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1. Introduction

The aim of this paper is to develop a theory of Sobolev embeddings, of any order
m € N, in arbitrary open sets  in R™, with n > 2. As usual, by an m-th order Sobolev
embedding we mean an estimate for a norm of the h-th order weak derivatives (0 < h <
m — 1) of any m times weakly differentiable function in £ in terms of norms of some of
its derivatives up to the order m.

The classical theory of Sobolev embeddings involves ground domains 2 satisfying
suitable regularity assumptions. For instance, a formulation of the original theorem by
Sobolev reads as follows. Assume that 2 is a bounded domain satisfying the cone prop-
erty, m € N, 1 < p < >, and F(-) is any continuous seminorm in W™P?(Q) which does
not vanish on any (non-zero) polynomial of degree not exceeding m —1. Then there exists
a constant C' = C'(2) such that

Jull, 28 o < CUT™ull o) + F(w) (11)
for every u € W™P(Q). Here, W™P?(Q) denotes the usual Sobolev space of those func-
tions in © whose weak derivatives up to the order m belong to L?(Q2), and V™u stands
for the vector of all (weak) derivatives of u of order m.

It is well known that standard Sobolev embeddings are spoiled in presence of domains

with “bad” boundaries. In particular, inequalities of the form (1.1) do not hold, at least

np
n—mp

geometry of the domain and Sobolev inequalities, even in frameworks more general than

with the same critical exponent

, in irregular domains. The interplay between the

the Euclidean one, has over the years been the subject of extensive investigations, along
diverse directions, by a number of authors. Their results are the object of a rich literature,
which includes the papers [3,5,6,16,7,8,12,13,18,19,25-27,29,28,31,32,37,39,43,49,47,48,
50-52,54-56,60-62,64,65,68,69] and the monographs [21-24,41,62,66]. Various classical
problems in the theory of spaces of differentiable functions, involving possibly irregular
sets, have attracted new interest in the last two decades, and have been considered in
such contributions as [10,17,20,33,34,45,40,46,63,67,70].

In order to avoid any assumption on €2, we deal with Sobolev inequalities from an
unconventional perspective. The underling idea of our results is that suitable information
on boundary traces of trial functions can replace boundary regularity of Q.

The inequalities that will be established have the form

IV ully (@, < C(IV™ullx (@) + Noa(u)), (1.2)
where m € N, h € Ny, || || x(q) is a Banach function norm on  with respect to Lebesgue
measure L", |- ||y (q,,) is a Banach function norm with respect to a possibly more general

measure p, and Nyq(+) is a (non-standard) seminorm on 052, depending on the trace of u,
and of its derivatives up to the order [1]. Here, Ng = NU {0}, and [-] denotes integer
part. Moreover, VOu stands just for u, and we shall denote V'u also by Vu.
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Some distinctive traits of the inequalities to be presented can be itemized as follows:

e No regularity on  is a priori assumed. In particular, the constants in (1.2) are
independent of the geometry of 2.

e The critical Sobolev exponents, or, more generally, the optimal target norms, are the
same as in the case of regular domains.

e The order [mTfl] of the derivatives, on which the seminorm ANyq(-) depends, is
minimal for an inequality of the form (1.2) to hold without any additional assumption

on €.

Let us emphasize that, in view of these features, our inequalities provide original
conclusions even when just applied to smooth trial functions u on regular domains 2.
A first-order Sobolev inequality on arbitrary domains Q C R™, of the form (1.2),

where X (Q) = LP(Q2), Y(Q, ) = L4(Q), and Naq(-) = || - || Lr(a0), with 1 <p <mn,r>1
and ¢ = min{-";, n”—_’;} was established in [60] via isoperimetric inequalities. Sobolev

inequalities of this kind, but still involving only first-order derivatives and Lebesgue
measure, have recently received renewed attention. In particular, the paper [57] makes
use of mass transportation techniques to address the problem of the optimal constants for
p € (1,n), the problem when p = 1 having already been solved in [60]. Sharp constants
in inequalities in the borderline case when p = n are exhibited in [58].

In the present paper, we develop a completely different approach, which not only
enables us to establish arbitrary-order inequalities, which cannot just be derived via
iteration of first-order ones, but also augments the first-order theory, in that more general
measures and norms are allowed.

Our point of departure is a new pointwise estimate for functions, and their derivatives,
on arbitrary — possibly unbounded and with infinite measure — domains 2. Such estimate
involves a novel class of double-integral operators, where integration is extended over
Q x S"~1. The relevant operators act on a kind of higher-order difference quotients of
the traces of functions and of their derivatives on 0f2.

In view of applications to norm inequalities, the next step calls for an analysis of
boundedness properties of these operators in function spaces. To this purpose, we prove
their boundedness between optimal endpoint spaces. In combination with interpolation
arguments based on the use of Peetre K-functional, these endpoint results lead to point-
wise bounds, for Sobolev functions, in rearrangement form. As a consequence, Sobolev
inequalities on an arbitrary n-dimensional domain are reduced to considerably simpler
one-dimensional inequalities for Hardy type operators.

With this apparatus at disposal, we are able to establish inequalities involving
Lebesgue norms, with respect to quite general measures, as well as Yudovich—Pohozaev—
Trudinger type inequalities in exponential Orlicz spaces for limiting situations. The
compactness of corresponding Rellich—-Kondrashov type embeddings, with subcritical

exponents, is also shown. Inequalities for other rearrangement-invariant norms, such as
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Lorentz and Orlicz norms, could be derived. However, in order to avoid unnecessary
additional technical complications, this issue is not addressed here.

One major motivation for our research is to provide an effective functional framework
for boundary value problems for partial differential equations, and variational problems,
in domains lacking any regularity, to which the theory of Sobolev spaces available in the
existing literature does not apply. In this connection, let us mention the following simple
instance, which yet gives the flavor of the generality allowed by the use of an inequality
like (1.2). Consider the problem

A?u=divF in Q,
{ (1.3)
u=0, Bu=0 on 01,

where ) is any open set in R, n > 3, A2 is the bi-Laplace operator, F : Q — R"
is a given function, and B is the (second-order) boundary operator generated by the
minimization of the quadratic functional

/ (IV2ul?> + 2F - Vu) dx
Q

‘.77

among functions u vanishing on 0f2. Here, the dot “-” stands for scalar product in R"™.

Assume that F € an_lL?(Q), where nz—fz is the Holder conjugate of the critical Sobolev
exponent % A special case of Theorem 6.3, Section 6, tells us that there exists a

constant C' = C(n) such that the Sobolev inequality
2
IVull, 22, g < CIVulz2g0)

holds for every function u vanishing on 9. (Incidentally, notice that, instead, an inequal-
ity of this kind fails if V2u is replaced just with Awu, unless  is sufficiently regular.)
A standard argument relying upon Riesz’ representation theorem in Hilbert spaces then
yields the existence of a unique solution u to (1.3), whatever Q is.

An analysis of more general problems in arbitrary domains goes beyond the scope of
the present contribution, and is the subject of a work in progress.

The paper is organized as follows. In the next section we offer a brief overview of
some Sobolev type inequalities, in basic cases, which follow from our results, and we
discuss their novelty and optimality. Section 3 contains some preliminary definitions and
results. The statement of our main results starts with Section 4, which is devoted to
our key pointwise inequalities for Sobolev functions on arbitrary open sets. Estimates
in rearrangement form are derived in the subsequent Section 5. In Section 6, Sobolev
type inequalities in arbitrary open sets are shown to follow via such estimates. Examples
which demonstrate the sharpness of our results are exhibited in Section 7. In particular,
Example 7.4 shows that inequalities of the form (1.2) may possibly fail if Ny (u) only

depends on derivatives of u on 8 up to an order smaller than [”-1]. Finally, in the
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Appendix, some new notions, which are introduced in the definitions of the seminorms
Naq(+), are linked to classical properties of Sobolev functions.

2. A taste of results

In order to give an overall idea of the content of this paper, we enucleate hereafter a
few basic instances of the inequalities that can be derived via our approach.

We begin with two examples which demonstrate that our conclusions lead to new
results also in the case of first-order inequalities, namely in the case when m = 1 in (1.2).

Let Q be any open set in R™, and let p be a Borel measure on 2 such that pu(B,NQ) <
Cr® for some C > 0, and « € (n — 1,n|, and for every ball B, with radius r. Clearly, if
w = L™ then this condition holds with a = n.

Assume that 1 < p <n and r > 1, and let s = min{-"%, =2}, Then

n—1’"n—p

lullzs @, < C(IVullLo ) + lullr o)) (2.1)
for some constant C' and every function uw with bounded support, provided that
L(Q) < 00, () < oo and H"~1(9Q) < co. Here, H" ! denotes the (n—1)-dimensional
Hausdorff measure. In particular, if r = p(:—:;), and hence s = ;5 then (2.1) holds even
if the assumption on the finiteness of these measures is dropped; in this case, the constant
C depends only on n, p, a. Inequality (2.1) follows via a general principle contained in
Theorem 6.1, Section 6. It extends a version of the Sobolev inequality for measures, on
regular domains [62, Theorem 1.4.5]. It also augments, as far as measures are concerned,
the result of [57], whose approach, though yielding sharp constants, is confined to norms
evaluated with respect to the Lebesgue measure. Let us point out that, by contrast,
our method, being based on representation formulas, need not lead to optimal norms in
inequalities with p = 1.

Consider now the borderline case corresponding to p = n. As a consequence of Theo-
rem 6.1 again, one can show that

< C(IVullzno) + llul (2.2)

||uHexan%1(Q’y‘ expLﬁ(BQ)>’

for some constant C' and every function uw with bounded support, provided that
L(Q) < 00, u(Q) < oo and H*1(9) < co. Here, |- ”expLﬁ(Q,M) and ||- HexpLﬁ(aQ)
denote norms in Orlicz spaces of exponential type on Q and 02, respectively. In-
equality (2.2) on the one hand extends the Yudovich-Pohozaev—Trudinger inequality
to possibly irregular domains; on the other hand, it enhances, under some respect, a re-
sult of [58], where optimal constants are exhibited in estimates involving the weaker
norm in exp L(Q2), and just for the Lebesgue measure.

Let us now turn to higher-order inequalities. Focusing, for the time being, on second-
order inequalities may help to grasp the quality and sharpness of our conclusions in this
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framework. In the remaining part of this section, we thus assume that m = 2 in (1.2);
we also assume, for simplicity, that p = L£™.
First, assume that A = 0. Then we can prove (among other possible choices of the

exponents) that, if 1 < p < 7, then

[[ul

_pn_ < C(||V? p p(n— p(n— , 2.3
L7=25 (Q) — (IVullzo e + HUHVLOL 55 0n) N HUHL = (69)) 23)

for some constant C' = C(p,n), in particular independent of 2, and every function u

with bounded support. Note that —2% is the same critical Sobolev exponent as in the

n—2p
case of regular domains. Here, || - [[y1.07-(90) denotes, for € [1, 0o], the seminorm given
by
ullyrorraa) = igf gl o) (2.4)

where the infimum is taken among all Borel functions g on 92 such that
u(z) — u(y)] < |z —yl(g(x) +g(y)) for K" '-ae. z,y € 99, (2.5)

and L"(0€2) denotes a Lebesgue space on 9 with respect to the measure H"~1. The
function g appearing in (2.5) is an upper gradient, in the sense of [38], for the restriction
of u to 90, endowed with the metric inherited from the FEuclidean metric in R", and
with the measure H"~!. In [38], a definition of this kind, and an associated seminorm
given as in (2.4), were introduced to define first-order Sobolev type spaces on arbitrary
metric measure spaces. In the last two decades, various notions of upper gradients and
of Sobolev spaces of functions defined on metric measure spaces, have been the object
of investigations and applications. They constitute the topic of a number of papers and
monographs, including [4,11,35,39,42,53].

Let us stress that, although the new term ||ul| p(n—1) on the right-hand side
VIOL n=p (89)

of (2.3) can be dropped when (2 is a regular, say Lipschitz, domain, it is indispensable

if ) is arbitrary. This can be shown by taking into account a domain as in Fig. 1 (see
Example 7.1, Section 7).

As in the case of regular domains, if p > 5, then the Lebesgue norm on the left-hand
side of (2.3) can be replaced by the norm in L*. Indeed, if r > n — 1, then

ull Lo () < C(IIV?ull o) + lullvror-aa) + [[ullL=(o0)) (2.6)

for any open set 2 such that £"(Q) < co and H"1(99Q) < oo, for some constant C, and
for any function v with bounded support. In particular, the constant C' depends on {2
only through £7(Q) and H"~1(9Q).

In the limiting situation when n > 3, p = § and r > n — 1, a Yudovich-Pohozaev—
Trudinger type inequality of the form

(2.7)

ully s iy < CUIV?ll 5 g+ Nllvronrcomy + 1l

exp Ln=2( expL"T*L2 (89))
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i
/f

Fig. 1. Example 7.1, Section 7.

holds for some constant C' independent of the geometry of €2, and every function wu
with bounded support, provided that £"(Q) < oo and H" 1(9Q) < oo. The norms

|| ’ ||exp L”iz?(ﬂ) and ” ’ ||expLﬁ(BQ)
Yudovich-Pohozaev-Trudinger inequality on regular domains, and in its boundary trace

are the same exponential norms appearing in the

counterpart.

Consider next the case when still m = 2 in (1.2), but A = 1. From our estimates one
can infer that, if 1 < p < n and » > 1, and Q is any open set with £*(Q2) < oo and
H"1(09Q) < oo, then

1VullLaa) < (||V2U||Lp o) + [Jullyr, OL’“(BQ)) (2.8)

for some constant C' independent of the geometry of €2, and every function u with
bounded support, where

q = min {7, nbs ) (2.9)
In particular, if r = 2 (" pl) and hence ¢ = , then the constant C in (2.8) depends

only on n and p.

Inequality (2.8) is optimal under various respects. For instance, if Q is regular, then, as
a consequence of (1.1), the seminorm |luy1.0-(90) can be replaced just with ||ul|z-a0)
on the right-hand side. By contrast, this is impossible in a domain Q as in Fig. 2, for

any ¢ € [1 whatever r is — see Example 7.2, Section 7.

’n—p]
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Fig. 2. Example 7.2, Section 7.
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Fig. 3. Example 7.3, Section 7.

The question of the optimality of the exponent ¢ given by (2.9) can also be raised.
The answer is affirmative. Actually, domains like that of Fig. 3 show that such exponent
q is the largest possible in (2.8) if no regularity is imposed on Q (Example 7.3, Section 7).

When p > n, inequality (2.8) can be replaced with

IVl oo 0) < C(IIV?ull o) + [ullvioLe<aa)), (2.10)

for some constant C' independent of the geometry of ), and every function u with
bounded support, provided that £*(2) < oo and H"1(99Q) < .
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Finally, in the borderline case corresponding to p = n, an exponential norm is involved
again. Under the assumption that £"(Q) < co and H"~1(9€2) < oo, one has that

Hvu”eXpLﬁ(Q) < C(HVQUHL”(Q) + ||qu1,0 expLﬁ(aﬂ)) (211)

for some constant C, depending on © only through £7(Q) and H"~1(92), and for every
function v with bounded support. Here, the seminorm || - || is defined as

in (2.4), with the norm || - | exp LT (50)° Again, the

exponential norms in (2.11) are the same optimal Orlicz target norms for Sobolev and

V1.0 exp LT (9Q)
Lr(o0) replaced with the norm || - ||

trace inequalities, respectively, on regular domains.
3. Preliminaries
Let 2 be any open set in R, n > 2. Given = € (), define
Q. ={yeQ:(1—-t)x+ty C Qfor every t € (0,1)}, (3.1)
and
(0N, ={yed: (1 —-t)x+ty C Qforevery t e (0,1)}. (3.2)

They are the largest subset of €2 and 912, respectively, which can be “seen” from z. It is
easily verified that €, is an open set. The following proposition tells us that (0Q), is a
Borel set.

Proposition 3.1. Assume that € is an open set in R™, n > 2. Let x € Q. Then the set
(09), defined by (3.2), is Borel measurable.

Proof. Given any r € QN (0,1), define
(0N (r) ={y € 00 : (1 —t)x + ty C Q for every ¢t € (0,7)}.
If y € (02),(r), then there exists § > 0 such that Bs(y) N 9Q C (9),(r). Thus, for
each r € QN (0,1), the set (92).(r) is open in 9L2, in the topology induced by R™. The
conclusion then follows from the fact that (09), = Nyecqn(0,1)(0Q)z(r). O
Next, we define the sets
(QxS" Ny ={(z,9) € QxS 24t € 99 for some ¢ > 0}, (3.3)

and

(Q x S" 1) = (2 x S™ 1)\ (2 x S ). (3.4)
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Clearly,
(QxS" Hy=0xS""! if Qis bounded. (3.5)
Let
C:(QxS" Yy = R" (3.6)
be the function defined as
C(z,¥) =z +t9, where ¢ is such that z + td € (9Q),.

In other words, ((x, ) is the first point of intersection of the half-line {z +¢J : ¢t > 0}
with 0.

Given a function g : 02 — R, with compact support, we adopt the convention that
g(¢(z,9)) is defined for every (x,9) € Q x S*"1, on extending it by 0 on (Q x S*71);
namely, we set

9(C(x,0)) =0 if (z,9) € (2 x S* V). (3.7)

Let us next introduce the functions

a:QxS" ! 5 [—00,0) and b:Q xS ! = (0,00] (3.8)
given by
) — if (x,9) € (2 x S*™ 1),
o) = {100 o1 D) € ) 59)
o0 otherwise,
and

a(z,9) = —b(x, =09) if (x,9) € Q x S"L (3.10)

Proposition 3.2. The function ¢ is Borel measurable. Hence, the functions a and b are
Borel measurable as well.

Proof. Assume first that  is bounded, so that (2 x S"71)g = Q x S"~1. Consider a
sequence of nested polyhedra {Qy} invading €2, and the corresponding sequence of func-
tions {(x}, defined as ¢, with Q replaced with Q. Such functions are Borel measurable,
by elementary considerations, and hence ( is also Borel measurable, since (}, converges
to ¢ pointwise.

Next, assume that €2 is unbounded. For each h € N, consider the set ), = QN B (0),
where B, (0) is the ball, centered at 0, with radius h. Let (; and b, be the functions,
defined as ¢ and b, with € replaced with . Since €2}, is bounded, then we already know
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that by, is Borel measurable. Moreover, b;, converges to b pointwise. Hence, b is Borel
measurable as well, and in particular the set (Q x S"~1)g, which agrees with {b < oo},
is Borel measurable. Finally, the function (; is Borel measurable, inasmuch as 2, is a
bounded set. Moreover, (j, converges to ¢ pointwise on the Borel set (Q x S"~1)q. Thus,
¢ is Borel measurable. O

Given m € N and p € [1, 0], we denote by V™P(Q) the Sobolev type space defined
as

V™ P(Q) = {u: u is m-times weakly differentiable in Q, and [V™u| € LP(Q)}.
(3.11)

Let us notice that, in the definition of V™P(Q), it is only required that the derivatives
of u of the highest order m belong to LP(f2). Replacing LP(f2) in (3.11) with a more
general Banach function space X (£2) leads to the notion of m-th order Sobolev type
space V™ X () built upon X (Q).

For k € Ny, we denote as usual by C*(Q) the space of real-valued functions whose
k-th order derivatives in ) are continuous up to the boundary. We also set

CF(Q) = {u € C*(Q) : u has bounded support}. (3.12)
Clearly,
CE(@Q) = C*(Q) if Q is bounded.

Let a = (aq,...,q,) be a multi-index with a; € Ny for ¢ = 1,...,n. We adopt the
notations |a| = ag+- - +ap, @l = a1l @, and 9% = 97 - - - 99~ for & € R™. Moreover,
wesetD“u:M?‘“;_lngoru:Q%R.

We need to extend the notion of upper gradient g for the restriction of u to 02
appearing in (2.5) to the case of higher-order derivatives. To this purpose, let us denote

by g7, where k € Ng and j = 0,1, (k,j) # (0,0), any Borel function on 92 such that:

(i) k€N, j=0,and u € CF1(Q),

> o2l o eipea) - prute)

_ _ 1~/ _ 2k—1
o Tl 4]
< g"(@) + ¢"(y) (3.13)

for H* l-a.e. x,y € ON.
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(ii) If k €N, j =1, and u € CF(Q),

n

>

i=1

2k —2 — |af)! — )¢
| IZ,;I ((k —-1- a||)!|()1! y(y_ x|2’)€1 (—1)‘Q|Da§)—£(y) - Da%u)“

< g™ @)+ 9" () (3.14)

for H" t-a.e. x,y € ON.
(iii) If k=0, j =1, and u € C(Q),

u(x)] < g™ (x) (3.15)
for H* l-a.e. z € 9N.

Note that inequality (3.13), with k = 1, agrees with (2.5), and hence g'** has the same
role as g in (2.5). Let us also point out that, as (2.5) extends a classical property of the
gradient of weakly differentiable functions in R™, likewise its higher-order versions (3.13)
and (3.14) extend a parallel property of functions in R™ endowed with higher-order weak
derivatives. This is shown in Proposition A.1 of the Appendix.

In analogy with (2.4), we introduce the seminorm given, for r € [1, o], by

lullyr.ipra0) = ;EE 19" | L+ (a02) (3.16)

where k, j and u are as above, and the infimum is extended over all functions g
fulfilling the appropriate definition among (3.13), (3.14) and (3.15). More generally, given
a Banach function space Z(99) on 99 with respect to the Hausdorff measure H" !, we
define

[ullyri za0) = ;Ef 19" 1| z(o0)- (3.17)
Observe that, in particular,
lullvo1zaa) = lull z0)-
4. Pointwise estimates
In the present section we establish our first main result: a pointwise estimate for

Sobolev functions, and their derivatives, in arbitrary open sets. In what follows we define,
for k € N,

0 if k is odd,
w={ " @)
1 if k is even.
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Theorem 4.1 (Pointwise estimate). Let ) be any open set in R™, n > 2. Assume that
m € N and h € Ny are such that 0 < m—h < n. Then there exists a constant C = C(n,m)
such that

-1

m m g5 (kb 9
by < V™ u(y)] / /! (CB:9) s
|V u(x)] C</ AT dy + PR dH"(9) dy
Q

k=1 Q §n—-1

I / g[wl,wh)(g(x,ﬁ))dﬂn1(19)) for a.e. x € Q, (4.2)

S§n—1

kdh+1
2

m—1 _
for every u € V™) N C’E)T](Q), Here, ¢l Lak+h) s any function as in

(3.13)-(3.15), and convention (3.7) is adopted.

Remark 4.2. In the case when m — h = n, and 2 is bounded, an estimate analogous
o (4.2) can be proved, with the kernel W in the first integral on the right-hand
side replaced with log ﬁ The constant C' depends on n and the diameter of €. If
m — h > n, and Q is bounded, then the kernel is bounded by a constant depending on
n, m and the diameter of Q.

Remark 4.3. Under the assumption that

u=Vu=---=V"7lu=0 onoQ, (4.3)
one can choose g[%]’“(h) =0fork=0,...,m —h—11in (4.2). Hence,
h |V u(
[V 'u(z)]| < C ‘ - m+h dy for a.e. x € Q. (4.4)

A special case of (4.4), corresponding to h = m — 1, is the object of [62, Theorem 1.6.2].

Remark 4.4. As already mentioned in Section 1, the order [mT_l] of the derivatives
prescribed on 9f), which appears on the right-hand side of (4.2), is minimal for Sobolev
type inequalities to hold in arbitrary domains. This issue is discussed in Example 7.4,

Section 7 below.

A key step in the proof of Theorem 4.1 is contained in the next lemma, which deals
with the case when h = m — 1 in Theorem 4.1.

Lemma 4.5. Let ) be any open set in R™, n > 2.

(i) Ifue V=11 Q)N CL Q) for some £ €N, then
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20—-2
IV u(z)

[z —y[*t

< C(/de / g‘—lvl(c(x,ﬁ))dﬂn—l(ﬁ)> for a.e. x €Q, (4.5)
Q

for some constant C = C(n, ).
(ii) Ifu € VY Q) NCLHQ) for some £ €N, then

[V u(y)|
|z —y|"t

IV2Ly(z)| < C( dy + / 9" (¢(x, ) dﬁnl(ﬁ)> (4.6)

S§n—1

1,1

for some constant C = C(n,{). Here, g*~ and ¢g“° are functions as in

(3.13)=(3.15), and convention (3.7) is adopted.

Our proof of Lemma 4.5 in turn requires the following representation formula for the
(2¢ — 1)-th order derivative of a one-dimensional function in an interval, in terms of
its 2¢-th derivative in the relevant interval, and of its derivatives up to the order ¢ — 1
evaluated at the endpoints.

Lemma 4.6. Let —00 < a < b < 0o. Assume that 1) € W2%1(a,b) for some £ € N. Then

1l)(2€—1)(t)
¢ b
:/Q%*l(%%:_b)lﬂ(%)(ﬂ dT—/Qzeq(CH—bb_i_aQT)w(%)(T)dr
-1
+ (20— 1)!(_1)Z (20— k—2)! 1 [(_1)k+11/1(k)(b) + 1/)(k)(a)} (4.7)

2L (0 — k= 1)1 (b — a)2 =1

for t € (a,b). Here, »¥) denotes the k-th order derivative of ¥, and Qoe—1 is the poly-
nomial of degree 2 — 1, obeying

Qgg_l(t) + ng_l(—t) =1 fO’f’ t € R, (4.8)
and
Qur(-1)= Q4 (-1) = =@l V(-1 =0. (4.9)

Proof. Let us represent ¢ as

W(t) = w(t) +<(t) fort € (a,b), (4.10)
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where @w and ¢ are the solutions to the problems

26) (20) : b
( ) w ( ) m (a’7 )7 (4.11)
w®(a) =™ (b)) =0 fork=0,1,...,0—1,
and
29() =0 in (a,b
(1) in (a,b), (4.12)
(W(a) = 6B (@), W) = pME) for k=0,1,...,0~ 1,
respectively. Let us first focus on problem (4.11). We claim that
w2y /Qﬂ . )1/1(24( )dr
b—2
_/Q%—l %)d}(%)(r) dr fort € (a,b), (4.13)
t
where QQ2/—1 is as in the statement. In order to verify (4.13), let us consider the auxiliary
problem
S (s) = os) in (~1,1), i
wk(£1) =0, k=0,1,...,0—1,
where ¢ € L'(a,b) is any given function. Let & : [~1,1]> — R be the Green function
associated with problem (4.14), so that
1
w(s) = //{(s,r)¢>(r) dr for s € [-1,1]. (4.15)
1
The function k takes an explicit form ([14]; see also [36, Section 2.6]), given by
=
k(s,r) = Cls —r[*! / (t? —1)*"1dt for s #r, (4.16)

1

where C'= C() is a suitable constant. One can easily see from formula (4.16) that x(s,r)
is a polynomial of degree 2¢ — 1 in s for fixed r, and a polynomial of degree 2¢ — 1 in r
for fixed s, both in {(s,7) € [-1,1]?: s > r}, and in {(s,7) € [-1,1]2 : s < r}. Moreover,
k(s,7) = k(—s, —r). In particular, if s > r, one has that
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1 0 N (1)1 _ .
“(S’T):CLZ_:O( y )%<1—3T>2J*1<s—r>24 22

— (s —r)%~ 1Z<£_1> QJ):;J} (4.17)

Thus, if s > r,
92 1x = -1\ (-1 20— 1 (—1)t
- — —_1\! 2j+1
g1 (1) = O 1)[;( j )21+1 ;( > 2j+1 }

(4.18)

a polynomial of degree 2¢ — 1 in 7, depending only on odd powers of r. Let us denote
this polynomial by Qa¢—1(r). It follows from (4.18) that Q2p—1(—1) = 0. Moreover,

Qa0 o [9*1 iy L
Qgﬁ ~(r) = o (FZ_T(S,TO =C(20 - 1)!2 ( ; 1)(_1)e+ar2a

=0

—C(20 — D2 = 1)L (4.19)

Thus, Q2¢—1 vanishes, together with all its derivatives up to the order ¢ — 1, at —1,
namely Qo071 fulfills (4.9). Equation (4.18) also tells us that Q2p—1(s) — Q2¢—1(0) is an
odd function, and hence

Q%,l(s) + Qgefl(—s) = 2@24,1(0) for s € R. (4.20)

Since & is an even function,

32[—1 20—1

St (s,7) = %(—s,—r) =—Qo-1(—r) f-1<s<r<l.

Thus, (2¢ — 1)-times differentiation of equation (4.15) yields

W@ (s) = /Q26—1(T)¢>(7‘) dr—/Q2e—1(—7‘)¢(7’) dr forse[-1,1]. (4.21)
1 s

Since w®) = ¢, an integration by parts in (4.21), equation (4.20), and the fact that
Qar_1(—1) = 0, tell us that

w(%fl)(s) — 2Q2£—1( (2[ 1) /Q% (22 1)( )d’/‘

— /Q'%_l(—r)w(wfl)(r) dr for s € [-1,1]. (4.22)
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Owing to the arbitrariness of w, equation (4.22) ensures that 2Q2¢—1(0) = 1. Equa-
tion (4.8) thus follows from (4.20).
The function w defined as

w(t) :w(%%;b) for ¢ € [a, b]

is thus the solution to problem (4.11), and the representation formula (4.13) follows via
a change of variables in (4.21).

Consider next problem (4.12). The function ¢ is a polynomial of degree 2¢ — 1, and
¢(2=1) is a constant which, owing to the two-point Taylor interpolation formula (see
e.g. [30, Chapter 2, Section 2.5, Ex. 3]), is given by

=(20-1)! [5;__11 (%) - + ;;__11 <(tw_(2>[> lt_J. (4.23)

Leibnitz’ differentiation rule for products yields

-1 U(t) d—! Y(t)
[dt“l ((t - b)f) o A (W> |t=J
-1
(20 — k —2)! 1
= (=1 R — k= 1)1 (b — a)?—F1

(D)MW ) + 9P (a)].  (4.24)

Equation (4.7) follows from (4.13), (4.23) and (4.24). O

Proof of Lemma 4.5. Given z € Q and ¥ € S"71, let a(z,?) and b(z, ) be defined as
in (3.10) and (3.9), respectively.

We begin with the proof of (4.5) for £ = 1. If u € V11(Q)NCPY(Q), then, by a standard
property of Sobolev functions, for a.e. x € € the function

[0,b(z,9)] 2t — u(x + 1)

belongs to V11(0,b(x,9)) for H" t-a.e. ¥ € S*! and

%u(:ﬂ +t9) = Vu(z +t9) -9 for a.e. ¢t € [0, b(x,)].

Hence, for any such z and ¢,

b(z,9)
w(C (@, 9)) — u(z) = / Vu(z +td) - 9 dt, (4.25)



A. Cianchi, V. Maz’ya / Advances in Mathematics 293 (2016) 644—696 661
where convention (3.7) is adopted. Integrating both sides of equation (4.25) over S~}
yields

b(z,9)
nwpu(x) = / u(C(x,9)) dH™ 1 (9) — / Vu(z + t9) - 9 dt dH" 1 (9), (4.26)

gn—1 sn—1 0

where w,, = 72 /T'(1 + 2), the Lebesgue measure of the unit ball in R". One has that

b(ac,ﬂ) b(m,ﬂ)
1
[ vty vaaew= [ [ v s en o e o)
Sn—1 0 S§n—1 0
B / viy) @ oo dy. (4.27)
lz —y|”

x

Inequality (4.5), with £ = 1, follows from (4.26) and (4.27).
Let us next prove (4.6). If u € V241(Q) N CLH(Q), then for a.e. 2 € Q, the function

[a(z, ), b(z,9)] > t = ulz + t9)

belongs to V21 (a(z, ), b(x,d)) for H* -a.e. ¥ € S*~1. Consider any such z and 9. If
(z,9) € (Q x S"71)g, then, by Lemma 4.6,

t
20—1

W’U/(!I}‘i‘t’ﬂ) = / Q2571<
a(z,9)

2r — a(z,9) — b(a, )y d*
b(z,9) — a(z,9) ) dee“(x +79) dr

b(z,9)

z,9) + b(z,9) — 21\ d*
- / Q%l(a(b(x),;)(a(x),ﬂ) )dT%u(x—i-ﬂ?)dT

+ (20 = 1)!(~1)*

ku xr ku T
(20— k- 2)! [(*1)“1(%)“:1@,&) +(° fzt:w))u:u(m,ﬁ)]

4.2
SR 1) (b(z,9) — a(z, 0))2—F-1 (4.28)
for t € (a(z, ), b(z,)). If, instead, (x,9) € (2 x S*7 1), then
oo g2t .
J2¢-1 — %u(x + 79)dr, if b(x,¥) = oo,
WU(.’IJ + tﬁ) = : t d(iz . (429)
I Epu(e + 19)dr,  if a(z, ) = —oo0,

for t € (a(x,d),b(x,d)) (if both b(x,¥) = oo and a(x,¥) = —oo, then either expression
on the right-hand side of (4.29) can be exploited).
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We have that

k

k!
Zrul + 1) = > U D% u(z + 1) for ae. t € (a(z,9), b(w, ), (430)
laj=k

for k=1,...,2¢. From (4.28)—(4.30) we infer that
Q-1 .
|a]=2¢—1
+oo

20 —1)!
= TX(OQxS" 1) o (z,9) E (Ea—')ﬂa / E 197Da+7u($ +79)dr
|a|=2¢—1 ’

0 Ivl=1
0
T —a(z,9) —b(z,0)\ d*
+X(stn1)0($ﬂ9)[ / Q2471(2 b(:,(ﬁ)—)a(x,(ﬂ) ))dT2Z’U/((IJ+T’8)dT
a(x,9)
e a(z,9) + bz, ¥) — 21y d*
N / Qae-i ( b(@.0) — a(z,0) )dﬂé“(““” dr
0
-1
(20 — k —2)!
+ (20 = 1))(—1)* 2 Py
B () D@ + b(x, 9)9) + Du(x + a(w, 9)0)]
o (6, 9) — alar, 9))7= o

where the upper limit of integration in the first integral on the right-hand side is either
+00, or —oo according to whether b(z,9) = oo or a(z,¥) = —o0

Denote by {Ps} the system of all homogeneous polynomials of degree 2¢ — 1 in the
variables ¥4, ..., 9, such that

/ Py (9)9*dH™ 1 (9) = Sup,
Sn—l

where d,5 stands for the Kronecker delta. On multiplying equation (4.31) by P5(9)

@e—1)1> and

integrating over S®~! one obtains that

DPu(x)

B!
+oo
g aty n—1
== [ xexsn@NP0) D = [ D u(a + i) drdH" (W)
§n—1 |a|=20—-1 0

[v|=1
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P ()

+ / X(QxS"*l)o(‘Tﬂ?)m
gn—1

0

x{ / Qze1(2Tb_(;(g)’19_)a_(;(§)’ﬁ)>dcf;u(m—i-n?)dﬂ'

a(z,9)

b(z,9)
a(z,9) + b(x,0) — 27

- ! Qai ( b(z,9) — a(z, )
+(-1° [ Pato)
L

%—wﬂ—a'ﬂak—ﬂ““fﬂwm+waﬂW)+Daww+uaﬂWH
x Z — |a] = D! (b(x,9) — a(z, 9))2¢—lal-1

d2€
) T, u(z + 79) dT:| dH™ ()

dH" (V).

|a|<e—1

(4.32)

There exist constants C' = C(n,{) and C’ = C'(n, ) such that

+
9oty

‘t/ X(axsn 1) (1, 0)Ps(9) D /"Da+ﬁdx%~m%deH"’%ﬁ)
gn—1 3

|a|=2¢—1
lvl=1

2¢
<:c(/ /ﬂv% (z -+ 70)| dr dH" 1 (9 ‘/ /Wv ule + 7o)l " dr dH ()

n—1
sn—1 0 Sn—1 0

[V u(y)]

<o | I
B |z —y[t

(4.33)

Next, we claim that there exists a constant C = C(¢,n) such that

a2, 9) - b(z, 19)) i u(x + 79)dr

0
2T —
/mes"l)o(f'%ﬂ)[})ﬂ(ﬁ) / Q”‘1< b(z,9) —a(z,d) /dr?
z,9

gt a(z.0)
b(xz,9)

= Ps(9) / Qze_l(a(f”’ﬁ)er(x,g)_?T

) b(z,9) — a(z, )
[V*u(y)|
< CQ/ 7 g dy. (4.34)

In order to prove (4.34), observe that

);ﬁ;u@:+7ﬁyh}dﬁn%ﬁﬂ
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/ X(xsn-1), (€, 9)Ps()
Sn—1

0

7 —a(x,9) — b(x 2
X / Q2£—1(2 b(;(ﬁ)’ﬁ_)a(;(ﬁﬁﬁw$2£U(1+Tﬂ)d7dHn1(19)

a(z,9)

= / X(Qxsn—1,(,9)Ps (V)
Snfl

—a(z,9)
x / Q2z71<—

0

2r + a(x,v) + b(m,ﬁ)) d?t

o) ol 0] ) s ) 4 0)

= / X(@xsn-1), (2, =0) Ps(=0)
S’n—l
—a(z,—0)
X / szq(—

0

=- / X(@xsn-1), (T, 0)Ps(0)

Sn—1

2r + a(x, —0) + b(x, —0)
b(x, —0) — a(x, —0)

d2€
) Gy u(@ +ro)dr dH"1(0)

b(x,0)

e

0

a(x,0) + b(z,0) — 27“) d?*

b(x,0) — a(x,0) Wu(x +r0)dr dH" 7 (0),

where we have made use of the fact that Pg(—60) = —Pg(0) if |3] = 2¢ — 1, and of (3.10).
Thus,

0
‘ / X(@xsn-1), (2, 9) [Pﬁ(ﬂ) / Q2€—1<2Tb_(;(;)ﬂ9_)a_(;’(§)’ﬁ)>d(f;u(erTﬂ)dT
S a

(z,0

b(z,9)

0| () Ert ] e

0

b(xz,9)

| mo [ e (ST )i

Sn—1

= 2‘ / Py ()

§n—1

u(x + rod) drd’}{"l(ﬁ)‘
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b(z,9)

z,9) 4+ b(x,9) — 2r 20 o o1
X / Q%_l(a(b(:ﬂ),;_)—(a(x?ﬁ) ) Z (a.)ﬂD u(z 4+ rd) drdH" ™ (0)

0 \a|:22
b(z,9) o0
<C / / \V2lu(z + r9)| drdH L (9) < C" %
Sn—1 0 Qg

for some constants C' = C'(n,£) and C’' = C’(n, £). Hence, inequality (4.34) follows.
Finally, by definition (3.13), there exists a constant C' = C'(n, £) such that

] [ X 01 Pa(0)
Snfl
s @olal2t,

e (L — o) — D!

[(—l)la\+1Dau(x + bz, 9)9) + Du(x + a(x,9)9)]
) (b(z,0) — a(z, )2 lal-1 dH" ™ (0)

=¢ / X(wxsn 1o (@, 9) [ (2 + da(z,9)) + ¢ (z + 9b(x, 9))] dH"~ (1)
sn—1
=20 / 9" (¢ (2, 9)) dH" (V). (4.35)
S§n—1
Combining (4.32)—(4.35) yields (4.6).

Inequality (4.5), with ¢ > 2, follows on applying (4.6) with u replaced with its first-
order derivatives. O

Proof of Theorem 4.1. For simplicity of notation, we consider the case when h = 0, the

m—1y __
proof in the general case being analogous. Let u € V™(Q) N C}E 2 ](Q) By inequal-
ity (4.5) with £ =1,

|Vu(y)| 0L (¢ (a n—1 or a.e. T
|u($)|§C<Q 7\m—y|”—1 dy + / 9 (C(x,9))dH (19)) for a.e. 2 € Q. (4.36)

From (4.36) and an application of inequality (4.6) with £ = 1 one obtains that

<o(f [yt
w [ [ ey D [ oy ano)

Q sn—1 §n—1
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2 n—1
<c(/ Vulz)l d+// gy) T L0) dy
) |z — 2| |z —y|~

+ " (¢(2,9))dH" 1 (Y) | for ae. x € L, (4.37)
J )

for some constants C' = C'(n) and C’' = C’(n). Note that in the last inequality we have
made use of a special case of the well known identity

1
e Sl = s o AT

which holds for some constant C = C(n,0,v) and for every compactly supported inte-
grable function f, provided that ¢ > 0, v > 0 and 0 + v < n.

Inequality (4.37) in turn yields, via an application of inequality (4.5) with £ = 2,

|<C< / ||V3 = dz+ / / 7%”__;2)_3‘1}
o gl’O(C(yﬁ))%+ [ o ano)

Q sn—1 gn—1
for a.e. x € Q, (4.39)

for some constant C' = C(n). A finite induction argument, relying upon an alternate
iterated use of inequalities (4.6) and (4.5) as above, eventually leads to (4.2). O

5. Estimates in rearrangement form

The pointwise bounds established in the previous section enable us to derive rearrange-
ment estimates for functions, and their derivatives, with respect to any Borel measure p
on (Q such that

w(Br(x)NQ) < Cur® for z € Qand r >0, (5.1)

for some a € (n—1,n] and some constant C,, > 0. Here, B, (x) denotes the ball, centered
at x, with radius 7.

Recall that, given a measure space R, endowed with a positive measure v, the de-
creasing rearrangement ¢* : [0,00) — [0, 00] of a v-measurable function ¢ : R — R is
defined as

o5 (s) =inf{t > 0:v(|¢| > t}) < s} for s e [0,00).

The operation of decreasing rearrangement is not linear. However, one has that
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(@ + 1), (s) < d(s/2) +9,(s/2) for s >0, (5.2)

for every measurable functions ¢ and ¥ on R.
Any function ¢ shares its integrability properties with its decreasing rearrangement ¢,
since

v({|¢| > t}) = L*({¢} > t}) for every t > 0.

As a consequence, any norm inequality, involving rearrangement-invariant norms, be-
tween the rearrangements of the derivatives of Sobolev functions and the rearrangements
of its lower-order derivatives, immediately yields a corresponding inequality for the orig-
inal Sobolev functions. Thus, the rearrangement inequalities to be established hereafter
reduce the problem of n-dimensional Sobolev type inequalities in arbitrary open sets to
considerably simpler one-dimensional Hardy type inequalities — see Theorem 6.1, Sec-
tion 6 below.

Theorem 5.1 (Rearrangement estimates). Let Q be any open bounded open set in R™,
n > 2. Let m € N and h € Ny be such that 0 < m — h < n. Assume that p is a Borel
measure in Q fulfilling (5.1) for some a € (n — 1,n] and for some C,, > 0. Then there
ezist constants ¢ = c(n,m) and C' = C(n,m, o, C,,) such that

o0
n—m+h

|th|;(cs) < C[s‘ o

n—m+h

u\zn(r)dr—i-/r_ n

S

V™ u|pn (r)dr

STk
<
3

Q3

n—1
s «

m—h—1
_n—1-k k+h+1 *
S (e ] e, o
1 0

(oo}
n—1—k . «
+ / r_n—il [g[%]vh(k‘f‘h)]?—["l(r)dr)

n—1
s «

+s5 o / [g[%]’h(h)};nl(r)dr} for s >0, (5.3)
0

m—1 — .
for every u € V™1(Q) N C’k[) 2 ](Q) Here, §(-) is defined as in (4.1), and gl kR
denotes any Borel function on 02 fulfilling the appropriate condition from (3.13)—(3.15).

Remark 5.2. In inequality (5.3), and in what follows, when considering rearrangements
and norms with respect to a measure u, Sobolev functions and their derivatives have
to be interpreted as their traces with respect to u. Such traces are well defined, thanks
to standard (local) Sobolev inequalities with measures, owing to the assumption that
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a € (n—1,n] in (5.1). An analogous convention applies to the integral operators to be
considered below.

In preparation for the proof of Theorem 5.1, we introduce a few integral operators,
and prove pointwise estimates for their rearrangements.
Let Q be any open set in R™. We define the operator T as

Ty(z) = / lg(¢(2,9))| dH™ () for x € Q, (5.4)
Sn—l

at any Borel function g : 9Q0 — R. Here, and in what follows, we adopt convention (3.7).
Note that, owing to Fubini’s theorem, Ty is a measurable function with respect to any
Borel measure in €.

For v € (0,n), we denote by I, the classical Riesz potential operator given by

fy)
Ifx:/idy for z € Q, 5.5
v ( ) ‘y_x|n_7 ( )
Q
at any f € L'(Q), and we call N, the operator defined as

N,g(z) = / _9w) dH" 1(y) forx € Q, (5.6)

|z —y[n—

at any function g € L!(99).
Finally, we define the operator @)~ as the composition

Qy=1I0T. (5.7)
Namely,
dH"1(9) d
Qo) = [ [ oo T e, (59

Q sn—1

for any Borel function g : 02 — R.

Our analysis of these operators requires a few notations and properties from interpo-
lation theory.

Assume that R is a measure space, endowed with a positive measure v. Given a pair
X1(R) and X3(R) of normed function spaces, a function ¢ € X;(R)+X3(R), and s € R,
we denote by K (¢, s; X1(R), X2(R)) the associated Peetre’s K-functional, defined as

K(s,¢: X1(R), X2(R)) = _inf  (I91llx,®) + slo2llxa(m))  for s > 0.
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We need an expression for the K-functional (up to equivalence) in the case when X;(R)
and X5(R) are certain Lebesgue or Lorentz spaces, and R is one of the measure spaces
mentioned above. Recall that, given ¢ > 1, the Lorentz space L°(R) is the Banach
function space of those measurable functions ¢ on R for which the norm

19llze1(m) :/@(S)S—H%ds
0

is finite. The Lorentz space L7 (R), also called Marcinkiewicz space or weak-L? space,
is the Banach function space of those measurable functions ¢ on R for which the quantity

6]l e () = sup 57 63 (s)
s>0

is finite. Note that, in spite of the notation, this is not a norm. However, it is equivalent
to a norm, up to multiplicative constants depending on o, obtained on replacing ¢%(s)

with %fg @k (r)dr
It is well known that

S

K(¢,s,LY(R),L*(R)) = /¢;(r) dr for s >0, (5.9)
0

for every ¢ € L*(R) + L>=(R) [9, Chapter 5, Theorem 1.6]. If o > 1, then
K(¢, 5 L7®(R), L¥(R)) = |17 ¢} (r)|| Lo (0.ss) for s >0, (5.10)

for every ¢ € L7*°(R) + L°(R) [44, Equation (4.8)]. Moreover,

K(¢,s LY(R), L7*(R /¢ dr—i—s/ o i(r)dr fors>0, (5.11)

for every ¢ € LY (R) + L%Y(R) [44, Theorem 4.2]. In (5.10) and (5.11), the notation
“~” means that the two sides are bounded by each other up to multiplicative constants
depending on o.

Let R and S be positive measure spaces. An operator L defined on a linear space
of measurable functions on R, and taking values into the space of measurable functions
on &S, is called sub-linear if, for every ¢, and ¢ in the domain of L and every A1, Ao € R,

|L(A1d1 + A2d2)| < [Mi|| L1 + [Nl Lepal.

A Dbasic result in the theory of real interpolation tells us what follows. Assume that L
is a sub-linear operator as above, and X;(R) and Y;(S), ¢ = 1,2, are normed function
spaces on R such that
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L:X;(R) = Yi(S) (5.12)

with norms not exceeding N;, ¢ = 1,2. Here, the arrow “—” denotes a bounded operator.
Then,

K(Lg,s;Y1(S), Y2(S)) < max{Ni, N2} K(¢,s; X1(R), X2(R)) for s >0, (5.13)
for every ¢ € X1(R) + X2(R).

Lemma 5.3. Let Q be an open set in R™, n > 2, and let v € (0,n). Assume that pu is any
Borel measure in Q fulfilling (5.1) for some o € (n —~,n| and for some C,, > 0. Then
there exists a constant C = C(n,a,,C,,) such that

101l e < Cllllzr o (5.14)
for every g € L1(99).
Proof. We make use of an argument related to [1,2]. Given g € L1(99) and t > 0, define

Ey = {x € Q:|N,g(x)| > t}, and denote by p; the restriction of the measure p to Ej.
By Fubini’s theorem,

(L)) =t / e / Ny (@)ldjue( / / ‘x_ylwdw*(y)dut(x)

/Ig I/dﬂtm?ﬁ i( ). (515)

Next,

d o0
_dilz) / o ! / dpu () do
0

|z —y["
{ze|z—y|7— >0}

<(n—9) [ 07" u(B,(y)) do. (5.16)

From (5.15) and (5.16) we deduce that, for each fixed r > 0,

tu(Le) < (n - 7) / ol / 0"y (By(y)) dodHm ()
0

=(n—~y / B 1/Ig )1 (B () dH" " (y) do

o0
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+(n—) / g / 19(0)l 124 (Bo(y)) dH"(y) do. (5.17)
r oN

We have that

T

/ gt / 19(0) e (Bo(w)) dH™ () do
0 o0N

T
a—n+vy

< CquHLl(aQ) / Q—n+’Y—l+a dQ — CN’;—T—MHQHLI(‘aQ) (518)
0

On the other hand,

o0

0" [ g()lie(By(y) AR (y) do < p(Le) [ o [ |g(y)| AR (y) do
[ [

T T

oty
= (L) 5= llgllLr o0 (5.19)

1

Combining (5.17)—(5.19), and choosing r = (“gt))a, yield
p

c o, ey
<(n— T
(L) < (0= gllom (Co g s + LD =)
oy _n—7
= a2 gl o) Cr ™ p(Le)! . (5.20)
Thus,
n—v n—y
tu(ﬁt) o < Q_LWCMQ ||g||L1(BQ) for ¢ > 0. (521)

Hence, inequality (5.14) follows. O

Proposition 5.4. Let Q be an open set in R™. Then
/ l9(C(a, 0)) [ dH™H(9) < 2" / %d%”_l(y) for z € Q, (5.22)
S a0

for every Borel function g : 0Q — R. Here, convention (3.7) is adopted.

Proof. We split the proof in steps. Fix x € Q.
Step 1. Denote by IT: R™ \ {x} — S"~! the projection function into S*~! given by

_y-< or "\ {z}.
H(y)—|y7x‘ for y € R™ \ {z}
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Then

1

H U II(E)) < dist(z, By 1

HH(E) (5.23)
for every set E C 9f).

The function II is differentiable, and |[VII(y)| < |y — z|~! for y € R\ {z}. Thus, the
restriction of II to E is Lipschitz continuous, and

|VII(y) fory € E. (5.24)

1
[
= dist(z, E)

Inequality (5.24) implies (5.23), by a standard property of Hausdorff measure — see
e.g. [59, Theorem 7.5].
Step 2. We have that

n [ dH" N (y)

HYIL(E)) < 2 o — g1

for every Borel set E C 99. (5.25)

The following chain holds:

A y) [ , .
W—/H {ye Bz —y > t}) dt
0
= /Hn—l({y cE: |3;‘ _y| < T})d(—Tl_n)
0
gk+1
=2 / H T ({ye E:fo—yl <7})d(-7""")
kEZ 5,
2k+1
> Z?—ln_l({y €FE:|z—y| <2} / d(—71"™)
keZ o

= (=2 ) Y (€ B o — y| < 24))
kEZ

>(1—27)Y oyl ({y e B2 2P <o -yl < 2)). (5.26)
kEZ

Since dist(z, {y € E: 2F71 < |z — y| < 2F}) > 281 by (5.23)

H (fye B2 <o —y <24}
> 2= D=Dyn=1M({y € F: 28! < |z —y| < 2¥})) (5.27)
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for k € Z. From (5.26) and (5.27) we deduce that

H" 1 (n— —1)(n— n— —
/Wm— - 22222 Dok=1)(n=Dam=1([I({y € E: 2" < |z — y| < 2¥}))
ja k€L

=27") H M II({y € B 28 <o -y < 27)))
keZ

> 27 "H (Upez ({y € E: 2871 < |z —y| < 2F}))
= 27" H" N ((Upez{y € B: 287 < |z —y| < 2F}))
=27 "H"HII(E)), (5.28)

whence inequality (5.25) follows.
Step 3. Conclusion.
We have that

({y € (09)s : |g()| > t}) = {9 € S+ [g(¢(x,9))| >t} for t > 0.

Thus, by (5.25),

n—1
ff*_ - ) 5 g=nan=t ({9 € 51 |g(C(z, 0))] > 1)) for t > 0.
{y€(02)x:lg(y)|>t}
Hence,
n—1
/ O / ./ AU W) gy
|z —y[” [z =y
(89Q) 4 0 {ye(09Q)a:lg(y)|>t}
>9n / HL({9 € 57 g(C(w, 9))| > 1) d
0
=2 [ Jglc(a, o) an o). (5.29)
Snfl

Inequality (5.22) is thus established. O

Lemma 5.5. Let Q be an open set in R™, n > 2. Assume that p is any Borel measure

in Q fulfilling (5.1) for some o € (n — 1,n] and for some C,, > 0. Then there exists a
constant C = C(n, o, C,,) such that

[

(Tg);.(s) < Cs™ & / Gyn—a(r)dr  for s >0, (5.30)
0

for every Borel function g : 02 — R.
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Proof. By Proposition 5.4, there exists a constant C' = C(n) such that
Tg(x) < CNylg|(x) for x €, (5.31)

for every Borel function g : 02 — R. Hence, by Lemma 5.3, with v = 1, there exists a
constant C' = C(n, «, C},) such that

1791, w1~ g < Cllnoy (5:32)

for every Borel function g : Q) — R.
On the other hand,

0< Ty(z) < gl = om) / AH"(9) = nunlgll = (ony  for @ € . (5.33)
Snfl
and hence
179l o (2,) < nwnllgll L= (a0) (5.34)

for every Borel function g : 9Q — R. We thus deduce from (5.9), (5.10), (5.13), (5.32)
and (5.34) that

S(TDL(7T) < 15 (T g ) = K (T, 5 L7025 (Q, ), (9, 1))

< CK(g,s; L*(0), L= (00)) = C/g;"_m_l(r) dr fors>0, (5.35)
for some constant C' = C(n,a,C,,), and for every Borel function g : 92 — R. Hence,
inequality (5.30) follows. O
Lemma 5.6. Let Q be an open set in R™, n > 2, and let v € (0,n). Assume that p is any

Borel measure in Q fulfilling (5.1) for some o € (n — y,n| and for some C,, > 0. Then,
there exists a constant C = C(n,v,a,C}) such that

/fm dr—!—/

n
S a

(Iy.f)n(s) ( : (r)dr) fors>0, (5.36)

for every f € L1(Q).

Proof. A standard weak-type inequality for Riesz potentials tells us that there exists a
constant Cy = Cy(n,v,«,C),) such that
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HL/fHLﬁj,oc(Q’M) < Cillfllzr o (5.37)

for every f € LY(€) (a proof of inequality (5.37) follows, in fact, along the same lines as
that of (5.14)). Furthermore, there exists a constant Cy = Ca(n, 7, o, C,,) such that

1Ll < Callflms g, (5:38)

for every f € L%’l(Q). Inequality (5.38) can be derived from (5.37), applied with p = £™
and o = n, via a duality argument. Indeed,

1)
I Flemie < Wl Allmay = s [0 [ P dyaa
Q

hl|l ;1 <1
Il o<1

h(x
= sup /If(y)/%dydw
IRl o<1 ) J ly — 2|

< sup COlfll 2o AL o2
1At oy <1 L7 (Q) Ln=7""7(Q)

< s Ol g bl < CIF g, (539)

Rt (o)<t

for some constants C' = C(n,v) and C' = C'(n,v,a,C,,), and for every f € L),
Note that the first inequality holds owing to a Hélder type inequality in Lorentz spaces.
As shown by a standard convolution argument, the space of continuous functions is
dense in L51(Q). Inequality (5.39) then implies that the function I, f is continuous if
f e L7 (Q). Thus, Iy flloe ) < 1y fllL= (), and (5.38) follows from (5.39).

By (5.37) and (5.38), via (5.10), (5.11) and (5.13), we deduce that there exists a
constant C' = C(n,~, o, C},) such that

n—-vy

s(Ly ) (s77) < [lr"s L e 0725y & K(I,f, s, L= (Q, 1), L=(Q, 1))

< CK(f,s; LM (Q), L5 (Q))

n

sn—=7 ]
~ / fin(r)dr+s / 5 fra(r)dr for s >0, (5.40)
0 S

where the equivalence is up to multiplicative constants depending on n, v, «, C,,. Hence,
(5.36) follows. O

Lemma 5.7. Let  be an open set in R™, n > 2, and let v € (0,n — 1). Assume that p
is any Borel measure in Q fulfilling (5.1) for some a € (n — v, n] and for some C,, > 0.
Then there exists a constant C' = C(n,~, o, C,,) such that
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Qo) = Cs / i+ [ g ar) ors o,
n—1

0

(5.41)
for every Borel function g : 02 — R.
Proof. By inequality (5.32), with u = £, there exists a constant C' = C'(n) such that
ITgll . g < Clgllis oo (5.42)

for every Borel function g : 9Q — R. Moreover, there exists a constant C' = C(n, v, o, C},)
such that

11271 st =y < O e (5.4
for every f € L#-1°°(Q). Indeed, by (5.36), for any such f,

[FET [P

(2,1)
=sups « (L,f)(s)
s>0
sa oo
< Csup (S_% /f ( )d7~+8"7;’71 /'r_n;’Y fl*:ﬂ(r) d’f”)
s>0 0 o
_1 2 d i n—y-—1 ,n,—l,nfvd
AN o ' '
0 sa
_ !/
= OISl e (5.44)

where C' is the constant appearing in (5.36), and C' = C’(n,v,®,C,). If follows
from (5.42) and (5.43) that

HQ79|

L#’m(fhﬂ) < C||g||L1(8Q)7 (545)

for some constant C' = C(n,~,a, C,,), and for every Borel function g : 92 — R.
On the other hand, by (5.30), applied with p = L™, there exists a constant C = C(n, )
such that

oo

150l 30y = [ (To)in ()5 4 F ds < © / s / Gions (1) dr ds

0 0
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(oo} oo [ee]
= /9;{%1(7“) / sTIHE T dsdr = P /g;“{nfl(r)r_“’?z_l dr
0 PR2T 0
= syt llgll nois (5.46)

(09)

for every Borel function g : 92 — R. Coupling inequalities (5.46) and (5.38) tells us that
there exists a constant C' = C'(n,~, o, C},) such that

oo < n— A4
1@l < Clgl oot (5.47)
for every Borel function g : 9Q — R.
Now, by (5.10), (5.11), (5.13), (5.45) and (5.47), there exists a constant C =
C(n,v,a,C),) such that

Q@) (7)< Hlr ™o (@@ (M) st
~ K(Q~g,s; LT=1=7°°(, ), L=(, )
< CK(g, s L'(09), L5 (99))

n—1

sn—1—v 00
~ / Gy (r)dr + s / p Gyn—(r)dr for s >0,
0 _m—1_

for every Borel function g : 90 — R, where equivalence holds up to multiplicative
constants depending on n, v, o, Cy,. Inequality (5.41) follows. O

Proof of Theorem 4.1. Inequality (4.2) can be written as

m 1

)

V(e >|<0( (V™)) +
k=1

Qu (g “FH 1AM (2 4 T (gl“F1EM) (4 ))
for a.e. x € Q.
Hence, (5.3) follows via Lemmas 5.5-5.7, owing to property (5.2) of rearrangements. 0O

6. Sobolev inequalities

We present here a sample of Sobolev type inequalities that can be established via the
universal pointwise and rearrangement estimates of Sections 4 and 5, respectively. We
limit ourselves to inequalities for standard norms, such as Lebesgue norms and Orlicz
norms of exponential or logarithmic type, which naturally come into play when borderline
exponents in the Sobolev norms are taken into account. Measures p satisfying (5.1) will
be included in our results. Let us emphasize, however, that inequalities for more general
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norms can be derived from the relevant pointwise bounds. Virtually, any Sobolev type
inequality for rearrangement-invariant norms, which holds in regular domains, has a
counterpart in arbitrary domains, provided that appropriate boundary seminorms are
employed.

A key tool in our approach is the reduction principle to one-dimensional inequalities
stated in Theorem 6.1 below for Sobolev inequalities involving arbitrary rearrangement-
invariant norms. Recall that a rearrangement-invariant space X(R) on a measure
space R, endowed with a positive measure v, is a Banach function space (in the sense of
Luxemburg) endowed with a norm X (R) such that

9l x (=) = |¥llx(r) wWhenever ¢ =1y. (6.1)

Every rearrangement-invariant space X (R) admits a representation space X (0,00),
namely another rearrangement-invariant space on (0, 00) such that

19llx(r) = 90l x(0,00) for every € X(R). (6.2)
In customary situations, an expression for the norm || - |5 o) immediately follows
from that of || - [[x(®). The Lebesgue spaces and the Lorentz spaces, whose definition

has been recalled above, are standard instances of rearrangement-invariant spaces. The
exponential spaces, which have already been mentioned in Section 2, can be regarded as
special examples of Orlicz spaces. The Orlicz space L (R) built upon a Young function
A :[0,00) = [0, 0], namely a left-continuous convex function which is neither identically
equal to 0 nor to oo, is a rearrangement-invariant space equipped with the Luxemburg

I6llzar) = inf{A 0 f (@) dr < 1}. (6.3)
R

The class of Orlicz spaces includes the Lebesgue spaces, since L4(R) = LP(R) if A(t) = tP
for p € [1,00[, and LA(R) = L=®(R) if A(t) = 00X(1,00)(t). Given ¢ > 0, we denote by
exp L7 (R) the Orlicz space built upon a Young function equivalent to A(t) = e*” —1 near
infinity. If either p > 1 and 0 € R, or p =1 and ¢ > 0, we denote by L?(log L)?(R) the
Orlicz space built upon the Young function A(t) = t? log? (c+1t), where ¢ is a sufficiently

norm given by

large positive number.
We refer to [9] for a comprehensive account of rearrangement-invariant spaces.

Theorem 6.1 (Reduction principle for Sobolev inequalities). Let Q2 be any open set in R™,
n > 2. Assume that p is a measure in Q fulfilling (5.1) for some a € (n — 1,n|, and for
some constant C,,. Let m € N, and h € Ny be such that 0 < m — h < n. Assume that
X(Q), Y(Q,u) and Xi(0Q), k =0,---,m — h — 1, are rearrangement-invariant spaces
such that
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_n— m+h
/ < Cllél5 0.0 (6.4
0 Y (0,00)
_n—m+h
[r o] < Cllelxg (6.5)
sa Y (0,00)
k-1
57« / o(r)dr <Clelz, o000 k=1....m—h—1, (6.6)
0 ¥(0,00)
_n—k—1
/ r= =1 o(r)dr <Cllelz, 0,000 k=1,....m—h—1, (6.7)
& ¥(0,00)
n—1
n-1
s [ e <Cllelsy o (6.8)
0 ¥(0,00)

for some constant C, and for every non-increasing function ¢ : [0,00) — [0,00). Then
there exists a constant C' = C'(n,C) such that

m—h—1
th“HY(Q,u) < C/(”vmu”X(Q) + Z HUHV[’“+g+1],u(k+h)xk(am) (6'9)

m— 1]

for every u € V"X ()N C[ Q).

Remark 6.2. The statement of Theorem 6.1 can be somewhat generalized, in the sense
that assumptions (6.4)—(6.8) can be weakened if either u(Q2) < oo, or L™(2) < oo,
or H"71(09Q) < oo. Specifically: if u(Q) < oo, it suffices to assume that there exists
L € (0,00) such that inequalities (6.4)—(6.8) hold with the integral operators multiplied
by X(o0,) on the left-hand sides; if £L"(Q2) < oo, it suffices to assume that inequalities
(6.4)-(6.5) hold with ¢ replaced by @x(o,ar) for some M € (0,00); if H"1(9Q) < oo
it suffices to assume that inequalities (6.6)-(6.8) hold with ¢ replaced by @x o,y for
some N € (0,00). Then inequality (6.9) holds, but with C’ depending also either on
L and p(2), or on M and L£*(2), or on N and H"1(9) < oo, according to whether
() < oo, or L(Q) < oo, or H"1(9N) < oo.

Our first application of Theorem 6.1 yields the following Sobolev type inequality, in
arbitrary domains, with usual exponents.
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Theorem 6.3 (Sobolev inequality with measure). Let Q be any open set in R™, n > 2.
Assume that p is a measure in Q fulfilling (5.1) for some a € (n — 1,n], and for some
constant C,,. Let m € N, and h € Ny be such that 0 <m —h <n. If 1 <p < ", then
there exists a constant C = C(n,m,p,a,C),) such that

m—h—1

Lt < OV e+ 30 Tl ey

vVhu (n— )
I I —~ BEL) 4k h) [ R (99)

(6.10)

m—1

for every uw € V™P(Q) N Ck[) Q).

The next result tells us that, as in the classical Rellich theorem, the Sobolev embedding
corresponding to inequality (6.10) is pre-compact if the exponent % is replaced
with any smaller one, and p(£2) < co.

Theorem 6.4 (Compact Sobolev embedding with measure). Let Q, p, n, m and h be as

in Theorem 0.3. Assume, in addition, that u(Q) < co. If 1 < ¢ < %, and {u;}

m—1 —
is a bounded sequence in V™P ()N C&T](Q) endowed with the norm appearing on the
right-hand side of (6.10), then {V"u;} is a Cauchy sequence in LI(S2, p).

The limiting case when p = -, which is excluded from Theorem 6.3, is considered
in the next statement, which provides us with a Yudovich—-Pohozaev—Trudinger type
inequality in arbitrary domains.

Theorem 6.5 (Limiting Sobolev inequality with measure). Let Q and p be as in The-
orem 6.5. Assume, in addition, that L™(Q) < oo, u(Q) < oo and H"1(0Q) < oo.
Let m € N and h € Ny be such that 0 < m — h < n. Then there exists a constant
C =C(n,m,a,C,, L(Q), u(Q), H*~1(0Q)) such that

h
IV 0l gy 1=

m—h—1

< C(vauHngh ) + Z ||U|‘V[k+g+l]’h(k+h)L%(]og L) (m=h)(n—k=1) 09
=1

(6.11)

+ ”uHV[%]’h(m exp Lm(aﬂ))

(754

for every u € V™a=r (Q)NCy 2 (Q).
The super-limiting regime, where p > —-is the object of the following theorem.

Theorem 6.6 (Super-limiting Sobolev inequality). Let ) be a open set in R™, n > 2, such
that L™() < oo and H"1(0) < co. Assume that m € N, h € Ny, and 0 < m —h < n.
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If p > 5 and pr > ”T_l for k = 1,...,m — h — 1, then there exists a constant

C =Cn,m,p,p1,--,Pm—n—1,L"(Q), H"~1(09Q)) such that

||th||L°°(Q)
m—h—1

< O(IV™ullzriey + Y2 Nullksgissien o oy + 0hyitsem o o) (612)
k=1

(5]

for every u € VmP(Q)NCy 2 ().

Proof of Theorem 6.1. Let u be any function as in the statement. Inequalities (5.3) and
(6.4)-(6.8) tell us that

h
V"l (e9)l 7 0,009
SC[ e /|Vmu|zn(r | —|—H /r_ ulzn (r)dr||
J Y (0,00) ) Y (0,00)
n—1
m—h—1 s
_n—1-k k+h+tl *
(e )
k=1 0 Y(O’OO)
I k+h+t1 *
+ H r n—1 [g[ 2 ]7h(k+h)]Hn71(T)dT B )
L ¥(0,00)
n—1

42 / 1] ()
Y (0,00)

<c/(

m—h—1
V"l 5)| |fg=ssm)s o) 6.13
IV ulzn )] > o B @ g o) ©13)

for some constants C depending on n, and C” depending on the constant C' appearing in
(6.4)—(6.8) and on n. A property of rearrangement-invariant spaces [9, Proposition 5.11,
Chapter 3] ensures that the norm on left-most side of (6.13) is bounded from below by

min{1, %}H|th|/j(s)”)—,(o’oo). Hence, from (6.13) and (6.2) we deduce that

m—h—1
m k+h41
||th||y(9’u) SC(HV UHX(Q)+ Z Hg[‘ 2 '],h(kJrh)‘ (614)
k=0

Xk(BQ)>

for some constant C' depending on the constant C' appearing in (6.4)—(6.8) and on n.

Inequality (6.9) follows on taking the infimum in (6.14), for each fixed k, among all
+1]7h(k+h). D
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Proof of Theorem 6.3. Since, for any measure space R, a representation space of the
Lebesgue space LP(R) is just LP(0, 00), the conclusion can be easily deduced from The-
orem 6.1, via standard one-dimensional Hardy type inequalities for Lebesgue norms (see
e.g. [62, Section 1.3.2]). O

Proof of Theorem 6.4. Fix any € > 0. Then, there exists a compact set K C (2 such that
WO\ K) <e. Let p € C§°(€2) be such that 0 < p <1, p=1in K. Thus, K C supp(p),
the support of p, and hence

wu(supp(1 —9)) < u(Q\ K) < e. (6.15)

Let €' be an open set, with a smooth boundary, such that supp(¢) C Q' C Q. Let {u;}
be a bounded sequence in V() N C,E%](ﬁ). Then, by Theorem 6.3 (applied with
w = L"), it is also bounded in the standard Sobolev space WP (). By a weighted
version of Rellich’s compactness theorem [62, Theorem 1.4.6/1], {V"u;} is a Cauchy
sequence in L2(€Y, ), and hence there exists iy € N such that

||thi - VhUj||Lq(Q/’H) <e (6.16)
if 4,7 > ip. On the other hand, by Hoélder’s inequality,

11 = 0)(V"us = V)| o,
h, h, . _ ap*(;lpfqmp)q
< VP = Vil cers o p(supp(l = 0))

ap—(n—mp)q
apq

< C(Jlusl

m—1, _ )&

mil](ﬁ) + ||u3| Vm,p(Q)mC[ 5 ](Q))

vmp(@)ncl™z

ap—(n—mp)q

< O (6.17)

for some constants C' and C’ independent of ¢ and j. From (6.16) and (6.17) we infer
that

IV u; — V4| Lo,y < IV = V5| Lagar w) + 11— 0) (VP u; — Vu)) || La (o)

ap—(n—mp)q

<e+Ce emr (6.18)

if i,j > 9. Owing to the arbitrariness of ¢, inequality (6.18) tells us that {V"u;} is a
Cauchy sequence in L1(Q, ). O

Proof of Theorem 6.5. If R is a finite measure space, equipped with a measure v, then
the norm of a function ¢ in the Orlicz space exp L7 (R), with o > 0, is equivalent, up to
multiplicative constants depending on ¢ and v(R), to the functional

_1 %
| (1+log @) ”¢u(5)HLoo(o,u(R))'
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Moreover, the norm in the Orlicz space L?log” L(R) is equivalent, up to multiplicative
constants depending on p, o and ¥(R) to the functional

11+ 108 250) 55 10,0y

Thus, owing to Theorem 6.1 and Remark 6.2, inequality (6.11) will follow if we show
that

_neme —(m—h)
s (1 + log H(Q)) " /(p(r)dr < CH()DHLW, R (0,£7(2))
0 Lo (0,u(92))
(6.19)
_n=(m=h) _n—(m—h)
(110 12) T [ o rar < Cllel i 0 on ey
sa L2 (0,(92))

(6.20)

for every non-increasing function ¢ : [0,00) — [0, 00) with support in [0, £(£2)], and

n— (m )
s (1 + log “(Q) /
0

L= (0,1(€2))
(m—h)(n—k—1)

N n(n—
< O (14 1og PR T )| s g B = Leem =B L

(6.21)

o0
(m h) o
(1—&-log”(Q / nkllga )dr

L2 (0,1(92))

(m—h)(n—k—1)

SOMLH%E5¥@Y_Wﬁr—wQH k=1,...,m—h—1,

L% (0,1~ 1(0Q))’
(6.22)

( n=(m=h)
(1 +log & /

0 Lo (0,1(2))

_n—(m—h)

n—1y,«
< C||(1 + log %(dﬂ)) " o(8)|Lee (0,3m -1 (09)) 5 (6.23)

for some constant C' and every non-increasing function ¢ : [0, 00) — [0, 00) with support
in [0, H"~(09)].
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Inequalities (6.19)—(6.23) are consequences of classical weighted Hardy type inequali-
ties [62, Section 1.3.2]. O

Proof of Theorem 6.6. Inequality (6.12) follows from Theorem 6.1 and Remark 6.2, via
weighted Hardy type inequalities [62, Section 1.3.2]. O

7. Sharpness of results

In this section we work out in detail some examples, announced in Sections 1 and 2,
in connection with certain sharpness features of the inequalities presented above.

Example 7.1. We observed in Section 2 that the term |

lul p(n—1) can be dropped
VIOL b (99)

on the right-hand side of (2.3) if 2 is a regular domain. Here, we show that, by contrast,
the term in question is indispensable for an arbitrary domain. To this purpose, we exhibit
a domain Q C R” for which the inequality

pn < 2 n— .
Il 5, gy < CUV2ulliniy + el s ) (7.1)
fails for 1 < p < 7, for every constant C' independent of u. The relevant domain is the
union of a sequence of axially symmetric “cup-shaped” subdomains € about the x,-axis,
which are connected by thin cylinders Hy, joining  with Qx_; (Fig. 1, Section 2). Each
subdomain €, is a set of revolution about the z,-axis of the form

Q= {2 :]2'| < (2, — 2k + 1)’ 20 € (28,28 + hy)}

for some ¥ > 0 and 0 < &;, < hy,, with hy, — 07 as k — oo, and 3 € (0,1). The cylinder
Hj, has a basis of radius 5[,3. Define the sequence {uy} by

Tp—T

k
ug(z) =1— === for x € Q,

up = 0in Q; for j # k and in H; for j # k,k + 1, and is continued to Hy and Hj4q in
such a way that u € C?().
One can verify that

[(n=1)B+1](n—2p)

lukll ey o) = e , (7.2)
[(7L*2ZB+11)(7L*2P)
~ n—1)p
learll oz ) ™ P : (7.3)

as k — oo, and

IV?ukll Lr) = IV k|| Lo (1, 0H ) (7.4)
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for k € N. If ¢, decays to 0 sufficiently fast as k — oo, the norm |[V2ug||ro(m,um, 1)
decays arbitrarily fast to 0. Thus, inequality (7.1) fails when tested on the sequence uy,
whatever C' is.

Example 7.2. Our purpose here is to demonstrate that, whereas the seminorm
|ul[vrorra) can be replaced with ||ullzrs0) in (2.8) when € is a regular domain,
this is impossible, in general, if no regularity on € is retained. Precisely, we construct
an open set ) in R? for which the inequality

IVl o) < C(IIVull o) + lullea0)) (7.5)

for u € V2P(Q) N C(Q) fails for 1 < p < 2 and for every ¢ > 1. The relevant set Q is
represented in Fig. 2, Section 2.

Let u : @ — R be a function such that u € C?(Q)NC(Q), u(z,y) = 1+ b%(y— 1—ck)
if (z,y) € Ry, u(z,y) = 0if (z,y) € R, and u(x,y) depends only on y in Ng. One has
that

lull L~ (a) = 2, (7.6)
and
Va2 3 1Vull ) = =Y a = (17)

On the other hand,

1
2 2 P
1920l 0y = (znv ullf )
Thus,
IV2ul| e () < oo, (7.8)

provided that the sequence dj decays sufficiently fast to 0. Equations (7.6)—(7.8) tell us
that inequality (7.5) cannot hold in .

Example 7.3. We are concerned here with the sharpness of the exponent ¢ given by (2.9)
in inequality (2.8). An open set Q@ C R™ is produced where inequality (2.8) fails if ¢
exceeds the right-hand side of (2.9). Consider the domain Q C R™, with n > 3, depicted
for n = 3 in Fig. 3, Section 2. By the standard Sobolev inequality, one necessarily has
g < ”p . Thus, it suffices to show that

(7.9)
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Let {ux} be a sequence of functions uy :  — R enjoying the following properties:
ur € CHQ)NCYQ); up (2, 2,) = 1+ i(xn —1—cp)if (¢/,2,) € Ri; up(2’, x,,) depends
only on x,, on Ni; ug(a’,x,) = 0if (¢/,z,) ¢ Ri U Ni. One has that, for k € N,
n—gq
Vgl pa) = [IVurllLory,) = b,
n—1l—r
ukllvrorra) < Cb, ™

and

||v2uk||LP(Q) = ||v2uk||LP(Nk)7

for some constant C. Thus, inequality (2.8) entails that

n—1l—r

b " < C(IV?uplloney + by 7

) (7.10)

for some constant C, and for every k € N. The norm on the right-hand side of (7.10)
decays to 0 arbitrarily fast, provided that dj tends to 0 fast enough. Hence, if (2.8) holds,
then ¢ must necessarily satisfy (7.9).

Example 7.4. We conclude by showing that the number [mT_l} of derivatives to be
prescribed on 02, appearing in our inequalities, is minimal, in general, for an m-th order

Sobolev inequality to hold in an arbitrary domain 2. This will be demonstrated by two

examples.
First, given p > 1 and h,i,n € N such that p(m —h) <nand 0 < h <i < g, we
produce a counterexample to the inequality
h m
A (.11)
for all u € V™P(Q) N C*~1(Q) such that u = Vu = --- = Vi7ly = 0 on 9. Note that
the condition i < 2 is equivalent to i — 1 < [Z51].

Second, in the case when p(m — h) > n > pmax{m —i,2i —h} and 0 < h <i < F
we produce a counterexample to the inequality

V" oo () < CIV™u]| o) (7.12)

for all w € V™P(Q) N C*~1(Q) such that u = Vu = --- = Vi~lu = 0 on 0.

To this purpose, consider a domain {2 similar to the one constructed in Example 7.1,
save that the sequence of cup-shaped subdomains 2, is replaced with a sequence of balls
Bs, (z1), with radius d to be chosen later, again connected by thin cylinders (Fig. 4).

Let v : Bs, (zr) — [0, 1] be the function defined as

vp(z) = (1 - ‘r_é#)l for x € Bs, (xk)- (7.13)

k
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Bs, (xi)

Fig. 4. Example 7.4, Section 7.

We have that Viu, = 0 on 0Bs, (zy) for 0 < ¢ < i — 1, and hence, given ¢ < i and
ex € (0, %’“), there exists a positive constant ¢ such that

|VEuy| < o), el " (7.14)

in an € neighborhood of 9Bs, (zx). Moreover, if £ < 2i, then there exists a positive
constant ¢ such that

|V€vk| Z C(;k‘ie (715)
in a subset of Bs, (z1) of Lebesgue measure ~ 0", whereas, if £ > 2i, then
Vi, = 0. (7.16)

Next, denote by yi and zj, the north and the south poles of Bs, (z1), respectively, and let
p :[0,00) = [0,1] be a smooth function, which vanishes in [0, 1] and equals 1 in [1, c0).
Let us define the function wy :  — [0, 00) as

wi(x) = v (2)p(|x — yi|/ex)p(|z — 2| /ex) for x € Bs, (zk), (7.17)

and wg = 0 elsewhere, where ¢;, will be chosen later.
If j < 24,

|ijk‘ > cop, ! (7.18)
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in a subset of Bs, (zx) of Lebesgue measure ~ 0", and, if j > 2i,
Viw, =0 in Bs, (v1) \ (Bz, (yr) U Be, (21))- (7.19)

Thus, there exists a constant ¢ such that

min{j,2:}
Viwg| < > e[Vl in Be, (yk) U Be, (1) (7.20)
£=0

Consequently, if j < m, then
|Viwg| < egy 78, ™" in Be, (yx) U Bey (21), (7.21)
for some constant c. Hence, if j > 2i, then
IV w0kl 5, )y < €0 el 0T (7.22)
for some constant c¢. On the other hand, if j < 24, then
IV 0k, ey < €(06" 7P 4 8P (7.23)

for some constant c.
Set e, = 0, with « to be chosen later. Then, by (7.22) and (7.23),

—pit+ i—m)+ —2pi —pita(—pit+
]\D/m,p(Bsk(zk)) Sc(ék pitalp(i—m n]+6kn pi g5, ~pital—pi n))

< c((sk—pi—i-a[p(i—m)-‘rn] + 6kn—2pi)’ (724)

[[wp]

where the last inequality holds since p(i — m) + n < —pi + n, owing to the assumption
that i < 7.
Let us consider (7.11). Note that

n > pi. (7.25)
Indeed, since we are now assuming that p(m —h) <n and 0 <h <i < %, we have that
n > p(m — h) > p(m — i) > p(2i — i) = pi, namely (7.25).
We may choose a such that
—pi+ a[p(i —m) +n] <n — 2pi. (7.26)

Actually, if p(i — m) +n > 0, then inequality (7.26) holds provided that
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Note that the two inequalities in (7.27) are compatible since i < % . If, instead, p(i —
m) +n < 0, then any choice of @ > 1 is admissible, since —pi + a[p(i — m) + n] < —pi,
whence (7.26) follows, owing to (7.25).

By (7.24) and (7.26),

< ¢§y, ~Pirelpli-m)+n], (7.28)

k1m0 55, (20

for some constant ¢. Given a sequence {\;}, define u as
x) = Z Apwi(x)  for x € Q. (7.29)

Note that u =Vu=---=Vi~lu =0 01289.
Set ¢ = %, and choose A\, = 0, “ for k € N. By (7.18), there exists a positive
constant ¢ such that

o0 (o)
||th||qu Z AL / |Vhwg|9de > CZ Adgn—ha — ch = 00. (7.30)
k=1 k=1

Bs,, (z1)

On the other hand, by (7.28) there exists a constant ¢ such that

sy = DN 5, oy < €D N
= k=1

oo
=Y g Dlptmmitnl, (7.31)

Our assumptions ensure that p(i —m) +n > p(h —m) +n > 0. Thus, (o — 1)[p(i —
m) 4+ n] > 0, and hence the last series in (7.31) converges, provided that J; decays to 0
sufficiently fast. Clearly, equations (7.30) and (7.31) contradict (7.11).

Let us next focus on (7.12). Consider again the function u given by (7.29). Fix ¢ €
(0,h), and choose \x = 6~ 7. By (7.18),

| oo (o) > € li 2 =c lim 6,7 = 0. 32
V™ ul| Lo () —Cki)ngo)‘kék ¢ lim op 00 (7.32)

bde el

Moreover, by (7.24),

(h—0o i+a[p(i—m)+n]
[ll¥r. e Z)‘p Wkl 085, (@) —CZ5P (g etz gumsey
k=1

CZ hp op—pitalp(i—m)+n] +5hp op+n— 2pz) (733)
=1
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The assumption n > pmax{m — i,2i — h} ensures that
hp+n—2pi >0, and hp—pi+ alp(i—m)-+n] >0,

provided that « is sufficiently large. Since o can be chosen arbitrarily small, we may
assume that both exponents of d; in the last series of (7.33) are positive, and hence that

[ullvmp (o) < oo, (7.34)

provided that d; decays to 0 fast enough. Equations (7.32) and (7.34) contradict (7.12).
Appendix A

A result in the theory of Sobolev functions tells us that, if u is any weakly differentiable
function in R™, then

u(e) —u(y)| < C(M(|Vul)(z) + M([Vul)(y)) for a.e. z,y € R, (A1)

for some constant C'. Here, M denotes the maximal function operator defined, for f €
Li (R"), as

loc

M) = swp s [If)ldy fora e,
B

and B denotes any ball in R™. Thus, M (|Vu|) is an upper gradient for u in the sense of
metric measure spaces, as defined in [38].

The following proposition provides us with a higher-order counterpart of (A.1), and
gives grounds for definitions (3.13) and (3.14).

Proposition A.1. Let n,¢ € N. Then there exists a constant C = C(¢,n) such that, if
uwe W2 YR, then

loc

v Bm2mleDl WoDT e paygy) - pru()]

laf<e—1 (—1—|a)tla! |y —xf2-1
< O(M(IV* ul)(x) + M(V*'u))(y))  for a.e. o,y € R™. (42)

Proof. By [15, Proposition 5.1],if 0 < |a| < 2¢—2, then there exist a measurable function
Ror—1,0(uw) : R" x R™ — R and a constant C' = C'(¢,n) such that

)
D%u(y) = Z %Dwﬂu(z) + Rop—1,0(uw)(z,y) forae z,ycR™ (A.3)
[7|<20~2~|a '
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and

[Rar—1,0(u)(z,y)]
< Ol — y|? 1l MV u))(z) + M([V* " u|)(y)]  for ae. 2,y € R™. (A4)

We claim that there exist constants C(a, ¢), for |a] < ¢ — 1, such that

3 (20 —2—a])! (y — 2)*[D*u(z) + (=1)!*" Du(y)]

|| <f—1 (£ —1—laf)lo! ly — |21
C a,@ — )¢ §
= Z (ly_)‘(m:T%—l)R%—l,a(U)($,y) for a.e. x,y € R™. (A5)
la|<e—1

Inequality (A.2) will then follow from (A.5) and (A.4).

Let us establish (A.5). By (A.3), after exchanging the order of summation and relabel-
ing the indices, one obtains that there exist constants A(a, £) and B(a, {), for |af < £—1,
such that

@t—2—la)t = a[D%u(z)+ (1)l Du(y)]
agl (=T Japal ¥ ) ly — 2|21

_ (20=2—|a|)! (y—2)*
N Z (£ —1—|a))a! |y — z|26-1

la]<t-1

“u(x —1)led+1 =y Yy (x 20—1,a(u)(x
<[ pout) + (-1 (|ez| D u(a) 4 R () )|

- ¥ W=D 0 D% () () + > W B(ay O Rse 1 alu)2,y)

— 201 — 201
o] <202 ly =<l o<1 ly — =]
(A.6)
for a.e. z,y € R™.
Now, let us choose u = P in (A.G), where P is a polynomial of the form
Py) = Z bo(y —x)* for y € R™, (A7)

|| <20—2

for some coefficients b, € R. Clearly,

D*P(z) = alb, if|a|<20—2, D P(z)=0 if|a|>20—2. (A.8)
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Hence, Ror—1,4(P)(z,y) = 0, and from (A.G) we obtain that

S 22olabt D) (D P)

) -
Wit (L—1—|a))a! ly — x|26-1
_ (y — x)a |
= Y L Aa0)alb, (A.9)
|a|<26—2 ly — =]

for a.e. z,y € R™. We next express the leftmost side of (A.6) in an alternative form.
Define ¢ : R — R as

where

Given j € {1,...,2¢

Thus, by the Taylor formula centered at t =0, if k € {1,...,

"ly — |

o(t) =u(z+t9) forteR,

_ Y-z
ly =l
— 1}, we have that
. 1l
oW (t) = Z L}ﬁ"‘D“u(x +1t9) forae.teR. (A.10)

al
la|=3

2¢ — 1}, then

20—

Z

20—2

=2

Jk Ialj

=2 ™" + Qa1 () (ly — @)

Iy—wlj "9 DYu(x) + Qo1 (0)(ly —x|)  (A.11)

for a.e. z,y € R™, where Q2¢—1(¢) denotes the remainder in the (2¢ — 2 — k)-th order
Taylor formula for p(®), centered at t = 0. By (A.10) and (A.11), there exist constants
A'(a, £) and B’(«, ) such that

20-2—|al)t = a[D%ulz)+ (=D Du(y)]
|a|§1 =TV ly — 221
Ly S k=2 [p(0) + (DO (y — )]
B k(0 —k —1)! ly — x|2t-k-1
-1
B (20— k — 2)! 1
=V i E o iy e



A. Cianchi, V. Maz’ya / Advances in Mathematics 293 (2016) 644—696 693

X { > z—!!ﬂo‘Dau(:c)

la|=k
20—2 .
_yk+1 L ik J! e oy " .
+(=1) (j_Zk(j_k)!ly | |az_ja”9 Du() + Qae—1.4(2) |y |>)}
_ (y_x)a /a e
lZ‘; o e A OD%u()
+ 2 WB'(OM)QN—LM(@)U%—yl) (A.12)
|a|<e-1

for a.e. x,y € R™. If P is again a polynomial in ¢ of the form (A.7), then ¢ is also a
polynomial of degree not exceeding 2¢ — 2, and from (A.8) and (A.12), applied with
u = P, we obtain that

3 (20 =2 — |a])! (y - )a[DaP(ﬂf) + (=1 DP(y)]

1 o a\Y -
& =T Tall g — a7
- 3 MA/( 0)alb (A.13)
= o — 2P a, £)alb, .
|| <20—2

for a.e. z,y € R™. Owing to the arbitrariness of the coefficients b, we infer from (A.9)
and (A.13) that

A, ) = A'(a, 0) (A.14)

for every multi-index « such that |a| < 2¢ — 2. On the other hand, by (4.23) and (4.24),
applied with ¢ =9 =, a =0 and b = |y — z|, and by (A.12) and (A.13),

=0 = [ (i) i (),

-1
_ (20 =k —2)! [p®(0) + (=1)* ¥ (|ly — a|)]
h (*N; (6 —k—1)! |y — [kt
_ (20 =2 —a])! (y — 2)*[(=1)**" Du(y) + Du(x)]
B Iag L (=1 —la])la! ly — |>-1
> %A’(a,é)a!ba (A.15)
|a]<20—-2

for a.e. x,y € R™. By the arbitrariness of the coefficients b, again, A’(«, ¢) = 0 for every
a such that |a| < 2¢ — 2. Hence, owing to (A.14),
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Ala,l) =0 (A.16)
for every a such that |a| < 2¢ — 2. Equations (A.6) and (A.16) tell us that

(2 —2—al)! o Du(a) + (=1)1** 1 Du(y)
D e v

lal<t—1

= Z %B(Q,K)Rggl’a(u)(x,y) for a.e. z,y € R", (A.17)
o <e—1

whence (A.5) follows with C(a,¢) = B(w, ). O
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