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Method for the differential measurement of phase shifts induced by atoms in an optical ring cavity
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We demonstrate a method of light phase shift measurement using a high-finesse optical ring cavity which
exhibits reduced phase noise due to cavity length fluctuations. Two laser beams with a frequency difference of
one cavity free spectral range are simultaneously resonant with the cavity, demonstrating noise correlations in
the error signals due to the common-mode cavity length fluctuations. The differential error signal shows a 30 dB
reduction in cavity noise down to the noise floor in a frequency range up to half the cavity linewidth (δν/2 �
30 kHz). Various noise sources are analyzed and their contributions to the noise floor are evaluated. Additionally,
we apply this noise-reduced phase shift measurement scheme in a simulated spin-squeezing experiment where
we have achieved a factor of 40 improvement in phase sensitivity with a phase resolution of 0.7 mrad, which may
remove one important barrier against attaining highly spin-squeezed states. The demonstrated method provides
a flexible situation by using an optical ring cavity and two independent beams. This method can find direct
application to nondestructive measurements in quantum systems, such as for the generation of spin-squeezed
states in atom interferometers and atomic clocks.
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I. INTRODUCTION

One of the main limitations in monitoring a quantum sys-
tem lies in the destruction of the quantum states when a
measurement is performed. In recent years, nondestructive
measurements of quantum systems have been proposed [1–3]
and demonstrated [4,5], and have found applications in the
fields of quantum simulation [6] and quantum metrology
[7,8]. They have stimulated a new generation of quantum
sensors including atomic clocks [9,10] and atom interferom-
eters [11,12], which utilize the so-called spin-squeezed states
[13,14] that are capable of surpassing the standard quantum
limit [15] given by the number of the atoms involved [16,17].
Such nondestructive measurements also assist in the realiza-
tion of nonclassical states of macroscopic systems [18,19]
which can be used to probe quantum gravity effects [20]. They
also help pave the way for searches of new physics beyond the
standard model [21,22].

In a quantum system the value of a given variable can
often be enclosed into a phase shift of light interacting with
the observed system [13]. It is often possible to arrange a
situation where this phase shift is large for light only in a given
frequency range [23]. Moreover, multiple interactions with the
system as in an optical cavity [24] can amplify this phase shift,
reaching a metrological gain given by the collective coopera-
tivity [25] Nη, where N is the number of atoms and η is the
single-atom cooperativity, which is proportional to the finesse
of the cavity. However, there are many noise sources that can
prevent a precise phase shift measurement with an optical
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cavity. Yet it is possible to arrange a differential measurement
scheme, where the phase shift for the probe mode is large
while for another reference mode it is negligible, allowing
the common-mode cavity noise to be canceled. Cavity noise
cancellation in a Fabry-Pérot cavity has been demonstrated by
simultaneously probing two adjacent [26] or far-detuned [27]
dressed atom-cavity modes with a single phase-modulated
beam [28,29], and with a laser that is frequency doubled for
probing and locked to the cavity [8].

In this article, we report a phase shift measurement scheme
with reduced cavity-length-induced phase noise using an
optical ring cavity and two counterpropagating beams that
function as probe and reference with a frequency difference
of one cavity free spectral range (FSR). The proposed scheme
has several advantages over the general noise cancellation
scheme in a Fabry-Pérot cavity with single phase-modulated
light [8,26–29]. First, the ring cavity geometry allows for
the manipulation [30] and probing [31] of atomic momentum
states as well as of internal states. Second, the scheme where
two independent beams are simultaneously resonant with the
cavity is very flexible in practical applications, enabling in-
dependent phase modulation of the two beams. In addition,
if the two lasers used are sufficiently stable individually, then
they can be separated by an arbitrary frequency difference,
extending the range of cavity modes that can be used for the
reference measurement beyond the attainable bandwidth of
beat-note measurements [32] or phase modulation. Finally,
the technique presented here can be used in addition to any of
the existing techniques, allowing for additional suppression of
cavity noise beyond the locking bandwidth.

The proposed system demonstrates close to 30 dB re-
duction in the cavity length fluctuations down to the noise
floor in a frequency range up to half the cavity linewidth
(δν/2 � 30 kHz). We further apply this measurement scheme
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FIG. 1. (a) Nondestructive phase shift measurement with re-
duced noise due to cavity length fluctuations. Laser cooled atoms
(red circle) interact with the fundamental mode of an optical ring
cavity and induce a shift � of the cavity resonance frequency. Two
beams (Ref and Probe; solid red and dotted blue lines, respectively)
are coupled to the cavity in counterpropagating directions and the
reflections are collected by two photodetectors (PD1 and PD2).
(b) Simplified level diagram of the reference and probe beams with
respect to the atomic transitions. The probe is close to the atomic
resonance while the reference is far detuned. (c) Two beams are
resonant with two modes of the cavity therefore the PDH error
signals display common cavity-length fluctuations. In the differential
scheme the atom-induced phase shift � can be resolved while the
common-mode cavity noise can be suppressed.

in a simulated spin-squeezing experiment [31] where a cavity
phase shift measurement is performed with a 200 μs averag-
ing time. We demonstrate an improvement in phase sensitivity
by a factor of 40 with a phase resolution of 0.7 mrad. With this
improved phase resolution, the scheme removes one important
barrier against attaining highly spin-squeezed states.

The article is organized as follows: Sec. II establishes
the theoretical model for cavity noise cancellation; Sec. III
describes the experimental setup; in Sec. IV the noise cancel-
lation results are presented and the contributions from various
noise sources are analyzed; in Sec. V the noise cancellation
scheme is applied in a simulated squeezing experiment and
the potential improvement in squeezing is evaluated; finally,
in Sec. VI conclusions are given.

II. THEORETICAL MODEL

Even though the proposed cavity noise-reduced phase shift
measurement scheme can be used in general quantum sys-
tems, here we focus on a particular application in a spin
squeezing experiment [31], where an optical ring cavity is
used for the nondestructive measurement of the atomic mo-
mentum states (see Fig. 1). In this proposal 20 dB squeezing
is estimated considering only the atom shot noise versus
the scattering into free space. In reality, the effect of cavity
length fluctuations is not considered and might present a ma-
jor obstacle. These cavity length fluctuations may originate

from acoustic and subacoustic pressure changes, resonances
of piezoelectric transducers (PZTs) used to tune the cavity
length, etc. Taking into account the phase shift δφ induced by
cavity length fluctuations, we express the overall phase shift
in the presence of the atoms as

δ� = 2�1Sz + δφ. (1)

Under the assumptions that the probe light has detunings ±�e

that are equal in magnitude and have opposite signs for the
two transitions |↓〉 − |e〉 and |↑〉 − |e〉 and that �e is larger
than the linewidth � of the optical transition, �1 = η�/(2�e),
where η is the single-atom cooperativity and Sz = (N↑ −
N↓)/2 is the atom number difference between two sublevels
(|↓〉 and |↑〉) of the ground state [Fig. 1(b)]. At the atom shot
noise limit, Sz follows a Gaussian distribution with a standard
deviation of

√
N/2.

We denote the atom-induced cavity phase shift as the signal
and the cavity-length-fluctuations-induced phase shift as noise
and compute the signal-to-noise ratio (SNR) as

SNR =
(
2�1

√
N

2

)2

〈(δφ)2〉 , (2)

where the numerator is taken at the atom shot noise limit,
Sz = √

N/2, and 〈 〉 denotes the expectation value. In or-
der to resolve the atom-induced phase shift and achieve
20 dB squeezing, it is essential to suppress the cavity-length-
fluctuations-induced phase noise down to a level 20 dB lower
than the atom-induced phase shift.

The proposed noise-reduced phase shift measurement
scheme is illustrated in Fig. 1, where we consider two laser
beams (Ref and Probe) with frequencies ω1 and ω2 that are
resonant with two modes of an optical cavity at frequencies
ωc1 and ωc2, respectively. The resulting Pound-Drever-Hall
(PDH) error signals [33], E1 and E2, in the limit where the
cavity resonance frequency fluctuations are small compared
to the cavity linewidth, are proportional to the detunings
δc1 = ω1 − ωc1 and δc2 = ω2 − ωc2. If the laser noise can be
neglected, then δc1 and δc2 are proportional thus making it
possible to consider a single detuning δc and a combination of
E1 and E2 that is immune to cavity length fluctuations. Taking
into account additional, uncorrelated noise contributions to
the error signals, δE1 and δE2, whose minimum variance is set
by photon shot noise fluctuations, the two error signals can be
expressed as

E1(t ) = A1R1(t ) ∗ δc(t ) + δE1(t ), (3)

E2(t ) = A2[R2(t ) ∗ δc(t ) − �] + δE2(t ), (4)

where A1 and A2 are constants representing the amplitude
of the signal. In these expressions we have introduced the
convolution with the response functions R1(t ) and R2(t ) which
can arise from, e.g., electronic filtering, time delays, or the
response of the optical cavity. In this model, a constant shift
� of the mode at frequency ωc2 is also introduced, as illus-
trated in Fig. 1(c). This can be caused, for example, by the
presence of a state-dependent index of refraction introduced
by an atomic ensemble, as shown in Eq. (1). While temporal
variations of � can be considered, here we assume that these
are slow compared to the averaging timescale. It is the main
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FIG. 2. Experimental setup. BD1: Two AOMs induce a frequency difference FSR � 1.43 GHz between the two beams, indicated by the
solid red (upper) and dotted blue (lower) lines, respectively. AOM2 is driven by RF2, to which the FSK modulation can be applied. Two EOMs
are driven at 10.5 MHz from the same source but with tunable relative phase and amplitude. BD2: Cavity, mode-matching optics, and detection
system. See text for details. Abbreviations: BD, breadboard; PBS, polarizing beamsplitter; AOM, acousto-optic modulator; EOM, electro-optic
modulator; RF, radio frequency; FSK, frequency shift key; OI, optical isolator; PD, photodetector; CCD, charge-coupled device; SG, signal
generator; LO, local oscillator; MOD, phase modulation; SP, splitter; MX, mixer; PI, proportional-integral controller; BPF, band-pass filter;
LPF, low-pass filter; ADC, analog-to-digital converter; M, mirror; E, error signal.

purpose of the proposed noise cancellation method to find
a function E of the error signals E1, E2 that maximizes the
sensitivity to the shift �. To this end, we define the sensitivity
error function S as

S2 = Var(E )(
∂〈E〉
∂�

∣∣
�=0

)2 , (5)

where Var denotes the variance.
It is instructive to first consider the trivial situation where

δE1 = δE2 = 0 and R1 = R2. In this case one can see that S2

is minimized and vanishes for a linear combination E = E1 +
αE2 with α = −A1/A2. If now the condition δE1 = δE2 = 0
is relaxed, but the noise floor fluctuations remain small, i.e.,
〈δE2

i 〉 	 A2
i 〈δ2

c 〉, and R1 = R2, it is still possible to consider
the linear combination E = E1 + αE2. In this limit, one can
show that minimizing S2 is equivalent to minimizing

Var(E ) = Var(E1) + α2Var(E2) + 2αCov(E1, E2), (6)

where Cov denotes the covariance. The minimum variance is
attained when α = −Cov(E1, E2)/Var(E2) and the resulting
sensitivity error is

(S2)min =
〈
δE2

1

〉
A2

1

+
〈
δE2

2

〉
A2

2

, (7)

which is the sum of the noise floor contributions from the two
error signals in frequency units.

We finally consider the case where the response func-
tions Ri differ. While determining the individual functions
may not be experimentally straightforward, it is possible to
measure the ratio of their Fourier transforms, i.e., the ratio
of the transfer functions R̃ = R̃1/R̃2. Such a measurement
can be performed, for example, by modulating the cavity
length or the laser frequencies at a known frequency and
then measuring the amplitude ratio and relative phase of the

two error signals. Alternatively, in the presence of broadband
cavity noise, as is our case, R̃ is determined by averaging
the ratio of the Fourier transforms Ẽ1/Ẽ2, calculated from
the (noisy) error signals. Once R̃ is determined, the noise
cancellation can be applied to E1 and the inverse transform
of R̃Ẽ2 = A2R̃1δ̃c + R̃δ̃E2. These two signals now share the
same frequency response to cavity length fluctuations.

Finally, if R̃ differs from unity and one wishes to deter-
mine the residual cavity noise due to imperfect cancellation,
it is first necessary to realize that the value of α determined
as −Cov(E1, E2)/Var(E2) differs from the value −A1/A2 by
a factor I = ∫ ∞

0 |R̃(ν)| cos[φR(ν)]S (0)
δc

(ν)dν/
∫ ∞

0 S (0)
δc

(ν)dν,

where R̃ = |R̃|eiφR and S (0)
δc

= |R̃2|2Sδc is the spectral density
of cavity frequency fluctuations multiplied by the amplitude
of R̃2. In this case, the residual cavity noise can be computed
as

δSE = A2
1(|R̃|2 + I2 − 2I|R̃| cos φR)S(0)

δc
. (8)

III. EXPERIMENTAL SETUP

The core of the experimental setup is a bow-tie optical ring
cavity with four high-reflectivity mirrors, shown in Fig. 2.
The cavity mirrors are glued onto four V-shaped grooves with
Torrseal epoxy and the grooves are glued on a stainless-steel
cavity spacer with electrically conductive epoxy (EPO-TEK
H20E); both epoxies are compatible with ultrahigh vacuum.
The V-groove that holds mirror 1 (M1 in Fig. 2) is placed
on a shear-force PZT (Noliac NAC2402-H2.3) in order to
tune the cavity length. The whole cavity is assembled inside a
plexiglass box and is supported on sorbothane rubber balls for
vibration isolation. Additionally, we can flow clean nitrogen
through the box in order to reduce dust contamination.

In Table I the main cavity properties are listed. The val-
ues of the mirror radius of curvature (ROCi) and of the

022609-3



WANG, VERMA, TINSLEY, POLI, AND SALVI PHYSICAL REVIEW A 103, 022609 (2021)

TABLE I. Relevant cavity parameters.

Parameter Symbol Value Units

Mirror ROC ROCi +∞, 50, 50, +∞ mm
Mirror transmission Ti 219.6(4),< 0.2, < 0.2, 6.6(1) ppm
Free spectral range FSR 1.43136(3) GHz
Linewidth δν 57.6(1) kHz
Finesse F 2.40(2) × 104

mirror transmission Ti are given in the sequence M1–M4,
corresponding to the cavity scheme in Fig. 2. The mirror trans-
missions are specified for the laser wavelength of 689.448 nm,
which corresponds to the 1S0 - 3P1 intercombination transition
of strontium (Sr) atoms. The cavity FSR is measured by
modulating the phase of the input beam with an electro-optic
modulator (EOM). The cavity transmission is increased when
the frequency of the modulation matches the FSR, i.e., when
the sidebands reach the adjacent cavity modes. This measure-
ment yields an FSR = 1.43136(3) GHz. The cavity finesse
is evaluated through the cavity ring-down method and the
transmitted intensity decay fit yields an average photon life-
time of τ = 2.765(3) μs, or a linewidth of δν = 1/(2πτ ) =
57.6(1) kHz and a finesse F = FSR/(δν) = 2.40(2) × 104.

The experimental setup for cavity noise cancellation and
phase shift measurement is also illustrated in Fig. 2 and it
is divided in two parts: (i) preparation of the two optical
beams; (ii) measurement and detection setup using the cavity.
The two parts of the setup are placed on two independent
breadboards, BD1 and BD2. While BD1 is fixed on the optical
table, BD2 is placed on four pieces of sorbothane rubber
for vibration isolation. The input laser light is frequency
stabilized by locking to a high-finesse Fabry-Pérot cavity
(F ′ � 8600), reaching a 20 Hz laser linewidth [34], and is
transported to BD1. The input beam is split into two parts
with a frequency difference of one FSR by two acousto-optic
modulators (AOMs) in double-pass configuration. AOM1 is a
high-frequency AOM (Brimrose) which shifts the frequency
of the beam by −1.21 GHz, while AOM2 introduces a fre-
quency shift of +220 MHz. The two beams are then phase
modulated independently with two EOMs at 10.5 MHz and
are transported to BD2 via two optical fibers. We refer to
the two beams after the optical fibers as Ref and Probe, as
shown in Fig. 2 and corresponding to the beams in Fig. 1. On
BD2, the two beams in counterpropagating configuration are
independently mode-matched to the optical cavity, thus en-
abling separate light detection and phase modulation. Optical
isolators are used to couple two s-polarized beams to the op-
tical cavity and detect the corresponding reflections from the
back of the cavity incoupling mirror. This setup allows us to
use the same light polarization in the cavity thus avoiding the
need to account for the difference in the frequency responses
R1(t ) and R2(t ), as further detailed in Sec. IV B. The reflected
beams emerging from the side ports of the optical isolators are
detected via two homemade photodetectors (PD1 and PD2) in
order to derive the two error signals using the PDH method.

PD1 and PD2 are low-noise and high-gain photodetectors
with a bandwidth of 20 MHz, optimized for this application.
The photodetector is based on a PIN photodiode (Hamamatsu

S5821-01) and a transimpedance amplifier (TIA, OPA 657).
The photodiode works in the reverse-biased mode and the
TIA features a transimpedance gain of 100 k�. The simplified
circuit schematic of the PD is illustrated in the inset of Fig. 5
in the Appendix. The PDs are powered by 12 V batteries to
eliminate noise from the main electrical supply and the PD cir-
cuit is designed on a printed circuit board with surface-mount
components. The outputs of the PDs are band-pass filtered
at 10.5 MHz and are sent directly to a mixer (Minicircuits
ZAD-1-1+) with no need for extra amplification. A single
two-channel signal generator is used to produce the local os-
cillator (LO) and modulation (MOD) signals required for both
PDH signals. The two output channels are both split and sent
to the independent mixers and phase modulators, respectively.
The outputs of the two mixers, which are the PDH error
signals, are filtered by a second-order anti-aliasing low-pass
filter (LPF) with a cutoff frequency of f0 = 80 kHz and a low-
frequency gain of 10. This amplification reduces the relative
contribution of the quantization noise of the analog-to-digital
converter (ADC). Finally, cavity locking is achieved by acting
on the PZT under M1 using a standard PI controller with error
signal E1. Due to the limitation on the PZT response speed,
the low-frequency (� 100 Hz) noise is largely compensated
by cavity locking, while the high-frequency (�100 Hz) noise
remains in the error signals and can be further suppressed by
our noise cancellation scheme.

IV. EXPERIMENTAL RESULTS

In this section the results for the cancellation of the cavity
length fluctuations are presented. With the proposed scheme
the cavity length fluctuations can be canceled down to a level
close to the noise floor, which is set by other noise sources.
The contributions from various noise sources to the noise floor
are also estimated.

A. Noise cancellation performance

In the following, the experimental sequence for data acqui-
sition and the analysis are described. We set the laser power of
Ref and Probe (in Fig. 2) to be 40 μW at the reflection which
is detected by PD1 and PD2. When the cavity is scanning,
the error signals E1 and E2 exhibit a typical dispersive shape
with a peak-to-peak voltage of Vpp � 2.45 V. When the cavity
is locked with the PI controller acting on the PZT under M1,
E1 and E2 show strong correlations since they both represent
the cavity length fluctuations. The error signals are acquired
by a digital oscilloscope for 10 ms with a sampling rate of
10 MHz. In order to analyze the data in the frequency domain,
we compute the fast Fourier transform (FFT) and estimate the
voltage power spectral density (PSD) SV ( f ) in a frequency
range from 100 Hz to half the sampling rate, i.e., 5 MHz.
The spectral density of frequency fluctuations can then be
expressed as

Sν ( f ) =
(

δν

Vpp

)2

SV ( f ) , (9)

where δν = 57.6(1) kHz is the cavity linewidth.
The result of cavity noise cancellation is shown in Fig. 3.

Trace 1 (solid red) shows the original frequency fluctuations

022609-4



METHOD FOR THE DIFFERENTIAL MEASUREMENT OF … PHYSICAL REVIEW A 103, 022609 (2021)

FIG. 3. Cavity noise cancellation results. Traces 1 and 2 (solid
red and solid green, respectively) show the frequency PSD of the
error signals before and after the noise cancellation, showing about
30 dB noise reduction in a frequency range up to half the cavity
linewidth (δν/2 � 30 kHz). The noise of the canceled error signal
is close to the noise floor (trace 3, solid orange) determined when the
laser is off-resonance with the cavity. Also shown are the residual
noise due to the difference in the frequency response of the two
channels (trace 4, solid gray), the laser relative intensity noise (dotted
blue trace), the quantization noise (dashed black trace) due to ADC,
and the fiber phase noise (dash-dotted purple trace).

of E1, while trace 2 (solid green) shows the dramatically
reduced frequency fluctuations of the combined error signal
E = E1 + αE2, where α = −Cov(E1, E2)/Var(E2). Trace 3
(solid orange) shows the noise floor corresponding to Eq. (7)
and is obtained when the two laser beams are out of the
cavity resonance. Figure 3 shows that the original cavity noise
patterns are frequency-dependent. In the low-frequency range
(100 Hz to 1 kHz), it follows a 1/ f behavior indicating that
flicker noise is dominating. In the mid-frequency range (1 kHz
to 10 kHz), oscillations due to mechanical structures are dom-
inating. For the cavity-aided phase shift measurement, we are
interested in a bandwidth close to half the cavity linewidth
(δν/2 � 30 kHz). It is demonstrated that with our cavity noise
cancellation scheme, within this frequency range the cavity
noise can be reduced by more than 30 dB, close to the noise
floor. At higher frequencies, up to 100 kHz, the cancellation
scheme is still able to reach the noise floor, but the reduction
is lessened due to the original cavity noise being strongly
filtered.

B. Noise sources analysis

In the following we analyze the noise sources in our sys-
tem and estimate their contributions to the noise floor. We
investigate the effects from the laser intensity noise, the resid-
ual amplitude modulation (RAM) of the EOMs, the phase
noise due to the fiber transportation, the different frequency
responses of the two channels, and the quantization noise in
the ADC. The noise analysis of the PD is discussed in the
Appendix.

(a) Laser intensity noise. It is known that the PDH error
signal is first-order immune to laser intensity fluctuations [33].

In our system, however, the cavity is locked on one beam
while the other beam can be tuned. If there is a mismatch
between the laser frequency and the cavity resonance, then
the laser intensity fluctuations may give a noise contribution
in the PDH error signal. We cannot say a priori how large this
frequency mismatch is, but we can estimate an upper limit
to it. We observed that the amplitudes of the time domain
error signals are within 1/5 of the Vpp; therefore we choose
the upper limit of frequency mismatch as 1/5 of the cavity
linewidth δν. With this hypothesis we can estimate the maxi-
mum contribution of the laser intensity noise to the PDH error
signal.

In order to measure the relative intensity noise (RIN), we
illuminate the laser beam on PD1 and record the output for
10 s with an oscilloscope. We compute the PSD of this trace
S rin

V ( f ) and normalize it to the mean PD output voltage VPD.
Note that in the PDH method, the laser is filtered by the
cavity and the error signals are filtered by a second-order
LPF at the cutoff frequency of f0 = 80 kHz. Therefore, in
order to compare the RIN with the noise floor in Fig. 3, the
computed S rin

V ( f ) should be corrected by the amplitude of the
transfer function of the cavity, |Hcav|2 = [1 + (2 f /δν)2]−1,
and that of the LPF, |HLPF|4 = [1 + ( f / f0)2]−2. Finally, the
upper-limit contribution of the laser RIN to the PDH error
signal in frequency PSD is

S rin
ν ( f ) =

(
δν

5

)2 S rin
V ( f )

V 2
PD

|Hcav|2|HLPF|4. (10)

The result is shown as the dotted blue trace in Fig. 3, which
has the largest contribution to the noise floor in a frequency
range from 100 Hz to 10 kHz.

(b) Residual amplitude modulation. The residual amplitude
modulation (RAM) arises from the imperfections in laser
phase modulation when an EOM is used. It has been studied
extensively and has confirmed contributions from the etalon
effect [35], the misalignment of light from the principal axis
of the crystal [36], temperature variations, etc. Methods to
actively cancel the RAM have also been demonstrated with
a reduction down to the thermal noise level [37]. In order
to estimate an upper limit of the noise contribution from the
RAM, we record the PDH error signals for 10 s when the laser
is out of resonance with the cavity and compute the frequency
PSD in a range from 100 mHz to 5 kHz. The results show that
the noise contributions from the RAM of both the two EOMs
are below 10−1 Hz2/Hz at 10 Hz. At this level the RAM would
not have an effect on the cavity noise cancellation since we are
concerned about a frequency range where the contributions
from the RAM are negligible. Indeed no active cancellation
of the RAM is needed in our experiment.

(c) Fiber phase noise. As shown in Fig. 2, two 2-meter
fibers are used for light transmission and mode cleaning. Due
to the pressure and temperature variations, the fiber transmis-
sion can introduce phase noise on the light, which can cause a
phase shift in the cavity for the two beams and degrade the
noise cancellation. To evaluate the differential phase noise
introduced by the fiber transmission, we combined the two
transmitted beams and measured the phase noise of the beat
note. A fast photodetector is used to detect the 1.43 GHz
beat note and the output is sent to a phase noise analyzer

022609-5



WANG, VERMA, TINSLEY, POLI, AND SALVI PHYSICAL REVIEW A 103, 022609 (2021)

(R&S FSWP). Since the phase PSD Sfiber
φ ( f ) is related to

the frequency PSD by a factor of f 2, we can compute the
frequency PSD due to the fiber phase noise as

Sfiber
ν ( f ) = f 2Sfiber

φ ( f )|Hcav|2|HLPF|4, (11)

where the transfer functions of the cavity response and the
second-order LPF are considered. The result is plotted as the
dash-dotted purple trace in Fig. 3, which is well below the
noise floor and has a negligible effect on the cavity noise
cancellation.

(d) Frequency response difference between the two chan-
nels. The difference in the frequency response of the two
channels E1, E2 to cavity-length fluctuations may degrade
the noise cancellation. However, as discussed in Sec. II, this
difference can be compensated if it is a dominating noise
source. Different responses can originate from different po-
larizations of the two beams, accumulated phase shifts from
electronics and optics, etc. We minimize this difference by
using laser beams with the same polarization and cables with
the same length for the RF signals. In order to measure the
ratio R̃ = R̃1/R̃2 of transfer functions for the two channels,
we acquire 100 traces of E1 and E2 on resonance for 10 s
with a sampling rate of 1 MHz. For each trace we compute
the phase and amplitude of the ratio between the FFTs of the
two channels and average over all the traces. We establish that
the relative phase between the two channels is less than about
1◦ in the relevant frequency range. We computed the residual
cavity noise contribution by evaluating Eq. (8) and the result
is shown as trace 4 (solid gray) in Fig. 3, thus showing that
compensation of R̃ is unnecessary at the current level.

(e) Quantization noise. Quantization noise is introduced
in the process of analog-to-digital conversion. In our data
acquisition system, a digital oscilloscope (Tek MDO3014) is
used to acquire the error signal data for 10 ms with a sam-
pling frequency of fs = 10 MHz. The 8-bit oscilloscope has
a vertical resolution of 28 − 1 = 255 and is set for a vertical
full scale of FS = 1 V. As a result, the least-significant bit
is LSB = FS/(28 − 1) = 3.9 mV and the one-sided voltage
PSD is Sqt

V ( f ) = LSB2/(6 fs). We compute the frequency PSD
contribution due to quantization noise in the combined error
signal E as

Sqt
ν ( f ) = Sqt

V ( f )

(
δν

Vpp

)2

(1 + α2) = 3.08 × 10−4 Hz2/Hz,

(12)

where α = 1 is used as an approximation. The quantization
noise is plotted as the dashed black trace in Fig. 3; it is clear
that the quantization noise becomes dominant in the noise
floor only in a frequency range higher than 100 kHz, which
is beyond the cavity response and the effect can be neglected.

In summary, taking into account the PD noise analysis
presented in the Appendix, we conclude that for the current
setup, the main contributions to the noise floor come from the
detection circuitry and the laser RIN, while the other noise
sources and the effect due to different response between the
two channels have negligible contributions. The overall noise
performance does not allow us to resolve the photon shot
noise. However, it is possible to further reduce the noise floor

FIG. 4. FSK modulation and sensitivity to laser frequency shift.
(a) FSK modulation with 2 kHz laser frequency shift. The black trace
is the trigger of the FSK; P1 and P2 are Tm = 200-μs-long probes
with a delay time of 1 ms, representing the measurement sequence
of a typical squeezing experiment. (b) A series of frequency shifts
ranging from 20 Hz to 2 kHz is applied, each with ten acquisitions.
The blue squares and red circles show the value of δP for E2 and
E , respectively; error bars represent the standard deviation of 10
acquisitions. The red line is a linear fit of the red circle data. Inset
shows the calculated phase resolutions of E2 and E , respectively.

level by using low-noise electronics and by actively stabilizing
the laser power.

V. APPLICATION: MEASURING A CAVITY PHASE SHIFT

The cavity noise cancellation method provides a power-
ful tool for the precise measurement of a phase shift of the
light circulating inside the cavity. We apply this scheme on
a simulated squeezing measurement [31], where we mimic
the atom-induced cavity shift � in Eq. (4) by shifting the
frequency of the Probe beam in Fig. 2. This frequency shift
can be introduced through the frequency shift key (FSK)
modulation on the RF source of AOM2. Therefore, the Probe
beam will be detuned from the cavity resonance by the amount
of the FSK. We apply an FSK modulation of 2 kHz and record
the time domain traces of the error signal E2 and compute the
combined error signal E , as shown in Fig. 4(a). The black
trace shows the trigger of the FSK modulation, where the data
before the trigger are used for determining the value of α in
Eq. (6) and the same value is applied on the whole data set for
noise cancellation.

As for a squeezing measurement, a typical probe time
Tm = 200 μs is used and a differential scheme is adopted.
In our scenario, we simulate the squeezing measurement by
extracting 200 μs data segments from both the nonshifted and
shifted regions [P1 and P2 in Fig. 4(a)] with a delay time
of 1 ms. We calculate the difference in the average of the
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two time series as δP = P2 − P1 for both E2 and E . For ten
acquisitions with the same FSK frequency shift, the standard
deviation in δP for E is reduced by a factor of 25 when
compared to that of E2, as shown by the error bars in Fig. 4(b).

For a more precise estimation of the measurement sen-
sitivity to laser frequency (phase) shift, a series of FSK
modulations from 20 Hz to 2 kHz is performed. Figure 4(b)
shows the δP values of E (red circles) and E2 (blue squares)
as a function of the FSK modulation frequency, with error
bars signifying the standard deviation of ten acquisitions. We
quantify the sensitivity to laser frequency shift with Eq. (5)
by computing the frequency sensitivity S = σ/a, where σ =√

n−1
kn−1

∑k
i=1 σ 2

i is the weighted standard deviation of the error
bars σi, k = 37 is the number of FSK frequencies, n = 10 is
the number of acquisitions for each frequency, and a is the
slope of the linear fit of δP as a function of the FSK mod-
ulation frequency. For E2 and E we compute the frequency
sensitivity as SE2 = 801 Hz and SE = 20 Hz, respectively,
which can be converted into cavity phase resolution through
δφ = S/(δν/2) as δφE2 = 28 mrad and δφE = 0.7 mrad, sig-
nifying an improvement in phase sensitivity by a factor of
40. In order to prove the consistency of the frequency sen-
sitivity measurements made with the FSK [Fig. 4(b)] and
the measured frequency PSDs (Fig. 3), we evaluate the fre-
quency sensitivity from the measured frequency PSDs, using
the transfer function for the difference between averages of a
time series. This yields a phase resolution of δφE1 = 24 mrad
and δφ′

E = 0.5 mrad, consistent with the results from the FSK
measurement.

We can therefore use Eq. (2) to estimate the SNR (in dB)
of the atom shot noise versus the cavity noise. For realistic
experimental parameters [31], where η � 0.025, � � 2π ×
7.5 kHz is linewidth of the 1S0 - 3P1 transition of Sr, �e �
2π × 2.8 MHz is the effective detuning from atomic reso-
nance with electromagnetically induced transparency (EIT)
[31], and N � 1 × 105 atoms are involved, we estimate the
atom-induced phase shift as 2�1

√
N

2 � 10.7 mrad. Therefore
the SNRs with and without the noise cancellation are SNRw =
24 dB and SNRw/o = −8 dB, respectively. In the proposal
paper [31], 20 dB squeezing is estimated by considering only
the atom shot noise versus the scattering into free space; the
cancellation of the cavity noise to a level 24 dB below the
atom shot noise makes the conclusion of this proposal solid,
as the cavity noise would no longer play a dominant role. If
instead the cancellation method were not applied, our current
level of cavity-length fluctuations would completely mask the
atomic signal.

It should be noted that in our demonstration, a relatively
large laser power is incident onto the cavity. While this al-
lowed us to use a simple detection setup, it would not be
useful in a real squeezing experiment. Indeed, by considering
for example the parameter values used in [31] to attain 20 dB
squeezing with the same value of Nη along with the measured
values for the finesse and input mirror transmission for our
ring cavity, the detectable power would be 48 pW. Attaining
photon shot noise limited sensitivity with sufficient bandwidth
in this case is possible by using avalanche photodiodes or
silicon photomultipliers with a circuit architecture similar to
that shown in the Appendix.

FIG. 5. Photodetector noise measured with incident thermal light
at different power levels (60 μW, 40 μW, 20 μW) and the back-
ground noise floor without light (top to bottom). The PSDs of PSN at
different power levels are indicated by the dashed lines. Inset shows
the simplified schematic of the photodetector; Rf = 100 k�.

VI. PROSPECT AND CONCLUSION

In conclusion, we have demonstrated a phase shift mea-
surement with pronounced immunity to cavity-length fluctua-
tions using an optical ring cavity and two separate beams. We
have achieved more than 30 dB reduction in the cavity noise
due to length fluctuations, close to the limit of the measured
noise floor. We have applied this phase shift measurement
scheme in a simulated spin squeezing experiment where we
mimic the atom-induced cavity phase shift by changing the
frequency of one of the two circulating laser beams. An
improvement in phase sensitivity by a factor of 40 with a
phase resolution of 0.7 mrad is achieved. With this method,
squeezing up to 20 dB would not be limited by cavity-length
fluctuations. This method is also applicable to two laser beams
with largely different wavelengths as long as their frequency
noise is negligible compared to the cavity resonance fre-
quency fluctuations.

In the future, we will apply this method to quantum nonde-
structive measurements for the generation of spin-squeezed
states in atom interferometers. This method can find direct
application to the cancellation of the effect of cavity length
fluctuations in a cavity-aided nondestructive probe of Bloch
oscillations [38] and Rabi oscillations [39]. More generally, it
can assist in the nondestructive monitoring of quantum sys-
tems and find applications in the field of quantum simulation
and quantum metrology.
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APPENDIX: PHOTODETECTOR NOISE

We characterize the PD noise by illuminating the photodi-
ode with thermal light, which is assumed to be photon shot
noise limited. The output voltage of the PD is V = R f Ps,
where R f = 100 k� is the transimpedance gain, P is the
incident thermal light power, and s = 0.47 A/W is the photon
sensitivity of the S5821-01 photodiode for the light close
to 689 nm. We can therefore record the output voltage and
convert it into light power. The photodetector noise is mea-
sured with a spectrum analyzer with a resolution bandwidth
of 100 kHz; the converted voltage PSDs with different thermal
light power as well as the background noise floor are shown
in Fig. 5, in a frequency range from 400 kHz to 20 MHz.

Note that since thermal light is used, we correct the measured
voltage PSDs by a factor 2, estimated using the photodiode
sensitivity curve in the visible range.

We compare the photodetector noise with the photon shot
noise (PSN) at the wavelength of λ = 689 nm. The PSD of
the PSN is white and can be calculated as

Spsn
V ( f ) = 2hνPR f

2s2, (A1)

where h is Planck’s constant and ν = c/λ is the laser fre-
quency; c is the speed of light in vacuum. The result is shown
as the dashed lines in Fig. 5 where different colors represent
different laser power levels.

From the spectrum we can see that around the modulation
frequency of � 10.5 MHz, the PD noise is close to the PSN
limit at the power of 40 μW, which is typical for our mea-
surement condition. This response was measured also for the
laser light and showed no significant difference at the modula-
tion frequency compared to the thermal light. The subsequent
electronics, however, also contribute to the overall noise so
that our PDH signal is not PSN limited for the given power
level.
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