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NONUNIFORMLY ELLIPTIC ENERGY INTEGRALS WITH p,¢-GROWTH

GIOVANNI CUPINI - PAOLO MARCELLINI —- ELVIRA MASCOLO

Carlo Sbordone is a leader in Calculus of Variations and PDEs, as well as a master in boosting all aspects of
mathematical projects and events. He was among the first one to appreciate Neil Trudinger’s work [25] on
nonuniformly linear elliptic operators and to find application - for instance - to homogenization [20], [21] and not
only to this subject [5]. It is an honor for us to dedicate this work to Carlo on the occasion of his seventieth birthday.

ABSTRACT. We study the local boundedeness of minimizers of a nonuniformly energy integral of
the form fQ f(x, Dv) dz under p, g-growth conditions of the type

A@)[E]" < f(,8) < () (14 [€]7)
for some exponents ¢ > p > 1 and with nonnegative functions A, o satisfying some summability
conditions. We use here the original notation introduced in 1971 by Trudinger [25], where A\(x) and

u(z) had the role of the minimum and the maximum eigenvalues of an n X n symmetric matrix
(aij (x)) and

n
P &) = D ay (@) €&
i,j=1
was the energy integrand associated to a linear nonuniformly elliptic equation in divergence form.
In this paper we consider a class of energy integrals, associated to nonlinear nonuniformly elliptic
equations and systems, with integrands f(x, &) satisfying the general growth conditions above.

1. INTRODUCTION

In the recent mathematical literature a large interest received the energy integral

/Q{IDU(:U)IP + |2|*[Du()[} da, (1.1)

where 1 <p<q,a>0,Qisanopen set in R", n>2,0€ Q,u:Q—R"™ m>1, and Du is the
gradient of u. See for instance [1], [3], [4], [13], [14], [15], [23], [26]. To explain the point of view of
this research, we denote as £ the gradient variable and

f(@,8) = [§1F + [=]*[€]*;

then f: Q x R™*"™ — R is a convex function with respect to & € R™*™ which satisfies the growth
conditions

[P < f=,8) < e(1+[¢]7) (1.2)
and also
|lz*[I€]7 < f(2,€) < e(1+[£]7) (1.3)

for some positive constant ¢ and for every & € R"*". With respect to the condition (1.2) we can
say that f(z,€) enters in the p, g-growth regularity theory and, by the recent results in [6], [8], [10],

2010 Mathematics Subject Classification. Primary: 49N60; Secondary: 35J60.
Key words and phrases. nonuniformly elliptic equations, nonuniformly elliptic systems, p,g-growth conditions,
regularity, local boundedness.
Acknowledgement: The authors are members of Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le
loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) .
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we know that any local minimizer of the energy integral in (1.1) is locally bounded in Q if p < n
and

np
n—p
(with ¢ < p* if m = 1). However for the model integral (1.1) our point of view here is to take
under consideration also condition (1.3). With the symbols described more in details below, we
have that, if @ < g, then A™! = |2|7* € LT () for some r such that ¢ <r <g. This allows us

loc
to apply Theorem 1.1 below and to obtain that every local minimizer of the energy integral (1.1)
is locally bounded.

Let us summarize the discussion above: any local minimizer of the energy integral (1.1) is locally
bounded in § if either the integrand f(x, &) satisfies the p, g-growth in (1.2) and ¢ < p*, or if f(z, &)
is nonuniformly elliptic as in (1.3) and a < q. Of course here it would be interesting to unify the
two cases and to give a sole condition. This is one of our aims in what we propose below.

In this paper we consider the general case of nonuniformly elliptic energy integrals of p, g-growth
of the type

q<p"=:

]:(U;Q):/Qf(:E,D’U)d:E (1.4)
with

{ A@)[EP < flx,8) < ple) (1] 41) (1.5)

A ELL(Q), pe L ()
for 1 < p < ¢, for some exponents r € [1,00], s € (1,00] and for every £ in R”™*". The integrand

f(z,€) also satisfies the condition

f(xaf) :g(x7 ’5‘) ) (16)
where g : Q x [0,00) — [0,00) is a convex Ay function of class C'* with respect to the last variable,
with g(z,0) = gi(z,0) = 0.

Theorem 1.1. Let us consider the energy integral (1.4) under the assumptions (1.5), (1.6), with
r € [l,00], s € (1,00] (if p < 2 then we also require r > p%l) and
1 1 1 1 1
—+—F = =< = (1.7)
prgs p q@ N
then every local minimizer of the energy integral (1.4) is locally bounded.

We observe that in the relevant case r = s = oo then condition (1.7) can be equivalently written
in the form ¢ < p*. We also point out the connection of our result with the pioneering and celebrated
paper by Trudinger [25], where it is studied the linear case of nonuniformly elliptic second order
equations (of course with p = ¢ = 2). Indeed, if p = ¢, then (1.7) becomes

1 1 »p

r s n’

which is exactly the assumption on the summability exponents appearing in [25] in the particular
case p = q = 2.

We refer to the next Section 2 for more details. There we also fix the notation and we give the
complete statement of our main result, see Theorem 2.1, including a precise estimate for the L
norm. In Section 3 we give some preliminary results, while Section 4 is devoted to the proof of
Theorem 2.1.

For completeness, the regularity theory under p, g-growth conditions have been considered nowa-
days by many authors. See for instance [1], [2], [3], [4], [11], [13], [14], [16], [17], [19]; see also the
survey [22] on regularity under non standard growth.
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Our research collaboration on regularity in the calculus of variations under p, g-growth conditions
was originated in 2009 and focused in particular on the local boundedness of local minimizers ([6],
(7], [8], [9], [10]). A comparison with the previous papers and in particular with the most recent
[10] shows that here we consider the vector-valued case (with respect to the scalar one in [10]) and
we assume here quite weaker summability conditions on the coefficients.

2. THE MAIN RESULTS

Let us consider the functional
F(v;Q) = / f(x, Dv)dz, (2.1)
Q

with Q C R™, n > 2, open set, and f : Q x R™*" — R, m > 1, a Carathéodory function. We
assume that there exist measurable functions A, 1 : © — [0, 00) such that
A@)[E]P < flz,&) < plx) (€1 +1),  1<p<q, (2.2)

Rmxn Where

AT E LIOC(Q)7 ne Llsoc(Q)a
for some exponents r € [1,00] and s € (1, 00].
With simple computations (see Proposition 3.1 below), for every open set £’ compactly contained
in Q we deduce that

A~ 1| L7 (Q) HD’UHP B (qrmmxn) / [z, Dv)dx < ||pll s ”DUHqﬁr(Q/R n + el
(2.3)

for a.e. x € Q and every £ €

and therefore we have

WhH (QGR™) 5 WHF(QR™) 5 WHET (G R™)
where W17 (€; R™) denotes the set of maps u of finiteness of the integral; i.e.,

W Q5 R™) == {u € WHHQR™) - F(u; ) < oo}
It is clear that if we fix appropriate conditions at the boundary of a fixed Q, then from standard
direct methods of the calculus of variations we derive existence of minimizers in Wl’%(Q/ s R™);

at this stage we need the condition ;B3 > 1.
Of course any minimizer belongs also to W% (Q/; R™).

In the vector-valued case, as suggested by well known counterexamples by De Giorgi [12], Giusti-
Miranda [18], Sverdk-Yan [24], generally some structure conditions are required for everywhere
regularity. Thus, as usual in this theory, we assume that f is a radial function with respect to the
gradient variable £. Precisely:

there exists g : © x [0,00) — [0, 00) such that, for a.e. x € €,

f(z,€) = g(x,|€]) is a convex and C* function with respect to & € R™*". (2.4)

We also assume the so-called As-condition holds:
there exists v > 1 such that
f(z,t8) <t f(x,8) (2.5)

for every ¢t > 1, for a.e. x and every £. This condition implies that W17 (Q/; R™) is a vector space.

We study the regularity of local minimizers of 7. We recall that a function u € I/V1 G (Q;R™)
is a local minimizer of F if

Fu; ) < Flu+ ;)
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for every open set €’ compactly contained in Q and for all p € WH7 (€; R™) with suppy € .

Before stating our regularity result, we recall that, given a real number ¢ > 1, £* is its Sobolev

exponent, i.e.
. n"—_zé if ¢ <mn,
" | any number > /¢ if{>n

1
and ¢ is the conjugate exponent of /, i.e., % + % = 1. Moreover, as usual, — has to be read as 0.
00

Theorem 2.1. Let us assume that (2 2), (2.4) and (2.5) hold under the summability conditions
/\ € Lloc(Q) IS Lfoc(Q)7

for some r € [1,00], s € (1,00] such that
1 1 1

1 1
— S< =, (2.6)
progs p g n

17 .
If p < 2 we also require r > p%l. Then, every local minimizer u € W) | & (;R™) of F is locally
bounded and there exists a positive constant c, depending on p,q,n, m,~y, such that

—q|[y—1
Hu”Loo(BRO/Z(IEQ);Rm) < C{RO H)\ HLT'(BRO) ”/’L”LS(BR } H’U‘ + 1HLq.s BR (z0)) ’ (27)
for every o € Q and Bg,(xg) € Q, 0 < Ry < 1, where 0 :== 2~ (0 :=p if r = c0) and
0 1
0y = T Do = (](7_1)8’/)
p(o* —gs')’ p(o* —qs')

Remark 2.2. If r = s = 0o inequality (2.6) reduces to q¢ < p*, see e.g. [7], [8], [10]. Moreover, we
observe that the assumption on the summability exponent of p can be written as

<0—*>/ <s< oo, (2.8)

q

and that, if p = ¢, then it becomes
1 1 p

S T n

Remark 2.3. Trudinger [25] considered nonuniformly elliptic second order differential equations,
with p = ¢ = 2, under the following assumptions on A and u

1 1 2
AT E LIOC(Q) )\_ E Lloc(Q) ; + ; < E .

His condition on p is slightly stronger than ours; in fact in our context A\(x) < 2u(z) a.e. in  (by
(2.2); also in [25] A(x) < p(x)) and thus
AT € Lig(Q) = 1 € Line(Q).
3. PRELIMINARY RESULTS
We start this section with a precise statement and proof of (2.3).

Proposition 3.1. Assume that (2.2) holds, where A=t € LT (Q), u € L; () for some exponents
r € [1,00] and s € (1,00] (if p < 2 then we also require r > 1) Then for every v € VV1 7 (;R™)
and every open ' € Q the inequalities (2.3) hold; i.e.,

Ny WPy < [ @ Do) < il IO

+ el ey -

Rmxn
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17£ . . . .
Proof. Consider r € [1,00), v € W/ (©;R™) and an open set ' € Q. By Hélder inequality with
exponents TTH and r 4+ 1,

pr T pr r ﬁ %
|Dv|7+1 do = / A7+ | Dy|r+1 N7+ dx < < A DolP d:z:> </ (AL dm) .
Q/ Q/ !

Therefore, using the left inequality in (2.2)

r1 _1
f(anU) dr > / )\\Dv\p dr > </ ’D’U’% dx> </ ()\—1)7‘ dx)
Q QF Q/ /

and the left inequality in (2.3) follows.
If r = oo, that is =1, consider v € I/Vll’p (€;R™). The left inequality in (2.3) follows by

ocC

Q/

T
r+1
\DulP d < \|A—1||me,)/ ADuPP da

Q/ Q/

and the left inequality in (2.2).
Let us now prove the right inequality in (2.3).

Let us first consider s € (1,00). If v ¢ Wl’sq%l(Q’ ) the inequality trivially holds. Let us assume
v e Whitt (V). By Holder inequality with exponents s and -5, we obtain

s—1

1
/ w|Dv|?dx < (/ usdaﬁ)s </ |Dv|% d$> )
Qf Qf Qf

Using the right inequality in (2.2) we conclude.
Let us now consider s = oo, that is %5 = 1. If v ¢ W14(Q') the inequality trivially holds. Let
us assume v € Wh4(Q'). We obtain

[ ulDol?de < gy [ Dol da.

Using the right inequality in (2.2) we conclude. O

The next lemma is about a Poincaré-Sobolev type inequality.

Lemma 3.2. Consider a bounded open set Q C R™ and let p and r be such thatp > 1 and r € [1, 0]
17ﬂ )

(if p < 2 then we also require r > p%l) Let v e W, "™ (Q;R™) (v € Wol’p(Q;Rm) if r =o00) and

let X : Q — [0,00) be a measurable function such that \=' € L"(Q). Then there exists a positive

constant ¢ such that )
{ [ @} <clx ey [ ADop a, (31)
Q Q

where 0 := P (0 :=pifr=o0).

Proof. First, assume that » < co. By applying the Poincaré inequality and Holder inequality with

exponents Ttl,r + 1 we obtain

p P

P D P
{/ o] da;}” Sc{/ !D»uy"dx}” Sc{/ (Aﬁlmy") A‘#ldw}”
Q Q Q

< AN sy [ AIDOP da
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Let us now discuss the case r = oo, that implies 0 = p. We have

P
{/ Blia daz}o < c/ | Dv|P dx < c/ AL (\|[DolP) dz
Q Q Bgr

< Aoy [ MDoP da.
Q
This concludes the proof of (3.1). O

The following lemma deals with well known properties of the convex functions satisfying (2.2),
(2.4) and (2.5).

Lemma 3.3. Assume (2.2), (2.4), (2.5). Then
(i) f(x,t&) <max{l,t7}f(z,§) for everyt > 0 and every § € R"™ ",

(i) f(2,§+n) <271 (f(2,€) + f(z,n)) for every §,n € R™,
(ill) ge(z,t)t < ~yg(x,t) for every t > 0.

We also remark that a Fuler’s equation holds true.

Proposition 3.4. Assume (2.2), (2.4), (2.5) and let u be a local minimizer of (2.1). Then

n m a
/QZ Z 8§J;‘ (z, Du) @g, dr =0 (3.2)

i=1 a=1

for all o € WHF(Q;R™), supp ¢ € €.

Proof. Let o € WHF(Q;R™), supp ¢ € Q. By (2.4) also —¢ is in W1 (Q;R™). By Lemma 3.3 we
get u+ tp € WHT(Q; R™) for every t € R. By the local minimality of u,

F(u) < Flu+tp) vVt € R.
To prove (3.2) it suffices to prove that

d
ZFlu+t
g (u +tp) i

To prove this, we need to prove that

‘ Z Z g—g;(x, Du+tDy)pg.

i=1 a=1

= [ 2 ja Duta) + 1Dg(a))| .
Q t=0

< H(z) Vte (—1,1)

with H € L!(supp ¢). By the convexity,

Fo60) — f@260 - £33 2L @0 &€ — (€0)F) < J(0.6) - F(o:60)

i=1 a=1

If & = Du(z) + tDp(z), £ = Du(x) + (1 + t)Dp(z), we have 2§y — & = Du(x) + (t — 1)Dp(x) and

f(z,Du+tDy) — f(z,Du+(t—1)Dg) < > > ;’; (z, Du + tDp)p2,
i=1a=1 >t

< f(x,Du+ (1 +t)Dy) — f(z, Du+tDyp).
Therefore, since f is non-negative,

‘ Z Z 8%};(3:, Du+tDyp)yg.

i=1 a=1

< flx,Du+ (1 4+t)Dyp) + f(z,Du+ (t — 1)Dyp).
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Using again the convexity and Lemma 3.3 we get

f(@,Du+ (1+t)Dy) < tf(z,Du+2Dy)+ (1 —t)f(z,Du+ Dy)
f(@,Du+2Dy) + f(z, Du+ Dp) <27 (f(z, Du+ D) + f(z, Dp))
227 (f(x, Du) + f(z, Dp))

IN A

and, similarly,
f(z, Du+ (t —1)Dyp) tf(z,Du) + (1 —t)f(z, Du— D)
f(z,Du) + f(x, Du— D)

27 (f(z, Du) + f(z,=Dyp)) .

ININ A

We have so proved that

‘ Z Z (985; (@, Du + tD(p)(p% < 2% (f(xz,Du) + f(z,Dy) + f(x,—Dy)) =: H(x).

i=1 a=1

Since u, ¢, —p € WH% | we conclude. O

4. PROOF OF THE MAIN RESULTS

We first state a lemma useful for the proof of Theorem 2.1. In the statement, the functions A,
1, and the exponents p, ¢, r, are the same of the statement of Theorem 2.1. Moreover, xg € {2 and
0 < Ro <1 are such that Bg, := Bpr,(zo) € Q. Fixed R € (0, Ryp], the function n € C°(Bgr(xo))
denotes a cut-off function satisfying

2
0<n<l, n=1in By(zg), |Dn|< e (4.1)
—p

where 0 < p < R.

pr
Lemma 4.1. Let u € W, 7! (;R™) be a local minimizer of (2.1). Then for every > 0

loc
T /B () (ju] + 1)7 da (4.2)

for some ¢y depending on n, m, p, q, v, but independent of 5, u, R and p.

/ M) (Jul + 178 DulP o da <
Br

Proof. We begin using Proposition 3.4, with a suitable test function.
Let us approximate the identity function id : R, — R, with an increasing sequence of C*
functions hy : Ry — Ry, with the following properties:

he(t) =0 Ve [0, %], he() =k Ve lk+1,400], O0<h.()<2in[0,00).  (43)
Fix k € Nand g > 0. Let @,(f ) R4 — Ry be the increasing function defined as follows
(1) := i (7°). (4.4)
Define gp,(f) : Br(zg) — R™,
ol (@) = 2 (ju(@) u(e) [n()])". (4.5)

We have that ¢y, is in W7 (Br(xg); R™), supp € Bgr(zg) (see the proof of Lemma 5.1 in [8]).
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Let us consider the Euler’s equation (3.2) with test function 4,0(6 ). From now on, we write @y

and @, in place of 4,0(6 ) and CIDIE ), respectively. We obtain

R
+Z Z (, Du) u® fu 5 Pr(ul) n® d

j=1a,p=1"Br aga ul * (4.6)
<q ;;/ 85‘1 (2, Du) @ (|ul) u® n?n,, da| =: Is.

Now, we separately estimate I, Iy, I3.

ESTIMATE OF I
As far as I is concerned, we use that f(z,-) is convex. Thus,

I > /B (f(x, Du) — £(x,0)) By (jul) ? do.

Using (2.2), we get
L > f(z, Du) Ok (|ul)n? da:—/ u®(|ul) n? du. (4.7)
Br Br
ESTIMATE OF I e
We claim that I > 0. Indeed, by (2.4), 2 s I (z, Du) = g(x, | Dul) i | Therefore

2
S ug)
B B o < a= I]
E E 850‘ (x, Du) u“u E 9¢(x, |Dul) Dl > 0.

j=la,p=1 >J
Thus, by the monotonicity of ®; we have

2
D <Z“:1u ) &l (|ul) o da > 4

le

ESTIMATE OF I3
By (2.4) and (4.1) we have

2m _
B [ gleDufule () g de, (19)
— P JAgjuAaf
where 5 L| |
_ maqLl|u
A ::BRﬂ{n;&O, Du gi}
" Dl n(R —p)
and 5 L| |
Ar =B m{n;«éo, Du >M}
= bn = m=)

with L > 0 to be chosen later.
By (2.2), (2.4) and the assumption 2 € A} the following inequality follows:
2mq|ul 1 <a: 2qu|u|> 2mqL|u|

n&-p) " \" R = p)) 9B p)

g¢(x, | Dul)
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and, by Lemma 3.3 (iii), (2.4) and (2.2)

lg <a; 2qu|u|> 2mqL|u|
LY\ n(R=p)) n(R - p)
Therefore

IN

b (o) = 2o {Giees) 1}
2mgq

Dul)|u|® =1
7 [, oo DUl ) v de

omg \? » ; (4.10)
< (F22) [ w@rrtdaude + 7 [ at@euh ds
P Br Br
Let us now deal with Af,. For a.e. « € A}, by Lemma 3.3 (iii), (2.4) and (2.2) it follows
o, D)L < 2o |Du)|Du| < (o D,
thus

2mgq

L gta Daluleuhntde < T [ fe Du@ubrde. (@)
—p Jaf, L Jp,
By (4.9), (4.10) and (4.11) we obtain

2m q _
B (7)) ds
R

3 [ s D uint e+ 7 [ payul) o de
By (4.7), (4.8), (4.10) and (4.12) we get

(4.12)

q
(1-3) [ s wsulyntas <o (F2L) [ ezl egu

+(1+) /B (@)Dl e

R
Choosing L = 2v and using (2.2), we get

F(z, Du) @y (Ju]) 7 dx < (27)7 < 2mg
Br

2ma N 9l de
R_p> /BR (4.13)
3 /B () By (Ju]) di.

Inequalities (2.2) and (4.13) imply

c
N@|Du o) ' de < O | (o) Qa4+ 1) @) d,
p Br
where we also used Ry < 1. We recall that &), = <I>(B )

i and we explicitly notice that ¢g is independent
of B, p and R. Using the monotone convergence theorem we let k£ go to 400 and by the definition
of ® we obtain

Br

MMz upBDupnqdmgcio/ () 3wl 4 ufPP b da
[, @i g, w@ {r  )

260

e /B () (ju] + 1)7+78 da:

R
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In particular, if 5 = 0:

2
/ Az)|DulP n?dz < i/ p(z)(Ju] +1)? de.
Br —p)? Iy

(R
Thus, (4.2) follows.

O

_pT_
Proof of Theorem 2.1. Let u € VVIZC"+1 (€2;R™) be a local minimizer of (2.1). Consider xy € Q and
0 < Ry < 1, such that Br, := Bpr,(z9) € Q. Fix also 0 < p < R < Ry and consider a cut-off

function n satisfying (4.1). We split the proof into two steps.
Step 1. First we prove that, if § > 1 and |u|® € W1 (Bg), then
I(ul +1)°l o (5, SCW”)\ 1Zr B 11 Zs (5 )
qa—p
P

X [l + 1”;’(330)”(‘“’ + D%l o (-

To prove the above inequality, we notice that for any 5 := 9 — 1 > 0 we have that
[ [l 02| Ay do < [ (@ Dal)” (ful + )P PA) do
Q Q

+ (B+ 1)”/ Mz)n® (|u| + 1)PP|DulP dz. =: J; + Js.
9)

:

To estimate J; we observe that

p p
J1 < cqi/B (Ju| + 1)BIP(2) do < cqi/B (Ju| + 1)7TPP () dz.
R R

(R —p)p (R —p)p
Since n% < n4, we can estimate Jo using Lemma 4.1. Thus,
(B+1)P / +pB
Jo < cos—F w(z) (Ju| + )T da.
(i f #@ 1l +1)

By Lemma 3.2 applied to v = (Ju| + 1)#T159 the inequality (3.1) holds, that is

Gl 1) a} < N Mlerzay) [ M) [D((Jul + 1P )| de
UL Q

Collecting this inequality, (4.15), (4.16) and (4.17), we get

p
o* o* p
B+1,4q < el q a+8p
{/Q ((ul + 1)%+199) dx} < N oy T | Xl + 1)1 ds

1 p
N Martoy (ol [ ) (27 e

R—p)1

R

By (2.2) A <2p a.e., and Ry < 1, so we get

{/Q ((‘U’ + 1)5-1-177‘1)” dx}"* < CH)\_luLT'(BRO)W/B pu(z)(|ul + 1)q+5p .

By Holder inequality and p € Lj (2) we obtain

L
o7

[ nte)ul+ 004 do < Nullaoqay ([l + 0@ a0
Br Br

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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If p=q, (4.19) and (4.20) give

q+ﬁ
[ (|l +1)B+1HLU*<BP> <c HA 1HL’"(BR HMHLs(BR ([ (ul +1)B+1HLps’(BR>’

that is (4.14) holds for ¢ = p and § = ﬁ + 1.
If p < g, let us apply Holder inequality in the last integral in (4.20):

</BR(!U\ + 1) d:c) " = </BR(IU\ + 1)@ (|| 4 1)+ dm)

a—p =
7

< < /B (4 1) dm>_ < /B (ul + 1 dm) . (4.21)

Then, (4.19), (4.20) and (4.21) give

1
S

q+B+1 \yn v
I(ful + 1P Lo 5, SCWH)‘ N2 B 11 (5 ¢
X llul + 1Hqu o1l + 17 .

Since § = 5+ 1, we get that (4.14) holds also for p < g.

Step 2. Let us define G(x) := max{1, |u(z)|}. Now, we prove the boundedness of G, and then
of u, using the Moser’s iteration technique. The inequality (4.14) implies that for any 6 > 1,

5 q+0 5
1G° Nl o (B,) SCWHA 1HLT(BR HNHLs(BR HGHLqS Ba) I 2o (Br)- (4.22)

Now, we prove the boundedness of (G, and then of u, using the Moser’s iteration technique. For all

N\ h—1
h € N define §;, = <q7> , Ry = Ry/2 + Ro/2" and p, = Ry,1. Notice that the choice of d has
been done in such a way that 6; = 1 and §,0* = dp11¢s". By (4.22), replacing ¢, R and p with dj,

Ry, and py,, respectively, we have that G € L‘;hqs/(BRh) implies G € L‘Shﬂqsl(BRhH). Precisely,

9
HGH‘L(Sh+1S/q(BRh 1) = HGHLého*(BRh HG hHLo’ (BR )
%
14 h
< {emET N o Gl iy § 1 0 (423)
holds true for every h. For instance, if h = 1, we get

q+1 1
1615 50 < € (AN P AP L PN <

Notice that the right hand side is finite, because u € W, so v € L and, by (2.8), ¢’ < o*.

Since .
i 1_ i <£> _ T
o * T % el
— on ‘= \o o qs

an iterated use of (4.23) implies the existence of a constant ¢ such that

AN 8y s (B \ P00 ottaen)
llGlle<BR0/2<xo>>§C< 7 : 16175 oy NG 0w 5 oy

The inequality above implies that u is in L>(Bp, /2(70); R™) and the estimate (2.7). O
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