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Notation

In this work, we will use the the natural unit system in which & = ¢ = kg = 1. If necessary,
the natural constants will be restored with an explicit notification.

We adopt the “mostly minus” convention for the metric tensor, so the Minkowski metric
will be g,,, = diag(1, —1,—1, —1). Therefore, timelike and spacelike vector fields will have
positive and negative magnitude respectively.

Tensors will be denoted by their components, e.g. P¥, where Greek indices will take
on values u = 0,1,2,3. Vectors in the 3-dimensional space will be indicated either with
a bold letter, e.g. p, or with their components, e.g. p;, where Latin indices will take on
values i = 1,2, 3.

The square modulus of a vector field g, 88" = ¥, will be denoted as (2, hence the
modulus /52 or |3#|. The square modulus of a 3-dimensional vector p - p will either be
indicated as |p|? or simply p?, hence the modulus |p| unless otherwise specified.

The Einstein convention of index summation whenever the same index is repeated in a
subscript and a superscript will be adopted, e.g. o, = Zi:o atf,. The scalar product
of two 3-dimensional vectors will be denoted by the symbol “-” e.g. k- p = Zle kipi.

The notations a(,b,) and ay,b,) will stand for symmetrization and antisymmetrization of
indices respectively, that is a(,b,) = (auby+ayby,) and a{#b,,] = 2(ayub,—ayb,) respectively.

For the Levi-Civita symbol we use the convention €23 = 1, while V,, and 9, = 9/9z*
will indicate the covariant and the standard derivative respectively.

Quantum perators in Hilbert spaces will be denoted by a wide hat, e.g. 6, whereas a
regular hat may be used for vector fields of unit magnitude, e.g. é* such that é*¢, = £1.

The commutator of two operators will be denoted as [E, E], while : : will stand for
normal ordering with respect to creation and annihilation operators.

Sansserif letters will be used to indicate elements of a group, e.g. R € SO(3).

The symbol ¢ will denote the imaginary unit, while the symbol “e” the Euler’s number.

The complex and the Hermitean conjugates will be indicated by * and t respectively.
The real and the imaginary parts of a complex number z will be denoted by Re(z) and
Im(z) respectively.

The symbols “tr”, “det” and “log” will stand for trace, determinant and natural loga-
rithm respectively.

Other notation may be introduced as needed.
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1

Introduction

As our intuition would guess, hydrodynamics is indeed a theory describing the evolution
of fluids, but the definition of a fluid is way more general than one would probably expect.
Roughly speaking, in modern physics a fluid is any system comprised of a large number of
degrees of freedom whose characteristic scale of the microscopic interactions is significantly
smaller than its macroscopic size. Thus, although microscopically consisting of a substrate
of discrete particles, such systems can be regarded macroscopically as a continuum, called a
fluid, whose dynamics can be studied collectively. In this sense, hydrodynamics establishes
a connection between the microscopic and the macroscopic properties of a system. If the
velocities of the fluid’s constituents are close to the speed of light, or if so is the velocity
of the fluid as a whole, or if the macroscopic gravitational field is strong, the fluid, whence
the hydrodynamic theory, becomes relativistic. Much endeavour has been put through the
years to build and refine a consistent and predictive theory of relativistic hydrodynamics,
capable of describing successfully not only the simplest case of so-called ideal fluids, but
also including dissipations so that transport and entropy-producing phenomena could be
accounted for. Today, the result of this effort is used to describe with remarkable precision
what we observe, for instance, when colliding two heavy ions moving at near the speed of
light, when studying racing sailing boats, or even when explaining the most catastrophic
events from the remote corners of the universe [1-10].

The fundamental nature underlying the collective classical picture of all fluids is es-
sentially quantum field theoretical. Quantum effects can emerge due to the acceleration
or rotation of a fluid, but in most cases they are dominated by thermal effects: very low
temperatures are usually required for them to be comparable. A well-known example is
indeed the famous Unruh effect, a relativistic quantum phenomenon arising at low tem-
peratures due to acceleration, which was discovered more than forty years ago and still
is a vibrant subject of investigation [11]. In short, the Unruh effect states that uniformly
accelerated observers in Minkowski spacetime associate a thermal bath of particles to the
no-particle state of inertial observers, that is the Minkowski vacuum, and that its temper-
ature is proportional to the magnitude of the acceleration. However, in order to have an
Unruh temperature of order 1K, an acceleration of order 102° m/s? is needed; therefore,
for typical values of the acceleration, the Unruh effect is quite small [12]. Nevertheless,
sometimes matter can show up in conditions so extreme that quantum and thermal effects
are of similar order even at high temperatures. This is certainly the case of the quark-gluon
plasma formed in heavy-ion collisions, which has been found experimentally to be a nearly
ideal relativistic quantum fluid at local thermodynamic equilibrium [13-16]. In order for it
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1 Introduction

to be produced, the heavy ions have to be strongly accelerated to a velocity approaching
the speed of light, and since most of the collisions are non-central, the quark-gluon plasma
ends up spinning incredibly fast. Therefore, despite the temperature being very high, the
quantum effects due to rotation and acceleration are in fact not negligible with respect to
the thermal ones. This rotational structure can lead to a spin polarization of the hadrons
that eventually emerge from the plasma, providing experimental access to flow substruc-
ture in great detail. These measurements are in broad agreement with hydrodynamic and
transport-based calculations and reveal that the quark-gluon plasma is the most vortical
fluid ever observed [17-19].

Thus, with the development of the hydrodynamic theory of multiparticle production,
as well as relativistic astrophysics and cosmology, at some point it became necessary to
go beyond the framework of the phenomenological linear relativistic hydrodynamics. The
aim was then to derive systematically the hydrodynamic equations, the transport rela-
tions and the transport coefficients without relying in the general case on the assumption
that the state of the system is close to thermodynamic equilibrium. Moreover, the need
of describing quantum phenomena in relativistic fluids started to convey a great deal of
attention into the quantum statistical foundations of relativistic hydrodynamics, and it
still is to date. In the late 70’s, a theoretical setup was proposed by D. N. Zubarev to
address these and other issues. His approach to relativistic quantum statistical mechanics
is based on a definition of a density operator at local thermodynamic equilibrium which is
fully covariant and built in terms of the quantum operators of the conserved currents by
means of the maximum entropy principle [20-23]. Global thermodynamic equilibrium and
non-equilibrium states can be obtained from it, and the classical quantities entering the
hydrodynamic equations are understood as thermal expectation values of the correspond-
ing quantum operators calculated with that density operator. As such, it provides us with
a formulation of relativistic hydrodynamics which has a clear geometrical interpretation
and is capable of dealing, in principle, with full non-equilibrium states, without having to
be close to thermodynamic equilibrium. Furthermore, the underlying microscopic theory
is in general taken to be a Quantum Field Theory: this is important especially for strongly
coupled fluids such as the quark-gluon plasma, for which the description in terms of a
relativistic kinetic theory breaks down [24,25]. After being first put forward, this approach
has somehow gone unnoticed for quite some time, but then it was rediscovered and recently
reworked in a more modern language [26-32].

The Zubarev formulation of the quantum statistical foundations of relativistic hydro-
dynamics is being used to tackle a variety of problems, such as the derivation and use
of the Kubo formulae [26, 33|, the apparent thermodynamic inequivalence of the quantum
energy-momentum and spin tensors [27,29], the study of relativistic quantum fluids with ro-
tation and acceleration [30,34], polarization, vorticity and chiral effects in the quark-gluon
plasma [19,35] and many more. Another such interesting topic is certainly the entropy
production occurring in quantum irreversible processes. The entropy is indeed one of the
most fundamental and fascinating concepts in relativistic hydrodynamics and physics in
general. The second law of thermodynamics constrains it to never decrease in time, in
particular it stays constant for systems at thermodynamic equilibrium and increases for
those out of equilibrium because of irreversible processes, that are the dissipations. An
important property of the entropy is the extensivity, meaning that it depends on the vol-
ume of the system. Consequently, the second law of thermodynamics as above reported is
a global statement, in the sense that it concerns the system in its entirety. This is fine in a
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1.0

non-relativistic theory, but from a relativistic standpoint the meaningful statements ought
to be local. In order to embed the extensivity and the second law of thermodynamics in a
covariant language, the existence of a vector field, called the entropy current, is postulated
such that its integral on some 3-dimensional spacelike hypersurface gives the entropy. With
this definition, the local version of the second law of thermodynamics is simply the fact that
the divergence of the entropy current, referred to as the entropy production rate, ought
to be non-negative, namely vanishing at thermodynamic equilibrium and being positive
otherwise. Thus, the form of the entropy current entails the constitutive equations of the
conserved currents in terms of the derivatives of the intensive thermodynamic parameters,
making it a quantity one would most likely want to know exactly.

In the very Israel-Stewart formulation of relativistic hydrodynamics, however, the form
of the entropy current is obtained in a more or less phenomenological fashion by writing
down all the possible terms with given properties, but it certainly is not derived [3]|. Also,
from a quantum statistical standpoint, an equation for the entropy production rate at local
thermodynamic equilibrium is obtained in the framework of the Zubarev approach, but it
provides us with information on the divergence of the entropy current, not the entropy
current itself [20,32]. Over the last decade, there has been a large number of studies where
the structure of the entropy current was involved, and there have also been attempts to
reformulate relativistic hydrodynamics without one [36-45]. In most of these studies, the
structure of the entropy current is postulated based on some classical form of the laws
of thermodynamics supplemented by methods to include the dissipations, but technically
speaking it is not derived. In the language of relativistic quantum statistical mechanics,
the reason for this apparently insufficient definition is that the entropy current, unlike the
energy-momentum tensor and the charged currents, is not the thermal expectation value
of an operator built with quantum fields. Yet another reason for this indeterminacy is the
fact that while the entropy has a precise definition in terms of the density operator given
by the von Neumann formula, the entropy current, which should be a more fundamental
quantity in a relativistic framework, has not.

In this work, we will show that it is indeed possible to provide a rigorous definition of
the entropy current at local thermodynamic equilibrium in relativistic quantum statistical
mechanics and thereby to derive its form. It should be emphasized that this will hold at
local thermodynamic equilibrium at most, since no such equation is currently known for
relativistic quantum fluids fully out of thermodynamic equilibrium. Our method for the
entropy current will be based on the expression of the local thermodynamic equilibrium
density operator put forward by Zubarev. The key step to show that an entropy current
exists at local thermodynamic equilibrium will be the proof that, in a relativistic theory,
the logarithm of the partition function is extensive, meaning that it can be expressed as
the integral on a 3-dimensional spacelike hypersurface of a vector field called the thermo-
dynamic potential current. We will provide, to the best of our knowledge, the first general
proof of this usually tacitly understood hypothesis under very general conditions [46].

After the general method, we will present two specific non-trivial instances of calcu-
lation of the entropy current. The first system we will consider is a relativistic quantum
fluid at global thermodynamic equilibrium with acceleration field of constant magnitude
in Minkowski spacetime. From a phenomenological perspective, this is particularly inter-
esting in the context of heavy-ion collisions, for the quark-gluon plasma is a fluid at local
thermodynamic equilibrium with large values of acceleration and vorticity, local thermody-
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1 Introduction

namic equilibrium being approximated by global thermodynamic equilibrium at first order
in the thermodynamic fields. From a more theoretical standpoint, an acceleration involves
particular quantum field theoretical effects at low temperature such as the Unruh effect,
which will in fact emerge, and the entropy current will indeed contain a quantum correc-
tion due to the acceleration. Interestingly enough, the entropy obtained by integration of
this entropy current will coincide with the entanglement entropy between two subspaces
of Minkowski spacetime [46].

The second system we will consider is a relativistic quantum fluid with longitudinal
boost invariance, also known in literature as the Bjorken model. The phenomenological
interest towards this system comes again from the physics of the quark-gluon plasma, for
J. D. Bjorken first proposed it as approximately realized in the central-rapidity region
in heavy-ion collisions [47]. Modern hydrodynamic models can transcend it by including
transverse expansion and, eventually, by breaking boost invariance itself; however, they
still follow its general principles [48]. On the theoretical side, boost-invariant fluids are
inherently out of thermodynamic equilibrium, thus notoriously hard to study. Neverthe-
less, boost invariance will provide us with special constraints allowing for the analytic
calculation of the thermal expectation value at local thermodynamic equilibrium, making
it the first ever case of an exactly solvable system in that configuration. The entropy cur-
rent thereby obtained will include no apparent quantum correction. A full non-equilibrium
analysis will also be carried out in some asymptotic limit, making this system a benchmark
for the vast and mostly unexplored subject that is non-equilibrium thermal field theory [49].

This work is organized as follows. We will provide in Chapter 2 a quick review on
relativistic hydrodynamics, starting by defining what fluids and a hydrodynamic theory
are in Section 2.1, over to ideal and dissipative hydrodynamics in Sections 2.2 and 2.3
respectively, touching only the points most essential for this work. Special emphasis will
be put into highlighting the importance of the entropy current in this theory.

Chapter 3 will start with a survey of quantum statistical mechanics in Section 3.1 fol-
lowed by the core of the Chapter in Section 3.2, that is the Zubarev approach to relativistic
quantum statistical mechanics. As a comprehensive and pedagogical review on this formal-
ism seems to lack in literature, we will seize this opportunity to put forward one ourselves
to the best of our ability. Section 3.3 will contain the detailed derivation of our method
for the entropy current, therefore it will be of particular relevance for this work.

The case of a relativistic quantum fluid at global thermodynamic equilibrium with
acceleration will be analyzed in Chapter 4, starting with a presentation of the density
operator describing this particular configuration in Section 4.1. The thermal expectation
value of the energy-momentum tensor will be carried out in Section 4.2 exploring renor-
malization and the relation with the Unruh effect. In Section 4.3 we will calculate the
entropy current with our method, followed by a discussion of the result.

In Chapter 5, we will study a relativistic quantum fluid out of thermodynamic equi-
librium with boost invariance, starting with thorough introduction on the boost-invariant
density operator in Section 5.1. The thermal expectation value of the energy-momentum
tensor at local thermodynamic equilibrium will be worked out exactly and renormaliza-
tion explored in Section 5.2, followed by the calculation of the entropy current. Finally,
in Section 5.3 we will carry out an analysis of the energy-momentum tensor fully out of
thermodynamic equilibrium in some asymptotic limit, examining again renormalization.

We will conclude with a brief summary of our results in Chapter 6.

14



2

Relativistic Hydrodynamics

In this Chapter, we will provide a very quick and rather qualitative review of the vast
topic that is relativistic hydrodynamics, with the aim of introducing those concepts that
will be important for the rest of this work. We will start by defining what a fluid and a
hydrodynamic theory are, then moving over to the simplest instance of a hydrodynamic
theory, namely ideal hydrodynamics. Next, we will extend it by including dissipations and
present the relativistic Navier-Stokes theory, which, although reproducing the correct non-
relativistic limit and fulfilling the laws of thermodynamics, will also have deal-breaking
features. As a solution, we will briefly introduce the Israel-Stewart theory. Finally, we will
conclude with a short summary.

As for the references, in this work we will loosely follow the modern textbook by
L. Rezzolla and O. Zanotti [10], but we also ought to mention the classical textbook by L.
D. Landau and E. M. Lifshitz [1] and the famous work by W. Israel and J. M. Stewart [3,4].

2.1 Fluids

When we stumble upon the word “hydro”, our thoughts instinctively go to water and liquids
in general. This is certainly not wrong, as hydrodynamics has indeed to do with the motion
of fluids, but in modern Physics the concept of fluid is far more general than that.

In order to get some insight on this point, let us consider a system of N particles
interacting through some coupling and look at the ratio R = App/I, where App is the de
Broglie wavelength associated to each particle and [ is the characteristic distance between
particles. If R = 1 there is a considerable overlap of the wavefunctions of the particles,
thus the quantum mechanical nature of the system is important and the evolution will
be governed by the Schrodinger equation for the N-particle wavefunction. On the other
hand, if R < 1 the particles are so far away from each other that quantum interference
can be neglected, so there will be N single-particle wavefunctions each evolving according
to the Schrédinger equation, moving like classical particles. This is but the Ehrenfest’s
theorem, stating that the evolution of the expectation value of each observable coincides
with the evolution described by classical mechanics. Of course, if IV is very large, solving
N Schrédinger equations does not seem practically feasible, a statistical approach would
then be necessary.

However, there is also a regime where another kind of description is possible. Suppose
that the number of particles N is very large, and that the system extends over a length
scale L so much larger than [ (and of course App) that the single-particle dynamics cannot
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2 Relativistic Hydrodynamics

be followed, that is R <« 1. This separation between the microscopic and the macroscopic
scales is quantified by the Knudsen number Ky = [/L, which should be KNy < 1 in
the above configuration. In this case, the system can be conveniently approximated as a
continuum whose dynamics can be studied collectively. This continuum is called a fluid, a
system whose large-scale properties can be described effectively without having to worry
about the features that the constituent elements have at much smaller length-scales. A
fluid is usually thought as divided in so-called fluid elements, namely “cells” large enough
to contain a great number of particles, but still small compared to the macroscopic scale L
in order to guarantee homogeneity within them. As a consequence, in each fluid element
the particles have the same average velocity and are at thermodynamic equilibrium. The
properties of neighbouring fluid elements, which can be different and even discontinuous,
represent then the global properties of the fluid. The collective dynamics of the fluid is
called fluid dynamics or hydrodynamics: its aim is the study of the evolution of the fluid
by solving its equations of motion, the hydrodynamic equations.

Thus, hydrodynamics is an effective classical theory describing the evolution of a system
in terms of few quantities, although the underlying microscopic theory might be quantum
mechanical and possibly complicated. Moreover, this definition of a fluid appears to be
quite general: it certainly includes the liquids and gases we intuitively expect, but actually
many other different kinds of systems as well. These are some of the reasons why hydrody-
namics finds applications in a vast number of phenomena ranging from meteorology over
to heavy-ion collisions, relativistic astrophysics and cosmology.

As hydrodynamics establishes a connection between the microscopic and the macro-
scopic properties of a system, when does it become relativistic? This can occur essentially
in three different contexts, which are not mutually exclusive in general. The first one is
when the velocities of the constituent particles within a fluid element are close to the speed
of light, or, equivalently, when their Lorentz factor is significantly larger than one. The
second context applies instead when the Lorentz factor of the macroscopic motion of the
fluid is significantly larger than one, quite independently of the microscopic properties of
the fluid. The third and final one emerges whenever the macroscopic gravitational field is
strong enough to require a description in terms of General Relativity. In this latter case,
no assumption is made about the velocity of the fluid, which can even be at rest as, for
instance, in a stationary relativistic star.

As we mentioned, a relativistic fluid is thought as divided in many fluid elements. What
we can calculate in those elements are averages of an underlying particle substrate. The
distribution function to calculate those averages usually comes from a relativistic kinetic
theory, a model describing the non-equilibrium dynamics of a fluid whose microscopic
degrees of freedom can be regarded as a diluted system of weakly interacting particles. The
averages thereby obtained enter the hydrodynamic equations, so in this sense relativistic
hydrodynamics can be thought as a coarse graining of an underlying relativistic kinetic
theory. This approach works well when the mean free path of the particles is much larger
than their thermal wavelength, however, it breaks down for strongly interacting systems,
which require a full quantum field theoretical description in general. This does not mean
that a hydrodynamic theory cannot be built for such systems, but only that it should be
done without necessarily relying on a relativistic kinetic theory. The problem of calculating
the averages entering the hydrodynamic equations in the case of an underlying Quantum
Field Theory will be the subject of next Chapter. In the present one, we assume they have
been somehow obtained and we focus on their hydrodynamic evolution.
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2.2 Fluids

The first problem we come across when we forget about a particle substrate is the
definition of a hydrodynamic velocity field u#, which, in a kinetic theory, would intuitively
be the average velocity of the particles. Thus, the idea is to consider as the fundamental
quantity the energy-momentum tensor T#”, which always exists, and define a velocity field
from it alone. It is known that if T*”u,u, > 0 for any timelike vector field u*, called the
weak energy condition, then there exists a unique timelike vector field up* with magnitude
uptuy,, = 1 such that THur,, = Aur” for some A > 0. In other words, if the energy
density measured by any observer is non-negative, the energy-momentum tensor has a
unique timelike eigenvector. The reference frame comoving with up* is called the local rest
frame, and it is such that 79 = X and T% = 0 for some T%. So, one way to proceed is
to take up,* as the hydrodynamic velocity field of the fluid. However, this frame choice,
called the Landau frame (hence the subscript L), is not the only possible one. In fact, the
system could also possess a charged current j#, for instance an electromagnetic or baryonic
current, as it often happens in astrophysics, so we might as well define the hydrodynamic
velocity field as the direction of the charged current ugt = j*/ \/P, where by j2 we mean
j? = j*j,. This frame choice, called the Eckart frame (hence the subscript E), is in
some sense the most straightforward generalization of the velocity field of non-relativistic
hydrodynamics. In fact, if j# is taken as the baryonic current, ug” coincides with the
average particles’ velocity of non-relativistic hydrodynamics. Anyway, whatever the frame
we choose, the philosophy is that the fundamental quantities are the energy-momentum
tensor and the charged currents, which always exist, and the velocity field is built from
them. This is somehow the other way round of what is usually done in non-relativistic
hydrodynamics, where all the quantities are built starting from the velocity field.

Once the hydrodynamic velocity field is given, the other kinematic quantities can be
worked out. The acceleration vector field, for instance, is defined as the derivative of the

velocity field along the flow

o
AP = CLL =u"V,u, (2.1)
T

where 7 is the fluid proper time, namely the proper time of an observer comoving with
the fluid, and V, the covariant derivative. Of course, if the spacetime is flat, the covariant
derivative is simply replaced by the standard derivative d,,. The hydrodynamic velocity is
timelike, has unit magnitude by definition

u? = ulu, =1 (2.2)
and it is orthogonal to the acceleration field, which is spacelike
u'A, =0. (2.3)

For future purposes, it is also convenient to define the projection tensor A, which projects
tensors on the hypersurface orthogonal to the velocity field, as

A;uz = guu - uuuua (24>

where g, is the metric tensor. Sometimes it is also useful to decompose the covariant
derivative along the velocity field and orthogonally to it, namely

Viy=u,D+ Dy, (2.5)
where d
D=u'V,= o D, =A",V, (2.6)

with D often called the convective derivative.
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2 Relativistic Hydrodynamics

2.2 Ideal hydrodynamics

In non-relativistic hydrodynamics, a perfect or ideal fluid is a fluid such that, at thermo-
dynamic equilibrium, taken any section, all the inner forces are orthogonal to that section.
This could be rephrased by saying that the stress tensor 7% has vanishing shear stress,
which in turn means that 7% is diagonal with all equal elements on the diagonal, i.e.
T = —pé™ for some eigenvalue p with 6% the Kronecker delta.

Of course, in a relativistic theory we should consider the full energy-momentum tensor
instead of the stress tensor alone. Thus, in order to generalize this definition to the
relativistic case, we could exploit the aforementioned known result stating that, if the
energy-momentum tensor fulfills the weak energy condition, in its local rest frame its
components are 7% > 0, 7% = 0 and some T%. Therefore, we might think of defining
an ideal relativistic fluid as a system whose energy-momentum tensor at thermodynamic
equilibrium is diagonal and isotropic in its local rest frame, namely

" = (p + p)ulu” — pg"” = pufn” — pA. (2.7)

Here, p and p have the meaning of equilibrium energy density and equilibrium pressure
respectively, while g"”, being in the local rest frame, is simply the Minkowskian metric
tensor. Likewise, the charged current j* reads

gt = nut, (2.8)

where n is the equilibrium charge density. Ideal hydrodynamics corresponds to adopting
the thermodynamic equilibrium forms of the energy-momentum tensor and charged current
also out of equilibrium, promoting the energy density, pressure, charge density and velocity
field to slowly-varying functions of the spacetime point, that is

T () = [p(z) + p(a)] v (x)u” (z) — p(x)g"" (z), (2.9)
jH(x) = n(z)u*(x). (2.10)

The above expressions were obtained in the local rest frame, but being fully covariant they
generalize to any frame, so g"” is in fact a generic metric tensor. In the following, the
dependence on the spacetime point will be omitted for ease of notation, unless otherwise
specified. Note that, under this hypothesis, the Landau frame coincides with the Eckart
frame, namely up” = ug” = u#, so in this sense there is no ambiguity in the frame choice
in ideal hydrodynamics. This feature will not be preserved in non-ideal hydrodynamics.
The hydrodynamic equations are simply the conservation laws of the energy-momentum
tensor and the charged current
v, T" =0, (2.11)

Vit = 0. (2.12)

They amount to a set of 5 equations in 6 unknowns: the energy density p, the pressure
p, the charge density n and the three independent components of the velocity field u*
(recall that u* satisfies the normalization condition (2.2)). Thus, in order to solve the
system, we need an extra relation. Technically, any relation between two unknowns is
fine, for instance between the energy density and the pressure. However, we can as well
assume that, although globally out of equilibrium in general, for sufficiently small fluid
elements the system is at thermodynamic equilibrium locally in space and time. In this

18



2.2 Ideal hydrodynamics

hypothesis, we can define a temperature and a chemical potential for each fluid element,
so the thermodynamic quantities p, p and n can be related to them by an equation of
state reducing the number of unknowns to 5. The achievement of this configuration, called
local thermodynamic equilibrium, is therefore equivalent to assuming the existence of the
temperature and chemical potential for each fluid element, T' = T'(x) and p = p(x),
which, from a relativistic standpoint, are defined as those measured in the local rest frame
of the fluid element. Once T, p and u* are given on some three-dimensional spacelike
hypersurface, one can try to solve the ideal hydrodynamic equations.

The four energy-momentum conservation equations are usually decomposed into one
energy conservation equation and three momentum conservation equations, obtained by
projecting (2.11) along the velocity field and orthogonally to it respectively. Together with
the charged current conservation, they read

u, V, T =V, (put) + pV, ut =0, (2.13a)
ANV, T =(p+p)A* — ANV p =0, (2.13h)
Vit = u'Vyn +nV,ut = 0. (2.14)

In the non-relativistic limit, equations (2.13a) and (2.13b) reproduce the well-known con-
tinuity and Euler equations respectively

62
V(o) + pVut =0 2525 9,0+ V- (pv) = 0 (2.15a)

Vyu—0u
2
(p+p)A =AM V'p =0 L pa+ Vp=0 (2.15h)
Vu—0u
where p is now the mass density, a is the spatial component of the acceleration field A#
and V is the gradient with respect to x.
The next step is to consider the thermodynamics of ideal relativistic fluids. The entropy
S of a system is constrained to never decrease in time by the second law of thermodynamics,

ds

0 > 0. (2.16)
In particular, the responsible for entropy production are irreversible processes, while re-
versible ones do not produce any entropy. It is also known that entropy is an extensive
quantity, meaning that it depends on the volume of the system. Now, as expressed in
(2.16), the second law of thermodynamics is a global statement, meaning that it concerns
the system in its entirety. This is fine in a non-relativistic theory, but from a relativistic
standpoint the meaningful statements ought to be local. In order to embed the extensiv-
ity and the second law of thermodynamics in a covariant language, it is postulated that
there exists a vector field s*, called the entropy current, such that its integral on some
3-dimensional spacelike hypersurface ¥ gives the entropy

S = / dx, s (2.17)
by
Here, d¥,, = dX¥n, with d¥ and n* the measure on ¥ and the timelike vector field of

magnitude n*n, = 1 orthogonal to 3 respectively. Equation (2.17) is in fact the extensivity
property, as it expresses the entropy as a volume integral. With this definition of the
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2 Relativistic Hydrodynamics

entropy current, the local version of the second law of thermodynamics for any spacelike
hypersurface ¥ is
Vst > 0. (2.18)

Now the question is what the expression of the entropy current looks like and what con-
straints stem from the second law of thermodynamics.

As we mentioned, in ideal hydrodynamics we assume that the energy density, the
pressure and the charge density have, point by point, the same type of dependence on the
temperature and chemical potential, often referred to as the thermodynamic fields, as they
do at thermodynamic equilibrium. Thus, the equations of state read

p =p(x) = peq(T'(z), (), (2.19)
P =p(x) = peq(T (), u(x)), (2.19D)
n =n(z) = neq(T'(z), u(x)). (2.19¢)

This means that we can use our knowledge of equilibrium thermodynamics to study non-
equilibrium thermodynamics. For instance, at thermodynamic equilibrium we know that

Ts=p+p—un, (2.20)

where s is the entropy density, namely the entropy per unit volume. In particular, given
the above equations of state, equation (2.20) becomes in fact a definition of the entropy
density out of equilibrium. Moreover, the Gibbs-Duhem equation must hold

Tds=dp— pdn, (2.21)
which combined with the differentiation of (2.20) gives

dp = sdT +ndy, (2.22)

() () oz

the symbols meaning that when deriving with respect to a thermodynamic field, the other
one is kept fixed. Thus

hence

Ip Ip
Vup = <8T>HVNT+ (W)Tvﬂu: sV, T +nVpu, (2.24)
and projecting along the velocity field
u'Vyp = sut'V T 4+ nut'V . (2.25)

Together with the derivative of (2.20) along the flow, this implies
Tu!V s = u!'Vp — put'Vvn. (2.26)

The first term at right-hand side can be worked out by using the equation of motion (2.13a),
while for the second one we use (2.14)

uVup = —(p+p)V,ut, ut'Vn = —nV,ut, (2.27)
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2.3 Dissipative hydrodynamics

hence
Tu'Vys =—(p+p—pn)Vyuu' = =TsV, ut, (2.28)

where in the last equality we used (2.20). This is in fact a conservation equation

Vst =0, (2.29)
where we defined the entropy current of an ideal relativistic fluid as

st = sut. (2.30)

Equation (2.29) tells us an important fact: an ideal fluid does not produce entropy, its
entropy is constant in time. As we will see, it will not be the same in general for non-ideal
fluids. In fact, the entropy current of a generic fluid will have more components other than
the ideal su#, those causing the entropy production rate V,s* to be greater than zero are
called dissipations.

2.3 Dissipative hydrodynamics

Ideal hydrodynamics is obtained under the simplest hypothesis that, out of equilibrium,
the energy-momentum tensor and the charged current have the same tensor structure as
they do at thermodynamic equilibrium. Indeed this is a strong assumption, which clearly
becomes a poor approximation when the microscopic time scales are comparable to the
macroscopic ones, namely when the condition of local thermodynamic equilibrium breaks
down. When this occurs, the ideal fluid description has to be extended by including
dissipative terms, that is by considering dissipative or non-ideal fluids.

The first problem we encounter when dealing with non-ideal fluids is the definition
of the velocity field. As we mentioned, for an ideal fluid the Landau and the Eckart
frames coincide, making the choice of the velocity field unambiguous. For a non-ideal
fluid, this is known to no longer hold true, so one has to make a frame choice. Both the
frames have their own advantages. For instance, the Eckart frame is more intuitive, being a
quite straightforward generalization of the non-relativistic case and the continuity equation
taking on a simple form, however it is not well-defined for systems with no net charge. On
the other hand, the Landau frame can be convenient as it simplifies the expression of the
energy-momentum tensor, the price to pay is that the definition of the velocity field is
implicit. For more details on the frame choice in dissipative hydrodynamics, see [50].

Whatever the frame we choose, in order to capture the effects of dissipations we have to
go beyond the assumption of ideal hydrodynamics and allow the energy-momentum tensor
and the charged current to contain other terms in addition to the ideal ones. With this in
mind, we can write in general

™" = put'u” — pA* + 6T (2.31)
G = nut + 5 (2.32)

where 0T and §j* are the dissipative terms. As such, they must vanish at thermodynamic
equilibrium and depend on the derivatives of the thermodynamic fields. We demand the
energy and charge densities to be left unchanged by the dissipative terms, so we enforce
the so-called Landau matching conditions

0T uyu, = 0, djtu, = 0. (2.33)
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2 Relativistic Hydrodynamics

These allow us to write down the following irreducible tensor decompositions
T = putu” — (p + II)A* + ¢H'u” + ¢"ut + TIH (2.34)
J* = nut + vk, (2.35)

Here, ¢, v* and II*” are tensor fields orthogonal to u*, p and n are still the energy and
charge densities while p is in fact the equilibrium component of the pressure p = peq, and
being p + II the total pressure, II represents the non-equilibrium pressure. In formulae

p =T"u,u, (2.36a)
1

p+1I :§T’"‘”AW (2.36D)
qu :TocﬁA,uauﬁ (236C)

1 1
= | (AHLAY g 4+ AV AP ) — gAﬂyAaﬂ T8 (2.36d)
n =j"u, (2.36¢)
oM =5V AP, (2.36f)

Being the dissipations irreversible processes, a non-ideal fluid will produce entropy, but
in the limit of dissipations going to zero, the result of ideal hydrodynamics of vanishing
entropy production rate ought to be recovered. As a consequence, we expect the entropy
current s* to have two components: one is the ideal term su* along the velocity field,
while the other is orthogonal to that and depends on the dissipations. Thermodynamic
equilibrium is characterized by the absence of transport phenomena, namely by having
II, g* and II* all equal to zero, therefore we might as well say that, not surprisingly,
the thermodynamic equilibrium state corresponds to a vanishing entropy production rate.
In the following, we will see how two approaches to dissipative hydrodynamics differ in
prescribing the dissipative component of the entropy current while maintaining the same
properties for the thermodynamic equilibrium state.

2.3.1 Navier-Stokes theory

This formulation of dissipative hydrodynamics was first proposed by Eckart [2] and then
slightly modified by Landau and Lifshitz [1]. It represents the simplest relativistic general-
ization of Navier-Stokes and Fourier equations of non-relativistic dissipative hydrodynam-
ics, and it is usually referred to as classical irreversible thermodynamics. The fundamental
feature of this theory is that the dissipative terms of the entropy current depend linearly
on the dissipations II, ¢* and II*¥, therefore the entropy current contains up to the first
derivatives of the thermodynamic parameters. For this reason, classical irreversible ther-
modynamics is called a first-order theory.

If we limit ourselves to first derivatives, meaning that deviations from thermodynamic
equilibrium are small, and we still identify s = s#u, with the entropy density, the thermo-
dynamic relations (2.20) and (2.21) should keep holding. Note that the total pressure is
p+ 11, so p in (2.20) must now be replaced with p 4+ II. We have shown already that with
(2.20) and (2.21) satisfied at each point, (2.26) is obtained. The first term at right-hand
side is worked out from the projection of the equations of motion V,T"" = 0 along the
flow, in particular we note that

wV,T" =0 =  V,(T"u,)—T"Vu, =0. (2.37)
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2.3 Dissipative hydrodynamics

By using the expression (2.34) of the energy-momentum tensor, we have
u'Vyup = —pVyut' = Vg — (p + IV yu' + ¢* A, +TI"V yu,. (2.38)
For the second term, we consider the equation of motion V,j#* = 0. Using (2.35) we find
u'Vyn = —nV,ut — Vot (2.39)

Plugging these two equations into (2.26), we get

i 1 w4 L H 7
VM(S’U, ) = —Tvuq + ?AM =+ Tvuu,, + TVM’U . (240)
Finally, by defining ¢ = u/T, we have
g q" gt 1824
VM <S’U4u + ? - C’U‘u> = —ﬁVMT + ?AM + Tvuuy - U“VMC. (241)

The non-relativistic limit of this equation is the known equation for the entropy production
rate of non-relativistic dissipative hydrodynamics, provided that ¢* and v* are interpreted
as the heat flow and the current flow respectively. Moreover, II*" is called the wviscous
stress tensor. Thus, we are persuaded to identifying the entropy current of dissipative
hydrodynamics with

q*
st = sut + T Cut. (2.42)

So far, we do not have any information on the expression of the dissipations. This is
obtained by enforcing the second law of thermodynamics, namely by demanding (2.41)
to be non-negative. Being the dissipative terms are independent from each other, we will
have a constraint for each of them. The following expressions of the dissipations are such
that the second law is fulfilled for any value of the temperature and velocity field

g =kAW(V,T —TA)) (2.43a)
" =2not” (2.43b)
I =£V ut (2.43c)
v =DV ¢ (2.43d)
where ¥ is the shear tensor
_ 1 e B8 a AB 2 af
Oy :5 A HA v+ A VA w gAl‘VA VOCUB =
) (2.44)
ZV(MU,,) — A(Mu,,) — gAWV,\u)‘,
in fact, the entropy production rate
q"qy 112 "1, vt
Vst — = 2.45
n w2 Ter T o T (245)
is non-negative provided that
k>0, €20, 1n>0, D>0. (2.46)
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The parameters x, & 1 and D are called the transport coefficients; in particular, k is
the thermal conductivity, & the bulk viscosity', n the shear viscosity and D the diffusion
coefficient. Equations (2.43a)—(2.43d) expressing the transport coefficients in terms of
the derivatives of the thermodynamic parameters as a consequence of the second law of
thermodynamics are called the constitutive equations. Together with the equations of
motion (2.11) and (2.12), they close the set of dissipative hydrodynamics equations. We
will not go into the calculations for they are quite long, but it can be shown that this set
of equations reduces to the well-known Navier-Stokes ones in the non-relativistic limit.
The constitutive equations can be used to further characterize the properties of the
thermodynamic equilibrium state. At thermodynamic equilibrium the dissipations must
vanish for any value of the transport coefficients, so equations (2.43a)—(2.43d) imply

V,T —TA, =0 (2.47a)
o =0 (2.47D)

V,ut =0 (2.47¢)

V¢ =0. (2.474)

By plugging the definition (2.44) of the shear tensor into the condition (2.47b), combining
it with (2.47¢) and dividing everything by the temperature, we obtain

V iy V,,uu_Auul, Ayuy

=" 7 T T
Uy, Uy Uy Uy Apuy,  Ayuy, (2.48)
:Vﬂ? - ﬁVuT + Vz/? - ﬁvl/T - T - T .
Finally, by using (2.47a) we are simply left with
u u
vu?” + v,,?“ =0. (2.49)

Equations (2.49) and (2.47d) represent the conditions that the thermodynamic fields must
fulfill in order to have thermodynamic equilibrium, namely v*/T" must be a Killing vector
field and ¢ = p/T must be constant. This statement is of fundamental importance, and
will be discussed more thoroughly in Subsection 3.2.2 in the next Chapter. As it pertains
the thermodynamic equilibrium state, it will hold true even in the framework of extended
irreversible thermodynamics that we are soon going to introduce.

Although classical irreversible thermodynamics includes the dissipations in such a way
to ensure the second law of thermodynamics and it reproduces the known equations in the
non-relativistic limit, it also has some undesirable features. In particular, it is unstable
under perturbations and it allows for the propagation of information at infinite speed, thus
breaking causality [5,51,52|. Non-causality, in particular, is due to the algebraic nature of
the constitutive equations (2.43a)—(2.43d), which makes parabolic equations emerge and,
as a consequence, the thermodynamic fluxes react instantaneously to the gradients of the
thermodynamic fields. Actually, this feature is present in the non-relativistic Navier-Stokes
theory as well, where the Fourier law for the heat flux leads to a parabolic diffusion equation

The bulk viscosity is usually indicated as ¢, but throughout this work and papers relevant for it, ¢
always stands for the ratio between chemical potential and temperature ¢ = p/T. We choose to “sacrify”
the traditional nomenclature because we will often deal with p/T, but never again with the bulk viscosity.
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2.3 Dissipative hydrodynamics

for the temperature. This is not a conceptual problem per se in a non-relativistic theory,
though a big one in a relativistic context. A recent discussion on this subject can be
found in [53|, where an interpretation and a solution different from the traditional one is
presented.

In order to convince ourselves of the causality breaking, we can study sound waves
propagation. For the sake of simplicity, let us consider a fluid initially at thermodynamic
equilibrium and at rest in a flat spacetime, and suppose that shear viscosity is the only
dissipation present [9]. To make this even simpler, we take a perturbation of the velocity
field along the x direction, independent of y and z

ut = uph + out(t, x), (2.50)

where the initial velocity field is ug” = (1,0), being the system initially at rest. The
density and pressure will change in response to this perturbation

p=po+op(t,x),  p=po+ipt ), (2.51)
where pg and pg are their initial values. In this setup we have the hydrodynamic equation
AV, TH =0 — (p+p)A% — A%, 0"p + A%, 0,]T" =0 (2.52)

and after some algebra we obtain the following diffusive equation at first order in the
perturbations for the y component du¥

OouY(t, x) O*ouv(t,x)
D ks UL ALLE LI} (2.53)

This is in fact a parabolic equation. As is customary in perturbative analysis, we assume
that the perturbation has a simple harmonic behaviour of the type

Su¥(t, ) ox e witike, (2.54)

which leads to the quadratic dispersion relation

w=—1 2 (2.55)
PO+ Po
We can now estimate the velocity of propagation of the mode with wavenumber k
d 2
o _ 2 (2.56)
dk po+po

Clearly, there exists a critical value kit for the wavenumber such that this velocity equals
the speed of light and exceeds it for greater values, thus breaking causality. While this
can be acceptable within a non-relativistic description, it is clearly unsatisfactory within a
relativistic theory in which all signals must be contained in the light cone.

In summary: the ultimate reason for the non-causality of the Navier-Stokes theory
is the parabolicity of the equations, which, in fact, turns out to be a general feature of
first-order theories. In order to avoid it and restore causality, we need hyperbolic instead
of parabolic equations. The traditional solution to this problem is the replacement of a
first-order theory with a second-order one.
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2.3.2 Israel-Stewart theory

Several approaches have been developed to overcome the causality breaking and instability
of classical irreversible thermodynamics. The basic idea is to extend the space of variables
by considering the dissipations as conserved variables of an ideal fluid, which allows to
restore causality under some conditions. The resulting conservation equations describe the
evolution of these new “extended dissipations”, and turn out to be hyperbolic. The price
to pay is that the theory now mathematically more complicated, as it involves a greater
number of variables and parameters, and the physical meaning is not always crystal clear.
This class of theories generally goes under the name of extended irreversible thermodynam-
ics because of this extension of the space of variables. A non-relativistic extended theory
was first proposed by Miiller [54] and later generalised to the relativistic framework by
Israel [3] and Stewart [4]. Here we just touch upon the main qualitative features without
going into technical calculations.

Supported by evidence from relativistic kinetic theory, Israel and Stewart argued that
the entropy current in equation (2.42) is not the most general one, but is in fact the first-
order truncation of a more elaborate expression that also contains terms quadratic in the
dissipation, which is therefore of second-order in the derivatives of the thermodynamic
fields. In the Eckart frame, for simplicity, it reads

" ub gt -
st = sul' + q? — (50H2 - 514" q + 52H°‘5Haﬂ> e S

5T T T (2.57)

Here, the thermodynamic coefficients «g and «y control the couplings between viscosity
and heat fluxes, while £y, 51 and B2 govern the scalar, vector and tensor contributions to
the entropy density respectively. As we can see, both the component of the entropy current
along the velocity field and orthogonal to it are modified with respect to their counterparts
in the Navier-Stokes theory.

As in the Navier-Stokes theory, the simplest way to enforce the second law of thermo-
dynamics is to impose linear relations between the dissipative fluxes and the corresponding
“extended thermodynamic forces”. In this case, however, being the dissipations regarded as
dynamic variables, the extended forces contain derivatives of their respective fluxes along
the velocity field. The resulting constitutive equations replacing (2.43a)—(2.43d), which
are in fact the equations of motion of the dissipations, read [55]

1
mDIL+ 1 = — £V, uf — §T§V# <§;u“> I+ A", V,q" (2.58a)
v 1 2 T v
T¢Dqu + qu =k (A", V, T —TA,) + §T &V, (sz?u ) Qu
- TOA)\VHVM - TQAVMVVH (258b)
1 Tr A
To DLy + 11, =00, — §T17V>\ U—Tu IL,,,
1 2
+ 57’1 (AMQAVﬂ + AVQAMIQ — 3A;WAa,8) Vaqﬁ. (2.58C)
Here, 111, 74, Tr, 70, 71 and 7o are new transport coefficients related to &, ¢* and II*” by

TI1 5‘5607 Tq = HT?Bla T = 7762)

) (2.59)
0 =€, = kT 0, Ty = 2no.
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It can be shown that they measure the time scales over which the system evolves to a new
equilibrium, so they can be regarded as relaxation times. They are not known a priori,
and must be worked out from the underlying microscopic theory. Finally, note that the
Navier-Stokes theory is simply recovered in the limit where the new terms are negligible.

The constitutive equations (2.58a)—(2.58¢c) are sometimes referred to as the Israel-
Stewart equations of extended irreversible thermodynamics. They are 9 first-order-in-time
partial differential equations which, together with the 5 energy-momentum and charge
conservation equations (2.11) and (2.12), form a set of 14 equations in the 14 unknowns
represented by the independent components of the variables {p, n, u#,II, g, IT*}.

Clearly, this theory is mathematically more involved than ideal hydrodynamics or the
Navier-Stokes theory: more equations in more variables come into play, more input from
the underlying microscopic theory is needed and sometimes the physical meaning can be
clouded by technicalities. However, the feature that the dissipations relax with specific
time scales instead of instantaneously reach their asymptotic values is the key to obtain a
hyperbolic set of equations, thus a causal and stable theory of relativistic hydrodynamics
[4]. In fact, by repeating a perturbative analysis similar to the one previously discussed,
one can indeed show that the resulting equations are hyperbolic in nature. It is not
straightforward to see whether hyperbolicity holds in any condition or not, but we are not
going into that.

Over the years, a great variety of predictions of the Israel-Stewart theory have success-
fully matched with experiments, both in the relativistic and non-relativistic regimes. Most
of the recent interest came in fact from heavy-ion collisions, where the need of a relativistic
theory of non-ideal fluids has become crucial to explain the spectra of particles produced
in ultrarelativistic nucleus-nucleus collisions.

2.4 Summary and outlook

Before moving to the next Chapter, we briefly wrap up the content of the present one.
Hydrodynamics is an effective classical theory describing the evolution of fluids, systems
whose microscopic and macroscopic characteristics are significantly separated. Although
their fundamental nature can be quantum mechanical and possibly complicated, whenever
that scale separation occurs their evolution can be effectively described in terms of few clas-
sical degrees of freedom. The simplest instance is that of a perfect or ideal fluid, namely
ideal hydrodynamics. This relies on the assumption of local thermodynamic equilibrium, a
configuration wherein the energy-momentum tensor and possible charged currents, which
are the fundamental ingredients upon which hydrodynamics is built, although out of ther-
modynamic equilibrium preserve the same structure they have at thermodynamic equilib-
rium, promoting the energy density, pressure and velocity field to slowly varying functions
of space and time. Thus, it is possible to define the thermodynamic fields for each fluid
element and do thermodynamics. The key quantity allowing the enforcement of the second
law of thermodynamics is the entropy current, a vector field that integrated on some three-
dimensional spacelike hypersurface gives the entropy of the system. It is shown that ideal
fluids do not produce any entropy. On the contrary, entropy is produced by non-perfect or
non-ideal fluids, systems where dissipations are present, giving rise to irreversible transport
phenomena, whose track is kept in the entropy current, that in turn make the entropy in-
crease. The most straightforward theory of dissipative hydrodynamics is the Navier-Stokes
one: although reproducing the correct non-relativistic limit and fulfilling the laws of ther-
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modynamics, it turns out to be unstable and to break causality. The ultimate cause for
that is the parabolic nature of the equations. The solution to this problem proposed by
Israel and Stewart is the extension of the dissipations from fixed parameters to dynamical
variables. The resulting entropy current captures more terms, which are of second order
in the derivatives of the thermodynamic fields and which in turn give rise to hyperbolic
equations that restore stability and causality. The price to pay is that the theory is math-
ematically more involved and the physical interpretation can be clouded by technicalities,
but the predictions of this theory has proven to match many experimental results so far.

As mentioned, the fundamental ingredients of relativistic hydrodynamics are the con-
served currents, namely the energy-momentum tensor and some possible charged currents.
In order to enter the hydrodynamic equations, they must be worked out as averages in the
underlying microscopic theory. This could be, for instance, a relativistic kinetic theory,
that is a model describing the non-equilibrium dynamics of a fluid whose microscopic de-
grees of freedom can be regarded as a diluted system of weakly interacting particles. The
relativistic kinetic approach works well when the mean free path of the particles is much
larger than their thermal wavelength, but it breaks down for strongly interacting fluids re-
quiring a full quantum field theoretical description in general. Thus, when the underlying
microscopic theory is a Quantum Field Theory, those averages are in fact thermal expecta-
tion values calculated either with a generating functional or a density operator depending
on the state of the system. Throughout the rest of this work, we will use a method to
calculate thermal expectation values based on a density operator put forward by Zubarev
in the late 70’s, which will be the subject of the next Chapter.
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Relativistic Quantum Statistical Mechanics

The fundamental quantities entering the hydrodynamic equations are the conserved cur-
rents, namely the energy-momentum tensor T#” and some possible charged current j*.
These are regarded as averages calculated from the underlying microscopic theory, which
in this work is taken to be a Quantum Field Theory since not all systems can be described
by means of a relativistic kinetic theory, for instance strongly interacting ones such as the
quark-gluon plasma formed in heavy-ion collisions [24,25]. From a quantum statistical per-
spective, these averages are renormalized thermal expectation values of quantum operators
calculated with some density operator depending on the state of the system

~

T = t2(FT" Yo, j* = ()" )sen, (3.1)

where p is the density operator, T and jf“ are quantum operators and ‘“ren” means that
the expectation value is somehow renormalized. Thus, the hydrodynamic equations read

v,uTlW = Vutr(ﬁj;'uu)ren = tr(l/o\v#j—\wy)ren =0 (3'2)
Vgt = Vutr(ﬁju)ren = tr(ﬁvuju)ren =0, (3-3)

making explicit, in this form, that the conservation laws of the thermal expectation val-
ues descend from the more fundamental conservation laws of the corresponding quantum
operators. Here V,p = 0 was exploited, p being a stationary state in the Heisenberg pic-
ture. The Heisenberg picture is usually preferred in a relativistic theory for it is manifestly
covariant, so it will be adopted in this work too. Equations (3.1) make it clear how quan-
tum effects can arise in relativistic hydrodynamics. There, the quantum operators and the
renormalization procedure depend on the details of the underlying Quantum Field Theory,
examples will be shown in Chapters 4 and 5. Here, we will address instead the issue of
seeking the appropriate density operator and, directly from its expression, derive a general
method for the calculation of the entropy current at local thermodynamic equilibrium.
We will start with a quick review on quantum statistical mechanics by recalling what
a density operator is and how it is determined according to the maximum entropy princi-
ple. Moving towards a covariant formulation, the core of this Chapter will be the Zubarev
approach to relativistic quantum statistical mechanics. Since a comprehensive and peda-
gogical review on this powerful formalism seems not to exist in literature, which is part of
the reason why it has long gone unnoticed unfairly in our opinion, we would like to seize
the opportunity to put forward one ourselves to the best of our ability. A special note will
concern the derivation of a general formula for the entropy current at local thermodynamic
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equilibrium: this will be the fundamental result of this work, and will be applied in later
Chapters to different kinds of systems. Finally, we will conclude with a short summary.
The review on quantum statistical mechanics will be loosely based on the textbook by
R. Balian [56]. As for the Zubarev approach, we sure have to mention the original work
by D. N. Zubarev et al. [20] followed closely by that of Ch. G. van Weert [21], but also the
more recent works by F. Becattini et al. [30] and T. Hayata et al. [31]. For a reworking
of the formalism in a more modern language, on which part of this Chapter is based, we
suggest [32] by F. Becattini et al.. Finally, the method for the entropy current at local
thermodynamic equilibrium was put forward in [46] by F. Becattini and D. R..

3.1 Quantum statistical mechanics

The aim of statistical mechanics is the description of systems which are known solely
by the specification of some global variables. Typically these systems are macroscopic,
in the sense that they involve a great number of degrees of freedom, and in quantum
mechanical language, the given macroscopic data are expectation values of operators. At
the microscopic level, however, there are in general several possible states producing the
same values for the macroscopic variables, therefore the state is not completely known:
all we can give is the probability that the system is described by one state or another.
Therefore, such a system is represented by the set {|¢;),p;} of the possible states [t;)
compatible with the given macroscopic data each with its own probability of occurrence
pi € [0,1] such that >, p; = 1. The set {|5),p;} is called a statistical ensemble, and each
state |1);) is an element of that ensemble. Thus, such a system embodies two probabilities
of different origin: the one is quantum mechanical and due to the |1;), the other is classical
and ascribed to our incomplete knowledge of the state represented by the p;. If the system
is exactly in one of the |¢;) it is said to be in a pure state, otherwise it is in a mized state.
For a pure state, all the p; vanish except one, which is equal to 1. On the contrary, for
a maximally mixed state, all the |¢;) have the same probability, which is p; = 1/N with
N the dimension of the Hilbert space the [¢;) belong to. For a system described by the
statistical ensamble {|t;), pi}, the expectation value of an operator O is

(0) =D _piltslOls) = tx(70), (3.4)
where p such that tr(p) = 1 is called the density operator and is defined as

p= Zpiwmiy. (3.5)

The density operator embodies in a compact form the statistical nature of the macroscopic
system and allows us to calculate expectation values of operators, therefore it is the natural
object used in quantum statistical mechanics to describe a statistical ensemble.

Our knowledge of the system is more or less complete: clearly our information is
maximum when we can make predictions with full certainty, and it is larger when the
system is in a pure state than in a mixed one. Moreover, the system is better known when
the number of possible states is small or when the probability for one of them is close
to unity than when there is a large number of possible states with all approximately the
same probability. The idea is then to identify the missing information with a quantitative
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measure for the degree of disorder existing in a system whose preparation has a random
nature. This quantity is the von Neumann entropy

= —tx(plog ), (3.6)

which is, in fact, maximum for a maximally mixed state and minimum and equal to zero for
a pure state, as desired. The von Neumann entropy satisfies a number of other properties,
but to our intents and purposes it suffices to say that it is a good measure of our missing
information on a system. Recall that the thermodynamic entropy is the von Neumann
entropy multiplied by the Boltzmann constant, which in this work is set to kg = 1, so we
regard them as the same quantity which we indicate as S and simply refer to as “entropy”.

In order to actually be able to make predictions on a system prepared in some given way,
we must know how to assign it a density operator representing the physical configuration
that we want to describe. If we know nothing about the system, the answer is simple:
we must assume that all the possible states are equally probable, any other choice would
arbitrarily introduce an order for which there are no reasons of believing that it exists.
This is but the maximally mixed state, namely the one that maximizes the entropy. If
the system is partially known, meaning that we are given some data, the same kind of
philosophy applies: among all the possible states, we must select those compatible with
the given data and assign them equal probabilities. In other words, we must look for the
maximum of the entropy while reproducing the known data. We assume therefore that the
best guess for p is provided by the following prescription: amongst all the density operators
compatible with the available data, we must represent the system by the one which has
the largest value of the entropy. This is called the mazimum entropy principle. The states
determined accordingly are said to be at thermodynamic equilibrium, all other states are
called of non-equilibrium. Mathematically, the available information is represented by a
set of expectation values {(O;)} of a set of observables {O;}. The density operator must
reproduce the data, therefore it must fulfill that constraints

For each constraint, we introduce a Lagrange multiplier A; and maximize the functional

expression

—tr(plogp) — Z i (tr pO (@)) (3.8)
with respect to p. The solution has the well-known form

> " Xi0; Z =1 <exp[ Z)\O ) (3.9)

where Z is the partition function enforcing the normalization tr(p) = 1. Depending on
which set of observables is chosen, a different statistical ensamble is obtained.

=

We conclude this review with a remark on the time evolution. In the Schrodinger
picture, the evolution of the states [¢;) is governed by the Schrédinger equation, whose
solution is a unitary transformation of |v;)

i) = Ay = @) =00kO), T = 310)
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with H the Hamiltonian. As a consequence, the evolution of the density operator is
governed by the von Neumann equation, which is similar to the Heisenberg equation but
with opposite sign. Its solution is again a unitary transformation of p

P _ i A(t) = (1)) 0

g = el = p) =U@)p0)uT (). (3.11)
A known property of the entropy, which can be checked by using the definition (3.6),
is the invariance under unitary transformations of the density operator, therefore it is
in fact stationary in the Schrodinger picture. This is more obvious in the Heisenberg
picture, where the states |1;) are constant in time, and so is the density operator. We
must conclude that, regardless of the picture, the entropy is always stationary in quantum
statistical mechanics. However, it is well-known that, in classical physics, irreversible
processes that produce entropy can definitely occur, as we discussed also in Chapter 2.
From a kinetic theory perspective, for instance, if a system is initially out of thermodynamic
equilibrium, the collisions between particles make the entropy increase until it reaches a
maximum corresponding to a state of thermodynamic equilibrium. Thus, in analogy with
the classical theory, is there a way to describe irreversible processes where the entropy can
actually increase in the quantum theory? This question leads us to the next Section.

3.2 The Zubarev approach

The aim of D. N. Zubarev was actually way broader than just the description of quantum
processes with entropy production. With the development of relativistic astrophysics,
cosmology, and the hydrodynamic theory of multiparticle production, in the late 70’s it
became necessary to go beyond the framework of the phenomenological linear relativistic
hydrodynamics. Thus, his purpose back then was rather to derive systematically the
equations of non-linear quantum relativistic hydrodynamics, the transport relations and the
transport coefficients without relying in the general case on the assumption that the state
of the system is close to thermodynamic equilibrium. Dealing with full non-equilibrium
and including quantum effects, his formulation appears to be completely general and also
well suited to describe, among other things, the entropy production of quantum processes.

3.2.1 Local thermodynamic equilibrium density operator

The core of the Zubarev formulation of the quantum statistical foundations of relativistic
hydrodynamics is the so-called local thermodynamic equilibrium density operator. This is
defined, according to the maximum entropy principle, as the operator prg that maximizes
the functional expression —tr(ppg log prg) with constraints of given energy, momentum and
possible charge densities. This definition does not assume any underlying kinetic theory,
and it also is completely unambiguous in the non-relativistic theory as it only demands
for the densities to vary significantly over distances much larger than the characteristic
microscopic scale [30,56]. Its relativistic extension, however, requires a little more effort
due to the stronger frame-dependence of the densities.

The first step towards a covariant expression of ppg is the foliation of the spacetime
with a l-parameter family of 3-dimensional spacelike hypersurfaces {¥(7)}. Indeed the
timelike unit vector field n* normal to the hypersurfaces defines worldlines of observers,
but 7 does not in general coincide with the proper time of comoving observers. By the
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3.2 The Zubarev approach

Frobenius theorem, in order for the foliation to be well-defined, the normal unit vector
must fulfill the so-called vorticity-free condition

€uvpont (0"nf — 0Pn”) =0, (3.12)

with €,,,0 the Levi-Civita symbol. Such a foliation, also known as the Arnowitt-Deser-
Misner (ADM) foliation, will hereafter be assumed to exist for the geometry at hand.
Whatever the expression of prg is, the renormalized energy-momentum and charge densities
on a hypersurface ¥(7) of the foliation calculated with prg are respectively nutr(ﬁLEf“”)ren
and nutr(ﬁLE}“)ren. These are constrained to equal the actual values, that is

0t (PLET™ Vren = 1, T, nutr(PLES" )ren = 5" (3.13)

In the following, these will be referred to as the constraint equations. The quantities at
right-hand side are the actual ones, finite, however they are known or defined. In other
words, they are what we called the given data in the previous Section. The plain expecta-
tion values of T and 3“ are divergent in general, therefore it is important to emphasize
that the quantities at left-hand side must be suitably renormalized in order to match
the actual ones. The renormalization procedure depends on the details of the underlying
Quantum Field Theory. Throughout the rest of this work, we will be concerned with the
simplest case of free field theories, therefore renormalization is most readily established by
subtraction of the vacuum expectation value

tr(PLET™ )ren =tr(PLET™) — (0|TH(0) = tr(pLe : T ) = (: T* )1 (3.14a)
tr(PLES" Jren =tr(PLij") — (0[#(0) = tr(pLe : 7* 1) = (: " )Le, (3.14b)

which is tantamount to normally ordering the creation and annihilation operators because
the conserved currents are quadratic in the fields. In the last step, we have used the
notation (5>LE = tr(ﬁLEa) for the expectation value of an operator O calculated with
PLE, much in the same was as (3.4). Thus, in analogy with the non-relativistic case (3.8),
we introduce a set of Lagrange multipliers and maximize following functional expression
with respect to pLg

—tr(pLE log ﬁLE)Jr/

oy 8 [ (0P en = T 8, = ¢ (5(PT e = 3#)] - (3:15)

where d¥,, = d¥ n, with d¥ the measure on X(7). Once again in analogy with (3.9), the
solution of the variational problem is

~ ]- - v -~
PLp = 5 exp [—/ s, (T“ 8, — gﬂ)] (3.16)
LE 5(7)

Zip = tr (exp [— /Z . s, (f’“’@, - g}ﬂ)]) (3.17)

where the partition function Z1g ensures tr(prg) = 1. It is important to notice that it can
be kept in this simple form, without subtraction of the vacuum expectation value, because
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the latter is a non-operator term which would appear also in the partition function, hence
cancelling out in the ratio. In formulae

exp[—fET dEH( T . B, — ¢ )}

tr(exp | Joy a5, (-7 5 =€) )
exp | = fy(r) 45, (<TW O17#10))8, = ¢(G* — (O[7#10)) )|
tr (exp | = [y 0 (T = (01T[0))8, — ¢ = (0[3#/0))) )
exp [— Jsm 420 (T“”Bu —~ C?“)} L
" (exp [ oy a5 (s —G)])

In other words, prg is invariant under addition or subtraction of a non-operator term such
as a vacuum expectation value. This property will come in handy later on.

Equation (3.16) is the fully covariant expression of the local thermodynamic equilibrium
density operator, and it holds in a general curved spacetime. It was first obtained by
Zubarev |20] and van Weert [21], and has been recently reworked [30, 31].

In order to enforce the constraint equations (3.13), we introduced the Lagrange mul-
tipliers B* and (: their physical meaning is that of thermodynamic fields, and they are
determined as solutions of the constraint equations themselves with prg given by (3.16).
Now, it is clear that the local thermodynamic equilibrium density operator depends first
on the chosen foliation and then on the particular hypersurface 3(7), whence on the vector
field n*. In turn, the thermal expectation values at left-and side in the constraint equations
also depend on (7). Thus, explicitly, the constraint equations read

(3.18)

n,utr(ﬁLE [5“7 Cy nu}fw/)ren = n,uT'uVa n,utr(ﬁLE [Bua C7 nu]}u)ren = n,uju (3-19)

where the dependence of pLg on 8, ( and n* can be functional. For any given spacetime
foliation, these are 5 equations in 5 unknowns, and can be solved in principle to determine
the thermodynamic fields. In the general case this is a non-trivial task, however a great
simplification is achieved if n* is taken to be the direction of S#, that is n* = ﬁ“/\/ﬂﬁ,
which is possible as * is known to be timelike, provided it satisfies the vorticity-free
condition (3.12). Nevertheless, in [30] it is argued that a definition of n* based on B
can be put forward also in the vorticous case, at least in Minkowski spacetime. With this
choice, the number of independent variables is reduced, and the above equations become

ﬁutr(ﬁLE [6”: dflw)ren = BuTMV> 5utr(ﬁLE [BM’ C]?H)ren = B,uju- (3-20)

Thus, although being true that there is an overall ambiguity due to the choice of the
hypersurface 3(7), this can in fact be chosen consistently by using S* itself. This choice
is known as the S-frame, or the thermodynamic frame, represented by the velocity field

defined as
p* 1

(3.21)
The Lorentz scalar T defines a proper temperature, namely the one measured by an ideal

thermometer comoving with the system, and is in general different from the one marked by
a fixed ideal thermometer who sees the system passing by, that is T, = 1/°. By virtue
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3.2 The Zubarev approach

of this interpretation, 8* is called the four-temperature vector field. Finally, ¢, sometimes
called the fugacity, is the ratio between the chemical potential y associated to the charged
current 5“ and the proper temperature, ( = /T, as we saw in Chapter 2.

Much more could actually be said about the p-frame and its properties, but, to all
intents and purposes of this work, we would like the takeaway to be just the following.
First of all, it is true that the local thermodynamic equilibrium density operator depends
on the choice of the foliation and then on the spacelike hypersurface onto which the den-
sities are given. Actually, this is not completely new, as in the usual thermal field theory
it is just as well necessary to assign initial values on a Cauchy hypersurface. However, the
four-temperature can in fact help fixing this ambiguity. And second, while in relativistic
hydrodynamics the field g* is defined starting from the velocity field and the tempera-
ture, here we showed that the other way round is equally possible, namely we regarded
the four-temperature as a fundamental quantity from which the velocity field and proper
temperature were derived [57]. For a thorougher discussion of the -frame and the reasons
why it should be regarded as a privileged frame, see [30].

3.2.2 From local equilibrium to global and non-equilibrium

The key observation we now want to point out is that the local thermodynamic equilibrium
density operator (3.16) is not stationary in general. The reason is that the quantum
operators TH and 3’* appearing in it are built from the quantum fields, which are 7-
dependent, hence so is ppg through the choice of the hypersurface ¥(7). This implies
that pLg cannot be a state of the system, for it is not in the Heisenberg picture. Recall
that it was worked out starting from the quantum operators instead of the microscopic
states, therefore it cannot be expressed in general in the form (3.5) as a state would.
The actual, stationary state in the Heisenberg picture p remains unknown, however prg
contains information about it in the thermodynamic fields S# and (. In fact, at the right-
hand side of the constraint equations (3.13), which define the thermodynamic fields, there
are the actual densities determined as renormalized expectation values calculated with the
actual state p. The non-stationarity of prg is a property so important that is convenient
emphasizing by making it explicit, therefore from now on we will write prg(7).

If the local thermodynamic equilibrium density operator is not even a state of the
system, why did we put so much effort in defining it? Are we missing anything? The
answer, which is an amendment of Zubarev’s original idea, is overly simple: if at some
initial 79 the system is known to be at local thermodynamic equilibrium, the actual state
is p = prLE(70), and it remains such at any 7 by virtue of stationarity. In other words,
the actual state is p at any time, but if ppg(7) is designed in such a way that at some 7
we have prg(79) = p, then the system is said to be at local thermodynamic equilibrium
at 9. That is to say that the state still depends on the choice of the foliation, but the
only hypersurface it really depends on is the one where the initial data, namely the energy-
momentum and charge densities, is given, that is ¥(7p). Note that this hypothesis does not
discriminate between thermodynamic equilibrium and non-equilibrium, the actual state we
are referring to can be either. Note also that, although p might be equal to prg(m) at
some Ty, their derivatives are different: the derivatives of p vanish identically because of
stationarity, while those of prgr(79) do not in principle.

Then, how do we check if a system is at local thermodynamic equilibrium at a given
70?7 The local thermodynamic equilibrium density operator is determined by fixing the
expectation values of energy-momentum and charge densities equal to the actual ones.
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(70, 7)

¥(70)

Figure 3.1: Here it is shown the spacetime volume (2 enclosed between the two spacelike hypersurfaces of
the foliation 3(79) and X(7), where 7o is the time where the system is at local thermodynamic equilibrium.
The timelike boundary at infinity joining them is indicated as I'(7o,7), and n* is the timelike unit vector
field orthogonal to the foliation.

The expectation value is a first moment. We could consider, for instance, the second
moments, namely the variances, and check if they agree with the measured values within
the experimental errors at 7p. If they do, we still do not know what the actual state of
system is, but it is reasonable to assume it to be prr(7p), which becomes more and more
legitimate as one checks moments of higher and higher order. This procedure can be far
from easy to do in practice, but there is no conceptual fallacy in principle.

If at 79 the system is at local thermodynamic equilibrium in the above sense, we can
obtain the relation between p and pre(7) by means of Gauss’ theorem. Let us consider a
volume 2 of spacetime enclosed by two spacelike hypersurfaces of the foliation: one (1)
at the initial 79 and the other ¥(7) at the “present” 7. Let also I'(7p,7) be the timelike
boundary at infinity joining 3(79) and (7). This is configuration is shown in Figure 3.1.
Assuming that the quantum fields the conserved currents are built with satisfy boundary
conditions such that the flux through I'(79, 7) vanishes [28], by Gauss’ theorem we have

[ s [, o () [ o (-6
(3.22)

where the conservation of the energy-momentum tensor and charged current operators
were used. Thus, the actual state is

1 AN —~
A:A = —F - dz T“V v s
p =pLE(70) Zin(ro) exp [ /E(TO) " < By —(J )

:ZLE(To) exp [— /E(T) dx, (T\/'Wﬁy — C;“) + /QdQ (f‘wvuﬂy _;ﬂvuc)] :

where in the first line it is understood that not only the hypersurface, but the argument
of the integral too are evaluated at 79. Note that the first integral in the second line is
the one appearing in ppg(7). Although hardly useful at a practical level, this expression

(3.23)
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is exact and represents the actual, stationary state of the system, whether equilibrium or
non-equilibrium. However, at thermodynamic equilibrium we can take it a step further.

At thermodynamic equilibrium, the entropy is maximized with constrained values of
energy-momentum and charge densities at any 7. Since prg(7) is also obtained by maxi-
mizing the entropy, thermodynamic equilibrium is realized if ppg(7) = prLe(7’) for any 7
and 7/. This implies that the volume term in (3.23) must vanish, which happens for any
volume € if the argument of the integral vanishes

=~ -~ RN -~
TN By — j'V ¢ = §TH (VubBy + VuBu) = j#Vu¢ =0, (3.24)

where we used the symmetry of the energy-momentum tensor operator. Being the thermo-
dynamic fields $* and ( independent from each other, the condition for thermodynamic
equilibrium is

VB +VuBu=0, V(=0 (3.25)

namely ¢ must be constant and f* a Killing vector [58]. Taking into account for the
definition (3.21) of the four-temperature, this is exactly the same result as (2.49). However,
the latter was obtained in the context of the Navier-Stokes theory, which is a first-order
theory, while (3.25) was obtained in the Zubarev theory, which is not truncated to any order
in the derivatives of the thermodynamic fields. This particular stationary configuration is
called a global thermodynamic equilibrium state

p= %exp [— /E as, (75, - Gﬂ)] : (3.26)

7 =tr <exp [— /E s, (fﬂ”ﬁ,, - g}ﬂ)]) : (3.27)

The 7-dependence is omitted, as in fact there is none being p a stationary state in the
Heisenberg picture. The above expression is formally analogous to the one of the local
thermodynamic equilibrium density operator (3.16), with the important difference that it
is an actual state and the thermodynamic fields fulfill the conditions (3.25). This means
that we have much more information on a system when it is at global thermodynamic
equilibrium than out of equilibrium, for in the former case the thermodynamic fields are
bounded to be a Killing vector and a constant, whereas in the latter they can be whatever
as long as they are solutions of the constraint equations. This is one of the reasons that
make systems at local thermodynamic equilibrium harder to study, as we will have the
chance to convince ourselves in the next Chapters. However, not all is lost if local ther-
modynamic equilibrium proves to be too hard to deal with. We will not go into details
here, but in [30] it is shown, at least in Minkowski spacetime, that in the S-frame prg(7)
can be expanded in the derivatives of the thermodynamic fields by using linear response
theory around a configuration of global thermodynamic equilibrium. The idea is that, if
at local thermodynamic equilibrium the derivatives of the thermodynamic fields are small
compared to their global thermodynamic equilibrium values, the so-called hydrodynamic
limit, the main contribution to thermal expectation values comes from global thermody-
namic equilibrium. This is what makes global thermodynamic equilibrium interesting even
for systems at local thermodynamic equilibrium, as we shall see in the next Chapter.

We conclude this part with the following remark. Suppose that the actual state p =
pLE(T0) has some symmetry, namely it commutes with some unitary representation of
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subgroup G of transformations of the proper orthochronous Poincaré group 10(1, 3)1 Let
it be U(g) in the Hilbert space. Then we have

D@0 o) =z e |~ [ 4@ 0P @0 9aw

~

@D (9))]

] (3.28)
1 ~
=z |~ [ 4% (D67, D6 T 6@
~C(@)D™, 7" (9(@)] -
By setting y = g(z) and using the fact that d¥,(z) = D(g)",dZ,(z) we get
- ~5—1 _l o Tuy —1\v —1
000 0) =g e |~ [ dsy) (P WDl ouls™ W)
9(2()) (3.29)
~Clg™ W) W) -
so0, if the hypersurface is invariant under the transformation g and if
D(g™)" 897 W) = Boy),  Clg7(w) =<C(w), (3.30)

then the density operator is invariant under the unitary transformation, U (g)ﬁﬁ “g)=p
Equations (3.30) specify the symmetry conditions on the thermodynamic fields in order for
p to be invariant. An invariance of p has consequences on the thermal expectation values
of operators. For instance, for the energy-momentum tensor

T —tr(pT" (x)) = te(pU " (9)T" (2)U (g))
=D(9)",D(9)" ,tr(pT" (9~} (x))) = D(9)* ,D(9)" , 7 (g~ (x))-
If we consider a l-parameter subgroup of transformations g4, for instance the rotations

around some axis, then, by equations (3.30) and (3.31), the Lie derivative of the field
under consideration along the vector field X (x) = dgs/d¢ vanishes

(3.31)

Lx(B)* =0, Lx(T)" =0. (3.32)

Now the following question arises: if G is a symmetry subgroup for the actual state, is it so
also for the local thermodynamic equilibrium density operator at any time? In formulae,
does the following implication hold at any 77

~ ~

UgpU N g)=p =  UlgprmU (g) = pre(r). (3.33)

It can be shown that if G transforms () into itself and the thermodynamic fields fulfill
(3.30), then the answer is yes. Recall that, by definition, prg(7) is determined by maximiz-
ing the entropy while satisfying the constraint equations. Clearly, both the entropy and
the constraint equations are invariant under unitary transformatlons of pLe(7), therefore,
if pLe(7) is a solution of the variational problem, so is U (9)pLe(T)U~1(g). This implies
that either U (g)pLe(7)U " (g) coincides with prg(7), or it is an entirely different solution.
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In either case, it is possible to generate a symmetric solution under the subgroup G by

~(0)

taking a particular solution p; ;(7) and summing over all the elements of G

PLE(T ZU IOLE U "9), (3.34)
gEG

where M (G) is the volume of G. Thus, a sufficient condition for pre(7) to be symmetric
under G at any 7, is that the thermodynamic fields fulfill (3.30) at any 7. This will be
important especially in Chapter 5.

3.2.3 Entropy production rate

We conclude this part with an argument linking back to the end of the previous Section,
namely the entropy production of irreversible quantum processes. We will follow the steps
of [32] with a few important adjustments concerning the renormalization.

As it should be clear by now, the local thermodynamic equilibrium density operator is
not a state of the system for it is not stationary. However, it still is an operator, so we can
take traces of it and do all the operations we do on operators. Thus, if we pretend it is a
state and we treat it as such, the corresponding entropy is in fact 7-dependent

S(r) = —tr(pLe(7) log pLE(T)). (3.35)

That is because pLg(7) is built from the quantum operators as in (3.16), not the micro-
scopic states as in (3.5), therefore its 7-dependence is governed by ¥(7) instead of the
unitary transformation (3.11). In other words, the invariance of the entropy under unitary
transformations of the state will not prevent it from being 7-dependent this time, because,
as pre(7) is not a state, its time evolution is not controlled by a unitary transformation but
by ¥(7) instead. Thus, up to more convincing proposals, equation (3.35) is conventionally
taken as the definition of a non-stationary entropy, despite prr(7) not being a state.

The next step is finding an expression for the entropy production rate, that is dS(7)/dr.
Recall that, by definition, the entropy (3.35) can be expressed in the form of (2.17) as

S(r) = /E R (3.36)

Let us emphasize that out of equilibrium, since V,s# > 0, the entropy is a frame-dependent
quantity as it varies with the integration hypersurface ¥(7). The derivative of the entropy
with respect to 7 can be computed by exploiting a general formula for the variation of an
integral between two infinitesimally close hypersurfaces, which we do not prove here

d5(r) _ / A5, UV s + = / 8, (s"UY — s"UM), (3.37)
dr =(7) 2 Jox(r)

where 0%(7) is the 2-dimensional boundary of ¥(7), dSW = —2e#l,pgd5""" is the dual of
the measure dS*? = da” A dz? and U¥ = dz# /dr [32]. Assuming that the boundary term
vanishes, we are left with
d
S) _ / A%, UV st (3.38)
dr 2(7—)
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3 Relativistic Quantum Statistical Mechanics

Now we want to repeat the same steps with (3.35) and compare with the above result.
As we are going to exploit the invariance of ppg(7) under the subtraction of a vacuum
expectation value, let us first define out of convenience the following notation

s ZLE(T) (= tr <exp [—/ dx, (: T . B, — ¢ : " )}) . (3.39)
b
By using the expression (3.16) of ppg(7) and the above mentioned invariance, we find

o [l 5 (P~ )]

S(r) = —tr | pLe(7) log

Z1e(T)
. exp [_ fz(r) d¥, (1 T By~ (" )]
=—tr | pLe(7) log D ZLE(T) -

R R (3.40)
=log: Zyg(T) : +tr (ﬁLE(T) /E( )dZ‘” (; ™ : 8, —C: j* ))

=log : Zug(7) : +/

5(7)

=log : Zrg(T) : —|—/ dx, (T* B, — (") .
=(7)

In the last step, we used the definition dX,, = d¥n, and the constraint equations (3.13) to

replace the renormalized energy-momentum and charge densities at local thermodynamic

equilibrium with the actual ones. By deriving with respect to 7, using the formula (3.37)

and assuming once again that the boundary term vanishes, we obtain

dS(r) dlog: ZLg(7) :
dr dr

dx, << YA DLESy — " 3>LE)

- / AS\ UM (TH'V .6, — 1V (), (3.41)
=(r)

where the conservation law of the energy-momentum tensor and charged current, namely
the hydrodynamic equations (2.11) and (2.12), were also used. The derivative of the
logarithm of tAhe partition function requires a little more effort. Let us start by defining
the operator Y (7), which will appear again later on, as

Zip(r) = tr (eTM), F(r) = / as, (78, - () . (3.42)
%(7)
hence the derivative
dlog: Zig(7) : _ 1 d: Zig(r): _ 1 itr (e_:f(ﬂ:)
dr : Zu(T) dr : Zug(T) 1 dr

== ¥tr e*:f(T)izf(iT): _ ﬂ (3.43)
HZue(T) ; dr ar LE.

We use again the formula (3.37) assuming that the boundary term vanishes, and with the
conservation laws of the energy-momentum tensor and charged current operators we get
d: T(T) :

= Yy (T V—:/'\“: 44
= A (s ), (349
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3.3 The Zubarev approach

hence
log : : ~ ~
dlog : Zug(r) : = —/ d, Ut (( T eV by — (2§ :>LEV#C> , (3.45)
dr (1)

and plugging into (3.41) we finally obtain

diS—T) — /E(T) dx,u? {(TW —(: Thv 3>LE> VB — <ju —(: 3# 3>LE) V“C} _ (3.46)

Comparing with (3.38) and taking into account that the equation should hold at any T,
we finally obtain the following result for the entropy production rate

Vst = (T“” — (T 2>LE) Vb — (j“ — (s g" i>LE> \e (3.47)

which was first found in [20] and later reworked in [32]. As we can see, the entropy produc-
tion rate depends on the deviation of the actual values of the conserved currents from those
at local thermodynamic equilibrium and, as expected, on the derivatives of the thermody-
namic fields, which essentially are the dissipations. By the second law of thermodynamics,
the above quantity is bounded to always be non-negative. At global thermodynamic equi-
librium the thermodynamic fields fulfill the conditions (3.25), so the entropy production
rate vanishes as expected. It is important to emphasize that equation (3.47) represents
the entropy production rate at local thermodynamic equilibrium, which is the underlying
assumption of relativistic hydrodynamics and contains global thermodynamic equilibrium
as a special case. However, no analogous formula is known for the entropy production rate
or relativistic quantum fluids fully out of thermodynamic equilibrium.

Let us seize the opportunity of having mentioned the divergencelessness of the entropy
current at global thermodynamic equilibrium to make the following geometrical remark.
Being V,s#* = 0, the entropy current can be expressed as the Hodge dual of an exact
3-form, which, if the domain is topologically contractible, can in turn be written as the
exterior derivative of a 2-form. This eventually amounts to state that the original entropy
current can be cast into the divergence of an antisymmetric tensor field

Vst =0 = st =V, ¢, W = —¢"H. (3.48)

We call this ¢*¥ a potential of the entropy current. Whence, by using Stoke’s theorem

1 ~ 1
S:/dEus“:/dEuvyc’W:/ dsS,c" —/ dSP7\/|gleupes™,  (3.49)
2 2 2 Jos 4 Jos

where 0X is the 2-dimensional boundary of ¥, dS”? = da” Adxz? is the measure on 9%, and
dgu,, = —%\/HEWPUdS/"’ is its dual. In other words, the entropy can be expressed not
only as a 3-dimensional integral on 3., but also as a 2-dimensional integral on the boundary
of ¥. This fact is known in literature [59-62| and has been reworked in [46] including a
practical example of calculation, which we will present in Subsection 4.3.2.

Although elegantly concise and quite straightforward in its meaning, equation (3.47)
can only provide us information on the divergence of the entropy current, not the entropy
current itself. In fact, in principle, there are infinitely many different entropy currents
sharing the same divergence. But as we saw in the last Chapter, the structure of the
entropy current is crucial in defining the nature of the relativistic hydrodynamic theory,
so it would be far more meaningful to know the expression of the entropy current instead
of its divergence. In the next Section we will put forward a general method to derive the
entropy current directly in terms of the conserved currents.
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3.3 The entropy current method

In this Section we retrace the steps of [46], where we determined, to the best of our
knowledge, the first proof of existence of the entropy current at local thermodynamic
equilibrium and put forward a general method to calculate it. The crucial point will be
the fact that the logarithm of the partition function is also extensive, meaning that it can
be expressed as an integral of a vector field on a hypersurface of the foliation, which is
usually assumed without proof.

Let us start our journey by noticing that the entropy straight out of the local thermo-
dynamic equilibrium density operator (3.16) reads

S(r) =log Zue(r) + [ S, (s~ ¢G)um) (3.50)

%(7)
By definition of the entropy current (2.17), this is also equal to

S(r) = /E st (3.51)

We readily understand that, in order for the entropy to be extensive and so for the entropy
current to exist, the logarithm of the partition function must also be extensive, namely
there must be a vector field ¢#, called the thermodynamic potential current, such that

log Zyg(T) = / dx,¢". (3.52)
%(7)
This way, we have the following expression for the entropy current
st =t + <T/W>LE,8V - C<]M>LE (3.53)

The existence of the thermodynamic potential current and, in turn, of the entropy current
is usually assumed. This was made clear in Chapter 2, when the entropy current was
postulated in order to express the second law of thermodynamics in a local covariant
fashion so that it could be enforced by relativistic hydrodynamics. In this Section we
provide the first general proof of this typically understood hypothesis and we put forward
a method to calculate the thermodynamic potential current, whence the entropy current,
at local thermodynamic equilibrium.

The first step is a modification of the local thermodynamic equilibrium density operator
by the introduction of a dimensionless parameter A in the following way

_ 1 o
PLE(T,A) = mexp [—)x /Z(T) dx, (T“ By — Cj“)] , (3.54)

Zip(T, \) = tr <exp [—A /E . s, (fﬂ“’ﬂy - g}ﬂ)]) . (3.55)

This is purposely designed in such a way to recover the original density operator (3.16)
and partition function (3.17) for A = 1. By taking the derivative with respect to A of the
logarithm of this new A-dependent partition function, we obtain

0log Z1x(T, \) Fuv 7
Soslinnd) _— [ 4 (@1e8, = ) (3.56)
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3.3 The entropy current method

where by the symbol <6)LE()\) we mean the expectation value of O calculated with
pLe(T,A), that is (O)Lg()) = tr(pLe(r, A)O). Note that the A-dependence affects only
the expectation values and not the thermodynamic fields, for it stems from the density
operator with whom the expectation values are calculated. If the above result looks con-
fusing at a glance, let us just point out that it is but the same as the following known
formula, which is obtained from (3.9) and can be easily checked

Z = <exp[ ZAO

Let us now integrate both sides of (3.56) with respect to A from some Ay to A =1

B = {0k (3.57)

Olog Z ~

log Zii (1) — log Zig (T, Ao) = /Ad)\/ s, T“ Ve By C(]“)LE(A)>, (3.58)

where we used the feature that the \-modification is so that log Zrg(7,\ = 1) = log Z1g(7).
If we can exchange the order of the A-integration and the ¥(7) one, we have

Ao R N
log ZLE(T) — log ZLE(T, )\0) = dZ# d)\ <T‘LW>LE()\)BZ, — <<]#>LE()\) . (3.59)
S(7) 1

Thus, if there exists a particular Ay such that log Zr (7, A\g) = 0, we have both the proof
of the extensivity of the logarithm of the partition function and a formula for the thermo-
dynamic potential current

Ao N ~
log Zug(T) = /Z( )dEMqS“, o :/1 dA <<T“">LE(/\)6V _ ((j“)LE(/\)> . (3.60)

The key quantity for the determination of such a special A is the operator ’Y(T) already
defined in (3.42), in particular its spectrum. Suppose that Y () is bounded from below,
namely there exists a lowest eigenvalue Yo(7) and a corresponding eigenvector [0y (7)), and
also let the latter be non-degenerate. In the following, we will omit the 7-dependence in
the operator ?(T), in the eigenvalues Y;(7) and in the eigenvector |0y (7)) in order to ease
the notation and highlight the A-dependence instead, but it should be kept in mind that
they are all 7-dependent in principle. In this hypothesis, the eigenvalues can be arranged
in ascending order as To < T1 < T35 < --- and the partition function can be written as

Zrp(r,A) = e ATo (1 + e MTmTo) p AT2=Yo) 4 ) : (3.61)
Then, if Tg = 0 and we let A — +o00, we notice that

lim Zigp(r,\) =1 = lim log Zig(r,\) =0, (3.62)
A——+00 A——+o00

therefore A\ = 400 would be our candidate; however, we might expect Ty to be different

from zero in general. So, in order for these wheels to spin the way we want, we exploit the

above mentioned property (3.18) of the local thermodynamic equilibrium density operator,

namely the invariance under addition or subtraction of non-operator terms in the argument

of the exponential function, provided the same is done in the partition function. Recall
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that the entropy depends only on the density operator, therefore this is also an invariance
of the entropy. Thus, with the replacement

=AY (7)

= Zinr N — (A = —— (3.63)

PLE(T, A)

where
T =T —"To=T — (0¢|T|0y)

~ ~ ~ ~ (3.64)
= [ am, (T = el on)) 8, - ¢ (7 - Ocl10m) ]
Z(7)
the entropy is in fact unchanged. In other words, if this is useful to find an expression for
the entropy current, we are free to make such a tweak and rest assured that the entropy
stays the same. The rationale behind this transformation is that the new operator Y’ has
a vanishing lowest eigenvalue, Y[ = To — To = 0, therefore the new partition function

ZL (T \) = tr <exp [—)\/E(T) s, [(fﬂ - <0T|fW|oT>) B, —¢ (3# . <0TW10T>)}D ,

(3.65)
which, like (3.61) and taking into account that Y, = T; — Y, can also be written as

Zip(r,A) =1+ Mmoo A 2mYo) g (3.66)

does have a vanishing logarithm for A\ — 400, therefore \y = 400 is indeed the sought
solution. So, by repeating the above steps with Zyg(7,A) replaced by Zj o(7,\), the
thermodynamic potential current and the entropy current read respectively

oM = /1+Oo d\ [((fﬂ”)LE - <0T\TW|0T>) (N)B, —¢ (<3”>LE - <0r\3“!0r>) (A)] , (3.67)

st = o+ (1)1 — Ol T107)) B, — ¢ (s — OxlPl0m)) . (3.68)

In summary, a sufficient condition for the existence of the thermodynamic potential
current and the entropy current at local thermodynamic equilibrium is that the operator
T must be bounded from below with non-degenerate lowest eigenvalue. In this case, the
two ingredients necessary to calculate the entropy current are:

1. the expectation values of the conserved currents at local thermodynamic equilibrium,
ie. (T")1p and (j*)Lg, and

2. the eigenvector |0y) corresponding to the lowest eigenvalue Y of the operator T.

The quantum operators of the conserved currents T and 3“ are built by using the quan-
tum field expansion, which in turn is obtained by solving the quantum field equations of
motion of the Quantum Field Theory at hand, so the preliminary step of the method is to
do that first. Then, the algorithm for the calculation is the following:

1. Take the expectation values at local thermodynamic equilibrium (T\ my >LEA and <}M>LE
and subtract from them the expectation values in |0y), namely (Ov|7"”|0y) and
(0 |7#|0~r). This must be done using prg(7, A), so the result will be A-dependent.
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3.4 Summary and outlook

2. Multiply by the corresponding thermodynamic fields, which are not A-dependent,
and integrate with respect to A from A = 1 to A = +o0o0 in order to obtain the
thermodynamic potential current ¢* according to (3.67).

3. Plug the result into (3.68) and obtain the entropy current s*.

Let us emphasize once again that the 7-dependence have been omitted from ?, T; and
|Oy) in order to ease the notation, but they are all 7-dependent quantities in principle.
Note also that, although the operator Y can be shown to reduce to the Hamiltonian in
the special case of global thermodynamic equilibrium in Minkowski spacetime with { =0
and " = (1/T)(1,0), it is not so in general. Thus, |0y) is not the vacuum state of the
theory, and the expectation values in (3.67) and (3.68) do not coincide in general with the
physically normally ordered ones. If we wish not to be misled, we should therefore regard
|0y) simply as the lowest eigenvector of some operator instead of some vacuum state.

Moreover, we stress once more that the result (3.68) is the entropy current at local
thermodynamic equilibrium, which is the underlying assumption of relativistic hydrody-
namics and includes global thermodynamic equilibrium as a special case. However, no
analogous expression is known for the entropy current for relativistic quantum fluids fully
out of thermodynamic equilibrium.

Note that the expression for the entropy current we just derived fulfills the feature of
being divergenceless at global thermodynamic equilibrium. First of all, at global thermo-
dynamic equilibrium we have VM@) = (V“6>, because V,p = 0 thanks to stationarity.
Same thing for VM<OT|6|0T> = (0T|V“6]OT>, as the non-degenerate state |Oy) is station-
ary at global thermodynamic equilibrium. Thus, for the thermodynamic potential current
we have

Vot =V, /:OO dX [((Tf””>LE - <0T!f”"|0r>) (MBy = ¢ (G”>LE - <OTG#’0T>> ()‘)]
= [ (19T — Oel9,D0m)) )8, — ¢ (9,57 - Or19,50m)) ()
+ () = el 101)) ()9, = V¢ (%) = Oxll0m) )| = 0.
(3.69)

The second line vanishes because of the conservation laws of the conserved currents quan-
tum operators, and the last line vanishes because of the geometric conditions (3.25) for
global thermodynamic equilibrium. For the exact same reasons, we have

Vst =V, + 9, () — 01 [7#10%) B — 9,0 () — 0r7#10))

R K R ~ (3.70)
+ (@) = (0r|T%101)) VB, = V¢ () = (Oxl#|0x)) = 0.

3.4 Summary and outlook

Over the years, relativistic hydrodynamics has proven to be a powerful and versatile theory
for describing, among others, astrophysical, cosmological and nuclear phenomena. At some
point in time, it became necessary to both go beyond the usual first or second order
theory and also implement effects of quantum origin in the hydrodynamic framework. An
example of the latter is the entropy production of irreversible quantum processes. It is
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in this atmosphere that the study of the quantum statistical foundations of relativistic
hydrodynamics started to take hold, and it still is to date.

To these purposes, in the late 70’s D. N. Zubarev put forward an approach to relativistic
quantum statistical mechanics based on a covariant expression of the density operator
at local thermodynamic equilibrium, prg(7), built according to the maximum entropy
principle in terms of the quantum operators of the conserved currents. After a quick
review of quantum statistical mechanics, we started this Chapter by introducing this very
object and presenting its most important and interesting features. A fundamental one is
that this operator is not stationary, therefore it cannot be a state of the system in the
Heisenberg picture. Notwithstanding, if at some 7y the system is known to be at local
thermodynamic equilibrium, the actual stationary state of the system p is in fact prg(70),
whether at or out of thermodynamic equilibrium. We also took this a step further by
showing that stationarity at global thermodynamic equilibrium translates into geometrical
conditions on the thermodynamic fields, specifically the timelike four-temperature S* must
be a Killing vector field and the fugacity ¢ must be constant. These are a prerogative of
global thermodynamic equilibrium: at local thermodynamic equilibrium and at full non-
equilibrium, the thermodynamic fields can be whatever, as long as they solve the constraint
equations, what makes this kind of systems much harder to study.

Concerning the problem of entropy production, which has indeed an important place
in this work, we showed that an equation for the entropy production rate at local thermo-
dynamic equilibrium can be derived directly from the expression of the density operator.
However, as elegant and clear as this result may be, it does not provide us in fact with
any information on the very structure of the entropy current, which, from a relativis-
tic hydrodynamic standpoint, would be desirable to know. In this respect, in the last
Section we showed that a sufficient condition for the existence of the entropy current at
local thermodynamic equilibrium is that the operator '/f(T) should be bounded from be-
low with non-degenerate lowest eingevalue. In this case, we proved that the logarithm of
the partition function is extensive and, a consequence, that an entropy current exists at
local thermodynamic equilibrium, making it the first general proof of this usually tacitly
understood hypothesis. With our method, we derived an expression for the entropy cur-
rent at local thermodynamic equilibrium based on two main ingredients: the expectation
values of the conserved currents at local thermodynamic equilibrium and the eigenvector
corresponding to the lowest eigenvalue of Y (7).

In Chapters 4 and 5, we will use our method and the Zubarev approach in general to
study two different kinds of systems. As we shall see, aside from their entropy currents,
they will be interesting in their own right, both theoretically and phenomenologically.
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4

Relativistic Quantum Fluid at Equilibrium
with Acceleration

In this Chapter, we will apply our method for the entropy current to the case of a rel-
ativistic quantum fluid at global thermodynamic equilibrium with acceleration, which is
a non-trivial state of global thermodynamic equilibrium in Minkowski spacetime. From
a phenomenological perspective, this system is particularly interesting in the context of
heavy-ion collisions, for the quark-gluon plasma is a fluid at local thermodynamic equi-
librium with strong values of acceleration and vorticity, local thermodynamic equilibrium
being approximated by global thermodynamic equilibrium at first order in the thermody-
namic fields. From a more theoretical standpoint, it is known that an acceleration involves
particular relativistic quantum effects at low temperature, such as the Unruh effect, which,
although dating back to the 70’s, is still a vibrant subject of investigation.

We will start by presenting the possible global thermodynamic equilibria in Minkowski
spacetime and then focus on the one with acceleration. As we shall see, in order to make
thermodynamics out of the four-temperature field, we will have to restrict ourselves to a
subspace of the whole Minkowski spacetime, namely the right Rindler wedge. The Unruh
effect will emerge naturally from thermal expectation values there, in particular the Unruh
temperature will be an absolute lower bound for the temperature in a sense that will be
made clear later on. With the thermal expectation value of the energy-momentum tensor,
we will be able to use our method to calculate the entropy current, and we will see that
it receives a quantum correction due to the acceleration field. The entropy obtained by
integration of this entropy current will possess properties in full agreement with previous
literature and, interestingly enough, it will coincide with the entanglement entropy of the
right Rindler wedge with the left Rindler wedge.

The general discussion on global thermodynamic equilibrium with acceleration, part of
the thermal expectation values and the Unruh effect will be based on [34] by F. Becattini.
For more details on the Unruh effect, we suggest the reading of W. G. Unruh’s original
paper [11] and the modern review by L. C. B. Crispino et al. [12]. As for the rest of the
thermal expectation values, the calculation of the entropy current and the total entropy,
we will follow [46] by F. Becattini and D. R..
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4.1 Global thermodynamic equilibrium with acceleration

The first step in order to make any thermal field theory is the determination of the density
operator representing the state at hand, which will then allow for the calculation of thermal
expectation values. In this Section, we will present the state of global thermodynamic
equilibrium with acceleration, a non-trivial instance of global thermodynamic equilibrium
in Minkowski spacetime.

4.1.1 Global thermodynamic equilibrium in Minkowski spacetime

As we showed in Chapter 3, in order for a state to be of global thermodynamic equilib-
rium, the thermodynamic fields must fulfill the geometric conditions (3.25), that is the
four-temperature 5 must be a (timelike) Killing vector field and the fugacity ¢ must
be a constant. The existence of global timelike Killing vector fields, whence of global
thermodynamic equilibrium states, is a prerogative of so-called stationary spacetimes, of
which Minkowski is an example. The solution of the Killing equation (3.25) in Minkowski
spacetime has the form

By = by + @’ (4.1)

where b, is a constant vector field and w,,,, a constant tensor given by the exterior derivative
of the four-temperature,

1
Wy = _5 (a,uﬁu - al/ﬁ,u) ) (42)

called the thermal vorticity [28]. This can be further decomposed, in general, in a way
similar to how the electromagnetic tensor is decomposed into the comoving electric and
magnetic fields [63]

W = Uy — AUy, + € pew’u’, (4.3)

where o* and w* are two spacelike vector fields defined as

1

ay = wuu’, wy = —iewpgw”’]ua. (4.4)
By expressing them in terms of the four-temperature and the proper temperature, one can
show that their physical meaning is that of acceleration and vorticity fields respectively

both divided by the proper temperature

A w
_ p _ Y

a,LL = ?, UJM = ?, (45)

where the acceleration field was defined in (2.1) while the wvorticity field is defined as
Wy = —%\/ﬁewwapu” u?. Thus, we understand that the thermal vorticity accounts, in
some sense, for thermal effects due to the acceleration and rotation of the fluid. To get an
idea of their order of magnitude, it is convenient to go to the local rest frame and express
the above vector fields in terms of the local acceleration a and local angular velocity w,
that is o = (0,a/T") and w” = (0,w/T). In order for the decomposition (4.3) to have the
correct dimensions, it is realized that the appropriate combination of natural constants is

o] = h_|al LA

— = 4.6
ckg T’ kg T’ (4.6)

|| =

so they are terms of relativistic and/or quantum origin possibly appreciable at low tem-
perature. For typical systems on Earth, they are in fact negligible both because of the
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suppression coming from the natural constants and the room temperature being large
with respect to the magnitude of the acceleration and rotation. However, although pos-
sessing a very high temperature (kg7 ~ 200 MeV), the quark-gluon plasma produced in
heavy-ion collisions has such large values of acceleration (%|al/c ~ 10MeV) and vortic-
ity (h|lw| ~ 12MeV) that these terms are in fact meaningful (Ja*| ~ 0.05, |w*| ~ 0.06),
enough so to generate observable effects such as the polarization of A hyperions [17,18|.

With equations (4.1) and (4.2), the density operator at global thermodynamic equilib-
rium (3.26) readily becomes

exp [—/EdEu (T\”” (by + wl,)\x)‘> — C}”)}

~ 1 ~ P ~
exp [—bu /Z A8, T + S A s, (chTMA — :c’\T“”) +¢ /Z dEMj“} ,

5=
(4.7)

Nl= N| =

where b, @, and ( are taken out of the integral as they are constant. Here we recognize
the generators of the Poincaré group

P — / s, T, A= / as, (2T — A7) (4.8)
P )

the former being the four-momentum operator and the latter the generators of Lorentz
transformations, and also the conserved charge associated to the current j#

Q\:/Edzu}\'u» (4.9)

therefore we find

1 I e
p= - exp [—bMP“ + §wWJ’“’ +CQ1| . (4.10)

In other words, aside from a constant fugacity associated to the conserved charge ascribed
to internal symmetries, the most general expression of the density operator at global ther-
modynamic equilibrium in Minkowski spacetime is given by a linear combination of the
generators of the Poincaré group with ten constant coefficients. Depending on how these
coefficients are specified, different kinds of global thermodynamic equilibrium are obtained.

In the simplest case of a vanishing thermal vorticity @, = 0, the four-temperature is
just B, = b,, and the following familiar density operator is recovered

1 ~ ~ 1
exp |—b,P" + CQ} = — exp

p = Z

qH
0 R

where the last expression is obtained by setting £, = b, = (1/Tp)(1,0) with Ty a constant
thermodynamic parameter with the dimensions of a temperature and H the Hamiltonian.
This state is called homogeneous global thermodynamic equilibrium.

As for a non-vanishing thermal vorticity, there are two possible cases. The first one is
that of a thermal vorticity with only a transverse (or “magnetic”) component

1 w
bu = ?0’ Wuv = ?0 (glug2zx - glug2u) ) (4~12)
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where w is a constant thermodynamic parameter with the dimensions of an angular velocity.
The four-temperature then reads

1
B,LL = —(l,wy, —wz,0), (4.13)
To
hence the density operator
1 H w ~ ~
p=— —— 4+ =J 4.14
p= g exp |+ 7+ CQ (414

with jz the angular momentum operator along z. As it is known, this expression represents
a fluid at thermodynamic equilibrium rigidly rotating around the z direction with constant
angular velocity w [64], therefore it is called global thermodynamic equilibrium with rotation.
This was used for instance in [27,65] to study quantum effects in rotating relativistic matter
and reworked more thoroughly in [30].

The last and less known case is that of a thermal vorticity with only a longitudinal (or
“electric”) component

bu - T{)(l, 0)7 Wy = Tio (gOl/g-?)M - gO;AQ?)V) P (415)

where a is a thermodynamic parameter with the dimensions of an acceleration. The four-
temperature then reads

1
/8/.L = 7(1—’—0/2/70707 _a't)7 (416)
To
hence the density operator
1 H a-~  ~
p=— —+ =K 4.17
p= o |~ + R+ CQ (@17

with K » the boost operator along z. As we shall shortly see, this expression represents
a fluid at thermodynamic equilibrium with acceleration field of constant magnitude along
the flow, therefore it is called global thermodynamic equilibrium with acceleration. This was
studied in detail in [34], where it was shown that the Unruh effect is indeed recovered, and
partly also in [46], where the calculation of the thermal expectation value of the energy-
momentum tensor was completed and the entropy current calculated.

Equations (4.14) and (4.17) are the only two independent global thermodynamic equi-
libria in Minkowski spacetime with non-vanishing thermal vorticity, all other cases are
combinations thereof. For a discussion on the general case with both rotation and acceler-
ation, see [66].

We conclude this part with the following remark. As we mentioned in Chapter 3, the
symmetries of the density operator constrain the form of the thermal expectation values
calculated with it. In general, by looking at equation (4.10), the thermal expectation value
of any local operator O can depend on b, @, Ty and g, Concermng the dependence
on z,, let us indicate the translation operator as T(z) = exp|— Zac“P“] hence

<QMﬁMﬁw@M*Uyw( {(@)pT(2)0(0))

< [b Pt 4 w,WT Yz) T T (2 ]

O)

(4.18)
—tr <exp )P+ ;WWJW] 6(0)> (0(0)),(x):
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4.1 Global thermodynamic equilibrium with acceleration

where the known relation of the Poincaré algebra was used
:I\—il(x)jw/?(x) = j}u/ - xl/ﬁu + xuﬁu- (4.19)

Equation (4.18) implies that the dependence on the spacetime point of the thermal expec-
tation value of any quantum operator cannot be arbitrary, but it can be only through the
four-temperature. This property will come in handy later on.

4.1.2 Global thermodynamic equilibrium with acceleration

Let us now focus on the configuration of global thermodynamic equilibrium with acceler-
ation. From here on, we will set ( = 0 for simplicity without loss of generality, namely
we will forget about the charged current and consider only the energy-momentum tensor.
The expression of the density operator is then

1 fI a -~
- 2L 4.20
pP=Z&P |~ T (4.20)

From the general discussion in the previous Chapter, we recall that in the argument of the
exponential function there appear the quantum operators corresponding to the conserved
charges. One particular feature of (4.20) is that the Hamiltonian H and the boost operator
K, do not commute with each other, and yet they are both conserved. This occurs because
the boost operator is explicitly time-dependent

R. = Jo=tP. - / dPx 2700, (4.21)
so its Heisenberg equation reads
dK. ~ -~ 0K 55
i dtz =K., H] + za—tz = —iP, +iP, = 0. (4.22)

Although possible at a mathematical level, the question arises if this state can be physi-
cally realized. As we mentioned in the last Chapter, the global thermodynamic equilibrium
density operator is in fact an approximation of the local thermodynamic equilibrium one
at first order in the derivatives of the thermodynamic fields [30]. This makes (4.20) a
reasonable approximation for describing fluids at local thermodynamic equilibrium with
non-vanishing acceleration (and vorticity), such as the quark-gluon plasma, in the hydro-
dynamic limit.
In order to work out the kinematic quantities, it is convenient to shift the origin of the
z coordinate by defining 2’ = z + 1/a, so that the four-temperature in (4.16) simply reads
G —

= ! t). 4.2
TO (Z 70707 ) ( 3)

Then, according to (3.21), the velocity field and proper temperature defined by its direction
and inverse magnitude are respectively given by

1 T
ut = (Z/,0,0,t), T = 0

V22— t2 ay/ 2'* — t2

It is easily realized that the flow lines, namely the curves with u* as tangent vector field,
are hyperbolae of constant values of 2/ 2 t2, and the proper temperature is constant along

(4.24)

ol



4 Relativistic Quantum Fluid at Equilibrium with Acceleration

them. This should be no surprise, being in fact a general feature of Killing vectors to have
constant magnitude along their integral curves. Now, by using the definition (2.1) of the
acceleration field, we readily obtain the expression

AV = lel_tZ(t, 0,0, 2"), (4.25)
which is clearly orthogonal to the four-temperature and whose magnitude is constant along
the flow lines. In other words, the density operator (4.20) represents a fluid at global ther-
modynamic equilibrium with acceleration field of constant magnitude along the flow, hence
the name “global thermodynamic equilibrium with acceleration”. Furthermore, referring to
the general decomposition (4.3) of the thermal vorticity, in our specific case at hand the
vorticity field is identically null, so we are actually left with

Wy = Qplly — Quly, (4.26)
where o has constant magnitude in the whole spacetime

A? a®
2
= =" (4.27)
T2~ 72
As for the thermodynamics, the key point is that the four-temperature (4.23) is not
globally timelike for it has a bifurcated Killing horizon at |2/| = ¢ splitting Minkowski
spacetime into four different subspaces as shown in Figure 4.1:

e |t| < 2’ is called the Right Rindler Wedge (RRW),

o |t| < —2' is called the Left Rindler Wedge (LRW),

o t > |Z/| is called the Ezpanding Degenerate Kasner Universe (EDK),

o t < —|2/| is called the Contracting Degenerate Kasner Universe (EDK).

In particular, in order to make hydrodynamics and thermodynamics out of 5, we have
to figure out in which subspace it is both timelike and future-oriented globally, so that
the interpretation of u* and T as a velocity field and a proper temperature respectively
makes sense. By looking at Figure 4.1, we can tell that the subspace we are looking for is
the right Rindler wedge, so that is where we must restrict. An observer moving along a
constant-acceleration path, that is along the flow, is called a Rindler observer. Note that
the expression of the proper temperature in equation (4.24) is but an instance of Tolman’s
law [67], but it is most naturally obtained in the Zubarev approach by demanding the
four-temperature to be a Killing vector field.

4.1.3 Factorization of the density operator

In [34], it is shown that the density operator (4.20) has an important factorization property.
Rather than (4.20), it is convenient to consider the general expression (3.26), which still
holds of course, and rewrite it by defining II as

. fi=m / a8, 7", = I - aR.. (4.28)
b
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4.1 Global thermodynamic equilibrium with acceleration

-

RW

&

Figure 4.1: 2-dimensional (¢, z) section of Minkowski spacetime. The hyperbolae are the flow lines of the
four-temperature, the latter being the tangent vector field. The red lines crossing at 2’ = 0, i.e. z = —1/a,
are the bifurcated Killing horizon of S* splitting the spacetime into four different subspaces: the right
Rindler wedge (RRW), the left Rindler wedge (LRW), the expanding degenerate Kasner universe (EDK)
and the contracting degenerate Kasner universe (CDK). The four-temperature is globally timelike and
future-oriented only in the right Rindler wedge. The blue line through 2’ = 0 and contained in the two
Rindler wedges is a hyperplane X orthogonal to 5*: such hyperplanes can be used to foliate the subspaces
where the four-temperature is timelike.

z

At global thermodynamic equilibrium, this is independent on the choice of the spacelike
hypersurface ¥ of the foliation. To define the foliation, we can exploit the fact that the
four-temperature (4.23) fulfills the vorticity-free condition (3.12), that is

e 8,08, = 0. (4.29)

In particular, the family of 3-dimensional spacelike hypersurfaces orthogonal to it is given
by the hyperplanes through 2’ = 0 and entirely contained in the right and left Rindler
wedges, as shown in Figure 4.1, so let ¥ be any of them. Thus, let us decompose the
hyperplane as ¥ = Ygr U X1, with Xg and X, entirely contained in the right and left
Rindler wedge respectively, namely Y g being the 2z’ > 0 part of ¥ and X, the 2/ < 0 part.
This way, I is given by the sum of two terms, each depending only on the field degrees of
freedom in one of the two Rindler wedges

I = I — 11, (4.30)
Mg =T / dx, "6, Ty =-Tp / dx, T B,. (4.31)
ER 3L

The minus sign in the definition of ﬁL is due to the fact that n* orthogonal to X1, has
opposite orientation with respect to f* in the left Rindler wedge. Now the key point is the
following. The only contribution to the commutator [IIg, Il stems from 2’ = 0, which
is the only point where the quantum field operators in the energy-momentum tensor have
non-vanishing commutators. However, the four-temperature altogether vanishes there, as
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4 Relativistic Quantum Fluid at Equilibrium with Acceleration

we can convince ourselves by noticing that the proper temperature (4.24) diverges there,
or simply just by looking at Figure 4.1, therefore the commutator is in fact null. This
implies that the density operator is factorized as

~

115

To

I |
To

1
Z

1

e 1
A

p = — exp T exp (4.32)

Formally, since ﬁR and ﬁL involve only field degrees of freedom each In its corresponding
Rlndler Wedge in the Hllbert space of the field states we actually have HR = HR ® IL and
HL =1 R®HL, with Ip r and IL the identities in the right and left Rindler wedge respectively.
In turn, this implies that the partition function is factorized as well

Z =tr <exp ) = try (exp

where by trr and tr;, we mean that the trace is calculated only on the Hilbert space
spanned by the field degrees of freedom in the right and left Rindler wedge respectively,
which is called a partial trace. In summary, the density operator becomes factorized into
two density operators commuting with each other

~

II

R )trL <eXp [rTIZD =ZrZ1, (4.33)

0

Mg — I,
To

P=PrR®pL,  [pr,pL] =0 (4.34)

each involving the field degrees of freedom in either of the Rindler wedges

1 HR 1 ~
= — = — dx,, 4.35
PR = 77 &P |~ | = 7o P [ /Z A% Bu] , (4.35)
1 0, 1 [ / ~
— exp —— exp dx T‘“’By] . 4.36
L= 1, T | 7 s (4.36)

They are obtained by taking the partial trace of the whole density operator on the opposite
wedge, so, referring to the terminology of Quantum Information Theory, they are called
reduced density operators

pr = trr(p), pr, = trr(p). (4.37)

Thus, the two Rindler wedges are completely disconnected. As a consequence, the thermal
expectation value of an operator 6(1‘) with x in the right Rindler wedge, for instance, will
only depend on the reduced density operator pr, regardless of the field states in the left
Rindler wedge

(O(2)) = tr(pO(x)) = trr (PrO()). (4.38)

Equation (4.28) defining the operator I is reminiscent of the homogeneous global thermo-
dynamic equilibrium density operator (4.11). Indeed, by calculating the commutator with
the quantum field operator, one can show that I is the generator of translations along
the flow in Minkowski spacetime [66], same for [Ig and IIj, in their respective Rindler
wedges [34].
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4.2 Thermal expectation values and the Unruh effect

4.2 Thermal expectation values and the Unruh effect

With the density operator, we are now in a position to calculate thermal expectation values
of quantum operators. In particular, we are interested in that of the energy-momentum
tensor, for it is both of physical concern in its own right and also necessary for the cal-
culation of the entropy current. As already mentioned, the quantum operators are built
with the quantum field operators, and as such they depend on the Quantum Field Theory
underlying the hydrodynamic theory. In this work, we will consider the simple case of a
free real scalar field in the right Rindler wedge. As we shall see, the Unruh effect will
emerge from thermal expectation values in a natural way.

4.2.1 Free scalar field theory in the right Rindler wedge

The problem of a free real scalar field in the right Rindler wedge is indeed a well-known
one in Physics. Here, we just present a short summary highlighting the characteristics
most salient for this work, for more details we refer to the review [12].

In order to build the energy-momentum tensor operator and calculate its thermal expec-
tation value, we first need the expression of the quantum field operator, which is obtained
as a solution of its equation of motion. The Lagrangian density L of a free real scalar field
@Z of mass m in Minkowski spacetime is

~ 1 DU
L= (g“ 0, 00,1 — szP) (4.39)
and the corresponding equation of motion is the Klein-Gordon equation
(O +m?) ¢ =0. (4.40)

Provided initial data, the solutions of Klein-Gordon equation can be uniquely determined
in Minkowski spacetime, for it is globally hyperbolic with constant-time hypersurfaces as
Cauchy surfaces. Given any two solutions ¢; and ¢s, we can build the Klein-Gordon inner
product to define orthogonality and normalization of the solutions

(61, b2k = i /E A5, (610" s — $20"67), (4.41)

with ¥ a spacelike hypersurface with future-oriented unit orthogonal vector field. This is
independent of 3, and also independent of time if ¥ is a constant-time hypersurface. Let
{u;} be a set of solutions orthonormalized according to the above inner product, that is
(ui, uj)ka = 6ij = —(u;, U )Ka, (u7, uj)ka = 0 = (Ui, uj)ka- (4.42)
The general solution of the Klein-Gordon equation can then be expanded as
o= (wiai +uia) (4.43)
i

where, a} and a; are the creation and annihilation operators respectively. Using the or-
thonormality of the solutions w;, one can show that

~

a; = (us, V)Ka, aj = —(u;, DI (4.44)
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4 Relativistic Quantum Fluid at Equilibrium with Acceleration

which, together with the canonical commutation relations, imply as expected
(@,al) =0y, [@,a;] =[al,al) = o. (4.45)

The vacuum state is defined by requiring it to be annihilated by all the annihilation opera-
tors, and the Fock space is built by applying the creation operators to it. The annihilation
operators, in turn, are determined by the solutions wu;, so it is actually their choice that
determines the vacuum. Such choice is not unique, and so is the vacuum in principle, how-
ever Minkowski spacetime is static. In a static spacetime it is natural for the solutions u; to
have a time-dependence of the form e~ where w; are positive constants interpreted as
the energies of the particles with respect to the future-oriented Killing vector 0;. For this
reason, the solutions u; are called positive-frequency modes, and the u] negative-frequency
modes. In Minkowski spacetime, the quantum field expansion usually reads

~ +oo
D) = / a®p (vpiip + vpa) (4.46)

—0oQ
where the positive-frequency modes are the plane waves

1 .
— —i(wpt—p-x) 4.47
v e . :
P (27)32wp (4.47)

If a spacetime is both static and globally hyperbolic, the choice of positive-frequency modes
with time-dependence of the form e~ ™i’ leads to a natural vacuum state that preserves
time-translation symmetry, called the static vacuum. The static vacuum in Minkowski
spacetime is called the Minkowski vacuum, indicated as |0yp), that is the state annihilated
by all the annihilation operators ap.

The right Rindler wedge is also a static and globally hyperbolic spacetime, and it
possesses a timelike future-oriented Killing vector given by the boost generator 2'd; + t0,/
playing the role of time-translations generator, so we can solve the Klein-Gordon equation
therein as well. To do so, it is convenient to introduce a set of hyperbolic coordinates called
the Rindler coordinates (,x7,&), where the “transverse coordinates” xp = (x,y) are the
same as Minkowski’s, and (7, &) are related to (¢,2’) by

1 2+t
S o
"= % Og(z’t)’ ¢

whose inverse read

% log [a2 (2/2 - tQ)} (4.48)

e et
t = — sinh(a7), 2/ = — cosh(ar) (4.49)
a a

spanning indeed the right Rindler wedge, as shown in Figure 4.2. Plugging them into the
Klein-Gordon equation, the positive-frequency modes are obtained

1 ag .
Uy ke (T, XT, g) = \/47T4a sinh (E)Kli <?7’LTG> e—z(wT—kT.xT)’ (450)

a @ a

where K;« are the modified Bessel functions, mr is the transverse mass
a

mr = \/k% + m?, (4.51)
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4.2 Thermal expectation values and the Unruh effect

SN

Figure 4.2: 2-dimensional section of the right Rindler wedge in the (¢,z) plane, spanned by the Rindler
coordinates (7,€). The straight lines through z = —1/a, i.e. 2’ = 0, are 7 = const. hypersurfaces, while
the hyperbolae are £ = const. hypersurfaces.

kr = (ks, ky) is the “transverse momentum” and w > 0 is the frequency. Together with the
negative-frequency modes ug, ., they are orthonormalized according to the Klein-Gordon
inner product. Thus, the field can be expanded as

R “+o0o “+oo Rt
1/)(7', XT7£) = / dw/ d2kT (uw7kTa\5’kT + uzvaaw,kT) s (452)
0 —00
where 'dfj’TkT and ?iikT are the creation and annihilation operators respectively, given by
Ay = (okes DG, Bptey = —(Ul ks DK (4.53)
KT

With the canonical commutation relations, the above equations imply the usual algebra

(AR s @t ] =6(w — ') % (kr — K,

a
wkr? P K,

(4.54)
~R =R —0 — ;BT =Rt
[aw,kT7aw’,k£F] _0 - [aw7kT7 wl’k’,I‘].
In the left Rindler wedge, the coordinates ¢ = a~'e® sinh(a7) and 2/ = —a~'e% cosh(a7)

are introduced in order to solve the Klein-Gordon equation. An expansion analogous to
(4.52) holds there, with the important difference that the role of the positive- and negative-
frequency modes is interchanged as a consequence of the fact that the boost generator,
acting as a time-translations generator, is past-oriented

R _ +o00o +oo Lt
U(7,x1,§) = /0 dw / 4’k (%,haﬁ,kT + uw,kTaw’kT) : (4.55)
—0o0
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4 Relativistic Quantum Fluid at Equilibrium with Acceleration

where wu, k, has the same expression as (4.50) with (7,&) replaced by (7,€). The static
vacuum in the Rindler wedges, called the Rindler vacuum and indicated as |Og), is the
i -~ ~L -~ ~I
state annihilated by all asva and @ ., namely af}’kT\Om =0=a,.|0r).
As for the energy-momentum tensor, we consider the canonical one

T ; (9#30"5 + 0505 — g L. (4.56)

but this is not the only possible choice in principle. Plugging the quantum field expansion
into it, and then the result into (4.35), the following expressions of the reduced density
operators in the Rindler wedges are obtained

~ 1 R = o T e oRf R
E s T R /o dw/ Thrwiy ) ok, (457)
—0o0
1 L ~ +oo +oo Lt~
e oy R /0 dw/ e w85 ey (4.58)
—o0

They are diagonal in the Rindler creation and annihilation operators, so they have the same
vacuum as the quantum field (4.52) and (4.55), the Rindler vacuum |Or). Moreover, their
being diagonal is very convenient for it allows thermal expectation values to be calculated
by using standard methods.

4.2.2 Thermal expectation values

Operators of physical interest, such as the energy-momentum tensor, are quadratic in the
quantum field, therefore their thermal expectation values are given in terms of thermal
expectation values of products of creation and annihilation operators. These can be cal-
culated in the Rindler wedges by using standard methods, thanks to the reduced density
operators (4.57) and (4.58) being diagonal. In particular, in the right Rindler wedge, which
is the subspace of our interest, they are [34]

(G ey O s ) = 8w — ') 02 (ke — Kfp) (4.59)
(@ ser By g ) = (18 + 1) (0 — o) 6% (ke — k) (4.59b)
-~ ~ ~Ri ~R

(@ 1er ey g ) =0 = (A e %/T, k) (4.59¢)

where ng is the Bose-Einstein distribution

1

m. (4-60)

ng =

We prove the first one as an example. For the sake of simplicity, let us temporarily introduce
Bo = 1/Tp as a new parameter unrelated to the 0-component of ,, and define

Ayt (Bo) = e PlIRgET efolln, (4.61)

The derivative with respect to 3y reads

O Rt g, ot ~Bolle [{g, a1} :
__ = — [II = - Follr II polltn
050 aw,kT (BO) [ R aw,kT (BO)] ¢ [ R, aw’kT]e (462)
=— we‘ﬂoHRaS,TkTeBOHR - _wagfkT (Bo),
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4.2 Thermal expectation values and the Unruh effect

whose solution is
Uy, ey (Bo) = e PG00 (4.63)

wkT w kr*

By exploiting the cyclic property of the trace, we have

—Bollg
~Rt AR B ~ ~Rf ~R N e ~Rt AR
<aw e Qo K > =trr <pRaw,kTaw’,k£p> -t ( ZR A ke Qo K/,

ZlRtrR < o k/Te_ﬂoﬁRaf}:fkTeBOﬁRe—ﬁoﬁR)
—trg ( ;;HR @ aey Bien (50)) = e Py (ﬁRaB/,k'TankT) (4.64)
_e_ﬁow@kaTaE/,k'T SHCATYR Ay, ])
—o 0 (a5, a8 )+ 0w — o) 0% (kr — ki) )
thus
<aSTkTA5' K, ) (1 - e_ﬂ°w> = 0(w — ') 6% (kr — ki), (4.65)

hence the result (4.59a). Equations (4.59b) and (4.59c¢) are proven in the same way.

The +1 term in (4.59b) stems from the commutation relations (4.54) and gives rise to
divergencies, therefore some renormalization will be needed at some point. More on this
will be said shortly, for now we just want to point out that, in the Rindler vacuum, the
above thermal expectation values have the same form evaluated at Ty = 0. This means that
renormalization in the Rindler vacuum is but the subtraction of the T; = 0 contribution,
which is tantamount to canceling the +1 term.

The structure of thermal expectation values depends on the symmetries of the density
operator and by the quantities at disposal. At global thermodynamic equilibrium, these
are by, @, T, and g,,, but as shown in (4.18), the dependence on x, can only be
through f,,, which also includes b,,. As for the thermal vorticity w,,,, in our case of global
thermodynamic equilibrium with acceleration, this is decomposed in terms of u, and
as in (4.26), and the dependence on u, is the same as on 3,. The only non-vanishing
component of the first derivative of 3, is @, which is constant, therefore derivatives of
higher order are identically null. In summary, the most general structure of the thermal
expectation value of the energy-momentum tensor is

(TH) = FiBMBY + Fag"” + Fyat'a + Fy(oBY + o ). (4.66)

The only Lorentz scalar we can build with f#* and o* are %2 = 1/T? and o? = —a? /Tg7
being B# and o mutually orthogonal. Thus, the scalar functions F; and Fb will depend
on B? and «?, while F3 and Fj are expected to be directly proportional to a? only as
the ideal form of <f“”> ought to be recovered for vanishing acceleration field. On the
other hand, in our case of free real scalar field theory, the Hamiltonian H in (4. 20) is even
under time-reversal, thus so is the density operator. In formulae, @,7)\@ 1 = 5, where &)
is the time-reversal operator. Care must be taken that 5) depends on the hypersurface
of simultaneity with respect to which time is reflected, so the above equation and the
following ones should be understood with respect to the ¢ = 0 hypersurface. On the other
hand, the momentum T% is odd under time-reversal, i.e. OTY%Q~1 = 70 Together with
the evenness of p and the cyclicity of the trace, this implies that (QA“ %) = 0; conversely,
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4 Relativistic Quantum Fluid at Equilibrium with Acceleration

<CF00> and <f” ) do not vanish. Now, in the above equation o’ and 8% do not vanish at
t = 0, which means that the coupling between o* and S* breaks time-reversal symmetry,
therefore Fy must be identically zero, and we are left with

(T") = FyphBY + Fagh” + Fyata”. (4.67)

The functions F; can be renamed using a more familiar notation in order to make their
physical meaning more apparent

(T™) = pubu? — pAM + kAFAY | (4.68)

Here, p and p reconstruct the ideal form, so they are the energy density and the pressure
respectively, while k is an anisotropic pressure term. Interestingly enough, although being
a non-ideal term, k is not technically a dissipation, for entropy is not produced at global
thermodynamic equilibrium. Explicitly, they read

p = (T")uuy, (4.69)
1~ (AuA,
p=5{T") ( YR AW) : (4.70)
1~ (SALA,

Their expressions depend on the specific Quantum Field Theory underlying the hydrody-
namic theory, so we now calculate them in our case of free real scalar field theory in the
right Rindler wedge. We take the energy density p as an example, p and k are worked out
following analogous steps.

As for the energy density, note that we can either take the thermal expectation value
<1A“ #¥) first and then project onto wu,u, or vieceversa, so let us first project onto u,u, and
then take the thermal expectation value <f’“’u”u,,>. Using the canonical energy-momentum
tensor (4.56), we see that the energy density is given by the difference of two terms

p = (W9, )%) — (L), (4.72)

Let us focus on the first term. In Rindler coordinates, the convective derivative is simply
w9, = e %0, so with the quantum field expansion (4.52) and the equations (4.59a)—
(4.59¢) we come to

N +oo +oo
(w9, $)%) = / o / ler 1t e |2 (205 + 1), (4.73)
0 —0o0

The +1 term stemming from the commutation relations (4.54) gives rise to divergencies
and needs renormalization. More on the renormalization scheme will be said shortly, for
the time being let us renormalize with respect to the Rindler vacuum |Or), thus subtract
the Ty = 0 contribution, which is tantamount to cancel the +1 term. Then

—2a€ +oo
na N2\ 1y )2 _C 2 si =
((09,0)) = Onl(w0,P10m) = G [ dwessinh (7)o

+o0 aé af
x/ A2k Ko (mTe >K <mTe )
oo @ a a

60

(4.74)
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where Kiw = K_;» was used. In the massless limit we have mp = [k, and the integral

in the transverse momentum can be carried out analytically

/+ood2k o mTeaf K . mTea§
oo Thie a T a

w w w (4.75)
= 1a?e 2% (1 + i—) r (1 — i—) T B pac—
a a sinh (%)
with I' the Gamma function, hence
~ ~ e—4af p+oo w3
I _ I - -
(W0, 0P) =~ Onl(w o, 0Rlon) = G [ o @)

This integral is carried out by exploiting the standard trick involving the geometric series

+o0 w3 +o0 e
| deam = dww?’ze TO—Z/ dwwe ™
0 € - 0

. N (4.77)
o0 1 00

_Tg"zﬁl/o dz z®e™™ —6T5"Z 4_6T0§() TO,
n=1

with ¢ the Riemann zeta function. The order of the integration and the series could be
exchanged thanks to the convergence of the series. Thus, we obtain the result found in [34]

2

(@ 0,D)) — (Ol (w0, D)20) = Tdeia = T _ T (415
# RIVE Swi ) PRI 5070 3084 30" '

where we used the expression of the proper temperature in Rindler coordinates

2

a 2 2 €
/32:—<’—t>: .
T T3

2a&

(4.79)

As for the second term in (4.72), it is convenient to use the Klein-Gordon equation of
motion to rewrite it as

1 1~

(L) = (@) = ;0?). (4.80)
The D’Alambert operator can be taken out of the thermal expectation value because
Op = 0 at global thermodynamic equilibrium with acceleration. Using the quantum field
expansion (4.52) and the equations (4.59a)—(4.59¢c), we readily obtain

+oo +o0o
:/ dw/ A%k g jep (208 + 1). (4.81)
0 —00

Once again, the +1 term stemming from the commutation relations (4.54) gives rise to
divergencies and must be renormalized. In the Rindler vacuum renormalization scheme,
we have

1 oo . w
(0) = OnlP100) = 5 [ o sinh (%)

+o0 aé af
x/ A2y Ko (mTe >K <mTe )
oo @ a a

61

(4.82)
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The integral in the transverse momentum is performed analytically in the massless limit
by using (4.75), hence

—2a€ +o00 T2
v I 2 _ ¢ w _ 10 —2a¢
0 = OnliP00) = G [ oy = Jhe e (18
In the last step, the integral was carried out by using again the geometric series trick as
above, with now ((2) instead of ((4). The D’Alambert operator in Rindler coordinates
reads

OD=e2%(02-0) — (02+0}), (4.84)
hence the result found in [46]
A i _ 1 2 72 __a’T§ —4af _ a? _O‘j 4
(£) — (0nIEI0w) = 30 ((7%) — (Onld?l0n) ) = — e ¢ = 20g = o7 (489)

where (4.79) and (4.27) were used to express the result in terms of a? and 4?. In summary,
the energy density for a free real scalar field in the massless limit renormalized with respect
to the Rindler vacuum is

2 2

-~ -~ s o 7T2 C¥2
= ((T") — T ) = — — == — |7 4.

This result was found in [63,68] with a perturbative expansion of the density operator
(4.20) in o at order a2, so we conclude that the perturbative series for the free real scalar
field is simply a polynomial in o* of order 2.

The pressure p and the anisotropic pressure k can be worked out following similar steps.
By defining their values in the same renormalization scheme as

=5 (1) = onlT0n)) (422 - ) (1.87)
b= 5 () = 0alT100)) (3253 - A, ) (4.59

the final expressions read
pR:?E;—S;:(i—i)T{ (m = 0) (4.89)
m=£;+£;=<$+ﬁ>#, (m = 0) (4.90)
kp = — 1;;4 - —iT“, (m = 0). (4.91)

This is the thermal expectation value of the energy-momentum tensor of a free real scalar
field at global thermodynamic equilibrium in the right Rindler wedge in the massless limit.
As expected, for vanishing acceleration field the anisotropic pressure term vanishes, the
ideal form is recovered and the energy density and the isotropic pressure take on their
familiar forms. Let us also emphasize that, by definition of o* (4.5) and by equation (4.6),
the a? terms are quantum corrections, in the sense that they are proportional to A% thus
vanishing in the limit & — 0.
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4.2.3 Particles and vacuum: the Unruh effect

As we had occasion to convince ourselves a few times already, thermal expectation values
of operators quadratic in the quantum field are divergent owing to the +1 term in (4.59b)
stemming from the commutation relations of creation and annihilation operators (4.54).
In free field theory, they are usually renormalized by subtracting the vacuum expectation
value; however, the vacuum state is defined by the creation and annihilation operators,
which in turn depend on the choice of the positive-frequency modes. As it is known,
especially in the context of Quantum Field Theory in curved spacetime, such a choice is
not unique in general, therefore we face an ambiguity. In our case, the quantum field
could either be expanded in the whole Minkowski spacetime in the usual plane waves form
as in (4.46), or in the two Rindler wedges in terms of the Bessel functions as in (4.52)
and (4.55). Consequently, it is found that Rindler creation and annihilation operators
are related to the Minkowski ones by a non-trivial Bogolyubov transformation, therefore
the Rindler vacuum |0g) and the Minkowski vacuum |Oyp) are two different states, as first
pointed out by Fulling [69]. In particular, if we take the standpoint of the Rindler observer,

the Minkowski vacuum is seen as a thermal state of particles at the temperature Ty = o~

ARt ~ ALt~ 1
(O e @ 100) = (O[8,  B s 1O8) = g0 — ) (ke — ki) (4:92)
€ a —

This is the famous Unruh effect, and Ty = 5~ is called the Unruh temperature [11]. In short,
the Unruh effect states that uniformly accelerated observers in Minkowski spacetime, i.e.
linearly accelerated observers with constant proper acceleration called the Rindler ob-
servers, associate a thermal bath of Rindler particles to the no-particle state of inertial ob-
servers, i.e. the Minkowski vacuum. Rindler particles are associated with positive-frequency
modes as defined by Rindler observers in contrast to Minkowski particles, which are associ-
ated with positive-frequency modes as defined by inertial observers. This is a conceptually
subtle Quantum Field Theory result, which has played a crucial role in our understanding
that the particle content of a field theory is, in this sense, observer-dependent.

In view of these findings, which vacuum should we choose to renormalize thermal
expectation values? The answer is that, as long as both choices give finite results, it
depends on which kind of observer we want to take the standpoint of. We have seen that
taking the point of view of the Rindler observer, namely renormalizing with respect to the
Rindler vacuum, means the subtraction of the Ty = 0 contribution, which is tantamount
to neglecting the divergent +1 term in equation (4.59b). In this renormalization scheme,
the thermal expectation value of the energy-momentum tensor is given in (4.89)-(4.91).
On the other hand, from (4.92) it is clear that thermal expectation values of products of
Rindler creation and annihilation operators in the Minkowski vacuum take on the same
form as (4.59a)-(4.59c) calculated at To = 5-. Therefore, taking the standpoint of the
inertial observer, that is renormalizing with respect to the Minkowski vacuum, means the
subtraction of the Ty = 5 contribution.

The former eventuality has already been studied, so let us focus here on the latter. In
the Minkowski renormalization scheme, equations (4.59a)—(4.59¢) read

~Rt ~ ~Rt ~ 1 1
<awjrkTa5,7k/T) - <0M|awfkTa5,’k/T\OM) - (ew o — 5w — o) 8 (ky — Ky)

—1 eTw -1
(4.93)
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1 1
~ ~R ~ ~R
(aBkTa ,Tk, ) — <OM|a57kTaw’T,k'T‘OM> = (ew/To - e%f‘*’ - 1> S(w—w') 52(kT —k7)
(4.94)
~ ~ ~Rt ~R ~R
(@) — (O @ [O0r) = 0 = (@5, %, ) — (Oualle @ [0n). (4.95)

These expressions are suggestive as they make it apparent that the thermal expectation
value of any operator quadratic in the quantum field, such as the energy-momentum tensor,
vanish when the temperature is as low as the Unruh temperature. By looking at non-
renormalized equations (4.73) and (4.81), it is clear that the energy density not only
vanishes at Ty = 5=, but becomes negative for lower temperatures. And this is actually
not a prerogative of the energy density, but a general feature of operators quadratic in the
quantum field. Thus, in this sense, the Unruh temperature is an absolute lower bound
for the temperature, a result found in [34]. It is important to stress that this conclusion
holds locally, for a comoving observer. From the expression of the proper temperature T’
(4.24) and the acceleration field A* (4.25), it is readily seen that in general one can write
T = Ty+\/|A?%|/a, so, at the level of the proper temperature, the bound Ty > 5= implies

2
T>Ty= V2|A | (4.96)
T

I

where Ty is called the comoving or proper Unruh temperature. That is, the temperature
measured by a comoving thermometer cannot be lower than the magnitude of the acceler-
ation field divided by 27. Recall that the magnitude of the acceleration field is constant
along a fixed flow line and varies from one flow line to another, therefore so does the proper
Unruh temperature, thus behaving like the proper temperature itself. The feature of the
proper Unruh temperature being a lower bound for the proper temperature is apparent in
the thermal expectation value of the energy-momentum tensor renormalized with repsect
to the Minkowski vacuum. By defining

PM = (<f/.w> - <OM|T\HV|OM>) Uy Uy, (497)
1 v Tuy AuAV
M= ((Tﬂ ) — (Om|TH yoM>) ( P —AW), (4.98)
1 v Ty A Au
kv =570 ((T“ ) — (Om|TH yoM>> (3 22 —AW> : (4.99)
one can find the following results in the massless case
72 ao? 4 4
m—<%—m)@—ﬂm (m = 0) (4.100)
= £2+0ﬁ (T* - 1) (m =0) (4.101)
PM= 190 " 18 ub - ‘
o2
by =—5 (T =T0),  (m=0). (4.102)

Although the conclusion that scalar thermodynamic functions renormalized with re-
spect to the Minkowski vacuum can be expressed in the above fashion was obtained for
a free field theory, it is likely to hold for any interacting field theory as well. In fact, the
Unruh effect was derived for general interacting field theories in [70,71] within an axiomatic
quantum field theory approach by taking advantage of the KMS feature of the expectation
values for the density operator at hand. For a recent discussion, see also [72,73].
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4.3 Entropy current in the right Rindler wedge

4.3 Entropy current in the right Rindler wedge

With the thermal expectation value of the energy-momentum tensor, we are now in a
position to use our method to calculate the entropy current including quantum corrections.
Its divergence will provide information on the entropy production rate, which is expected
to vanish at global thermodynamic equilibrium, while its integral will give us the total
entropy. As we shall see, thanks to the factorization property of the density operator, the
entropy thereby obtained will be interestingly related to some entanglement entropy.

4.3.1 Entropy current calculation

As a quick recap, in order to apply the method for the calculation of the entropy current
put forward in Section 3.3, we need two ingredients:

1. the thermal expectation value the energy-momentum tensor <f’“’ ), and
2. the eigenvector |0y) corresponding to the lowest, non-degenerate eigenvalue of T.
Then, the algorithm is the following:

1. Take (T") and subtract (Ov|T%|0y) by using the A-dependent density operator
Pr(A) defined according to (3.54). This way, the result is A-dependent.

2. Contract with £, which is A-independent, and integrate in A from A =1 to A = +o0
in order to obtain the thermodynamic potential current ¢* defined in (3.67).

3. Plug the result into (3.68) and obtain the entropy current s*.

By comparing the definition (3.42) of the operator T with the expression (4.57) of the
reduced density operator at global thermodynamic equilibrium with acceleration in the
right Rindler wedge, we immediately understand that

~

T = T T ; dw /_OO A"k wa ), Ao te - (4.103)

Thus, the lowest ecigenvector of T is the Rindler vacuum, |0y) = |0g), which is non-
degenerate, and the corresponding eigenvalue is To = 0. Hence,

(TH) = (0x [T |0x) = (T") — (O |T*"|0), (4.104)

which was already calculated in (4.89)-(4.91) for a massless field, so we are good to go for
what concerns the ingredients.

Now, according to the method, the above quantity should be calculated with the mod-
ified density operator pr(A) in order to be A-dependent. Let us take a closer look at what
this operation actually means at a practical level. By comparing equation (3.54) with
(4.20) or with (4.103), we can tell that in our case the introduction of A is but a rescaling
of Ty as Ty — Tp/A. It can be easily checked that this transformation gives precisely the
desired result. Thus, we have

(T () — (0x [T |0v)(A) = prON)uPu” — pr(A) AR + kg (\)A*A”, (4.105)
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where the rescaling Ty — Tp/\ affects only pr, pr and kr because u*, A" and A" are
independent of 7. This result should now be contracted with 5,. Care must be taken
that this £, does not undergo the temperature rescaling: it concerns only the thermal
expectation value (T#”) — (0¢|T#|0v), as can be clearly scen following the steps of the
method derivation in Section 3.3. Whence

(7)) = O[T [0x)(N) B, = pr(N)B". (4.106)

In other words, we do not need the thermal expectation value of the whole energy-
momentum tensor, only the energy density contributes to the thermodynamic potential
current and the entropy current. The expression of pr()) is obtained from (4.89) by
making explicit the Tp-dependence using (4.24) and (4.27). To this purpose, it is also con-
venient to extract the Tp-dependence from the four-temperature g of (4.23) by defining
the Killing vector field yv* = Ty 5", which is Tp-independent, hence

2 a? 1 2 a? Tél 2 a?
(=~ _*\: _ (™ 20 T4 T2 4.107
o <3o 12) B4 (30 + 12T02> S T 30970 T gt (4.107)
thuS 2 4 2 2
T 1 a® T,
pr(N) 0 9 (4.108)

T304 12
According to (3.67), the thermodynamic potential current is readily obtained
+o0o 7_‘_erll +oo dx a2T2 400 dA
H =g dA pr(A) = 0 — 0 / — | B*
T Ty

7T2 CYQ
:(904+ 24>B#:<4_4)5H'
vy 1275 ~ 905 1243

Plugging this result into (3.68), we finally have the entropy current

(4.109)

st =g+ (1) — (0|T"|0r) ) B = & + pr 3"

2 o2 2 o2 92 o2 (4.110)
_ _ _ B _ = iz
N (90ﬂ4 1234 + 3034 1264> pr = <45/34 6B4> pr.

In summary,

2 2 2 2
o = (9354 _ 1;%4) B = <;To - (1)‘2> T3k, (m=0) (4.111)
"= (4257;4 - géi) " (247;2 N Oé:) Tk, (m=0). (4.112)

These are the final expressions of the thermodynamic potential current and the entropy
current of a free real scalar massless field at global thermodynamic equilibrium with accel-
eration in the right Rindler wedge [46]. Now some comments are in order.

First of all, we stress that, by definition of o/ (4.5) and by equation (4.6), the o terms
are quantum corrections, in the sense that they are proportional to A? thus vanishing in
the limit & — 0.
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4.3 Entropy current in the right Rindler wedge

It is also easy to check that the entropy current, and the thermodynamic potential
current as well, actually, are divergenceless. In fact, both of the currents are given by a
constant term multiplied by 8#/3%, so

B t Bz’
BMS'M oc@qu“ X (9“@ = 8t@ + 3z/ﬁ
T(;l 2 NN2a , T(;l 12 2\ 2 a
_ 20 _ - P i — — 4.11
a[ (2-2) " | o |2 (2 0) " L (1.113)
_T(? /2 2\ 2, 2 N\ 3 o
_a3[4<z —t) tz—4(z —t) zt| =0.

This was expected because, as a general fact of global thermodynamic equilibrium, the
entropy is constant in time, so the entropy production rate is identically null.

As we discussed earlier, the Unruh temperature is an absolute lower bound for the
temperature at global thermodynamic equilibrium with acceleration, so the question arises
if the entropy current vanishes or not at that temperature. It turns out that it does not,
in particular we have )

sM(Ty) = ETguu, (m = 0). (4.114)
The reason for a non-vanishing entropy current in the Minkowski vacuum might be the
fact that the field degrees of freedom in the left Rindler wedge were traced out, in the
sense that s* is the entropy current pertaining the entropy in the right Rindler wedge,
thus calculated with the reduced density operator pgr. This partial trace operation often
leads to thermal states, thus a non-vanishing entropy current.

Another interesting observation is the following. From equations (3.67) and (3.68), it
is clear that the thermodynamic potential current and the entropy current depend on the
specific energy-momentum tensor quantum operator we decide to choose. Our choice so
far has been the canonical tensor (4.56), namely the minimal coupling one, but this is not
the only possibility. For instance, we could as well consider an “improved” tensor which is
traceless for a massless field, namely the conformal coupling one,

7o = g _ L gngr _ g (4.115)

mp 6 ? :

with THv appearing there being the canonical tensor. In [27] it is argued that, as a general
feature of global thermodynamic equilibrium with acceleration or rotation, the energy
density pertaining to this improved tensor is different from the one corresponding to the
canonical tensor. Indeed, by using the previously calculated expressions, the additional
term with respect to the canonical value in the Rindler renormalization scheme for a
massless field is

1 ~ ~ 1 1 a?
— = (u*u¥ 0,0, — - = = (W’ 9,0, — 0) — = —, (4.11
6 (00, = 0) (%) — (O]9 108)) = ~5 (W00, — D) {525 = for> (4116)
hence the “improved” energy density
_ 2 2
mp _ T _ T (g =0). (4.117)

PR = 3081 T 30"
That is, the energy density calculated with the “improved” energy-momentum tensor for
the massless free real scalar field depends only on 42 and not on a?, which is a somewhat
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Figure 4.3: In this 2-dimensional (¢, z)-section of the right Rindler wedge, ¥g(0) and Yr(7*) are two
constant-7 hypersurfaces of the foliation, corresponding to 7 = 0 and 7 = 7" respectively. T'(0,7) is
the timelike boundary at infinity joining ¥g(0) and Xr(7*). The hyperbolae are the flow lines of the
four-temperature, which is tangent to I'(0, 7).

surprising feature. Likewise, the entropy current gets modified and one is left with only
the first term of equation (4.112)

2

K — 3 —
Simp = 4554 ﬁ“ T ut, (m =0). (4.118)

At the Unruh temperature, we get an expression that, oddly enough, differs from the one
obtained from the canonical tensor (4.114) by a factor 16

272

shp(TU) = ==T¢u”,  (m=0). (4.119)

4.3.2 Entropy in the right Rindler wedge and the entanglement entropy

Equation (4.112) is the entropy current in the right Rindler wedge, therefore its integral on
a 3-dimensional spacelike hypersurface g contained in the right Rindler wedge and whose
boundary is the 2-dimensional surface (¢t = 0,2’ = 0) is the entropy in that subspace

SR:/ dx, st (4.120)
2R

As mentioned already, the right Rindler wedge is foliated by constant-7 hypersurfaces. Let
Yr(0) and XR(7*) be two such hypersurfaces, in particular the 7 = 0 and 7 = 7* ones
respectively, as shown in Figure 4.3. In order for the integral to be independent on the
choice of the hypersurface of the foliation, two conditions have to be met. The first one
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4.3 Entropy current in the right Rindler wedge

is that the entropy current must be divergenceless, which we already checked. And the
second one is the vanishing of the flux through the timelike boundary at infinity joining
the two hypersurfaces of the foliation, indicated as I'(0, 7*) in Figure 4.3. This condition is
checked just as readily, for the entropy current is parallel to the four-temperature, which
is tangent to I'(0,7*), hence d¥,s* = dX¥n,s" = 0. In summary, we can choose what-
ever hypersurface of the foliation, as expected from global thermodynamic equilibrium.
A straightforward calculation of the entropy on Yy (0) with the entropy current (4.112)
pertaining to the canonical energy-momentum tensor yields

+oo 27.‘.2 042 T3 1
Sk = dxr ) (=% ) 3 b . 4.121
" </—oo XT) < 45 6 ) a3 zllino 9512 ( )

This expression has two main properties. The one is the proportionality to the area of the
2-dimensional boundary surface separating the left and right Rindler wedges, that is the
so-called area law, which is clearly reminiscent of the Bekenstein-Hawking formula for the
black hole entropy [74]. The other is the divergence as 2’ — 0, owing to the fact that the
proper temperature diverges at the Killing horizon. Our result is in full agreement with
previous literature |75, 76].

This entropy we just worked out is the entropy in the right Rindler wedge, namely the
entropy calculated with the reduced density operator pertaining to the right Rindler wedge

Sr = —trr(pr log pr)- (4.122)

Recall from (4.34) and (4.37) that the full density operator p in Minkowski spacetime is
factorized as p = pr ® pr,, with pr = trp,(p) and pr, = trr(p) the reduced density operators
of the right and left Rindler wedges respectively. In Quantum Information Theory, the
entropy obtained from the reduced density operator of a bipartite system is called the
entanglement entropy, which, in some sense, is a measure for the entanglement of a system.
Thus, the above SR is in fact the entanglement entropy of the right Rindler wedge with the
left Rindler wedge. The area law is a property characteristic of the entanglement entropy,
and the fact that Sy exhibits it too, somehow strengthens our belief in this connection.

The calculation of the entanglement entropy in Quantum Mechanics may not be neces-
sarily hard, depending on the specific system at hand; whereas, as a matter of fact, when
it comes to Quantum Field Theory it turns out to be a formidable task which one is not in
general able to accomplish. Only few exact analytical results are known, and most of them
heavily rely on the power of conformal symmetry in 2 dimensions [77-81]. The prescription
for a holographic dual of the entanglement entropy in the context of the AdS/CFT cor-
respondence has turned this complicated procedure into a conceptually far more intuitive
one, which eventually amounts to finding minimal-area surfaces in some geometry, and as
such it constitutes a milestone indeed [82,83]. However, it is still far from easy to obtain
analytical results for non-trivial systems. In this respect, having been able to perform an
exact analytical calculation for a system which is both mathematically non-trivial and of
physical concern, makes our result obtained in [46] even more interesting.

Note that Sy does not vanish in the Minkowski vacuum, that is when the temperature
is as low as the Unruh temperature. This should not be completely surprising as Sy is
obtained from pgr, which in turn is obtained from p by taking the partial trace over the
field degrees of freedom of the left Rindler wedge. This operation is in general likely to
lead to thermal states, as it does indeed in our case too.
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Note also that, if we used the “improved” energy-momentum tensor instead of the
canonical one, the area law and the divergence at the Killing horizon would have stayed
the same, so Sr would still be infinite overall; however, the constant factor in front of it
would have changed to 22 /45. This is somewhat unexpected for the following reason. As
we mentioned, the expression of the entropy current does depend on the specific form of
the energy-momentum tensor quantum operator. On the other hand, the generators of the
Poincaré group (4.8) should not [27]. Consequently, neither should the entropy, because
SR is obtained from pr as in (4.122), and pg, referring to (4.20), can in turn be written in
terms of the Poincaré generators as

) . (4.123)

Nevertheless, ﬁR and ﬁL might inherit a dependence on the energy-momentum tensor
quantum operator because of the truncation at 2z’ = 0. This issue will be the subject of
further investigation.

We conclude with a final remark referring to a comment we made at the end of Subsec-
tion 3.2.3, which essentially states the following. Since the entropy current is divergenceless
at global thermodynamic equilibrium, if its domain is topologically contractible it can be
expressed as the divergence of an antisymmetric rank-2 tensor called the potential of s*

Oush =0 = =00, = v, (4.124)

it o

With this potential, the entropy can be cast into a 2-dimensional integral as in (3.49), i.e.

1 ~ 1
S:/dﬁus“ :/dﬁua,,g’“’ = / dSust = —/ dSP7\/|gleupos™”,  (4.125)
> > 2 Jox 4 Jox

where 0% is the 2-dimensional boundary surface of 3. The right Rindler wedge is topologi-
cally contractible, therefore such a potential for the entropy current (4.112) ought to exist.
In order to work it out, we follow the same kind of philosophy as for the derivation of the
thermal expectation value of the energy-momentum tensor (4.68). To form an antisymmet-
ric tensor, we can only use the vector fields 5* and a*, hence the only possible combination
is a#B¥ — B, According to the decomposition (4.26), this is just proportional to the
thermal vorticity, so we have in general

M = G (4.126)

for some thermodynamic scalar function G = G(a?, 3?). The divergence of this expression
must reproduce the entropy current

st =0,(Gw"”) = w"0,G, (4.127)
where we took into account that the thermal vorticity is constant at global thermodynamic

equilibrium. By introducing the entropy density s = u,s", we get

oG
s =uyst = u,w"0,G = —a"0,G = —a”a—ﬁg
where we used again the decomposition (4.26) of the thermal vorticity and, in the last
equality, the fact that a? is constant, so its derivative is identically null. Using the Killing
equation and (4.26) once again, we find

61/62 = gpaau(ﬁpﬁa) = gpa(ﬁﬂallﬁa + Ba&/ﬂp) = B wor + Bpwpl’ - _QWQV’ (4.129)

a3, (4.128)
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hence

oG

The entropy density obtained from the entropy current (4.112) is

22 a? 1
— st — ) —
s =uyst" = < 15 5 > (T2 (4.131)

so we can work out the expression of G
272 a
G=[dp?* | — - —
JAL ( 56 )
1 o? /
202 6
_ i QL _ OL _ VB2
202 \ 45 6 52 2a2

Plugging this into (4.126), we finally obtain the potential of the entropy current [46]

3/2 062\/,@

(4.132)

S (Ba¥ — p7at). (4.133)

2a2
The boundary of the hypersurface Xg(0) is the (x,y) plane (¢t = 0,2 = 0) together with
the plane (t = 0,2’ = +o00). In the latter, the argument of the last integral in (4.125)
vanishes for s o z’_g, a? is constant and 8%a? oc 2. We are thus left with the (z,y) plane,
and taking into account that the indices p and o can only take on values 1 and 2 and of
the dependence of S and a* on (t,2’), we end up with the same result as (4.121).

4.4 Summary and outlook

In this Chapter, we considered a relativistic quantum fluid at global thermodynamic equi-
librium with acceleration, a non-trivial instance of global thermodynamic equilibrium in
Minkowski spacetime of both phenomenological and theoretical concern. For this particular
system, the four-temperature has a Killing horizon making it timelike and future-oriented
only in the right Rindler wedge, therefore that is the subspace we had to restrict in order
to make thermodynamics and hydrodynamics out of it. Moreover, the density operator is
factorized into two reduced density operators each pertaining to a single Rindler wedge,
so that thermal expectation values in each wedge can be calculated by taking the partial
trace with the corresponding reduced density operator.

In order to obtain the entropy current, we calculated the thermal expectation value
of the energy-momentum tensor in the right Rindler wedge. In particular, we considered
the canonical tensor for the simple instance of a free real scalar quantum field, and the
calculation was performed analytically in the massless case. The plain expectation value
was expectedly divergent, therefore it needed renormalization. We discussed both the
Rindler and the Minkowski renormalization schemes, and saw how the Unruh effect arises
naturally with the Unruh temperature being a lower bound for the temperature.

We then practically tested our method by working out the entropy current for this sys-
tem including quantum corrections. The corresponding entropy production rate was iden-
tically null, in agreement with the general condition of global thermodynamic equilibrium.
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The entropy current did not vanish in the Minkowski vacuum, that is at a temperature
as low as the Unruh temperature, which is supposedly due to having traced out the field
degrees of freedom in the left Rindler wedge. As clear from the general method, the expres-
sion of the entropy current depends on the form of the energy-momentum tensor quantum
operator. All our calculations were performed with the canonical tensor, i.e. the minimal
coupling one, but then we compared the result with the one we would have obtained by us-
ing an “improved” tensor which is traceless for a massless field, i.e. the conformal coupling
one. Interestingly enough, the quantum correction due to the acceleration field disappears
in the latter case.

Finally, we integrated the above entropy current and obtained the entropy in the right
Rindler wedge. The result has two apparent properties, both in full agreement with known
literature: the one is the so-called area law, namely the proportionality to the area of
the 2-dimensional surface separating the two Rindler wedges, clearly reminiscent of the
Bekenstein-Hawking formula for the black hole entropy; whereas the other is the divergence
due to the proper temperature being infinite at the Killing horizon. This entropy can also
be seen as the one obtained by using the von Neumann formula with the reduced density
operator of the right Rindler wedge. By virtue of the factorization of the overall density
operator, this is also, by definition, the entanglement entropy of the right Rindler wedge
with the left Rindler wedge. The calculation of the entanglement entropy in Quantum
Field Theory is a very hard task and a hot topic in Quantum Information Theory in
general. Having been able to perform it in an exact analytical way by using a method
completely orthogonal to the standard ones in the case of a system both mathematically
non-trivial and of physical concern adds all the more interest to our result. We also
worked out the potential of the entropy current and recast the entropy in the form of a
2-dimensional surface integral. Oddly, while maintaining the area law and the divergence
at the Killing horizon, the expression of the entropy seemed to change by a constant factor
if we considered the “improved” energy-momentum tensor instead of the canonical one.
This is a somewhat unexpected feature that deserves further study.
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Relativistic Quantum Fluid out of Equilib-
rium with Boost Invariance

In this Chapter, we will consider a relativistic quantum fluid with boost invariance, also
known in literature as the Bjorken model, named after J. D. Bjorken who first proposed it as
a symmetry approximately realized in the central-rapidity region in heavy-ion collisions,
and as such phenomenologically interesting. Modern hydrodynamic calculations can go
beyond the Bjorken model by including transverse expansion and, eventually, by breaking
boost invariance itself; however, they still follow its general principles. A boost-invariant
fluid is inherently out of thermodynamic equilibrium. Such fluids are notoriously hard
to study, one of the reasons being that the thermodynamic fields are essentially unknown.
However, boost invariance will put special constraints providing us with enough information
to at least attempt actual calculations. In particular, a local thermodynamic equilibrium
analysis will be feasible exactly, making this, to the best of our knowledge, the first ever
case of an exactly solvable system at local thermodynamic equilibrium, therefore quite
interesting on the theoretical side. This will also give us the opportunity to apply our
method for the entropy current at local thermodynamic equilibrium. A full non-equilibrium
analysis will also be carried out in some approximation, making this system a benchmark
for the vast and mostly unexplored subject that is non-equilibrium thermal field theory.

We will start by defining boost invariance as a symmetry of the density operator and
seeing how it can be realized in the future light-cone, what will make it convenient to
introduce the so-called Milne coordinates. As for the underlying Quantum Field Theory,
we will consider again a free real scalar field theory, but this time there will be no analog of
the Unruh effect. Next, we will perform a local thermodynamic equilibrium analysis and
calculate exactly the thermal expectation value of the energy-momentum tensor, discussing
also the possible renormalization schemes. With this ingredient, we will be able to calculate
the entropy current by using our method at local thermodynamic equilibrium. Finally, we
will present an analysis fully out of thermodynamic equilibrium. The thermal expectation
value of the energy-momentum tensor will be worked out by performing an asymptotic
expansion at late times, and renormalization will be discussed.

This Chapter will be based entirely on [49] by D. R., L. Tinti, F. Becattini and D.
H. Rischke, which in turn was motivated in the first place by the recent works [84, 85|
by S. Akkelin. For additional information on the Bjorken model and its role in heavy-ion
collisions, we refer to Bjorken’s original paper [47] as well as the textbook [48]; whereas
concerning Quantum Field Theory in Milne coordinates, we suggest the textbook [86].
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5 Relativistic Quantum Fluid out of Equilibrium with Boost Invariance

Figure 5.1: 2-dimensional section of the future light-cone in the (¢, z) plane, spanned by the Milne coordi-
nates (7,m). The hyperbolae are 7 = const. hypersurfaces, while the straight lines through the origin are
n = const. hypersurfaces.

5.1 Thermal field theory with boost invariance

In order to be able to make any thermal field theory, we must first determine the density
operator representing the state at hand, which will then enable us to calculate thermal
expectation values. In this Section, we will present the density operator of a relativistic
quantum fluid with boost invariance, a non-trivial instance of a non-equilibrium state in
the future light-cone particularly interesting in the context of heavy-ion collisions.

5.1.1 Boost invariance

In Chapter 4, we considered a relativistic quantum fluid at global thermodynamic equi-
librium in the right Rindler wedge. This time, we focus on another patch of Minkowski
spacetime, that is the future light-cone defined by ¢ > |z|. Much in the same way as we
introduced the Rindler coordinates to span the right Rindler wedge, we now introduce a
new set of hyperbolic coordinates in order to span the future light-cone. These are the
so-called Milne coordinates (7,x7,n), where the transverse coordinates xp = (x,y) are
once again the same as Minkowski’s, while (7,7) are related to (¢, z) by

1 t
T=Vi2— 22, nEQIOg( +Z> (5.1)

t—z

whose inverse read
t = 7 coshn, z = Tsinh 7. (5.2)

The hyperbolic time 7 can be referred to as the Milne time, while the coordinate 7 is called
the spacetime rapidity. The Milne coordinates span indeed the future light-cone, as shown
in Figure 5.1, and the reason for their name is that the line element is but the metrics of
the so-called Milne universe

ds? = dt? — dz? — dy? — d2? = d7? — dz? — dy? — 72dn?. (5.3)
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5.1 Thermal field theory with boost invariance

The foliation of the future light-cone with the family of 3-dimensional spacelike hyper-
surfaces {X(7)} given by the constant-7 hyperboloids is well-defined, for the vorticity-free
condition (3.12) is met by the timelike vector field of unit magnitude orthogonal to them,

1
nt = ——=(¢,0,0, z) = (coshn,0,0,sinh 7). (5.4)
t2 _ 22
This vector field can be used to choose the hydrodynamic velocity field consistently with
the foliation by taking u* = n*, which is essentially the g-frame, thus

ut = (coshn, 0,0, sinhn). (5.5)
Then, the tetrad onto which tensors are decomposed is most naturally given by
(07)# =(coshn,0,0,sinhn) = u*, (5.6a)
(9)* =(0,1,0,0) = i*, (5.6b)
(9,)" =(0,0,1,0) = j*, (5.6¢)
(Op)!" =7(sinhn, 0,0, coshn) = 9", (5.6d)
where the hat “stands for unit magnitude, namely 72 = j% = 72 = —1.

For reasons that are going to become clear shortly, let us assume that the proper
temperature and the fugacity are scalar functions depending on the Milne time 7 only,
that is 7= T(7) and ¢ = {(7), so the four-temperature reads

pH = o _ ! (coshn,0,0,sinhn). (5.7)
T(r) T(7) T
Suppose also that the system reaches local thermodynamic equilibrium at some 7y, so,
according to the discussion in Subsection 3.2.2, the stationary state in the Heisenberg
picture is the local thermodynamic equilibrium density operator at

p = pLE(T0) = ;GXP —/ d¥, (f“yﬂu - Cf“) ; (5.8)
Z1(10) [ (7o)

where the argument of the integral is intended to be evaluated at 75. The four-temperature
is timelike on X(7p), hence thermodynamically meaningful, but it is not a Killing vector
field, as can be checked. The Milne universe, in fact, is not a stationary spacetime, and
as such it does not possess any global timelike Killing vector field. From the cosmological
point of view, it represents instead a linearly expanding universe foliated by hyperboloids
with constant negative curvature. As a consequence, global thermodynamic equilibrium
states cannot exist in the Milne universe, therefore the density operator (5.8) represents a
non-equilibrium state.

In Subsection 3.2.2 it was pointed out that if the spacelike hypersurface ¥ (7p) is in-
variant under any transformation g of a subgroup G of the proper orthochronous Poincaré
group 10(1, 3)1 and the thermodynamic fields change according to the transformation laws
(3.30), which we hereby report

D(g™ "), Bulg™ W) = Bo(y),  Clg () =), (5.9)

then G is a symmetry group for the density operator, in the sense that U (g)ﬁ(/j g =p
with U (g) a unitary representation of g € G. The thermodynamic fields appearing in the
density operator (5.8), namely the four-temperature (5.7) at 79 and the fugacity ((79),
meet the conditions (5.9) for the following transformations:
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5 Relativistic Quantum Fluid out of Equilibrium with Boost Invariance

e boosts with hyperbolic angle ¢ along the z direction, indicated as L3(§),
e translations along the = and y directions, indicated as T;(a) and Ta(a) respectively,
e rotations of angle ¢ in the (z,y) plane, indicated as Ri2(p),

and the hyperboloid ¥(7p) is invariant under the same transformations. This is but the
Euclidean group in 2-dimensions times the Lorentz group in 1-dimension, namely 10(2) ®
SO(1,1). Moreover, the density operator is also invariant under:

e space reflections mapping (z,y, z) to (—x, —y, —z2).

Altogether, we refer to this symmetry of the density operator as boost invariance. Accord-
ingly, the description of the system represented by p must have the same form in all frames
boosted in the longitudinal direction. This is essentially what in literature is often known
as the Bjorken symmetry, named after J. D. Bjorken who first proposed it as a symmetry
approximately realized in the central-rapidity region in heavy-ion collisions [47].

As it should be clear by now, the symmetries of the system constrain the form of
quantities at the particular thermodynamic configuration at hand. These constraints are
given by the vanishing of Lie derivatives of such quantities along the vector fields associated
to the symmetry group, which in the present case can be readily found

<dLZ(§)x>“ :(Z,0,0,t) = 7", (5.10&)
(dT;SL)ZU)H =(0,1,0,0) = i*, (5.10b)
(de(a“)yY =(0,0,1,0) = j*, (5.10c)
(W)ﬂ =(0, =y, 2,0) = r¢*, (5.10d)

where 7 = /22 4+ y? and ¢* = 1(0, —y,z,0). Note that (5.10a)-(5.10c) are just (5.6b)-
(5.6d) of the above tetrad, which, by construction, have vanishing Lie derivatives along
each other. Scalars, such as the proper temperature T" and the fugacity ¢, can only depend
on 7 as a consequence of LxT =0 and Lx( = 0 with X either of (5.10a)—(5.10d)

T=T(r), (=((r) (5.11)

Let us prove it for T" as an example. With little effort, one can show that

LT =i"9,T = 0,T =0, (5.12)

LT = j*9,T = 9,T =0, (5.13)

LT = 7i#9,T = 9,T =0, (5.14)
LT =rpho,T = —yo,T + 20, T = 0. (5.15)

The first two equations imply that T cannot depend neither on x nor on y, making the last
equation trivial, while the third equation forbids the dependence on 7, so the only possible
dependence left is in fact on 7. The same holds for ¢, hence (5.11), and that is the reason
why we previously assumed the temperature and the fugacity to be scalar functions of 7
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5.1 Thermal field theory with boost invariance

only. This philosophy can be further applied to vectors and tensors of any rank. A vector
field V*# is decomposed, in principle, as

VHE = A(T)ut + B(T)%M + C(m)3* + D(r)mit, (5.16)

however, the constrain £,;V = 0 implies B = C = 0, and the invariance under space
reflections demands D = 0 as it maps n — —n, hence

VI = A(T)ul. (5.17)

Concerning vector fields, a well-known feature of the Bjorken model is the existence of
a unique timelike vector field of unit magnitude compatible with boost invariance, and
this is given precisely by (5.5) [47]. That is to say that the hydrodynamic velocity field
is in fact completely fixed by the symmetry, which is a very powerful statement for the
following reason. At global thermodynamic equilibrium, the thermodynamic fields are
determined by the geometric conditions (3.25), namely the four-temperature must be a
Killing vector field and the fugacity a constant. Out of global thermodynamic equilibrium,
these conditions no longer hold and the thermodynamic fields can be whatever, so we
have no information on them whatsoever. This is one of the reasons that make systems
out of global thermodynamic equilibrium much harder to study. However, boost invariance
completely fixes the hydrodynamic velocity field and constrains the proper temperature and
the fugacity to depend on the Milne time only, therefore, the form of the four temperature
cannot be but (5.7). The expressions of the temperature and the fugacity as functions of
T are obtained from the constraint equations of local thermodynamic equilibrium (3.13),
that is

nutr(ﬁLE(T)T\“”)ren =n, T, nutr(ﬁLE(T)j”)ren = nujh. (5.18)

Thus, although out of thermodynamic equilibrium, boost invariance actually provides us
with information on the thermodynamic fields, enough so to at least attempt calculations.
This constitutes a precious opportunity for us to scratch the surface of the vast and mostly
unexplored topic that is non-equilibrium physics. In particular, we will be interested in the
energy-momentum tensor as usual. Much in the same way as above, the most general form
a symmetric rank-2 tensor, such as the thermal expectation value of the energy-momentum
tensor, is constrained to be

T = p(ryutu +pt (1) + 3157) + Pt ()i (5.19)

where p is the energy density, p* the transverse pressure and p" the longitudinal pressure.
For the sake of clarity, the left-hand side stands explicitly for

T = tr(pT™) = tr(pre(t0)TH (1)), (5.20)

namely the non-equilibrium density operator is at fixed 7y, whereas the energy-momentum
tensor quantum operator varies with 7, hence the 7-dependence of p, pT and p". The
pressures in the x and y directions are equal and given by the transverse pressure due
to rotational symmetry in the (z,y) plane. However, as full rotational symmetry in the
(z,y,2) space is lacking, the longitudinal pressure will be in general different. This is
reminiscent of the case of global thermodynamic equilibrium with acceleration studied in
Chapter 4, where an anisotropic quantum term was present in the longitudinal direction.
Thus, the anisotropy in the current case can also expected to be a quantum effect.
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5 Relativistic Quantum Fluid out of Equilibrium with Boost Invariance

Provided an underlying Quantum Field Theory is chosen, the three scalar functions
p, p* and p" can be determined once we are able to calculate thermal expectation values
with the non-equilibrium density operator as in (5.20). This is a task one is not able
to accomplish in general. A possible approach to tackle this problem is that of ideal
hydrodynamics, where local thermodynamic equilibrium is assumed. In that case, the
dissipations are supposed to be small, so that the non-equilibrium state is in fact close to
thermodynamic equilibrium, and by equation (3.23), the non-equilibrium density operator
is approximated by the local thermodynamic equilibrium one. However, this should not
be misleading: unless one uses linear response theory to further approximate the local
thermodynamic equilibrium density operator with the global thermodynamic equilibrium
one [30], the calculation of thermal expectation values at local thermodynamic equilibrium
is usually far from feasible. And even if it were, the actual non-equilibrium expressions of
p, pT and pY, that is the constitutive equations, would still be unknown. Nevertheless, for
our system at hand, boost invariance is so powerful that a non-equilibrium analysis turns
out to be possible to some extent, at least for a free Quantum Field Theory. For the sake
of simplicity, in the following we will suppose that there is no charged current present,
that is ¢ = 0. Thus, by using the same symbols as in (4.28), the non-equilibrium density
operator is

1 (7o)
N 5.21
P=ZP =] (5.21)
where Z = Z1g(10), nu = u, and the operator II(7) is given by
fi(ry) = / A5 T (o), = 70 / Lxer dy T (1), (5.22)
¥(10) —0o0

with d¥ = 79d?x7 dn the measure on Y(79) in Milne coordinates. All the integration
variables are intended to be integrated from —oo to 400. The expression of the energy-
momentum tensor quantum operator depends on the specific underlying Quantum Field
Theory. For a free Quantum Field Theory, this density operator represents a relativistic
quantum fluid with hydrodynamic velocity field given by (5.5) which is initially interacting,
ceases interactions at 7y and propagates freely thereafter. Thus, in the classical limit, the
kinetic theory solutions of the free-streaming Boltzmann equation starting from the local
thermodynamic equilibrium expressions with proper temperature T'(19) and flow velocity
ut at 79, reported in Appendix A, are expected to be recovered.

We want to conclude with the following remark. In Subsection 3.2.2, the question arose
if a symmetry group for the stationary state p = pLg(7p) is also a symmetry group for the
local thermodynamic equilibrium density operator prg(7) at any 7. Intuitively, if the
hypersurface ¥(7) is mapped into itself and the thermodynamic fields change according to
(5.9) at any 7, then the answer is yes. The constant-7 hypersurfaces, the four-temperature
(5.7) and the fugacity ((7) meet indeed those conditions at any 7, therefore boost invariance
is also a symmetry of ppg(7). The expression of the local thermodynamic equilibrium
density operator is formally the same as that of the non-equilibrium one at 7 instead of 7y

1

pLE(T) = m exp

1(r)
I(7)

: (5.23)
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5.1 Thermal field theory with boost invariance

where TI(7) is in general different from ﬁ(ro) and given by

=

+00
(1) = / dx f‘”’(T)uuuV = 7'/ d%xp dp T\‘”’(T)uuul,. (5.24)
3(7) —00
In the case of a free Quantum Field Theory, the physical system described by this density
operator is a relativistic quantum fluid with hydrodynamic velocity field given by (5.5)
who never ceases interactions and does not decouple. Of course, the forms of scalar,
vector and tensor quantities are still those discussed above, as they descend purely from
symmetry considerations. In particular, the expression of the thermal expectation value
of the energy-momentum tensor is

(T")1e = tr(PLe(T)T™ (7)) = pe(r)ue” + plg(T)(#3 + j*5*) + pip(r)i"i”. (5.25)

Since the non-equilibrium density operator p is simply the local thermodynamic equilib-
rium one prg(7) evaluated at 7y, the operator 1I(7) will just be II(7) evaluated at 7.
However, comparing equations (5.20) and (5.25), it is clear that the non-equilibrium ther-
mal expectation value (5.19) is not the same as the local thermodynamic equilibrium one
(5.25) evaluated at 79p. Once again, the energy-momentum tensor quantum operator, and
therefore the scalar functions in the above thermal expectation value, depend on the spe-
cific underlying Quantum Field Theory. In analogy with Chapter 4, in the following we
will consider a free real scalar quantum field in the future light-cone.

5.1.2 Free scalar field theory in the future light-cone

The problem of a free real scalar quantum field in the future light-cone is a known one
in literature, especially in Quantum Field Theory in curved spacetime and cosmology in
general [86-88], but also in the context of multiparticle production [89,90]. In [88] it was
shown that the free real scalar field can be expanded in the future light-cone in a complete
set of solutions that do not mix the positive- and negative-frequency modes of the usual
plane waves expansion. Then, S. Akkelin showed in [84] that these modes can be obtained
starting from the usual plane waves modes. Here, we follow his derivation by using a
slightly different notation and adding some clues.

The Klein Gordon equation for a free real scalar quantum field TZ of mass m in Milne
coordinates reads

~ 1 1 ~
N 2 2 2 2| 7 _
(O+m*)yY = [7(787)—ax—ay—728n+m ]w—(). (5.26)
The solution is given by the following quantum field expansion

2
D(r,x,7) = / d"prdu [h(p’T)ei(PT'XT"rHU)/b\p n h*(p’T)e_i(pT'XT‘Hﬂl)gT] . (5.27)
A7/2 P
Here, we indicated the momentum in Milne coordinates as p = (pr, 1) to distinguish it
from the Cartesian vector p = (pr,p.), where pt = (pg, py) is the transverse momentum
and p is the momentum component along the n-direction. The integral is intended to run
from —oo to +oo for each integration variable. The 7-dependence is stored in the complex
functions h and A* solutions of the equation

2

1
;87(7'87) +mA + = h(p,7) =0, (5.28)
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5 Relativistic Quantum Fluid out of Equilibrium with Boost Invariance

which is indeed a Bessel equation with the transverse mass given by

mr = \/p% + m?2. (5.29)

In fact, h and h* are defined by means of the Hankel functions H® and H as
h(p,7) = — ie%“Hgi) (m7T)

h*(p, ) Ez’e_g“HEB (myT),

(5.30)

which can be checked to be the complex conjugate of each other and also invariant under
momentum reflections p — —p by using the integral representation [91]

(2) I = e —imrT cosh 0+iub
H:/(mpT) = — —e 2¢ df e "mT7 #
e im o
1 +00 (5.31)
Hgl)(mTT) :.eg,u/ do eimTTcosthi/w‘
H im e

The following quantity is also usually defined in Milne coordinates

2
w?(p,7) = mi + % = p* +m?, (5.32)

which is invariant under momentum reflections p — —p. Finally, 3,!, and /l;p are creation

and annihilation operators respectively in the future light-cone obeying the usual algebra

bp, bl,] =6%(pr — Pr) 61 — 41),
) bp’

by ) =0 = (B}, 31

This allows us to clarify the interpretation of u, which turns out to be the eigenvalue of
the boost operator along the longitudinal direction K, that is

(5.33)

U (Ls())biU " (Ls(€)) = e *“Rfei®"s = e~ 41p] (5.34)
with U a unitary representation. In other words, the operator 3,@ creates a state with
eigenvalue p, much in the same way as for the angular momentum operator in the familiar
Quantum Mechanics.

In [84] it was shown explicitly that the quantum field expansion (5.27) in the future
light-cone can also be worked out starting from the standard plane waves expansion in
Minkowski spacetime (4.46). The frequency of the plane wave (4.47) is

2

wp = m% + p2. (5.35)

One can then express wp and p, in terms of a hyperbolic angle y called the momentum
rapidity, or simply the rapidity, as

wp = mr coshy, p. = mrsinhy. (5.36)

Thus, by performing the following “Fourier-like” transformation of the plane wave creation
and annihilation operators ZL\L and ap in the plane waves expansion

a.

1 oo uy it
= dpe ™ p), 5.37
P Srmr coshy /_oo e P ( )
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5.1 Thermal field theory with boost invariance

changing integration variable from p, to y and then to § = y —n and exploiting the integral
representation (5.31), the field expansion (5.27) is finally obtained [84]. Equation (5.37)
shows that the creation operators in the future light-cone depend only on the creation
operators in Minkowski spacetime, and same for the corresponding annihilation operators.
No mixing between creation and annihilation operators is present. Consequently, the
vacuum state of the operators /l;p in the future light-cone coincides with that of ap in
Minkowski spacetime, that is the Minkowski vacuum |Oy). The ultimate reason for this
is that the function h can be expressed can be expressed as a linear combination of plane
wave modes with only positive frequencies [92]. This is clearly at variance with the case
of global thermodynamic equilibrium with acceleration considered in Chapter 4, where
the quantum field was expanded in the Rindler wedges in terms of the Rindler creation
and annihilation operators, whose relation with the plane waves creation and annihilation
operators was a non-trivial Bogolyubov transformation, therefore the Rindler vacuum and
the Minkowski vacuum did not coincide. The consequences of this fact will be further
explored in Subsection 5.2.2.

Now we turn to the density operator. It is important to stress that the expression of the
non-equilibrium density operator (5.21) is exactly the same as the local thermodynamic
equilibrium one (5.23) evaluated at 79. Whether one or the other is used makes indeed
a difference when it comes to calculating thermal expectation values, as exemplified by
equations (5.20) and (5.25). However, as far as the very structure of the density operator
is concerned, they really are equivalent. Therefore, without loss of generality, we can let
7 be whatever and focus on the local thermodynamic equilibrium one for the rest of this
part. Then, in Section 5.2 we will perform a local thermodynamic equilibrium analysis,
whereas in Section 5.3 a non-equilibrium one, thus distinguishing explicitly the two cases.
Moreover, the p-dependence will be omitted throughout for ease of notation, restoring it
only when necessary.

As for the energy-momentum tensor operator, we consider again the canonical tensor

Py — % (a%a”zz + a”zﬁa%) ~g"L, L= % (9“”(%?8”@ - mW) . (53

In order to work ﬁ(T) out, the above expression must be contracted twice with the hydro-
dynamic velocity field, yielding

= 1 -~ -~ ~ 1 ~ ~
0, = 5 | 000 + @0 + @07 + 5 @I +m* P (59
By using the quantum field expansion (5.27) together with the integral representation of the

Hankel functions (5.31) and exploiting the invariance of h(7) and h*(7) under reflections
p — —p, the following expression is obtained

() = [ @prduf [(0h()F + 2N (5.5 + D15

+ ((01(7))? + wH(T)RA(T)) Bob—p + (0" (7)) + () (" (7))?) DL, |

(5.40)

It is convenient to define the positive real function K (7) and the complex function A(7) as

4dw(T)

K(r) = [10:h(T) [ + w?(7)|R(T)[?] (5.41)

81



5 Relativistic Quantum Fluid out of Equilibrium with Boost Invariance

T
4w(T)
Let us stress that the p-dependence is intended. Being h(7) and w(7) invariant under

momentum reflections p — —p, so are K(7) and A(7), but more interestingly they are
related by

A(T) =

[(0-h(7))* + w?(T)R*(7)] . (5.42)

KQ(T) — |A(T)|2 = 1. (5.43)
This occurs thanks to the left-hand side being proportional to the Wronskian of the Hankel

functions

TmrT
4

K2(7) ~ AP = — (T20) (WES o), B (mer)]) . (.49

which not only is known, but it turns out to be a very simple function of the argument [91]

’ ’ 47
WIH (2), HY) (2)] = B (@) (@) - B (0)HE (@) = —. (5.45)
This will greatly simplify the calculation of thermal expectation values at local thermo-
dynamic equilibrium in the next Section. The property (5.43) can also be rephrased by

expressing K (7) and A(7) in terms of some hyperbolic angle ©(p, 7) and phase x(p, 7)
K(r) = cosh(20(7)),  A(r) = ¢X(7) sinh(20(r)), (5.46)
which will be useful later on. For now, ﬁ(T) is recast in terms of K (7) and A(7) as

w(7)

. [K(T) (ZPEI, + Bgzp) + A(T)bpb_p + A*(7)BET (5.47)

ﬁ(T) = /deT dp
At variance with equations (4.57) and (4.58) found in Chapter 4, this expression is not
diagonal in the creation and annihilation operators due to the terms proportional to A(7)
and A*(7). This is quite unfortunate, for if it were diagonal, thermal expectation values of
products of creation and annihilation operators, whence of operators quadratic in the field,
could be calculated by using standard methods. In the following, we look for a suitable
Bogolyubov transformation to diagonalize I1(7).

5.1.3 Diagonalization of the density operator

Let us define a new set of creation and annihilation operators by combining gp and /b\g,
to attempt a diagonalization of II(7) in (5.47), whence prg(7) in (5.23). Since the terms
we wish to get rid of mix Zp with 6_,) and their Hermitean conjugates, we start with a
Bogolyubov transformation of the following form

&l(r) =A(p, 7)bf, — B(p, 7)b_p

&(T) =A% (p, T)?)\p — B*(p, T)j)\f_p

(5.48)

where A and B are complex functions to be determined. In order for a)(’i') and Ep(’i') to
be creation and annihilation operators respectively, they are demanded to obey the usual
algebra

[€o(7), €5 ()] =6%(pr — Phr) (1t — 1)

—~ 5.49
6o (r), ()] =0 = [E}(r), &L (7). (5.49)
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5.1 Thermal field theory with boost invariance

By enforcing the commutation relations (5.33), these in turn imply
(1A, 71> = [B(p,7)*) 8*(pr — PT) 6(pn — ') = 8*(pr — D) 6 (10 — 41)
[A*(=p,7)B*(p,7) — A*(p,7) B*(—p, 7)] 8*(P1 + PT) (1t + ') = 0 (5.50)
[A(p,7)B(—p, T) — A(—p,7)B(p,7)] 6* (Pt + PT) 6(1n+ /') = 0
whose a possible solution is
A(p7T) = A(_p’T)7 B(va) = B(_p77-)) ‘A(p77)|2 - |B(p77—)‘2 =1 (551)
hence the following hyperbolic expressions
A(p,7) = cosh0(p, 1) exaPT) B(p,7) = sinh 6(p, 7) exB(P.7) (5.52)

for some hyperbolic angle 6(p, 7) and phases x4(p,7) and xp(p,7). This is not the only
possible solution, but we choose it as it makes it easy to invert the Bogolyubov transfor-
mation (5.48) as

Bp :A(p,T)gp(T) + B*(p77—)gr—p(7—) (5 53)
B =A"(p, 7)EL(T) + B(p, 7)E-p(7).
plug it into (5.47) and obtain
~ . 2 g 2 2 * * A* & cte
Ti(r) _/d prdu {[K(|Ay + |B|*) + AAB* + A*A*B] (§p§p+5p§p) (5.54)

+(2KAB + AA? + A*B?) £,6, + (2KA*B* +ATA*? 4 AB*2> Ej,ﬂp} :

where the invariance under momentum reflections p — —p was used. In order to make
II(7) diagonal, the second line must vanish, so we look for A and B such that

2K AB + AA? + A*B? =0 (5.55a)

2K A*B* + A*A*? + AB*? =0. (5.55b)

The two equations are the complex conjugate of each other, so they are in fact one complex
equation, that is two real equations. Apparently there are four real unknowns, namely the
moduli and phases of A and B, but the moduli are related by the last equation in (5.51).
Moreover, the two equations are invariant under an overall phase shift of both A and B,
so they actually depend on the difference between the two phases instead of the phases
themselves. In summary, they are two real equations in two real unknowns, one modulus

and the phase difference, so we can try to solve the system. With the hyperbolic expressions
(5.52) and (5.46), equation (5.55a) can be rewritten as

cosh(20) sinh(26) ¢!Xa+XB) 4 inh(20) (cosh2 0 ¢!X+2x4) 4 ginh? 9 ei(QXB_X)> =0 (5.56)

whose solution is

XB(pJ T) - XA(p7 T) = X(pv T)? e(pa T) = _®(p7 T)‘ (557)

By setting x4 = 0 without loss of generality, the functions A and B fulfilling the Bo-
golyubov relations (5.48) are

A(p,7) = cosh O(p, 1), B(p,7) = —sinh ©(p, 1) eiX(p’T), (5.58)
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5 Relativistic Quantum Fluid out of Equilibrium with Boost Invariance

so the inverse transformation (5.53) reads
Zp = cosh O(p, T)EP(T) — sinh ©(p, 7) e_iX(p’T)ap(T)

% _ L (5.59)
b, = cosh ©(p, )& (7) — sinh O(p, 7) e XPTE_ (7).

Plugging (5.58) and (5.46) into (5.54) and using the commutation relations (5.49) we finally
obtain the following result

fitr) = [ e (GOEM + &)

— [ Eraustn) (G050 +3)

Since this is diagonal, so is the density operator; however, note that the density operator
being diagonal in a set of creation and annihilation operators different from that appearing
in the quantum field expansion is at variance with the case of global thermodynamic equi-
librium with acceleration studied in Chapter 4, as can be checked by looking at equations
(4.52) and (4.55) together with (4.57) and (4.58). With a diagonal density operator, we
are now in a good spot to calculate thermal expectation values of operators quadratic in
the quantum field, such as the energy-momentum tensor, by using standard methods.

(5.60)

5.2 Local thermodynamic equilibrium analysis

So far, we have been concerned only with the structure of the density operator, therefore
we could take either 7 or 7y equivalently since prr(7) and p = prr(79) have the same
properties. However, when it comes to thermal expectation values it does indeed make a
difference whether the density operator is evaluated at 7 or 9. In this Section, we will
perform a local thermodynamic equilibrium analysis, therefore the 7-dependence will be
highlighted in order to dispel any potential doubt. On the other hand, for ease of notation,
the dependence on the momentum p will be omitted throughout whenever unnecessary. As
we shall see, we will be able to obtain analytical results, making this the first example of an
exactly solvable system at local thermodynamic equilibrium, to the best of our knowledge.

5.2.1 Thermal expectation values

As a quick recap, the thermal expectation value of the energy-momentum tensor calculated
with the local thermodynamic equilibrium density operator is

(T") 15 = tr(pLe(r) T (1)), (5.61)
and boost invariance constrains its form to be
(TM)Lg = pLe(T)uu” + ple(r) (i + 3#37) + pla(r)i"q". (5.62)

The local thermodynamic equilibrium density operator built with the canonical energy-
momentum tensor operator of a free real scalar quantum field is not diagonal in the creation
and annihilation operators 3{, and Zp, but it is so in the creation and annihilation operators
a)(T) and EP(T) obtained from the former through the Bogolyubov transformation (5.48)

Ii(r)
T(r)

R 1
P = 7o) P

, I(7) = /deT dpw(T) (@(T)EP(T) + ;) . (5.63)
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5.2 Local thermodynamic equilibrium analysis

This diagonal expression allows for thermal expectation values of products of ZJ,(T) and
&p(7) to be obtained by using the standard method shown through (4.61)-(4.65) in Chapter
4, hence the result

(€ (1€ (T))LE =nB (1) 8*(PT — P) O(10 — 1) (5.64a)
(& ()& (T)Le = (nB(7) +1) 6*(PT — Pr) 01 — 1) (5.64b)
(Ep(T)&w (T))LE =0 = (E}(7)E], (7))LEs (5.64c)

where np(7) is the Bose-Einstein distribution

1

ne(7) = o 1 (5.65)

with w(7) given by (5.32). This is indeed the average number of excitations of the opera-
tor EFE(T), but by no means a density of particles. Since the quantum field is expanded in
terms of the creation and annihilation operators ET) and ?)\p, the particle density is given by
</b\f$p/)LE. Another reason to be interested in thermal expectation values of products of EL
and Bp is the fact that the energy-momentum tensor operator is quadratic in the quantum
field, therefore it contains such terms. The thermal expectation values of these prod-
ucts are most readily obtained from (5.64a)—(5.64c) by means of the inverse Bogolyubov
transformation (5.59)

(bpber) 1 = — % sinh (20(7)) =X (2np(7) + 1) 6*(pr — PT) S — 1) (5.66a)
(bib! e = — %Smh (20(7)) X7 (2np(7) 4+ 1) 6%(pr — Pr) 6 (1 — 1) (5.66b)
(bpb!,)LE = [cosh (20(7)) np(r) + cosh? O(7)] 8%(pr — Php) d(p — 1) (5.66¢)
(blgpf)LE = [cosh (20(7)) np(7) + sinh? @(T)] 52(pT —p) o — ). (5.66d)

These equations make it clear that the hyperbolic angle ©(7), which can be determined
from (5.46), accounts for field vacuum effects. More concerning the vacuum will be said
shortly in Subsection 5.2.2.

Note that the +1 term in (5.64b), stemming from the commutation relations (5.49),
gives rise to divergencies. The details of renormalization will be shortly discussed in Sub-
section 5.2.2. For the time being, we simply point out that renormalizing with respect to
the vacuum of the operators £,(7), whence of II(7), is but the subtraction of the T'(1) = 0
contribution, which eventually amount to canceling the +1 in (5.64b).

With equations (5.66a)—(5.66d), we are in a good position to calculate the thermal
expectation value of the energy-momentum tensor (5.62), that is the energy density, trans-
verse pressure and longitudinal pressure at local thermodynamic equilibrium. First of all,
these scalar functions are obtained from the following contractions

pLe(T) = (T") Lty (5.67)

= aoa = Ao 1 = s ~on
pig(T) = (T" ) Leiyy = (T")LEj W)y = §<T“”>LE (zuzl, +]M]V) , (5.68)
pEE(T) = <TMV>LE77M7?V- (5.69)
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5 Relativistic Quantum Fluid out of Equilibrium with Boost Invariance

We take the energy density as an example, the pressures are worked out through the same
procedure. By plugging the quantum field expansion (5.27) into the contraction (5.39), we
have the following expression of the energy density in terms of thermal expectation values
of products of creation and annihilation operators b, and by

pre(T) =(T")Lgu,u, = / pr jéﬁjg% e
| [@ho. )O3 7) — (pasl +purh + S’ =) 1o (97| 5
% el (Pr+P)x1+(ptp")n] </5pgp/>LE+
+ | (9:h(p, 7)) (01" (p', 7)) + <pwp; + Py, + Qw +m2> h(p 7| x
x e[(pT p)-xr+(p— u)n]< b )Le+ _
(@ @) + (et + oty + g+ 02 ) o, 7 R(E )]
% e_fi[(PT*Pfr)'xT+(H*ﬂ/)m (AI)ZP,>LE+ )
|97 (P, 7)(0-h"(p', 7)) — (pmp; + pyply + %uu’ - m2) h*(p, 7)h* (p', 7)

x o~ (T +Pp) X7+ (k)] <bT3T,>LE}

(5.70)
Then, by using equations (5.66a)—(5.66d), we obtain
2
prn(r) = / ot [ 10 + ()] 2nn(r) + 1) cosh20(7)
[(0-h(T ))? + 2(7')hz(7)} (2n5(7) 4 1) sinh(20(7)) e ~X(7) (5.71)

N’““MM—!

[(3 h* (1 )) 2(7)(h*(7))2] (2np(7) 4+ 1) sinh(20(7)) eiX(7)

In square brackets we recognize the functions K and A defined in (5.41) and (5.42). These
are expressed in terms of the hyperbolic angle O(7) and the phase x(7) as in (5.46), hence

pLE(T) = /d2p d,ulG(T) [cosh2(2@( ) — Sinh2(2@(7))} (2np(T) + 1)

:/ dggiﬂw(ﬂ (nB(T) + ;) :

The transverse and longitudinal pressures are worked out following the same steps, and
the final expressions read

(5.72)

2

pLE(T) = /WW%T) (nB(T) + ;) , (5.73)
2 2

er) = [ ettt P2 (o) + ). .11
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5.2 Local thermodynamic equilibrium analysis

2 2
plo(r) = [ eI () + 7). 579

These are the integral expressions of the thermal expectation value of the canonical energy-
momentum tensor of a free real scalar quantum field at local thermodynamic equilibrium
in the future light-cone. To the best of our knowledge, this was first obtained in [49].

From the mathematical point of view, there is a key fact that greatly eases the calcu-
lations to the point that simple analytical results such as (5.73)—(5.75) can be obtained,
and that is the following. The functions A(7) and B(7) of the Bogolyubov transformation,
appearing above in the thermal expectation values of products of E)\p and E,T,, are expressed
in terms of the functions K(7) and A(7) through equation (5.58). The functions K(7)
and A(7), in turn, can be written in terms of the hyperbolic angle ©(7) and the phase
x(7) thanks to the relation (5.43), which eventually is a consequence of the Wronskian of
the Hankel functions being reconstructed. In summary, the ultimate reason for the above
analytical results is the reconstruction of the Wronskian of the Hankel functions, occur-
ring because the density operator and the energy-momentum tensor operator in (5.61) are
evaluated at the same 7. In the non-equilibrium analysis to be carried out in Section 5.3,
this will no longer hold true because of the mixing of 7 and 79, as exemplified in (5.20).
The difficulties we will encounter there will make us appreciate the above exact analytical
results even more.

Equations (5.73)—(5.75) can be recast in a more compact form. Let us define the
following real function taking on different expressions for either the energy density, the
transverse pressure or the longitudinal pressure

w?(7), pLE(T)
M2 2 T
7(7) = _ﬁ —m, pLE(T) (576)
2 MQ L
—mr + pox Pre(T)

and a modification of the functions K (7) and A(7) defined in (5.41) and (5.42) respectively

T

&= 105 [10:R(7)[? + 5 (7)[A(T)] (5.77)
Ay(7) = 45(77) [(0-h(7))? + 4 (1)R3(r)] . (5.78)

Once again, the p-dependence is omitted in (1), K, (7) and A, (7) both to ease the notation
and to highlight the 7-dependence, which is the conceptually important one. Much in the
same way as K (7) and A(7) satisfy (5.43) thanks to the Wrosnkian of the Hankel functions,
K, () and A, () are related by

K30 - I = 7 (5.79)

In the case of the energy density, K, (7) and A,(7) coincide with K(7) and A(7) respec-

tively, thus (5.79) reduces correctly to (5.43). With these new functions, we can further
define I'l , = {pLE, pEE, p%E} as the set of functions that make up the thermal expectation
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5 Relativistic Quantum Fluid out of Equilibrium with Boost Invariance

value of the energy-momentum tensor distinguished by the value of the function (7), thus
the (5.73)—(5.75) can be compactly rearranged as

d’prdu o . 1
() = [ Gt () U (K (7) ~ Re (A, (A ()] (mn(r) + 3 ) . 650
That is the same structure we will recover in the non-equilibrium analysis too. However,
in the present local thermodynamic equilibrium analysis we can take it a step further by
recasting the expression in square brackets in the following form by using the definitions
(5.41), (5.42), (5.77) and (5.78) and exploiting again the Wronskian of the Hankel functions

w’() + (1)

Ky (1)K (1) = Re (Ay(7)A™(7)) = Toi(r) (5.81)
hence
2 Wi (T T
e T A

This can be further recast in a more familiar form. By changing the integration variable
p to py = p/7, the measure becomes

d
*prt = d’prdp. = d'p, (5.83)

and w(7) the on-shell energy

2
/ 1
w(r) = m%—l—ﬁ:\/m%—i—pgz\/]pT\Q—i—pg—i—mQEg. (5.84)

In turn, ng(7) becomes the energy-dependent Bose-Einstein distribution ng(e,7'(7)) in the
phase space, hence the the energy density (5.73) as well as the transverse and longitudinal
pressures (5.74) and (5.75) can be written as the familiar momentum integrals of the
relativistic neutral Bose gas. Altogether, the non-renormalized thermal expectation value
of the energy-momentum tensor at local equilibrium reads

1 1
/u/ wpv

where # is the four-temperature (5.7). Therefore, the thermodynamic functions I'/ (1)
are just the familiar functions of T'(7) as the usual ideal relativistic gas. In particular, the
transverse and the longitudinal pressures are in fact equal, namely

pLe(T) = pLe(r) = pLe(7). (5.86)

We can convince ourselves of this equality simply by noticing that the measure (5.83), the
energy (5.84) and the Bose-Einstein distribution ng(7) are all invariant under rotations of
the momentum p, so it makes no difference between p,, p, and p,. Thus, the transverse
pressure (5.74) and the longitudinal pressure (5.75) are equal. In other words, the thermal
expectation value of the energy-momentum tensor at local thermodynamic equilibrium has
the ideal form

(T")Lp = pLe(r)ulu” — pLe(T) AP (5.87)
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5.2 Local thermodynamic equilibrium analysis

This is a somewhat unexpected feature of local thermodynamic equilibrium, totally at
variance with the case of global thermodynamic equilibrium with acceleration studied in
Chapter 4.

Of course, the plain thermal expectation values (5.80), or equivalently (5.82) or (5.85),
are divergent owing to the 1/2 terms stemming from the commutation relations (5.49),
therefore they must be suitably renormalized.

5.2.2 Renormalization

Renormalization in free Quantum Field Theory is most readily established by the sub-
traction of some vacuum expectation value. In the present case of a relativistic quantum
fluid with boost invariance, we face an ambiguity in the choice of the vacuum which is
somehow different from the one discussed in Subsection 4.2.3 for a relativistic quantum
fluid at global thermodynamic equilibrium with acceleration. There, the quantum field
was expanded in the Rindler wedges in terms of the Rindler creation and annihilation
operators, and the density operator was diagonal with respect to them. Their vacuum was
then the Rindler vacuum. Those operators were related to the usual plane wave ones by
a non-trivial Bogolyubov transformation, therefore the Rindler vacuum did not coincide
with the Minkowski vacuum. Thus, the ambiguity back then was choosing between the two
natural vacua given by the Rindler and the Minkowski vacuum. By taking the standpoint
of the Rindler observer, the Minkowski vacuum appeared not as empty of particles but
populated by a thermal distribution of them at a temperature proportional to the acceler-
ation. Together with the vacuum choice ambiguity, the key ingredient that let the Unruh
effect emerge was the fact that the four-temperature possessed a Killing horizon.

Here, the quantum field is expanded in the creation and annihilation operators ?)\,r, and
/b\p, but the density operator is diagonal in a different set of operators, the E,i( ) and Ep( ),
related to the previous ones by a non-trivial Bogolyubov transformation. Thus, the vacua
of the two set of operators do not coincide. The b and b can be obtained from the usual
plane wave ones CLL and ap by means of the “Fourier-like” transformation (5.37), which
does not involve any mixing of creation and annihilation operators, therefore the vacuum
of /b\p is in fact the Minkowski vacuum |Oyr). The Minkowski vacuum, of course, is a static
state. On the other hand, the vacuum of E,, (1) is a 7-dependent state, and we indicated it
as |0;) to emphasize this fact

&p(7)]07) = 0. (5.88)
By using standard methods [92], from the coefficients of the Bogolyubov transformation
(5.59), it can be shown that |0,) is related to |On) by [49]

1
H|Cosh9 7 — 5 tanh ©(p, T)e XPIREL | o) (5.59)

In summary, the ambiguity here lies in the choice of either |0,) or |Op), leading to two
different renormalization schemes

<T\MV>LET = <TWV>LE - <07"j—\‘l“/|07>7 (5.90)

(T")1pg = (T*)1e — (Om|T|On).- (5.91)

This situation is reminiscent of the Unruh effect, and indeed from the velocity field (5.5)
a non-vanishing acceleration field can be derived; however, the relation (5.37) between the
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5 Relativistic Quantum Fluid out of Equilibrium with Boost Invariance

plane wave operators ZL\I, and ap and the Milne ones a) and /l;p is linear, making the vacua
of the two sets of operators coincide. Therefore, Milne observers count the same particles
as inertial observers, given by

(@3p)LE = !
PP 2wmr+/coshy coshy’

In other words, no analog of the Unruh effect is present between inertial and Milne ob-
servers. The ultimate reason for this seems also to be the fact that the future light-cone
is not a stationary spacetime, and as such it does not possess any global timelike Killing
vector field. In fact, the four-temperature (5.7), which is the only possible one compatible
with boost invariance, is not a Killing vector field, so it has no Killing horizon whatsoever.
Without a Killing horizon, no Unruh effect seems to emerge.

The next step is the comparison between the two renornalization schemes (5.90) and
(5.91). Let us start from the former, which is also the most straightforward one. In
the limit of vanishing proper temperature, the local thermodynamic equilibrium density
operator reduces to the vacuum |0;), that is

+00 . I\ SIS
/ dpe M) (BTho) . (5.92)

Ti(r)
T(r)

exp = 10,)(0;]|. (5.93)

lim fus(r) = lim
1m = 11m
T(1)—=0 PLEAT T(r)—0 ZLE(T)

The first thing we can deduce from this fact is that the vacuum |0;)(0;] has the same
symmetries as the local thermodynamic equilibrium density operator ppg(7) which, how-
ever, is less symmetric than the supposedly Poincaré-invariant Minkowski vacuum. This
does not imply that |0;) is degenerate, but that Poincaré transformations will give rise
to non-vanishing components of excited states. The second one is that renormalization
with respect to the vacuum |0,) is essentially the subtraction of the T'(7) = 0 contribution.
This could just as well be realized by looking at the thermal expectation values of products
of &p(7) and EFT)(T) (5.64a)—(5.64c). There, the subtraction of the T'(7) = 0 contribution
eventually amounts to canceling the +1 term in (5.64b), which in turn stems from the
commutation relations (5.49). In this scheme, the energy density and the pressure at local
thermodynamic equilibrium become

R 2

pr () = () = (T 0w, = [ S mnn(r) (.00
N 2

P () = pustr) = 0T 0 = [ GO 699

with €, either %/m 5# or 7, and p; either p,, p, or /7. Equivalently, these can be recast in
the more compact forms (5.80) and (5.82) as

2
i, (7) = [ Gy () U (1)K () = Re (A (r)A (7)) nn ()

27)37w(T)
[ S S0, 40
) (2m)3Tw(r) 2 BT/

These integrals are convergent due to the exponential suppression for large values of the
momentum p provided by the Bose-Einstein distribution. In particular, in the massless
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5.2 Local thermodynamic equilibrium analysis

limit they can be carried out analytically to yield the familiar expressions of the energy
density and pressure of a neutral Bose gas at temperature T'(7)

7.(.2
pLET<T) = %TZL(T)? (m = 0)7 (5'97)
1 2
pLE(T) = =pLE, (T) = —=T(7), (m = 0). (5.98)

3 90

Now we turn to the renormalization scheme (5.91), namely we take the standpoint either
of the inertial or Milne observer and we subtract the Minkowski vacuum contribution. In
order to calculate the expectation value of the energy-momentum tensor operator in the
Minkowski vacuum, we exploit the fact that TH is built with the quantum field as in (5.38),
and the quantum field is in turn expanded in Milne coordinates as in (5.27) in terms of
Zp and b],;, whose vacuum is |Opg). Much in the same way as previously done, we take the
energy density as a prototype, with the pressure to be worked out following analogous
steps. The energy density in the Minkowski vacuum is given by (5.70) where the thermal
expectation values of products of Zp and 3,& are supposed to be calculated on |Oyr) instead
of using pre(7). Of course, the products /b\pgpr, /I;I,E;, and 5:,/5,,/ have vanishing expectation
value on the Minkowski vacuum as BP\OM> = 0. On the other hand, the expectation value
of ?)\p?b\[t, is non-vanishing and worked out with the commutation relations (5.33)

~

(Ont[BpbL, (081 = (Ona [l D 0nt) + (On| (B, BL1[08) = 62 (P — D) O — ') (5.99)

Thus, the energy density in the Minkowski vacuum is readily obtained from (5.70)

R 2
OMIT™ Oy, = [ P ()P + (7)) P)

4(4m)?
_ / Cprdu 5 K(7) 15100
(27)3Tw(T) 2

Repeating the same steps for the pressure, the same result is found with K (7) replaced
by K (7), the two of them coinciding in the case of the energy density. We can therefore
conclude that the thermal expectation value of the energy-momentum tensor renormalized
with respect to the Minkowski vacuum reads

2
DY (1) = / mw2(7)x

{1, (R () = Re (4, (A ()] (o) + 3 ) - 257,

(5.101)

This expression, however, subtly hides some problem. Let us take once again the energy
density as an example and split it into two terms as

2 2 ) —
pLEM(T) :/WW(T)HB(T)—/d(;;l;STMw(T)K( ; 1. (5.102)

The first term coincides with (5.94) found in the former renormalization scheme and is
clearly convergent. The second term depends on the transverse momentum pr only through
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its modulus pr = |pr|, therefore we can change to polar variables in the transverse mo-
mentum and factorize the angular part

2 T7) — 400 400 ) —
/ii;iflw(ﬂf(( ; = (2771)27 /_oo dl‘/o dPTPTW(T)K(gl. (5.103)

Changing variable from pt to the transverse mass mr and then to v = mr7 we have

+oo K(v)—l
p 2/ du/ dvvy/v2 4 p2 — (5.104)

In [49], an asymptotic analysis was performed for m7 > 1, or, restoring the natural
constants, m7c? > h. As the details of this analysis are quite involved, they will be
addressed in a dedicated space in Subsection 5.3.2. For the time being, we simply mention
that the trend of K(7) — 1 in this limit is

0%(1) ma

K(1) —1=coshO(r) — 1~ 5y 25 (r)

(5.105)

In this limit we also have v > 1, and using (5.105) the integral in v turns out to diverge

4 +oo U4

+o00
/ dvvy/v2 + M2<4U+2>6 ~ / dv g~ 00 (5.106)
mT /U /.L mT

Of course this is not a formal proof, but a strong indication nonetheless that renormalizing
with respect to the Minkowski vacuum provides us with thermal expectation values that
are still divergent. This fact seems to automatically single out |0,) as a preferred choice,
however, it must be emphasized that |0;) is a 7-dependent vacuum, therefore thermal
expectation values renormalized accordingly might inherit some eventually undesired 7-
dependence. These issues will be further discussed in Subsection 5.3.3 in the context of
the non-equilibrium analysis. For the time being, we would like the takeaway to be the
fact that the Minkowski vacuum renormalization scheme should be discarded as it appears
to provide us with thermal expectation values that are still divergent. Moreover, the next
Subsection will make it clear why at some point we would have needed to study the effects
of the |0;) contributions subtraction anyway.

5.2.3 Entropy current in the future light-cone

With the plain thermal expectation value of the energy-momentum tensor, we are now in
a good spot to calculate the entropy current at local thermodynamic equilibrium by using
the method put forward Section 3.3. That is in fact well-suited for systems at local ther-
modynamic equilibrium, which is the underlying hypothesis of relativistic hydrodynamics,
and global thermodynamic equilibrium is included as a particular case. However, no known
expression for the entropy current nor for the entropy production exists for a Quantum
Field Theory out of thermodynamic equilibrium, therefore in the non-equilibrium analysis
to be carried out in Section 5.3 we will not be able to re-apply our method.
As a quick recap, the method demands to be provided with two ingredients:

1. the thermal expectation value the energy-momentum tensor <f‘“’ )LE, and
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2. the eigenvector |0y) corresponding to the lowest, non-degenerate eigenvalue of T(T)
Then, the algorithm is the following:

1. Take (T")1g and subtract (Oy|T|0y) by using the A-dependent density operator
prE(A) defined according to (3.54). This way, the result is A-dependent.

2. Contract with §,, which is A-independent, and integrate in A from A =1 to A = +o0
in order to obtain the thermodynamic potential current ¢* defined in (3.67).

3. Plug the result into (3.68) and obtain the entropy current s*.

By comparing the definition (3.42) of the operator Y(7) with the expression (5.23) of
the local thermodynamic equilibrium density operator with boost invariance in the future
light-cone, we immediately understand that

0 = 53 = 75 [ Pordus() (G060 +3). Gaon

Thus, the lowest eigenvector of ?(7’) is the vacuum of ﬁ(r), that is [0;). As we discussed
already in Subsection 5.2.2, |0;) is a 7-dependent and non-degenerate state which does
not coincide with the Minkowski vacuum and possesses the same symmetries as the local
thermodynamic equilibrium density operator. Hence

(T g — (00 |T*[0y) = (T")1g — (0,]TH|0,), (5.108)

which was calculated in (5.94) and (5.95) or equivalently (5.96), with analytical results
given by (5.97) and (5.98) for a massless field. So, we are good to go for what concerns
the ingredients.

According to the method, the above quantity should be calculated with the modified
density operator prg(7,A) defined in (3.54) in order to be A-dependent. Once again,
by comparing (3.54) with (5.107), we can tell that this is but a rescaling of the proper
temperature as T'(7) — T(7)/), in fact this transformation gives precisely the sought
result. Thus, we have

(T )LE(N) = (Or[T*]07)(A) = pre, (T, \uu” = pri, (r, \) A, (5.109)

where the rescaling T'(7) — T'(7)/\ affects only the energy density and the pressure because
u* and AM are independent of T'(7). This result should be contracted with the four-
temperature while taking care that §, does not undergo the temperature rescaling, for it
concerns only the thermal expectation value (TH )15 — (O¢|T#¥|0y), as can be clearly seen
in the derivation in Section 3.3. Whence

()16 (N) = Ox[T10x) (V) ) B = pLs. (7, V)", (5.110)

therefore we do not need to know the thermal expectation value of the whole energy-
momentum tensor, only the energy density contributes to the thermodynamic potential
current and the entropy current. By looking at equation (5.94), we see that the only
dependence of the energy density on the proper temperature is in the Bose-Einstein dis-

tribution, thus

1

d*prdp
= | ———— —_—. 11
i N) = [ G ) (3111)
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For a massless field, the A-integration can be carried out analytically, yielding

+0o0 +oo 2 T4(7') 2 f
/1 dA pre,(T,A) = /1 dA 30 %T (1), (m=0) (5.112)

and the following expression for the thermodynamic potential current is readily obtained

w2 w2

= 90545“ = %TS(T)UN, (m = 0). (5.113)

"
Plugging this result into (3.68), we finally obtain the entropy current

o2 272
s T it

These are the expressions of the thermodynamic potential current and the entropy current
of a free real massless scalar field at local thermodynamic equilibrium with boost invariance
in the future light-cone [49]. The entropy current coincides with the classical expression
of the usual relativistic kinetic theory, therefore, no quantum corrections are apparently
present, which is somewhat unexpected.

5.3 Non-equilibrium analysis

So far, we have been concerned with an analysis at local thermodynamic equilibrium,
which is a non-equilibrium configurations but still close to global thermodynamic equi-
librium, in the sense that the volume term in (3.23) containing the derivatives of the
thermodynamic fields is small enough to be neglected. In this Section, we perform a full
non-equilibrium analysis instead, therefore we consider the full non-equilibrium density
operator p = pLg(7p). The calculation of the thermal expectation value of the energy-
momentum tensor goes on much in the same way as we saw in the local thermodynamic
equilibrium analysis. However, there are now complications due to the mixing of terms
calculated at 7 and others at 7. It is therefore mandatory to pay attention to these
dependencies, so the dependence on p will still be omitted whenever possible.

5.3.1 Thermal expectation values

As previously mentioned, the non-equilibrium density operator and the local thermody-
namic equilibrium one have the same symmetries, so the former will simply be the latter
calculated at 1y, namely

p = pLE(T0) = ZLEl(To) exp —EE:E; (5.115)
with ﬁ(Tg) given by
Ti(7) = /deT duw(mo) (ﬂ(fo)gp(ro) + ;) : (5.116)

The operators EP(TQ) and a,(m) are those that diagonalize II(7g), which is but II(7) at 7o,
so they are just {,(7) and a)(T) respectively at 7. In terms of b, and EL, they are obtained
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from (5.59) at 79, namely

by =cosh ©(p, 70)&p(70) — sinh O (p, 7o) e~ XPIET (7y), 5,117
E,T, = cosh O(p, T[))E;r)(To) — sinh O(p, 79) eiX(p’TO)g_p(Tg). .

Thermal expectation values out of thermodynamic equilibrium are calculated with this
density operator as anticipated in (5.20), which we hereby report. The non-equilibrium
thermal expectation value of the energy-momentum tensor is

T = tr(pT™) = tr(pLe(to)TH (1)). (5.118)
This is constrained by boost invariance to be of the form (5.19), that is
T = p(r)utu” + p* (1)1 + j*3¥) + p"(T)i"7". (5.119)

In order to calculate the energy density and the two pressures, we need to know the non-
equilibrium thermal expectation values of products of b, and E)\FT, with p, that is

(bpbp) =tr(Bbpby) = tr(ALE(70)bpby) (5.120a)
(bib!,) =tr(pbDY,) = tr(LE(r0)bD]) (5.120b)
(bpbl,) =tr(pbpbly) = tr(BLE(70)bpbl,) (5.120c)
<Z£Ap’> :tr(ﬁ/gj)/\p’> = ‘UI"(ALE(TO)EI,BP/)- (5.120d)

Bob) = — 3 sinh (260(m)) e X (2np () + 1) (pr — k) S~ i) (5.121a)
(bibl,) = — %sinh (20(10)) €X(™) (2np(10) 4+ 1) 62(pr — Pp) 6 (1 — 1) (5.121b)
<Ap3£,> = [cosh (20(19)) np(10) + cosh? O(7y)] *(pr — P'r) 6 (1 — pt') (5.121c)
(bbpr) = [cosh (20(9)) np(10) + sinh? O(7p)] 6% (pr — Pir) 6(1t — ). (5.121d)

Taking once again the energy density as a prototype, its non-equilibrium thermal expec-
tation value is obtained from (5.70) by replacing (5.66a)-(5.66d) with (5.121a)-(5.121d)

,0(7’) :tr(ﬁuy)uuuv = tr(ﬁLE(TO)fMV(T))UuUV

1 (5.122)

_ / ‘tzf)ff w(r) [K (1)K (10) — Re (A(T)A* (10)] <nB(m) + ) _

2

As in the local thermodynamic equilibrium analysis, the pressures are worked out following
the same steps. Thus, the non-equilibrium analog of equation (5.80) reads

2
I(0) = [ a5 (0) [ (1) () = Re (A, (DA ()] (o) + 5 ) - (5123)

Note that at 7 = 79, namely at local thermodynamic equilibrium, this equation reduces
to (5.80), and so the results of the local thermodynamic equilibrium analysis are recovered
as expected. However, at later times 7 > 73, because of the mixing of some functions at
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7 and others at 19, the Wronskian of the Hankel functions is, unfortunately, not recon-
structed. When written explicitly, the above equation is given by a non-trivial combination
of Hankel fuctions of the same order but with different arguments which cannot be recast
in any simple form. We can therefore tell that for 7 > 79 the thermal expectation value
of the energy-momentum tensor differs from its local thermodynamic equilibrium form,
but we are not able to perform the integration of this combination of Hankel functions
in general. Indeed, since we are dealing with a free Quantum Field Theory, one expects
to find the same expression as for the free-streaming solution of Boltzmann equation in
Milne coordinates, which is reported in Appendix A. However, there will also be quantum
corrections due to vacuum subtraction.

In the next Subsection, we will consider a suitable approximation in which the calcu-
lation of the non-equilibrium thermal expectation value of the energy-momentum tensor
becomes feasible.

5.3.2 Asymptotic analysis

In [49], the behaviour of the stress-energy tensor and related quantities for late times 7
was studied. The starting point is the function h(7) defined in (5.30), that is

h(r) = —ie3 H (mr7). (5.124)

The asymptotic expansion of the Hankel functions for large arguments is [91]

2 gz, = 1 I'v+1/24n
H(Vz)(i'j)w\/;e o 4);(2ix)"n!I(’(V+{/2—71) (5.125)

which is valid for Re(v) > —1/2 and |arg(z)| < 7. By making use of the property 2I'(z) =
['(z + 1), substituting = m77 and v = iy, and plugging into (5.124), we get

- . (2n)
[ —2i _, 1 (ip+ 5 —n)
h ~ | ————eTVTT 12
(7) 7TmT7'e zn: (2impT)™ n! ’ (5.126)

valid for large mp7. Similarly, using the exact relation [91]

20,H? (2) = vH?) () — sz,QJZl(z), (5.127)
along with the expansion (5.125), one obtains the expansion for the derivative 9;h

—29

O0-h(T) ~ —imr e ImTT
TMTT
. (2n—2) - 3 (2n)
1 ip+ 3 —n w+5—n
= (2¢m7T) (n—1)! n!
(5.128)
Particularly, retaining the terms up to first order (next to leading) in mp7 we get

—9 . ] 1 1
h(T) ~ L Fp— ip——= ) in+ =
mwmrT QmTT 2 2

(5.129)

—2i 1+ 4p2
— ]2 gmimrr [1—!—2’ s “}
T

T™mT &mTT
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—21
TmTT

) — 42
Oyh(T) ~ —imr e=imtT [1 _ 3o } . (5.130)

8mT

Feeding the above expansions in the definitions (5.77) and (5.78), we obtain

Ko (1) ~ mle(T) [m% +~(7)], (5.131)

1 Y 3 —4p? 1+ 4p2
A ~ = eZmaT | 2 (] 1 ) 5.132
+(7) 2mTw(T)e [ mr ( ¢ dmrT > +7(7) < T dmrT ( )

In the case of K, (), the remainder is of the order 1/[mrw(7)(mr7)?], while for A, is of
order e =2™T7 /[myw(7)(mrT)?].

The last formulae are indicative of the behaviour both at late times and for large
values of the transverse momentum pr, whence the transverse mass mr, necessary for
the convergence check of the renormalized thermal expectation values. In both cases,
mpT > 1 and the previous asymptotic expansion is appropriate. Concerning the large
transverse momentum behaviour, equation (5.131) tells us that K(7) — 1, therefore the
leading order of K (7)—1 is zero, at least at first order. However, from equation (5.132) and
the exact relation (5.46), one can obtain the value of the second order expansion. Indeed,
for v(1) = w(7), in the large m7 limit

1 ) e*2imTT
A(T) = ——e 2MTT 4 o1 ( 5 > ) (5.133)
2moT mq
therefore )
P ~ |A(T)| = sinh O(7) ~ O(7), (5.134)
then, still in the limit of large mr,
K(t)—1 1@2( ) 1 (5.135)
T)— 1~ -07(71) ~ . .
2 8mA2

A very similar approach can be used for the late time behaviour 7 — oco. Namely, using
the asymptotic formulae (5.131) and (5.132), making an expansion of w(7) and (1) for
large 7 keeping only the first orders, that is up to the order 1/7 for K, (7) and to the order
e~2mr7 /7 for A, (7). This difference between the order of K. () and A,(7) is because of
the different gauge functions in the two cases from the large argument expansion of the
Hankel functions. Therefore, one has

m2 + 7
Ky(r) ~ —= 5.136
=T (5.130)
A ~ 1 —2im7T |z 2 777‘2T(3 — 4:u2> + ’7(1 + 4:““2) 5137
W(T>_ﬂe Y —mrp -+t dmpr 7 (5.137)
with 4 being
m2,  for p(r)
= ILm Y(1) =< —m?2, for pT(7) (5.138)
T—00
—mA, for p(7).
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It is important to note that, beside the case related to the energy density and only at
the leading order, A,(7) has a rapidly oscillating phase preventing a proper limit in the
function domain. However, it converges in the distribution domain, which is fine since it
has to be integrated. In fact the limits

TILH;O sin(2m77), TthC}O cos(2mTT) (5.139)

are proportional to Dirac delta functions. Making use of the formula for the delta families

5(x) = lim * f (f) : (5.140)

e—0 € €

for a generic function f normalized to 1, by indicating ¢ = 1/7 in the first case and
€ = 1/4/7 in the second one, we have

1 i T—0
lim <sm(w/e)> = () = sin(2mpr) —% 2mmr §(2my), (5.141)
e—=0 \ X

1 2 T—0
lim ( cos (i)) = () = cos(2mpr) —3 T 5(v2mr).  (5.142)
e—=0 \ e/ T € T

In both cases, the Dirac delta function is outside of the domain of integration, and all these
integrals are vanishing in the long proper time limit.

These expressions can now be used to calculate the asymptotic value of the non-
equilibrium thermal expectation value (5.123) at late times. In particular, we want to
focus on the energy density, in which case K (7) and A,(7) coincide with K (7) and A(T)
respectively. As 7 grows to infinity, K(7) tends to the constant value 1, whereas A(T)
vanishes, thus

1

pl) = [ ) IR (K () = Re(AWA” ()] (mnr) + 5

:/Wu}(r)K(m) (nB(TO) + ;)
_/mw(T) <nB(TO) + ;) + / mw(ﬂ (K (o) — 1) <nB(To) + D

:/mw(ﬂ (nB(To) 4 ;) + / WW(T)Q sinh? ©(7y) (nB(To) + ;)
(5.143)

where equation (5.46) was used in the last step. Renormalization is about to be discussed in
Subsection 5.3.3. As we shall shortly see there, once suitably renormalized, the first integral
will correspond to the classical free-streaming solution in Milne coordinates, reported in
Appendix A. On the other hand, the second integral will be a pure quantum correction
due to vacuum effects, for it will vanish only for ©(ry) = 0.

5.3.3 Renormalization

The non-equilibrium thermal expectation values (5.123) as well as the asymptotic energy
density (5.143) are divergent due to the 1/2 terms stemming from the commutation rela-
tions between &p(79) and E,E(ro) that must be suitably renormalized. What we are facing
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here is essentially the same ambiguity of which vacuum contribution should be subtracted
as the one discussed in Subsection 5.2.2 in the context of the local thermodynamic equi-
librium analysis. The choice there was between the two vacua |0,) and |Oy), the former
being the 7-dependent vacuum of the local thermodynamic equilibrium density operator
whereas the latter being the static Minkowski vacuum. In particular, it was shown that by
taking the standpoint of the inertial or the Milne observer and renormalizing with respect
to the Minkowski vacuum, we ended up with thermal expectation values that were still
divergent. This persuaded us that the Minkowski vacuum renormalization scheme should
be discarded. That conclusion still holds in the present non-equilibrium analysis, but now
we have to take a closer look at what the subtraction of the contribution of the 7-dependent
vacuum |0,) implies.

The renormalized thermal expectation value of the energy-momentum tensor ought to
fulfill the hydrodynamic equations 9,7"" = 0. However, in the |0;) scheme, the renormal-
ized tensor

TH = te(FTH) — (0,/TH]0,) = tr [(ﬁ— yoT><oT\)fW} (5.144)

has a non-vanishing divergence due to the 7-dependence of |0;)

OuTE =0ytr [(5 = 10,)(0- )T |
=tr (5= 10700 ] — b [(@4107) (0-1) T (5,145

= — tr [, (9:10)(0,) ] # 0,

where the conservation law 8,JA“ " = 0 and the stationarity of p were used. Therefore,
although the energy-momentum tensor quantum operator is conserved, its renormalized
thermal expectation value does not fulfill the hydrodynamic equations in this scheme. We
conclude that, in order to have a thermal expectation which is both finite and conserved,
the vacuum to be subtracted must be stationary. Since the Minkowski vacuum can neither
be chosen, our most reasonable alternative is the vacuum of the non-equilibrium density
operator (5.115), namely the vacuum of ﬁ(m). That is but the state annihilated by the
operators &,(7p), so, in analogy with (5.88), we indicate it as |0,)

&p(70)[0+,) = 0. (5.146)

As mentioned already, the operators gp(m) are just Ep(f) evaluated at a fixed 79, hence
|05,) is [0;) at 70, and as such it is a stationary state suitable for a proper renormalization.

Much in the same way as |0;) is obtained from prg(7) in the 7'(7) — 0 limit as in
(5.93), |05,) is obtained from p in the T'(79) — 0 limit

. LA . 1
lim p= lim pLe(r) = lim = |07,)(0ry |- (5.147)

——— €
T(70)—0 T(70)—0 T(70)—0 Z1,E(T0)

Thus, renormalization with respect to |05,) is but the subtraction of the T'(19) = 0 contri-
bution. The non-equilibrium thermal expectation value of the energy-momentum tensor
thereby renormalized is

T8 = (T — (0ny| T [0} = tr(PLe(r0)T*) — (0710, (5.148)

70
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in particular, equation (5.123) becomes

2
T3 (7) = / mﬁ(ﬂ (K (1)K (0) — Re (A (7)A*(m0))] ns(m0),  (5.149)

whereas the asymptotic expression of the energy-density at late times (5.143) reads

2 2
pro(T) = / WW(T)nB(mH / Ww(ﬂ?sinhz@(m)ng(m). (5.150)

The first term corresponds to the classical free-streaming solution in Milne coordinates, as
shown in Appendix A. On the other hand, the second one is a pure quantum correction due
to vacuum effects, interpretation supported by the fact that it vanishes only if © () = 0.
Interestingly enough, the latter does not vanish at later times, in fact it can as well be
comparable with the former if the main argument of ©(7), namely my7y, is of order O(1),
that is for an early decoupling of the system.

5.4 Summary and outlook

In this Chapter, we considered a relativistic quantum fluid with boost invariance. This
is of particular concern for the physics of the quark-gluon plasma as boost invariance is
approximately realized in the central-rapidity region in heavy-ion collisions, although mod-
ern hydrodynamic calculations can go beyond this model by including transverse expansion
and, eventually, by breaking boost invariance itself. A boost-invariant fluid is inherently
out of thermodynamic equilibrium, so the thermodynamic fields are in general unknown.
However, geometrical constraints descended from this particular symmetry that provided
us with enough information on the thermodynamic fields and other quantities to at least
attempt actual calculations.

After thoroughly presenting boost invariance and its properties, we considered as a
Quantum Field Theory underlying the hydrodynamic theory a free real scalar field theory
in the future light-cone. This had quite some differences with respect to the case considered
in Chapter 4 in the right Rindler wedge. In the Rindler wedges, the quantum field was
expanded in terms of Rindler creation and annihilation operators, which were different from
the usual operators appearing in the plane waves expansion, and the density operator was
diagonal with respect to them. In particular, these two sets of operators were related by a
non-trivial Bogolyubov transformation, which, together with the four-temperature having
a Killing horizon, ultimately gave rise to the Unruh effect. On the other hand, in the future
light-cone the quantum field was expanded in terms of creation and annihilation operators
linearly related to the plane waves ones, but the density operator was diagonalized by a
new set of operators related to the former by a non-trivial Bogolyubov transformation.
Moreover, the four-temperature had no Killing horizon for it was not a Killing vector field.
In fact, the future-light-cone is not a stationary spacetime, therefore it does not possess
any global timelike Killing vector field. In view of these facts, there appeared to be no
analog of the Unruh effect in the future light-cone.

With a diagonal density operator, we were in a good position to calculate thermal
expectation values. First, we performed a local thermodynamic equilibrium analysis. At
local thermodynamic equilibrium, in fact, due to the reconstruction of the Wronskian of
the Hankel functions, thermal expectation values of operators of physical interest, such as
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the energy-momentum tensor, could be calculated in an exact analytical way. Somehow
unexpectedly, the ideal form of the energy-momentum tensor was obtained. Renormal-
ization was also discussed, pointing out peculiar vacuum effects: the subtraction of the
Minkowski vacuum contribution ended up in thermal expectation values which were still
infinite, at variance, for instance, with the case studied in Chapter 4. The entropy cur-
rent thereby obtained seemed not to contain any apparent quantum correction, which was
equally unexpected.

Finally, we performed a full non-equilibrium analysis. This time, however, because
of the mixing of terms calculated at different times, thermal expectation values became
non-trivial combinations of Hankel functions evaluated at different arguments. Neither
the Wronskian could be reconstructed, nor we were able to carry out exact integration
of such combinations. In order to go on, we considered an asymptotic expansion which
simplified the expressions and eventually allowed us to obtain results. Renormalization
was also discussed in this limit, highlighting again the interesting vacuum effects. The
subtraction of the Minkowski vacuum contribution still ended up in divergent thermal
expectation values, therefore we had to subtract the [05,) contribution, with |0,) being
the stationary vacuum of £,(79) at fixed 9. Interestingly, in this renormalization scheme
the energy density turned out to be the sum of two terms: the former being the classical
free-streaming solution in Milne coordinates, while the second one being a pure quantum
correction due to a vacuum term. No entropy current or entropy production rate could be
calculated since no formula is currently known for such quantities in the case of a Quantum
Field Theory fully out of thermodynamic equilibrium.
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6

Conclusions

The leitmotif of this work is the determination of the entropy current of relativistic quantum
fluids at local thermodynamic equilibrium. The entropy current is, in fact, a fundamental
ingredient of relativistic hydrodynamics which makes sure that the second law of thermo-
dynamics is enforced in a covariant language, and whose expression entails the constitutive
equations of the conserved currents in terms of the derivatives of the intensive thermo-
dynamic parameters. However, in the Israel-Stewart theory the structure of the entropy
current is essentially postulated rather than derived.

In this work, we proved that, from the point of view of the quantum statistical founda-
tions of relativistic hydrodynamics, a rigorous definition of the entropy current can indeed
be provided at local thermodynamic equilibrium and a method to calculate it can be put
forward. This was done by using the Zubarev formalism of relativistic quantum statistical
mechanics, which fully embeds the quantum field theoretical nature of the system under-
lying its hydrodynamic picture. As such, it is particularly suitable for the description of
strongly interacting fluids such as the quark-gluon plasma produced in heavy-ion collisions,
for which the relativistic kinetic theoretical approach breaks down. It should be emphasized
that our method holds at local thermodynamic equilibrium at most, since no equation is
currently known for the entropy current or the entropy production of relativistic quantum
fluids fully out of thermodynamic equilibrium. In this framework, we showed that a suffi-
cient condition for the existence of the entropy current at local thermodynamic equilibrium
is that the quantum operator appearing in the argument of the exponential function in the
density operator should be bounded from below with non-degenerate lowest eigenvalue.
In this case, the logarithm of the partition function was proven to be extensive, meaning
that it is expressed as the integral of a vector field, called the thermodynamic potential
current, on a 3-dimensional spacelike hypersurface, a usually tacitly understood hypothe-
sis. The expression of the entropy current was thereby obtained in terms of the thermal
expectation values at local thermodynamic equilibrium of the conserved currents, namely
the energy-momentum tensor and some possible charged current quantum operators.

The next step was the actual calculation of the entropy current for two different kinds
of fluids. This, however, should not be mistaken for a mere test of our method, but rather
it should be regarded as an opportunity for us to study two systems interesting in their own
right, especially in the context of heavy-ion collisions, and use the framework of relativistic
quantum statistical mechanics to work out exact analytical results. Thus, this ought to be
considered as an equally important objective of this work.

To begin with, we explored the case of a relativistic quantum fluid at global thermody-
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namic equilibrium with acceleration field of constant magnitude, a non-trivial instance of
global thermodynamic equilibrium in Minkowski spacetime. We managed to work out the
thermal expectation value of the energy-momentum tensor of a free real scalar quantum
field in the right Rindler wedge in an exact analytical way, at least in the massless case.
This revealed to possess a longitudinal anisotropy in the pressure due to the acceleration
field, which was indeed a quantum term. The Unruh effect also emerged, not surprisingly,
thanks to the combination of two major points. The first one was the density operator
being diagonal in the same set of creation and annihilation operators appearing in the quan-
tum field expansion, namely the Rindler ones, and these were related to the familiar plane
waves set by a non-trivial Bogolyubov transformation. The second one being the fact that
the four-temperature possessed a Killing horizon. Renormalization was then discussed by
pointing out the differences between the two natural schemes at hand, namely the subtrac-
tion of either the Minkowski vacuum contribution or the Rindler vacuum one. After that,
we calculated the entropy current by employing our method: the result revealed to be diver-
genceless, in agreement with the general condition of global thermodynamic equilibrium,
and also to possess a quantum term proportional to the acceleration field. A non-vanishing
entropy current was found in the Minkowski vacuum, probably owing to having traced out
the field degrees of freedom in the left Rindler wedge. The entropy thereby obtained by
integration was in full agreement with previously known literature and it turned out to
coincide with the entanglement entropy of the right Rindler wedge with the left Rindler
wedge by virtue of the factorization of the density operator. The calculation of the entan-
glement entropy in Quantum Field Theory is a notoriously hard task to accomplish: only
few exact calculations are present in literature and most of them heavily rely on either the
2-dimensional conformal symmetry or the AdS/CFT correspondence. Having been able
to perform it in an exact analytical way by using a method completely different from the
standard ones for a system of physical concern adds all the more interest to our result.
The entropy current certainly depends on the specific form of the energy-momentum tensor
quantum operator, whereas the entropy should not. The above findings were worked out
by using the canonical tensor, corresponding to minimal coupling, but we also compared
them with those we would have obtained with an “improved” tensor, which is traceless for
a massless field and corresponding to conformal coupling. The entropy current did indeed
change, in particular the quantum term proportional to the acceleration field disappeared.
However, the entropy seemed to change as well by a constant factor, which was somewhat
unexpected. This will be subject for further studies.

Finally, we examined the case of a relativistic quantum fluid with boost invariance in
the future light-cone, which is inherently out of thermodynamic equilibrium. Very little
information, if any, is usually known about the thermodynamic fields for non-equilibrium
systems, making them remarkably hard to study. Nevertheless, we showed that boost
invariance implied special constraints providing us with enough information to at least at-
tempt actual calculations. After a thorough presentation of boost invariance, we considered
free real scalar field theory in the future light-cone. Interestingly, the quantum field was
expanded in a set of creation and annihilation operators related to the familiar ones of the
plane waves expansion by a linear transformation, therefore their vacuum did coincide with
the Minkowski vacuum. On the other hand, the density operator was diagonalized in a dif-
ferent set of creation and annihilation operators which were related to the previous ones by
a non-trivial and time-dependent Bogolyubov transformation, so its time-dependent vac-
uum was different from the Minkowski vacuum. Because of these differences with respect
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to the previously analyzed system and because of the four-temperature not being a Killing
vector field, whence not possessing any Killing horizon, no analog of the Unruh effect
emerged in the future light-cone. With a diagonalized density operator, we worked out the
thermal expectation value of the canonical energy-momentum tensor at local thermody-
namic equilibrium in an exact analytical way. The result proved to possess the well-known
ideal form with the transverse and longitudinal pressures being equal to each other, which
was somewhat unexpected. Renormalization was then discussed. Curiously, the subtrac-
tion of the Minkowski vacuum contribution ended up giving thermal expectation values
which were still divergent, therefore it had to be discarded. The remaining natural choice
was the subtraction of the contribution corresponding to the time-dependent vacuum of
the density operator, which gave indeed finite quantities. This gave us the opportunity to
use our method to calculate the entropy current at local thermodynamic equilibrium. Sur-
prisingly, the result coincided with the classical free-streaming one in Milne coordinates,
without any apparent quantum correction.Finally, we also performed an analysis fully out
of thermodynamic equilibrium. However, because of non-trivial combinations of Hankel
functions evaluated at different arguments, we were forced to introduce some approxi-
mation to eventually carry out calculations. In particular, we considered the asymptotic
behaviour at late times. Renormalization was the discussed in this limit highlighting in-
teresting vacuum effects. The subtraction of the Minkowski vacuum contribution still gave
us divergent quantities, so we subtracted the contribution corresponding to the vacuum
of the non-equilibrium density operator, which was stationary by definition. Interestingly,
the energy density thereby obtained was given by the sum of two terms, the one being the
classical free-streaming one in Milne coordinates, while the other one being a pure quantum
correction due to the vacuum. Neither the entropy current nor the entropy production rate
could be calculated since no formula is currently known for a Quantum Field Theory fully
out of thermodynamic equilibrium.
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Free-streaming in Milne coordinates

The free-streaming equation in classical relativistic kinetic theory reads

P'Ouf(x,p) =0, (A1)

where p* is the four-momentum and f the distribution function. Its explicit solution in
Cartesian coordinates is

F.p) = fo (x 1o top,p) | (A.2)

3

wherein fo(x,p) = f(to,x;p) is the initial condition in a generic inertial reference frame,
and € = y/m? + p? is the (on-shell) energy.

In the the longitudinal boost-invariant symmetry, the initial condition is given at some
Milne time 79 rather than the time ¢y in Cartesian coordinates. Nevertheless, there is a
very simple solution in this case too. Since the distribution function is a scalar, it must
be invariant under the symmetry transformations at stake, that are longitudinal boosts
and rotations and translations in the transverse plane. Hence, it depends only on the
independent scalars that may be formed with combinations of the space and time coordi-
nates and the momentum vector which are invariant under the group of transformations

I0(2) ® SO(1,1). These scalars are

T =1 - 22, PT = 1\/P2 + D2,  w=2ze—1p,. (A.3)

The last variable can be shown to be equivalent to the covariant component p;, of the the
four-momentum vector in Milne coordinates. Indeed, there is a fourth invariant scalar

2
v:te—zpz:ﬂ/m2+p%+%, (A.4)
T

but it is redundant because of the on-shell condition (and positivity) of the energy and
because t > |z| in the future light cone. The invariance under space reflections (z,y, z) —
(—x, —y, —z) makes f depending on the square of w rather than w itself. By plugging
these arguments into equation (A.1), we obtain
v 0 9
——f(r,p,w?) =0, A5
v flrpr, ) (A5)

since the contribution in the partial derivatives with respect to w cancels out. The free-
streaming solution is then very simple, a constant in 7:

f(Tv pvaQ) = f(7_07pT7w) = fU(pT7w2)' (AG)
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A Free-streaming in Milne coordinates

We are now in a position to calculate the free-streaming solution for the energy-
momentum tensor from its classical kinetic definition

d3
where the energy density, the transverse pressure and the longitudinal pressure read
d3p 0?
p =T" u,u, / 2n)? 67_2]“" (A.8a)
s o d’p pj
T T4 S T
_Tl“’§ <7’N,LV —|—ij11> = / (27‘[‘)35?“)0’ (ASb)
L d’p w?
:TWW”V:/(QW) — I (A.8c)
By changing the integration variable as
d d
w = ze —tp, = dw = ’—E’dpz = Pz _ —w, (A.9)
€ € v
we obtain
[P ) = [P ), (a0)
= = | ——=—1\/m — :
P 2rp v r27° P, (27m)3r T 2 JOPT W,
d*pr dw p2 d?’pr dw p?
b= [ SRR R o) = BT fpru?), (A1)
(2m)37/m3 + %7
d®pr dw w? d?prdw w?
V= / 2r)3 v 72 folpr, w?) :/ 2 72 folpr, w?). (A-12)
(2m)374/m3, + %

The change of variable introduces in the integral an explicit dependence on the proper time.
Equations (A.10)—(A.12) are the classical relativistic expressions of the energy density
and pressures of a free-streaming gas and coincide with the leading terms obtained in
Subsection 5.3.1 with the substitution w +— p and with the initial distribution equal to the

Bose-Einstein local equilibrium distribution function fy = nOB.
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