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Two-phase water model in the cellulose network of paper
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Abstract Water diffusion in cellulose was studied

via two-phase Kärger model and the propagator

method. In addition to ruling out anomalous diffusion,

the mean squared displacements obtained at different

diffusion times from the Kärger model allowed to

characterize the system’s phases by their average

confining sizes, average connectivity and average

apparent diffusion coefficients. The two-phase

scheme was confirmed by the propagator method,

which has given insights into the confining phase-

geometry, found consistent with a parallel-plane

arrangement. Final results indicate that water in

cellulose is confined in two different types of amor-

phous domains, one placed at fiber surfaces, the other

at fiber cores. This picture fully corresponds to the

phenomenological categories so far used to identify

water in cellulose fibers, namely, free and bound

water, or freezing and non-freezing water.

Keywords Cellulose � Paper � Water diffusion � PFG

NMR � Propagator

Introduction

Cellulose chains aggregate both in crystalline

domains, where chains are highly packed with a well

defined unit cell, and amorphous domains (ADs),

where chains show little or no order (Nisizawa 1973).

The simplest cellulose-chain aggregate is the elemen-

tary fibril, which is characterized by a transverse

extension of a few nm; elementary fibrils arrange to
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form microfibrils, whose transverse extension is a few

tens nm (Niskanen 1998). Microfibril bundles form the

cellulose fibers, or macrofibrils, whose transverse

dimension may be tens lm (Zhao et al. 2007). The

supramolecular architecture of cellulose chains is

mainly due to a coalescence-like mechanism, which

reduces the free energy associated to fibril surfaces,

and to Van der Waals interactions, which mostly drive

fiber formation. The final arrangement of the fibril

structure includes alternating crystalline and amor-

phous domains along the fibrils, with prevalent

crystalline organization (Niskanen 1998; Fengel and

Wegener 1984). While crystalline domains are

hydrophobic and impenetrable to water, ADs behave

as hydrophilic sites where water can interact directly

with cellulose chains (Stephens et al. 2008). ADs are

also the most vulnerable sites of cellulose chains, since

degradation processes, such as acid hydrolysis, are

triggered there (Topgaard and Soderman 2001).

Water plays a significant role in the physical

properties of cellulose fibers, since it interweaves

hydrogen bonds with OH groups along the chains,

therefore modifying fibers’ mechanical and electri-

cal properties. Further, water is involved in most

degradation processes affecting cellulose (Niskanen

1998). Despite this central role in the properties of

cellulose, and therefore in the properties of cellu-

lose-based materials like paper, information about

the functional organization of water in cellulose is

still lacking, and even today the categorization of

water clusters in cellulose is based on their freezing

properties (English and MacElroy 2003), or related

to generic free and bound water classes (Nakamura

et al. 1981).

Recent works on paper, based on low-field NMR

relaxation-time and self-diffusion data, suggest that

water in cellulose is organized in two phases charac-

terized by two different confinement conditions, both

involving ADs (Conti et al. 2014; Lepore et al. 2012).

This model accounts well for experimental results, and

it is in agreement with the phenomenological charac-

terization that is common in the literature, even though

some aspects about phase setting at the fiber scale have

still to be specified.

In this work water diffusion in cellulose is studied

using both the Kärger model and propagator method in

a two-phase system (Price 2009), in which exchange

between phases and confining geometries for water

diffusion are introduced (Zhao et al. 2007). The

approach presented here makes use of the mean

squared displacements (MSDs) drawn from the Kärger

model at variable diffusion time, in order to get

average confining sizes, average connectivity and

average apparent diffusion coefficients of water in the

two phases (Kaerger et al. 1988). Moreover, the

behavior of MSDs versus diffusion time allows to

determine whether water’s diffusion dynamics is

normal or anomalous, which has a considerable impact

in assessing confining dimensions and connectivity

that characterize the two phases (Conti et al. 2014;

Long et al. 2004). Also, NMR data were processed by

the propagator method for diffusion (Price 2009),

which, apart from providing information directly

comparable to results obtained from the Kärger model,

allows to retrieve additional insights into the confining

phase-geometry.

The two-phase water model here implemented

assigns the more mobile water phase to ADs located at

fiber surfaces (that is, to ADs of microfibrils at fiber

surfaces), while the less mobile one is placed in the

ADs of fiber cores (that is, the ADs of microfibrils that

are located deep inside the fibers and are nearly

isolated from fiber surfaces) (Zhao et al. 2007;

Mueller et al. 2000; Schuster et al. 2003).

The samples exploited in this investigation are

binder-free cotton-linter paper, whose cellulose fibers

have the same structural organization of cellulose in

‘‘free’’ cotton-linter items. Samples were treated at

different degrees of hydrolyzation to modify their AD

structure, and therefore the confining condition to

which water is subject in the two phases, in order to

observe the reliability of the model under different

conditions.

Experimental

Sample preparation

Whatman filter paper (grade 5) composed of raw

cotton fibers (minimum a-cellulose content: 98%) was

used for the preparation of our samples. The S0 sample

is the untreated one; the S1 and S2 samples were

obtained by immersing the filter paper in a H2SO4

solution (pH = 1). The main difference between these

latter two samples concerns the time left to acid

hydrolysis to take place: while in S2 the process was

stopped 6 h after the acidification by immersion of the
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sample in MilliQ water (resistivity: 18 MX at 25 �C),

in S1 the process was not arrested in order to reach the

appropriate degree of polymerization (DP). Further

details can be found in reference Conti et al. (2014).

The DP of the samples was determined by the

cuprylethylenediamine method (UNI 8282 1994)

using an Ubbelohde viscometer. The values are:

DPðS0Þ ¼ 1100 � 50, DPðS1Þ ¼ 150 � 50, and

DPðS2Þ ¼ 850 � 50.

In order to recognize effects from mere soaking, the

S0 sample was immersed in distilled water. Before

measurements, samples were kept at 22 � 1 �C for

24 h in a 100% relative-humidity (RH) environment.

Samples were sealed in a plastic film to avoid water

loss during NMR measurements.

Diffusion measurements

Diffusion measurements were performed using a

Bruker Avance 300 MHz spectrometer equipped with

a gradient unit that generates a maximum gradient

intensity of about 1200 G/cm. The sequence used is

the PFG-STE (Callaghan 2011), where two G mag-

netic field gradient pulses of d duration (d ffi 1:4 ms)

are applied within three 90� radio-frequency pulses.

The first two rf pulses are separated by a time interval

s0 ffi 2:0 ms and the second pulse has a delay D, the

diffusion time, with respect to the third. D was

changed in different steps to reach a maximum value

of 60 ms. For each of the 20 gradient steps, during

which the gradient intensity was increased from zero

to 1050 G/cm, 32 scans were performed to improve

the signal-to-noise ratio. The relaxation recycle delay

was fixed to 3 s. The samples of hydrated paper were

cut into strips of about 2:5 � 20 mm2: after being

sealed in a plastic film, they were inserted into the

NMR tube for measurements. Measurement temper-

ature was fixed at 22 �C.

The Eðq;DÞ echo amplitude, the dynamic wave

vector q ¼ cDG, with c the gyromagnetic ratio, and D
are related by

Eðq;DÞ ffi Eð0;DÞe�q2DD ð1Þ

where the condition D � d has been applied. To avoid

relaxation effects the conditions s0 	 T2S and D 	
T1S were set, where T2S and T1S are the shortest

longitudinal (T1) and transverse (T2) NMR relaxation

times, respectively, found for all the samples.

Results and discussion

Two-phase Kärger model for diffusion

When molecules belong to different exchanging

chemo-physical domains, the problem of describing

the diffusion-dependent NMR signal is particularly

complex. The Kärger model for transport dynamics

between two domains (Kaerger et al. 1988) describes

the PFG-STE signal as the sum of two echo signals

Eðq;DÞ ¼ E1ðq;DÞ þ E2ðq;DÞ, which are solutions to

d

dt
E1;2ðq;DÞ ¼ � D1;2q

2E1;2ðq;DÞ �
E1;2ðq;DÞ

s1;2

þ E2;1ðq;DÞ
s2;1

ð2Þ

where s1;2 are the molecular residence times in

domains 1 and 2, respectively, and D1;2 are the self-

diffusion coefficients of water in the same domains,

respectively.

Under the hypothesis that the PFG-STE signal of

water in paper arises from a coarse-grained average

over two different water populations (Conti et al.

2014), the Kärger equation can be solved exactly,

giving

Eðq;DÞ
Eð0;DÞ ¼ pAe

�q2DAD þ pBe
�q2DBD ð3Þ

where

DA;B ¼ 1

2

"
D1 þ D2 þ

1

q2

1

s1

þ 1

s2

� �

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1 � D2 þ

1

q2

1

s1

� 1

s2

� �� �2

þ 1

q4s1s2

s #

ð4Þ

and

pA;B ¼ �DB;A 
 p1D1 
 p2D2

DB � DA

: ð5Þ

Here p1 þ p2 ¼ 1, with p1 and p2 water-population

fractions of phases 1 and 2, respectively. In Fig. 1 the

datafits to Eq. (3) for echo decays acquired at the

diffusion time of D ¼ 40 ms are shown for the three

samples.

As it can be noticed, signal decays change accord-

ing to samples, becoming more and more different
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from the trend found for S0 at increasing acid-

hydrolysis effects.

The mean residence times, found by fit to the

Kärger Eq. (3) for water populations in phase 1 and 2

(Fig. 1) at D ¼ 40 ms are shown in Table 1. Analo-

gous results have been also obtained for the other

investigated diffusion times.

From Table 1, it is easy to see how consistently

larger than D ¼ 60 ms—the maximum diffusion time

used in the present work—all residence times are. This

means that water populations can be considered

isolated from each other over all diffusion times

spanned during the PFG-STE measurements. A fea-

ture of Table 1 that needs to be stressed is the huge

difference between the residence time in phase 1 (s1)

and the one in phase 2 (s2).

In the limit s1;2 � D, Eq. (3) is transformed to the

simpler expression

Eðq;DÞ
Eð0;DÞ ¼ p1e

�q2D1D þ p2e
�q2D2D: ð6Þ

In Eqs. 1, 3 and 6 the diffusion terms have been

explicitly written according to a Brownian-like

molecular self-diffusion. In the case of anomalous

diffusion, the Brownian term DD is transformed to

DaD
a, with a 6¼ 1 and Da the generalized anomalous

diffusion coefficient measured in m2

sa
units. The echo

signal does not distinguish between ordinary and

anomalous diffusion, since this difference is made

explicit by the D-dependence only, while in Eqs. 1, 3

and 6 D works as a constant. But, because of the

crowding of cellulose chains in the ADs, water

diffusion in this system could be anomalous. Being

\r2ðDÞ[ ¼ 6DaD
a the general expression for the

MSD, Eq. (6) can be re-written as

Eðq;DÞ
Eð0;DÞ ¼ p1e

�1
6
q2\r2ðDÞ[ 1 þ p2e

�1
6
q2\r2ðDÞ[ 2 ð7Þ

which is valid for both ordinary and anomalous

diffusion (Kimmich 1997). By fitting experimental

data acquired at multiple q-values and fixed D to

Eq. (7), for each D it is possible: (a) to estimate—and,

therefore, to assess—whether diffusion in phase 1 and/

or 2 is either anomalous (a 6¼ 1) or normal (a ¼ 1): in

the former case the a-value can be related to important

features of diffusional dynamics and structural orga-

nization of the diffusion patterns (Casieri et al. 2010;

Palombo et al. 2013) ; (b) to estimate the ordinary or

the anomalous average diffusion coefficient; and c) to

evaluate the average confining size for each phase.

The \r2ðDÞ[ 1;2 data obtained by Eq. (7) are

reported in Figs. 2 and 3, respectively, for all of our

samples. Since data turn out well fitted to the function

\r2ðDÞ[ 1;2 ¼ 6D1;2Dþ c1;2, a Brownian diffusion

must be considered over the diffusion time interval

taken into account, with D1;2 the average apparent

diffusion coefficients and c1;2 fit constants.

If D1;2 are measured at D-values larger than the time

water needs to diffuse over a distance of the order of

the average confining dimension, confinement effects

take place (Conti et al. 2014). In this case, if the

confining environments (for the sake of simplicity,

from now on, we conventionally call them pores) are

isolated from each other, D1;2ðDÞ ! 0 and

\r2ðDÞ[ 1;2 ! c1;2; if instead D1;2ðDÞ tend to finite

values, but lower than the unrestricted diffusion

coefficient DU , the diffusion coefficient marks a more

or less pronounced connectivity within pores (Cal-

laghan 2011). Figure 4 schematically shows these

trends in the ðD;\r2[Þ plane.

In this scheme, the connectivity C between pores

can be characterized through the fraction of the
Fig. 1 Datafit to the Kärger model (full line) for echo decays

acquired at a diffusion time of D ¼ 40 ms

Table 1 Water-population mean residence times found by

datafit to the Kärger Eq. (3) acquired at D ¼ 40 ms (Fig. 1)

S0 S1 S2

s1ðsÞ 5.1 0.2 3.4

s2ðsÞ 28.0 6.9 27.3
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unrestricted diffusion slope angle that describes the

connected system, that is,

C1;2 ¼ D1;2

DU

: ð8Þ

Equation (8), when D1;2 ! 0, returns zero connec-

tivity, while for D1;2 ! DU the connectivity is unity,

which coincides with the diffusion limit ratio used to

define porous connectivity (Callaghan 2011). Equa-

tion (8) implicitly supposes that the slope has a linear

behavior respect to the slope angle: this may be

considered approximately correct for angles up to

about 30�, that is, for a maximum slope of about

tgð30�Þ.
Another possible use of MSDs concerns pore size,

and is ruled by c1;2 constants. In case of closed pores,

the slope is close to zero and the fit line \r2ðD !
0Þ[ 1;2 returns the average pore dimensions

ffiffiffiffiffiffiffi
c1;2

p

with good accuracy (Fig. 4). For connected pores,ffiffiffiffiffiffiffi
c1;2

p
can give information about approximate average

pore size, since water would take a few hundreds ls to

travel a pore diameter of a few lm—as those expected

in this case (Conti et al. 2014)—and a few hundreds ls

may be considered an acceptable D ! 0 limit at the

ms scale of the diffusion time. Of course, the condition

c1;2 6¼ 0 is a mark of diffusion occurring in a restricted

regime (Fig. 4), while c1;2 ¼ 0 is the signature of the

unrestricted case.

Figures 2 and 3 clearly show that the S0 sample

possesses a pretty closed porous structure, with very

limited pore connectivity (Table 2). For this sample,

the average apparent diffusion coefficients are, as

expected, the smallest ones in both phases, while the

average pore sizes, estimated in the limit D ! 0, are

\d[ 1 ¼ 1:3 lm and \d[ 2 ¼ 0:7 lm. The

\d[ 1-value is a bit smaller than the one obtained

by NMR diffraction at a fixed D-value (Conti et al.

2014), but the \d[ 1 parameter retrieved here is an

average value that does not depend on D.

The porous structure of phase 1 in the S1 sample, as

inferred from Fig. 2, shows a \d[ 1 ¼ 2:2 lm value,

which is about two times that for S0, while its

connectivity is about 37 times the one for the same

sample (Table 2). The porous structure of phase 1 in

the S2 sample shows a \d[ 1 ¼ 1:1 lm value, which

Fig. 2 The MSDs of phase 1 are reported for all samples, for the

different investigated diffusion times

Fig. 3 The MSDs of phase 2 are reported for all samples, for the

different investigated diffusion times

Fig. 4 A scheme of the different MSD behaviors versus D for

different confining conditions. The dashed lines show the

extension of connected-pore and closed-pore lines toD ¼ 0. The

unrestricted diffusion line marks the D-range before the

confinement effect starts
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is slightly smaller than in S0, while its connectivity

is about 18 times larger (Table 2).

The MSD behavior of phase 2 in S1 and S2 is

reported in Fig. 3. The average pore dimension of S1 is

\d[ 2 ¼ 0:9 lm, that is, very close to that of the S0

sample, as well as the \d[ 2 ¼ 0:5 lm value in the

S2 sample. The connectivity of phase 2, both in S1 and

S2, significantly decreases with respect to phase 1

(Table 2), even though it is appreciably higher than in

S0. Of course, the average apparent diffusion coeffi-

cients follow the connectivity behavior. This may

suggest that hydrolysis is able to more significantly

change connectivity rather than pore size.

In Fig. 5, p1 water populations of all samples,

obtained from Eq. (7), are reported. p1 data have been

fitted to the function p1ðDÞ ¼ mDþ p01, where p01 is

the steady-state water population of phase 1. The

slopes of p1 population versus D are close to zero,

which indicates that phase populations are practically

constants, while p01 is almost the same in all samples.

The ratio between water population of phase 1 and 2 is

about 3 in each sample (Table 2).

All the above-mentioned results have been sum-

marized in Table 2. The connectivity has been

estimated by setting DU ¼ 2:3 � 10�9 m2=s, which

is the diffusion coefficient of bulk water at room

temperature. Even though there could be some arbi-

trariness in choosing this DU value, the comparison

between samples is independent of that choice.

It has been shown that the phase 1, i.e., the phase

holding more mobile water molecules, adsorbs exter-

nal water, while the population of phase 2 remains

almost independent of the availability of external

water (Conti et al. 2014; Lepore et al. 2012; Proietti

et al. 2004). This means that phase 1 and phase 2 have

to be associated to different ADs sites. Microfibrils in

fibers can be divided into two coarse categories, those

belonging to—or close to—fiber surfaces, and

microfibrils at fiber cores, respectively (Zhao et al.

2007; Mueller et al. 2000; Schuster et al. 2003).

Surface microfibrils possess ADs that are easily

attainable by external water, while ADs in core

microfibrils are poorly connected to fiber surfaces. It

is immediate to assign phase 1 to ADs at fiber surface

(AD1s) and phase 2 to ADs at fiber core (AD2s). The

average confining dimension \d[ 1 ¼ 1:3 lm in

phase 1 of S0 suggests that the extension of connected

ADs at fiber surfaces is at least about 1:3 lm, while the

one internal to fibers extends for about 0:7 lm

(Table 2). Both of these sizes are consistent with the

lateral dimension of fibers, also considering that the

confining dimension could be an apparent or effective

dimension, since the ‘medium’’ in which water

diffuses depends on the interlaced effect between the

conformation of cellulose chains and the way AD1s

and AD2s assemble in fibers (Horner et al. 1995).

This picture is fully confirmed by samples S1 and

S2. Hydrolysis breaks cellulose chains in ADs, so

changing chain conformation and density (Stephens

et al. 2008; Conti et al. 2014; Calvini 2005; Calvini

et al. 2008). This tends to enlarge the average pore

dimension and to increase connectivity between pores:

connectivity is more affected by hydrolysis, since it

largely depends on chain conformation and density,

Table 2 p01 water population fraction (with p01 þ p02 ¼ 1)

estimated in the D ! 0 limit, and average pore sizes estimated

from the expression \d[ 1;2 ffi ffiffiffiffiffiffiffi
c1;2

p
, that is, in the limit

\r2ðD ! 0Þ[ 1;2

S0 S1 S2

\d[ 1(lm) 1.3 2.2 1.1

\d[ 2(lm) 0.7 0.9 0.5

p01 0.75 0.74 0.77

D1 10�12 m2=sð Þ 0.3 11.0 5.4

D2 10�12 m2=sð Þ 0.1 1.6 0.8

C1 10�4ð Þ 1.3 47.8 23.5

C2 10�4ð Þ 0.4 7.0 3.5

The C1;2 connectivity parameters (Eq. 8) have been estimated

by setting DU ¼ 2:3 � 10�9 m2=s, which is the diffusion

coefficient of bulk water at room temperature
Fig. 5 Behavior of water population in phase 1 for the S0, S1

and S2 samples
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while pore size is more limited by the extension and

geometry of AD assemblies, which may change

mostly due to events able to modify microfibril

aggregation. While S0 has pores that are basically

isolated from each other, the strong acidification of S1

significantly increases the connectivity, and enlarges

pore dimension at fiber surfaces (phase1), which are

directly reached by the acid. Conversely, core

microfibrils are much less modified (phase 2). This

coherently occurs in S2 as well, even though to a less

marked extent. In particular, pore size in S2 seems

slightly smaller than in S0: this is not surprising

because the light acidification of this sample may

modify chain conformation to such an extent that the

effective confining dimension may be reduced. Obvi-

ously, the average apparent diffusion coefficients in

S0, S1 and S2 follow the behavior of sample connec-

tivity (Table 2).

The propagator method

As said above, the diffusion of water in cellulose is

strictly related to AD1 or AD2 organization at the

fiber scale. This confining geometry has an aniso-

tropic character, and the anisotropic nature of diffu-

sion is better supported by the diffusion-propagator

approach, with appropriate boundary conditions. The

diffusion propagator works on the basis of the Pðrjr þ
R;DÞ conditional probability that a molecule at some

location r is displaced at r þ R in a time D. The

E1ðq;DÞ þ E2ðq;DÞ PFG-STE signal in this case is

given by

E1;2ðq;DÞ ffi FT
2

\d2 [ 1;2

\d2[ 1;2

2
þ R1;2

����
����� 2jR1;2j

��

þ \d2[ 1;2

2
� R1;2

� �
sgn

\d2[ 1;2

2
� R1;2

� ���
ð9Þ

with FT denoting the Fourier transform, and the

subscript indicating the corresponding system (or

phase). Eq. (9) uses a propagator associated to

reflecting planes separated by an average distance

\d[ 1;2, which proves a good approximation for the

boundary conditions in grouped ADs, after several

attempts with different confining geometries (Price

2009). Equation (9) works well with D-values longer

than the time required by water to diffuse over

\d[ 1;2, that is, for D � \d2 [ 1;2

DU
. This condition is

respected by all diffusion times spanned in our

measurements, for confining distances reported in

Table 2. \d[ 1;2, as well as the population of each

phase, can be retrieved from Eq. (9), since the total

propagator depends on population fractions. In Fig. 6,

S0, S1 and S2 mean propagators related to phase 2 are

reported. As one can see, the profiles of such

propagators are fully compatible with MSDs shown

in Fig. 3, in particular the one for sample S0, which is

practically independent of D.

The confining dimensions and the population of

the two phases in S0, S1 and S2 are reported in

Table 3. While results for pore size in phase 2 are

really close to Kärger data, those for phase 1 are

more than a factor 2 larger than data obtained by the

same model (Table 2). This is probably due to the

more open structure in AD1s, if compared to AD2s,

which causes the confining geometry used for the

propagator to be less effective, not to mention the

fact that the propagator is better suited to work on

less connected pores.

On the other hand, the relative variation of pore

dimensions between sample pairs is fully coherent

within the two methods, as it can be seen in Fig. 7.

This suggests that both approaches catch the major

features of water organization, even though the role of

the effective diffusion paths changes from one method

to the other. Further, such differences are, to some

extent, an indirect test that the real structure of the two

phases for water in cellulose should be very similar to

the one described here.

Indeed, on the one hand, coincident confining

dimensions for phase 2 from both methods is a

sign that the confining geometry adopted for the

propagator is well fitted to the AD2 grouping

geometry. This confirms that a significant correla-

tion between ADs exists also at the fiber scale, and

that the AD2 confining space is more closed, since

the propagator works better at measuring its spatial

dimension.

On the other hand, the difference between the

results from the two approaches confirms that phase 1

is characterized by more open structures than phase 2,

which makes the propagator method to work worse,

because this is a technique better suited to treat closed

pores.
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Conclusions

Acid hydrolysis has been used to affect the structure of

cotton-based paper for the purpose of analyzing the

arrangement of water in cellulose. Untreated and

hydrolyzed paper samples have been studied via

Kärger model and the propagator method, exploiting

PFG-STE signals at different diffusion times. By

making a comparison between differently hydrolyzed

samples S0, S1 and S2, the arrangement of water in

cellulose fibers has been described in some details.

Results confirm that water is divided into two main

populations arranged in the ADs of microfibrils. The

two populations, or phases, have been here associated

to different AD sites: in particular, the population

including more mobile molecules has been localized in

the ADs at fiber surfaces, that is, in the ADs of

microfibrils arranged at, or close to, the fiber surfaces.

The propagator method has shown that connectivity is

more affected by hydrolysis than pore size, in both AD

phases. Also, when a strong acidification occurs, as in

the S1 sample, hydrolysis can enlarge the pore

dimension only at fiber surfaces, while core microfib-

rils are much less modified. The major features of water

confinement in both AD phases have been also tested

by the propagator method associated to reflecting

planes, proving a good approximation of the boundary

conditions both at surfaces and cores of fibrils.
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