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1 | INTRODUCTION

In this paper we consider a two-dimensional modified version of the Navier-Stokes equations for barotropic flows on
Qr = (0,T) x D, with T> 0 and D = (0, 1)2. The starting model reads as follows

p(u,+ - Viu)+ Vp = uAF) + (u + H)V(diva) + 1 V(divF(u)), in Qr,

1.1
p: + div(pu) = 0, in Qr, b

where u = (uy,u,), p and p =p(p) are, respectively, velocity, density, and pressure. Also, pg, A, u, and u; are constants
that satisfy the constraints p > 0, 4 > 0, y; > 0, u + A > 0. The presence of the terms yAF(u) and y, V(divF(u)), with
Fu) = (Fl(ul, w,), Fo(uy, uz)), is the deviation with respect to standard description (see!), by means of Navier-Stokes
equations, of barotropic flows (see, e.g., previous works>?). More details on the structure of F(u) will be provided in the
sequel.

The basic choice behind the introduction of F(u) in the above model, is related to the idea of Prouse! who suggested
the possibility that the standard viscous stress S for the incompressible Navier-Stokes equations is suitable in the case of
relatively low flow velocities, while for rather high velocities a modification of the type introduced above is reasonable.
Here, we make similar assumptions, although for moderately high values of the flow velocity (also assuming moderate
mean flow velocity values), and not necessarily in the presence of turbulence: Due to these properties of the fluid flow we
consider an intermediate scheme between the Navier-Stokes equations and system (1.1), that is,

pu;+ - Viu)+ Vp = pAu + (u + AHV(diva) + 4, V(divF(w)), in Qr,

1.2
pr + div(pu) = 0, in Qr. (1.2)

In this specific circumstance, instead of taking the viscous stress S of the usual type S = 2uD(u) + Adivul, for com-
pressible flows, with D(u) = symVu = (Vu+ Vu'") /2and I := Iy, = I the second-rank unit tensor, we assume for S an
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augmented structure given by
S = 2uD(u) + Adival + ydivE@)1,

that, in components, can be rewritten as follows
Siy = p () + 0;u;) + A0tk + w810 Fr(w),

with i, j,k = 1,2 and where 6; denotes the Kronecker delta function. We emphasize that with respect to (1.1);, here
p (0:;F;(w) + 0;Fi(w)) , i, j = 1,2, has been replaced with y (du; + 0;u;) , i, j = 1,2.

Here and in what follows, all the fields involved in the considered problem are assumed to be periodic in x = (x;,x,)
with period 1.

We study a semi-linearized version of system (1.2) taking into account a simplified setting, under ad hoc assumptions
on the convective term: First, by using Helmholtz's filter we perform the following decoupling

u=u-+1ua,
where 1 = (I — A)~'u and @ = u — @. This separation yields
u-Vyu=@-Vyu+@-Viu,
and, neglecting (@& - V)u, the system (1.2) reduces to

pu; + (@-Viu)+ Vp = pAu + (u + A)V(diva) + 4, V(divF(w)), in Qr,
pi + div(pu) = 0, in Qr,
a=0-A)""tu in Qr.

As a further mathematical simplification, we substitute @ with a suitable constant velocity vector field v related to the
flow characteristics, with respect to a proper limited range of length and time scales (which can be derived, for instance,
by using suitable numerical methods and simulations). Then, we focus on the following semi-linearized problem, that is,

p(u,+ (V- V)u) + Vp = pAu + (u + HV(diva) + p; V(divF(w)), in Qr,

1.3
pt + div(pu) = 0, in Qr. (1.3)

We also assume as a constitutive relation
p(p) = cp, (1.4)
with c a positive constant. For the usual simplicity, we set the constants c, 41, g equal to 1 and the further constants 4 and
u will be properly selected later.
Let us now consider a suitable potential y for the velocity u in (1.3), that is,

u=1yVy, (1.5)

with y a scalar function periodic in x = (x;, x,) with period 1. By using relation (1.5), our system can be rewritten as follows
(see also previous works??)

Vye ==V (V- V)y) + 2u + HVAy + Vdiv(F(Vy)) - Vp, in Qr,

. . (1.6)
p: + div(pVy) = 0, in Qr,

where
pli=o = po(x) > 0, /po(x)dx =1,

D
and

Y=o = yo(x), /yo(x)dx =0.
D
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For this system, after integrating in space the momentum equation (1.6),, we provide existence an regularity results for two
specific choices of the vector field F (see Section 3, see also previous works,*> for similar situations about the structure
of F).

In Section 4, we consider a preliminary case (see Theorem 3.2 below), with F = (F(y) +¢Vy), ¢ > 0, which is closer
to the situation treated in Bessaih,? and we require |F(s)| < ci|s|+cz|s|**™ for i = 1,2 and m > 1/2. Then, in Section 5,
we take into account an enriched scheme, with F = (F(Vy) + gVy) ,¢ > 0,and F(Vy) = (n+|Vy|)"Vy,n > 0 and
—1 <m <0, for which we prove the main result of the paper, that is, Theorem 3.1.

2 | PRELIMINARIES

Given q > 1, by LI(D), we denote the customary Lebesgue spaces with norm || - ||4. In particular, we have that || - || :=
Il lz2(py and (- , -) denotes the L2-inner product. Moreover, by W¥4(D), k a non-negative integer and g as before, we denote
the usual Sobolev spaces with norm || - |, 4. For k>0, and g = 2, we use the notation H* = W*2(D). The dual of W*4(D)
is denoted by W~19 with norm || - ||_1,¢; the dual of HY is denoted by H™9, and (-, -) = (-, - )y indicates the duality
pairing. Similarly we define Lebesgue and Sobolev spaces on Qr = (0,T) X D, T > 0, that is, L(Qr), g > 1, with norm
I - llzaco,- Let us recall that all the considered fields are periodic of period 1 in the variables x; and x,, with x = (x;,x;) € D.

In what follows, in order to keep the notation compact, we use the same kind of symbols for scalar and vector fields
(the same convention is used also for the related spaces, without specifying the space dimension or the number of the
components), distinguishing the different cases only when it is strictly required by the context.

Let X be a real Banach space with norm || - ||x. We consider the usual Bochner spaces L(0, T; X), with norm denoted
by || - llzeo,1.x). Moreover, C([0, T]; X) denotes the space of the continuous functions taking values in X. We also use the
Orlicz space Ly(D) associated to the convex function ¢ = ¢(r), for r > 0, given by ¢(r) = (1 + r)In(1 + r) — r (which is
equal to pIn p— p+1, when p = 1 +7), see, for example, Vaigant and Kazhikhov.? Again, in this case, we use the notation
Il =11 Nz,

In most of the cases we omit the explicit dependence on D in the considered Lebesgue, Sobolev, Bochner, and Orlicz
spaces.

Here and in the sequel, we denote by C or c positive constants that may assume different values, even in the same
equation; when the constants depend on quantities of interest, these are explicitly placed in parentheses or as subscripts.

2.1 | Basic estimates

Let us recall classical Ladyzhenskaya's inequality (see, e.g., Ladyzhenskaya®). For ve H* we have
lvlla < Clvll2 [IVv]l=,

with C depending only on the domain D.
We will also use the following Gagliardo-Nirenberg inequalities on D (see, e.g., Nirenberg?), that is,

Rl 2m-1
[Vllam < Cllvl[2= |[VV]| 27, (2.1)
Rl am-1
Wllsm < Clwl| o= || Vvl| =, (2:2)
form >1/2, and
3 1
vlls < Clvli; TVl (2.3)
1 2
Vil < ClIVIIZIVVII,, (2.4)

where C depends on Lebesgue space indexes, the exponents to the interpolating norms, the order of the involved
derivatives, as well as on the domain D. Furthermore, we will also exploit Holder's and Young's inequalities.

3 | MAIN RESULTS

Introducing suitable assumptions on F, we state the main theorems of this paper.
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3.1 | System (1.6) in reduced form
Integrating the momentum equation (1.6); one obtains the following

yi—(u+ Ay =—(F-V)y+divF(Vy)+1 - p, in Qr,

coupled with p, + div (pVy) = 0 in Q7. As mentioned in Section 1, the structure of F, in the principal part of this study, is
as follows

F=F(Vy)+cVy, (3.1)
with ¢ > 0. In the sequel we always assume A = 4 = 1/4, and ¢ = 1/2, to get

yi—Ay=—-@-V)y+divF(Vy)+1-p, in Qr,

. . (3.2)
pr +div(pVy) =0, in Qr.
For this system, which is supplied with periodic boundary conditions, we also require that
pli=o = po(x) > 0, /Po(x)dx =1,
b (3.3)
Y=o = @o(x), /(po(x)dx =0.
D
In addition, we impose the following requirements on the solution, that is,
p(t’x) 2> 0 in QT9 (34)
and also that
/y(t,x)dx =0 in t€[0,T]. 3.5)
D

The term F(Vy) mimics—at least in its form—the extra stress-tensor in the case of some types of generalized Newtonian
fluids (see, e.g., previous works®11). We set

F(Vy)=S(Vy) := (n+ |Vy)"Vy, (3.6)

wheren>0and m=p—2,with1<p<2.
Let us now introduce the notion of “regular weak solution” for the considered system.

Definition 3.1. A regular weak solution to the problem (3.2)-to-(3.6) taken with (3.4)—(3.5), is a pair of functions
(», p) such that

(i) yeL>(0, T; H')n L*(0, T; H?), and p € L*(0, T; Ly(D)) N L*(Qr);
(ii) y; €L>®(0, T; L*(D)), and p, € L*(0, T; H™Y);
(iii) (y, p) satisfies (3.2); in L*(Qr) and (3.2), in the distributions sense;
(iv) (y, p) are weakly continuous with respect to ¢t in the above cited spaces and satisfy (3.3), (3.4) and (3.5).

The expression regular weak solutions has been introduced in Berselli and Lewandowski'? and, although the context
is different, the basic idea is the same: The term “weak” refers to the fact that the equations are satisfied in distributional
sense, while the solutions are called “regular” because of the properties of the spaces to which they belong. However, in
order to be concise, in the following we will always refer to weak solutions rather than regular weak solutions.

Remark 3.1. Let T> 0. As a consequence of (3.2),, and of the regularity claimed in Definition 3.1, it follows that (see
Vaigant and Kazhikhov?)
lo(®ll1 =llpoll1, a.e.on [0, T],
p(x,t) >0, a.e.on Q.

For the problem (3.2)-to-(3.6), we state the following existence theorem which will be proved in Section 5.
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Theorem 3.1. Let F(Vy) = S(Vy) = (n + |Vy|)"Vy, and let T > 0 any given time. Assumey, € H? and py € L*(D). Then,
there exists at least one regular weak solution (y, p) for the problem (3.2)-(3.3), such that

y € L®(0, T; WY (D)) n L*(0, T; W**(D)),
y € L®(0, T; LA(D)) n L*(0, T; HY), (3.7)
p € L¥(0, T; Ly(D)) N L*(Qr).

3.2 | Preliminary problem

In this case, we actually substitute £ = F(Vy), in relation (3.1) (and consequently also in the system (3.2)), with F : = F(y),
and so

F=F() +¢Vy, ¢>0, (3.8)

where F € C2(R) and, following the same scheme as in Temam,> we require that
|Fi(s)| < c1ls| + cols|'™ and |Fl(s)| < ¢ + cals|™, (3.9

fori=1,2and m > 1/2. Here, c; and c, are positive constants. This model will be considered in Section 4.

The notion of regular weak solution can be directly derived by adapting that one given in Definition 3.1, taking into
account relation (3.9) in place of (3.6).

We have the following existence criterion.

Theorem 3.2. Let F = F(y) and assume that the properties in (3.9) are satisfied. Then, there exists a time Ty > 0 and at
least one regular weak solution (y, p) for the problem (3.2)—(3.3) defined in any interval [0, T], T < Ty and such that

y € L*(0, T; WH(D)) n L*(0, T; W>*(D)), with q > 2,
yt € L®(0,T; L*(D)) N L*(0, T; HY), (3.10)
p € L¥(0, T; Ly(D)) N L*(Qy).

Moreover, if it holds that infyeppo(x) > 0 and that sup,.ppo(x) < oo, then it follows that infg, p(t,x) > 0, and that
supQTp(t, X) < 0.

The calculations we perform to prove this result will then be used, in Section 5, also to prove Theorem 3.1.

Remark 3.2. In the case of Theorem 3.1, assuming that inf,eppo(x) > 0 and that sup,ppo(X) < oo, in order to get the
bounds infg, p(t,x) > 0 and sup, p(t,x) < oo, more regularity on the considered solutions seems to be needed (see
Appendix A for more details).

4 | SYSTEM (3.2) UNDER THE HYPOTHESES (3.8)-(3.9)

Let us consider the system
yi—Ay=—{-V)y+divF(y)+1-p, in Qr, @1)
pr +div(pVy) =0, in Qr.
For this problem, we prove existence and regularity results for the weak solutions by using suitable energy estimates.

4.1 | A priori estimates

Let us start with the following result based on formal estimates that, however, can be made more rigorous by introducing
a suitable approximating Galerkin scheme (see, e.g., Vaigant and Kazhikhov?).
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Lemma 4.1. If the initial data (po,yo) are such that po€Lyg(D) and yo € H' then there exists a time To =
To(llpollg, ll¥olle) such that, for any 0 < t < Ty, the following inequality holds true, that is,

(I1Vyoll* +2llpollg) e
V30 +2 [ (olnp = p+ 1) dx < - (42)
D 2 m
[1= (195012 + 21l lly) ™" (et = 1))
where C and c are two positive constants. Moreover, we also have that
t
[ 1asoikes <cr. (43)
0
forany0<T<Tpand 0<t<T.
Proof. Multiplying equation (4.1); by Ay in L2, and integrating by parts over D, we find
1d _ .
~—(IVylI” + layll® + /Vp - Vydx < [[(V- V)yllllAyll + [[divEO) Ayl
2dt D (4.4)

< ellAyll? + e (IVyII? + IdivEW)II%),

and

IdVED) 2 < / F/ ()P
D

< / F ()P Vydx
D

< CIIVy||i</(cl + Czlylm)4dx>
D

< cllAyllIVyll (1 +11yl5n)
< elllAI® + e, VI (1 + NIyl

1 2m-1 \ 4m .
< el Ayl + e, V12 <1+ (It 09 ) ) (using (2.1))

< elllAyIP + e IV (L+ IVIPIVAIEeT),

where we used Holder's, Young's and Gagliardo-Nirenberg's inequalities. Hence, by using Poincaré's inequality we
get

IdivEWII* < exllAylI® + ce, IVYIZ (1 + cll VyIIP I VylIP@m D)
= e1l|AyI* + ¢, IVyII? (1 + el Vyl*™)
<ellAyll® + e, (VY2 +11VyI1**2)

and plugging this estimate into (4.4), we obtain

1d

SV + = —en) / |AyPdx + / V- Vydx < cer, (IIVYIP + VI (4.5)
D D

Now, multiplying equation (4.1), by In p, in L2, and performing an integration by part, we get

i/(plnp—p+1)dx—/Vp-Vydx=0. (4.6)
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Adding (4.5) and (4.6), we infer

d 1 _
d_/ (—IVyI2 +plnp—p+ 1) dx + ¢||Ay||?
< cee, (IVYIP + IVYI*"*2)

1 - 4.7)
Sf/(5Wﬂ2+pmp—p+1y“+%hUWﬂVVM
D

2m+1

1
<c /<5|Vy|2+p1np—p+1>dx+(||Vy”2) :
D

where ¢ = (1 — € —&1),and ¢ = 2(1 + ¢¢ ¢, + &), with T > 0large enough and properly chosen later. Then, setting

x(t) = / (IVyI* +2(plnp — p+ 1)) dx,
D

from (4.7) we infer
x/ < C(x+x2m+1) ,
and so

xém echt

1 —x2m(e2met — 1)’

1 + x2m T
t<Ty:=In 0 .
x"

Here, xo = ||Vyoll? + 2|l poll4 and we redefine T := max{T, To}. O

x2m(t) S

which is defined for

Lemma 4.2. If pp € P~ (D), 2<p < oo, then there exists a constant C depending on p and D such that the inequality

t t t
lp@IE; +e¢ / ||p(s>||§dsSC<||po||§j+ / lly()lbds + / 1) I15mds
0 0 0 (4.8)

t
+/ﬁwﬂm@m>+cn
0
holds forany t€ [0, T], T < Tp.

Proof. For r> 1, multiply equation (4.1), against p"~! to get
0" + rp"1div(pVy) = 0
that can be rewritten as

op +div (p'Vy) =1 —r)p'Ay (using (4.1))
=r-Dp"A=p—=y —(V-V)y+divF(y)).

Estimating p"|y;| and p"|divF(y)| by the Young inequality, that is,

Pyl < erp™ + Ce lyel ™,
Pl - V)y| < e, p™ + G|V,
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and
p'IdIVE(y)| < e3p™ + C,, |divF(y)|™!
<ep™ 4+ C, IF )™ Vy™!
< 63pr+1 +C (1 + |y|m(r+1)) |Vy|r+1
< 63pr+1 +C (1 + |y|2m(r+1)) + Clvy|2(r+l).

Then, integrating over D, and setting € = €1 + €, + €3, we get

d. r+1 r 2m(r+1)
Sl + (= 1= Ollpll73} < = Dllplly + € (1+ )

1 1 2(r+1
€ (Il + IVl + IV )

1 2m(r+1
< ., +eallollzth + ¢ (Il

r+1 2(r+1)
il + IR

from which (4.8) follows directly, by integrating in time over [0, {], t < T, and settingp = r + 1. O

Lemma 4.3. If pp € LP~1(D), 2<p < oo, then there exists a constant C depending on p such that the inequality

1Ayl < C <I|p0”LP*1(D) + 1yellr o + ||J’||i27np g
(Qr) (4 9)

+ V¥ llwop + IIVyllizaoT)) +CT,

holds for any T < T.

Proof. Estimate (4.9) is a consequence of (4.8), (3.9) and equation (4.1),: The latter is multiplied by — |Ay|P~2Ay and
subsequently integrated over Qr. Indeed, in such a case we have that

T T
/ lAy(9)[lpds < / / [y + A+ p(s) + (C + VYDA + [y$)]™)] [Ap()[P~" dxds
0 D

0

where C = C(|V|). The conclusion follows by using calculations similar to those present in the proof of Lemma 4.1
and Lemma 4.2. O

In order, to get improved a priori estimates, we differentiate (4.1); with respect to x;, X,, and with respect to ¢ to get,
respectively, the estimates

Vy, = VAy =V (divF(y)) = V (V- V)y) = Vp, (4.10)
and
Vi — Ay — 0, (divE(y)) + (V- V)dy = —p; = div(pVy). (4.11)

In the following we omit the sums on the indices to keep the notation as concise as possible. For arbitrary q > 2, we
multiply (4.10) by gq|Vy|9~2 Vy and integrate on D to get

d _ _
2 1Volla + q/(djaky)lequ 2dx +q(q - 2)/(ajdky)(dky)(djazy)(azy)IVqu *dx
D D
= —q/diVF(y)diV (|Vy|q_2Vy) dx + q/(\_l- V)ydiv (|Vy|q_2Vy) dx
D D
+ q/pdiv(|Vy|q‘2Vy) dx
D

= Q/ (p — divF(y) + (V- V)y)div (|Vy|??Vy) dx.
D
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Then, substituting p — divF(y) + (V- V)y = 1 + Ay — y; in such a relation, we obtain
d -
2 1Vola + q/(djdky)ZIVyI”’ *dx
t D
+q(q-2) / (0;0k)(0ky)(0;01y)(01y)| Vy| T~ *dx
D

= q/(l + Ay — ydiv (|Vy|7%Vy) dx.
D

(4.12)

Let s > 2. Multiplying (4.11) by s|y;|* =2y, in L?, and substituting p = 1 + Ay + divF(y) — (V - V)y — y; in the so obtained

relation, we obtain
d _
S+ ss= 1) [ 9Pl
dt D

= —s(s — 1)/pajydjyz|ytls'2dx — (s — 1)/F}(y)0jyxlyzls'2yzdx
D D
- S/ (V- Vo) [yeS 2 pedx
D
= —s(s — 1)/ (14 Ay + divF(y) — (V- V)y — y) 00, y¢|y|*2dx
D

— (s — 1)/F}(y)0,-yt Yelyel 2 dx — S/ (V- V)yo) |yl yedx.
D D

Thus, the sum of the above two relations is as follows

% (IVyllg + lyell*) + q/D(djaky)lequ_zdx +5(s — 1)/DIVyz|2Iszs_2dx
=-q(q—-2) /D (0,0ky)(0;01y)(9ky) ()| Vy|4~*dx
—s(s - 1)/D (1 + Ay + divF(y) = (V- V)y = y) 0,90,y ye|*2dx
+ q/D(l + Ay — y)div (|Vy|972Vy) dx — s(s — 1)/DF,’-(y)6,-yzszytls‘2dx
- S/D (@ - V)y) |y ydx.
To bound the terms on the right-hand side of the above relation, we observe that
VY1l < VP IV VYR,

where we used Ladyzhenskaya's inequality. Moreover, we have

1Vl = < / ||Vy|2|2dx> _ ( / |Vy|4dx> — 192
D D
VIVl = ( / |V|Vy|2|2dx> sz( / |Vy|2(a,aky>2dx> ,
D D

1 1
q q 2 2 g
vyl = </||Vy|z|2dx> - </|vy|qu> = IVl
D D

1

vt = (fiiontea) <4 [iooare)
D D

and, for g>4, we also have

(4.13)

(4.149)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Theorem 4.1. Let T> 0 with T < Ty. If po € L3(D), yo € H?, then there exists a constant C depending on T, such that the
inequalities

sup (IVyIg + llyeli3) + /ot IVy(s)l|*ds < C(T), (4.20)
and t .
/ llp()llyds + / 1AY(s)ll3ds < C(T), (4.21)
hold true for any t € [0, T]. ’ ’

Proof. By taking g = 4 and s = 2 in (4.14), making derivatives explicit and rearranging the terms in such a relation
(especially those coming from the first addendum on the right-hand side), we have

d
T (VI + Nlyell?) + 4/(0,~6ky)2|Vy|2dx + I Vyll?
D
= 4/AyIVyI2 + 4/IAyI2IVyI2 - 4/(Ay)ytIVyI2dx
D D D
+38 / (0;¥)(0ky)(9;0ky)dx + 8 / Ay(0,y)(0ky)(0;0y)dx
D D
-8 / Y1(9;¥)(0ry)(0; 0, y)dx — 2 / Vy -Vy -2 / AyVy - Vydx (4.22)
D D D
+2 / »Vy-Vy -8 / (0;0ky)(0;01)(9ky)(0;y)dx
D D

— Z/diVF(y)Vy- Vydx + 2/th’(Y) - Vydx
D D
14
—2/(‘7- V)yx~yzdx+2/ ((V-V)y) Vy - Vydx =: ZL-,
D D i=1

where, to keep the notation concise, we omit the summations made on the indices for the derivatives and the map
components.
Proceeding as in Bessaih,? for the first ten terms from I to I}y, we have the following inequalities that we list for the
sake of completeness (see also Vaigant and Kazhikhov,? for more details on the other terms I;, i = 1, ... , 10), that is,
L < el AyllIIAYIZ + &lIVIVYIPI? + Cepe, IAVIPIVyI?II1?

(4.23)
<ellayllllayl® + 52/|V.V|2(ajakY)2dx + Ce e, IVYI*IAYIP,
D

and
I = 4/|Vy|2Aydx < el + CIVyll*,
D

L<e /D V3P Ay + 2l Tyl + Cove Il PIV AP I ANIP,
Ii<e /D (00,3 dx + C. VP,
<e / (000,00 dx + CI,.
D
l<e /D (020,09 dx + 2|Vl + Clyl IV IR0, 06011,

;<2

/ vy Vytdx| <elVyl+C / |V y[2dx.
D D

Ig<2 < ellVyell? + CL + ||l Ayll%,

/AyVy - Vydx
D

Iy <21y Vy- Vydx| < el Vyell> + Cellyel PN AVIPIV I,
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Then, in particular, we have that

Lo < 1l10;0e¥ 119,07 113 + &2l VIVYEI? + Ce, e VI 117110;911?

2 2 2 4 2 (424)
< e1l9;0kyllll9;oylly + 42 [ [Vy|7(0;0ky) dx + Ce 6, VYAV
D
Let us take into account the terms coming from (Vv - V)y, that is,
L; <2 /(‘7‘ V)y; - Ytdx‘ < el Vyll? + Cellyell?, (4.25)
D
and
Iy <2 / (@ V) Vy- Vy[dx‘ < CIVYIRIVyl
D (4.26)
< eVl + CeIVylIPlI Ay
Now, consider the new terms coming from divF (y). Let us start with I1; to get
<2 / |divEG)| V3]V yildx
D
21/ 2 2 %
< 2|Vl </IVyI [F'DI1Vyl dX>
D
< 2||Vyz||||Vy||4</IF’(y)|4|VyI4dX>
D
(4.27)

<eallVydl +Ce, IIVyIIi</IF'(y)I4IVyI4dX>
D

< allVydll? + Ce IVYIZIE DIV IS

< ellVyell? + Ce IVl AYI (1 + IIylign) 1Vl

< allVydl® + &2 (L + Ivlign) IVYIlE + Ce e, IVYIP I AYI

< allVyll? + &2 (L+ IVIIVYII ) IVl + Ce e, IVYIPIIAYVI?
< elllVyell? + &2ClIVyllg + Ce, e, 1AV,

where, to control || yllgﬁ, we used (2.2).

Finally, observe that

L, <2

/ yF' () - Vyde‘
D

< 2||Vyt||2< / |yt|2|F'<y>|2dx>
D

<elVulP+C / 2 IF ()2
D

< eIVl + Co, I PIF O (4.28)
< lIVyelP + Co, 1yl yelIE )12

< ellVyll? + el Vyell? + Cep e Il lPIF DI

< ellVyl? + &l Vyell? + Cepe, el (1 + IIIET)

< (e1 + DIVl + Cey e, el (1 + VIRV yIP™D)

< (e1+ e)IVyell® + Ce o, Iyell?,

where, in particular, we used (2.1) and (4.2).
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To close the differential estimate (4.22), we integrate in time (in the time-interval [0, t]) such an estimate and we
use the previous relations (4.23)-to—(4.28). Let us take into account the worst term coming from (4.24), that is,

/ 110,0kyI1110;0l13ds < 6C/ lAyIlIIAyIIZds

<eC</ ||Ay||2ds> </ ||Ay||4ds> (using (4.3))
<eCT> </ ||Ay||ids>
SeC< / ||Ay||ids>2.

0

To control this last term we use, up to integrate in ¢, relation (4.9): In the present case, thatis, p = 4 and s = 2,
relation (4.9) gives

(4.29)

IAYI < C (llpolls + llyelly + Ivlig, + IVYIE) +C

(4.30)
< C(IydlPUVydl? + Iylge + 1Vylly) + C

where, in particular, for the term || yt||3 we used Gagliardo-Nirenberg's interpolation inequality (2.1). We focus on

[V y||g. Then, after and integration over the interval [0, ], by using (4.15)-to—(4.16) we have that

t : t :
< / ||Vy<s>||§ds> =< / |||Vy<s>|2||ids>
0 0
t 3
< ( / |||Vy<s>|2||2||va<s>|2||2ds>
0
t 3
= (2 / IV < / |Vy<s>|2<a,-aky>2dx> ds) (4.31)
0 D

: ;
< Csup IIVy(S)II4</ /IVylz(ajdky)zdde>
0 JD

O<s<t

t
< €. sup [V} + / / V3120, 2d.
0 D

O<s<t

Therefore, using (4.29) along with (4.30) and (4.31), we get

t t :
; / 10,0011110;91y12ds < ec< / ||Ay||3ds)
0 0

t 3 :
<eC <a(t)% < / ﬁ(s)ds) + Ctz),
0

where

a(t) := sup ([IVy@Ill; + ly©I?).

O<s<t

and

B = /(ajaky)2|Vy|2dx+ IV yell®.
D
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The remaining terms in the right-hand side of (4.22) are easier to deal with: In essence, the same type of estimates
used above allows us to bound them (see also Bessaih?). Therefore, from (4.22) along with (4.23)-to—(4.31), we infer

ST

t 1 t t
alt) + / p(s)ds < a(0) + eCa(t): < / ﬂ(s)ds) +C <1 + / [(IAYII® + Da(s) + 1] ds) ,
0 0 0

where y, € H? & Wb4(D). Using Gronwall's lemma we obtain

O<s<t

t
sup (VIO + ly)l2) + / IV yill2ds < C(T), 0< £ < T < T, 4.32)
0

Also, exploiting this inequality along with (4.8), (4.30) and (4.31), it follows that
t t
[ ieoiias+ [ iayolids < o, o< << 10 (433)
0 0

In fact, in relation (4.8), for p = 4, the worst term on the right-hand side, besides /Ot ||Ay(s)||3ds, still remain

fot [|V y(s)llgds. Thus, the same calculations as above can be used to close this last integral inequality.

As a very last point, we observe that (4.32) requires initial data (po,yo) € L3(D) x H?, actually p, is taken in L3(D)
in order to use (4.8), and subsequently get (4.33). Indeed, if (y, px) is the family of Galerkin approximating func-
tions used to make rigorous the previous calculations (see the end of this subsection for more details), then to bound
(07k)(0) =yx. +(0), for ¢ € L2(D) with ||¢|| €1, consider

[ ((0y)(0), O) | < | = (V- V)yo) + divF(yo) + Ayo + 1 = po, &) | (4.34)
<@+ IyoliglIVyollz + ClIVyoll + 1 Ayoll + llpoll + ¢,
and this concludes the proof. O

Lemma 4.4. Let py € L3(D) and yy € H>. As a consequence of the previous results, follows that p, € L?(0, T; H™Y), T < Ty.

Proof. As a consequence of the previous estimates, we also have that for any & € H*, with ||£||;: = 1, the following
relation holds true, that is,

(&) = — / div(pVy)edx
D

= /pVy~ Védx
D

< oIV YIZIVEL,

and so

t t
/ Il ads < € / oIV yl4ds
0 0

t
< Csup (IIVyI14) / lpllids.
0

O<s<t

As a direct consequence, the conclusion follows. O
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4.2 | Higher order estimates

Now, let us consider the Equation (4.12) for g > 4 and Equation (4.13) for s = 2. Adding these relations, without using
p=1+4+Ay+divF(y) — (V- V)y — y;, we get

% (I1Vyllg + llyell?) + q/D(djaky)ZIVqu'zdx +2(|Vyl?

=-q(q-2) /D (0;0xy)(9;01y)(0ky)(A1y)| Vy| T~ *dx
- 2/Dpvy - Vydx + q/Dpdiv (IVy|972Vy) dx
- CJ/DdivF(y)diV (IVy192Vy) dx + 2/DF,’-(y)djszytls‘2yzdx
-2 /D (V- Vy - ydx +gq /D (¥ - V)y)div(|Vy|T>Vy)dx

<-q(q-2) /D (0;0ky)(0;01y)(0ky)(ry) | Vy|9~*dx (4.35)
- Z/pVy - Vypdx + q/pIVqu‘szdx

D D

+4q(q - 2)'/DP|VJ’|‘1_4 (0k91y)(01y) (0 y)dx
-q(q@-2) /D (0iFi(») | Vy|9~*(0k01y)01ydr ydx

— Q/ (0:F;()) azky|Vy|q_2dx+ 2/F;(Y)ant|yz|s_2ytdx
b D

9
+C [ 193dlnlds + [ (@ D2 0ar = Y.
D D i=1

Also, in this case we omit the summations on the indices for the derivatives and the function components.
Lemma 4.5. Let T> 0 fixed with T < T. If po € L*(D), yo € H?, then the inequality

sup |Vylll < C, g>2, (4.36)

o<r<t

holds true fort € [0, T].

Proof. Due to the hypotheses on the initial data, we have thaty, € H> < W4(D), q > 1. Let us consider the case ¢ > 4
for (4.36) (the cases 1 < q <4 are consequence of the previous estimates), and make use of (4.35). When q = 4 the
calculations are as in the proof of Theorem 4.1. For the first four terms J;, i = 1, 2, 3, 4, on the right-hand side of (4.35),
we use the same estimates as in Bessaih;? we report in details only the case of J;, that is,

Ji=4q(q-2) / (9;0kY)(0;01y)(9y)(O)| Vy|1~*dx
D

<e / IV 31920,y 2dx + C, / (0,009 Vy|*2dx
D D

<e / [Vy|972(9;0ky)*dx + Cs||5j01Y||i< / |Vy|2<q—2>dx>
D D

29-2)

- ES
< E/IVqu 29,09y dx + Cell9; 0y IFINVYIZ 1l o Ly -
D

q
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Now, using Gagliardo-Nirenberg's inequality (2.1), with m = (q — 2)/q, and exponent ¢ = (q — 4)/(2(q — 2)), along
with (4.18) and (4.19), we obtain

2q-2) 2922

q

q g 4 g 4\ Ty
V31, < (CHVAENTTIVIVY e )

q
q—4

(4 g-2 2 u
<ClIVyllq > [VylT™2(9;0ky)"dx )
D

and, hence, we can conclude that

q 29
Li<e / |Vy1972(9;0ky)*dx + Ce |00yl VIl ( / |Vy|‘1—2<a,aky)2dx>
D D (4.37)

4q

4a_

—_— q+4

< (6+61)/IVqu'2(6jdky)2dX+ Cee, ll0joyll </IVqu> .
D D

where we used Young's inequality with exponents ¢ = 2q/(q — 4) and ¢’ = 2q/(q + 4). For the second term on the
right-hand side of the above inequality, we use again (4.9) to bound ||Ay||j. As a consequence, we actually have to
control || Vy||3. Hence,

3 1 8
IVylls < (IIVyII;‘IIAyII:{)
3
< e2llAyll3 + Ce, (I1VyII3)

3
< e2llAylly + Ce, <OSUPTIIVyIIi> ;
<t<

where we used Gagliardo-Nirenberg's inequality (2.3).
The remaining terms J,, J; and J; are simpler and can be treated similarly: We only list here, for the sake of
completeness, the related estimates

J> < /IPIIVyIIVsz < ellVyell> + CllollZI VIl
D

h< / Il AV Yyl 2dx,
D

q
) =
< e/(ajaky)ZIVqu‘de+ Cellpll{™ </|Vy|q> ,
D D

q

) P

Ty < [ |Vy|T72(9;0cy) dx + Ccllpll (/IVyI"> :
D D

Let us consider the remaining terms. Observe that J; can be estimated exactly as in (4.28). We now have that
Js < CllyllllVyell < ellVyell® + Cellyell*.

and

Jo < q/IVyIIdiV(IVqu‘ZVy)Idx
D

-2
< q(q—1>/|Vy|%|Ay||Vy|qux
D

< / |V 3192 Deltay|dx + C, | Vy|L.
D
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Consider Js and Jg to get

Js+Js =q(q— 2)/ (0:Fi(»)) [V y|7*(0k01y)01yor ydx
D
+q / (0:Fi(»)) 0}, y|Vy|9~2dx
D

<q(q- 2)/|F'(Y)||VJ’|q_1(5kalJ’)dx+ Q/|F’(J’)||VJ’|q_1|AJ’|dX

D D (4.38)

<q(q- 2)C/|Vy|q‘1|6kaly|dx+ qC/IVqu‘1|Ay|dx
D D

<qlg-1)C / V319 dearyld
D

<e / |AY1210,ay12dx + C VI,
D

Consequently, using (4.35) along with (4.37)-to-(4.38), (4.34) and (4.9), we have that

T
IVl + Iyl + / IVy(®II*ds < C (1Vyollg + llpoll* + 1AyolI* +¢)

4q

0
T e 2 2 s
+(C-¢€2) ol + Nyell @ IVyell @ + [ poll '
0

8mgq 12q

4
HIyllg, + IVl + C> (IVylg) @,

where we used Ladyzhenskaya's inequality to get || y,||iq/ T < 1y:]129/@+9)|| V y,[|29/@+4 . The conclusion follows by an

application of Gronwall's lemma. O

The obtained estimates are sufficient for proving the existence of solutions. Indeed, we can use the method for construct-
ing solutions given in Vaigant and Kazhikhov.> According to this scheme, approximating solutions {(y, pr)} are found
by the Galerkin method (see, e.g., Galdi;!3 see also Bisconti'#). In particular {V y;} is compact in L*(Qr). Thanks to the
previous estimates, we can use classical compactness arguments (see, e.g., Temam;'> see also the argument in previous
works??) to extract a convergent subsequence (still denoted by {(y, pr)}) Thus, the passage to the limit in the nonlinear
terms in (4.1), is justified. For the nonlinear term in (4.1);, to pass to the limit, it is enough to observe that since F(y) is
bounded, uniformly with respect to k, in L?(Qr), then F(yx) — A in L2(Qr). Therefore, using that F = F(s) is continuous
along with the fact that {y;} converges a.e. on D to j, due to the uniqueness of the limit, it follows that A = F(J).

4.3 | Upper and lower bounds for the density

The estimates previously obtained allow us to prove the density p is actually bounded provided that the initial density py is
bounded as well. To this end, we use the same approach provided in Vaigant and Kazhikhov? (see also Bessaih?). We have
the following two lemmas whose proofs, close to those of [ 2, Lemma 4.6, and Lemma 4.7], are provided in Appendix A.

Lemma 4.6. Ify, € H?, and p, € L*(D) then
le®lle <M, VE€[0,T], T < Ty, (4.39)

where || - || = || - I~y and M = M(T) is a suitable positive constant.

Lemmad.7. Iftheinitial density po(x) is strictly positive under the hypotheses of Lemma 4.6, then p(t, x) remains a strictly
positive function in Qr, T < Ty, that is,

p(t,x)>m>0 a.e.in Qr. (4.40)

As a consequence of the results of Subsections 4.1 and 4.3, then Theorem 3.2 follows directly.
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5 | CASE OF E(Vy) = S(Vy)

Let us consider the following system

yi—Ay=—@-V)y+div((n+|Vy)P>Vy) +1-p, in Qr, 5D
pe+div(pVy) =0, in Qr, '
with #>0 and 1 < p <2. In the sequel we use the notation S(Vy) = (n + |Vy|)?~2Vy, introduced in (3.6) and we always
assume # > 1. Further hypotheses on # will be introduced later. This section devoted to the proof of Theorem 3.1.

5.1 | Energy estimates

Also, in this case we proceed formally by providing a number of a priori estimates that, combined with a compactness
criterion a la Aubin-Lions, allow us to prove the existence of a weak solution for the considered system supplied with
appropriate initial data. As before, calculations can be made rigorous by using a suitable Galerkin scheme (see, e.g.,
previous works>10:11:13),

Let us recall some properties characterizing the non-linear term S(V y). It can be proved that S(v), v € R?, satisfies the
following relation: There exists a positive constant C; such that (see, e.g., Diening!%17)

95i(v)

J

wiw; > Ci(n + [P |w|?, (5.2)

for any vector w € R2. Also, for any pair of vectors v, w € R?, the following relations hold true, that is,

(S®) = Sy - @ —w) > Cr— =W (5.3)
=+l + w2 e '

and
1S) — Sw)| < ¢ — =W (5.4)

(1 + V] + [w])?=p”
with C, and C; positive constants. The proofs of these estimates are given'® in the case of second-rank tensors, but they
can easily adapted to our simpler case.

Remark 5.1. It holds that
/div ((r/ + |Vy|)p_2Vy) Aydx
D
- / 0, ((n + 1V y1P~20,y) 02 ydx
D

= / o5 ((n+ |Vy)P~*0,y) 050;ydx
D

9 D|)P-2D; .
(= / (Cr-+ IDDP*De) 9Dy 0Dy - D=vy> 55)
D oD; 0xs 0Xg
= / (n + |Vy|)P~2(0:05y)*dx
D
0501¥)(0,
+(p-2) / (n+ |Vy|>P‘3W(asaiy)<aiy>dx
D

2(p- 1)/(71 +|VyDP2(0:05y)*dx,
D

where in the last step we used (5.2), with C; =p — 1, and the derivatives with respect to D; are evaluated at the point
D = Vy. Here dD;/0dx; = 050,y and 0D;/0x; = ds0;y. For further details see, for example, previous works!%16:17
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Lemma5.1. Let T> 0. Iftheinitial data (po, o) are such that po € Ly(D) and yo € H! then there exists a positive constant
C, such that for any 0 < t < T the following inequality holds true, that is,

t t
1VyOI + / (pInp—p+1ydx+2 / IAYIPdx + 20 - 1) / / (1 + [VyDP2(0,053)%dx < exp(CT). (5.6)
D 0 0 D

Proof. Multiplying equation (5.1); by Ay, in L?, and using relation (5.5), we find

1d

SNV 18P + 0= 1) [ 0+ 1951000 [ V- Vyds
D D

= —/(‘7- V)yAydx
D

< ellAYIP + CelI V2.
Then, multiplying equation (5.1), by In p, in L2, we get
d
— [ (plnp—p+1)dx— [ Vp-Vydx =0,
and summing them up, and integrating in time, we get

t
||Vy(t>||2+2/ (plnp—p+1)dx+2(1 - e)/ lAy||*ds
D 0

t
+2/ /(17+ |VyP~%(0:95y)*dxds
0o JD

t
SC/ <||VJ’||2+2/(P1HP—p+1)dx> ds,
0 D

and the conclusion follows by an application of Gronwall's lemma and selecting € = 1/2. O

Remark 5.2. Let us multiply (5.1); by y; and integrate on D to get

1d . _ _
I+ 3 1931 = [ (iven+ 951725 e = [ = pde= [ @ Voomd (57
D D D

Now, we have that

- / (divin + [VyDP2Vy) yedx = — (diviy + [VyPVy. »1)
D

= (1 + IVH)P299. V) = Ly,
dt

where L(y) := [,L(|Vy|)dx > 0, with

t
L(t) := / (n+s)yP3sds>0, fort > 0.
0
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Moreover, we have that L(t) ~ (n + t)? ~ ¢ and also that (see, e.g., Berselli and Bisconti'®)
m+oP 2 <P, with 1 <p<2.

In particular, this shows that

L(y) < CplIVyllb, with 1 <p <2.

Then, using (5.7) along with the above relations, we reach

, 1d , d / /
bady [/ “r£y)= [ 1= pydx— - V)yy.dx.
1yl +2dt” Yl + » D( 207 D(V )Yy

that, however, cannot be closed at this level due to the lack of a direct control on ||p||. Therefore, to control ||y;|| we
resort to higher order estimates.

5.2 | Estimates in higher-order norms
Let us start with the following result

Lemma 5.2. Let T> 0 and let py € L3(D). Then, there exists a positive constant C such that

t t t
oIl + / ||p<s)||idsSC<||po||§+ / (vl + 1IVys)l;) ds + / / |divS(y>|4dxds> +CT. (5.8)
0 0 0 D

Proof. Multiply equation (5.1), against 3p? to get
0ip” + 3p%div(pVy) = 0,
that can be rewritten as

0,p° + div (p3Vy) =-2p°Ay

) ~ _ (5.9)
=2p" (1= p—y+div((n+|Vy)P2Vy) = (V- V)y),
where in the last step we used (5.1);. By Young's inequality, we have that

Pyl < ep* + Celyil*,
PPl - Vyl < ep + Ce|Vyl*,

and also that
p’|divS(Vy)| < ep* + Cc|divS(y)|*.

Integrating (5.9) over D, and using the above controls, we obtain

d .
Ellpllg +2=30)llplly < 2lpl3 +C (IIszIi +1IVylly + /Idle(y)I4dx>
D

<elpl;+C <1 +yelly + VIl + /IdivS(y)I4dx> ;
D

and relation (5.8) follows directly. O
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Lemma 5.3. Let T> 0 and let py € L3(D). Then, for n large enough, there exists a positive constant C = C(y, T) such that
the following control holds true

t t t
/ 1Ay()]*ds + / / <n+|Vy|>P—2|Ay|4dxdssC<||po||§+ / (Iyell + 199114) ds + T>. (5.10)
0 0 D 0

Proof. Multiply (5.1); by — |Ay|?Ay, and integrate on D, to get

lAyll; + /(n +|VyP 2| Ayl *dx
D

<2-p

0i0kYy)(9
[ 19stp=Co00 01y a5+ [ i + @+ o114
D D

_3, 1010k Y| [0k
<@ —p)/(n +|Vyl)P 3|‘|V—y||aiy||Ay|3dx+ C(1+ 1ol + llyelly) + ellAyll,
D

. /

—
=:0,

where, in the last step, we exploited Holder's and Young's inequalities.
Therefore, integrating in time on (0, ), t < T, and using (5.8) to control fot [ p(s)||jds, we infer

t t
(1—6)/ IIAyIIZ‘dS+/ /(71+IVyI)"‘2IAyI4dde
e o (5.11)
< / O1(s)ds + Cllpol} + C / <||yt||i+||Vy||i+ / |divs<Vy>|4dx> ds+CT.
0 0 D

In particular, for the term ©, we have that

5100kl [0yl |0yl
IVyl  (n+1VyD

EL I P2
<@=p) [ [0+ VD" 18] [0+ V3D T 100001 | e
D

0, = (2—p)/(n+ |Vy|)P~ |Ay[*dx
D

< s/(n + | VyP2|Ayl*dx + Cs,p/(”] + | VyP7?|0:05y|*dx (fore =1/2)
D D

1 —2 4 27(2_p)4 4
== [m+|v Ay|*dx + 222" 10,0,
2/D(ﬂ [VyP~2|Ay| 32" ll0:0k Il

1 —2 4 27(2—P)4
<= +|V Ay|*dx+ C—————
< 2/D(n IVyDP~*| Ayl 32

27(2 - p)*
325n2P

(vl + Ay

1 .
< 5/('1 +|VyP?Aayltdx + C Ayl + ClyIPIVyl%,
D

where we used Holder's, Young's and Ladyzhenskaya's inequalities. Hence, we reach

‘ 1 [ e-p* [ -
/ O,(s)ds < -/ /(n+|Vy|)P—2|Ay|4dxds+c > / llAyllids + CT, (5.12)
0 2 /o Jp P Jo

where we exploited Poincaré's inequality along with (5.6), and C = C(T) is a suitable positive constant. The first two

terms in the right-hand side of (5.12) can be easily reabsorbed on the left-hand side of (5.11), provided that 7 is taken
sufficiently large.
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Similarly, the worst terms coming from /DldiVS(V y)|*dx can be reabsorbed on the left-hand side of (5.11) provided
that # is large enough. In fact, we have that

t t 4
. |[Ay|
|divS(Vy)|*dxds < / /—dxds
/o /D o Jom+|VyD¥Ep

‘ doyay  ay \'
+(2- )4/ /((r7+IVyI)"‘2 ’ ‘ > dxds
LA Yyl G+ Vo))

1 ' 4 4 4
< —_— — .
< P /0 (IAYII§ + 2 = p)*llaocyli3) ds

C t
< —'14(2‘1’)/ (1AaylE + @ = p*diylig + 1AyIp) ds
0

C t
< m/o (I1AYI3 + @ = p*AIVIIPIVYI® + 11AyID) ds

<
;/I(_P)

t
/ ||Ay||ids + CT,
0

where c=c(p), and in the last two steps we used Ladyzhenskaya's inequality and (5.6). As a consequence of the

above control used along with (5.11) and (5.12) (here we set C := max{C, C}), we have that relation (5.10) follows
directly. O

Differentiating (5.1); with respect to x = (x1,X;), and with respect to t, we get, respectively, the following controls

Vy = VAy =V (div (@7 + [Vy[P>Vy)) = V(T - V)y - Vp, (5.13)

and
v — Ay — 0 (div ((n + |VyP72Vy)) + (V- V)y: = —p, = div(pVy). (5.14)

Now, multiplying (5.14) by y; in L?, we reach

1d _ _
Lo 93+ [ 00 (0 + 1950P29) - Vet [ - Ve e = = [ V- e,
D D D

and so

d _ _
Lyl + 2019 +2 / 3 (1 + V9PV ) - Vyudx + / @ - Ve
b b (5.15)

= —2/ [Ay+ div ((71 + |Vy|)p_2Vy) -(V-V)y—y+ 1] Vy- Vydx.
D

Observe that

/r% ((n+1VyP=2Vy)) - Vydx = [ 0 ((n+VyP~20;p)) 0iy)dx
D

0Dy dD;

D

d - .

<= /a—])k ((i’] + |D|)P ZDi) 77(1)6, with D = Vy)
D

>(p- 1)/(n + | VyP2| V) *dx,
D

where we used (5.2), with C; = p — 1, and the derivatives with respect to Dy = diy are evaluated at the point D = Vy, and
0D; /ot = 0;y, as well as dDy /ot = oy y;.
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Therefore, using the above relation along with (5.13), we obtain

d - _
SR + 2095l + 20 - 1) [ 04 10 Pae+ [ @ Dl
t D D
(5.16)
< —2/ [Ay +div ((n + |VyP2Vy) = (V- V)y -y + 1] Vy- Vydx.
D

Multiplying (5.13) by q|Vy|9~2 Vy, in L?, integrating by parts, and substituting p — div ((7 + [Vy[)’2Vy) + (V- V)y =
1+ Ay — y, in such a relation, we infer
d _
S5+ [ @ a1yl tan
dt A
+4a=2) [ 0,000, A Vy1Td
b (5.17)

= Q/ (p—div ((n + IVYDP2Vy) + (V- V)y) div (|Vy|T>Vy) dx
D

= q/ 1+ Ay — y,)div (IVqu_ZVy) dx.
D
Summing up (5.16) and (5.17), we obtain

& (sl + 19513) + 2= 1) [ 0+ 195172195
+4 [ Q0?1911+ 21Vl
< q/D(l+Ay—yt)div(|Vy|q_2Vy)dx+/D’(\7- V)|yt|2|dx (5.18)
+4a=2) | 10,000,001 1dx

+2

/ (Ay+ div ((11 + IVyl)p_ZVy) —-(V-V)y—w»+ 1) Vy- Vyldx‘ .
D

We are now ready to proceed with the proof of the following theorem.

Theorem 5.1. Let T> 0. If po € L3(D), yo € H?, then there exists a constant C depending on T such that the inequalities

t
sup (IV¥OII* + ly)I2) + / IV yi(o)l%ds < CT, (5.19)
0

O<s<t

and
t t
/llP(S)IIidt+/ IIAy(S)llidSSCT. (5.20)
0 0

hold true for any t € [0, T].
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Proof. By taking q = 4 in (5.18), making derivatives explicit and rearranging the terms in such a relation, we have

d -
T (VY3 + 11yell?) + (@ — 1)/(11 +VyP72 Ve dx
D

+4 / (0;0k¥)* | Vy|*dx + 2 / |Vy|*dx
D D
10 (5.21)

< DI+ 2el| Vil + Ce (el + IVyIRNAYI)
i=1

+

/diV ((11 + |Vy|)p_2Vy) Vy- Vytdx‘ .
D

where the terms I, i = 1, ... , 10, are the same we have already considered in Theorem 4.1, and we already used (4.25)
and (4.26) for the integral terms I 3 and I 4 to get 2¢||Vyy||?, € >0 (see the right-hand side of (4.22)). Thus, the only
new term to be estimated is the last one, and we have that

/div ((n+1VylP~>Vy) Vy- Vydx
D
. . ;
< 19l ([ (av(or+ 195177202103
D
<elVyl? +C. / (1 + V)2 Ay VyPdx
D

2
_p [ 0i0kyoky  0iy 2
+C/(n+|Vy|>2<2 P>< l IVyPdx
“Jp IVyl 1+ |Vy])

|Vy)? |Vy|?
<e¢||V 2+C/A 22 dx+C,. [ |VYP———
IV yell p DI 3 T [Vy) e p DI b T V)P

c.
< el + g [arevpass [19vyee)
np D D

< ellVyll® + ellAyllg + Cep (IIVYII3 +1)

Then, estimate (5.21) can be closed exactly as in the proof of Theorem 4.1, by using (5.10) and an application of
Gronwall's lemma. O

5.3 | Approximating solutions and passage to the limit

Also, in this case we use a Galerkin scheme {(yx, px)} for approximating. Thanks to the previously obtained a priori esti-
mates, we can use the Aubin-Lions compactness lemma (see, e.g., Temam!®) to extract a convergent subsequence {(Vx, px)}-
The passage to the limit is standard and the only point to pay attention with is the one related to the convergence of the
extra nonlinear term. Since S(V y) is bounded uniformly, with respect to k, in L?(Qr), it follows that S(Vy;) = A in
L*(Qr) for some A. We have now to show thatA = S(Vy), where (y, p) is the limiting pair, up to a subsequence, for the
approximating sequence {(yy, pr)}. This is obtained by an application of the monotonicity trick (see, e.g., Lions, 18 Sections
2-5.2]; see also Berselli and Bisconti'?).

Testing (5.1);—written in terms of (y, p)—against y in L?, we obtain the following energy inequality, for 0 <, < ¢, that
is,

t t t t
S+ [ 1vsitas == [ A vndse dbwiP - [ @ Vst [a-pmas 622
to t ty fo
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Let us now return to the Galerkin scheme. Take ty = 0. Defining for £ € L*(0, T; H'), which is a test having the same
regularity of yi, the following quantity

t t
B = / (S(Vyr) = S(VE), V(y — &) ds + / IV yilIds + %IlJ’k(f)”z, (5.23)
0 0

it follows, by using (5.3) and by semi-continuity of the norm, that

P | !
hkm inf 2F > Elly(t)ll2 +/ IV y||*ds. (5.24)
— 00 0

Now, using (5.23) along with (5.22), and recalling that py — p and y, —y in L?(Qr) (actually we also have that y, —y in
L%*(0, T; HY)), we infer

li
k—oc0

t t
- _ 1
m Ef = / 1-p, y)ds—/ ((Vv-V)y,y)ds + Ellyoll2
0 o (5.25)

t t
- / (A, V&) dr — / (S(VE), V(y — &) ds.
0 0

In particular, in passing to the limit in the first term, we used the triangle inequality | /Ot(pk, yi)ds — /Ot(p, yds| <
| /Ot(pk, y—yr)ds| + | /Ot(pk — p, y)ds| along with the strong convergence of y, and the weak convergence of py, in L>(Qr).
Hence, by using (5.22) along with (5.24) and (5.25) (i.e., subtracting (5.22) from (5.25)), we get

t
/ (A= S(VE),Vy—VEds >0, aes e [0,TI.
0

Choosing £ =y + w y for some smooth y and letting w — 0, we can conclude that A = S(Vy).

Remark 5.3. In this case, due to the form of S(Vy) = (5 + |Vy|)*~2Vy, does not seem possible to reproduce—in an
elementary way—the calculations in the proof of Lemma 4.6, which are used to provide upper and lower bounds for
p. In order to retrive such bounds, we resort to higher order estimates assuming more regularity on the initial data. A
sketch of these additional calculations is provided in Appendix A.

As a consequence of the above results, Theorem 3.1 follows directly.
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APPENDIX A

Here we prove the results stated in Subsection 4.3.

Proof of Lemma 4.6. Assuming that p(t,x) >0, (t,x) € Qr and T < Ty, and arguing as in Galdi,® we can rewrite (4.1),
in the form

o/lnp+Vy-Vinp+ Ay=0. (A1)
Then, by adding (A.1) to (4.1),, we get
0(y+Inp)+(Vy - VY(y+Inp)+p=1+divF(y) — (V- V)y+ Vy- Vy. (A.2)
=§(y+lnp)

Now, set
y :=y+Inp, and y,.(t,x) := max{0,y(tx)}.
Considering (A.2) as the transport equation for y, we can conclude that

t
746, %) < ly+le=olleo +/ (1 +1IVyllE + IF Wl I VYl ) ds
0 (A.3)

t
< llyslicolle + C / (14 IV + Y12 ds.
0
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where, as usual, we have that || - || = || - ||L=)- As a consequence of (4.20), we have that
I¥llz=(@,) < CT sup [|Vyll4 < C(T).
o<t<T

We also have that ,

T T ) 2
/ IVy©)l2ds < C / <||Vy||3||Ay||z> ds
0 0

T
e / (V311 + A1) < C(T),
0

where we used (2.4), (4.20) and Young's inequality.
Then, (4.39) follows directly from (A.3) along with the last two inequalities above. In particular the constant M
in (4.39) is given by
M :=exp {|Iyll=(q,) + l7+]i=ollL=) + C(T) } . O

Then, we have the following

Proof of Lemma 4.7. Let us change the sign in Equation (4.39) and rewrite it for —y. We wish to find an upper bound
for the function y_ = max{0, —y}. By analogy, we obtain

T
160 < lr-lioll + OO [ (1951 + lplle +1) &
0
Hence, (4.40) follows with the constant

m =exp {— (I¥llz=p + l7-li=oll=) + IVyll% + Dds + MT) } .

Case of F(Vy) = S(Vy): Upper and lower bounds for p by using estimates for higher order
derivatives

In order to use an approach similar to the one just exploited to bound the density p in (5.1), we require more regularity
on the initial data to get improved solutions. Also, the parameter x>0 is taken as large as needed.
We ssume that y,, D*y, and Vp, are sufficiently regular (here D3y = 0,00k, i, j, k = 1, 2). Starting from (5.1),, i.e.

Vyi = VAy =V (div ((n + [Vy]P>Vy)) = V@ - V)y - Vp,
for 1 < g < o0, by using the regularity theory for parabolic equations (see previous works*1?) we infer the estimate

19301 0,y + D30y < € (ID230l1E + 17 V3l ) + VI

+ IV (div ((7 + [VyP2Vy)) IIZ2(QT))

< € (ID%5ollg + DM g, + VPN g,

T
+Cq / IV ((7+ |Vy])P—2D%y) IIZdS>
0

< C (14 ID%yolly + 2D, o, + 1961, o,

T
+ Cp,q,n/ ll(n + IVyI)p‘2D3y|IZdS>
0

and so

”Vyt“?ﬂ(QT) + I|D3y“zq(QT) S C <1 + ||D3y0”3 + glley“?ﬂ(QT) + IIV‘O”Z‘?(QT) + Cp,q,ﬂ”DsyHZq(QT)) ) (A4)
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where y, € Wh4(D), and we used Gagliardo-Nirenberg's inequality to estimate ||D2y||gq Q) where D%y = 0,0;y,1 = 1,2.
T,
For the last addendum on the right-hand side of (A.4), which is considered up to lower order terms, the constant C, 4, =

C(p, q,n) can be assumed as small as needed (i.e., C, q , < €) by taking # sufficiently large. As a consequence, we have that

V3l gy + (= 201D, ) < € (14 ID%50llg + VAl g, ) - (A5)
Let us now differentiate the continuity equation (5.1), in order to get

Vo + (Vy-V)Vp+ (Vp-V)Vy+ AyVp+ pVAy =0, (A.6)

and assume py € W-'(D), r> 2. Multiplying (A.6) against r|Vp|"~2 V p, in L?(D), and proceeding as in [ 3, Section 5], we
infer

%IIW(DII? < c(IAYSIGNVoIF + IVAYSIIT) - (A7)

Now, assuming that 2 < r=q <4 in (A.5) and (A.7), and using the embedding W*4(D) — W?®(D), we reach
G <G+,
where £() = 1+ ||Vp(®)||4, and c=c(|| Vpollg)- Therefore, we get

A+ IV pollge

IVeIlI < ;
1+ Vpolld(1 — et)

(A.8)

for0 < t < T, where T(||Vp0||q) is a suitable time depending on || V py |4, for which the above relation holds true.
Using (A.8) along with (A.5) we obtain, in particular, the boundedness of ||D?y(¢)||s in L9(0, T), 0 < T < T, which is
enough to estimate the integral term
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t t
/ |divE(Vy(s)|l ods = / lldiv ((7 + [VY($)P 2V H($)) llods
0 0
t
<p-1 / 1 (01 + IV )P 2D 3(9)lds
0
t
< GCpy / ID*y(s) | 0 ds,
0

for0 <t < T, T < T. Hence, we can reproduce the same calculations in (A.3) and extend Lemma 4.6 and Lemma 4.7 to
the considered case, for 0<t<T,and T < T.
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