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Abstract

Tropical climate model derived by Frierson et al. (Commun Math Sci 2:591-626,
2004) and its modified versions have been investigated in a number of papers [see,
e.g., Li and Titi (Discrete Contin Dyn Syst Series A 36(8):4495-4516, 2016), Wan
(J Math Phys 57(2):021507, 2016), Ye (J Math Anal Appl 446:307-321, 2017) and
more recently Dong et al. (Discrete Contin Dyn Syst Ser B 24(1):211-229, 2019)].
Here, we deal with the 2D tropical climate model with fractional dissipative terms in
the equation of the barotropic mode « and in the equation of the first baroclinic mode
v of the velocity, but without diffusion in the temperature equation, and we establish
a regularity criterion for this system.

Keywords Regularity criterion - Tropical climate model - Tropical atmospheric
dynamics - Navier—Stokes equations

Mathematics Subject Classification 35Q35 - 35Q30 - 35B65 - 76D03

1 Introduction

In this paper we consider the following 2D tropical climate model, i.e.

du+ (- Vyu +vA*u+Vp +diviv @ v) =0,
8,v+(ro)v+(v'V)u—i—nAzﬂv—i—V@ =0,

0,0 + (u-V)8 +divv =0,

divu =0

u(x,0) =ug, vix,0) =vg, 6(x,0) =09, (1)
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where x € R%, 1 >0, u = (u1(x, 1), us(x, 1)) and v = (vi(x, 1), v2(x, t)) denote the
barotropic mode and the first baroclinic mode of the velocity, respectively, p = p(x, 1)
denotes the pressure, and 6 = 0(x, ) the temperature. Here A = (=A)2 and v > 0,
n>0,0<a <2and0 < B < 2. Further conditions on the last two parameters will
be introduced in a few lines.

When v = n = 0, the above system gives the original tropical climate model
derived by Frierson et al. [5]. Instead, in the case of v > 0, n > 0, @ = 1 and
B = 1, (1) reduces to the viscous version of the Frierson-Majda-Pauluis model that
has been analyzed by Li and Titi [16]. Problem (1) with parameter ranges 0 < o <2
and 0 < B8 < 2 may have some pertinence in describing certain types of tropical
atmospheric dynamics (see, e.g., [19-21] and the references therein).

We emphasize that in this paper the equation for 6 contains no dissipation, and we
also assume v = 1 and n = 1. Our goal here is mainly related to the problem of
regularity in time for the solutions of system (1), in the 2D case.

Global well-posedness of solutions to a tropical climate model with dissipation in
the equation of the first baroclinic mode of the velocity, under the hypotheses of small
initial data, was studied by Wan [26] and Ma and Wan [17]. In fact, the issue of global
regularity has been investigated in a number of articles and (partially) addressed in
dependence of the values assumed by parameters « and $. In particular, in the 2D case,
Ye [27] was able to prove global existence (adding A20in (1)3), in H-norm, s > 2,
for 8 = 1 and @ > 0. Dong et al. [4] considered the 2D model assuming « + 8 = 2
with 1 < 8 < 3/2, and they proved that system (1) possesses a unique global solution
when the initial data (ug, vo, fp) is sufficiently regular, i.e., ug, vo € H* (Rz), s > 2,
and 6y € H ' (R%) N H*T!1=P(R?). In addition, in [4], the authors also studied the
casesof o + f =2 with3/2 < B <2,ando + 8 =2 witha =2 and 8 = 0. Let us
also recall that Ma et al. [18] established the local well-posedness of strong solutions
to the considered model.

We also mention an article of Zhu [30], in which the 3D system (1) is considered,
with initial data in H3(R3). The author proved global existence of strong solutions
(u, v, 0) € L®(0, T: H3(R3)), for any T > 0, removing A28y in (1), and assuming
a>5/2.

In the present paper we consider problem (1) with 1/2 <o < 1,0 < 8 < 1, and
B + 2« = 2, which is a situation not addressed in the above mentioned works, and in
any case it is new to the best of our knowledge. Taking initial data ug, vo, 8y € H*(R?),
s > 2, and following an approach similar to the one given in [7] (see also [6] and [8]), in
Theorem 3.1 we prove a continuation result for the solutions of (1). To be more precise,
assuming that the solution (u, v,8) € C([0, T); H*(R2)), for some T > 0, it is
possible to extend (u, v, 8)(t) beyond time T provided that the quantities | Vu () || B0

IVl g0 ,~and [ VO()]l 50 , are bounded in L*(0, T), where B, , = BQO,Z(RZ)&S

the homogeneous Besov space B; q(IRz) with s = 0, p = co and ¢ = 2 (see below
for details).
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2 Preliminaries and basic facts

Let us recall some basic facts about the function spaces that will be used in the sequel.
We also list the estimates needed to reach the claimed regularity result. Most of the
controls we use in following have been established in [13]. We refer to this paper for
a detailed overview (see also [14,24,25]), which is somehow aimed at our purposes,
on the theory of Besov spaces By, , = By, ,(R") (and homogeneous Besov spaces
B, = B3 ,(R"), with0 < p.g <occands € R.

Let us consider—only in this section—the case of R” as domain of the considered
vector and scalar fields and recall some inequalities and embeddings in Sobolev and
Besov spaces. Here, B;,q = Bls,’q(R”), with0 < p,q < ocoands € R indicate homo-
geneous Besov spaces and the non-homogeneous counterparts are By, , = B),  (R"),
0< p,g <ococands € R (see, e.g., [24,25]) with norms, respectively, || - ||B»;, \ and
-l B, In the sequel BM O = BM O(R") denotes the Bounded Mean oscillation
space with norm || - ||pmo (see, e.g. [12—14]).

For p > 1, we indicate by L? = LP(R") the usual Lebesgue space, endowed
withnorm || - ||, = || - [|zr. Also, for L% thenormis || - || = || - [l». We denote by
wkr = wk-P(R") and || - llx,p = Il - llwx.» aSobolev space and its norm, respectively
(see, e.g., [1]). When p = 2 we use the notation H* = W*2 and || - e =1 - llwe2.

In the sequel we will use the symbols C (or ¢) to denote generic constants, which
may change from line—to-line, but are not dependent on the solution. Also, we denote
a generic constant by C(-) (or by c(-)), with the meaning that the constant depends
mainly on the arguments between parentheses, or alternatively by using a subscript to
make explicit the quantities the constant depends on.

2.1 Besov and Sobolev inequalities

Let us recall the hypotheses of [13, Theorem 2.1], under which we are going to
introduce the following estimates. For any p, p, o € [1, o0],q € [1,00) ands > n/q,
there exists a constant C depending only on n, p and ¢, but not on p, o such that for
f e B"/p N By ,, we have (see [13, (2.2) p. 257, and pp. 260-261]) the following
logarlthmlc control

Il = C(L+ 11 gy (10" (1)) 7):

Now, let p, g, p, o, v € [1, co] with v <m1n(,0 o),l/g=1/p—s/n,1 <r <gq
and s1/n < 1/r — 1/q < s>/n. Then, for f € B N szg,we have ([13, p. 260])

1_1
1/, < Cllfllgo <1+(1+1og+ (F g, +1fNg2))” ) )

log(1), t > e,

1 e>1>0. Then, by using the embedding

where v < o, p and logt (1) := {
Bz,p C Bg,p withs/n = 1/p — 1/q, from (2) we obtain the following estimate ([13,
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(2.3) p. 257)), i.e.

1£lg0, < C (1 + 1S gy, (tog™ (If1 50, + ||f||B;ga))”_'“) SENE

As a special case of (3), taking p = ¢, p =o0,and f € W*", o > n/r +1, we have

IV flz, <C (1 + 1V £z (log* (||f||ww))“) .

Let us still assume f € W', « > n/r + 1, and recall the following control (see
[13, Section 5, pp. 272-273] for details), i.e.

IV lloe = CIV f g0 4)

In particular, by using (4) along with (2), and taking v = 1, p = 2, ¢ = oo, we find
the inequality

IV flloo < CIV fllgo |

5)
< CIV Sl (1+1og? (e + 1V flyortr) )

where we exploited the embedding we—lr < Bf’ o> 1f @ —1 > s, or in alternative
we-lr c pel ifa — 1 =s (see, e.g., [4]). When R" = R2, if we take r = 2,

r,max{r,2}’
sothat f € W2 = H* witha > 2, recalling that HY 1 ~ Bzagl, and setting s = «,
inequality (5) reduces to

1
IV £lloe = CIV fllg0, (14 108> (e + 1V £l 1)) ©)

2.2 Further inequalities

We will also use some elementary commutator type estimates as in the following
lemma concerning the operator A*, s > 0 (see, e.g., [7,10,11]).

Lemma 2.1 Fors > 0and 1 < r < oo, and for smooth enough f and g

IA°(fOlr = CULLNp 1A gllg + 118l p 1A fllgy), (7
where q1, g2 € (1,00) and 1/r = 1/p1 + 1/q1 = 1/p> + 1/q2, and C is a suitable
positive constant.

Also, for the commutator [A*, flg := A°(fg) — fA®g, s > 0, we have the
following estimate

IEA®, flgl < CAV Fllp 1A gllgy + llgllpIA° Fllgy), ®)
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where q1, g2 € (1,00) such that 1/r = 1/p1+ 1/q1 = 1/p2 + 1/q2, and C is a
suitable positive constant.

In the sequel all the function spaces are taken on R” = R?, and so we always
have n = 2 in the used Sobolev embeddings and interpolation inequalities. In partic-
ular Wh? = WhP(R?), H' = H*(R?), B}, = B} ,(R?), B} , = B3 (R?), and
BMO = BMO(R?).

As a further consequence of (3), in the case R"” = R2, for s = 0, p=p=00,
v = 2, and also assuming f € W%2, @ > 2, we have the following logarithmic
control (see [7] and [13, Theorem 2.1, p. 257]), in which we set s = «, i.e.

1
1700, = € (141150 log2(e+ I fll ). ©
We also use the following interpolation inequalities (see, e.g, [3,9,15])

Iflla < IFIZIV A2, 10)

and (see [12, Lemma 1, p. 180])
1 1
I flla < HAI2Nf N a0 (1)

3 Regularity result

Theorem 3.1 Let (uq, vo, 6p) € H® x HS x HS, for any s > 2, with divuy = 0.
Assume the parameters o and 8 in (1) are such that

1
S<we<l 0<p<l with fp+2a=2. (12)

Let (u, v, 0) be a local solution to the system (1), defined on some time interval [0, T),
with 0 < T < oo, and having the following regularity

u,v,0 € C([0,T1; H*) and u € L*(0, T; H**%), v e L*0,T; H'?), (13)

forany 0 < T < T. Then (u, v, 0)(t) can be extended beyond time T, with the same
regularity as in (13), provided that

T
/ (VeI +IVoDI30  + Vo@D )dr < oo. (14)
0 00,2 00,2 00,2

In this paper we will not deal with the two cases («, 8) = (1/2, 1) and (o, B) =
(1, 0). In fact, to try to examine them, an alternative approach to the one used here
seems necessary.
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724 L. Bisconti

3.1 Proof of Theorem 3.1

The proof consists in proving suitable a priori estimates for the considered solution
(u, v, 6) showing explicitly that it can extended after time 7 > 0. Thus, the procedure
is divided in a number of steps in which we establish the needed bounds in L% H!,
H? and H®, s > 2. These steps parallels the formal estimates in the global existence

results given in [4] and [27], although in our case they are carried out with different
techniques borrowed from [7,22] and [13, Theorem 5.1] (see also [28,29], and [2]).

L%-estimates

Taking the L2-inner product of (1)1, (1); and (1)3 with u, v and 9, respectively, and
adding them up, therefore we get, for any ¢ > 0

t
lu() 1> + llv@)I1* + 1612 +2fO (IA“u()1* + AP v(s)|1%) ds )

2 2 2
= lluoll” + llvoll* 4 160,

where the following identities have been applied
/ diV(v®v)~udx+/ (w-Vu-vdx =0,
R2 R2

/V@-vdx+/ divv-0dx =0,
R2 R2

(u-V)u~udx=O,/(u~V)v-vdx=Oand (u-V)8-0dx =0.
R2 R2 R2

Thanks to (15), for any ¢ > 0, it follows that u € L*(0,; L?) N L*(0, t; H%),
ve L®0,r: L) NL*0,t; H?), and 0 € L>®(0, t; L?).

In what follows we use the notation || (u, v, 8) ()| := [lu () |>+|v() > +116 ()|,
with ¢ > 0.

Next, we consider higher order estimates.

H'-estimates

Multiplying (1); by —Au, integrating by parts, we obtain
1d 2 o 2 :
——|IVu@®) ||+ IVA*u@)||” = (w-Vy)v-Audx + vdivv - Audx (16)
2dt R2 R2
where, due the divergence-free condition divu = 0, we used the following relation
(u-Vu) - Audx = 0.
R2
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Multiplying (1)2, (1)3 by —Awv and — A8, respectively, we obtain

1d
——||Vv(t)||2+||VAﬂv(t)||2=/ (u~V)v-Avdx+/ (v-Vu-Avdx
2 dt R2 R2

(17)
+f Vo - Avdx,
R2

and

1d 5 .

——|IVO®O)|* = (u-V)0-A0dx + divv - ABdx. (18)

2dt R2 R2
Summing (16), (17) and (18), and observing that

/ Vo - Avdx—i—/ divv - A8dx =0,
R2 R2
we reach the following relation
1d 2 2 2 o 2 B 2
EE(IIVu(t)II + IV * + VOO %) + IVA“u@®)||I” + VAP v(@)]|
=/ (w-V)v-Audx +/ vdivv - Audx —|—/ (u-Vyv-Avdx
R2 R2 R2
+/ (v-V)u~Avdx+/ (u-V)o-Abdx. (19)
R2 R2
Exploiting the fact that u is divergence free, we get
f (u-Vyv-Avdx| < / [Vu||Vv|? dx
R2 R2
< Vvl Vul
= clVvllmo IVl Vull 20)

IA

clVollzmo (1VoI1* + I Vull?)
cllVollgo  (IVoll® + 11 Vul?)

IA

1
< clVollg (1+10g? (e + Vvl =) (IV0I + | Vul?),
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726 L. Bisconti

where we used (11) along with the embedding Bgo,Z C BMO (see, e.g., [8,13]), and
control (9). Similarly, for the last integral term in the right-hand side of (3.1), we find

/ (u-V)0 - A0 dx
R2

< /Rz [Vul||VO|? dx

< clIVOIZ1IVul

< clVOlsmo (IVOI* + [ Vul?)
<l Velz (1 +log? (e + VOl o) (IVull + 11V612),

21

where we applied again relation (11).

Remark 3.2 Controls (20) and (21) can be reached somehow more directly by using
Holder’s inequality || f ||% < ||l flloo along with (6), but so obtaining estimates
involving the stronger norm || - || 30 R —which is however used in the sequel- in place

of | - Iz -

For the remaining terms in the right-hand side of (3.1), recalling that
/ (v-V)Vv-Vudx +/ (v-V)Vu-Vodx = —/ divoVv - Vudx,
R2 R2 R2

and therefore by making use of the integration by parts, rearranging the terms and
exploiting (7)—(8), we infer

/ vdivv-Audx—i—f (v~V)v~Audx+/ (w-Vu-Avdx
R2 R2 R2

<

—i—‘/ [V,v-V]v-Vudx
R2

/ V(divv v) -Vudx
RZ

+/[V,v-V]u-Vvdx +
R2

/ divoVv - Vudx
RZ

< |A"(divo ) [IIA Ul + [V, v - V]| V]|
HILV, v - Ikl + [[divolloo | V|| V]|

< c(IVitlloo + IVVlloo) IV + [ Vul?) 4 clldiv vllp, |A ™ vllg, A u]|
ellvllp, 1A div g, [|A ™ u]|

< c(IVitllos + IVVlls) IV + [ Vul?) + el Vollp, 1A llg, A u|
+ellvllp ATl AT ul| =: Ky + K2 + K3,

where [V, f - V]g:=V((f-V)g) = (f -V)Vg,and 1/p; +1/g; = 1/2,i =1, 2.
For K1, using (6), it follows that

Ki < c(IVulgo + 100 )(1+1ogle + I Vull gt + V0l gs-0))

(IVul® + IVl?).
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Consider K». Taking p; = oo and g1 = 2, have that

Ko < ce|[ Vol A0 + e[ AT u?
< IVl (I =2 1Vul1%) + ell AT+ 9u?
< celIVulS (vl + IV]?) + el A eu|?
< VoIS (14 IVol?) + el AT u?
< cel Vol (1+1og(e + Vol ) (1+ 1V0I1?) + e AT w2,
where we used Young’s inequality, Gagliardo-Nirenberg’s inequality (see [23]) with

o = 1 — o, and we also employed relation (6).
Let us take into account K3. In this case, setting p» = g2 = 4, we get

1+(1— 1
K3 = [l ATy AT
20 A 14+(1— 2 1 2
< celllFIAT 03 + e AT u||
2 1- 1 2 4o, 12
< cellvlz(IVUIIS T NAP)7) + e AlHeu)

_ 22
= o (IIFIVOIZT ) AT Po27 + el AT u? (22)
2
< ceslvlly IIVlIZ + SIIATP o) + e AT w2
1 1,2
< ces(IVNZIVVII2) = [ Voll2, + SIA P2 + el A2,

where we used Young’s inequality, Gagliardo-Nirenberg’s inequality with parameter
o = (a — 1)/2(1 — B) and control (10). Let us recall that in our case we have
1/2 <a <1land 0 < B < 1. Observe that

3
Ta§a<l e B+2a>2 and a+f8 <> (23)

>

and the last two conditions above are always satisfied under the assumptions in (12).
Then, relation (22) reduces to

1
K3 < cesIVOI T2 | VolI2 + SIIA T Pol? + e AT u|?
1
= c|VulZ VUl ™= + 8 AP + el ATu 2.
Notice that

5> 1 2-p)
“1—-0 3-2a-28

& p+2a<2,
which is guaranteed by the hypotheses in (12). Thus, we reach

K3 < cl|Voll 3 (1+ 1V0)1?) + 81 A o) + e alTou?
< clVoligo (1+logle + Vol gen)(1+ IVoI?) +SIAT vl + el AT Fow)?,
00,
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(24)

where in the last step we used (6).
From relation (3.1), along with the estimates (20)—to—(24), we get

1d
S let IVu@)|1? + V@) 1> + IVOO %) + (1 = 2e) [Au@)||* + (1 = 8§ A Po@))?

= C(IVu®IG  +IVv@ G +IVOMOIG )(1+1og (e + IVu@ g

BO
- 25
F VOOl gsmt + VOO [ gs—1)) (e + I Vull* + Vol > + [VO]1%) (25)

< Cluwg@)(1+1log (e + |Vu®)l gs—1 + V@) | gs—1 + IVO@) || s-1))
x (e + IIVull® + IVol> + IVO]?),

where
Lo = IVu@lG0 +1Vv@IG +IV0OI5 . (26)
Setting

(Vu, Vo, VoY) I? := [Vu@®) > + [Vo@®)I? + V@) ||?, and
(Y, Vo, VOY )l gs—1 = IVu(@)ll g1 + V0@ | st + IVO@) | g1,

relation (25) can be rewritten as

%(e +11(Vu, Vo, VOY D) [1?) + 2(1 — 2&) |A T u(@0) 1> + 2(1 = §)[|IATPo(n)||?

< Clypp(®) (1 +1log (e + 1(Vu, Vo, VOOl gs-1)) (e + [IVu, Vo, VO@D)|1?).
27)

Forany 7, <t < T, T, > 0, we set

y() := sup [[(Vu, Vv, VO)(s)|l|lgs-1, (28)

T <s<t

and applying Gronwall’s inequality to (27), for any T, <t < T , it follows that
t
(e +11(Vu, Vo, VO)) %) + 2/ (1 =2e) A u(®) > + (1 = O A u(s)]?)ds
T

t
< (e+ I1(Vu, Vv, VO)(T,)|1*) exp {c / Liv.o(s) log (€% + el (Vu, Vv, ve)(mnH.\-fI)ds}
Ty
< Cile+y(®)“,

where € > 0 is small constant, depending on T, such that
t
f Livo(s)ds <e << 1, 29)
Ty
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where we used (14), and the constant C, depends on || (Vu, Vv, VO)(T,)||.

H?-estimates
Applying the operator A to (1)1, (1); and (1)3, and multiplying them in L? by Au,
Av and A6, respectively, and adding them up, we get

1d 1

5 27 (18U + 1AV + 126 I) + 1A ul? + A% 202

:—/ A((u-V)u)~Audx—/ A((u~V)v)-Avdx—/ A((u-V)0) - AOdx
R2 R2 R2

—/ A((v-V)v)~Audx—/ A(divvv)-Audx—/
R2 R2

A((v-Vu) - Avdx
RZ

=L+ hLh+L+14+ 15+ 1.
(30)

Let us first consider the three worst terms, i.e. I4 + I5 + Ig. Thus, we have

|14 + Is + Ig| ‘—/ A(divvv)-Audx—/ [A,v-V]v-Audx
R2 R2

—/ [A,v‘V]u'Avdx—i—/ divvAv - Audx
R2 R2

IA

—i—'/ [A,v-V]v-Audx
R2

/ A(divv v) - Audx
RZ

+ +

/ divvAv - Audx
RZ

/ [A,v-V]u-Avdx
R2

IA

A2~ (divo o) || AZTul| + [I[A, v - V1|l | Aull
+I[A, v - VIul|Av] + [[divellec | Av] | Aull
=1L +1hL+ 113+ 114, 3

where [A, - V]g := A((f - V)g) — (f - V)Ag.
Then, we have

1L+ 1541 < c(IVvlloolAvl | Aull + IVulloo |l Av[ | Aull + | Vullo |l Av]?)
< c(IVilloo + IVUllo) 1AV + [ Aull?).

Consider /1;. By using (7) we have that

111 < e[Vl A0 A2 Ul + cllv] p, [AZH D], [ A2

=111+ 112,
with 1/p; +1/gi = 1/2,i = 1,2.
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730 L. Bisconti

Let us take into account [ /1. Then, setting p; = oo and g1 = 2, we have that

I = [Vl ATy A%y

ce |l VlIZ AT 12 + el AZTu?
ceIVOIZ (I 1= 1 Av]%)? + el A2 <u?
Vol (Ivli* + 1 Av]?) + e A*Fu|?
VI3 (1 + 1 AvIP) + ell AZHu|%,

IA

A

IA

IA

where we used Young’s inequality, and Gagliardo-Nirenberg’s inequality
A2l < (ol oA, with o = (2 - a)/2.

For the term 11, setting pp = oo and g = 2, we reach

24+(1— 2
1o = [o]lec A2yl AZTu||
2 24(1— 2 2 2
< eI IATTI D)2 4 g ATTu|

_ 2
< cellvllZ (IAVI' 7 IATPo)7)” + e AT u|?
= 2 248, 12 a2 (32)
< ceslvll&T NAV]? + 8IAZTu|? + e AZFou||
1 1.2
< ces(IVIZNVUIIZ) = [ Av]? + SIAT Pl + e AZTu|?

1
< cllVolls” 1A + SIIAP P ol 4 el A ul %,
where we applied Young and Gagliardo-Nirenberg’s inequalities. In particular, param-

etero = (1 —a)/B issuch that 0 < 1 if and only if « + B > 1. Moreover, observe
that

“1—-0 BHa-—-1

= pB+2a=>2,

and also this last condition is satisfied assuming (12). Hence, using Young’s inequality,
from (32) we get

1o < c(1+ IVol2) I Av]? + 8IAT P + e A2Tou?.

Let us take into account the integral term I, to get

|| =

/ [A,u-Vu-Audx
R2

< I[A, u- V]u|l|Au]

2
=< c[VulloollAu”,
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where we used (8). We also have that

|I2| = ‘/ [A,u-V]v-Avdx
R2

< I[A, u - VIo[[|Av|
< c(IVullsoll AV + Vol ol Aulll| Av])
< c(IIVulloo + I1VVlloo) (1A + | Av[).

Similarly, we obtain

|I3] = ‘/ [A,u-V]0-AOdx
R2

IA

A, u-VIONAG] (33)
c(IVullsolABI* + VOl | Aull | AG]])
c(IVulloo + IVOlloa) 1 Aull* + [ AG]?).

IA

IA

Combining (30) with (31)-to—(33), and setting || (Au, Av, A2 = || Au(@®)||*+
[AV(@)||% + | AO(t)||%, we finally get

%%(e + I(Au, Av, AOYD)?) + (1 = 28) AT u(@®)|> + (1 — HIAT o)

< C(L+IIVu® 3, + IVo® 1%, + IVO®112) (e + [1(Au, Av, A) (D)%)
< C(1+ Lyvo®) (1 +1og (e + [I(Vu, Vo, VO (D)l 1)) (e + [ (Au, Av, AO)(D)]?).
(34)

where 1, , ¢(t) is defined as in (26) and, in particular, in the last inequality we used
relation (6). We conclude as in (27)-to-(29) by an application of Gronwall’s lemma
and exploiting hypothesis (14), to get the control

t
(e + I(Au, Av, AOYD)|?) + 2/ (1 =28) [ A u(s)* + (1 = )| ATPu(s)|?)ds
T*

t
< (e + I1(Au, Av, AT ) exp {c f (1+ Lvo(s)) log
Tx

(e + ell(Au, Av, AO)Y ()l g5-1))ds )
< C*ec(th*) (6 + y(l))ce’

where y(¢) is defined as in (28), € > 0 is the small quantity introduced in (29), and
we still use C, that, in this case, also depends on || (Au, Av, AG)(Ty) ||2.
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H*-estimates, s > 2

We now derive and close the H*-controls for u#, v and 8. Applying the operator A* to
(1)1, (1)2 and (1)3, multiplying the resulting equations in L2, by A*u, A*v and A6,
respectively, and adding them up, we obtain

1d ) ) )
EE(HASu(nnz + 1AV 2 + A1) + AT w1 + AT Po))?

:—/ A"((u-V)u)-ASudx—/ AS((u~V)v)~A5vdx—[ A ((u-V)0) - A*0dx
R2 R? R2
—/ AS((U~V)U)~Asudx—/ As(divvv)-Asudx—/ A (- Vyu) - Alvdx
R2 R2 R2
::f1+f2+i3+i4+i5+i6.
(35)

Let us first consider the integral term I. By exploiting relation (8), we get

|| = ‘f [A*, u-V]u-Audx
R2

s s 36
< NA*, - Vil | A (36)

< C|Vulloo | ASul®.

Consider iz to find

Ll = 'f A ((u-V)v) - Avdx
RZ
< I[A, u- V][ A*v|
< C(IVullooIA* 7' Vol + | ASull[| Vollo) [ A% ]|
< C(IVullos + IVVlloo) (1A u | + [|ASV]|?).

We now estimate i3. Observe that

13| =

f [AS,u-V]6 - A°O dx
R2

< I[A*, u- VIO A%6]
< (IIVullso I ATV + IVl so | A*ull) | A*6]]
< C(IVulloo + 11VO1loo) (I A% ull® + 1| A%6]1%).
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Let us take into account f4, f5 and i6. We have that
|f4 + f5 + f6| = —/ As(divv v) ~Audx — / [A,v-V]v-Audx
R2 R2

—/ [AS,U~V]M-ASU(1X+/ divoA*v - Afudx
R2 R2

+

< f A’ (divvv) - Audx
]R2

/ [A*,v-V]v - Audx
R2

+ +

/ [A*,v-V]u-Afvdx
R2

/ divoASv - Afudx
]RZ

< A (divo o) [IA T ull + LAY, v - V1| [ A%ul|
+ A v - VIul[[A* ] + [[divolleo A V]| A ]|
=:ﬁ1+ﬁ2+ﬁ3+ﬁ4,
where [A*, f - V]g := AN((f - V)g) — (f - V)A'g.
In particular, using (7) we have that

~

11y < C(IIVollp, 1A Vllg, + 10l py ATl VAT u)|

=111 411,

with 1/p;i +1/¢qi = 1/2,i =1, 2.
Let us start with 711;. Taking p» = oo and ¢» = 2, and applying Young and
Gagliardo-Nirenberg’s inequalities, we infer

[T < ce w2 ATy )2 4 g AS T2
< el 1AV DA o)) 4+ ]| AT u?
< CeslOIET 1AV + SIA ol + el AT+
< cos(IIENAVIE) ™7 | Av|2 + SIAFul? + el A+ou)?
< s AVITT | Av] 4 8 ATHPo|2 4 & A%Hu?
< el AVIPFTT 4+ 81 Aol + el ATHu?,

where 9 = (s — 1 —a)/(s —2 + B). Here, as usual, s > 2, 1/2 < o < 1, and
0 < B < 1, and it holds true

s—1—«
= —— <1 1 37
Targ sl = et (37)

which is verified under the assumptions in (12). Moreover, we have that

1 s—2+p

1—-09 B+a—1
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For the term 17 11, taking p; = oo and g; = 2, we have the following control

1111 = [ VUl A vl | AT u|
< ceIVUIZ A ™ v)1? + e ASTou|?
2 1— r 2 R 2
< el VUl (Il 1A |17)” + el AT 2u|

< celIVullZo (1 + 1A%V + el A2,

where we used Gagliardo-Nirenberg’s inequality with o = (s — ) /a.
For the remaining terms /15, 113, and 114, we get

[Ty + T13+ T14] < c(|Vulloo + 1V0lloo) (1A 1> + [ A 0]%). (38)

Setting || (ASu, ASv, A°0)(1)||% := [|ASu ()| + | ASv(0)||>+ | A°O(r)|]?, recalling
that [[(Vu, Vo, VO) (D)l gs-1 = Vu@)llgs—1 + V@)l gs-1 + VO (D]l 51, and
using (35) along with the above estimates (36)-to—(38), for fl i =1,...,8, we
obtain the following differential inequality

1d
577 (€I A%, O OI) + (1 = 20) |A“u@]* + (1 = Ao )]

< C(>IVu® 1% + IVo@) 1% + IIVO@ 12 (e + 1(ASu, ASv, A*0)(1)]%)

+Cllav) > (39)
< Clypo(@®) (1+1og (e + Vi, Vo, VO (O [l gs-1))

X (e + 1(A%u, A0, A°0) D)%) + Cll A P77,

where in the last step we used again (6), with I, , ¢ defined as in (26), and parameter
¥ is given in (37).

Then, up to use explicitly Gagliardo-Nirenberg’s inequality to control lower-order
terms in ||(Vu, Vv, VO) (1) || ys—1 with [[(A%u, ASv, A°0)(1)|? and ||(u, v, 0)(t)|>,
and up to introduce a constant Cy larger than “e” in the above logarithm (which
is needed to reabsorb the terms coming from the interpolations and the subsequent
manipulations), setting

Y(0) = 1(A*u, A*v(@), A0 D)%,
from the differential inequality (39) we infer

%(e +Y(1) < Clyvo@) (1+1log(e+Y(®)) (e+Y®)+ C||Av(t)||2+1+ﬂ.
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As a direct consequence of Gronwall’s inequality, we get

! 1

T

t
X exp {C/ L.v.0(s)log (e2 + eY(s)) ds} .
T

Hence, with a slight abuse of notation we still use the quantity y(z) = supy,;<, Y (s),
T, <t < T, introduced in (28), and recalling that ¢ > 0 is the small parameter in
(29), we have that

e+ y(1) < [(e+ Y(T) + Cult = TV T (e + y(0)) 7] (e + y(1))
C[(e + Y(T*)) + (t _ T*)eL‘y(l—T*)](e + y(t))C(y+l)E’

IA

where y = 14 1/2(1 — %), and we employed relation (34) and its direct consequence.
Here, the constant C,. depends on ||u(T%) || g2, [|v(T%) || g2, and |6 (T%) || 2. Then, taking
€ < 1/c(y + 1), we finally obtain the bound

sup (IA*u®)* + [A*v(@) > + [A*0(D)]*) < +oo,

0<t<T

and so the solution (u, v, 6)(¢) remains uniformly bounded in H*-norm on [0, T']. In
particular, by using a standard argument about the continuation of local solutions, it
follows that (u, v, 6)(¢) can be extended beyond 7' > 0, and the proof is completed.
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