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In this study we propose a simple mathematical model to evaluate the seismic energy (magnitude) generated by
the injection of a pressurized liquid in a geothermal area. The aim is to distinguish between induced and trig-
gered seismicity. We compute the induced seismicity by a simple equation that allows to evaluate the energy
contribution of the human activity. By using the classical linear elastic fracture theory, we obtain a formula that

correlates the strain energy to the injection pressure, to the material parameters of the rock under consideration
and to the characteristic seismic length. We compare the results of the model with a series of recorded data
available in the literature, showing that our model is capable of defining the maximum magnitude of seismic
events caused by human activity. Consequently, the model puts in evidence the “triggered” events with larger
magnitude that are produced by the elastic energy accumulated in the rocks at depth by other natural means (e.g.

tectonic).

1. Introduction

The problem of evaluating the human contribution to the seismicity
of a system during an exploitation/industrial activity and its impact in
terms of induced seismicity has a long and complex history Evans et al.
(2012); Foulger et al. (2018); Griinthal (2014); National Research
Council (2013). Following McGarr et al. McGarr (2014), a distinction
should be made between induced seismicity and triggered seismicity. In
the former, the stress changes produced by human activity are compa-
rable with the ambient stress acting on a fault. In the latter, the
anthropogenic stress variation is only a small percentage of the natural
tectonic stress field. Considering the difficulties in discriminating be-
tween induced and triggered seismic events, we use the term induced
seismicity in a generic way for the two categories described above.

The possible occurrence of earthquakes induced by fluid re-injection
activities is of public concern. However, many decades of production all
around the world demonstrate that, with a few debated occurrences and
excluding EGS (Enhanced/Engineered Geothermal Systems) experi-
ments, induced seismicity related to geothermal activities is usually of
small magnitude Evans et al. (2012); Foulger et al. (2018); Griinthal
(2014); National Research Council (2013). In some cases, seismic events
with magnitudes higher than 3 have been observed (e.g., M} 4.4 at
Berlin in El Salvador or M 3.4 at Basel Majer (2007); Zang (2014)).
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Several factors influence the occurrence of induced earthquakes
during geothermal energy operations. A first factor is the injection
volume. Indeed, the larger is the volume of rock affected by stress
changes, the larger is the number of events that are likely to occur. This
is a first-order geometrical effect. Whether the size of the maximum
possible event scales with the affected volume or with fault area is
currently a debated issue Baisch et al. (2010); Gischig and Wiemer
(2013); McGarr (2014). A second influencing factor is the type of sys-
tem. In an ideal closed system, the operation will reach a steady-state
condition and pore pressure changes will remain confined to a certain
volume, so that the seismicity in such systems should level with time. In
open systems, the pressure or strain footprint will increase with time,
and seismicity will be more variable. These scenarios are possible when
critically stressed patches are reached by the pressure/strain changes.
Seismicity in such settings can be sporadic (Landau, Germany),
increasing with time (Groningen Gas Field, The Netherlands) and almost
steady (Paradox Valley, Colorado, USA). A third influencing factor is the
depth of the system. Deeper systems are generally believed to produce
more earthquakes, a consequence of the strength profile of the earth
crust. Differential stresses increase with depth, while natural earth-
quakes are less frequent in the first three kilometers of the earths crust.
Seismic theory suggests that the increase in seismogenic response due to
the increase in depth overcomes the decay (see Gischig and Wiemer
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(2013); Hirschberg et al. (2015)). However there is surprisingly little
empirical evidence about the depth dependence. A fourth important
factor to consider is the pore pressure change. In this regard, the higher
and the more rapid is the (differential) pore pressure changes, the more
likely are induced events. Seismicity starts only after pressure changes
have exceeded a certain minimum threshold. On the other hand, it is
known that even small pore pressure changes can trigger faults very
close to failure Rothert et al. (2003). A fifth and final factor to be taken
into account is the nearness to critically pre-stressed and extended
seismogenic faults. In this paper we indeed present a simple mathe-
matical model aimed at estimating the seismic energy (magnitude) due
to an event generated by the injection of a liquid at high pressure.

Currently, the estimate of the released energy is essentially based on
the classic fracture model Griffith (1921); Perez (2004), whose opening
is caused by a far-field tensile stress o,. The elastic energy is then esti-
mated by simply replacing 6, with the injection pressure. However, this
procedure has no physical justification sice the fracture evolution is
evidently generated by the pressurized fluid injected inside it, and not by
a tensile stress applied to the edges of the medium and, in any case, very
far from the fracture.

In this paper we develop a mathematical model that is exempt from
this physical inconsistency as it considers the fracture opening caused by
the liquid pressure inside the fracture and is thus able to estimate the
release of deformation energy in terms of the injection pressure. The
model depends on parameters such as the scale characteristic fracture
length, the elastic modulus and Poission ratio of the rock under
consideration. For each value of the injected pressure we compute the
magnitude of the corresponding seismic event that can be compared
with the magnitude recorded in situ. Some significant approximations
have been introduced to obtain a mathematically tractable model. For
example, the medium is assumed to be isotropic and homogeneous and a
single flat slit is considered. This is a very schematic description, since in
practice the presence of many fractures (possibly interconnected) and
the medium inhomogeneities make the dynamics much more complex.
However, this may seem like an excessive approximation, but in reality
it is largely justified by the fact that problems like this are characterized
by a great uncertainty of the data.

To assess the validity and the efficiency in defining a boundary be-
tween induced (antropic contribution only) and triggered seismicity, we
compare the data of three case studies (Basel, Switzerland; Latera and
Cesano in Latium region, Italy) with the results provided by the math-
ematical model. The case studies here presented are selected because of
their clear attribution of the events and the related dataset. Data avail-
able in the literature include the recording of seismic events and the well
head pressure, which, when added to the hydrostatic pressure, gives the
injection pressure. Moreover, the elastic properties of rocks are known
(elastic modulus and Poisson ratio) and the characteristic fracture length
can be easily estimated exploiting a classical theoretical framework.
Indeed, since the fracture opening occurs at the medium sound velocity,
we can correlate the characteristic fracture length as the characteristic
seismic length, that is known for the case studies considered here. All the
data are reported in Haring et al. (2008) for Basel, Switzerland, and in
Batini et al. (1980a, 1980, 1980b); Moia et al. (1993) for Latera and
Cesano, Italy. We finally discuss conclusions and perspectives that the
mathematical model offers in the interpretation of seismic phenomena.
In particular, we evaluate the antropic contribution to the “instanta-
neous” energy release of the system and compare it with the measured
seismic activity.

It is important to stress the fact that the theoretical framework of this
work differs substantially from the one of Griffith (1921), since here the
energy release is due to the injection pressure P;; and not to a generic
stress o, acting on the external boundary of the physical domain. In
addition, the fracture length in our model is essentially the characteristic
seismic length (a parameter that can inferred from seismic signals). We
shall see that, although our model provides results which are pretty
similar to those of Griffith (1921), the physical framework on which
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those results are based upon rests on a more solid base that justifies its
use.

2. Mathematical modeling

We develop the mathematical model making use of the classical
linear elastic stress analysis of cracks (see Zehnder (2012)). The inves-
tigation of the released seismic energy is based on the evaluation of the
forces acting at the crack tip, where the stress field can be decomposed in
three modes called Mode I, Mode II and Mode III. In Mode I the crack
opens orthogonally producing a tension/compression on the surface of
the crack. In Mode II, III the surfaces of the crack slide one over the other
producing shear stresses that act parallel to the surfaces. Since we are
considering a “fluid pressure” as the driving force in the generation of
strain energy, it is reasonable to focus on Mode I and to assume that the
fluid exerts a normal force on the surfaces of the crack. If we assume that
the fluid is also capable of exerting shear stresses comparable with the
injection pressure (i.e. we consider Modes II, III), we can estimate
seismic energy following an approach very similar to the one here
illustrated for Mode I. Actually, we find that, “ceteris paribus”, the
calculated seismic energy is close to the one of Mode I. We schematize
the problem of the injection of a fluid at high pressure as in Fig. 1 where
the system is represented by a 2D domain with a 1D fracture of length
2a. The stress tensor S has only three significant components:

“r 1)
T ()

and must satisfy the following boundary conditions

Sl.=0,  £Sjl, = £Puj. €
where .7 = {y =0, —a < x < a} represents the fracture, j is the unit
vector of the y axis and where Py, is the pressure of the fluid within the
crack. Notice that (1) implies zero traction on the external boundary and
that the normal stress in the fracture is only due to the injected liquid.
The linear elastic energy density is

1/e T 13 7/2
e_z(rl 62).(1//]2 & )’ @

where €1, €2, y are the components of the strain tensor, i.e.

[

Fig. 1. Sketch of the fracture.
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E being the Young modulus and v the Poisson ratio. From (2), (3) we get
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The total energy of the system is obtained integrating over the physical
domain

D EL A A ST 2 -1
& = 3E / / [(6] 4+ 03) +2(7* —vo102) (1 — v) ' |dxdy, 5)
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where L is supposed to be sufficiently large compared to q, i.e. L>a.
Because of symmetry it is easy to see that the integrand in (5) is even in x
and y, so that the total energy relative to a single crack tip is

—2(1_1/2) e 2 2 2 -1
*T/o A[(51+62)+2(T —v616,) (1 —v) '] dxdy. 6)

The stress components o3, 03, 7 can be determined using the West-
ergaard approach Zehnder (2012), in which the components are written
using a single analytical function Z of complex variable z = x + iy. For
mode I we have

0y = Re(Z)—y Im(Z),

/

0y =Re(Z)+y Im(Z), @)
T=-—y %e(Z’),

where .#e and .”m denote, respectively, the real and imaginary part.
The unique complex analytical function that satisfies (1) is

Z:Pm{l— z } @®)

/ZZ —a?

We scale z with a and Z,01,02,7 with Py, and we identify the non
dimensional variables with a “tilda”, so that

- 7 5 1

Z

The energy (6) can be rewritten as

e 2(1+2)“2P?n/0”” /OL/” [ +3) +2(F - 3131 - 1) ] @i,

1

(10

where I represents the total non dimensional energy. The integrand
function in (10) is singular at the crack tips - see Fig. 2 for a graphical
representation of the non dimensional stress components and the non
dimensional energy density in Mode I - and tends to zero at infinity. The
singularity at the tips is nevertheless integrable (see Zehnder (2012) for
the proof) and factor I in (10) is bounded and tends to a positive constant
value for L—oo. The value of I with v = 0.26 (typical of the systems
studied in this article) is thus obtained selecting L/a sufficiently large.
The numerical evaluation of the constant I gives

I =1.5638. an
In mode II, (7) is replaced by
0y =2%e(Z)—y Im(Z),

o=y . Im(Z), 12)
T=—Im(Z) -y Fe(Z),
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and (8) is replaced by

Z:iPin{lf z } (13)

Substitution into (10) yields I = 1.5849, i.e. a value which is very
similar to that of mode I, see (11). The non dimensional value of I for
mode III cannot be calculated via Westegaard approach. In that case the
momentum equation can be solved only numerically, providing the
stress within the selected region. Also for mode III the energy I does not
differ significantly from those of modes I, II.

Equation (10) is used to compute the seismic energy (expressed in
Joule) with I given by (11). Finally the energy is converted into
magnitude M, via the Richter formula (see Gutenberg and Richter
(1956))

&
1 — | =48+ 1.5M;. 14
O810 (1 Joule) + L as

2.1. Comparison with classical approaches

To distinguish our approach from the classical methods in which the
energy release is due to the application of a far field tension, we consider
the historical energetic approach due to Griffith, Griffith (1921). Let " be
the potential energy of the system and let 2ay, be the energy required to
create the crack (y, is a material parameter representing the required
energy per unit length). The total change in potential energy must be
equal to the energy dissipated to propagate the crack
G = —E =2y, (15)

da

where G is the so-called energy release. The Griffith’s criterion states
that the crack may propagate if G > 2y,. The crucial point in the Grif-
fith’s theory is the evaluation of the potential energy I" and the param-
eter y,. The main difference with our approach lies in the evaluation of
the elastic energy that in our case is due to the force exerted by the fluid
injected into the fracture. Indeed, following the standard approach
Perez (2004), I' is computed considering the plane deformation of an
infinite plate subjected to a constant biaxial load o, applied at the
margins of the domain Perez (2004), that is

7 (1 —1*)o%a?
r= 3T F (16)
Though the analogies with the expressions for & are evident, in our
model, consistently with what physically occurs, the injection pressure
(and not the external biaxial loading) causes the increment in the strain
energy. Further, in our case, the geometrical factor z/2 is replaced by
the integral of the non dimensional energy. We also remark that our
model is based on a theoretical framework that differs from the one of
Griffith (1921). Indeed, we are dealing with a pressure P;;, and not with a
generic stress o, as in (16), which, at least in principle, has no relation
with Pj,. Moreover, the fracture length in our case is identified with the
characteristic seismic length (a parameter that can be easily identified
on the basis of seismic signals). In conclusion we can state that, though
equation (10) and equation (16) yield similar numerical result, equation
(10) has a sound physical base that justifies its use.

3. Case studies and discussion

In this section we analyze three case studies for which recorded data
of seismic magnitude are available. They are C1: Basel, Switzerland; C2:
Latera, Latium, Italy; C3: Cesano, Latium, Italy. Data for C1 are taken
from Haring et al. (2008), while C2 and C3 are taken from Batini et al.
(1980a, 1980, 1980b); Moia et al. (1993). The first data series are
particularly numerous, while the other two are less. For each case we
plot the recorded magnitude of seismic events (green) relative to a
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Fig. 2. Non dimensional stress components 6, 62, 7, strain and energy density in mode I for v = 0.26.
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certain time (reported on the x axis) and for a given injection pressure
(red) and we also plot the magnitude predicted by the model (blue). The
magnitude scale is placed on the left y axis, while the pressure scale is
placed on the right y axis. We notice that the monotonicity of the
calculated magnitude (blue) and of the pressure (red) is always the
same, as expected.

The graphs displayed in Figs 3, 4, 5 show how the model (blue)
essentially predicts the maximum values of the induced seismicity.
Indeed the blue plot is almost always above the green bullets that
represent the recorded events. Only in the Basel case we observe that
some data are placed well above the prediction of the mathematical
model. These are the values ranging in the interval [2.5,3.4] M, which
are clearly due to triggered seismicity, as indicated in Haring et al.
(2008). The data of case C2, reported in Fig. 4, are part of the injection
tests carried out at RC1 well (Cesano) in which the seismic events -
whose maximum magnitude is correctly predicted by our model - can be
correlated with the injection pressure as stated in Batini et al. (1980b).

A similar situation is the one of L2 well (Latera) reported in Fig. 5 in
which the seismicity is induced by the pumping operations, as reported
in Batini et al. (1980b). Once again, our model provides the expected
maximum magnitude in good agreement with field observations.
Generally speaking, we notice an initial delay between the injection
operations and the seismic response. This may be due to several factors,
such as the presence of a pressure threshold for the onset of the response
and/or a loading period of the system.

Whether maximum possible event size also scales with the affected
volume or fault area is currently a debated issue but it is generally
assumed that the injected volume of fluids is proportional to the number
of events, rather than their magnitude Baisch et al. (2010); Gischig and
Wiemer (2013); McGarr (2014). The seismic and the hydraulic energy
clearly depend on the injected fluid volume De Barros et al. (2019), even
though in our model this aspect is not taken into account. A large
discrepancy, partly related to aseismic deformation, rock
homogeneities and other effects, may also be present. The coupling
between injected fluid volume and pressure is mainly due to the reser-
voir dynamics, and it is not really possible to have a clear separation
between them, as the overall behavior of the system can only be
modeled using a fully coupled 3D thermo-hydro-mechanical model
Zbinden et al. (2017). In this paper we do not discuss the relation be-
tween the injected volume of water and the number of seismic events,
two phenomena that are known to be correlated by at least the hydraulic
properties of the system, and many possible loading factor (e.g. under-
saturated rocks, pore expansivity, fracture opening etc.), but we propose
a reformulation of the classic elastic theory to provide a simple method
to evaluate the possible induced seismicity before field operations take

in-

Applications in Engineering Science 7 (2021) 100062
place.
4. Conclusions

We have presented a simple mathematical model for determining the
energy released by a seismic event that is induced by the injection of a
liquid at high pressure. The model calculates the elastic strain energy
due to the action of the pressurized liquid on the fractures present in the
area of injection. The potential strain energy relative to a specific in-
jection pressure is obtained assuming that the stress-strain relation is
linear and expressing the energy density by means of the so-called
Westegaard approach. The comparison of the model predictions with
the data collected in situ has shown that our model is capable of
providing the maximum induced seismic magnitude, defining a
boundary between the antropic contribution and the triggered seismic
events. We also remark that in the absence of triggered seismicity, the
recorded data are generally below or equal to the values predicted by the
mathematical model. Indeed, the Ilatter estimates the maximum
magnitude for the induced seismicity but there can be many reasons for
which the natural system shows lower magnitude values. The many
uncertainties in determining the effective overpressure at the fracture, in
estimating the values of the elastic properties of the rocks and in
calculating the characteristic seismic length reflect on the computed
maximum magnitude, producing errors that are difficult to estimate. In
terms of absolute error, the data used in the presented case studies sum
up to less than 20% error on the energy, that is less than 0.1 in magni-
tude for the magnitude range considered. Based on the distinction be-
tween induced and triggered seismicity, the latter should have an energy
by far greater than the antropic contribution. Considering the possible
error in the energy release evaluation associated with our equation, we
can define as triggered all the events that have energy at least one order
of magnitude larger than the energy computed for the antropic contri-
bution according to equation (16). We conclude that our model is
effectively capable of providing the maximum boundary of the expected
magnitude for the induced seismicity. In the data presented in Fig. 3, 4,
5, only the triggered events in the Basel case are significantly higher
than the computed limit. With this in mind, equation (16) is a very useful
and reliable tool to estimate a priori the seismic energy (which could
therefore be easily converted into induced seismicity) due to fluid in-
jection, i.e. caused by anthropogenic activity.
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