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DERIVATION OF LINEAR ELASTICITY
FOR A GENERAL CLASS OF ATOMISTIC ENERGIES

ROBERTO ALICANDRO, GIULIANO LAZZARONI, AND MARIAPIA PALOMBARO

AstrAacT. The purpose of this paper is the derivation, in the framework of Gamma-
convergence, of linear elastic continuum theories from a general class of atomistic models,
in the regime of small deformations. Existing results are available only in the special
case of one-well potentials accounting for very short interactions. We consider here the
general case of multi-well potentials accounting for interactions of finite but arbitrarily
long range. The extension to this setting requires a novel idea for the proof of the
Gamma-convergence which is interesting in its own right and potentially relevant in
other applications.

Keywords: Nonlinear elasticity, Linearised elasticity, Discrete to continuum limits, Geometric rigidity,
Gamma-convergence.
MSC2020: 74B20, 70G75, 74G65, 74Q05, 49J45.

INTRODUCTION

The passage from atomistic models to continuum theories has been the object of extensive
research in the last decades. In particular, many variational tools for the mathematical analysis
of discrete systems have been developed, with the objective of describing the macroscopical
properties of systems whose microscopical behaviour is governed by interactions between their
particles.

Within this framework, in this paper we focus on the problem of deriving linear elastic contin-
uum theories from a general class of atomistic models in the regime of small deformations. We
assume that the reference configuration of a system of particles is the portion £, of a Bravais
lattice lying inside a bounded open set Q of RY, where 1 denotes the interatomic distance. The
energy associated to a deformation v: £, — RY is of the form

E"(v) = Z nNW(D'v|g) + surface terms, (0.1)
Q

where the sum runs over lattice cells Q C € of £, of size nM, where M € N is fixed, and
D'v|g consists of all finite differences of v between points in Q). The surface terms account for
interactions between particles close to 0€2. Energies of the form (0.1) are rather general and
include in particular finite range pairwise interaction energies. The pre-factor n corresponds
to a bulk scaling; indeed, under suitable growth assumptions, the asymptotic behaviour of E"
as 7 — 0 is described by a continuum limit of the form [, f(Vv)dx defined on some Sobolev
space [3]. The computation of f accounts in particular for oscillations at the atomic scale and
is connected to the validity or failure of the so-called Cauchy-Born rule, which holds when each
atom follows the macroscopic deformation Az, implying, roughly speaking, that f(A) = W(A).
This problem has been studied in [13, 9], where it has been proved that for functionals of the
form (0.1) minimised on a single well the Cauchy-Born rule holds for deformations close to the
well.
1
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Within the theory of Continuum Mechanics, a variational approach for the derivation of lin-
earised models from non linear functionals of the form [, f(Vv)dz consists in looking at mini-
mum problems for suitable scalings of the energies when the deformations are small perturbations
of an equilibrium (which without loss of generality we may assume to be the identity deforma-
tion). Specifically, let us write v(xz) = x + eu(x), where eu is the displacement, and assume that
f is smooth. Then, for a fixed u, a Taylor expansion of ¢ — f(I + eVu) leads to a quadratic
principal part of the form %EZDQf(I) [Vu]?. Hence, one expects that the limit as ¢ — 0 of the
rescaled energies

g2 / f(I +eVu)dz (0.2)
Q

is given by the linear elastic functional

- /Q D2 (D) [Vul? e,

which turns out to depend only on the symmetric part of the gradient, if the initial non linear
energy is frame invariant. A rigorous asymptotic analysis in terms of I'-convergence of the
rescaled energies (0.2) has been first performed in [10], ensuring, through compactness properties,
the convergence of related boundary value problems. In [10] f is assumed to be minimised on a
single well and to grow quadratically in terms of the distance from the well. This result has been
later generalised to the case of mixed growth in [2]. Further generalisations have been obtained
when f is minimised on more than one well and the distance between the wells is of order ¢ (see
[1, 20]). It is worth mentioning that, for one-well energy densities f(x, Vu) that are periodic
with respect to x, the homogenisation and the linearisation processes commute [19]; see also
[14] for a generalisation to a stochastic setting. The reader is also referred to [18] for a rigorous
justification in terms of I'-convergence of the classical linearisation approach in plasticity. More
recently the case of multiple wells whose relative distance is fixed has been considered in [6]; in
this context linear elasticity can be derived by adding to the multi-well energy a singular higher
order term which penalises jumps from one well to another. In the continuum setting, such a
perturbation turns out to be crucial to guarantee good compactness properties of minimising
sequences of displacements.

Similarly to the continuum approach, in the discrete setting one studies the asymptotic be-
haviour of

e 2E"(x + cu)

as ¢, 7 — 0. In contrast to the continuum setting, in the discrete analysis one has to take
into account the interplay between the two parameters 7 and €. Indeed, a suitable scaling of
n with respect to e is required in some cases (see [21]) . This approach has been followed in
[8, 21] in very special cases. Namely, [8] studies the case of harmonic springs between nearest
neighbours minimised on a single well. In [21] such analysis has been later extended to single well
energies of the form (0.1) with M = 1, namely accounting for very short interactions, possibly
including cases when individual pair interactions are not equilibrated in the reference lattice. We
emphasise that the assumptions on the potentials considered in [8] and [21] ensure the validity of
the Cauchy-Born rule for deformations close to the equilibria and this turns out to be crucial in
their analysis. Indeed, it rules out the possibility of oscillations at the atomic scale and leads in
the limit to the linearised elastic functional associated to the Hessian D?W (I) of the cell energy.
This is in line with the results proved in [19] for homogenisation. We also refer to [11] for the
derivation of linearised Griffith theories from pairwise interaction potentials of Lennard-Jones
type in the context of fracture mechanics.

The results of [8, 21| leave open the problem of deriving linear elasticity from more general
models of interest in applications, including long-range interactions and multi-well potentials. In
fact, their analysis cannot be easily adapted to such cases. The aim of the present paper is to fill
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this gap by considering only minimal assumptions on energies of the form (0.1). Specifically, we
extend the results to the case of interactions of finite but arbitrarily long range, namely, the case
when the parameter M in (0.1) is an arbitrary integer number; second, to the case of multi-well
potentials, i.e., when W is minimised on the union of a finite number of disjoint wells, in the
spirit of [6]. Our main assumptions on the potential W are the following: frame invariance,
minimality on the wells, mixed growth with respect to the distance of the deformation gradient
from the wells, and an energetic penalisation of transitions between different wells.

The multi-well structure of the potential poses some difficulties in the proof of compactness
of sequences of displacements with equibounded energy. This relies on the well-known rigidity
estimate of Friesecke, James, and Miiller [12], which could be directly applied in [8, 21|. In
contrast, in our context it is crucial to first prove a lower bound ensuring that the energy is
bounded from below by the distance of the deformation gradient from a single energy well (see
Theorem 3.1). The continuum counterpart of this result was proved in [6, Theorem 2.3]. The
key assumption on W coming to play in this analysis is the penalisation of transitions between
different wells (see assumption (Hlc) in Section 1); in particular, for pairwise potentials; such
penalisation is played by interactions beyond nearest neighbours (see also [5]), which to some
extent represent the discrete counterpart of the singular perturbation in [6]. The reader is also
referred to [16] for the compactness of discrete multi-well energies with surface scaling.

As for the proof of the I'-convergence, the main technical problem arising in our analysis
comes from the assumption that in (0.1) M be arbitrary, in particular larger than one, which
leads to new difficulties, compared to [8, 21]. A standard approach in the discrete to continuum
analysis amounts to identify discrete deformations with their piecewise affine interpolations with
respect to a triangulation of the domain. This allows one to represent the discrete energies in
an integral form depending on gradients. In fact, such approach fails in the present setting. In
order to overcome such difficulty we develop a completely new strategy, which we think may be
relevant for other applications. Roughly speaking, it amounts to decompose the energy into the
sum of integrals depending on suitable vector fields whose components are finite differences of
the discrete deformation and that are piecewise constant on lattice cells of size nM. Despite
such vector fields are not gradients, we show that the average of the limiting vector fields can be
written in terms of the gradient of the limiting deformation (see Lemma 4.2). This allows us to
use a convexity argument to obtain the desired lower bound.

We prove that, under a suitable scaling of 1 with respect to &, which we prove to be optimal in
Example 7.4, the limit functional is still determined by the Hessian D?W (I) of the cell energy.
However, in the case of more than one well, the validity of the Cauchy-Born rule for deformations
close to the equilibria is not guaranteed, in contrast with [8, 21|. Indeed, in the bulk scaling
regime, deformations lying in different wells can be arbitrarily mixed at a mesoscale with a
negligible cost, but such oscillations are strongly penalised in our scaling regime. Hence, in
contrast with the one-well model, in the case of more than one well the discrete to continuum
and the linearisation processes do not commute.

We stress that the most general class of discrete energies whose continuum limit is a local
functional of the form fQ f(Vu)dz includes cases where all the particles of the system interact.
Such cases are not covered by our model. However, the locality of the limiting energy is guaran-
teed only if the interaction potentials decay very fast in terms of the relative distance between
the particles (see [3]). In this respect, the assumption that M be finite does not seem a strong
restriction and our model can thus be regarded as an approximation of those potentials.

We complement the analysis with several examples of pairwise interaction energies arising in
different models, including cases when individual pair interactions are not equilibrated in the
reference lattice (see in particular Example 7.3). Nonetheless, the generality of our model can
also cover problems involving more general multi-body interaction energies.
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The paper is organised as follows. Section 1 contains the definitions and the set of assumptions
on the energy functional and specifies the conditions on the boundary data and the external
loading. The main results are stated in Section 2 and proved in Section 4. The main tool to
prove compactness is contained in Section 3 (see Theorem 3.1). In Section 5 we discuss the case
when the boundary data are prescribed only on a subset of 0€2. In Section 6 we show that our
analysis applies to a rather general class of pairwise interaction energies and we specialise the
limit functional in terms of the pairwise potentials. Finally, Section 7 is devoted to examples.

Notation. For N > 2, MV*¥ denotes the set of real NxN matrices and SO(N) the set of
rotations. We denote by I the identity matrix and and by Id the identity map Id: RN 5 2 +— .
For each s > 1 we denote by s’ its conjugate exponent, i.e., s := 2.

In the paper, the same letter C' stands for positive constants whose value may change from
line to line.

1. SETTING OF THE PROBLEM

In this section we introduce the reference configuration of the system, the admissible defor-
mations and their discrete gradients, the mechanical energy, the boundary conditions, and the
energy rescaling. We remark that our analysis applies to any Bravais lattice; by an affine change
of variables, we may reduce to the lattice Z.

Decomposition of RY. We use the so-called Kuhn decomposition, which is a partition of RY
into N-simplices (where N > 1). We partition the unit cube (0,1)" into N-simplices in the
following way: we consider simplices T' whose vertices are of the type

1 2 ... N
{0,€i,,€i, + €iyy ..., €5, +€iy +---+e}t for <z’1 iy e iN) € Sy,
where Sy is the set of permutations of N elements; see Figure 1. We denote by 7Tg the partition
determined by such simplices. Next, we extend 7o by periodicity to all of RY and denote by T
its periodic extension.
Admissible deformations. Let Q be an open bounded Lipschitz subset of RY. Given n > 0
we set

L, =0z nQ,, (1.1)
where ), is the union of all closed hypercubes of the form n(z + [0, 1V), x € ZV, that have

non-empty intersection with 2; see Figure 2. We identify every deformation v: £, — RY by its
piecewise affine interpolation with respect to the rescaled triangulation n7. By a slight abuse of

FIGURE 1. A three-dimensional cube partitioned into six tetrahedra according
to the Kuhn decomposition.
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FIGURE 2. We represent some notation used in Section 1. We choose M = 3.
The domain €2 is the open region contained inside the ellipse, displayed in grey.
In light grey the (closed) set €),; recall that £, consists of all lattice points in
;. In dark grey the (closed) set Q%; points in E% are represented by white dots.

Recall that E% C £,17VI . The points of Ef;/f \ E% are represented by black dots.

notation, such extension is still denoted by v. We define the domain of the functional as
Ay i={ve CO(QU;RN): v piecewise affine,
Vv constant on Q, NnT VT € 'T} i

We remark that all results below are independent of the choice of the interpolation. Indeed,
all that follows still holds if one identifies the deformations with their piecewise constant inter-
polation instead of their piecewise affine interpolation, provided one uses a suitable notion of
convergence; see for example [21].

Discrete gradients. Given M € N, let z1,...,%741)~v be an enumeration of the set Cy :=
{0,..., M}V, Given z € nZ" and v: x+nCy — R, we define the discrete gradient Dyv(z) of v
in x +nC)s as the vector composed of all the difference quotients of the function v corresponding
to every two points in the cell x + nCjy. Specifically,

Do) = (v(w—i—nxl) —v(x + nxy) (12)

nlzr — | >1§k7él§(M+l)N '
Note that Djv(x) € R M) where
d(M) = N(M +1)N ((M F1N - 1) .

We will also need a localised version of (1.2) on subsets of z + nCjs. Specifically, for Z C
{1,...,(M + 1)V} we define the discrete gradient Dy | v(w) of vin T as

x +nay) — v(@ + nwy)
D! x) = o . 1.
nlzv(®) ( nlx; — x| klez (13)

We will employ the following notation for 1 < k <1 < (M + 1)":

(D:?’U({L‘)) — U(x"‘??iﬂl)_v(ﬂf“‘??l“k) )
kl Nz — i
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Moreover, we set, for ¢ € ZV and z € Ly,

Dbu(e) em M+ 1)~ 012)
n|¢]

In the case n = 1 we drop the subscript 1 and for # = 0 we simply write D'v instead of Djv(0)

and D'|,v instead of D}|,v(0).

The energy functional. We consider energies E": A, — [0, +0oo] of the form

(1.4)

E"v):= Y _ ¥ Wy (z, Dyl o 0(@) (1.5)
zeLM
where
£717v1 ={rxenZV: (x+nCy)NQ#0}, (1.6)
@) ={le{l,....,(M+1)"N}: z+na € Q}, (1.7)
and
W (D, if Cn C Q,
Wiy(e, Dy, . o(@)) = (Dyole)) A ntm (1.8)
" Wsurf(In(x),Dn|In(z)v(:z:)) otherwise.
Here W: Zp € R*M) — [0, +00] and Zp is the vector subspace of R¥M) defined by
Zp:={Z e RMM): 7 = D'y for some v: Cpy — RV}, (1.9)
while Wyrp: R — [0, 4+00], where R := {(Z,2): Z C {1,...(M + 1)N}, Z € Zp(T)} and
Zp(T) :={Z e RD: Z = D'|,v for some v: Cpy — RV}, (1.10)

with
a(T) = S @) (#(2) 1),
In what follows, given A € M¥*N and b € RY, we will denote by v Ap the affine function
VAp: ZN — RN defined by
vap(y) == Ay +b, yeZV. (1.11)

In the case when A = I and b = 0 we simply denote it by Id. Moreover, for @ € SO(N) the
symbol Qv denotes the function = — Qu(x).
Let I € N, let Uy,...,U; be invertible matrices in RV*Y and set

We assume that the sets K;, i = 1,...,[, are all disjoint, namely, that Uin*1 ¢ SO(N) for each
i # j. For simplicity, we only consider the case where U; = I, the identity matrix; up to a
change of variables one can recover the general case where U is any invertible matrix, which

is of interest, e.g., to study systems whose equilibrium configuration is an affine deformation of
N
We consider the following set of hypotheses on the interaction potential W:

(HO) (frame invariance) For each function v: Cjy — RY
W (D'v) = W(D'Quv) VQ e SO(N).
(H1) (rigidity and coercivity of the cell energy)

(H1a)
0 =min W (D'v) = W(D'va;) VA€K and beRY;
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(H1b) For each function v: Cjy — RY (identified with its piecewise affine interpolation
with respect to 7), it holds

W(D'v) > C min{dist*(Vv, K), dist?(Vv, K)} dz,
(0,M)N
for some constant C' > 0 and some p € (1,2];
(Hlc) There exist 0 < 0 < %minll#l? dist(Kj,, Kj,) and Cp > 0 such that, whenever
dist(Vv|g, K;,) < o and dist(Vv|,, Kj,) < o for two neighbouring simplices S, T C
[0, M}V and two integers I1,lo € {1,...1}, with I; # I, then
W(D/U) > C'o .
(H2) (C?-regularity in a neighbourhood of the identity) W is of class C? in a neighbourhood of
D’Id and in such a neighbourhood the second derivatives are uniformly bounded.

Remark 1.1. Observe that assumption (Hlc) makes sense only in the case of two or more wells,
that is when | > 2.

Boundary conditions and external loading. We prescribe a Dirichlet boundary condition
on the admissible deformations on the whole boundary 9. (For Dirichlet conditions only on a

subset of the boundary, see Section 5 below.) More precisely, given e > 0 and g € VVZ o (RN, RY),
we assume that v € A, satisfies

v(r) =z +eg(z) V€ Lysuch that dist(z, Q) <6y,
where

lim §, =0, &, > VNMn, (1.12)
n—0

i.e., 6, is larger than the diameter of the cell nCy;. If we write the deformation v in terms of the
displacement
v(z) =z +eu(z),
the Dirichlet boundary condition reads
u(z) = g(z) V€ Ly such that dist(z, Q) <6,. (1.13)

We denote by A7 the set of such displacements, that is

AY = {u € A;: (1.13) holds} .
In what follows we will identify each displacement u € A with its extension to nZY by assuming
u(z) = g(x) on nZN \ L,. Setting

Ef] ={xel,:x+nCy CQ},
by (1.12) and (1.13) we can write for u € AJ

"Id+eu) = > N W(D,Id +eDyu(x)) + El, [(Id + eg),
zeﬁb
where
Eld+eg) = D 0 Waui(Zy(@), Dy, ) (1d +£9)(2)) (1.14)
xGE{)f\E%

see (1.6) for the definition of £7]7V[ and cf. Figure 2. Since the latter term does not depend on u,
it can be neglected, as far as we are interested in minimising displacements.
In our analysis we also include a small loading term, assuming that the total energy of the

system is E"(v) — eF"(v), where
= Z ' (z) vz

x€Ly
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with f7: L, — RY. We identify f7 with its piecewise constant interpolation and we assume that
71— fin LY RN), as n — 0, for some ¢ > 1 which will be specified later on. We set

/f z)dz for v e L2(Q;RY).

Note that

E"(Id + eu) — eF(Id + eu) = E"(Id + eu) — 2 F(u) — eF'(Id).
Since the last term does not depend on w, it can be neglected in our variational analysis.
Energy rescaling. In order to study the asymptotic behaviour of the minimisers of (1.5) sub-
ject to the Dirichlet boundary condition (1.13), we then express the energies in terms of the
displacement fields and properly renormalise and rescale them, by setting for u € A

1
EM(u) = — (B"(Id + eu) — EY, (Id +£g)) = Z n W (D) Id + eDju(x)) . (1.15)
¢ zeLlh
In the case of external loads, we will provide convergence results for the solutions of

mgn{gg@ (u) — F1 (u)} .

The heuristic argument which allows one to identify the elastic energy associated with & as €
and 1 go to 0, consists in computing the pointwise limit of £ (u) for a fixed smooth function u.
Indeed, by a Taylor expansion of W about D%Id as € = 0 we get

() = % S 0 DEW (D )DL u(w)]? + o(1).
zeﬁ%

where D%W denotes the matrix of second derivatives of W with respect to the argument Z € Zp,
recall (1.9)-(1.10). We observe that &(u) converges, as ¢ and 7 tend to 0, to

/¢Vu

P(A) = %D%W(D’Id)[D’vAO]Q VAeMV*N, (1.16)

where

By frame invariance, the quadratic form A — DZW (D'Id)[D'va)? depends only on 5(A+ A7),
the symmetric part of A, hence

/Q 6(Vu) dz = /Q ble(u)) da

The above argument will be rigorously justified in terms of I'-convergence [7] and complemented

with a compactness result. In the case of two or more wells, that is [ > 2, the compactness result

will be proved under a suitable scaling of n = n(e). Precisely, given r € (1, p|, the following scaling

assumption on 7 = 7n(e) will ensure compactness of minimising sequences in W17 (Q; RV):
r(N—1)

limn(e) =0, n(e)>Ce*~ . (1.17)

e—0

In the case [ = 1, we only assume 1ir% n(e) = 0, which yields compactness in WP(Q; RY). We
E—r
finally define

EMO ) ifue .Ag
ey =15 W e (1.18)
+00 1fu€L(QR )\.An(s
and .
Ee(v) = 5 (B")(v) - ENNId+¢eg)), ve Ay (1.19)
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For later use, we introduce the set consisting of the union of all cells contained in €2,

b= (z+[0,My"). (1.20)
zeLh
By (H1b), it follows that
1
E.(v) =& (u) > 06—2 min{dist?(Vv, K), dist?(Vv, K)} dz, (1.21)
Qb
n(e)

where v = Id + cu.

2. MAIN RESULTS

Theorem 2.1 (Compactness). Let W satisfy (HO) and (H1) and let g € Wlifo(RN;RN). Let
n(e) — 0; if | > 2, assume in addition that n(c) satisfies (1.17) for a given r € (1,p|. Let s =p
forl=1and s=r forl > 2. Then there is a sequence oz — 0 such that the following hold.

i) (Case of zero loading) If {u.} is a sequence in A?, | such that £-(u:) is uniformly bounded,
& n(e)
then there exists a positive constant C > 0 such that

[ wurar<c <<se<u5>>3 . rgrSdHNl) toe. 1)

In particular,
[uellwrs@ryy < C, (2.2)

for some positive constant C independent of €.

(ii) (Case of nonzero loading with | = 1) Assume l = 1 and let f"©) be bounded in L* (; RY).
If {u.} is a sequence in AZ(a) such that E(u:) — F1€) (u.) is uniformly bounded, then
there exists a positive constant C > 0 such that

/vug\deg 0((55(%))% +52_S€€(u5)+/ \g\SdHN—l) +a.. (2.3)
Q N

Moreover (2.2) holds true and E:(u.) is uniformly bounded.

(iii) (Case of nonzero loading with [ > 2) Assume | > 2 and let f7¢) be bounded in L* (Q; RYN).
If {u.} is a sequence in Af](a) such that E-(u:) — F1) (u) is uniformly bounded, then
there exists a positive constant C' > 0 such that

/ Vuel* do < C (8 (ue)F + 278 (ue) + (€ (ue)) ¥ + / gl V) bae. (24)
Q oN
Moreover, if s > % orn(e) > e, then (2.2) holds true and E.(ug) is uniformly bounded.

Theorem 2.2 (I'-convergence). Let W satisfy (HO), (Hla), and (H2) and let g € I/VZZ’COO(RN; RM).
Let s € (1,2] and let n = n(e) — 0. Then, as € — 0T the sequence of functionals {E.} T-
converges, with respect to the weak topology of W15(Q;RYN), to the functional

; 1(0.N
E(u) = /Q<b(e(u)) dz  ifu € Hy(GRY), (2.5)
400

otherwise,
where ¢ is defined in (1.16).

The proofs of Theorems 2.1 and 2.2 will be given in Section 4. As a direct consequence of such
results, we deduce the convergence of minima and minimisers stated in the following corollary.
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Corollary 2.3. Under the assumptions of Theorems 2.1 and 2.2, let f7 — f in LSI(Q;]RN),
me = inf{& (u) — F"(u): u € Ai(a)}’

and let u. € Ai(s) be such that

E.(ue) — F1OW < 4 o(1).
Then {u.} weakly converges in W15(Q;RYN) to the unique solution of
min{&(u) — F(u): u € H;(Q;RN)} =m,
where s € (1,p] is as in Theorem 2.1. Moreover ms — m.

Analogous results with Dirichlet conditions prescribed only on a subset of the boundary are
presented in Section 5 below.

Remark 2.4. [t is possible to prove the optimality of the scaling (1.17) in the case | > 2, by
providing examples of sequences with equibounded energy that are unbounded in W1 (Q;RN) if

n(e) < CEQ_W, see Bxample 7.4 below.

In the case r > %, the scaling (1.17) implies n(e) > e. This might suggest that linearisation
occurs when the scale of the displacement is much smaller than the interatomic distance. In fact,
this would actually hold only if we assumed that ue be bounded in L, which is not implied by
our hypotheses. We highlight here the crucial role played by assumption (Hlc) in the case of
two or more wells: indeed, even in the case n(e) > e, one can provide examples of two-well
nearest-neighbour interaction energies such that (Hlc) is not satisfied and the compactness result
stated in Theorem 2.1 does not hold; see the last remark in Example 7.1.

3. A RIGIDITY RESULT

In the present section we prove a one-well lower bound that will play a key role in the proof of
the main theorems: it ensures that configurations with equibounded energy lie close to a certain
energy well in most of the domain. We remark that the results of this section are independent
of both the boundary condition and the external loading.

The following rigidity result provides a lower bound on the functional (1.19) in terms of the
distance of the deformation gradient from a single energy well and it will be the main tool in
proving Theorem 2.1.

Theorem 3.1. Let W satisfy assumptions (HO) and (H1). For a given n = n(e), assume that
ve € Aye) s a sequence such that lim e2E.(v.) = 0, where E. is defined in (1.19). Then there

e—0
exists C > 0 such that
(a) if l =1, then
1

- dist?(Vu., SO(N)) dz < C((Eg(vg))% + 52*pE6(v5)> ; (3.1)
MIRALTE

(b) if 1 > 2 and r € (1, p], then for € sufficiently small there is i. € {1,...,1} such that

62

+ ¥ "B (ve) + 7" (n) n (E=(ve)) N1> . (3.2)

1
— dist"(Vve, K. ) do < C((Es(vg))
9 Qb

n(e)

[Nl

N
Remark 3.2. For later use notice that, under assumption (1.17), in (3.2) ™" (%) M <.
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Proof. To ease notation we write Q% in place of Qg(e), cf. (1.20). Recalling that e2E.(v.) — 0,
(1.21) in turn yields
92\ Q| — 0, (3.3)
where
Q. := {dist(Vv., K) < 6}, (3.4)
with 6 := 0 A 1 and ¢ defined in assumption (Hlc). Set Q% := {dist(Vve, K;) <6}, i=1,...,1,
and note that, since Q. = (J'_, Q%, by (3.3) there exists i € {1,...,1} such that for e sufficiently
small
Q| > C, (3.5)
for some positive constant C' independent of €. Given 1 < s < 2, we write
/ dist®(Vog, K;_)dz = / dist®(Vue, K;_) dx + / dist®(Voe, K, ) dz . (3.6)
Q2 QF QL\Qe°
We estimate the first term in the right hand side using Holder’s inequality and the quadratic
growth of the functional near the wells to obtain

/' dist®(Voe, K ) dx < C’(/ dist?(V,, K;.) dac)5 < CES(EE(’Ug))%. (3.7)
Qe Qe
Observe that if [ = 1 we have Q% = Q. and in Q% \ Q.

min{dist*(Vov., SO(N)), dist?(Vv., SO(N))} > C dist?(Vv., SO(N)) (3.8)
for some constant C' depending on 6. Then (3.1) follows from (1.21), (3.6), (3.7) with s = p, and

(3.8).
In the case [ > 2 we take s = r in (3.6) and (3.7) and we split the integral on Q% \ Qi into
two parts:

/ ~dist"(Voe, K, ) dz =
Qo\QeE

/ _ dist"(Vue, K;_) dx + / _ dist"(Ve, K. ) dx,
(Q\QE)N{| Vo | <p} (Q\QE)N{| Ve [>p}
where p > 0. Choosing p sufficiently large, one has that dist(Vuv,, K) is bounded away from zero
whenever |Vue(z)| > p. Hence, for p sufficiently large, the second term in the right hand side
can be estimated as follows:
/ _ dist"(Vue, K, )de < C _ dist? (Vve, K) dz < Ce?E-(v.) .
(Q2\2°)N{[Vve |>p} (Q\QE)N{| Ve [>p}
In order to estimate the first term, we provide a bound on the perimeter Per(Q%) after noticing
that
/ _ dist”(Vue, K;.) dz < C Q8 \ Q. (3.9)
(Q2\Q)N{[Vve |<p}
Set
Te :={T enT:

T C Q' and there exists a neighbouring simplex S € 7 with § ¢ Q2\ Q&},

and notice that

1 4 .
5 Per() < VT AT < C Per(Q). (3.10)

Let T € T; and let S be a neighbouring simplex lying in Q2 \ Q¥. Fix 2 € £, such that
TUS C x+nCy. Then, using assumption (H1b) if S € Q2\ Q. and (Hlc) if S C Q. \ Q,
W(Dyve(x)) > C > 0.
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The above inequality, in combination with (3.10), yields

) 2
Per(Qif) < O B.(v.), (3.11)
n

where the constant C accounts for the fact that each cell contains a fixed number of simplices.
In view of (3.11) and of the isoperimetric inequality we have

62

: i b\ (i i\ Ty ¥o1
min{[Q%], |02\ Q%[} < C Per(Q¥)¥1 < C (ZES(UE)> . (3.12)

Suppose now that min{|Q], \Qg \ Qi) = \Qg \ Qi|. Then, from (3.9) we deduce the following
estimate
2 N
/ | dist” (Vo., K;,)dz < C (g—Ea(va)> v (3.13)
(Q\QE)N{| Ve |[<p} n

If on the contrary min{|Qf|, [Q2\ Qi|} = |Qf|, then from (3.5) and (3.12) we deduce that

(S;EA%))NN‘I > C

and therefore, since the left-hand side of (3.13) is bounded, we again find that (3.13) holds. O

4. PROOF OF THE MAIN RESULTS

4.1. Proof of compactness.

Proof of Theorem 2.1. As in the proof of Theorem 3.1, Q2 stands for Qf](s), cf. (1.20). Let
Ve = T + eu, and set g, := g\n(E)ZN, both identified with their piecewise affine interpolations. By
(1.12) and (1.13), u. = g in Q\ Q.

In order to apply Theorem 3.1, we first show that e2E.(v.) — 0. This is trivial in the case of
zero loading (i), since F.(v.) is assumed to be equibounded in e. In the case of nonzero loading
(ii)—(iii), the proof follows the steps of the proof of [6, Theorem 1.8 (ii)], that we briefly detail
here for the reader’s convenience. Assuming & (ue) — F7€) (u.) < M, by Poincaré inequality we
get

Ec(us) < M + F1O(ug) < O+ | Vate| s qumaxay) < C (14 |Vt poomaxay) - (4.1)

Moreover, by assumption (H1b), see (1.21), we get

/ |Vue|Pde < ¢ dist?(Vue, K) dx
22\ e Jan\o.

1 . . .

< 05—2 o min{dist*(Vu., K), dist?(Vv., K)} dz < CE.(u.),
where . is as in (3.4). On the other hand, in Q. we have |Vu.| < C, thus |Vu.| < € ae;
finally, in Q \ Q% we have |Vu.| ~ |[Vg| < C. Therefore, for any & < 1 there exists C, such that
C Cy
”VUEHZP(Q;Rdxd) S 57], + Cgs(ue) S 67 + HHVUEHZP(Q;RdXd) )
where in the last inequality we employed (4.1) in combination with Young’s inequality. We obtain
that [|[Vue||prqraxay < € and, by using again (4.1), that E.(v.) = & (u.) < €, in particular
e2E.(v:) — 0.
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In all cases (i)—(iii), we may now apply Theorem 3.1, hence there is i. € {1,...,[} such that

/ dist®(Voe, K ) dx = / dist®(Vog, K;_ ) dz +/ dist®({ +eVge, K;_) dx
Q Qb Q\Qf (4.2)

< e ((Balwr)? + 2 Bufve) + 7= (Bofe2)) V7 ) + C 102\ 90

where 7. =0if [ =1 and 7. = s‘%%)% if 1 > 2. Observe that |\ Q2] — 0. We next prove
that dist(Vue, K;_.) — 0 in L*(2). This follows in case (i) because E.(v¢) is equibounded and
7. < C, cf. (1.17) if | > 2, so the right-hand side of (4.2) tends to zero. In cases (ii)—(iii) we have
already proved that E.(v.) < % Hence, in case (ii), or in case (iii) if s > %, the conclusion
follows as in case (i). In case (iii) with s = &, by the assumption 7(e) > ¢ one has . — 0, so
again the right-hand side of (4.2) tends to zero. In particular this implies dist(Vog, K;_) — 0 in
L3(9) also for s < 5.

We now show that i, = 1 for ¢ sufficiently small. Suppose on the contrary that there is
7 € {2,...,1} such that i = 7 for a subsequence ¢ — 0 (not relabelled). Recall the sets
0L = {dist(Vue, K;) < 6} defined in the proof of Theorem 3.1, with 6 = 0 A1 and o as in (H1c).
By (1.13), Q! o {dist(z, Qp) < 6y} for e sufficiently small. Let Q. be the connected component
of O\ Qf containing {dist(x, Q) < é,} and observe that Per({dist(z, Q) < é,}) > C for some
C > 0. Since dist(Vv., K;) — 0in L*(€), we deduce that [Q\Q%| — 0 and in particular [Q.] — 0,
which yields Per(€.) > C. On the other hand, by (3.11) we have Per(Q) < C%Ee(vg) — 0,

giving a contradiction since Per(2%) > Per(£2.).
We then proceed as in the proof of [10, Proposition 3.4], cf. also the proof of [6, Theorem 1.8
(1)]: by means of the rigidity estimate [12, Theorem 3.1] we obtain

s

1 5 g N s _
= [ 19011 e < O((Ba0) 7 Bulwd) 4 (Bu(w) T+ [l @) v, (43

where a, = CfQ\Qb |IVge|*dx — 0. Hence (2.1), (2.3) and (2.4) follow; we obtain also (2.2) in
case (i). Finally, by (4.1) and (4.3) we have

s N
IVaeliie < C(IFuelf. + 2 Vuele + 7l Vue |5 +1).

This readily implies that (2.2) holds also in cases (ii)—(iii). (Notice that in case (iii) with s <
we use the assumption 7(g) > € to get 7. — 0, as above.) The uniform boundedness of & (u.)
follows from (4.1). O

4.2. Proof of I'-convergence. For a fixed a sequence ¢; — 07, we introduce the functionals

E'(u) :=T-liminf &, = inf { liminf & (u;): uj — u in WI’S(Q;RN)} ,
J—+oo
E"(u) :=T-limsup &, = inf { limsup & (u;): uj — u in Wl’S(Q;RN)} .
Jj—+oo
In order to prove Theorem 2.2, we will show that £"(u) < E(u) < &'(u) for every function
u € WHS(Q;RY). We set n; 1= n(e;) -
Strategy of the proof of the I'-liminf inequality. Before providing the proof of the I'-liminf
inequality we first comment on the strategy. A standard approach in discrete-to-continuum
analysis amounts to give an optimal lower bound on discrete energies by integrals depending on
gradients of suitable affine interpolations of the discrete fields. Such approach cannot be followed
in the case M > 1 due to the nontrivial dependence of the cell energy W on difference quotients
of the discrete fields, see also Remark 6.3.
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We adopt a different strategy. The idea is to partition the lattice anN into sublattices /J;-”,
m=1,..., MV, with elementary lattice cells of size n; M, and identify D;?ju with a set of vector

fields Ujl, .. .,UJMN that are piecewise constant on each cell of the corresponding sublattice.
Accordingly, the total interaction energy is decomposed into a sum of discrete energies Sjm,
where, for every m, Ejm can be written as an integral depending on U™, see (4.13) below.

Ifu; = uin W1 the corresponding vector fields U 7', converge to limits that may be singularly
not related to Vu. In contrast, in the crucial Lemma 4.2 we prove that, for a.e. x, the average of
the limiting vector fields, evaluated at x, is uniquely determined by Vu(z), see (4.7). Finally, the
previous decomposition of the energy, Jensen’s inequality, and a lower semicontinuity argument
allow us to obtain the desired lower bound by applying the linearisation process to each of the
integrals 7.

In order to clarify the construction of the vector fields U™ and the result of Lemma 4.2 we
provide the following one-dimensional example.

Example 4.1. Let N =1, Q = (0,1), M = 2, and u(x) = zx with z € R. Given 21,22 € R
such that 3(z1 + z2) = 2, let w be the 1-periodic function defined by w(z) = z1 if x € (0,3) and
w(z) = 2o if © € (3,1). Then let u; € Ay, (identified with ils piecewise affine interpolation) be
determined by the following conditions: u;(0) = 0, u}(z) = w(ﬁ) Clearly uj = u weakly* in
J
W1>(0,1). Then one has, for every j and z, Ujl(x) = (21, 22, 2), Uf(x) = (29,21, 2), %(Ujl(:ﬂ) +
UjQ(x)) = (2,2,2) = D'(v.0) = D'(vy(m)0) (recall (1.11) for the notation v.o). Therefore
%(Ujl(:z) + Uf(:c)) is uniquely determined by z = Vu(x), while neither Uj1 () nor Uf(az) is.
Before stating Lemma 4.2 we introduce some notation. Recall the integer M € N introduced
in the definition of E"; see (1.5)-(1.10). Notice that we may partition ZV as

MN
N = (ym +MZ"),
m=1
where
{y1,..,yyn} =2 0 [0, M)V, (4.4)
Set
L5 = ni(ym + MZN). (4.5)
Given u € A,,, for every m € {1,..., M N1 we introduce the piecewise constant vector fields

Um: Qb — RYUM) defined by
U (y) = D;b,u(m), where x € L7" is the only point such that y €  + 7;[0, MY, (4.6)

Lemma 4.2. Let u; € A;; be a sequence such that u; — u in WLs(Q;RY) and let U™ be the

associated sequence of vector fields defined by (4.6) for m € {1,...,MN}. Given Q' CC Q, if
ur —=umin LAY, R for every m € {1,..., MN}, then

1 m
— Z U™(y) = D'(vgyy)0) forae ye, (4.7)
where vyy(y)0 @5 as in (1.11).

Proof. One can easily see that

MN
]. m ]- m : S
T > U+ 0iym) = T > U™ weakly in L*(Q; RYM)) (4.8)
m=1
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FIGURE 3. Idea of the proof of (4.17) for N = 2, M = 3. Given y, the point
x is chosen as in (4.9). The lattice E} is represented by the intersections of the
bold lines. The nine short arches displayed in the picture connect the pairs of
points involved in the finite differences appearing in (4.10) for i = 1, 2 = (1,2),
z; = (2,2), v varying in the set {(0,0),(0,1),(0,2)}, and h = 0,1,2. The finite
difference between the points P = z+n;z), and Q = x+n;z; is obtained for y' =
(0,0) and h = 0. For each ¢’ € {(0,0), (0,1),(0,2)}, the sum of the corresponding
three finite differences divided by 3 gives the finite difference corresponding to
the long arch. The sum in (4.10) is the average of the three finite differences
corresponding to the three long arches. Each of such finite differences is regarded
as the derivative with respect to the vector 3e; of the piecewise affine interpolation
of u; with respect to the Kuhn decomposition of the lattice (y1 +y' + xx) + M7ZN
(with y; defined by (4.4)). Dashed lines represent the lattice (y; + x) + MZN.

Note that, by definition (4.6), for a fixed x € £j1- each summand in the left-hand side above is

constant on x + 1;[0, M)N. Next we rewrite such sum in a more convenient form. To this end,
for any i € {1,..., N}, let IT§, be the facet of the discrete cell Z¥ N [0, M) orthogonal to e;,
that is

=20, M)Nn{zeRY:z.¢ =0}.
We have #H§\4 = MN=1. Observe that
{ym:m=1,...,.MN}y={y + he;: yy €I}, h=0,...,M —1}.

For any i € {1,..., N} we can thus regroup the sum in the left-hand side of (4.8) as

1 . 1 1
N E Ui (y + 1jym) = WN-T E i E Dy ui(@ +n;(y + hei)) (4.9)
m=1 y/GHlM h=0
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where = € Ejl- is the only point such that y € x + 1;[0, M) (see Figure 3). Next fix k,l in (1.2)
such that x; = xp + e; for some i = 1,..., N. We explicitly write the kl-th component of (4.9):

MN
% DUMtnym) | =g D 3 Z (D ui(z 4y + hez)))
m=1 kl Y EHZ

__1 Z1Mz_luj($+nj(y/+$k+(h+1)ei))_Uj($+77j(y/+xk+h€i))
T MN-1

y’EH”jM h=0 mj
1 .
= vt Do Dofui(e iy +an)), (4.10)
y' ey,

where we have employed the notation (1.4). Denote by 7’ the triangulation of the lattice (y1 +
Y + xp) + MZN associated to the Kuhn decomposition of the elementary cells of the lattice;
then the sequence of the piecewise affine interpolations of u; on n; 7" still converges to u weakly
in WhHs(Q; RY), see [4, Appendix A]. Therefore, for any 3’ fixed,

Z D “uj( -4y + ) Xetn l0m)N — Vu-e;  weakly in L (Y RY). (4.11)
xeﬁlﬁQ

Finally, notice that all the other components of -7 - Zm 1 Um(y—i—n]ym) are linear combinations
of those considered in (4.10). The thesis then follows from (4 8), (4.10), and (4.11). O

We are now in a position to prove the I'-liminf inequality, which is the first step of the proof
of Theorem 2.2. The second step is the proof of the I'-limsup inequality, which follows from the
discretisation argument detailed below.

Proof of Theorem 2.2. Step 1: E(u) < &'(u). Let u; — u in WH¥(Q;RY). Upon passing to a
subsequence, it is not restrictive to assume that & (u;) is uniformly bounded. Recall (4.5) and

notice that
MN

Ee; (uy) Z & (uy) (4.12)

where .
N
&l (u;) = 2 Z n; W(D;j]d + ng%juj(a:)) .
J zeLll
x+77JCj\[C£nJ
For every m € {1,..., M} let U;™ be the sequence of piecewise constant vector fields defined

by (4.6) associated to u;. Fix Q' CC Q. From the boundedness in W1*(Q;RY) of (u;); (see
Theorem 2.1) we deduce that (U"); is bounded in L3 (s RUM)Y for every m € {1,..., MN}.
Indeed, all finite differences contained in U"(y) can be bounded in terms of finite differences of
u;j between nearest neighbours. Hence, up to passing to a further subsequence (not relabelled),

we may assume that, for every m € {1,..., MV}, Uj* — U™ weakly in L5 RUM))Y for some
U™ € L*(Q; RYM)). Note that, if 2 € £ and x + 1[0, M)" C €, then
1

) W (D), 1d +e; D)) uj(x)) = W(D'Id + ;U (y)) dy .

MN x+n;[0,M)N
In particular, we have for j sufficiently large

gej (uj) > 2N o W(D/Id + €jUj (y))dy. (4.13)
J
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By a Taylor expansion of W about D’Id with Lagrange remainder, we get

1 - 1 - -
= | WO+ eUf W) dy =5 | DEW(D'H+ Ul @)U @)y, (414)
J

for some t; € (0,1). For § > 0, let

w(8) := sup |DZW(D'Id + Z) — DZW(D'Id)), .
1Z)1<s

By the regularity assumption (H2), we know that lims g+ w(6) = 0. Let 7; — 400 such that

lim w(ajyj)'yjz =0 (4.15)

Jj—+oo

and set

B ={y e A Ul <3}, U" =xrUj"
By the Chebyshev inequality and the L*-boundedness of U™ we get that

\Q’\B]m\ggs—w,
v

hence U — U™ weakly in L*(€; RYM)). By (4.14), we then get

1 1 .
= W(D'Id +¢;Uj"(y)) dy > 5 N DLW (D'Id)[UT(y)]* dy — Cw(g5v5)7; -
J

By (4.15) and the convexity of Zp 3 Z — DZW (D'Id)[Z]? we have

2

1 1
liminf = | W(D'Id+¢;U"(y))dy > = [ DZW(D'Id)[U™(y)]*dy. (4.16)
J—+oo Ej Q! 2 QO

By Lemma 4.2 we find that

MN
1 m
W E U (y) = D/(Uvu(y),o) for a.e. Yy S Q/. (417)
m=1

Then, by (4.12), (4.13), (4.17), (4.16), and again by the convexity of Zp > Z — D%W (D'Id)[Z]?
we infer that

MN
- 1 1 m
hmjmfc‘,}j(uj) > 2// E MND%W(D’]d)[U (y)]? dy
m=1

1

> 5 [ DAW DI w0 dy = | ety

This concludes the proof of £(u) < &'(u) upon letting Q' 7 Q and noticing that, by the continuity
of the trace, u € Hgl(Q;RN).

Step 2: £"(u) < E(u). Assume first that u € g + C(;RY). By a convolution and a cut-
off argument, we can find a sequence (u"), such that u® — wu strongly in H'(;RYN) and
u € (g4 C(Q;RN)) N C®°(Q\S,; RY), where S, := {x € Q: dist(x, Q°) < 6,}, with §,, — 0.

n __ n
Define u} = u |5nj' For every z € L, set

U (y) = Dy uj(z), y €z +n;[0,M)".
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Then, using the C? regularity of W, a Taylor expansion about D'Id gives

N
4 11
n% W (D'Id + qD%_u?(m)) =—=— / W (D'Id + sjU;L(y)) dy
e J M [SS [0.MN
j j Jatng[0.0) (4.18)
1 1 .
= ¥ S DZW (D' I)[U} ()] dy + n; o(1).
z+n;[0,M)N
If  +n;[0, M)N C Q\ Sy, from (4.18) it follows
@ W(D'Id + &,D), u(x)) = —— LDEW (D 1) (D (g o) dy + 0¥ (1)
€5 ! M x+n;[0,M)N ’
(4.19)

where we used the Lipschitz regularity of Vu™ in Q\ S,. If instead (z + 7;[0, M)N) N S, # @,
we use the Lipschitz regularity of u, and get from (4.18)

N

" n

ﬁ W (D'Id + &;D; w}(x)) <y’ C+n; o(1). (4.20)
J

Summing over x € £,; and combining (4.19) and (4.20), we obtain

1
E"(u") < limsup & (u}) < /Q2DQZI/V(D’Id)[D’(?)Vun(y)7(])]2 dy + Co, = E(u™) + C4,, .

Jj—+oo

Hence, upon letting n — +o00, by the lower semicontinuity of £” and the strong H'-convergence
of u™ to u, we get

&"(u) < E(u). (4.21)

In the general case u € Hj(Q; RYM), we can find a sequence (uy); in g + C°(Q;RY) such that
ur — u strongly in H'(Q;RY), so that limg_, o E(ux) = E(u). Then, we conclude by (4.21)
with u in place of u and again by the lower semicontinuity of £”. U

5. PARTIAL DIRICHLET BOUNDARY DATA

The aim of the present section is to briefly discuss the case of Dirichlet boundary conditions
assigned only on a subset of 9€2. We will see that in such a case the surface term appearing in
(1.5)—(1.8) cannot be neglected and that its presence will in fact affect the choice of the scaling.
We assume that € is a connected open bounded set of RY with Lipschitz boundary and consider
an open subset v C 9§ such that HV~1(y) > 0 where the Dirichlet condition is prescribed.
The derivation of linear elasticity for pure traction problems, corresponding to v = ), has been
recently considered in continuum settings e.g. in [17]. We assume that  has Lipschitz boundary
in 092 according to [2, Definition 2.1]. Such assumption is needed for a density result employed
in the proof of the I'-limsup inequality in Theorem 5.6, but weaker regularity conditions may be
required as done in [6].

Given ¢ > 0 and g € W,o°(RY; RY), we assume that v € A,, satisfies

loc
v(r) =x +eg(x) Va e L, such that dist(x,v) <6y,
where 4, satisfies (1.12). We denote by A$(~) the set of corresponding displacements, that is
A (7)== {u € Ay u(z) = g(x) Vo € L, such that dist(z,v) < d,}. (5.1)

In contrast with the case of boundary conditions assigned on the whole boundary, here the
surface energy (1.14) depends on u and not only on g and therefore the total energy cannot
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be renormalised as in (1.15). We will then study the following rescaled functionals defined for
u € Aj(7) by

EMN(u) := E%(E”([d + eu))

1 1
T2 Z n™ W (DjId + e Dju(x)) + = Z N Wt (Z, (), Dyly, o, (Id +cu)(z)) .
zeLlh zeLM\LY
The surface term in the above sum will play a role in the choice of n(e); with such a choice the
I-limit will be only determined by the bulk term. The scaling of n = n(e) will depend on a
compatibility condition according to the following definition.

Definition 5.1. We say that Wy, is compatible with W if there exists o > 0 such that
Wurf(Z, D'|, (v)) < CW (D'v) (5.2)

for each T C {1,...,(M + )N}, and for each v: Cpr — RY such that dist(Vv, K) < o (where
Vo denotes the gradient of the piecewise affine interpolation of v).

Remark 5.2. Note that in the case of pairwise interactions, the compatibility of Wy with W
holds if the system is not frustrated (see Remark 6.3).

In the case of compatibility the scaling assumptions on 7(e) will be the same as in Sections
1-2, while in the case of incompatibility our analysis applies only to the case of a single well
under the more restrictive assumption that 7(¢) < €2. Indeed in the case of multiple wells the
latter assumption is incompatible with (1.17). Set

(e) :
EX(u) ifue .Af](g) (),

Ee(u,7) =
) {+oo if we WH(QRY) \ A2 (7).

In this section, we assume for simplicity that there is no volume force, that is f;, = 0. In fact,
the difficulties related to partial boundary data affect the proofs of Theorems 5.4 and 5.6, which
extend Theorems 3.1 and 2.2 and are independent of the presence of forces. Recall the definition
(1.20) for the set Qg(g).

Theorem 5.3 (Compactness). Let W satisfy (HO) and (H1) and let g € Wll’oo(RN;RN). Let

oc

n(e) — 0; if L > 2, assume in addition that n(e) satisfies (1.17) for a given r € (1,p|. Let s =p
forl=1and s =r forl > 2. Then there is a sequence o — 0 such that, if {uc} is a sequence in
Af](s) (7) with E(us,7y) uniformly bounded, then there exist a positive constant C and a sequence

A~ . . N _ . b
Ue Satisfying e = ue N Qn(a) and

/QVﬁg\Sda: <C ((55(%))3 + / ygySdHNl) + o (5.3)
v
In particular,
e lyrs(@myy < C (5.4)

for some positive constant C independent of ¢.

The proof of Theorem 5.3 follows from Theorem 5.4 exactly as Theorem 2.1 follows from
Theorem 3.1.

Theorem 5.4. Let W satisfy (HO) and (H1). For a given n = n(¢), assume that ve € A, is a
sequence such that liné e2E.(v:) = 0, where E. is defined in (1.19). Then there exist C > 0 and
E—

a sequence V. such that 0. = v, in the set QZ(E) and
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(a) if L =1, then
;p/ﬁdistp(V@E,SO(N))dw < C((EE(@E))% +€2—pE€(@E)) : (5.5)

(b) #f 1 > 2, then for e sufficiently small there is ic € {1,...,l} such that

82

1 T N-1 N
r/ dist" (Voe, K, ) dz < C((Eg(ﬁg)) 24 2TTE (b)) 4" () (E-(0:)) N*) . (5.6)
£ Ja n
Proof. Neglecting the surface term in the functional, one can argue as in the proof of Theorem
3.1 and prove estimates (5.5)-(5.6) with  replaced by Qf](s). The conclusion follows from Lemma

5.5 below. O

The next lemma is a slight generalisation of [21, Lemma 3.2| and we refer the reader to [21]
for its proof.

Lemma 5.5. Let ¢ > 1 and i € {1,...,l}. There exists C > 0 such that for each v € A, one
can find O € Ay .y that satisfies the following conditions:
NoA b .
(i) o =v in Qs
(i) /distq(V@,Ki) dz < C’/ dist?(Vv, K;) dz .
Q Qb

n(e)

The existence of the I'-limit depends on the validity of the compatibility condition (5.2).
Precisely, in the case when (5.2) is satisfied, Theorem 2.2 still holds. If (5.2) is not satisfied, then
Theorem 2.2 holds only in the case [ = 1 and under the additional assumption that n(s) < &2.
This is formalised in the next theorem, where we use the notation

1 (0.NY .— 1. NY. o o yN-1
Hy (RY) :={ue H (QR"): u=gH " -ae on~y}.

Theorem 5.6 (I'-convergence). Let W satisfy (HO), (H1a), and (H2) and let g € W’li’fo(RN; RM).
Let s € (1,2] and let n = n(e) — 0. Suppose that (5.2) is satisfied, or | = 1 and n(c) < 2.
Then, as € — 0, the sequence of functionals {E-(-,7)} T-converges, with respect to the weak

topology of W15(Q; RY), to the functional

e(u))dx ifu 1 RV
) /Q ble(w)de if ue H (GRY), -
400

otherwise,
where ¢ is defined in (1.16).

Proof. The proof of the I'-liminf inequality is exactly as in Theorem 2.2, since it involves only the
bulk term of the energies. As long as the I'-limsup inequality is concerned, it suffices to prove it
for a dense subset of H;W(Q; RY), specifically, for the set of functions u € g+C°(RV\~; RM); by
the regularity assumption on ~, the density is guaranteed by [2, Proposition A.2] or [6, Lemma
A.2]. Asin Step 2 in the proof of Theorem 2.2, by a convolution and a cut-off argument, for a
given u in such a class we can find a sequence (u"), such that u™ — u strongly in H'(Q;R"M)
and u" € (g + CX(RN\v; RY)) N C®(Q\S,; RY), where S, := {z € RV : dist(x,v) < J,}, with
on — 0. Let, then, uj = u”|£nj. We estimate the bulk term of &, (U?ﬁ) as in the proof of
Theorem 2.2. Therefore, it suffices to show that the surface contribution vanishes in the limit as
e; — 0. In the case when the compatibility condition (5.2) is satisfied, a Taylor expansion of W
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about the identity yields

L Y Was(T, (@), Dl L, (T g0 NE) <Oz Y g WD)+ ()

xeﬁM\L J xGEM\E

gcggmv (Ll \ Ly ) <Cnj—0.

In the case when [ = 1 and 7(e) < €2, using that Wiy, is bounded in a neighbourhood of the
identity, we get

N
1 Wi n;
= > Y Waunf(T, (), D;?j\% o Id + gjul)(x)) < C 5% (Ly\chy<c ;; —0.
xECM\U’ J J
This concludes the proof. O

Remark 5.7 (Convergence of minima and minimisers). Observe that the analogue of Theorem
2.8 still holds up to replacing the sequence of almost minimisers u. by %(@a—x), where v: = T+Eu,
and V¢ 1s the modification introduced in Theorem §.3. This is a consequence of Theorems 5.3 and
5.6 and of the fact that the I'-liminf inequality involves only the bulk term of the energies.

6. PAIRWISE INTERACTIONS

In this section we show how the analysis and the results established so far apply in particular
to the class of pairwise discrete energies. Namely, we consider energies (Fpy)": A, — [0, +00]

of the form
( Z Z an< SU—|—77£)—U( )‘), (61)

¢eZN xely n
x+7]£6£7,

where 1: ZN x R” = R and we assume that there exists R > 0 such that

(€, p) =0 if ¢ > R.

By introducing a cell energy that suitably weights the interactions in a fixed periodic cell of the
lattice, we can rewrite such energies in the form (1.5) up to an additive constant. Precisely, given
M e N with M > R, define for a function v: Cj; — RV

)= 3D A6 (& ol + ) — o)) (6.2)

gezN yeCu
y+6eCy

where D'v = D}v(0) is defined in (1.2) and A\pr: Cyy x ZN — [0, +00) satisfies

S () =1 vEezN, (6.3)
yeCM
y+€€Cny
Moreover, given Z C {1,...,(M + 1)V} and recalling that z1,. .. , T(pm+1)N i an enumeration of

Chr, let A(Z) :={x;: 1 € I} and set

Wourd T, D'0) = 2 30 Al Qv(& vy +€) — vl )
£eZN ye A(T)
y+EEA(T)
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where D'|,v is defined in (1.3). Abusing notation, we set for v € A, and = € L,
N A 1
WD) =W (Dol +2)).

i 2 1
WSWf(I7 D47|Iv(x)) = Wsurf <Ia D/|IEU(77 : +$)> .
Finally, define 557\/[ and Z,(x) by (1.6) and (1.7), respectively, and

W (Djv(z)) if Z,(x) = {1,..., (M + 1)V},

W D/ = A
(T, 77‘17, @Y v(z)) {Wsurf(zn(x)’D;7|In(z)v(1:)) otherwise.

Hence, we can see that
(Epw)n(v) = Z 77N W7](x7D;7|In(x)v(x)) . (6.4)
zeLM

Note that the coefficients Ay; are chosen in such a way that, in the final sum, boundary interac-
tions and internal interactions have the same weight.
Setting

mn(ff) _man (l‘ D, |In(1) ( ))7

we renormalise the functionals (E,)" by setting

(Bp)(0) = (Bpu)" = 3 0¥ gy = 32 0™ (W (0, Dl oy 0(0)) = (@)

xelLM zeLM
which is of the form (1.5) with
Wy (=, D, 0z, V(@ )) =Wy (z, D, 0|2, ()? v(@)) — my(z).
Note that m,(x) does not depend on z if x +nCy C . We can thus set

7 := min W, (z, D;,\In(r)v(x)) = minW(D’v) for every x s.t. x +nCp C Q (6.5)

and
W (D' (z)v(z)) := W(D’v(x)) —m. (6.6)
Then, if assumptions (H0)-(H2) are satisfied by the cell energy W defined by (6.6), we can apply

Theorem 2.2 to derive the linear elastic energy associated to the family of scaled and renormalised
functionals defined as in (1.15) by

(Epw)d :5 Zn WD/Id+ED/ ()), uEA%.
xeﬁb

Remark 6.1. Note that (HO) is always satisfied by any cell energy W defined by (6.2)—(6.6),
stnce the pair potential v depends on the distance between points in the deformed configuration.
Moreover, (H1)—(H2) are satisfied whenever the following hold:

o W s minimised exactly on K,

e (Hlc) holds with o =0,

e p—Y(&, p) is smooth for every &,

o Y(&,p) > Clp—|U&|)? for everyi=1,...,1 and every p in a neighbourhood of |U;€|,

e there is p > 1 such that (&, p) > CpP for every € € {e1,...,en} and for p sufficiently
large.

Finally, we underline that the validity of (Hlc) is usually implied by the energetic penalisation
due to the interactions beyond nearest neighbours (see the examples in Section 7).
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For the reader’s convenience we restate Theorem 2.2 in this specific case, providing an explicit
formula for the I'-limit.

Theorem 6.2 (I'-convergence). Let the function W defined in (6.6) satisfy (HO), (Hla), and
(H2) and let g € VV;’COO(RN;RN), Let s € (1,2] and let n = n(e) — 0. Then, as e — 0T the
sequence of functionals {E:} defined by (1.18) with 5;7(5) = (Spw)?(a), I'-conwverges, with respect
to the weak topology of W15(Q;RYN), to the functional

. /¢pw ) dz iquHgl(Q;]RN),

otherwise,

(6.7)

where ¢py is defined by

AL\ 2
o) =5 Y (D0t ) - PEEED) (S2) T oy 4 e VN, (0)
cezN

Proof. By Theorem 2.2, the conclusion of the Theorem holds true with ¢, given by (1.16) and
W defined by (6.6). Hence, it only remains to prove that (6.8) holds true. To this end, observe
that, given A € MV*V and setting

1
h(t) := §W(D/Id +tD'uay),
where w4 is defined by (1.11), we have

Ppu(A) = 1"(0). (6.9)
Note, moreover, that
1
M) =5 3 aelt), (6.10)
gezN

where

9e(t) = (&, [€ + tAL]) .
Using the regularity assumption (H2), for sufficiently small ¢ one finds
/ (£ +tAL) - AE
ge(t) = Dyp(&, € + tAL|) =

and
(€ +tAE) -A§>2
€ 4 t A
|AE€ + tAE|? — ((€ + tAE) - Ag)?
€+ tAL]3

gL () =D2(c, |€ + tAe]) (
(6.11)

In particular,

- A
64(0) = D&, IE]) 5,&5

ALl — (& - Ag)?
€1° '

and

42(0) = D2(e. €]) (f,éf) T D(e Je)

Assumption (Hla) yields the following equilibrium condition:

A
cezN

=0 for every A € MV*V,



24 ROBERTO ALICANDRO, GIULIANO LAZZARONI, AND MARIAPIA PALOMBARO

In particular, replacing A with AT A, the equilibrium condition reads

> D(&, 1) AP _ 0 for every A e MMV, (6.12)
cozn €]
From (6.10) and (6.11) we infer that
CAE\? ALP)E)? — (€ - A€)?
CUEEDS (D,%w(&,\fn (S57%) o+ Dot fy 1L L6240 ) (6.13)
EezN

Plugging equation (6.12) into (6.13) yields
1 CAE\? - A€)?
HOBEDS (Dzw@, ) (S15°) - pote e €1 )

2 g 5L
1 Dy (&, |£>> <5-A§)2
_1 D2 _ Y
5 gv ( p(E 1€D) € a )
which in turn, combined with (6.9), yields the conclusion. O

Remark 6.3 (Frustrated systems). We say that the system is not frustrated if the identity
configuration Id minimises each interaction, otherwise we say that the system is frustated. Notice
that, in the first case, the term D, (&, |&]) in (6.8) is zero for every &.

Remark 6.4 (Orientation-preserving constraint). In some models, pairwise discrete energies are
restricted to admissibile deformation subject to additional constraints. For instance it is possible
to enforce an orientation-preserving constraint by requiring that the deformation determinant
(i.e., the Jacobian determinant of the piecewise affine interpolation of the discrete deformation)
s a.e. positive. Qur analysis applies also to this case.

ASpeciﬁcally, let At = {v € A,: det Vo >0 a,e.}A and (E},,)"(v) be defined by (6.1) if v e A,
(Ej,)"(v) = 400 otherwise. Then, the cell energy W (D'v) is defined as in (6.2) if v: Coy — RN
1s such that det Vo > 0 a.e., W(D’v) = +o0o otherwise. For such a choice of W, if the function
W defined in (6.6) satisfies (HO), (Hla), and (H2), then the conclusion of Theorem 6.2 still
holds.

7. EXAMPLES

The present section is devoted to examples. In the first three we exhibit pairwise potentials
to which our analysis applies. The last example shows the optimality of the scaling (1.17).

Example 7.1. We present a two-dimensional example showing that our assumptions include a
model for laminates. We refer to [15] for another discrete model for laminates.

Here it will be convenient to use a triangular reference lattice, namely the Bravais lattice
T? = spang{w, w2} generated by the vectors

wy == (1,0) and wy = (3, @)
Let
W3 1= Wy — W = (—%, ?)

By an affine change of variables we could map T? to Z? so as to conform to the notation of
Section 1; however we choose to work directly on T2 to ease notation, in particular we are going
to define an energy minimised at the identity map and linearise around the identily as in the
previous sections. For each point in the lattice, its nearest neighbours are those at distance 1,
while its next-to-nearest neighbours are those at distance /3. See Figure 4.
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w3 w2

\/wl

FIGURE 4. A portion of triangular lattice. The vectors wy, we, w3 are displayed.
The point marked with the black dot has six nearest and six next-to-nearest
neighbours, marked with grey and white dots, respectively. See Example 7.1.

In the triangular lattice we will define an interaction energy minimised on SO(2) U SO(2)U,
where
- <(1) 2) with b > /5.
It turns out that in the deformed configuration UT? nearest neighbours are mapped into points
whose mutual distance is either 1 or £ := %\/ 1+ 302, while next-to-nearest neighbours are mapped

into points whose mutual distance is either \/3b or %\/9 + 3b2. See Figure 5.

We now define a pairwise interaction energy (Ep,)" as in (6.1), where we replace the square
lattice 7% with the triangular lattice T?2; the set L, is redefined accordingly. Specifically, we
consider the sets of nearest and next-to-nearest neighbour bonds

Bi:i={¢eT? |¢|=1}, Bo:={€cT? |¢|=V3}.

M)
Pr
Ps Ps
\/ Po Py \/\/
Py Py
Ps

FIGURE 5. A deformation of the triangular lattice displayed in Figure 4. In
the deformed configuration, the distances between the displayed points are the
following: |Py—Pi| = |Py—Ps| = 1, |Py—Ps3| = &y, |Py—Ps| = |Py—PFs| = /3,
|Po—Ps5| = %\/9 + 302, |Py—P7| = v/3b. All nearest-neighbour interactions are
at equilibrium. Next-to-nearest neighbour interactions across the interface (bold
line) are not at equilibrium (for example P», P3), which results into an energy
contribution proportional to the length of the interface. See Example 7.1.
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As in (6.1) we define

(Epw) Z Z T]N17ZJ( v(x +n8) = vlw )|> forve Al (7.1)

£eB1UBy IELn n
x+néELy

setting (Epy)"(v) = +oo otherwise, where Ay denotes the deformations v € A, with det Vo > 0
a.e., see Remark 6.4. The pairwise interaction is defined as follows:

(p—1)? if § = fwy,
W€, p) = (p—12A(p—1)? if £ € By \ {fw1},
’ (p—V3)2 A (p—V3b)? if £ ==+(0,v3),
(0= V3)2A (p—2V9+302)° if ¢ € By\ {£(0,V3)}.

Notice that the resulting energy depends both on the elongation of the bonds in the deformed
configuration and on their direction in the reference configuration.

Under the previous assumptions, if a deformation has zero total interaction energy, then its
gradient is a constant matriz belonging to SO(2) U SO(2)U. Indeed, assume that a triangular
cell in T? with sides of length 1 is deformed in such a way that the nearest-neighbour energy is
zero. Then the deformed triangle may have either three sides of length one (so, up to a rotation
it is a cell of T?) or one side of length one and two sides of length £y, (so, up to a rotation it is a
cell of UT?); the third possibility, i.e. two sides of length one and one side of length £y, is ruled
out by the triangle inequality if b > /5, and by the positive determinant constraint in the case
b=+/5: in fact, l 5 = 2. Nezt, assuming that all next-to-nearest neighbour interactions are at
equilibrium, one sees that the gradient has to be constant.

We may then apply the analysis of Section 6 by defining a cell energy as in (6.2), but taking
into account that we are working directly in T2. Specifically, we choose M = 2 and replace the
unit cell Cy with the rhomboid discrete cell, defined as {2tiw; + 2tows: t1,t2 € [0,1]} N T2, In
this case, the coefficients \o(y, &) in (6.2) can be defined by any choice such that the sum (6.3)
holds. Notice that the minimum cell energy ™ defined in (6.5) is zero and is attained for instance
by the identity deformation. Recalling Remark 6.1, it can be seen that:

o Assumptions (HO) and (Hla) are satisfied by construction.
o Assumptions (H1b) and (H2) are satisfied by the regularity and the quadratic growth of

p (&, p).
o If S,T are two neighbouring simplices in T2 such that Vv|g € SO(2) and Vv|r €

SO(2)U, then the distance between the next-to-nearest neighbours contained in S U T
is not in equilibrium. By continuity, (H1c) holds.
Therefore, the conclusion of Theorem 6.2 holds. Since Dgw(f, €]) = 2 and Dyyp(&,1€]) = 0 for
every & € By U By, an explicit computation shows that the limiting energy density (6.8) is

2 A\
Gpw(A) = — Z (H> for every A € R**?] (7.2)
V3 hp, N 1€l
where the factor % takes into account that the measure of the elementary cell of the lattice T?
18 g

Remark that if in (7.1) we remove interactions between next-to-nearest neighbours, namely
the sum runs only over §& € By, then assumption (Hlc) does not hold. In this case, since we
can miz gradients lying in the two wells at zero cost (see Figure 5), one can readily see that the
compactness result given in Theorem 2.1 does not hold.
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FI1GURE 6. A deformation whose gradient lies in the wells of Example 7.2: left, a
portion of the lattice in the reference configuration; right, deformed configuration.
Atoms have been displayed in different colours in order to highlight their position
in the deformed configuration. The (piecewise constant) deformation gradient
takes four values: the bold line separates the corresponding phases. Next-to-
nearest neighbour interactions across the interface are out of equilibrium, which
amounts to an energy penalisation depending on the length of the interface and
on the wells that are connected across the interface.

Example 7.2. We modify the previous example by defining an interaction energy on nearest and
next-to-nearest neighbours that depends only on their distance in the deformed configuration, re-
gardless of the direction of the bonds in the reference configuration. We employ the notation above
and refer again to the total interaction energy defined as in (7.1), with the pairwise interaction
energy given by

BEp) = (=1 A (p— ) if § € By,
i (,0—\/5)2/\(/)—\/gb)Q/\(p—%\/9+3b2)2 if € € By.

As in the previous example we assume that b > /5. Since (E’Imu)77 only depends on distances in
the deformed configuration, then using the symmetries of To we see that

(Epw)"(v) = (Epw)"(vo Hj) forj=0,...,5,

where Hj 1s the rotation of angle %jﬂ'. Therefore, the matrices UH; are in the set of wells. Since
H; = —Hj3, we have SO2)UH; = SO(2)UH 3. Arguing as in Example 7.1 it follows that, if
a deformation has total interaction energy zero, then its gradient is a constant matriz belonging
to

SO(2) U SO(2)U U SO(2)UH, U SO(2)UH, .

Notice that the four energy wells are mutually rank-one connected, see Figure 6. We can now
repeat the steps of the previous example in order to define a cell energy as in (6.2) and show that
it still satisfies assumptions (HO)—(H2). The conclusion of Theorem 6.2 holds also in this case.
Since the energy agrees with the energy of Frample 7.1 for small perturbation of the equilibria,
the limiting energy density is given again by (7.2).
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NuBED.

RERERE

FIGURE 7. Square lattice displaying the interactions active in Example 7.3: the
point in the centre of the picture (black dot) is bonded with its first, second, third,
and fifth neighbours (represented with dark grey, grey, light grey, and white dots,
respectively). Notice that interactions between third and fifth neighbours can
be regarded as interactions between nearest and next-to-nearest neighbours in a
sublattice with lattice distance 2.

Example 7.3. We construct an example of frustrated model in dimension two. We employ a
square latlice as in Section 1 and we assume a positive-determinant constraint as in the examples
above. The interaction energy is the sum of two contributions,

(Epw)"(v) = (Epu){ (v) + (Epu )3 (v)  forv e AF

and (Epy,)"(v) = 400 otherwise. The first contribution includes nearest and nexl-to-nearest
neighbour interactions and is given by

(Epo Z S Ky (’U95+77§7)—U( )’—a1>2

5622 xE€Ly
\§|f1 x+n§€ﬁn

+7 Z Z Kan (’U z +né) —v(z )\_a2>2’

cez? €Ly N
l€]=v/2 T+nEELy

where a1, K12 are fized positive numbers, see (1.1) for the definition of L,. The second con-
tribution with longer range interactions is

(Ep) Z ZK (’UxJH?i)—U( )’_%)2

erQ rELy
\g|72 x+n§e£,,

+7 S Y Ky (\U 575‘1'7]5)—”(1‘”_&4)27

cez? x€Ly
|€|=2v/2 TH+nEELy

where a;, K;, i = 3,4, are fived positive numbers. Note that ( pw)77 includes interactions over
first, second, third, and fifth neighbours (Figure 7); due to the geometry of the square lattice, one

can recast (Epy)" into the form (6.4) choosing cells with size M = 2. Precisely, we choose a cell
energy of the form (6.2) as follows:

W(D/U) = W(l(]’o) + W(ll,O) + W(lLl) + W(l&l) -+ WQ,
where .
Wiigy = 3Been(v(i, ), 0(i41,5), 0(i+1,4+1), 00, j+1); 1),
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W2 = Eeen(v(0,0),0(2,0),v(2,2),v(0,2); 3),

4 2

1
Eeen(y, y2, Y3, ya;m) = 5 > En(lynir—ynl = am)® + Y K1 (lynr2a—ynl — ami1)?,
h=1 h=1

where we use the convention that ys = y1. The terms W(2i,j) contribute to (Epw)? and contain

interactions over first and second neighbours; the term W2 contributes to (Epy,)2(v) and contains
interactions over third and fifth neighbours, corresponding to interactions over first and second
netghbours in a square lattice with lattice distance 2.

By choosing a1 = 1, as = V2, a3 = 2, and as = 2v/2, it turns out that the minimal energy is
zero and the only energy well is SO(2), independently of the choice of K;. In contrast, by choosing
different values for the parameters, one may observe frustration, i.e., there is no deformation
such that the total interaction enerqy is zero; equivalently, there is no deformation such that all
interactions are simultaneously at equilibrium.

On the other hand, it is possible to find an open range U C R® of values for a; and K;,
1=1,2,3,4, such that the only minimising well ofW is still SO(2). Thais follows by an application
of the results of [13]. Indeed, E en(y1,y2,ys,ya;m) is of the form [13, formula (3.3)] and is
minimised only by affine maps of the form y; = Rx;+c with R € SO(2) and ¢ € R2. This property
corresponds to assumption (i) in [13, Theorem 5.1|, which is satisfied by Ecey as proved in [13,
Section 6]. It is now easy to see that, when the parameters are in the range U, then conditions
(H0)—(H2) are satisfied and, if (a1, az,a3,as) # (1,7/2,2,2v2), the system is frustrated.

If the positive-determinant constraint v € Aﬁ is removed, the lattice may be folded, e.g. along
the sides of the bonds. Howewver, folding is penalised by interactions beyond nearest neighbours.
Indeed, it can be easily checked that in such a case the energy is bounded from below by a positive
constant (see for ezample |5, Lemma 3.3]). Moreover, by continuity, if the parameters (a;, K;) €
U and (a1, az, a3, aq) is sufficiently close to (1,/2,2,2v/2), then the minimum value of the energy
s close to zero. It turns out that global minimisers are affine maps with gradients in the set of
orthogonal matrices O(2) = SO(2) U (0(2) \ SO(2)). This shows that our results apply to a
frustrated model with two wells. Applying Theorem 6.2 we can explicitly compute the limiting
energy density, which is given by

1o a; (€ AE\?
— . : 2x2
dpw(A) = 3 E E K; 7 ( 7 > for every A € R**4,

i=1 £€B;
where (£1,09,03,04) == (1,/2,2,2v/2) and B; := {€ € Z*: |¢| = £;}.

Example 7.4. The following example shows that the scaling in (1.17) is optimal, in a model
with two wells and zero volume forces. For similar examples with a Dirichlet condition on the
whole boundary and with external loading, one may argue as done in [6, Examples 3.2 and 3.3]
in the continuum setting.

LetU = I+e®(1,...1), where e € RN, Assume that K = SO(N)USO(N)U. Let Q = (0,1)V.
For every v € (0,1] let ¥ = Qn{x ¢ RV: 2z -(1,...,1) < v} and set v = OQ\Qy for some
v € (0,1). Let v¥ € WHo(Q;R?) be the piecewise affine deformation such that v¥(x) = x in
O\ and Vv¥ = U in QY. We identify v¥ with its restriction on L,. We may also assume
that E"(vY) is uniformly bounded, where E" is defined in (1.5). (Note that all previous examples
satisfy this property.) For e > 0 let uf := %(U” — Id). Observe that for every v < v the Dirichlet
condition is satisfied in a neighbourhood of v with g =0, cf. (5.1).

For any r € (1,2], we show that for n = n(c) < 2" there is a choice of v = v(e) such

that E(ug) is uniformly bounded but |[uf|ly1.rrny — 00 as e — 0. Since Vu = 0 in Q\Q”
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and Vu? = %(U — 1) in Q¥, whose volume has the same order as V", it turns out that

N
14
[ug lwrr@ryy = 057-

This diverges for v > eN. On the other hand, the only cells where the cell energy is different
from zero are those that intersect the interface 0Q \ 0. Their number has the same order as

(%)N_l, therefore
N N-1 N—-1
v Ui v _nv
1 1
This is bounded if v < C’(%)m We then set v(e) := (%)m A1l. Forn < Ce?, v has order

. . _r(N-1)
one, E(ul) is uniformly bounded and |[uf ||y 1. qryy — 00 ase = 0. Fore? < n < TN we

v 1
getv(e) = 0 and eV < (%) N=1 thus again E(uf) is uniformly bounded and [[u?||y1.rqrry —
oo as € — 0. This proves the optimality of (1.17).
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