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Abstract

We prove a version of the negative norm theorem in Orlicz-Sobolev spaces. A study
of continuity properties of the Bogovskii operator between Orlicz spaces is a crucial
step, of independent interest, in our approach. Applications to the problem of pressure
reconstruction for Non-Newtonian fluids governed by constitutive laws, which are not
necessarily of power type, are presented. A key inequality for a numerical analysis of
the underlying elliptic system is also derived.

1 Introduction

Assume that €2 is a domain, namely a connected open set, in R”, with n > 2, and let
1 < p < co. The negative Sobolev norm of the distributional gradient of a function u € L'(Q)
can be defined as

Jou div g dz .

(1.1) IVulw-ro@pn = sup
( ) peCs° (Q,R™) ||V90HLP’(Q,Rnxn)

Here, div stands for the divergence operator, and p’ = ﬁ, the Holder conjugate of p.
Moreover, in (1.1), and in similar occurrences throughout the paper, we tacitly assume that
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the sumpremum is extended over all functions v which do not vanish identically. Observe
that the notation ||Vu|ly-1.»qrn) is consistent with the fact that the quantity on the right-
hand side of (1.1) agrees with the norm of Vu, when regarded as an element of the dual of
W, '(€), where WP (€, R") denotes the Sobolev space of R™-valued functions in € with
zero traces.

Definition (1.1) goes back to Necas [44], who showed that, if € is regular enough — a bounded
Lipschitz domain, say — and 1 < p < oo, then the LP(£2) norm of a function is equivalent to
the W~1P(©2, R") norm of its gradient. Namely, there exist positive constants C; = C1(£, p)
and Cy = Cy(n), such that

(1.2) Cillu = ug|lr) < [Vullw-10@pn) < Collu — uallzro)

il
ug = — [ udz
0l g

the mean value of u over €2, and |2| denotes the Lebesgue measure of 2. This result is known
as Necas negative norm theorem.

In the present paper we are concerned with a version of this theorem when a negative
norm is introduced with the Lebesgue space LP(£2) replaced with a general Orlicz space.
Loosely speaking, Orlicz spaces extend Lebesgue spaces in that the role of the power t¥ in
their definition is played by a more general convex function (a precise definition is recalled
in the next section). Clearly, a full analogue of (1.2) cannot hold for arbitrary Orlicz spaces,
since (1.2) fails, for instance, in the borderline cases when either p = 1, or p = co. Our
main result in this connection asserts that, however, an inequality in the spirit of (1.2) still
holds if, on the leftmost side, an Orlicz norm appears which, in general, has to be slightly
weaker than that on the rightmost side. A precise balance between the relevant norms for
a conclusion of this kind to hold is the content of Theorem 3.1, Section 3. A key step in
our approach is an analysis, of possible independent interest, of the divergence equation in
Orlicz spaces, via boundedness properties of the (gradient of the) Bogovskii operator in these
spaces.

Our main motivation for a discussion of negative Orlicz norms are applications to a
mathematical model for Non-Newtonian fluids. In the stationary case, the relevant model
tells us that the velocity field v : 2 — R™ and the pressure 7 : 2 — R of a fluid solve the
following system of partial differential equations:

for every u € L*(Q2), where

—div S + pdiv (V®v)+V7r:QdivF in €,
(1.3) divv=0 in Q,
v=0 on 0f),

see, for instance, [5]. Here, o is a positive constant, whose physical meaning is the density of
the fluid, the operation ® denotes tensor product, the function F : 2 — R™*™ describes the
given volume forces, and the stress deviator S : 2 — R™*" is related to v via a constitutive
equation. Of course, the physically relevant dimensions are n = 2 and n = 3. In a common



model for fluids with Non-Newtonian behavior, the dependence of S on v is through a
nonlinear function of the symmetric part D(v) of its R"*"-valued gradient, defined as D(v) =
%(VV + (VV)T), where “(-)T” stands for transpose. Lebesgue and usual Sobolev spaces
provide an appropriate functional framework for the study of existence, uniqueness and
regularity of solutions to (1.3) when this nonlinear function is of power type. On the other
hand, if nonlinearities of non-polynomial type are allowed, such as in the Eyring-Prandtl
model [32], the more flexible Orlicz and Orlicz-Sobolev spaces have to be called into play.
In particular, in Section 4 we show how our negative Orlicz norm theorem applies in the
description of a suitable space for the pressure 7 in (1.3). A related result of use in a finite
elements method for a numerical analysis of (1.3) is also established.

2 Orlicz and Orlicz-Sobolev spaces

In the present section we collect some definitions and fundamental results from the theory
of Orlicz and Orlicz-Sobolev spaces. We refer to [45, 46] for a comprehensive treatment of
this topic.

A function A : [0,00) — [0, 00] is called a Young function if it is convex, left-continuous,
and neither identically equal to 0, nor to co. Thus, with any such function, it is uniquely
associated a (nontrivial) non-decreasing left-continuous function a : [0,00) — [0, 00| such
that

(2.1) A(s) = /OS a(rydr  for s > 0.

The Young conjugate A of A is the Young function defined by
A(s) = sup{rs — A(r) : > 0} for 5§>0.

Note the representation formula

where a~! denotes the (generalized) left-continuous inverse of a. One has that

(2.2) r< AN A N(r) < 2r forr > 0.
Moreover,
(2.3) A=A

for any Young function A. If A is any Young function and A > 1, then

(2.4) AA(s) < A(Xs) for s > 0.



As a consequence, if A > 1, then
(2.5) AN (As) < MATY(s)  for s >0,

where A™! denotes the (generalized) right-continuous inverse of A.
A Young function A is said to satisfy the As-condition if there exists a positive constant C'
such that

(2.6) A(2s) < CA(s) for s>0.
We say that A satisfies the Va-condition if there exists a constant C' > 2 such that
(2.7) A(2s) > C'A(s)

for s > 0. If (2.6) [resp. (2.7)] just holds for s > s¢ for some sy > 0, then A is said to satisfy
the Ay-condition [Vs-condition] near infinity. We shall also write A € Ay [A € V3] to denote
that A satisfies the Ay-condition [Va-condition].

One has that A € A, [near infinity] if and only if A € Vy-condition [near infinity].

A Young function A is said to dominate another Young function B [near infinity] if there
exists a positive constant C'

(2.8) B(s) < A(C's) for s>0 [s> sy forsome sy >0].

The functions A and B are called equivalent [near infinity] if they dominate each other [near
infinity].

Let Q be a measurable subset of R", and let A be a Young function. The Luxemburg
norm, associated with A, is defined as

]l 2oy :inf{)\: /QA(W(;)') dr < 1}

for any measurable function u : £ — R. The collection of all functions u for which such
norm is finite is called the Orlicz space L*4(Q2), and is a Banach function space. The subspace
of LA(2) of those functions u such that [, u(z)dz = 0 will be denoted by L4(£2). A Holder
type inequality in Orlicz spaces takes the form

d
(2.9) HUHLK(Q) < sup fQ U(QT)U(Z') X < QH’U
u€LA(Q) HUHLA(Q)

lra@)
for every v € LA(Q). If A dominates B, then
(2.10) LA(Q) — LB(Q),

with embedding norm depending on the constant C' appearing in (2.8). When |Q| < oo, em-
bedding (2.10) also holds if A dominates B just near infinity, but, in this case, the embedding
constant also depends on B, sy and |€2|. The decreasing rearrangement u* : [0, 00) — [0, 00|
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of measurable function u : 2 — R is the (unique) non-increasing, right-continuous function
which is equimeasurable with u. Thus,

u'(s) =inf{t > 0: |{z € : |u(zx)| >t} < s} fors > 0.
The equimeasurability of v and u* implies that

(2.11) lulla@) = llu*lla@ )

for every u € LA(0Q).

The Lebesgue spaces LP(€2), corresponding to the choice A(t) = ¢, if p € [1,00), and

A(t) = 0 for t € [0,1] and A(t) = oo for t > 1, if p = o0, are a basic example of Orlicz
spaces. Other customary instances of Orlicz spaces are provided by the Zygmund spaces
LPlog® L(Q), and by the exponential spaces exp L?(€). If either p > 1 and a € R, or p = 1
and a > 0, then LPlog® L(£) is the Orlicz space associated with a Young function equivalent
to tP(logt)® near infinity. Given 8 > 0, exp L?(Q) denotes the Orlicz space built upon a
Young function equivalent to ¢!’ near infinity:.
The Orlicz space LA(Q, R™) of R"-valued measurable functions on Q is defined as L4(Q, R") =
(LA(Q))", and is equipped with the norm given by [lufza@rey = [/ u]|lza@) for u €
LA(Q,R™). The Orlicz space L4(Q, R™") of R™" matrix-valued measurable functions on {2
is defined analogously.

Assume now that Q is an open set. The Orlicz-Sobolev space W14(Q) is the set of
all weakly differentiable functions in L“(£2) whose gradient also belongs to LA(Q2). It is a
Banach space endowed with the norm

||“||W1’A(Q) = HUHLA(Q) + HVUHLA(Q,R”)-
We also define the subspace of W14(2) of those functions which vanish on 9 as

WEA(Q) = {u € WH(Q) : the continuation of u by 0 outside O
is weakly differentiable in R™}.

In the case when A(t) = t? for some p > 1, and 0 is regular enough, such definition
of W}(Q) can be shown to reproduce the usual space Wy (Q) defined as the closure in
Whr(Q) of the space C5°(£2) of smooth compactly supported functions in . In general, the
set of smooth bounded functions is dense in L*(Q2) only if A satisfies the As-condition (just
near infinity when |Q| < o), and hence, for arbitrary A, our definition of Wy () yields a
space which can be larger than the closure of C°(€) in Wy () even for smooth domains.
On the other hand, if  is a Lipschitz domain, then Wy *(Q) = Wh4(Q) N W, (), where
Wy (Q) is defined as usual. Recall that an open set Q is called a Lipschitz domain if it
is bounded and there exists a neighborhood U of each point of 92 such that Q2 N U is the
subgraph of a Lipschitz continuous function of n — 1 variables. An open set € is said to have
the cone property if there exists a finite cone A such that each point of € is the vertex of a
finite cone contained in ) and congruent to A. Clearly, any Lipschitz domain has the cone
property, but the converse is not true in general.
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A Poincaré type inequality in Orlicz-Sobolev spaces tells us that, if € is a Lipschitz domain,
then there exists a constant C', depending on n and on the Lipschitz constant of {2, such that

1
(2.12) lu — uellLa@) < ClQU[[Vullpagrn)

for every u € W14(Q). Inequality (2.12) is established in [18, Lemma 4.1] in the special
case when () is a ball. Its proof makes use of a rearrangement type inequality for the norm
|Vul[La) which holds, in fact, for Sobolev functions u on any Lipschitz domain € [22,
Lemma 4.1 and inequality (3.5)]. The same proof then applies to any Lipschitz domain, and
one can verify that the constant in the resulting Poincaré inequality has the form claimed in

(2.12).
The Orlicz-Sobolev space Wh4(Q, R") of R"-valued functions is defined as Wh4(Q, R") =
(W4(Q))", and equipped with the norm ||u||y1.a(qrn) = lullLa@rn) +{ VUl L rnxny. The

space Wy (€, R") is defined accordingly.

3 The negative norm theorem and the Bogovskii op-
erator

Let A be a Young function, and let {2 be a bounded domain in R™. We define the negative
Orlicz-Sobolev norm associated with A of the distributional gradient of a function u € L'(Q)
as

fQudivcpdx

(3.1) |Vullw-1.4qrny =  sup :
( ) @eC(2,R™) ||v<P||LA(Q’Rn><n)
The alternative notation W~1L4(Q, R") will also occasionally be employed to denote the
negative Orlicz-Sobolev norm W~14(Q, R") associated with the Orlicz space L4(Q).
Our Orlicz-Sobolev space version of the negative norm theorem involves pairs of Young
functions A and B which obey the following balance conditions:

t
B
(3.2) t/ ;28) ds < A(ct) for t >0,
0
and
e
A ~
(3.3) t/ s<;) ds < B(ct) fort >0,
0

for some positive constant c.
Let us mention that assumptions (3.2) and (3.3) also come into play in a version of the Korn
inequality for the symmetric gradient in Orlicz spaces [21].

Theorem 3.1. Let A and B be Young functions fulfilling (3.2) and (3.3). Assume that
Q is a bounded domain with the cone property in R™, n > 2. Then there exist constants

Cy = C1(Q,¢) and Cy = Cy(n) such that
(34) 01||U - UQHLB(Q) S ||VU||W71,A(Q,RTL) S CQHU - UQHLA(Q)
for every u € L*()). Here, ¢ denotes the constant appearing in (3.2) and (3.3).
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Remark 3.2. Inequality (3.4) continues to hold even if conditions (3.2) and (3.3) are just
fulfilled for ¢ > ¢, for some t, > 0, but with constants C; and C5 depending also on A, B,
to and |€2|. Indeed, the Young functions A and B can be replaced, if necessary, with Young
functions equivalent near infinity, and fulfilling (3.2) and (3.3) for every ¢t > 0. Owing (2.10),
such replacement leaves the quantities || - || La(), || - |L5(@) and ||V - ||y -1.4(qrn) unchanged,
up to multiplicative constants depending on A, B, ty and |€)|.

If either (3.2) or (3.3) holds, then A dominates B globally [21, Proposition 3.5]. In a
sense, assumptions (3.2) and (3.3) provide us with a quantitative information on if, and how
much, the norm || - | ,5(q) has to be weaker than || - || 4 for a version of the negative-norm
Theorem to be restored in Orlicz-Sobolev spaces. The situations when (3.2), or (3.3), holds
with B = A can be precisely characterized. Membership of A to A, is a necessary and
sufficient condition for (3.3) to hold with B = A [38, Theorem 1.2.1]. Therefore, under this
condition, assumption (3.3) can be dropped in Theorem 3.1. On the other hand, A € V, if
and only if Ae Ay, and hence membership of A to Vs is a necessary and sufficient condition
for (3.2) to hold with B = A. Thus, under this condition, assumption (3.2) can be dropped
in Theorem 3.1. In particular, if A € Ay N Vg, then both conditions (3.2) and (3.3) are
fulfilled with B = A. Hence, we have the following corollary which can also be derived from
the results of [29].

Corollary 3.3. Assume that Q2 is a bounded domain with the cone property in R™, n > 2.
Let A be a Young function in Ay N Va. Then there exist a constants C = C(2, A) and
Cy = Cy(n) such that

(35) C’1||u — UQHLA(Q) S ||V’LL||W71,A(Q’RTL) S OQHU - UQHLA(Q)
for every u € LY(Q).

A typical situation where condition (3.2) does not hold with with B = A is when A
grows linearly, or “almost linearly”, near infinity. In this case, A ¢ V5. In fact, as recalled
in Section 1, the standard negative-norm Theorem expressed by (1.2) breaks down in the
borderline cases when p = 1. On the other hand, condition (3.3) fails, with B = A, if, for
example, A has a very fast — faster than any power — growth. In this case, A & A,. Loosely
speaking, the norm || - || pa(q) is now “close” to || - ||~(q), and, as a matter of fact, equation
(1.2) in not true with p = oc.

These are not, however, the only situations when (3.2), or (3.3), fail with B = A. For
instance, functions A which neither satisfy the Ay condition, nor the V5 condition, for which
hence neither (3.3) nor (3.2) can hold with B = A, are those where A(t) “oscillates” between
two different powers tP and t?, with 1 < p < ¢ < co. Functions of this kind are usually called
of (p,q)-growth in the literature. Partial differential equations, and associated variational
problems, whose nonlinearity is governed by this growth, have been extensively studied. In
the framework of Non-Newtonian fluids, they have been analyzed in [8].

All the circumstances described above can be handled via Theorem (3.1). A few examples
involving customary families of Young functions are presented hereafter.



Example 3.4. Assume that A(t) is a Young function equivalent to t* log™(14-t) near infinity,
where either p > 1 and @ € R, or p =1 and o > 1. Hence, if || < oo, then

LA(Q) = LPlog® L(Q).

Assume that €2 is a bounded domain with the cone property in R”. If p > 1, then A € A;NVs,
and hence Corollary 3.3 tells us that

(3.6) Cillu — ual|r10ge L) < [[Vullw-11010g7 L rn) < Collu — ug||zriog ()

for every u € L'(Q2). However, if p = 1, then A € A,, but A ¢ V5. An application of
Theorem 3.1 now yields

(3.7) Cillu = uallL1oge—1 i) < IVullw-1010g2 L@ rn) < Collu — ua||L10ge Li)

for every u € L'(Q). In particular,

(3.8) Cillu = uallzr) < [[Vullw-1210g irn) < Collu — ual|L10g L(02)
for every u € L'(Q).

Example 3.5. Let 3 > 0, and let A(t) be a Young function equivalent to exp(t’) near
infinity. Then
LA(Q) = exp LP(Q)

if Q2] < co. One has that A € Vy, but A ¢ A,. Theorem 3.1 ensures that, if 2 is a bounded
domain with the cone property in R", then

(39) Cl”“ - uQHe < ||vu|’W*1expL5(Q,R”) < OQHU - UQHGXPLB(Q)

8
xp LFFT ()
for every u € L'(€2). Moreover,

(3.10) Cillu = ugllexp ) < Vullw-10=@rn) < Collu — uq|lz=()

for every u € L'(Q).

Our proof of Theorem 3.1 relies upon an analysis of the divergence equation

{div u=f in ,

(3.11)
u=20 on 01,

in Orlicz spaces. This is the objective of the next result. In what follows, we set
0L () = {u € C5°(Q) : uq = 0}

and
Lf(Q) ={u e LA(Q) tug = 0}.
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Theorem 3.6. Assume that ) is a bounded domain with the cone property in R", n > 2.
Let A and B be Young functions fulfilling (3.2) and (3.3). Then there exists a bounded linear
operator

(3.12) Bg : Q) — WP (Q,RY)
such that

(3.13) Ba : Cgoy (92) — G2 (2, R™)
and

(3.14) div (Baf)=f in Q

for every f € L(Q). In particular, there exists a constant C = C(S2,¢) such that

(3.15) IV (Baf)llLs@rrsny < C|lfllLaw)
and

. B(|V (B d AC d
(3.16) / (IV(Baf))) xgjg (C1f]) de

for every f € L(Q). Here, ¢ denotes the constant appearing in (3.2) and (3.3).

Although it will not be used for our main purposes, we state in Theorem 3.7 below a
result parallel to Theorem 3.6, dealing with a version of problem (3.11) in the case when the
right-hand side of the equation is in divergence form. Namely,

(3.17) {div u=divg in Q,

u=0 on 0f),

where g : 2 — R" is a prescribed function satisfying the compatibility condition (in a weak
sense) that its normal component on 02 vanishes. A precise formulation of this condition
requires the introduction of the following function spaces. Given a Young function A, denote
by H#(Q) the Banach space of those vector-valued functions u : 2 — R™ such that the norm

(3.18) all gra) = llallza@rny + || div ul|Lag)

is finite. We also denote by HZ'(Q) its subspace of those functions u € H*() whose normal
component on J) vanishes, in the sense that

(3.19) /gpdiv udx:—/u-Vgodx
Q Q

for every ¢ € C5°(€2).



Theorem 3.7. Assume that € is a bounded Lipschitz domain in R", n > 2. Let A and B
be Young functions fulfilling (3.2) and (3.3). Then there exists a bounded linear operator

(3.20) Eq  HMNQ) — WP (Q,RY)

such that

(3.21) div (€qg) =divg in Q

for every g € HiY(Q). In particular, there exists a constant C = C(Q,c) such that
(3.22) IV (Eag)||Le(@Rrnxny < C| div gl Laq)

and

(3.23) [€agllLr@rn) < Cllgllraw

for every g € HZN Q). Here, ¢ denotes the constant appearing in (3.2) and (3.3).

The proofs of Theorems 3.6 and 3.7 in turn make use of a rearrangement estimate, which
extends those of [4, Theorem 16.12] and [3], for a class of singular integral operators of the
form

(3.24) Tf(x) = lim K(z,x —y)f(y)dy for z € R",
e=0" Jiyly—a|>e}

for an integrable function f : R” — R. Here, the kernel K : R" x R™ — R fulfils the following
properties: (i)
(3.25) K(x,x — \y) = \N""K(z,x —y) forxz,yeR™
(i)
(3.26) / K(z,z —y)dH" ' (y) =0 for x € R™;

S§n—1

iii) For every o € [1, 00), there exists a constant C; such that
Yy

1

(3.27) (/ |K (2,2 —y)|” d?—["‘l(y)) < Ci(1+ |z|)" for z € R™,
S§n—1

where S"~! denotes the unit sphere, centered at 0, in R", and H"~! stands for the (n — 1)-
dimensional Hausdorff measure;
(iv) There exists a constant Cy such that

1 n
(3.28) K (2, y)] < @% for 2,y € R", 7 £,
and, if 2|z — 2| < |z — y|, then
L Jr—2z
(3.20) K (o) = K] < Call + bl o2l
. T =2
(3.30) K (y,2) — K(y,2)] < Ca2(1+ y]) W

10



Theorem 3.8. Let Q2 be a bounded open set in R", and let K(x,y) be a kernel satisfy-
ing (3.25)-(3.30). If f € LY(R"™) and f = 0 in R"\ Q, then the singular integral op-
erator T given by (3.24) is well defined for a.e. x € R", and there exists a constant
C = C(Cy,Cy,n,diam(QY)) such that

1 [ & d
sy @ sc(s [ roas [ o) rse oo,
0 s
As a consequence of Theorem 3.8, the boundedness of singular integral operators given
by (3.24) between Orlicz spaces associated with Young functions A and B fulfilling (3.2) and
(3.3) can be established.

Theorem 3.9. Let Q, K and T be as in Theorem 3.8. Assume that A and B are Young func-
tions satisfying (3.2) and (3.3). Then there exists a constant C' = C(Cy, Cy,n,diam(2), ¢)
such that

(3.32) T flls) < CllfllLay,
and

) A(C
(3.33) / B(Tf)) dz < / (CIf1) da

for every f € LA(Q). Here, c denotes the constant appearing in (3.2) and (3.3).

Proof. By [19, Lemma 1], we have that, if A and B are Young functions satisfying (3.2),
then there exists a constant C' = C(c) such that

é/osgp(r)dr

for every ¢ € LA(0,00). Moreover, if A and B fulfill (3.3), then there exists a constant
C = C(c) such that

(3.35) H /:O o(r) g

for every ¢ € L*(0,00). Combining (3.31), (3.34) and (3.35), and making use of property
(2.11) yield inequality (3.32).

As far as (3.33) is concerned, observe that, inequalities (3.2) and (3.3) continue to hold,
with the same constant ¢, if A and B are replaced with kA and kB, where k is any positive
constant. Thus, inequality (3.32) continues to hold, with the same constant C, after this
replacement, whatever K is, namely

(3.34) < Cllellzag.00)

LB(0,00)

< Cllell a0
LB(0,00)

(3.36) NT fll sy < Cll flleaw)

11



for every f € LA(Q). Now, given any such f, choose k = W. The very definition
Q

of Luxemburg norm tells us that | f|| sa@) < 1. Hence, by (3.36), ||Tf|[zr5() < C. The

definition of Luxemburg norm again implies that [, k B (%) dxr < 1, namely (3.33). O

Proof of Theorem 3.8. Let R > 0 be such that 2 C Bg(0), the ball centered at 0, with
radius R. Fix a smooth function 7 : [0, 00) — [0, 00) such that n =1 in [0,3R] and n =0 in
[4R, 00). Define

K(z,y) =n(|z[)K(z,y) for z,y € R".

By properties (3.25)—(3.30) of K(z,y), one has that:

(3.37) K(z,x —\y) = \"K(z,z —y) for z,y € R™:

(3.38) K(z,z —y)dH" ' (y) =0 for z € R™;
S§n—1

for every o € [1,00), there exists a constant C) = 51(01, o, R,n) such that

(3.39) (/ K (2,2 —y)|° d%”—l(y)> "<& forzeR
Snfl

where (' is the constant appearing in (3.27); there exists a constant Cy = 62(02, R,n) such
that

~

~ C
(3.40) |K(z,y)| < ——for 2,y € R, z # y,

|z —y|"

and, if z € R", y € Q and 2|z — 2| < |z — y|, then

~ ~ ~  |x—z]
(3.41) |K(z,y) — K(2,y)] < C2|x_y|n+1’

~ ~ -~ |J} — Z|
(3.42) [K(y, ) = K(y,2)| < ol Ty

where Cj is the constant appearing in (3.28)—(3.30).
Define

T.f(x) = / Ro(e.9)f(y) dy.
R {y:\y:w|>€}
Tsf(x) = sup T2(f)(x)].

Inequality (3.31) will follow if we prove that

€2

(3.43) (fgf)*(s) < C’(% /08 fr(r)dr + fr(r) %) for s € (0, 00)
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for some constant C' = C(Cy,Cy,n, R), and for every f € L'(R™) such that f = 0 in
R™\ Bg(0). A proof of inequality (3.43) can be accomplished along the same lines as that of
Theorem 1 of [3], which in turn relies upon similar techniques as in [23]. For completeness,
we sketch such proof hereafter.

The key step in the derivation of (3.43) consists in showing that, for every v € (0,1), there
exists a constant C' = C(C1, Cs, v, n, R) such that

(3.44) (Tsf)*(s) < C(Mf)(vs) + (Tsf)"(2s) for s € (0,00)
for every f € L'(R") such that f =0 in R"\ Bg(0). Fix s > 0, and define
E={zeR": Tsf(z) > (Tsf)*(25)}.

Then, there exists an open set U D E such that |U| < 3s. By Whitney’s covering theorem,
there exist a family of disjoint cubes {Q} such that U = U, Q, > oo, |Qx| = |U| < 3s,
and

diam(Qy) < dist(Q, R" \ U) < 4diam(Q) for k € N.

The operator fg is of weak type (1,1), namely, there exists a constant C” such that
~ '

for f € L'(R"), as proved in [27, Proof of Lemma 6.3].
We shall now show that there exists a constant C such that

(3.46) {z € Qu:Tsf(x) > CMf(z)+ (Tsf)*(25)}] < 1_TV|Q,€| for k € N.

Fix any k € N, choose x;, € R™ \ U such that dist(xy, Q) < 4diam(Qy), and denote by @
the cube, centered at xy, with diam(Q) = 20diam(Qy). Define

9= Ifxq, h=fxrng

so that f = g + h. If we prove that there exist constants C; and C4 such that

(3.47) Tsh(z) < C1M f(z) + (Tsf)*(2s) for z € Qy,
and
(3.48) H{r € Qx : fqg(x) > COyMf(2)}] < 1_TPY|Q;€|,

then (3.46) follows with C' = C; + C5. Consider (3.48) first. Let C; be such that Cgf' <
2|Qu|- Let A = % o lgldz. Since CyM f(x) > X for @ € Qy, an application of (3.45) with
this choice of A te{

Is us that
{z € Qr: Tsg(x) > CoM f(2)}| < {Tsg(x) > A}

13



C’ el 11—~
< — dr < < ()

namely (3.48). In order to establish (3.47), it suffices to prove that, for every ¢ > 0,
(3.49) IT.h(z)| < CIM f(z) + Tsf(zy) for € Qy.
Indeed, since z;, ¢ U, we have that Tsf(z,) < (Tsf)*(2s), and hence (3.49) implies (3.47).

We may thus focus on (3.49). Fix ¢ > 0, and set r = max{e, dist(zx, R" \ @Q)}. Observe that
r > 10diam(Qy). Given any x € Qi, define V = B.(z)AB.(x)). One has that

a0) BRI =| [ R

< ‘ /{ L Rlet) dy] + [ 1R gn)] dv.

Observe that, if y € supp h, then [z — y| > § and hence L < i—: Thus, owing to (3.40),

[z—y[™

~

Ryl < 2,

Tn

Moreover, V' C Bs,(x). Therefore, there exists a constant C such that

(3.51) / Kkl dy < 1570

/B )l dy < OMh(w) < O F(r)

On the other hand,
(3.52)
‘/ K (z,y)h(y) dy‘ < ‘/ K(z,y)h(y) dy‘
{y:ly—=zx|>c} {y:ly—zx|>r}

<| [ Ron ) f(y) dy' -/ R(zey) - R, o)l 1£ )] dy.
{y:ly—xr|>r} {y:ly—ak|>r}
< Ty(ar) + / R (z1,y) — Rz 9)| 1f(4)] dy,
{y:|ly—zr|>r}

where the first inequality holds since h(y) = 0in {y : |y — x| < r} if r = dist(zg, R™ \ Q),
and trivially holds (with equality) if » = €. Since 2|z — x| < |z — y| in the last integral in
(3.52), and f vanishes in R™ \ Br(0), by (3.41)

|z — x| ~ diam(Qy)

K K <C :
| ($k7y) (a:,y)|_ 2|{L._y|n-i-1 - 2|x_y|”+1

14



Hence,

LR I

diam(Qg)

|[E _ y|n+1

(3.53)
<

£ ()| dy < CM f(x)

Ay:y—x>diam(@k)}

for some constant C. Note that, in the first inequality, we have made use of the inclusion
{y:|ly—ax| >r} C{y: |y — x| > diam(Qx)}, which holds since |z — x| < 5diam(Qy), and
10 diam(Qy) < r.

Combining inequalities (3.50)— (3.53) yields (3.49). Inequality (3.46) is fully established. Via
summation in k € @i, we obtain from (3.46) that

(3.54) {z € R": Tsf(z) > CM f(z) + (Tsf)"(25)} < (1 —7)s.
Coupling (3.54) with the inequality

(3.55) {z € R : Mf(x) > (M[)*(ys)} < s

tells us that

{z € R": Tsf(w) > C(M[) (vs) + (Tsf)"(28)}] < o € R": T f(x) > OM f(w) + (Ts )" (29)}]
+{z e R": Mf(z) > (Mf)"(ys)} <,

whence (3.44) follows, by the very definition of decreasing rearrangement.
Starting from inequality (3.44) leads to (3.31), via the same iteration argument as in the
proof of [3, Theorem 1]. O

Lemma 3.10. Let Q be a bounded domain with the cone property in R"™, with n > 2. Then
there exist N € N and a finite family {Q;}i—o. n of domains which are starshaped with
respect to balls, such that Q = UX Q. Moreover, given f € L(S2), there exist f; € L(Q),
i=0,...N, such that f; =0 in Q\ Q,,

N
f= Zfz
i=0
and
(3.56) [ fillLa) < Cllfllea@y fori=0,....N,

for some constant C = C(Q).
Proof, sketched. Any bounded open set with the cone property can be decomposed into a

finite union of Lipschitz domains [1, Lemma 4.22]. On the other hand, any Lipschitz domain
can be decomposed into a finite union of open sets which are starshaped with respect to
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balls [36, Lemma 3.4, Chapter 3]. This proves the existence of the domains {€;},—o_ . n as
in the statement. The same argument as in the proof of [36, Lemma 3.2, Chapter 3] then
enables one to construct the desired family of functions f; on Q, i =1,..., N, according to
the following iteration scheme. We set G; = U] 1825, go = f,and, fori=1,... N — 1

)

(3.57) gilz) = (1 = xoinci () gi—1(z) — Xf:)mﬁm fG 0, Jie )y itz e G,
z 0 otherwise,
and
XQ,NG; .
(3.58) fi(z) = gi-1(x) — o, mG | fQ gi1(y)dy if x € Q;,
0 otherwise.

Observe that, since € is connected, we can always relabel the sets €2; N G; in such a way that
12, NG;| >0 fori=1,...,N — 1. Finally, we define

(3-59) N =gn-1.

The family { f;} satisfies the required properties. The only nontrivial one is (3.56). To verify
the latter, fix 7, and observe that, by (3.58), the second inequality in (2.9), inequality (2.2),
and inequality (2.5)

2
(3.60) I fillLa) < lgi-1llzac (1 + mHlHLA(QiﬁGi)”1HL‘Z(QZ~)>

2 1
- i— 1+ =
g 1HLA(Q)( |QiﬂGi|A_1(1/\QiﬂGi|)A‘l(l/]Qi|)>

A1/ N G,
< IIgi_1||LA(Q)(1+4 N(_1/| |))
A~H(L/1€%])

<o LU
< gi-1llpagy ( 1+ NGl

On the other hand, by (3.57) and a chain similar to (3.60), one has that

2
(3.61) gi-1llza@) < [lgi-2|lLa@ <1+m||1||m(m 1NGi_1) ||1||LA(G ))
< lgialloae ( (-1 N Gic 1|)>
) A 1 |Gz 1|>
A9,
< Hgi72||LA (1_|_4 (| i—1N G 1|)>
|Gz 1|>
G 1]
< |lgi 144 Gl
= ol ( ' max{ T NG|
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From (3.60), and an iteration of (3.61), one infers that

|Q | T |G
62 Al pa 14400 || 14+ 4max {1, 7

and (3.56) follows. O

Proof of Theorem 3.6 By Lemma 3.10, it suffices to prove the statement in the case when
() is a domain starshaped with respect to a ball B, which, without loss of generality, can be
assumed to be centered at the origin and with radius 1. In this case, we shall show that the
(gradient of the) Bogovskii operator Bg, defined at a function f € L7(£) as

00 T —y .
(3.63)  Bof(z /f Ix—yl"ﬁy <y+C|m_y|)C ldg)dy for z € 0,

where w is any (nonnegative) function in C§°(B) with [,wdz = 1, agrees with a singular
integral operator, whose kernel fulfills (3.25)—(3.30), plus two operators enjoying stronger
boundedness properties. To be more precise, we set u = Bq f and claim that u € VVO1 -1 (Q,R"™),
and

u;
(3.64) a:;- — Hyf forac. z€Q,

where H;; is the linear operator defined at f as
(3.65) () = [ Ko fw)dy+ [ Guyten) s dy

(z —y)i(z —y);
+ f(:l:)/Q EE w(y)dy for x € Q,

for i,7 = 1,...n. Here, Kj;; is the kernel of a singular integral operator satisfying the same
assumptions as the kernel K in Theorem 3.8, and the kernels G;; satisty

(3.66) |Gij(2, )| <

_W forx,yER”,aj%y.

To verify this assertion, recall that, if f € Cg° (2), then u € C§°(2,R"), and moreover
equations (3.64) and (3.14) hold for every = € Q [36, Proof of Lemma II1.3.1]. Consider
next the general case when f € L{(£). Owing to (3.2), L!(Q) — LLogL, (), since B(t)
grows at least linearly near infinity, and hence A(t) dominates the function ¢log(1 + ¢) near
infinity. Since the space Cg° (€2) is dense in LlogL | (€2), there exists a sequence of functions
{fr} € C52 () such that f, — f in LlogL(2). One has that
Bq : LlogL(Q) — L'(Q,R")
(in fact, Bgq is also bounded into LlogL(£2,R™)). Furthermore,

Hij : LlOgL(Q) — LI(Q),
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as a consequence of (3.66) and of a special case of Theorem 3.9, with L4(Q) = LlogL()
and LP(Q) = LY(Q). Thus, Bofr — Baf in L'(Q,R") and H;;fy — H,;f in LY(Q). This
implies that u € Wy (Q,R"), and (3.64) and (3.14) hold.

By Theorem 3.9, the singular integral operator defined by the first addend on the right-hand
side of (3.65) is bounded from LA(2) into LZ(Q). By inequality (3.66), the operator defined
by the second addend on the right-hand side of (3.65) has (at least) the same boundedness
properties as a Riesz potential operator with kernel W Such an operator is bounded in
LY(Q2) and in L*>°(€2), with norms depending only on || and on n. An interpolation theorem
by Calderon [7, Theorem 2.12, Chap. 3] then ensures that it is also bounded from L4() into
LA(Q), and hence, a fortiori, from L4(Q) into L?(Q), with norm depending on n and |Q].
Finally, the operator given by the last addend on the right-hand side of (3.65) is pointwise
bounded (in absolute value) by |f(z)|. Thus, it is bounded from LA4(€) into LA(€2), and
hence from LA(Q) into LZ(Q). Equations (3.12) and (3.15) are thus established.

Inequality (3.16) can be derived from (3.15) via a scaling argument analogous to that which
leads to (3.33) from (3.32) — see the Proof of Theorem 3.9. O

Proof of Theorem 3.7, sketched. By an analogous argument as in the proofs of [36,
Lemmas 3.4 and 3.5, and Theorem 3.3|, it suffices to show that, if  and G are bounded
Lipschitz domains, such that the domain €2y = 2N G is star-shaped with respect to a ball
B cC Qg, and f has the form

f:(divg—l—G/gbdiv gdy,
Q
for some functions ¢ € C§(G), 0 € Cg°(£Y) and ¢ € C=(Q), and fulfills
fw)de =0,
Qo

then there exists a function w € W, ’B(Q, R™) such that

(3.67) divw=f in Q,

(3.68) VW[ L5 (00 rrxny < C| div gl pa),
and

(3.69) HWHLB(QOJR”) < OHgHLA(Q,R”)a

for some constant C' = C(y,0,(, ¢, B,G,Q), where ¢ is the constant appearing in (3.2) and
(3.3).

Since f € L{(€), an inspection of the proof of Theorem 3.6 then reveals that the function
w, given by

(3.70) w(z) = g f(y)N(z,y)dy for x € Qo,
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where

(3.71) N(z,y) = - /00 w(y+§x_y)gn—1dg for z,y € Q,

[z = y™ Sy |z — |
and w is any (nonnegative) function in C§°(B) with [, wdx = 1, satisfies (3.67), and
(3.72) VWl 5 (0qznxny < CllfllLac)
for some constant C'. Since
(3.73) 11z < Clldiv gl[racq)

for some constant C', inequality (3.68) follows. It remains to prove (3.69). To this purpose,
assume, for the time being, that div g € C§°(€2). Then, by [36, Equation 3.35],

(3.74)
wi(z) = — Ni(:v, y)g(y) - V{(y) dy — /Q Kij(z, 2z —y)C(v)g;(y) dy
/Q Z ng 7,Y)¢ y)dy — ((x Z g] /Q _‘gi)_(z]P_ yj)w(y) dy

— (/ g-Vp dy) Ni(xz,y)0(y)dy for a.e. x € Qy,
Q Qo

where the kernels K;; and G;; satisfy the same assumptions as the kernels in (3.65), and
IN(z,y)| < Clz — y|*™" for some constant C'. Note that condition (3.19) has been used in
writing the last addend on the right-hand side of equation (3.74).

We now drop the assumption that div g € C5°(€Q). Condition (3.2) entails that LA(Q) —
Llog L(Q), and hence H{(Q) — Hy'2"(Q), where the latter space denotes Hg'(€) with
A(t) equivalent to tlog(1 + t) near infinity. Thus, g € Hy'**"(Q). One can show that any
such function can be approximated by a sequence of functions {g,} C C§°(£2,R") in such a
way that g — ¢ in HX1°8L(Q, R™). This follows from an analogous argument as in the proof
of [48, Theorem 1.3]. In particular, the fact that C§°(£2) is dense in Llog L(£2), since the
function tlog(1 + t) € Ay near infinity, plays a role here. The first and third addend on the
right-hand side of (3.74) are integral operators applied to g whose kernel is bounded by a
multiple of |x —y[*=". The fourth addend is just bounded by a constant multiple of |g|. The
last addend is a constant multiple of an integral of g against a the bounded vector-valued
function V. Hence, all these operators are bounded from L4(Q,R") into L*(Qp). The
second addend is a singular integral operator enjoying the same properties as the singular
integral operator K in Theorems 3.8 and 3.9. Thus, since all operators appearing on the
right-hand side of (3.74) are bounded from Llog L(Q, R") into L'(Q), the right-hand side
of (3.74), evaluated with g replaced by g, converges in L'(€)) to the right-hand side of
(3.74). On the other hand, equation (3.70) and the properties of the Bogovskii operator tell
us that the left-hand side of (3.74), with w; corresponding to gy, converges in L'(£2) to the
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left-hand side of (3.74). Altogether, we conclude that (3.74) actually holds even if g is just
in HZ ().

The properties of the operators on the right-hand side of (3.74) mentioned above ensure that
they are bounded from LA(Q, R") into LZ (). Inequality (3.69) thus follows from (3.74). O

We need a last preliminary result in preparation for the proof of Theorem 3.1.

Proposition 3.11. Let Q be an open subset in R™ such that |Q)| < 0o, and let A be a Young
function. Assume that u € L*(Q). Then:

uv dx wuo dr
(375) sup fQ— — sup fQ @ 7
veri@) Wiy vecg@ 1€l L4
and
uv dx uo dx
(376) sup fﬂ— — sup fQ v

veLd(Q) lollpa) — vecz @ HSO”LA(Q)'

Note that equation (3.75) is well known under the assumption that A € V5 near infinity,
namely A € A, near infinity, since C5°(Q) is dense in LA() in this case. Equation (3.76)
also easily follows from this property when A € V5 near infinity. The novelty of Proposition
3.11 is in the arbitrariness of A.

Proof of Proposition 3.11. Consider first (3.75). It clearly suffices to show that

d d
(3.77) qp Jotvdr o Jouvde
veLA(Q) ”UHLZ(Q) veL®(Q) ||U||LK(Q)
and
d d
(3.78) sup M: sup Jo 1o du

veL>® () ||U||LK(Q) PECS () HSOHLX(Q)‘
Given any v € LA(Q), define, for k € N, the function v, : Q2 — R as
(3.79) vy = sign(v) min{|v|, k}.

Clearly, v, € L>®(Q2), and 0 < |vg| 7 |v| a.e. in Q as k — oco. Hence,

/|uvk|daj/‘/|uv|da: as k — oo,
Q Q

by the monotone convergence theorem for integrals, and, by the Fatou property of the
Luxemburg norm,

”vk’Hsz(Q) / H’U”LK(Q) as k — OQ.
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Thus, since

uv dx uv| dx
e
veLA(Q) HUHLA(Q) veLA(Q) HU”LZ(Q)

)

equation (3.77) follows.

As far as (3.78) is concerned, consider an increasing sequence of compact sets Fj such that
dist(Ey, R"\ Q) > %, Er C Exyq C Q for k € N) and UgEy = Q. Moreover, let {o} be a
family of (nonnegative) smooth mollifiers in R", such that suppgr, C B 1 (0) and [p, opde =1
for k € N. Given v € L™(2), define w; : R* — R as

v in Fy,
Wy =
0 elsewhere,

and ¢ : R” — R as

(3.80) ou() = / Cwkly)osls —y)dy for z € R

Classical properties of mollifiers ensure that
0r € C3°(Q), ¢r—vae inQask —o00, |¢illre@ < [Jv]|req) for k€ N.

Thus, if u € L4(9), then

(3.81) /ugpk dx — / wwdr as k — oo,
Q 0

by the dominated convergence theorem for integrals. Moreover,
(3.82) leull i) = lvllpag) ask — oo.

Indeed, by dominated convergence and the definition of Luxemburg norm,

/Z(M)daj%/;{(‘i)dajgl as k — oo.
Q HUHLK(Q) Q HUHLK(Q)

In particular, for every € > 0, there exists k. such that

/ﬁ(ﬂ) de <1+¢ ifk> k..
o\l re

Hence, by the arbitrariness of € and the definition of Luxemburg norm,
(3-83) li]?_lg)lf ”SDkHLE(Q) > ||U||LK(Q)-
We also have that

(3.84) lim sup Hg0k||Lg(Q) < HUHL;{(Q).

k—o00
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Indeed, assume that (3.84) fails. Then, there exists o > 0 and a subsequence of {y}, still
denoted by {¢x}, such that

1</Z<¢)dr—>/ﬁ(¢)dz§l,
Q ||U||LK(Q) to Q HUHLg(Q) to

a contradiction. Equation (3.82) follows from (3.83) and (3.84). Coupling (3.81) with (3.82)
yields (3.78). The proof of (3.75) is complete.
The proof of (3.76) follows along the same lines, and, in particular, via the equations

uv dx uv dx
(3.85) sup fﬂ— = sup fﬂ—>
veLA(Q) ”UHLE(Q) veLP (2 HUHLA(Q)

and
uwv dx wp dx
vELP(Q ||U||LA PeCFe (2) ||§0||LA(Q)

On defining, for any v € L‘E (), the sequence of functions {v,} C L°() as

T, = vk — (Vk)a

for k € N, where vy, is given by (3.79), one can prove equation (3.85) via a slight variant of
the argument employed for (3.77). Here, one has to use the fact that (vy)q — 0 as k — oo.
Similarly, equation (3.86) can be established similarly to (3.78) on replacing, for any given
v € LP(Q), the sequence {¢} defined by (3.80) with the sequence {7} C Cg° (2) defined
as

Ok =k — (pr)ay forkeN,
where 1) is any function in C§°(2) such that fgwdx = 1. Note that now, for every ¢ > 0,

there exists k. € N such that ||@,|/z@) < [[v]|L=(@) + €, provided that & > k.. O
Proof of Theorem 3.1. Let u € L'(2).Then
(u—ug)vder (u—uq) (v —vq) dx
(3.87) |u —ual ) = sup Jo = sup Jo -
veLA(Q) HUHLE veLA(Q) HUHLB
v—v v—v dx
= sup Jou o) < 3 sup Jou( o)
veLA(Q) HUHLB(Q) veLA(Q) lv = UQHLB(Q)
uvdz up dz
=3 sup —fQ = sup —fQ Ld
veri@ 1Ws@)  vec@ 9lLa)

Note that the inequality in (3.87) holds since, by the first inequality in (2.2),
HU - UQHLé(Q) < HUHLé(Q) + HUQHLE(Q) < HUHLE(Q) + ’UQ|”1HL§(Q)
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< Nollyo + Zllell oo Illes @l 5¢0

_ _ 2 _ 1 1 ~

= ”UHLB(Q) + @HUHLB(Q)BTGQDETGQD < 3||U||LB(Q)a
and the last equality in (3.87) relies upon (3.76). By Theorem 3.6, applied with A and B
replaced with B and A, respectively, there exists a constant C' = C(€2, ¢) such that

up dx u div (Bqy) dx u div (Bqy) dx
(3.88) sup fﬂ—gpz sup Jo (Ba) < C  sup Jo (Ba)
PeCEL () ”SOHL‘K(Q) LPGLE(Q) H(‘OHLE’(Q) veL%(Q) HVBQ()O“LAV(Q,RTLXTL)
u div @ dx
< C sup Jo L dr = C ||ully-1.4(0).

PECH(Q,R™) ||V<pHLA/(Q7R7LXn)

The first inequality in (3.4) follows from (3.87) and (3.88). The second inequality is trivial,
since

u div ¢ u—uqg) div ¢ dz
oo = sup [ o= sup dnli—to)
peCe(Q,R) Ja HVSOHLK(Q,RW) el (,R) HV‘PHLE(QJR"X")
u—ug) div ¢ dz uU—u dz
<C sup fQ ( - Q) L dr < C  sup fQ ( Q) d dz
PECE(QR™) Idiv ol L7 q) peCT(Q) el 4
< 2C0|u = uq|[a@),
for some constant C' = C'(n). O

4 Nonlinear systems in fluid mechanics

In many customary mathematical models, the stationary flow of a homogeneous incompress-
ible fluid in a bounded domain © C R" is described by a system with the structure (1.3).
With a slight abuse of notation with respect to (1.3), we also denote by S : R™"™ — R"*"
the function, acting on the symmetric gradient D(v) of the velocity field v, which yields the
stress deviator of the fluid. Thus, we shall consider systems of the form

—div S(D(v)) + odiv (v® V) + Vr=pdivF  inQ,
(4.1) divv=0 in Q,
v=0 on 0f).

In the simplest case of a Newtonian fluid, the function S is linear, and div S(D(v)) = Av,
the Laplacian of v. However only fluids with an easy molecular structure, such as water,
oil, and several gases are governed by this low. More complex liquids are not, and are called
Non-Newtonian fluids — see e.g. [2, 5]. The most common nonlinear model among rheologists
is the power law model, corresponding to the choice

(4.2) S(&) = vo(ko + |£])p_2£ for £ € R™™.
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Here, 1y € (0,00) and kg € [0,00) are constants, and p € (1,00) is an exponent which need
to be specified via physical experiments. An extensive list of specific p-values for different
fluids can be found in [5].

A more general constitutive equation for Non-Newtonian fluids, which allows for non-polynomial
type nonlinearities, takes the form

(4.3) S(&) = —(I)/(|€|>£ for & € R™*" |

€]

where ® is a Young function.
In various instances of interest in applications, the term

(4.4) div (vev) = (Vv)v

is negligible in (4.1), compared with the other terms appearing in the first equation. This is
the case, for example, if the modulus of the velocity v is small. Another situation where the
role of the term (4.4) is immaterial is that of plastic or pseudo-plastic fluids. Indeed, (4.4)
accounts for the inner rotation in the fluid flow, and for such fluids the impact of this term
is very limited. Dropping the term (4.4) reduces (4.1) to the simplified system

—div S(D(v)) + Vr = pdiv F in Q,
(4.5) divv=0 in Q,
v=0 on Of).

A standard approach to (4.1) or (4.5) consists in two steps. Firstly, a velocity field v is
exhibited such that

(4.6) /H:qud:p:()
Q
for every ¢ € C§%;, (€2, R”), where either
(4.7) H=S(D(v)) +pF,
or
(4.8) H=SD(v))+pF —pvev,

[

according to weather the convective term v ® v is included in the model or not. Here, “:
stands for scalar product between matrices, and Cg%;, (€2, R™) denotes the space of compactly
supported, infinitely differentiable R"-valued functions whose divergence vanishes in 2. The
function v belongs to a proper Sobolev type space depending on the constitutive equation
underlying the definition of the function S. Secondly, the pressure 7 is reconstructed.

A discussion of the first issue falls beyond the scopes of the present paper, and will
not be addressed here. Let us just mention that the standard power type model (4.2) has
been investigated in the classical contributions [39, 40, 41, 42], and in the recent papers
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[34, 35, 31, 30, 13]. Stationary flows of fluids whose constitutive equation satisfies (4.3) with
a Young-function ® € A,NV, are studied in [14, 10, 26, 11]. An unconventional constitutive
equation, where S has the form (4.3) with ®'(¢) ~ log(1 + ) near infinity, and hence ® ¢ V,
near infinity, was introduced by Eyring in [32], where it is assumed that

arsinh(\o|&|)
Mol€]

for some physical constants v, A > 0. Similar results are due to Prandtl (see e.g. [17]
for an overview on this kind of models). An analysis of the simplified system (4.5) for the
Eyring-Prandt]l model is the object of [33], whereas the complete system (4.1), in the case
n = 2, is considered in [12]. System (4.5), with S given by (4.9), is also included, as a special
case, in the papers [15, 16], where constitutive equations with much more general growths,
possibly “oscillating” between two different powers, are also considered. Parabolic versions
are treated in [37].

In the remaining part of this paper, we focus, instead, on the second question, namely
the reconstruction of the pressure 7 in a correct Orlicz space. In case of fluids governed by
a general constitutive low of the form (4.3), the function H belongs to some Orlicz space
LAQ,R™™). If A € AyN Vs, then m € LA(Q) as well. However, in general, one can only
expect that 7 belongs to some larger Orlicz space LP(£2). The balance between the Young
functions A and B is determined by conditions (3.2) and (3.3), as stated in the following
result.

(4.9) S(&) = v & for & € R™,

Theorem 4.1. Let A and B be Young functions fulfilling (3.2) and (3.3). Let 2 be a bounded
domain with the cone property in R", n > 2. Assume that H € LA(Q, R™") and satisfies

/ H:Vepdr=0
0
for every o € C3%, (L R™). Then there exists a unique function m € L7 (Q) such that
(4.10) /H:qudx:/ﬂdiv pdx
Q Q

for every ¢ € C§°(2,R™). Moreover, there exists a constant C = C(€, ¢) such that
(4.11) [7llze@) < CH — Ha|lLa@rnxm),
and
(4.12) /B(|7r|)da: < / A(CIH — Ha|) dz.

0 0

Here, ¢ denotes the constant appearing in (3.2) and (3.3).

In particular, Theorem 4.1 reproduces, within a unified framework, various results ap-
pearing in the literature. For instance, when the constitutive relation (4.2) is in force, the
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function A(t) is just a power t?, where the exponent ¢ > 1, and depends on p, on F, and
on whether the system (4.1) or (4.5) is taken into account. In any case, L4(Q, R™*") agrees
with the Lebesgue space L9(€2, R™*™), and Theorem 4.1 recovers the fact that = belongs to
the same Lebesgue space L7(f2).

As far as the simplified system (4.5) for the Eyring-Prandtl model (4.9) is concerned, under
appropriate assumptions on F one has that H € expL(€2, R"*"). Hence, via Theorem 4.1,
we infer the existence of a pressure m € eXpL%(Q). More generally, if H € expL”(Q, R™")
for some 3 > 0, one has that 7 € expL?(#+1)(Q). The complete system (4.1) for the Eyring-
Prandtl model, in the 2-dimensional case, admits a weak solution v such that v ® v €
LlogL*(2,R"™*™) and hence H € LlogL?(2, R™*") [12]. Again, one cannot expect that the
pressure 7 belongs to the same space. In fact, Theorem 4.1 yields the existence of a pressure
m € LlogL(f?), thus reproducing a result from [12]. In general, if H € LlogL*(€2, R"*") for
some « > 1, then we obtain that m € LlogL® ().

Proof of Theorem 4.1. By De Rahms Theorem, in the version of [47], there exists a
distribution = such that

(4.13) /QH : Ve dr = =Z(div )

for every ¢ € C5°(Q,R"). Replacing ¢ with Bq(p — ¢q) in (4.13), where ¢ € Cg°(Q), yields

/H : VBao(p — pa) dz = E(p — vq)
Q

for every ¢ € C§°(€2). We claim that the linear functional C§°(Q) > ¢ — Z(¢ — ¢q)
is bounded on C§°(Q2) equipped with the L*>°(€2) norm. Indeed, by (3.2), one has that
LA(Q,R™™) — LlogL(2,R™"). Moreover, by a special case of Theorem 3.6, VBq :
LY (Q) — expL(2, R™*™). Thus, since LlogL (€2, R"*") and expL(Q2, R"*™) are Orlicz spaces
built upon Young functions which are conjugate of each other,

(4.14) ‘ / H : VBq(p — ¢a) dz| < C|H|| pogro.rxn | VBa (¢ — ©)a) [lexproraxm)
Q

< C'|H|| pa@rexmlle — @allLe@)

< C"|H| paqrren 1@l ()
for every ¢ € C§°(Q2), where C' = C(|Q2],n) and C" = C'(2, ¢). Hence, the relevant functional
can be continued to a bounded linear functional on ¢ € CJ(2), with the same norm.

Now, as a consequence of Riesz’s representation Theorem, there exists a Radon measure =
such that

E(p — pa) = / edu
Q

for every p € CJ(2). Fix any open set F C €. By Theorem 3.6 again, there exists a constant
C such that

(4.15) w(E) = sup E(gp — gm) = sup / H:VBq, ((p — gpg) dx
PECY(E), [l¢lloo=1 PECY(E), llpllc=1 /O
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< sup ||H||LlogL(E,R"X") ||VBQ (90 - SOQ) ||expL(Q,IR"><”)
PeCH(E), llollo=1

<C sup 1 H|| Liog(2,zmxmy |0 = (©)all L@ < C ||| LiogL(z,znxn).-
peCY(B), llplloa=1

One can verify that the norm || - || ziogr() is absolutely continuous, in the sense that for every
€ > 0 there exists § > 0 such that |[|[H||iogr(prrxn) < € if [E] < §, and since any Lebesgue
measurable set can be approximated from outside by open sets, inequality (4.15) implies
that the measure p is absolutely continuous with respect to the Lebesgue measure. Hence,
has a density with respect to the Lebesgue measure. So = can be represented by a function
7w € L'(Q) fulfilling (4.10) holds. The function 7 is uniquely determined if we assume that
7o = 0. By this assumption, Theorem 3.1, and equation (4.10) we have that

omdivedr
[7lle@) < ClIVT|w-14Qrny =C  sup é
eC§° (,R™) || QOHLA(Q RnX7)

H: Vepdr (H—Hg) : Vepdz
=(C sup f L =(C sup fQ 2) L
peCTF (Q,R) HVQOHLA (Q,Rnxn) peCF° (Q,R™) ||VLPHL;‘;(Q7R7L><7L)
S QOHH - HQHLA(Q,R"X")?

where C' = C(Q, ¢). This proves inequality (4.11). Inequality (4.12) follows from (4.11), on
replacing A and B with kA and kB, respectively, with & = m, via an argument
analogous to that of the proof of (3.33). O

Let us turn to a further consequence of Theorem 4.1, which is related to a numerical
analysis of problem (4.1), or of its simplified version (4.5). We shall adopt the scheme of the
finite element method for the p-Stokes system exploited in [6] in the special case when S is
given by (4.2). In what follows, we assume that 2 is a polyhedron. The goal is to compute
an approximate solution to problem (4.5) via discretization. To this purpose, one needs a
triangulation .7, of 2 into simplices of diameter bounded by h > 0. Recall that a simplex
in R™ is the convex hull of n 4+ 1 points which do not lie on the same hyperplane. We also
need that such a triangulation is regular enough for the Lipschitz constant of the functions,
which locally represent the boundaries of the relevant simplices, to be uniformly bounded in
h. We denote by 22%%(Q) the space of those functions in © whose restriction to each simplex
of F, is constant, and by 2°"(Q) its subspace of those functions from 22%"(€2) whose mean
value over ) is zero. Also, for ¢ > 1, we denote by Z2%"(2) the space of first-order weakly
differentiable functions in {2 whose restriction to each simplex of .7, is a polynomial of degree
¢, and by 25"(Q) its subspace of those functions from 224(Q) which vanish on 9Q. Finally
2""(Q) stands for the space of all functions from 2%"(€2) whose mean value over Q is zero.
Clearly, given any Young function A, one has that

Q) c LAQ), 2YMQ) c Q) if >0,

and
PERQ) c WHAQ), 25MQ) cwrA(Q) i 0> 1.
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The spaces Z°M(Q,R?), 27" (Q,R") and 2"(Q,R") of R™-valued functions are defined
accordingly.

An important tool for the numerical analysis of problem (4.1) is a projection operator
1" which, for given m € NU {0} and k € N, is such that II"* : WL1(Q,R") — 2Fh(Q R"),
and enjoys the following properties:

(i) TI" preserves zero boundary values, i.e.

(4.16) I W (Q,R™) — 20" (Q,RY);
(ii) IT" is divergence preserving, namely,
(4.17)

pr, div udx = /ph div IT"adz  for everyu € WHH(Q,R"™) and for every p, € 2™"(Q);
Q Q

(iii) IT" is continuous in the W'l-sense, i.e. there exists a constant C' = C(£2) such that
(4.18) ][|Hhu| dx +][h3|VHhu| dr < C ][ lu|dz + C ][ hs|Vu| dx
S S Ms Ms

for every S C 9}, and every u € Wh1(Q, R"™). Here hs denotes the diameter of S, and Mg
the union of S and all its direct neighbors in the triangulation .75,. The existence of such an
operator for suitable couples of m and k is standard — see e.g. [6, appendix]|. For instance,
the choice k = 2 and m = 0 is admissible, whereas £ = 1 and m = 0 is not.

Now, the discrete version of problem (4.5) amounts to finding a couple (v, m,) €
PYMQ,RY) x 27M(Q) such that

/ S(e(vp)) : Vo, dx = / 7, div ¢y, dx — p/ F: V¢, dx,
Q Q Q
and
/ph div v, dr = 0,
Q

for every (¢, pn) € Py (Q,RY) x 2T (9).
This can again be accomplished in two steps. First, on setting

g@(’i’dhiv(Q,R") = {uh e 28MQ,R") /ph div uy, dx = 0 for every pj, € c@mh(Q)} ,
Q
and
H), = S(e(vn)) + pF,
one has to find v, € gz(lfjdhiv(ﬁ, R™) such that

(4.19) / H), : V¢, dr =0 for every ¢, € ,@é’cﬁv(Q,R").
Q
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The existence of a unique function vy, satisfying (4.19) follows easily from the theory of mono-
tone operators. If S has variational structure one may equivalently solve the corresponding
strictly convex minimizing problem on the finite dimensional function space f@(’i ’dhiv(Q, R™).

Next, the pressure has be to reconstructed. Precisely, one has to find 7, € @Th(Q) such
that

/ H, : V¢, dr = / m, div ¢, dx  for every ¢, € P (Q,R).
Q Q

This is the discrete analogone of the problem from Theorem 4.1. As far as existence is
concerned, we only need to solve an algebraic linear system. The following questions then
arise:
(i) Is the pressure 7, unique?
(ii) Does the pressure 7, depend continuously on the data of the problem, namely on F?
(iii) Does the family of discretized pressure functions {7} converge when h — 07

The answer to all this questions follows from the so-called inf-sup condition. Such a
condition, in the standard case when S has a power type growth as in (4.2), reads as

div dx
(4.20) inf sup fQ Ph On
Ph€PT(Q) o, e 2B (QRM) ”thLp’(ﬂ) IVenll o rnxn)

> C,

for some positive constant C' independent of h. In fact, the uniqueness of 7, does not even
require C' to be independent of h.
Our next result provides us with an Orlicz space version of (4.20).

Theorem 4.2. Let A and B be Young functions fulfilling (3.2) and (3.3). Assume that 2
is a polyhedron in R", n > 2, and that m € NU{0} and k € N are such that there ezists an
operator 11" : WHL(Q, R™) — PFM(Q, R™) satisfying (4.16)-(4.18). Then,

div ¢, d
(4.21) inf sup Jopn AV érdz

pheﬁf’h(ﬂ) Lphef/?(’f’h(Q,R”) ”ph HLB(Q) ”VSOh HLA(Q,Ran)

for some positive constant C' = C(Q, ¢), where ¢ is the constant appearing in (3.2) and (3.3)

Proof. As a first step, we show that the operator II" is continuous in every Orlicz space, in
the sense that there exists a constant C' = C'(€2) such that, for every Young function A,

(4.22) IVI"u|| pagqnxny < C||Vul|pagqpnxny  for everyu € WH4(Q,R™).

Inequality (4.22) has been established in [28, Thm. 4.5] and in [6, Thm. 3.2] under the
additional assumption that A fulfils a global As-condition. A variant of those proofs shows
that, in fact, this assumption can be dropped. We outline the argument hereafter. Since
|VIT™u| belongs to a finite dimensional function space, it follows from (4.18) that

][A(hSNHhu\) dxgj[A(C][ hs|VII"u| dy) dx
S S S
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g][A(C’ ][ lu|dy + C’ ][ hS\Vu]dy) dx
Ms

S Ms

for some constants C' = C(Q) and C' = C'(2) , and for every u € Wh(Q R"). Hence,
owing to Jensen’s inequality and the convexity of A,

(4.23) ][A(hsyvnhu\)dg; < ][ A(C'|u]) dy + ][A(C’h3|Vu])dy

S Ms Ms

for every u € WH4(Q,R"). Now, given any q € R", we deduce from the convexity of A,
(4.16) and (4.23)

][A(hS]Vu — VII"ul|) dr < %][A(%S]V(u —q)|) dz + %][A(QhSWHh(u —q)|) dx
S

S S

(4.24) < ][ A(Chs|V(u - q)]) dz + ][ A(Clu — qf) de,
Ms Ms
for some constant C' = C(2) and for every u € WH4(Q, R"). Finally we choose q = uy,.

By inequality (2.12) and a scaling argument as in the proof of Theorem 3.6 one can show
that there exists a constant C' = C'(Q2) such that

(4.25) ][A(Iu —q|)dr < ][ A(Chg|Vul|) dx

Ms Ms

for every u € WH4(Q, R"). Inequalities (4.24) and (4.25) imply that

(4.26) ][A(hSNu — VITu|) dr < ][ A(Chs|Vul) dz
S Ms

for every u € Wh4(Q, R"). The convexity of A and inequality (4.26) yield

1 1
][A(hS\VHhu]) dr < 5][A(2h3|Vu|) dx + 5][A(2h3\vu — VII"u|) dz
S S S
< ][ A(Chs|Vul) dz
Ms
for some constant C' = C(f2), and for every u € WH4(Q,R"). This implies (4.18), on
replacing u with hglu and summing up over all simplexes §. Note, in this connection, that
the number of neighbours of each § only depends on n.

We are now in a position to prove inequality (4.21). By Theorem 3.1, there exists a constant
C' = C(Q,c) such that

pn div ¢ dx
@) Ionlis < CNVplw-aosn =€ sup 200
pec@rn) Vel i
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for every p, € 29"(Q). Owing to (4.27) and to properties (4.17) and (4.18) of the operator
11",

pp, div 1" do pp, div 1" dw
oo <€ sup <o ap

eece@rn) VOl pzgrm —  pec@rn VIO L 1q gaxny

<o “up Jopn div ¢y, dz

a <PhE=@§’h(Q,]R") Hv‘thsz(QRan)

Y

for some constants C' = C(€,¢) and C" = C'(2,¢), and for every p, € 27"(€). Hence,
(4.21) follows. O

Remark 4.3. Since the functions p;, belong to finite dimensional spaces it would be possible
to replace ||pp||z5(q) in Theorem 4.2 by ||ps|/ (). However, the constant then depends on

the dimension of 27""(€) and hence on h. In that form, the result would be of no use in
the study of the convergence of the finite element method approximation.

Corollary 4.4. Let A, B and ) be as in Theorem 4.2. Assume that the function H; €
LA(Q, R™™) fulfils

(4.28) / H) : V¢, dr =0
Q
for every ¢, € f@g”cﬁv(Q,R"). Then:
i) There exists a unique function m, € 27" (Q) such that
(4.29) / H), : V¢, dr = / 7, div ¢, dx
Q Q

for every @, € Py (Q,R).
ii) There exists a constant C, independent of h, such that

(430) ||7Th||LB(Q) S CHHhHLA(Q,R"X”)-

iii) There exists a constant C, independent of h, such that, if H € LA(Q,R™") and
7 € LY(Q) satisfy

(4.31) /H :Vodr = / 7 div ¢ dx
Q Q
for every ¢ € C°(Q, R™),then
(4.32)  |lmy — 7o) < C<||Hh — H|papeen £ Inf [l — 7r||LA(Q)).
pn€ 2P (Q)
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Proof. (i) Consider a basis {p}, i =1,..., N}, of Z7"(Q) and a basis {¢]}, j =1,..., M,
of Z¥M(Q,R"). Note that N, < M;. Then the problem

/Hh Ve, dr = / m, div ¢, dz
Q Q
for every ¢, € ,@(’f ’h(Q, R™) is equivalent to the algebraic linear system Az = b, where
Aij = / p, div @i dx, b = / H), : Vo), dx.
Q Q

Such system has a solution, provided that b belongs to the image of the matrix A, or,
equivalently, if it is orthogonal to Ker(AT). Now, observe that a vector y belongs to Ker(AT)
if and only if

0= ZAiji = /pi div (Zyzd);l) dx for every j,
i Q i
whence, Y. y;¢), € @gﬁv(Q,R”). Thus, owing to (4.28),

Py = [ s V(S uoh) ar =0

for every y € Ker(AT). Hence, b € (Ker AT)L

Next, we show that A is injective, whence the uniqueness of 7, follows. To verify the
injectivity of A, assume that z is such that Az = 0. Hence, on setting p, = > i % pfl, we
have that fQ pn div @} dx = 0 for every 4. Let us apply Theorem 4.2 with any pair of Young
functions A and B fulfilling (3.2) and (3.3), for instance A(t) = B(t) = t* for t > 0 (this
means that we are in fact applying (4.20) with p = 2). We then obtain that

div ¢, dx
a2 < C sup Jo P Pndr _ =0,
ereZEM(QRY) HvQOhHLQ(QR"X")

whence z = 0.
(ii) By Theorem 4.2 and (2.9)

7, div dx H, : Vo, dr
|7nll B < C sup fg h Pn - C sup fv hi Vo
kpheﬁgvh(Q,Rn) || SOhHLA(Q’Ran) Lth,]kh Q,Rn) || (thLA(Q Rnxn)
H, :Véd H,:¥d
<c oap YL oo, JoH¥d
peWy H(QRn) HVL’OHL‘Z(QJR"X") WeLA(QR*") H‘I’HLA(Q,RMH)

S C/”HhHLA(Q,]RnX")
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for some constants C' = C(€2,¢) and C" = C’(§2, ¢). This proves inequality (4.30).
(iii) The triangle inequality and the embedding L*4(Q) — LZ(Q) ensure that, for every
M € ‘@T’h(Q)a

170 — L) < I — pnllns@) + i — 7llLe(q)

< |lmn — pnllps@) + Cllun — 7l La@),

for some constant C' = C(c). By Theorem 4.2,

(7 — pn) div @, da
||7Th - MhHLB(Q) <C sup fQ - - h
¢h€9§’h(Q,R") || (ph||LA(Q7Rn><n)

for some constant C/(Q, ¢), and for every py, € 27" (Q). Moreover, by (4.14), (4.31), and an
approximation argument for functions in 225" (Q, R") via functions in C5°(€, R"), we have
that

/(ﬂ'h — pp) div @), dx = /(ﬂ'h —m) div ¢, dz + /(71’ — uy) div @y, dx
Q Q

Q

:/(Hh—H):Vq’)hdx—l—/(w—,uh) div ¢, dz,
Q

Q

for every p, € 27"(Q) and ¢, € 25" (Q,R"). Hence, via Holder’s inequality in Orlicz
spaces,

/(Wh — p) div ¢y, dx < C<||Hh — H| pa@pnxny + [l — 7THLA(Q)) IVl 2 pnxn)
Q

for some constant C' = C'(n). Altogether, we conclude that

Hﬂ'h - 7THLB(Q) S C(HHh - HHLA(Q’Rnxn) -+ infh H/Lh - 7THLA(Q)>
pr€ZT(Q)

for some constant C' independent of h, namely (4.32). O
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