̃`− 〈dτ1(̂̀2) , δ̃`〉k̃(x̂2)

)
, 〈dτ1(̂̀2) , δ̃`〉 > 0.

486

If 〈dτ1(̂̀2) , δ̃`〉k̃(x̂2) = 0 for any δ̃` ∈ LT , we are done. Otherwise, it suffices to prove487

that for any a ∈ [0, 1] and any δ` ∈ LT , δ` 6= 0488

π(δ̃`)− a〈dτ1(̂̀2) , δ̃`〉k̃(x̂2) 6= 0.489

For a = 0 the claim is obvious thanks to assumption 1. Assume by contradiction490

there exists a ∈ (0, 1] and δ` ∈ LT , δ` 6= 0 such that491

(34) πδ̃`− a〈dτ1(̂̀2) , δ̃`〉k̃(x̂2) = 0.492

By (34) there exists ρ 6= 0 such that πδ̃` = ρk̃(x̂2) so that δ̃` = ρdα2 ∗k̃(x̂2) and493

0 = ρk̃(x̂2)− a〈dτ1(̂̀2) , ρ dα2 ∗k̃(x̂2)〉k̃(x̂2).494

Thus 1− a〈dτ1(̂̀2) , dα2∗k̃(x̂2)〉 = 0, so that495

0 = 1− a

H12(̂̀1)
σ

(
dα2∗k̃(x̂2),

−→
K̃(̂̀2)

)
=

1

H12(̂̀1)

{
H12(̂̀1)− aL2

k̃
α2 (x̂2)

}
.496
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Since this quantity is positive both for a = 0 and for a = 1, it is positive for any497

a ∈ [0, 1].498

Remark 4.3. As already said, the switching time τ̂2 naturally splits our construc-499

tion in two parts. In particular Assumption 1 of Theorem 4.3 takes into account only500

the problem restricted to the singular interval [τ̂2, T ]. Assumption 2 coincides with the501

sufficient condition in [3] for a fixed-free Mayer problem on [0, τ̂2] with cost α2(ξ(τ̂2)).502

5. Proof of the main result. In this section we prove that the coercivity of J̃503

(Assumption 6 a)) guarantees that Assumptions 1 and 2 of Theorem 4.3 hold true.504

In particular Assumption 1 will be proven to hold by exploiting the coercivity of J̃505

on the subspace Ṽ of the admissible variations such that ε0 = 0, while Assumption 2506

is proven to hold by exploiting the coercivity of J̃ on the subspace of the admissible507

variations which are J̃-orthogonal to Ṽ.508

5.1. Coercivity of J̃ in Hamiltonian formalism. We start by exploiting the509

coercivity of J̃ on Ṽ :=
{
δe = (δx, 0, w) ∈ W̃

}
, i.e.510

(35) J̃ [δe]2 =
1

2

∫ T

τ̂2

(
2w(t)Lζ(t)Lġt c̃ (x̂T ) +R(t)w(t)2

)
dt511

subject to512

(36) ζ̇(t) = w(t)ġt(x̂T ), ζ(τ̂2) = 0, ζ(T ) = δx ∈ Rn.513

The associated Hamiltonian is given by the quadratic form514

(37) H ′′t (δp, δx) = − 1

2R(t)
(〈δp , ġt(x̂T )〉+ LδxLġt c̃ (x̂T ))

2
515

and the corresponding Hamiltonian linear system with initial conditions in the La-516

grangian subspace of transversality conditions517

L′′T := {(0, δx) : δx ∈ Rn}518

is given by519

(38)


µ̇′′(t) =

1

R(t)

(
〈µ′′(t) , ġt(x̂T )〉+ Lζ′′(t)Lġt c̃ (x̂T )

)
L(·)Lġt c̃ (x̂T ) ,

ζ̇ ′′(t) =
−1

R(t)

(
〈µ′′(t) , ġt(x̂T )〉+ Lζ′′(t)Lġt c̃ (x̂T )

)
ġt(x̂T ),

µ′′(T ) = 0, ζ ′′(T ) = δx.

520

We denote the solution of (38) as H′′t (0, δx).521

J̃ is coercive on Ṽ if and only if for any t ∈ [τ̂2, T ],522

(39) δx 6= 0 =⇒ ζ ′′(t) 6= 0523

where ζ ′′ is defined in (38), see for example [23].524

If k(x̂T ) = 0, then we get no more information since Ṽ = W̃.525

Assume k(x̂T ) 6= 0. Since J̃ is coercive on Ṽ, we just need to express its coercivity on526

Ṽ⊥ :=
{
δe ∈ W̃ : J̃(δe, δe) = 0 ∀δe ∈ Ṽ

}
.527
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For any δe = (δx, ε0, w), δe =
(
δx, ε0, w

)
in W̃, let ζ and ζ be the corresponding528

solutions of system (17). The bilinear form associated with J̃ is given by529

J̃(δe,δe) =
ε0ε0

2

(
H12(̂̀1) + L2

k c̃ (x̂T )
)

+

+
1

2

∫ T

τ̂2

(
w(t)Lζ(t)Lġt c̃ (x̂T ) + w(t)Lζ(t)Lġt c̃ (x̂T ) + w(t)w(t)R(t)

)
dt.

(40)530

If p(t) is the solution of the Cauchy problem531

ṗ(t) = −w(t)L(·)Lġt c̃ (x̂T ) , p(T ) = 0,532

then an integration by parts in (40) gives533

J̃(δe, δe) =
1

2

(
ε0ε0

(
H12(̂̀1) + L2

k c̃ (x̂T )
)

+ 〈p(τ̂2) , ζ(τ̂2)〉
)

+

+
1

2

∫ T

τ̂2

w(t)
(
〈p(t) , ġt(x̂T )〉+ Lζ(t)Lġt c̃ (x̂T ) + w(t)R(t)

)
dt.

(41)534

Since ζ(T ) is free, we obtain that w may be any function in L2([τ̂2, T ],R). Thus,535

if δe ∈ Ṽ⊥ then536

(42) 〈p(t) , ġt(x̂T )〉+ Lζ(t)Lġt c̃ (x̂T ) + w(t)R(t) = 0 a.e. t ∈ [τ̂2, T ].537

Comparing (42) and (38) we get (p(t), ζ(t)) = H′′t (0, δx) = (µ′′(t), ζ ′′(t)) so that for538

any δe ∈ Ṽ⊥ we get ζ ′′(τ̂2) = ε0k(x̂T ) and539

(43) J̃ [δe]2 =
ε20
2

(
H12(̂̀1) + L2

k c̃ (x̂T )
)

+
1

2
〈µ′′(τ̂2) , ζ ′′(τ̂2)〉.540

Without loss of generality we can choose ε0 = 1, so that the coercivity of J̃ can be541

expressed as542

(44) H12(̂̀1)− L2
k(−c̃) (x̂T ) + σ

(
H′′τ̂2

(
πH′′τ̂2

)−1
k(x̂T ), (0, k(x̂T ))

)
> 0.543

5.2. The anti-symplectic isomorphism. In order to relate the coercivity of544

J̃ with the properties of the flow Ht, we define545

ι : (δp, δx) ∈ (Rn)
∗ × Rn 7→ δ` :=

(
−δp+ D2 (−c̃)(x̂T )(δx, ·), δx

)
∈ (Rn)

∗ × Rn546

so that ι−1 = ι. The mapping ι is an anti-symplectic linear isomorphism, i.e.547

σ
(
ι(δp, δx), ι(δp, δx)

)
= σ

(
(δp, δx), (δp, δx)

)
, ∀(δp, δx), (δp, δx) ∈ (Rn)

∗ × Rn.548

The choice of the anti-symplectic isomorphism ι, instead of a symplectic one, depends549

on the fact that we are using PMP while for the accessory problem we are studying550

a minimization problem.551

With this notation we get552

ιL′′T = {d(−c̃)∗δx : δx ∈ Tx̂T
Rn} = LT .553

Following the lines of Lemma 9 in [19] one can prove the following Lemma:554

Lemma 5.1. Let H′′t and Ht be the Hamiltonian flows associated to the quadratic555

Hamiltonian H ′′t defined in (37) and to the over-maximized Hamiltonian Ht defined556

in (21), respectively. Then557

(45) ιH′′t ι−1 = F̂−1t∗ Ht∗ ∀t ∈ [τ̂2, T ].558
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5.3. Proof of Assumption 1 of Theorem 4.3. Applying (45) to H′′t |L′′T we559

get for δ` ∈ LT560

πH′′t ι−1δ` = πF̂−1t∗ Ht∗δ`.561

Since the Hamiltonian F̂t is the lift of the vector field f̂t, we get that πF̂−1t∗ = Ŝ−1t∗ π.562

Thus from (39) we obtain that Assumption 1 of Theorem 4.3 holds true. This implies563

the existence of a function α2 as defined in (33).564

5.4. Proof of Assumption 2 of Theorem 4.3. Notice that565

L2
k(−c̃) (x̂T ) = σ

(
d(−c̃)∗k(x̂T ),

−→
K(̂̀f )

)
,(

πH′′τ̂2
)−1

k(x̂T ) = ι−1
(
πF̂−1τ̂2 Hτ̂2

)−1
∗
k(x̂T ) = ι−1 (πHτ̂2)

−1
∗ k̃(x̂2)

(46)566

where the vector field k̃ is defined in (23), as well as the associated Hamiltonian K̃.567

We can compute568

σ
(
H′′τ̂2

(
πH′′τ̂2

)−1
k(x̂T ), (0, k(x̂T ))

)
= σ

(
ι−1F̂−1τ̂2∗Hτ̂2∗ι

(
πH′′τ̂2

)−1
k(x̂T ), (0, k(x̂T ))

)
569

= σ
(

d(−c̃)∗k(x̂T ), F̂−1τ̂2∗Hτ̂2∗ (πHτ̂2∗)
−1
k̃(x̂2)

)
= σ

(
d(−c̃)∗k(x̂T ), F̂−1τ̂2∗ dα2∗k̃(x̂2)

)
.570

571

Thus572
573

(47) σ
(
H′′τ̂2

(
πH′′τ̂2

)−1
k(x̂T ), (0, k(x̂T ))

)
− L2

k(−c̃) (x̂T ) =574

= σ
(

d(−c̃)∗k(x̂T ), F̂−1τ̂2∗ dα2∗k̃(x̂2)−
−→
K(̂̀f )

)
=575

= σ

(
d(−c̃ ◦ Ŝ−1τ̂2 )∗ k̃(x̂2),dα2∗k̃(x̂2)−

−→
K̃(̂̀2)

)
=576

= −
(

D2α2(x̂2)[k̃(x̂2)]2 + 〈µ̂(τ̂2) , Dk̃(x̂2)k̃(x̂2)〉
)

= −L2
k̃
α2 (x̂2) .577

578

Equations (47) and (44) complete the proof of Assumption 2 of Theorem 4.3.579

6. The state-feedback single input case. The standard form for single input580

control affine systems is581

(48) ξ̇(t) = f0(ξ(t)) + u(t)f1(ξ(t)), |u(t)| ≤ 1.582

This case was dealt with by the authors in [21]. We now consider the case when583

there is a state-feedback control for singular extremals, namely there exists a function584

vs : Rn → R such that vs(ξ̂(t)) = υ̂(t) for any t ∈ [τ̂2, T ]. Indeed this is the case when585

the ratio
−F001

F101
(p, x) does not depend on p whenever (p, x) ∈ S.586

Under this assumption, sufficient second order conditions have been given for587

optimality of trajectories containing both bang and singular arcs with respect to588

trajectories with the same switching structure, see [25] and the references therein.589

Without any loss of generality we can assume that the dynamics driving a bang-590

bang-singular trajectory is given by591

(49) f̂t =


h1 = f0 − f1 t ∈ [0, τ̂1),

h2 = f0 + f1 t ∈ [τ̂1, τ̂2),

fs := f0 + vsf1 t ∈ [τ̂2, T ],

592
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hence for any t ∈ [τ̂2, T ], Ŝt coincides with exp(t− T )fs.593

In this case we denote by F0, Fs and F1 the Hamiltonians associated to f0, fs and594

f1 and by Fi1i2...ik , i1, . . . , ik ∈ {0, s, 1} according to the rules stated in Section 2.1.595

In sub-problem (9) the dynamics in the interval [τ̂2, T ] can be written as596

ξ̇(t) = fs(ξ(t)) + υ(t)f1(ξ(t))597

with υ(t) taking values in a neighborhood of zero so that the second variation reads598

599

J̃ [(δx, ε0, w)]2 =
ε20
2

(
L2
k c̃ (x̂T ) +H12(̂̀1)

)
+600

+

∫ T

τ̂2

(
w(t)2F1s1(λ̂(t)) + 2w(t)Lζ(t)Lġt c̃ (x̂T )

)
dt601

602

subject to ζ̇(t) = w(t)ġt(x̂T ), ζ(τ̂2) = ε0k(x̂T ), ζ(T ) = δx ∈ Rn where603

k = −2Ŝ−1τ̂1∗f1 ◦ Ŝτ̂1 , gt := Ŝ−1t∗ f1 ◦ Ŝt, ġt := Ŝ−1t∗ [fs, f1] ◦ Ŝt.604

605

Remark 6.1. As a consequence a necessary condition for the coercivity of J̃ is606

(50) J̃0 := L2
k c̃ (x̂T ) +H12(̂̀1) > 0.607

In [25], for a problem of this class, the author shows that the trajectory is optimal608

with respect to trajectories associated to controls with the same bang-bang-singular609

structure if the 2 × 2 matrix associated to the problem obtained by moving both the610

switching times is positive definite. We point out that J̃0 is the (1, 1)-entry of such611

matrix.612

The regularity condition along the singular arc is trivially satisfied; the other ones613

read as follows:614

• Regularity along the bang arcs:615

F1(λ̂(t)) < 0, t ∈ [0, τ̂1), F1(λ̂(t)) > 0, t ∈ (τ̂1, τ̂2).616

• Regularity at the switching points: F01(̂̀1) > 0, (F001 + F101) (̂̀2) > 0.617

• Strong generalized Legendre condition (SGLC):618

F1s1(λ̂(t)) = F101(λ̂(t)) > 0 ∀t ∈ [τ̂2, T ].619

6.1. Van der Pol Oscillator. As an example consider Van der Pol Oscillator620

with final time T = 4, in the form studied in [25] where the author numerically shows621

the existence of a bang-bang-singular extremal and studies its optimality with respect622

to trajectories with the same control structure.623

minimize ξ3(T ) subject to(51a)624

ξ̇1(t) = ξ2(t),

ξ̇2(t) = −ξ1(t) + ξ2(t)
(
1− ξ21(t)

)
+ u(t),

ξ̇3(t) =
1

2

(
ξ21(t) + ξ22(t)

)
,

a.e. t ∈ [0, T ],(51b)625

ξ(0) = (0, 1, 0) , u ∈ [−1, 1].(51c)626
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627

More precisely the author numerically shows that there are two bang arcs628

û(t) ≡ −1 ∀t ∈ [0, τ̂1), û(t) ≡ 1 ∀t ∈ (τ̂1, τ̂2)629

where τ̂1 ' 1.3667, τ̂2 ' 2.4601 and a singular arc characterized by a state-feedback630

control where631

fs := x2∂x1
+ x1∂x2

+
x21 + x22

2
∂x3

, fs1 = −∂x1
− x2∂x3

.632

Let us notice that the flow of fs can be computed explicitly:633

exp(t− T )fs(x) =

 x1 cosh(t− T ) + x2 sinh(t− T )
x1 sinh(t− T ) + x2 cosh(t− T )

x3 + x1x2

2 (cosh(2(t− T ))− 1) +
x2
1+x

2
2

2 sinh(2(t− T ))

634

so that we can also compute635

ġt(x) = − cosh(t− T )∂x1
+ sinh(t− T )∂x2

− x2 cosh(t− T )∂x3
636

Using the numerical results in [25], in [21] the authors prove that the regularity637

assumptions are satisfied. Here we recall some features which are needed in the638

following:639

µ̂3(t) ≡ 1, t ∈ [0, T ], µ̂1(T ) = ξ̂2(T ) = 0, F1s1(λ̂(t)) ≡ 1, t ∈ [τ̂2, T ].640

In order to prove that our theory applies to this example we prove that the second641

variation is coercive by proving (39) and (44). We thus need to write the Hamiltonian642

H ′′t (δp, δx) and the associated linear system. Since L′′T =
{

(0, δx) : δx ∈ R3
}

and643

H ′′t (δp, δx) = − 1

2
(−δp1 cosh(t− T ) + δp2 cosh(t− T )− δx2 cosh(t− T ))

2
644

we get µ̇′′1(t) ≡ µ̇′′3(t) ≡ ζ̇ ′′3 (t) ≡ 0, µ′′1(T ) = µ′′3(T ) = 0, ζ3(T ) = δx3 so that645

µ′′1(t) ≡ µ′′3(t) ≡ 0, ζ ′′3 (t) ≡ δx3 and646

µ̇′′2(t) = − (µ′′2(t) sinh(t− T )− ξ′′2 (t) cosh(t− T )) cosh(t− T ),647

ξ̇′′1 (t) = (µ′′2(t) sinh(t− T )− ξ′′2 (t) cosh(t− T )) cosh(t− T ),648

ξ̇′′2 (t) = − (µ′′2(t) sinh(t− T )− ξ′′2 (t) cosh(t− T )) sinh(t− T ).649650

Thus651

H′′t (0, δx) =

(
δx2 sinh(t− T ) dx2

(δx1 − δx2 sinh(t− T )) ∂x1
+ δx2 cosh(t− T )∂x2

+ δx3∂x3

)
652

hence πH′′t (0, δx) = 0 implies δx = 0, i.e. (39) is satisfied.653

Inequality (44) reads J̃0 + 〈µ′′(τ̂2) , ζ ′′(τ̂2)〉 > 0 when ζ ′′(τ̂2) = k(x̂T ) that is654

J̃0 + k22(x̂T ) tanh(τ̂2 − T ) > 0.655

J̃0 ' 215.1022 was computed in [25]. The push-forward k(x̂T ) = −2Ŝ−1τ̂1∗∂x2 ◦ Ŝτ̂1 can656

be computed numerically, obtaining k(x̂T ) ' 14.5864∂x1
− 14.6632∂x2

− 0.0005∂x3
.657

Thus k22(x̂T ) tanh(τ̂2 − T ) ' −196.1122. Hence (44) is satisfied, i.e. the second varia-658

tion J ′′ coercive. This proves that our results apply to the Van der Pol oscillator.659
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