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A B S T R A C T

The prediction of form surface error represents the basis of many approaches, which aims at increasing the pro-
ductivity and reducing the costs of a milling operation. In peripheral end-milling the form error caused by the
tool/workpiece static deflection is not constant along the axial depth of cut, and it presents different shapes due
to the cutting forces, which change according to the cutting strategy, end-mill geometry and cutting parameters,
making the surface error prediction complex and time consuming. This paper presents a comprehensive classifi-
cation of the shape of the cutting forces which cause the surface form errors, in both up and down-milling. The
proposed classification includes analytical equations to obtain the axial position of key points (also known as
kinks) defining the surface error shape in any cutting condition and tool geometry. The results given by the de-
veloped classification were experimentally validated trough different cutting tests to prove the reliability and the
effectiveness of the proposed approach. The proposed classification and formulations manage to identify the sur-
face error shapes both when several flutes are involved in the process and aggressive axial depths of cut are
adopted, extending the knowledge about surface errors in peripheral milling. Furthermore, the proposed formu-
lations could be exploited to ease error prediction methods based on simulations or drastically reduce the surface
measuring time in quality control.

1. Introduction

In the modern vision of milling operations, one of the most challeng-
ing tasks is finding the optimal compromise between the required accu-
racy and the maximization of process productivity [1]. For this purpose,
surface error prediction is becoming more and more important [2] since
it is at the base of many approaches which aim at increasing milling
productivity saving the manufacturing cost. For example, the predicted
surface error helps cutting parameters preselection [3] as well as the
application of compensation strategies to the original toolpath of the
milling cycle [4]. As well as this, the predicted surface error supports
the calculation of an optimal cutting sequence [5] to improve the effec-
tiveness of the original toolpath. On the other hand, the predicted sur-
face error is also suitable for monitoring systems [6] in which the mag-
nitude of the predicted surface error is used to control the accuracy of
the machined surface. Focusing on peripheral end-milling operations,
several approaches predict the surface error, considering both dynamic
aspects (e.g. vibrations [7–9]) and static aspects (e.g. tool deflection
[10,11]). Dynamic mechanisms impact on the machined surface mostly
at the roughness level [12], instead static mechanisms affect the ma-

chined surface mainly at the form level [13]. Most of the works on this
topic are focused on error prediction, often using numerical methods
[14], while few [15–17] are dedicated to investigating and classifying
the error shapes assumed by surface at different cutting conditions. This
paper provides an extensive investigation and a comprehensive classifi-
cation of the forms of surface error caused by the tool deflection to sup-
port error prediction, quality control and process planning. Indeed, in
peripheral milling operations the surface error assumes a certain shape
along the axial depth of cut [18,19]. This shape depends on the cutting
forces acting on the workpiece during the surface generation (i.e., sur-
face generating force) [20] and it presents some key points whose axial
positions are related to the cutting parameters, cutting strategy and tool
geometry [21]. These points are also referred to as kinks, and they al-
low the identification of the zones where the surface error assumes
maximum and minimum values. For this reason, their knowledge is im-
portant to describe the form of the surface errors. In literature, some
studies have faced the problem of finding the key points to define the
form of surface error in peripheral milling operations. Woo-Soo Yun et
al. [22] presented an analytical equation for the axial position of the
key point corresponding to the peak value of the surface generating
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force. The equation proposed is reliable, but it is limited to very few
cutting conditions. M. N. Islam et al. [15] proposed analytical expres-
sions for the axial position of four key points, considering a different
range of cutting conditions and the tool stiffness trough an elastic beam
model. Despite the extended number of key points shown, the range of
cutting conditions analyzed is not enough to reconstruct a comprehen-
sive picture of the key points characterizing the form of the surface er-
ror. Chang et al. [23] described the generating mechanism and forma-
tion criteria for kinks in peripheral milling covering both down-milling
and up-milling operations. The authors distinguished various surface
error shapes and proposed analytical equations for the axial positions of
the kinks in different cutting conditions. The study proved that that the
form of surface error is not unique, and it changes from down-milling to
up-milling. However, the range of conditions investigated by the au-
thors is limited to cutting operations with only two flutes cutting simul-
taneously, making the results obtained not suitable for cutting opera-
tions with high axial depths of cut, and several flutes involved in the
cut. Desai et al. [16], starting from the force classification developed by
Liuqing Yang et al. [24], also identified various surface error shapes,
each one defined by its own key points whose axial positions were pro-
vided with dedicated equations. The results of the authors extended the
results proposed by Chang et al., nonetheless the number of types of
surface error shapes considered is partial. Indeed, the authors focused
their attention on down milling operations with only two flutes cutting
simultaneously and just in certain cutting conditions. Therefore, the ef-
fectiveness of the expressions proposed for the key points is limited to
specific cases. The aim of this paper is to provide a comprehensive pic-
ture of the forms of the surface error caused by the tool static deflection
in peripheral end-milling, covering both down-milling and up-milling
strategies. To achieve such a goal, this study first classifies the shapes of
the cutting forces for every feasible cutting condition considering the
influence of both the number of flutes (i.e., overlap) and the tool's helix
angle, then for each shape analytical equations are provided to predict
the axial position of the key points characterizing the form of the sur-
face error. An extensive experimental validation is presented in Section
4 to show the effectiveness of the proposed equations. The proposed
formulations are effective in describing the surface error shapes in dif-
ferent cutting conditions both when several flutes are cutting simulta-
neously and aggressive axial depths of cut are adopted, extending the
results found in previous works. These formulations are meant to be a
new tool to support error prediction, quality control and cutting para-

meters preselection. As an example, the proposed formulations are
paired with and established tool deflection model to efficiently predict
surface error.

2. Machined surface generation

In peripheral milling, the cutting process starts each time a flute of
the endmill reaches the entry angle ϕin by entering the workpiece, and
it finishes as soon as the same flute passes the exit angle ϕout leaving the
workpiece. Nonetheless the machined surface is generated only in a
specific moment of this interval, that is when the flute is orthogonal to
the workpiece surface. Based on the cutting strategy, the flute reaches
this surface generation position at the exit angle (π) for down-milling
operations (Fig. 1a) and at entry angle (0) for up-milling operations
(Fig. 1b).

Moreover, the instant, that a flute reaches the position of surface
generation, varies continuously along the axial depth of cut (ap) be-
cause the helix of the endmill changes the flute location along the tool
axis. As a result, introducing αsw, as the axial engagement angle, the
surface generation starts at the bottom of ap at ϕout, and it finishes at the
top of ap of cut at ϕout + αsw for down-milling operations (Fig. 1a); in-
stead, for up-milling operations, the surface generation starts at the bot-
tom of ap at ϕin and it finishes at the top of ap at ϕin + αsw (Fig. 1b);
however, in both cases the axial engagement angle αsw is related to ap
and to the endmill's geometry following the equations:

(1)

(2)

where αel is the tool helix angle and D is the tool diameter. It must be
noted that the axial engagement angle is obtained assuming a constant
value for the tool helix angle, therefore Eqs. (1) and (2) are not suitable
for endmills with highly variable helix angle.

In summary, the overall machined surface is generated gradually in
a certain range of angular positions therefore using the engagement an-
gle ϑ as variable the surface generation range may be expressed with
these relations:

(3)
(4)

Fig. 1. Surface generation position: a) down-milling b) up-milling.
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Surface errors are dominated by the tool's deflections in the direc-
tion normal to the machined surface (y-axis), thus the analysis of the re-
sultant of the cutting forces along the y-direction Fy (normal to the sur-
face as shown in Fig. 1) [20] becomes essential to describe the surface
error shape. In detail, surface errors are related to the magnitude of Fy
acting on the tool during the surface generation process, which is iden-
tified by the surface generation range. Therefore, the portion of Fy en-
closed within the surface generation range is referred to as “surface
generating force”, and it represent the cutting force responsible for sur-
face errors. Due to the tool helix angle, for each position of the surface
generation range, the flute creating the surface assumes a different posi-
tion along the axial depth of cut, and it is subjected to a different value
of the surface generating force (Fig. 2). Thus, by knowing the shape of
the surface generating force, the main characteristics (i.e., key points)
of the surface error shape may be obtained.

3. Proposed approach

The shape of the surface generating force presents some key points
which also appear in the surface error shape. These points are related to
the Fy shape, which is not unique, but it changes according to the cut-
ting strategy (down-milling or up-milling), the cutting parameters (ra-
dial depth of cut ar, axial depth of cut ap) and the tool geometry (tool
diameter D, helix angle αel, number of flutes N). Therefore, to fully ana-
lyze all the possible shapes which Fy may assume, the Fy shape was first
classified considering a single fluted endmill (N = 1) then the obtained
classification was extended to a general multiple fluted endmill
(N > 1) as in [16,24]. For every identified shape, the angular positions
of the key points characterizing the Fy shape were estimated through
analytical expressions. These angular positions, referred to as key an-
gles, defines the Fy shape in one period ϕz wide (cutting force periodic-
ity), where ϕz is the tool pitch angle. Assuming a constant pitch be-
tween the flutes, the pitch angle (ϕz) is defined by the following equa-
tion:

(5)

3.1. Single fluted endmill force shape classification

In this section a classification of the Fy shapes for a single fluted end-
mill (N = 1) is presented. To achieve such goal, a set of working angles
is defined to analyze the effects of both cutting parameters (ar, ap) and
tool geometry (D, αel) on the Fy shape. Starting from ar, the radial en-
gagement angle αen for both down-milling and up-milling is defined
with the following equation as in [16,24]:

(6)

For both αen and αsw, a critical value is defined in order to consider
their effects on the Fy shape; in particular, the critical axial engagement
angle αswc is the axial engagement angle that equals αen (Eq. (7)) as in
[24].

(7)

In addition, the critical radial engagement angle αenc is defined as
the radial engagement angle which identifies the angular position of the
maximum of Fy in a slotting condition. It must be noted that αenc is not
related to the maximum chip thickness because this analysis focused on
Fy which is resultant of the cutting forces along the y-direction. Indeed,
the peak value of Fy depends on how the tangential cutting force Ft and
the radial cutting force Fr combine along the y-direction during the cut-
ting process. Therefore, the adoption of a cutting model is essential to
predict αenc. In this analysis, a simple mechanistic cutting model (8, 9,
10) analogous to the one used in other works [25–27], is considered.

(8)
(9)

(10)

where h is the chip thickness, fz is the feed per tooth, Ktc and Krc are
respectively the tangential and the radial cutting coefficients while b is
the chip width.

Thanks to the cutting model considered, two analytical expressions
for αenc were developed, one for down-milling (11) and one for up-
milling (12).

Fig. 2. Example of axial surface generating force profile a) Down-Milling b) Up-milling.
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(11)

(12)

The accuracy of these expressions (11, 12) is related to the accuracy
of the cutting model considered; nonetheless, the use of these expres-
sions can be extended to more complex cutting models. To fully de-
scribe the effects of ar and ap on the Fy shape, an additional radial en-
gagement angle αenu is defined for up-milling (13).

(13)

αenu represents the radial engagement angle which fixes the angular
position of the peak value of Fy, and it depends on how Ft and Fr com-
bine along the y-direction in the final instants of the cut. Moreover, the
expression (13) present the same limitations of Eqs. (11) and (12) due
to its dependency on the cutting model considered. Secondly, the work-
ing angles described (Eqs. (1), (6), (7), (11), (12), (13)) are used to de-
fine all the key angles which describe the Fy shape in one period for a
single fluted endmill. The angles αsw and αen are used to define the key
angles common to both down-milling and up-milling operations with
the following equations:

(14)
(15)
(16)
(17)

Additional specific key angles for down-milling and up-milling are
defined using αenc and αenu:

(18)
(19)
(20)
(21)

The key angles ϑ1 and ϑ2 represent respectively the cutter entry an-
gle ϕin and cutter exit angle ϕout at the bottom of ap. Analogously, ϑ3
and ϑ4 represent respectively the cutter entry angle ϕin and cutter exit
angle ϕout at the top of ap. On the other hand, for both down-milling
and up-milling, ϑM identifies the angular position of the maximum of Fy
in cutting operations with high radial depths of cut (Fig. 3). Instead, ϑm
and ϑu are specific for up-milling operations, and ϑm corresponds to the
minimum of Fy while ϑu is related to the maximum of Fy in cutting oper-
ations with high axial depths of cut (Fig. 4). In down-milling opera-
tions, ϑm and ϑu are not present because the contribute of Ft and Fr along
the y-direction changes significantly with the cutting strategy. It must
be also noted that the relations for ϑ1, ϑ2, ϑ3 and ϑ4 depend only on the
tool's geometry (αel, D) and the cutting parameters (ar, ap) while the
ones for ϑm, and ϑM are also affected by the cutting coefficients (Ktc, Krc).
Furthermore, these equations provide enough information to describe
also the Fy shape in any peripheral milling operation with a single flute
involved in the cut.

Nonetheless, depending on the cutting parameters (ar, ap) not every
key angle is necessary to describe the Fy shape. Indeed, based on the rel-
ative magnitudes of αsw and αen, which are related to ap and ar respec-
tively, the shape of Fy may significantly change. Therefore, to distin-
guish all the possible Fy shapes and their corresponding key angles, a
comprehensive comparison between αen, αsw and their critical values
(αenc, αenu and αswc) is conducted. Thanks to this method, three types of
Fy shape are identified for both down-milling and up-milling:

• Type I: This triangle-like shape is typical of cutting operations
which uses conservative cutting parameters, and it always features
αen greater than αsw. In down-milling, type I is characterized by

Fig. 3. Example of key angles for a down-milling operation.

Fig. 4. Example of key angles for an up-milling operation.
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three key angles: ϑ1, ϑ3, ϑ4, with ϑ3 peak of Fy. Two subtypes (Ia, Ib)
are considered based on the magnitude of αen which changes the
proportion between the rising edge, from ϑ1 to ϑ3, and the falling
edge, from ϑ3 to ϑ4. In up-milling, the additional angle ϑm is
introduced to include the Fy minimum typical of this operation, and
in case of Ib (occurring with high values of αsw) also the angle ϑu
must be considered to identify the peak of Fy.

• Type II: This trapezoidal force shape occurs in cutting operations
with aggressive axial depths of cut, and it always features αsw
greater than αen. Type II is characterized by four key angles: ϑ1, ϑ2,
ϑ3, ϑ4., with the same two additional angles in up-milling: ϑm and ϑu.
The difference between type IIa and type IIb is not significant for a
single fluted endmill, but it changes the Fy shape for a multiple
fluted endmill as it will be described in the next section.

• Type III: This profile identifies cutting operations with aggressive
radial depths of cut, and it presents αen greater than αenc. Type III is
defined by four key angles: ϑ1, ϑ3, ϑM, ϑ4. In up-milling, ϑm is added
as for the other types.

Force profile types are summarized in Table 1 with their occurrence
conditions, and force profile examples are shown in Fig. 5, while char-
acteristic key angles for one period (from ϑ1 to ϑ1 + ϕz in down-milling
and from ϑ4-ϕz to ϑ4 in up-milling) are provided in Table 2. It must be
noted that both the critical radial engagement angles αenu and αenc are
related to αsw (11, 12, 13), but the critical axial engagement angle αswc
depends on αen (7) therefore a cutting operation characterized by
αen > αenc and αsw > αswc cannot occur.

The types described for both down and up milling identify all the
possible Fy shapes in one period for a single fluted endmill. They are
also suitable for any peripheral milling operation in which only one

Table 1
Single flute Fy profile conditions.

Ia Ib IIa IIb III

Down-milling αen < αenc
αsw ≤ αswc
αen < 2αswc

αen < αenc
αsw ≤ αswc
αen ≥ 2αswc

αen < αenc
αsw > αswc
αen < 2αswc

αen < αenc
αsw > αswc
αen ≥ 2αswc

αen ≥ αenc
αsw ≤ αswc

Up-milling αen ≤ αenc
αsw ≤ αswc
αen ≥ αenu

αen ≤ αenc
αsw ≤ αswc
αen < αenu

αen < αenc
αsw > αswc
αen < 2αswc

αen < αenc
αsw > αswc
αen ≥ 2αswc

αen ≥ αenc
αsw ≤ αswc

flute is involved in the cut. Nonetheless, milling operations are usually
characterized by several flutes cutting simultaneously therefore this
first classification must be extended to a general multiple fluted endmill
(N > 1).

3.2. Multiple fluted endmill force shape classification

In the previous section all the possible shapes, which Fy may assume
for a single fluted endmill, were classified in types. In this section, the
influence of the number of flutes N on Fy shape was investigated extend-
ing the type classification for a single fluted endmill to a multiple fluted
endmill (N > 1). Indeed, the shape of Fy for a multiple fluted endmill
can be described as the combination of multiple single flute Fy shapes as
it is shown in Fig. 6 for a four fluted endmill.

From this perspective the multiple flutes Fy shape can be classified
by evaluating how single flute Fy shapes of the same type may interact
one another. Thus, to describe these interactions the amount of overlap
between two single flute Fy shapes was adopted. Considering the fea-
tures of each type described in Section 3.1, six different degrees of over-
lap (Fig. 7) were classified:

• No Overlap: This configuration applies to all the types of single
flute Fy shape, and it verifies when the previous and the following
single flute Fy shapes do not interact with one another.

• Low Overlap (L): The low overlap condition applies to all the types
of single flute Fy shape as well. In detail, the low overlap occurs
when the falling edge of the previous single flute Fy shape influences
only the rising edge of the following single flute Fy shape.

• Medium Overlap (M): This condition applies to all the types of
single flute Fy shape like the others. However, in this case the
falling edge of the previous single flute Fy shape affects two edges,
rising and falling edge (type Ia, type Ib, type III) or rising and
constant portion (type IIa, type IIb), of the following single flute Fy
shape.

• High Overlap (H): The high overlap condition applies to type Ia,
Ib, IIa and III. In detail the high overlap occurs when the rising
edge of the previous single flute Fy shape affects the rising edge of
the following single flute Fy shape.

• Deep medium overlap (m): The deep medium overlap occurs only
for type IIb. In this case the falling edge of the previous single flute
Fy shape influences the constant portion of the following single flute

Fig. 5. Examples of single flute Fy shapes in one period a) Down-milling (ϑ1; ϑ1 + ϕz) b) Up-milling (ϑ4–ϕz; ϑ4).

5



UN
CO

RR
EC

TE
D

PR
OO

F

L. Morelli et al. Journal of Manufacturing Processes xxx (xxxx) 1–21

Table 2
Single flute Fy profile key angles.

Ia Ib IIa IIb III

Down-
milling

ϑ1, ϑ3, ϑ4 ϑ1, ϑ3, ϑ4 ϑ1, ϑ2, ϑ3, ϑ4 ϑ1, ϑ2, ϑ3, ϑ4 ϑ1, ϑ3, ϑM, ϑ4

Up-
milling

ϑ1, ϑm, ϑ2,
ϑ4

ϑ1, ϑm, ϑ2,
ϑu, ϑ4

ϑ1, ϑm, ϑ2, ϑ3,
ϑu, ϑ4

ϑ1, ϑm, ϑ2, ϑ3,
ϑu, ϑ4

ϑ1, ϑm, ϑM,
ϑ2, ϑ4

Fy shape, and, at the same time, the constant portion of the previous
single flute Fy shape influences the constant portion of the following
single flute Fy shape.

• Deep high overlap (h): This configuration applies to both type IIb
and type IIa. In detail, this condition occurs when the rising edge
of the previous single flute Fy shape influences the rising edge of
the following single flute Fy shape, and, at the same time, the
constant portion of the previous single flute Fy shape influences the
constant portion of the following single flute Fy shape.

From an analytical point of view, the amount of overlap is strictly
related to the tool pitch angle ϕz which determines the reciprocal posi-
tion between two consecutive single flute Fy shapes. Considering the
pitch angle (ϕz), the number of flutes involved in the cut (n) was de-
fined as follows:

(22)

where ~ indicates the rounding to the nearest integer towards mi-
nus infinity.

Depending on the engagement angles (αen and αsw), the critical ra-
dial engagement angle (αenc) and the pitch angle (ϕz), the analytical
equations, which identify the degree of overlap for each single flute Fy
shape in both down-milling and up-milling, are summarized in Table 3.
This classification allows the identification of different multiple flutes
Fy shapes for each type of single flute Fy shape/degree of overlap combi-
nation. Moreover, the type and the degree of overlap are related to few

factors (αen, αsw, αenc, ϕz) which can be analytically obtained from the
cutting parameters (ar, ap) and the tool geometry (D, αel, N).

However, in the medium and high overlap configurations, with the
same type/degree of overlap, the number of flutes involved in the cut
(n) may significantly alter the multiple flute Fy shape. Indeed, when n
single flute Fy shapes overlap one another, it is tricky to identify which
key angle of which single flute Fy shape is relevant for the resultant mul-
tiple flutes Fy shape. In such conditions, the multiple flute Fy shape
evolve in a limited range, and the number of flutes axially involved in
the cut (v) becomes relevant. Therefore, starting from the key angles de-
fined for a single fluted endmill, the additional key angles relevant for
the resultant multiple flute Fy shape are defined as follows for down-
milling and up-milling:

(23)
(24)
(25)

Despite the increased number of key angles, as the cutting condi-
tions (ar, ap) changes, the slope of the rising/falling edges of the single
flute Fy shapes change, and, depending on the number of flutes involved
(n and v), some of the key angles defined may not contribute to the mul-
tiple flute Fy shape. Thus, the cutting conditions, which allow a specific
key angle to be relevant for the multiple flute Fy shape in a specific
type/degree of overlap configuration, are expressed with a series of
Eqs. (26)-(33).

(26)
(27)

(28)

(29)
(30)
(31)
(32)

Fig. 6. Example of multiple flutes endmill Fy shape for both down-milling and up-milling.

Fig. 7. Examples of different degrees of overlap for different types of single flute Fy shape in down-milling.
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Table 3
Overlap degrees for both down-milling and up-milling.

No overlap Low overlap
(L)

Medium overlap
(M)

High overlap
(H)

Deep medium overlap
(m)

Deep high overlap
(h)

Type Ia/Type Ib αen + αsw < ϕz αen + αsw ≥ ϕz
αen < ϕz
αsw < ϕz

αen + αsw ≥ ϕz
αen ≥ ϕz
αsw < ϕz

αen + αsw ≥ ϕz
αen ≥ ϕz
αsw ≥ ϕz

n/a n/a

Type IIa αen + αsw < ϕz αen + αsw ≥ ϕz
αen < ϕz
αsw < ϕz

αen + αsw ≥ ϕz
αen < ϕz
αsw ≥ ϕz
αsw < ϕz + αen

αen + αsw ≥ ϕz
αen ≥ ϕz
αsw ≥ ϕz
αsw < ϕz + αen

n/a αen + αsw ≥ ϕz
αen ≥ ϕz
αsw ≥ ϕz
αsw ≥ ϕz + αen

Type IIb αen + αsw < ϕz αen + αsw ≥ ϕz
αen < ϕz
αsw < ϕz

αen + αsw ≥ ϕz
αen < ϕz
αsw ≥ ϕz
αsw < ϕz + αen

n/a αen + αsw ≥ ϕz
αen < ϕz
αsw ≥ ϕz
αsw ≥ ϕz + αen

αen + αsw ≥ ϕz
αen ≥ ϕz
αsw ≥ ϕz
αsw ≥ ϕz + αen

Type III αen + αsw < ϕz αen + αsw ≥ ϕz
αenc < ϕz
αsw + αen- αenc < ϕz

αen + αsw ≥ ϕz
αenc ≥ ϕz
αsw + αen- αenc < ϕz

αen + αsw ≥ ϕz
αenc ≥ ϕz
αsw + αen- αenc ≥ ϕz

n/a n/a

(33)

The Eqs. (26) and (27) apply to both down-milling and up-milling,
while the others apply to either down-milling (28) or up-milling (29-30-
31-32-33). Moreover, in up-milling, a higher number of equations is
presented because the key angles describing Fy shape are more numer-
ous and more sensitive to the cutting conditions. Considering the cut-
ting conditions and the type/degree of overlap combination, the key an-
gles identifying the multiple flutes Fy shape in one period (from ϑ1 to
ϑ1 + ϕz in down-milling and from ϑ4-ϕz to ϑ4 in up-milling) are summa-
rized in Table 4 (down-milling) and Table 5 (up-milling). Each table
also highlights the key angles which must satisfy one or another of the
equations previously mentioned to affect the multiple flutes Fy shape.

In down-milling, for type Ia and Ib single flute Fy shapes, the identi-
fication of the key angles is straightforward in any configuration be-
cause no specific cutting condition affects the multiple flutes Fy shape.
On the other hand, for type IIa and type IIb single flute Fy shapes, in the
medium and deep medium overlap configurations, some of the key an-
gles must verify certain cutting conditions to affect the multiple flutes
Fy shape. Instead, for type III the key angles identification is straightfor-
ward as type Ia and type Ib.

In up-milling, the identification of the key angles is generally more
complex compared to down-milling. Indeed, for each type of single
flute Fy shape, some of the key angles are affected by the cutting condi-
tions in at least one configuration. As an example, type IIb single flute
Fy shape in deep medium overlap configurations shows several key an-
gles, and most of them must satisfy different cutting conditions to im-
pact on the multiple flute Fy shape. Moreover, it is interesting to note
that, independently from the type of single flute Fy shape and the cut-

Table 4
Multiple Fy shape key angles for one period (ϑ1; ϑ1 + ϕz) in down-milling.

Type Ia Type Ib Type IIa Type IIb Type III

No overlap ϑ1, ϑ3,
ϑ4

ϑ1, ϑ3,
ϑ4

ϑ1, ϑ2, ϑ3, ϑ4 ϑ1, ϑ2, ϑ3, ϑ4 ϑ1, ϑ3, ϑM,
ϑ4

Low (L) ϑ1, ϑ3 ϑ1, ϑ3 ϑ1, ϑ2, ϑ3 ϑ1, ϑ2, ϑ3 ϑ1, ϑ3, ϑM

Medium (M) ϑ1, ϑ3 ϑ1, ϑ3 ϑ1, ϑp3 ϑp4 if
(26)

ϑ1, ϑp3 ϑp4 if
(26)

ϑ1, ϑ3

High (H) ϑ1, ϑp3 ϑ1, ϑp3 ϑ1, ϑp3 n/a ϑ1 ϑp3

Deep medium
(m)

n/a n/a n/a ϑ1, ϑp3 ϑ2 if
(28)
ϑp4 if (27)

n/a

Deep high (h) n/a n/a ϑ1, ϑp3 ϑ1, ϑp3 n/a

Table 5
Multiple Fy shape key angles for one period (ϑ4–ϕz; ϑ4) in up-milling.

Type Ia Type Ib Type IIa Type IIb Type III

No overlap ϑ1, ϑm,
ϑ2, ϑ4

ϑ1, ϑm, ϑ2,
ϑu, ϑ4

ϑ1, ϑm, ϑ2, ϑ3,
ϑu, ϑ4

ϑ1, ϑm, ϑ2, ϑ3,
ϑu, ϑ4

ϑ1, ϑm, ϑM,
ϑ2, ϑ4

Low (L) ϑ2, ϑ4
ϑm if
(29)

ϑ2, ϑu, ϑ4
ϑm if (29)

ϑ2, ϑ3, ϑu, ϑ4
ϑm if (29)

ϑ2, ϑ3, ϑu, ϑ4
ϑm if (29)

ϑM, ϑ2, ϑ4
ϑm if (29)

Medium (M) ϑ2, ϑ4 ϑ2, ϑ4 ϑf2, ϑ4
ϑf1 if (26)
ϑfm if (30)

ϑf2, ϑ4
ϑf1 if (26)
ϑfm if (30)
ϑu if (33)

ϑ2, ϑ4

High (H) ϑf2, ϑ4 ϑf2, ϑ4 ϑf2, ϑ4 n/a ϑ2, ϑ4

Deep
medium
(m)

n/a n/a n/a ϑf2, ϑ4
ϑf1 if (27)
ϑfm if (31)
ϑ3 if (32)
ϑu if (33)

n/a

Deep high
(h)

n/a n/a ϑf2, ϑ4 ϑf2, ϑ4 n/a

ting strategy, in the high and deep high overlap configurations very few
key angles identify the multiple flutes Fy shape because, in such config-
urations, the amplitude of one period is extremely small, and few key
angles fall into such a small range.

3.3. Key points axial position

In the previous sections the key angles describing the Fy shape in one
period, for both a single fluted endmill (3.1) and a multiple fluted end-
mill (3.2), were defined. In this section, such key angles are first se-
lected to describe the shape of surface generating force in the engage-
ment angle domain ϑ. Then, the key angles selected are used to obtain
the axial position of the key points characterizing the surface error
shape through dedicated equations.

3.4. Surface generating force

Focusing on the first step, the shape of the surface generating force
is represented by the portion of Fy contained in the surface generation
range (2). Therefore, by selecting the key angles, which describe the Fy
shape within the surface generation range, the shape of the surface gen-
erating force is obtained. In detail, the selection of these key angles is
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strictly related to both the cutting strategy and the number of flutes in-
volved in the cut n.

In down-milling, the surface generation range is expressed by Eq.
(3) therefore, considering the key angles previously expressed (3.1), the
boundaries of the surface generating force are identified by the key an-
gles ϑ2 (starting angle) and ϑ4 (ending angle). In up-milling, instead, the
surface generation range is expressed by Eq. (4) therefore the bound-
aries of the surface generating force are identified by the key angles: ϑ1
(starting angle) and ϑ3 (ending angle). Between the starting and ending
angle, the key angles describing the surface generating force shape are
selected from the key angles defining n periods of the Fy shape. In detail,
taking as reference the key angles previously described (3.1, 3.2) for the
starting period, the key angles of the other n-1 periods are obtained as
follows:

(34)

(35)

In down-milling, ϑ1id is the generic key angle defined in the starting
period while ϑkid represents the same key angle defined in the k-th pe-
riod following the starting one. In up-milling, instead, ϑ1iu is the generic
key angle defined in the starting period while ϑkiu represents the same
key angle defined in the k-th period preceding the starting one. At this
point, the key angles defining the surface generating force shape are the
ones, selected from the n periods considered, which fall into the interval

between the stating angle and the ending angle, as it is exemplified in
Fig. 8 for down-milling and in Fig. 9 for up-milling.

3.4.1. Surface error
In the second part of this section, the key angles, which describe the

surface generating force shape are used to investigate the surface error
shape. Indeed, each key angle represents not only a key point of the sur-
face generating force but also an axial position assumed by the flute
during the surface generation process (Fig. 2). Therefore, considering
the tool geometry and the starting angle of the surface generation
process, the axial positions of the key points describing the surface error
shape are obtained with the following equations:

(36)

(37)

In down-milling, ϑsdj is the generic key angle characterizing the sur-
face generating force shape, and zsdj is the axial position corresponding
ϑsdj. On the other hand, in up-milling, ϑsuj is the generic key angle char-
acterizing the surface generating force shape, and zsuj is the axial posi-
tion corresponding ϑsuj. In both cases, q represents the number of key
angles characterizing the surface generating force shape. Taking the
surface generating force shapes from the previous examples (Figs. 8, 9),
an example of key points axial position evaluation for both down-
milling and up-milling is presented in Fig. 10.

Fig. 8. Examples of key angles selection for the surface generating force in down-milling (n = 1 and n = 3).

Fig. 9. Examples of key angles selection for the surface generating force in up-milling (n = 1 and n = 3)
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Fig. 10. Examples of key points axial positions evaluation in Down-milling and Up-milling.

4. Experimental validation

The proposed approach was experimentally validated through sev-
eral milling tests so that different types with different degrees of over-
lap are examined. In each test, both cutting forces and the machined
surface were measured to obtain the Fy shape and the surface error
shape. First, the setup for the milling tests is presented including force
and surface acquisition methods. Then, for each test, the experimental
Fy shape and the measured surface error shape are compared with the
analytical results of the proposed approach. Finally, the presented ap-
proach is applied to a surface error prediction method.

4.1. Set-up

The milling tests were conducted on a DMG MORI DMU 75
MONOBLOCK machine tool with two different endmills, (Garant
202552) and (Garant 202274), depending on the feasibility of the type-

Table 6
Endmill parameters.
Endmill Tool

ID
D
(mm)

N αel
(deg)

Cutting length
(mm)

fz
(mm/flute)

Spindle Speed
(rpm)

202,552 1 12 4 45 36 0.1 6366
202,274 2 10 3 45 16 0.04 12,732

degree of overlap combination. The geometrical features and the fixed
cutting parameters of each tool are summarized in Table 6.

A stiff workpiece (50x80x90mm) made of aluminium (6082-T4) was
adopted to perform the cutting tests. In detail, the workpiece was pre-
pared to include at least two milling tests (one in down-milling and one
in up-milling) at a time (Fig. 11a). Each time the surface was machined,
it was flattened and prepared again for the following tests. For these
two tool/workpiece couples the cutting force coefficients presented in
Table 7 were adopted. The coefficients were experimentally identified
by preliminary testing in slotting conditions and using the average force
method as presented by Altintas [28]. Even though average measured
forces were adopted, the obtained cutting coefficients are suitable to
analyze Fy at any angular position as it is shown in [29].

As far as force measurements are concerned, the workpiece was
clamped to a Kistler 9257A table dynamometer which was mounted on
the rotating table of the machine tool (Fig. 11b). Regarding the surface
error, the on-machine measuring probe (RENISHAW Power Probe 60)
was used to acquire the surface before and after each test (Fig. 11c).
The type-degree of overlap combination and the corresponding cutting
parameters including the endmill adopted for every cutting test are re-
ported in Table 8. It must be noted that the high and deep high overlap
configurations were not tested because they require several flutes cut-
ting simultaneously and aggressive cutting parameters, configurations
that rarely occur.

Fig. 11. Experimental set-up: a) milling test b) force measurement c) surface acquisition.
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Table 7
Cutting coefficients.
Ktc (N/mm2) Krc (N/mm2)

752.9 200.5

Table 8
Milling tests overview.
Test Type Overlap Strategy Tool ID ar (mm) ap (mm)

1 Ia No overlap Down 1 2 3
2 Ia Low Down 1 3 4
3 Ia Medium Down 1 6 5
4 Ia Medium Down 1 6.5 5
5 Ia No overlap Up 1 2 3
6 Ia Low Up 1 3 4
7 Ia Medium Up 1 6 5
8 Ia Medium Up 1 6.5 5
9 Ib No overlap Down 2 3 2

10 Ib Low Down 2 5 3
11 Ib Medium Down 1 6 3
12 Ib Medium Down 1 6.5 3
13 Ib No overlap Up 2 2.5 4
14 Ib Low Up 2 3 5
15 Ib Medium Up 1 6 8
16 Ib Medium Up 1 6.5 8.5
17 IIa No overlap Down 1 1 5
18 IIa Low Down 1 1 7
19 IIa Medium Down 1 4 12.4
20 IIa No overlap Up 1 1 5
21 IIa Low Up 1 1 7
22 IIa Medium Up 1 4 12.4
23 IIb No overlap Down 1 0.6 5.5
24 IIb Low Down 1 1 8
25 IIb Medium Down 1 2.5 12
26 IIb Deep medium Down 1 2 20
27 IIb No overlap Up 1 0.6 5.5
28 IIb Low Up 1 1 8
29 IIb Medium Up 1 2.5 12
30 IIb Deep medium Up 1 2 18
31 III No overlap Down 2 6 1
32 III Low Down 1 6 1
33 III Medium Down 1 7.5 2.5
34 III No overlap Up 2 6.5 1
35 III Low Up 2 7 2
36 III Medium Up 2 8 4

4.2. Force shape

The cutting forces were measured, compensated to reduce the im-
pact of the system dynamic on the cutting force measurements [30] and
post-processed to reduce measurement noise and compensate tool run-
out as in [29]. This compensation allows the clear identification of the
force shape in one period. The obtained cutting forces are shown in
groups based on the type of single flute single flute Fy shape (Fig. 13,
Fig. 14, Fig. 15, Fig. 16, Fig. 17). In each chart the vertical axis repre-
sents the unity based normalized Fy magnitude F*, and the horizontal
axis reports the engagement angle range ϑ* corresponding to one pe-
riod of Fy normalized by the tool pitch angle. In detail, the engagement
angle range is limited from ϑ1 to ϑ1 + ϕz in down-milling and from ϑ4-
ϕz to ϑ4 in up-milling. The equations to derive F* and ϑ* are provided
below:

(38)

where Fyk is the generic k value of Fy in one period, while max (Fy)
and min (Fy) represent the maximum and minimum values of Fy in one
period.

(39)

where ϑk is the generic k value of the engagement angle in one pe-
riod (from ϑ1 to ϑ1 + ϕz in down-milling and from ϑ4-ϕz to ϑ4 in up-
milling), while ϑs is the starting angle equal to ϑ1 in down-milling and
ϑ4-ϕz in up-milling. Examples of comparison between measured forces
and normalized forces for tests 1 and 4 are provided in Fig. 12.

In the following figures the force shapes of the different tests are an-
alyzed. Each chart reports one period of Fy (blue) and the analytical key
angles (red lines) obtained to verify the reliability of the proposed ap-
proach.

Fig. 13 presents the Fy shapes for type Ia with three different de-
grees of overlap, no overlap, low (L) and medium (M) for both down-
milling (first row) and up-milling (second row). With no overlap, only
one flute is involved in the cut, thus the Fy shape in one period is com-
posed by the single flute Fy shape and a constant portion representing
the absence of cut in both down-milling (test 1) and up-milling (test 5).
Indeed, good agreement is shown between the measured Fy shape and
the proposed key angles for both cutting strategies. In detail, in up-
milling, Fy shape presents a valley with a minimum identified by the
key angle ϑm, but, due to the low radial and axial depths of cut charac-
terizing the type Ia in the no overlap configuration, this valley is

Fig. 12. Example of normalized force and engagement angle range (right) compared to the actual measured force (left) for test 1 and 4.
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Fig. 13. Type Ia normalized Fy shapes (tests 1 to 4 in down-milling; tests 5 to 8 in up-milling).

poorly highlighted in the measured Fy shape. As both radial and axial
depths of cut increase, another flute join the cut, thus the constant por-
tion disappear, and low overlap occurs. Indeed, for down-milling (test
2), as soon as a second flute joins the cut, the high cutter exit angle (ϑ4)
is deleted by the rising edge of the second single flute Fy shape in-
volved in the cut. Therefore, the Fy period is reduced, and its shape is
identified by a smaller number of key angles, the low cutter entry an-
gle (ϑ1) and the high cutter entry angle (ϑ3) in agreement with the ex-
perimental result. Instead, for up-milling (test 6), as soon as a second
flute joins the cut, the low cutter entry angle (ϑ1) is deleted by the
falling edge of the second single flute Fy shape involved in the cut.
Thus, the Fy shape is identified by the minimum angle (ϑm), the low
cutter exit angle (ϑ2) and the high cutter exit angle (ϑ4). The proposed
key angles are in good match with the measured force, and, thanks to
the higher depths adopted, the valley of the Fy shape, which is identi-
fied by ϑm, is more highlighted in this case. Moreover, it must be noted
that this valley appears in the Fy shape only because the cutting para-
meters adopted do not allow the falling edge of the second single flute
Fy shape to delete it. This concept is expressed by Eq. (29), which is
verified for test 6. With more aggressive cutting parameters the
amount of overlap between the two single flute Fy shapes increases,
and medium overlap is obtained. In this configuration the amplitude of
Fy period is considerably reduced limiting the variations of the force
shape. Indeed, in down-milling (test 3 and test 4), the Fy shape is the
same as in the low overlap configuration since no other key angle was
deleted. On the other hand, in up-milling (test 7 and test 8), regardless
the cutting parameters adopted ϑm is not present in Fy shape because it
is deleted by the second single flute Fy shape. In both cutting strategies,
with medium overlap good match is found between the measured force
shapes and the proposed key angles.

Fig. 14 shows the Fy shapes for type Ib in three different configura-
tions, no overlap, low overlap (L) and medium overlap (M) for both
down-milling (first row) and up-milling (second row). In down-milling,
the proposed key angles fairly represent Fy shape in most of the configu-
rations. Focusing on down-milling, type Ib differs from type Ia only for
the magnitude of αen which changes the relative distance between ϑ1
and ϑ3. Despite this difference, the same observations made for type Ia
apply also to type Ib. On the other hand, in up-milling (test 13), type Ib
is significantly different from type Ia due to the additional key angle
(ϑu). In the no overlap configuration, only one flute is involved in the

cut, but, due to the low signal to noise ratio, the constant portion repre-
senting the absence of cut and the portion between ϑ1 and ϑm of the sin-
gle flute Fy shape are altered, thus they are not clearly highlighted in
the measured force. Moreover, due to the cutting parameters adopted
for this configuration the distance between ϑ2 and ϑu is small. Nonethe-
less, this short distance allows the maximum of the measured Fy shape
to be clearly identified according with the proposed formulations. As
the cutting parameters increase, another flute joins the cut and low
overlap is obtained (test 14). Analogously to type Ia, as soon as the sec-
ond flute joins the cut the low cutter entry angle (ϑ1) is deleted by the
second single flute Fy shape. Moreover, in test 14, the key angle ϑm is
not considered for the Fy shape, as it is confirmed by the measured Fy
shape. Indeed, due to the cutting parameters adopted, the second single
flute Fy shape overlaps the single flute Fy shape of reference deleting ϑm,
as it is expressed by Eq. (29), which is not verified in this case. Further-
more, in this configuration, despite the small difference, the difference
between ϑ2 and ϑu is better highlighted. Using higher depths of cut, the
amount of overlap between the two single flute Fy shapes increases, and
medium overlap is found (test 16). In this condition, the amplitude of
the Fy period is heavily reduced limiting the variations of the Fy shape.
Indeed, in this configuration, the measured Fy shape presents a triangu-
lar shape, which is significantly different from the corresponding single
flute Fy shape. According to this different shape, the proposed approach
gives two key angles ϑ2 and ϑ4, which despite small deviations still
identify the triangular shape. It must be noted that these small devia-
tions appear overstated in the figure on account of the small amplitude
of the Fy period. Moreover, despite the key angle ϑu identifies the maxi-
mum of the single flute Fy shape, in the medium overlap configuration
it does not affect the Fy shape because the effect of the rising edge of the
second single flute Fy shape is dominant compared to the amplitude of
the peak of the reference single flute Fy shape.

In Fig. 15 the Fy shapes for type IIa in three different configurations,
no overlap, low overlap (L) and medium overlap (M) for both down-
milling (first row) and up-milling (second row) are presented. In down
milling (test 17), for the no overlap configuration where only one flute
is involved in the cut, both the constant portion and the trapezoidal
shape of the type IIa single flute Fy shape are well identified by the pro-
posed key angles. As the axial depth of cut increases, another flute joins
the cut, low overlap is found (test 18), and the high cutter exit angle
(ϑ4) is deleted by the second single flute Fy shape. As both radial and ax-
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Fig. 14. Type Ib normalized Fy shapes (tests 9 to 12 in down-milling; tests 13 to 16 in up-milling).

Fig. 15. Type IIa normalized Fy shapes (tests 17 to 19 in down-milling; tests 20 to 22 in up-milling).

ial depths of cut are increased, more flutes join the cut, the amount of
overlap between two consecutive single flute Fy shapes becomes more
significant, and medium overlap is obtained (test 19). In this case, due
to the small amplitude of the Fy period the variations in the Fy shape are
limited. Indeed, the measured Fy shape presents a simple triangular
shape, which is significantly different from the corresponding single
flute Fy shape. Moreover, due to aggressive cutting parameters re-
quested for this type/degree of overlap combination, also the key an-
gles belonging to the other single flute Fy shapes involved in the cut be-
come relevant for the overall Fy shape identification. In detail, for

down-milling, the key angles belonging to the single flute Fy shapes pre-
ceding the one of reference are selected for the overall Fy shape (ϑp3).
Following these aspects, the proposed key angles well identify the mea-
sured Fy shape. Regarding the up-milling strategy, for the no overlap
configuration (test 20), the constant portion is not well highlighted in
the measured Fy shape, due to small signal to noise ratio; however, the
trapezoidal shape of the type IIa single flute Fy shape is well recogniz-
able. In detail, the proposed key angles, despite small deviations, well
represents the valley, the constant portion, and the peak of type IIa. As
the axial depth of cut is increased low overlap is found (test 21), and the
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low cutter entry angle (ϑ1) is deleted by the second single flute Fy shape
involved in the cut. Moreover, since Eq. (29) is verified, the valley is
still present in the Fy shape, and it is well identified by ϑm. In this case
the measured force shape is well identified by the proposed key angles,
despite small deviations in the constant portion between ϑ2 and ϑ3.
With higher axial and radial depths of cut, several flutes join the cut,
the amount of overlap between two consecutive single flute Fy shapes
becomes consistent reducing the Fy period and limiting variations in the
Fy shape. Indeed, also in up-milling, for the medium overlap condition
(test 22), the measured Fy shape presents a simpler triangular shape.
Following the proposed method, due to aggressive cutting parameters
requested for this type/degree of overlap combination, also the key an-
gles belonging to the other single flute Fy shapes involved in the cut be-
come relevant for the overall Fy shape. However, in up-milling, the key
angles belonging to the single flute Fy shape following the one of refer-
ence are the ones considered for the overall Fy shape (ϑf2 and ϑfm). Fur-
thermore, it must be noted that for type IIa the valley identified by ϑfm
may be relevant also in the medium overlap configurations, unlike type
Ia and type Ib, because, depending on the cutting conditions, the con-
stant portion of the trapezoidal shape of the considered type IIa single
flute Fy shape may overlap with the valley of one of the following type
IIa single flute Fy shapes involved in the cutting process. This possibility
is represented by Eq. (30), which is verified for test 22, therefore ϑfm be-
comes relevant for the overall Fy shape. Overall, good match is obtained
between the measured Fy shape and the proposed key angles.

Fig. 16 shows the Fy shapes for type IIb in four different configura-
tions, no overlap, low overlap (L) medium overlap (M) and deep
medium overlap (m) for both down-milling (first row) and up-milling
(second row). In down-milling, for the no overlap and low overlap
configurations (test 23 and test 24) the same observations made for
type IIa also apply to type IIb. In the medium overlap configuration,
the Fy shape is slightly different. Indeed, with more aggressive depths
of cut, several flutes join the cut, and the period of Fy is reduced. In
this condition, the constant portion characterizing the trapezoidal type
IIb single flute Fy shape plays a crucial role in the identification of the
cutting force shape because, depending on the cutting conditions,
some of the key angles describing the single flute Fy shapes involved
in the cut may overlap with the constant portion of the single flute Fy
shape of reference and become relevant for the overall Fy shape. As it

is shown in test 25, the measured Fy shape assumes a triangular shape
followed by a small constant portion, but the proposed key angles still
identify the overall force shape. Indeed, the key angle ϑp4 is related to
the cutting conditions through Eq. (26), which is verified for cutting
conditions adopted, therefore such key angle becomes relevant for the
cutting force shape identification. On the contrary, in test 23, where
Eq. (26) is not verified, the ϑp4 is not relevant for Fy shape, as it is con-
firmed by the measured force shape. With higher depths of cut, more
flutes join the cut, the period of Fy is reduced even more, and the deep
medium overlap is found. Nonetheless, the Fy shape is well identified
by the same key angles despite small deviations, and the same obser-
vations made for the medium overlap apply to the deep medium over-
lap case (test 26). However, it must be pointed out that despite being
the same key angles the actual values of these angles is different since
the cutting conditions adopted in tests 25 and 26 are different and a
different number of flutes is involved in the cut. Moving to up-milling,
for the no overlap configuration (test 27), due to the small difference
between the peak value and the minimum value in the measured
force, the trapezoidal shape cannot be easily identified. However, the
key angles ϑ2, ϑ3, ϑu and ϑ4 well identify the constant portion and the
peak of the single flute Fy shape. Instead, the valley describing the sin-
gle flute Fy shape is not well represented by ϑm, on account of the low
signal to noise ratio. As both the radial and axial depth of cut in-
creases, another flute joins the cut, low overlap is found (test 28), and
the high cutter exit angle (ϑ4) is deleted by the second single flute Fy
shape involved in the cut. Moreover, thanks to the higher cutting
forces the trapezoidal shape is more recognizable, and despite small
deviations the proposed key angles well identify the measured Fy
shape. With more aggressive depths of cut, several flutes join the cut,
the period of Fy is reduced and the medium overlap is found. In this
configuration the same observation made in down-milling also apply
to up-milling. Indeed, in test 29, the measured Fy shape is composed
by a small valley followed by a triangular shape, but the proposed key
angles well identify the overall force shape. In detail, the valley por-
tion, which is not well highlighted on account of the small amplitude,
is identified by ϑf1 and ϑfm, and they both depend on the cutting con-
ditions trough Eq. (26) and Eq. (30) respectively. On the other hand,
the triangular portion of the Fy shape is identified by ϑf2 and ϑ4, which
are always relevant for this configuration independently from the cut-

Fig. 16. Type IIb normalized Fy shapes (tests 23 to 26 in down-milling; tests 27 to 30 in up-milling).
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ting conditions adopted. With higher axial depths of cut, more flutes
join the cut, the period of Fy is reduced even more, and the deep
medium overlap is found (test 30). In this case, the measured Fy shape
is significantly different from the medium overlap configuration, but
the proposed key angles well identify the trapezoidal shape assumed
by the measured force. Moreover, in this case, cutting conditions still
play a key role in the Fy shape identification. Indeed, the key angles
ϑf2 and ϑ4, are still relevant like the previous case, but ϑ3 and ϑu are
related to the cutting conditions through Eqs. (32) and (33) respec-
tively. These equations are verified in test 30, therefore ϑ3 and ϑu are
relevant for the Fy shape according with the measured Fy shape.

Fig. 17 presents the Fy shapes for type III in three different configu-
rations, no overlap, low overlap (L) and medium overlap (M) for both
down-milling (first row) and up-milling (second row). In down-
milling, for the no overlap configuration (test 31), only one flute is in-
volved in the cut, thus the Fy shape in one period is composed by the
single flute Fy shape followed by constant portion representing the ab-
sence of cut. In test 31, due to the low signal to noise ratio, the mea-
sured Fy shape is significantly altered, and the proposed key angles do
not clearly identify the features of the force shape. However, the pro-
posed key angles still highlight the rising and the falling edge of the
measured Fy shape. As soon as another flute joins the cut, low overlap
is obtained (test 32), and high cutter exit angle (ϑ4) is deleted by the
second single flute Fy shape. In this case, the proposed key angles
mange to identify the measured Fy shape. In detail, the peak is clearly
highlighted since the high cutter entry angle (ϑ3) and the peak angle
(ϑM) are very close. Indeed, this short distance is related to the cutting
parameters adopted which were imposed by type/degree overlap com-
bination. However, due to this short distance, the difference between
ϑ3 and ϑM cannot be seen in terms of force amplitude. As the depth of
cut are increased, the amount of overlap between the two single flute
Fy shapes increases and medium overlap is found (test 33). In this con-
figuration, the peak angle (ϑM) is deleted by the rising edge of the sec-
ond single flute Fy shape involved in the cut. Therefore, the Fy shape is
identified only by ϑ1 and ϑ3. However, the measured Fy shape presents
a more complex evolution, which is the result of the rising/falling
edges of the single flute Fy shapes overlapping one another. For this
reason, a better identification cannot be obtained without adding

force simulation. In up-milling for the no overlap configuration (test
34) only one flute is involved in the cut, and the Fy shape in one pe-
riod is composed by the single flute Fy shape followed by constant por-
tion representing the absence of cut. In this case, the constant portion
is almost absent due to the cutting parameters adopted. Nonetheless,
the measured Fy shape well represents the type III single flute Fy shape
according to the proposed key angles. In detail, it must be noted that
due to cutting parameters adopted for the test, the peak angle (ϑM)
and the low cutter exit angle are very close (ϑ2). Therefore, the peak
of the measured Fy shape is well highlighted, but the difference be-
tween ϑ2 and ϑM cannot be seen in terms of force amplitude. As the
depths of cut are increased, another flute joins the cut, low overlap is
obtained (test 32), and the low cutter entry angle (ϑ1) is deleted by
the second single flute Fy shape involved in the cut. Nonetheless, the
proposed key angles identify the measured Fy shape. In detail, it must
be noted that the valley identified by ϑm affect the measured Fy shape
because the cutting conditions adopted does not allow the second sin-
gle flute Fy shape involved in the cut to delete this valley. This concept
is represented by Eq. (29), which is verified for test 32, according with
the measured Fy shape. As the depth of cut are increased, the amount
of overlap between the two single flute Fy shapes increases and
medium overlap is found (test 33). In this configuration, the peak an-
gle (ϑM) is deleted by the falling edge of the second single flute Fy
shape involved in the cut. Therefore, the Fy shape is identified only by
ϑ2 and ϑ4. However, the measured Fy shape presents a more complex
evolution, which is the result of the rising/falling edges of the single
flute Fy shapes overlapping one another. For this reason, a better iden-
tification cannot be obtained without adding force simulation.

4.3. Surface error shape

Before each test, the initial workpiece surface was finished and mea-
sured. Then, after each cut, the newly machined surface was acquired,
and the measured surface error profile was computed as the difference
between the two acquired surfaces and the radial depth of cut. The
measured surface error is affected by the tool runout since its impact
cannot be compensated. However, following an indirect approach as in
[31], tool runout was measured for both tools (0.006 mm for tool 1,

Fig. 17. Type III normalized Fy shapes (tests 31 to 33 in down-milling; tests 34 to 36 in up-milling).
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and 0.007 mm for tool 2). Due to the small values obtained, it was as-
sumed that tool runout did not significantly alter the surface error
shape. The measured surface error profiles were compared with the an-
alytical results of the proposed approach. In detail, the surface error
profiles are presented in groups based on the type of single flute Fy
shape (Fig. 18, Fig. 19, Fig. 20, Fig. 21, Fig. 22). In each chart the verti-
cal axis represents the unity based normalized axial depth of cut Z*, and
the horizontal axis reports the unity based normalized surface error
magnitude e*. The equation expressing Z* and e* are presented as fol-
lows:

(40)

where zk is the axial distance from the tooltip of a generic point k
along the tool axis.

(41)

where ek is the generic k value of the surface error e along ap, while
max (e) and min (e) represent the maximum and minimum values of e
along ap. In each chart the measured surface error profile (blue) and the
analytical key points axial positions (red lines) are reported. The bot-
tom red line (z21 in down-milling and z11 in up-milling) represents the
bottom of the axial depth of cut (ap), while the top red line (z41 in
down-milling and z31 in up-milling) represents the top of the axial
depth of cut (ap).

Fig. 18 shows type Ia single flute Fy shape with three degrees of
overlap, no overlap, low (L) and medium (M), for both down-milling
(first row) and up-milling (second row). In down-milling, the surface

Fig. 18. Type Ia normalized surface error profiles (tests 1 to 4 in down-milling; tests 5 to 8 in up-milling).

Fig. 19. Type Ib normalized surface error profiles (tests 9 to 12 in down-milling; tests 13 to 16 in up-milling).
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Fig. 20. Type IIa normalized surface error profiles (tests 17 to 19 in down-milling; tests 20 to 22 in up-milling).

Fig. 21. Type IIb normalized surface error profiles (tests 23 to 26 in down-milling; tests 27 to 30 in up-milling).

generation range is delimited by the key angles ϑ2 and ϑ4 of the start-
ing period of Fy, and they are defined through Eqs. (15) and (17). The
starting period of Fy is referred to as “1”, and the key angles delimiting
the surface generation range in down-milling are referred to as ϑ21 and
ϑ41. These two key angles identify the endpoints of the surface generat-
ing force shape, and, according to Eq. (34), they provide the axial posi-
tions z21 and z41. These two axial positions are the endpoints of the ax-

ial depth of cut ap for any down-milling operations. For the no overlap
configuration (test 1), the surface generation range is located within
one period of Fy where the surface generating force shape is identified
only by key angles ϑ21 and ϑ41. Therefore, the surface error shape is de-
scribed by only the key points representing the endpoints of the axial
depth of cut, as it is confirmed by the experimental result. As the de-
gree of overlap increases, and higher axial depths of cut are used, the
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Fig. 22. Type III normalized surface error profiles (tests 31 to 33 in down-milling; tests 34 to 36 in up-milling).

amplitude of the surface generation range increases, while the ampli-
tude of the Fy period decreases. For this reason, the surface generation
range covers more periods of the Fy shape. In the low overlap configu-
ration (test 2) two periods of Fy are located within the surface genera-
tion range, and in this range the only key angles identifying the sur-
face generating force shape are ϑ21 and ϑ41 of the starting period, to-
gether with the key angle ϑ1 of the first period following the starting
one (ϑ12). Therefore, the surface error shape is identified by the end-
points of the axial depth of cut (z21 and z41) and the key point related
to ϑ12, which is referred to as z12. In this configuration the measured
surface error shape shows good agreement with the proposed analyti-
cal axial positions. In the medium overlap configuration (test 3), the
surface generation range covers two periods of the Fy, but due to the
cutting conditions adopted, the key angle ϑ41 of the starting period is
equal to the key angle ϑ32 of the following period. Therefore, the sur-
face generating force shape is characterized by ϑ11 and two equals key
angles (ϑ41 and ϑ32). Consequently, the surface error shape is identified
by z21 and two equal positions (z41 and z32). The measured surface er-
ror and the analytical axial positions are in good agreement, but the
measured surface error shows considerable fluctuations. These fluctua-
tions are probably related to forced vibrations, which depending on
the cutting parameters adopted, may add fluctuations to the surface er-
ror shape. In test 4, the situation is similar, but ϑ32 is not equal to ϑ41.
Therefore, the surface error shape is effectively identified by z21, z41

and z32. However, due to the dynamic effects, fluctuations are present
in the measured surface error making z32 difficult to highlight. In up-
milling, the surface generation range is delimited by the key angles ϑ1
and ϑ3 of the starting period of Fy, and they are defined through Eqs.
(14) and (16). The starting period of Fy is referred to as “1”, and the
key angles delimiting the surface generation range in up-milling are re-
ferred to as ϑ11 and ϑ31. These two key angles identify the endpoints of
the surface generating force shape, and, according to Eq. (35), they
provide the axial positions z11 and z31. These two axial positions are
the endpoints of the axial depth ap for any up-milling operations. In
the no overlap configuration (test 5) the surface generation range is lo-

cated within one period of Fy where the surface generating force shape
is identified by the key angles ϑ11, ϑm1 and ϑ31. Therefore, the surface
error shape is described by the key points representing the endpoints
of the axial depth of cut and the key point related to ϑm1, which is re-
ferred to as zm1. In this case despite the same fluctuations related to dy-
namic effects, there is a good match between the measured surface er-
ror shape and the analytical axial positions proposed. In the low over-
lap configuration (test 6) two periods of Fy are located within the sur-
face generation range, and in this range the key angles identifying the
surface generating force shape are the ϑ11, ϑm1 and ϑ31 of the starting
period along with the key angle ϑ4 of the first period preceding the
starting one (ϑ42). Therefore, the surface error shape is identified by
the endpoints of the axial depth of cut (z11 and z31) and the key points
related to ϑm1 and ϑ42, which are referred to as zm1 and z42. In this con-
figuration, the measured surface error shape shows good agreement
with the proposed analytical axial position, despite the fluctuations. In
the medium overlap configuration (test 7), the same condition de-
scribed for test 3 in down-milling occurs. Indeed, the surface genera-
tion range covers two periods of the Fy, but due to the cutting condi-
tions adopted, the key angles ϑ42 of the starting period and ϑ31 of the
preceding period are equals. Therefore, the surface error shape is iden-
tified by z11 and two equal axial positions z31 and z42. In this case, mea-
sured surface error and the analytical axial positions are in good agree-
ment, and fluctuations are less dominant. In test 8, two periods of Fy
are located within the surface generation range, and the key angles
identifying the surface generating force shape are ϑ11, ϑ31 and the key
angle ϑ2 of the period preceding the starting one (ϑ22), Therefore, the
surface error shape is identified by the endpoints of the axial depth of
cut (z11 and z31) and the key point related to ϑ22 (z22). However, due to
the dynamic effects, measured surface error shows fluctuations which
make z22 less recognizable.

Fig. 19 presents type Ib single flute Fy shape with three different
degrees of overlap (no overlap, Low and Medium) in both down-
milling and up-milling. In terms of surface error profile, the differ-
ences between type Ia and type Ib are minimal because the variation
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in the Fy shape occurs outside the surface generation range. Therefore,
the surface error profiles for type Ib resemble the ones for type Ia, and
the same observations made for type Ia also apply to type Ib. How-
ever, in test 14, unlike test 6, the surface error shape is not character-
ized by zm1 because ϑm1 is not relevant for Fy shape as it was explained
in force shape validation. Indeed, in test 6, due to the depths of cut
adopted, z42 is lower than zm1, and Eq. (29) is verified. However, when
Eq. (29) is not verified, as in test 14, z42 becomes higher than zm1

deleting it.
Fig. 20 shows type IIa single flute Fy shape in three different config-

urations, no overlap, low overlap (L) and medium overlap (M) for both
down-milling and up-milling. In down-milling for the no overlap con-
figuration (test 17), the surface generation range is located within one
period of Fy where surface generating force shape is identified by ϑ21,
ϑ31 and ϑ41. Therefore, the surface error shape is characterized by z21

and z41, which represent the endpoints of the axial depth of cut but
also z31which represents the key point axial position related to ϑ31. In
this case, despite some fluctuations, a very good match is found be-
tween the proposed axial positions and the measured surface error
shape. In the low overlap condition (test 18) the surface generation
range covers two periods of Fy, and surface generating force shape is
identified by the key angles ϑ21, ϑ31 and ϑ41 of the starting period and
the key angle ϑ12 of the following period. Thus, the surface error shape
is identified by the endpoints representing the axial depth (z21 and z41)
and the axial positions z31 and z12which are related to ϑ31 and ϑ12 re-
spectively. For this test, the proposed analytical axial positions well
agree with the measured surface error shape. In the medium overlap
configuration (test 19) due to the high axial depth of cut adopted, the
amplitude of the surface generation range is significantly high cover-
ing three periods of Fy. Therefore, the surface generating force shape is
identified by ϑ21 and ϑ41 from the starting period, ϑ12, ϑp32 from the
first period following the starting one and ϑ13 from the second period
following the starting one. Consequently, the surface error shape is
identified by the endpoints of the axial depth of cut (z21 and z41) to-
gether with z12, zp32 and z13 obtaining a good correspondence with the
measured surface error shape. In up-milling, for the no overlap config-
uration (test 20), the same considerations made in down-milling apply
also to up-milling. Indeed, the surface generation range covers only
one period of Fy where the surface generating force shape is identified
by ϑ11, ϑm1, ϑ21 and ϑ31, but the first and the last key angle (ϑ11 and
ϑ31) also identify the endpoints of the surface generation range. There-
fore, the surface error shape is identified by the endpoints of the axial
depth of cut (z11 and z31), zm1 and z21, which are related to ϑm1 and ϑ21

respectively. These four analytical positions show a good match with
the measured surface error shape. In the low overlap configuration
(test 21), following the same pattern, the surface generation range cov-
ers two periods of Fy. and the surface error shape is identified by the
endpoints of the axial depth of cut, zm1, z21, which are related to the
key angles ϑm1 and ϑ21 of the starting period, and z42, which is related
to the key angle ϑ42 of the preceding period. These axial positions
agree well with the measured surface error, and as previously ex-
plained the presence of zm1 depends on Eq. (29) which is verified in
this case. In the medium overlap configuration (test 22), the surface
generation range covers three periods of Fy, and the key angles of all
three periods identify the surface generating force shape. In detail, the
surface generating force shape is characterized by three key angles
(ϑ11, ϑ31, ϑfm1) from the starting period, two key angles (ϑf22and ϑfm2)
from the first period preceding the starting one, and one key angle
(ϑ43) from the second period preceding the starting one. Therefore, the
surface error shape is identified by the axial depth of cut endpoints,
zfm1, zf22 zfm2 and z43. In this case, the measured surface error shape
presents small fluctuations, however the found analytical axial posi-
tions well agree with the experimental shape.

In Fig. 21 type IIb single flute Fy shape with four different degrees of
overlap, no overlap, low (L), medium (M) and Deep medium (m) is

shown. The first row shows the surface error profiles in down-milling
while the second row shows the ones in up-milling (second row). In
down-milling, for the no overlap and low overlap configurations (test
23 and test 24), the same consideration made for type IIa also apply to
type IIb because type IIb differs from type IIa only for the higher axial
depth of cut, which has an impact on the higher degrees of overlap. In-
deed, for the medium overlap configuration (test 25) due to the lower
axial depth of cut compared to test 19, the surface generation range
covers only two periods of Fy, but Eq. (26) is verified, and the key angle
ϑp4 becomes relevant for the Fy shape, as it was described in the force
shape validation. Therefore, the surface generating force shape is iden-
tified by ϑ21, ϑ41 and ϑp41 from the starting period along with ϑ12and
ϑp32 from the following period. Following Eq. (34), the obtained analyt-
ical axial positions (z21, z31, zp41, z12and zp32) show good agreement with
the measured surface error shape. In the deep medium overlap configu-
ration (test 26), thanks to the higher axial depth of cut, the surface gen-
eration range covers three periods of Fy, and several key angles identify
the surface generating force shape. Indeed, Eq. (26) is verified thus ϑp4
becomes relevant for the Fy shape, and the surface generating force
shape is characterized by three key angles from the starting period (ϑ21,
ϑ41 and ϑp41), three key angles (ϑ12, ϑp32 and ϑp42) from the first period
following the starting one, and two key angles (ϑ13 and ϑp33) from the
second period following the starting one. The several axial positions ob-
tained by these key angles well agree with the measured surface error
shape even if the measured profile presents small fluctuations related to
dynamic effects. In up-milling, for the no overlap configuration (test
27) the axial positions obtained follow the same procedure described
for test 20. However, due to the conservative cutting parameters
adopted, cutting forces were low, and the measured surface error shape
suffers from the ploughing of the material. For this reason, zm1and z21

cannot be identified on the altered measured surface error. In the low
overlap, configuration (test 28), the surface generation range covers
two period of Fy, but, unlike test 21, a higher number of key angles (ϑu2

and ϑ42) of the first period preceding the starting one identify the sur-
face generating force shape. Indeed, with the same degree of overlap, a
higher axial depth of cut was adopted, and the amplitude of surface
generation range increased covering a wider portion of the second pe-
riod of Fy. For this reason, the surface error shape is identified by the
endpoints of the axial depth of cut (z11 and z31), z21, zu2 and z42. In this,
case, despite small fluctuations affecting the measured surface error
shape, the analytical axial positions are in good agreement with the ex-
perimental result. In the medium overlap configuration (test 29), the
surface generation range covers two periods of Fy, unlike test 22, be-
cause a lower axial depth of cut was used. However, due to the cutting
conditions adopted, both Eqs. (26) and (30) are verified therefore the
key angle ϑf1 and ϑfm become relevant for the Fy shape. Consequently,
the surface generating force shape is identified by four key angles (ϑ11,
ϑf11, ϑfm1 and ϑ31) from the starting period and three key angles (ϑfm2,
ϑf22 and ϑ42) from the preceding period. The axial positions obtained
from these key angles present a good match with the measured surface
error shape even if it is affected by small fluctuations. In the deep
medium overlap condition (test 30) the surface generation range covers
three periods of Fy, and Eq. (33) is verified with cutting parameters
adopted making ϑu relevant in each period. Therefore, the surface gen-
erating force shape is identified by three key angles from the starting
period (ϑ11, ϑ31 and ϑf21), three key angles (ϑ32, ϑu2 and ϑ42) from the
first period preceding the starting one, and two key angles (ϑu3 and ϑ43)
from the second period preceding the starting one. Following Eq. (35),
the obtained axial positions are in very good agreement with the mea-
sured surface error despite the fluctuations affecting the measured pro-
file.

In Fig. 22 type III single flute Fy shape with three different degrees of
overlap (no overlap, Low and Medium) is reported for both down-
milling (first row) and up-milling (second row). In down-milling, for
the type III/no overlap combination (test 31), the amplitude of the sur-
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face generation range is very small, and it covers one period of Fy where
the surface generating force shape is identified only by the key angles
ϑ21 and ϑ41. Therefore, the surface error shape is described by only the
key points representing the endpoints of the axial depth of cut as it is
confirmed by the experimental result. In the no overlap configuration
(test 32), despite the higher degree of overlap, the surface generation
range covers only one period of Fy where the surface generating force
shape is identified only by the key angles ϑ21 and ϑ41. Therefore, in this
case, the same axial positions as the previous case are obtained. How-
ever, despite the same good agreement with the experimental results,
the two measured surface errors are different because the slope of the
falling edge of the Fy shape changes from test 31 to test 32 on account of
the overlap. In the medium overlap condition (test 33). The surface gen-
eration range covers two periods, and, within this range, the surface
generating force shape is identified by ϑ21 and ϑ41 from the starting pe-
riod and ϑ31from the following period. Therefore, the surface error
shape is identified by z21, z41 and z32. However, due to the low axial
depth of cut, the surface generation range is extremely small, and side
effects which may affect measured the surface error becomes signifi-
cant. Because of this, the measured surface error shape is altered, and
z32 is not highlighted. In up-milling, for the no overlap configuration
(test 34), the small surface generation range covers only one period of
Fy, and the surface generating force shape is identified by only the key
angles ϑ11 and ϑ31. Therefore, the surface error shape is described by
only the key points representing the endpoints of the axial depth of cut,
as it is confirmed by the experimental result. In the low overlap configu-
ration (test 35) two periods of Fy are located within the surface genera-
tion range, and the key angles identifying the surface generating force
shape are ϑ11, ϑ31 and the key angle ϑ4 of the period preceding the start-
ing one (ϑ42), Therefore, the surface error shape is identified by the end-
points of the axial depth of cut (z11 and z31) and the key point related to
ϑ42 (z42). However, due to the dynamic effects, measured surface error
shows fluctuations which make z42 not recognizable. In the medium
overlap configuration (test 36) the surface generation range covers two
periods of Fy, and within this range the surface generating force shape is
identified by ϑ11, ϑ31 and ϑ22. Therefore, the surface error shape is iden-
tified by the endpoints of the axial depth of cut (z11 and z31) and z42. De-
spite small deviations, the analytical key points axials positions well
identify the measured surface error shape.

Generally, the proposed analytical axial positions effectively iden-
tify the surface error shape for any type/degree of overlap combination.
However, for the certain combinations the measured surface error
shapes shows fluctuations which may hide some of the proposed analyt-
ical positions. These fluctuations are probably related to the dynamic
effects, which probably depends on the frequency content of Fy in the
specific type/degree of overlap condition. However, it is interesting to
note that with high axial depths of cut, measured surface errors still
show fluctuations, but the proposed analytical positions still identify
accurately the measured surface error shape. Therefore, the proposed
formulations could represent an effective tool to increase the productiv-
ity of milling operations.

4.4. Application to surface error prediction

The proposed formulations were applied to a predictive method to
evaluate the surface error. In detail, the method considered is presented
in [28], and it evaluates the surface error at i point due to the dFy cut-
ting force acting on point j with the following equation:

(42)

(43)
(44)

where l represents the tool overhang, while zi and zj are the dis-
tances from the tooltip of point i and point j, respectively. Instead EI
represents the product between the Young modulus and the moment of
Inertia for the endmill considered. Finally, the total predicted surface
error ei at the zi position from the tooltip is found as follows:

(45)

where m is the number of points composing the axial depth of cut.
The proposed formulations are used to evaluate the static deflec-

tions only at the zi positions corresponding to the key points instead of
computing the static deflection for all the zi positions composing the ax-
ial depth of cut as in [28]. Therefore, the number of calculations needed
is considerably reduced without compromising the accuracy of the sur-
face error prediction. This application was tested with some of the ex-
perimental error profiles obtained from the milling tests listed in
Section 4.1 (Tests 4, 19, 26, 33 for down-milling and tests 8, 22. 30, 36
for up-milling). The EI values for the two endmills were found through
Eq. (42) starting from two experimental static stiffness values:
4040.9 N/mm for tool 1 at 3 mm from the tooltip and 2304 N/mm for
tool 2 at 5 mm from the tooltip. The comparisons between the pre-
dicted surface error profile and the measured one are shown in Fig. 23.
In each chart the vertical axis Z* represents the unity based normalized
axial depth of cut, while the horizontal axis reports surface error magni-
tude.

The comparison shows that the evaluation of the tool static deflec-
tion only in correspondence to the key points axial positions is a valid
method to effectively reproduce the surface error profile. In detail, it is
interesting to note that even if some of the proposed analytical posi-
tions cannot be identified on the measured surface error shape, their
use for the surface error prediction helps increasing the accuracy of the
prediction, as it can be seen in test 4, 8 and 33. Moreover, for type III
with medium overlap (test 36), the predicted surface error differs sig-
nificantly from the measured one in terms of magnitude. This deviation
could be due to an underestimation of the tool 2 flexibility or to dy-
namic effects which could be relevant especially at high spindle speed
as the one tested using the tool 2.

5. Conclusions

The surface error caused by the tool static deflection in peripheral
milling varies along the axial depth of cut and it presents a certain
shape. This shape is strictly related to the shape of the resultant of the
cutting forces along the perpendicular to the feed direction (Fy). How-
ever, the shape of Fy is not unique, and it changes according to the cut-
ting strategy, tool geometry and cutting parameters. Therefore, the sur-
face error shape varies according to the same factors.

In this paper a comprehensive picture of the surface error shape is
proposed. The shape of Fy was investigated through key points which
are identified in the engagement angle domain ϑ by key angles. These
key angles were defined analytically with dedicated equations for all
the possible shapes which Fy may assume. Moreover, these key angles
were exploited to obtain the axial positions which characterize the sur-
face error shape with additional equations. Both the key angles and the
axial position analytically obtained were experimentally validated
through several cutting tests in a wide range of different Fy shapes. The
results show that the equations identify accurately the shape of both Fy
and the surface error in different cutting conditions.

Furthermore, as an application, the equations proposed were cou-
pled with an established tool deflection model to predict surface error
reducing the number of axial positions where the tool deflection is eval-
uated. The predicted surface error was compared with some of the ex-
perimental results previously obtained from the cutting tests proving
that the proposed formulations are a suitable tool to effectively predict
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Fig. 23. Comparison between measured and predicted surface error (tests 4, 19, 26, 33 in down-milling; tests 8, 22, 30, 36 in up-milling).

surface errors even for cutting operations with high depths of cut. Simi-
larly, the proposed formulations could be potentially applied to predic-
tive approach for thin-walled components deflection in order to accu-
rately estimate the workpiece/tool couple deflection considering only a
reduced number of points (such as the one proposed in [5]). As well as
this, the equations proposed in this paper may be exploited to reduce
the numbers of points for in-line surface measurements saving time for
quality control. Finally, since the equations proposed depend on cutting
parameters and tool geometry, they could help preselecting tool geome-
try and cutting parameters to obtain a certain surface error shape.
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