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Abstract: We prove interpolating estimates providing a bound for the oscillation of a function in terms
of two L” norms of its gradient. They are based on a pointwise bound of a function on cones in terms
of the Riesz potential of its gradient. The estimates hold for a general class of domains, including,
e.g., Lipschitz domains. All the constants involved can be explicitly computed. As an application,
we show how to use these estimates to obtain stability for Alexandrov’s Soap Bubble Theorem and
Serrin’s overdetermined boundary value problem. The new approach results in several novelties and
benefits for these problems.
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1. Introduction

Let Q c R" be a bounded domain. For 1 < p < oo the number ||f]| ».0, Will denote the LP-norm of a
measurable function f : Q — R with respect to the normalized Lebesgue measure du, = dx/|Q)|.

In Theorems 2.4 and 2.7, for N < g < oo, we prove the following interpolating inequalities, which
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hold true for any f € W4(Q):

VAl for p> N
mﬁaxf— mﬁinf <c ”Vf”g,ﬁ 10g(61LVf||q,g/|IVfIIN,Q), for p =N, (1.1)
IVALGIVAL o™ for 1 <p<N.
Here,
ap,q:w for N < g < oo, ap’ng.
N(q—p) N

Notice that simply combining the Morrey-Sobolev embedding W' < C%'=N/" for r > N and
the classical interpolation of L” spaces (i.e., Holder’s inequality) for p < r < g is not sufficient to
obtain (1.1). In fact, we would find that

. Apg.r I-a .qsr
mgxf— Hgnf <cliVAlla < cliVALG VAL Q™ (1.2)
where
q-r
Qpyr= ————.
PET g - p)

Now, as r — N7, we see that a,,, - tends to the exponent «,, , appearing in (1.1). However, in this limit,
the first inequality in (1.2) fails to be true, as one can see by taking f(x) = loglog(1 + 1/|x]) in the unit
ball B in RY for N > 2. In fact, f belongs to W!V(B), but has infinite oscillation. Nevertheless, (1.1)
still holds in the relevant case.

In order to prove (1.1), a different approach is needed. The one we present here has also the
advantage to give a unified treatment for all the cases of p € [1,00]. These not only include the
inequalities for 1 < p < N and the noteworthy logarithmic profile in the threshold case p = N, but
also the classical case p > N, which may be directly deduced from the classical Morrey-Sobolev
embedding. In addition, our proof clearly unveils the dependence of the constant ¢ in (1.1) on the
relevant geometric parameters in hand.

Our proof holds when Q is a bounded domain satisfying a uniform interior cone condition (see
Section 2.2 for the definition). Notice that some regularity of € (or, alternatively, some information on
the boundary traces) is needed for the validity of (1.1), as a simple counterexample shows. In fact, if
in the planar domain

Q={x=x,x)eR*:0<x <1, x| <x}}, forr>1,

we consider the function f(x) = x[l/ 7 we see that f € W4(Q) if g < r. Nevertheless, the oscillation

(and the L*-norm) of f is infinite. Thus, for any ¢ < oo, we can find r such that (1.1) fails on Q.

The proof of (1.1) is given in Section 2 and is based on a pointwise bound on cones for f in terms of
the Riesz potential of its gradient (see Lemma 2.1). When 1 < p < N, (1.1) is obtained by combining
that bound with an interpolation procedure performed on cones (see Lemma 2.5).

As an application of our inequalities, we shall use them to give an alternative way to obtain, and
even improve, certain estimates proved by the authors in [10, Theorems 2.10 and 2.8]. These have been
a crucial ingredient to obtain the stability of the spherical configuration for Alexandrov’s Soap Bubble
Theorem (SBT), Serrin’s and other related overdetermined problems (see, e.g., [3, 4, 8-10, 13-15]).
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More precisely, (1.1) can be used as a substitute of [15, Lemma 3.14] when aiming to obtain those
stability results in the spirit of [10, Theorems 2.10 and 2.8]. We shall detail in Section 3 how this
agenda can be carried out. We emphasize that, while [15, Lemma 3.14] can only be proved for sub-
harmonic functions (see also [11] for a version for sub-solutions of elliptic equations in divergence
form), our new bounds do not need this requirement. Thanks to this feature, they can also be useful in
different and more general contexts. More on this will be clarified in forthcoming research. See also
the recent paper [16].

In the remainder of this introduction, for the case of the SBT, we briefly describe the main steps of
the argument that motivates the application of our interpolating inequalities. Alexandrov’s SBT states
that a closed surface I', embedded in R”, and that has constant mean curvature H must be a sphere.
Roughly speaking, by stability of the spherical configuration in this problem, we mean an inequality
of the type:

measure of closeness to a sphere < W(||H — Hyl)).

Here, ¥ is a non-negative continuous function vanishing at O and ||H — Hy|| is the deviation of H from
a reference constant H, in a suitable norm. In the literature, there are many different ways to quantify
the deviations of H from H, and of a surface from a sphere (we refer the reader to the works [7,10, 15]
for a quite exhaustive list of references). It is clear that the weaker the norm ||H — Hy|| is and the stronger
the distance of I" from a sphere is, the better the estimate is. On the other hand, in such a weak-strong
setting, it may be difficult to obtain for 'Y the most desirable linear profile: (o) = c 0. Here, c is some
constant depending on some geometric parametes of the surface, easy to compute if possible. When
this occurs, the optimality can be proved by considering sequences of ellipsoids.

In the works [8—10], we assume I" to be the boundary of a bounded domain €, we set H to be the
ratio |['|/N|Q|, and we adopt an L*(T") (or even L!(I')) deviation of H from H,. Also, we measure the
distance of I" from a sphere, by the quantity p, — p;, where p; and p., p; < p,, are the radii of the best
spherical annulus containing I'. This will be given by B, (z) \ B,,(z) for some z € Q. In other words,
we obtained a bound of this type:

pe=pi < ¥ (IH - Holliz) -

In this setting, in [10] we obtained a linear profile for ¥ in low dimension (N = 2,3) and a Holder
profile with exponent 2/(N — 2), for N > 5. For the threshold case N = 4, we got, in a sense, a profile
“arbitrarily close to a linear one” (see Remark 3.10 or [10], for details).

In Section 3 of this paper, for surfaces of class C?, we show that the interpolating bounds obtained
in Section 2 help to improve the profile for N > 4. In fact, in Theorem 3.9, for N = 4 we improve
the older estimate (that was (o) = ¢, o' %, for any fixed & > 0) to a sharper and more plausible one:
Y(o) = colog(1/o). Moreover, when N > 5, we are able to upgrade the profile ¥(o) = co®/V=2 to
¥(o) = ¢, 0*/N=%, for any fixed &£ > 0. This profile can be further improved to ¥(c) = co*"V, if we
consider surfaces of class C2>7, 1 <y < 1. For N = 2,3, we just show that the new bounds in (1.1)
provide an alternative way to recover the optimal profile previously obtained in [9, 10].

Another novelty of this paper is that we show that our new improvements also hold if we enforce
the quantity p, — p; by replacing it with the stronger deviation:

20
R

pe_pi+R V=

2,

Mathematics in Engineering Volume 5, Issue 1, 1-21.



Here, R = 1/H,, v is the exterior unit normal vector to I', and Q¢ is defined by

|x — z]?

O(x) = for x,z e RV, (1.3)
(Also in this case, the relevant norm is defined in the the corresponding normalized measure dS ,/|['].)

Thus, the smallness of this new measure of closeness to a sphere tells us not only that I" is uniformly
close to a sphere, but also that the Gauss map of I" is quantitatively close in the average to that of the
same sphere. Therefore, all in all, in Theorem 3.9, we enhance the last up-to-date bounds of [10] for
the stability of the SBT as follows:

pe=pi+R|lv- VRQZ < ¥ (IH = Holl) (1.4)
2r
where
o if N=2,3,
Y(o) = o max [log(1/0),1] if N =4, (1.5)
o’ if N>5,

where 7 = 4/N if ' is of class C*?, 1 < y < 1. If I'is of class C?, instead, when N > 5, we obtain
that, for any sufficiently small & > 0, there exists a constant ¢ = ¢, such that (1.4) and (1.5) hold with
T = 4/N — &. The constant ¢ only depends on N, the diameter dq of €, and parameters associated
with the assumed regularity of I'. If I is of class C?, these are the radii r; and r, of the uniform interior
and exterior ball condition (see Section 3). If I is of class C*?, ¢ depends on a suitable modulus of
C?7-continuity for I'. For details, see Theorem 3.9 and Remark 3.8. We stress that, for the second
summand on the left-hand side of (1.4), we can actually obtain an optimal linear profile of stability, in
every dimension (see (3.10)).

We spend a few final words to explain how the bounds derived in Section 2 come into play to
obtain (1.4). To this aim, we let u € C'(Q) N C3(Q) be the solution of the problem:

Au=Nin Q, u=0onT.
Also, we define the harmonic function 2 = u — Q%. Notice that, if z € Q, then we have that

1{1Q\"" 1, .

| — — )< — — 07) = -

Z(IBI) (0e p,)_z(pe p;) = maxh —minh.

Here, B is a unit ball in RY. Thus, a bound for the term p, — p; in (1.4) descends from the following
identity

1 1
— / IV2h|*dx + — / (u, — R)*dS , = / (Ho — H) (u,)*dS ,, (1.6)
N-1 o) R r r
which was proved in [8]. In fact, since the right-hand side can be easily bounded in terms of the L*(I)
norm of H — H,, then the desired bound for p, — p; can be obtained if we can control the oscillation

of 4 on I' in terms of the first summand in (1.6). This goal is achieved by combining the bounds (1.1)
(applied to h and its gradient) with some Poincaré-type inequality.
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The second summand on the left-hand side of (1.4) can instead be estimated by observing that
Rv—-VO|<|IRv—u,v|+|Vu—-VQ|=|R-u,+|Vh on T.

The two quantities on the rightest-hand side can be estimated in L?(I')-norm by means of (1.6) and,
again, by some inequalities derived in [10]. These involve a trace-type formula,

/ IVAPdS , < ¢ / (—u) |[V2H) dx,
r Q

and another identity (stated in [8] and proved in [9]):

/ (—u) |V*h|* dx = ! / (u? - R*) h,dS .. (1.7)
Q 2 Tr

This last identity, immediately gives radial symmetry for Q in Serrin’s overdetermined problem
(that prescribes that u, is constant on I', see [17,18]). Together with the arguments used to obtain (1.4),
(1.7) will also help us to upgrade an analogous stability bound for radial symmetry in Serrin’s problem.
This task will be accomplished in Theorem 4.4.

2. Interpolating estimates for Sobolev functions

Let S¥~! be the unit sphere in the Euclidean space R¥, N > 2. For 6 € [0, /2] and e € SV~!, we set
Sy ={we SV cosh < (w,e)).
This is a spherical cap with axis e and opening width 6. We also denote by
Cio={x+aw:weS8Sy 0<s<al,

the finite right spherical cone with vertex at x, axis in some direction e, and height a > 0. In what
follows, |C, 4| and |Sy| will denote indifferently the N-dimensional Lebesgue measure of C,, and the
(N — 1)-dimensional surface measure of S,.

2.1. Pointwise estimates on cones

We start by proving some useful pointwise estimates in cones (see also [1]). In what follows, we
set Cy = Cy, and use the normalized Lebesgue measure du, = dy/|E| for any measurable set E C RV
of finite measure.

Lemma 2.1. For any f € C'(Cy), it holds that

Vil a —ly—xV
< A N dyy. (2.1)

| - fe,

In particular, we have that
a® Vil
=5 N—1 GHy-
N fo ly — x|

lF(0) - fe, (2.2)
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Proof. By the change of variables y = x + s w for 5 € (0,a) and w € Sy, we write:

1
£ = fo. = F) - /C fdi = /C L) — fO)]dy =

1
IC«|

where dS , denotes the surface element on S¥~!. Next, the fundamental theorem of calculus gives:

/d SN_l{ [f(x) = fx + sw)] dSw}dS,
0 Sy

) - f(x+sw) = —/sw-Vf(x+ta))dt.
0

Thus, we can infer that

Iél/oa/s sN‘l[/OSIVf(xﬂw)ldt

e i\
/ sN-‘/ VIO et g s, ds =
IC.l Jo syl o X+ tw—xN!

I \%
/ SN_l [/ L(}]]V)lldy] dS.
ICl Jo Cus ly — xV-
Now, by an application of Fubini’s theorem we obtain that

b= T D )ds = dy.
/0 (/C [y =+ y) ' c. ly =« N Y

Thus, (2.1) and (2.2) easily follow. O

<

|0 - fe. ds,ds =

As a corollary, we have the following Morrey-Sobolev-type inequality. The relevant Lebesgue norms
are defined with respect to the normalized measure dy,.

Corollary 2.2. If N < p < o and f € CX(C,), we have that

a p/ 1/p'
<—=Bl1l-—=,p' +1 \Y , 2.3
_Nﬁ( e ) 19 fllc, 23)

lf(o - fe.

where B(&,1) denotes Euler’s beta function. When p = oo, (2.3) reads as

1
£ — fo| < %ﬁ(ﬁﬂ) IV flleoc,

which can be obtained by taking the limit as p — oo in (2.3).

Proof. The desired result follows from (2.1) by applying Holder’s inequality to the right-hand side and
the calculation:

=\ ISl [ (@ =N
Ay =Vt el o T ) P

1
’ ’ N- ’ ’ N_l
a”/(l—t)”t‘/vlpdt:a”ﬂ 1——p’,p'+1).
o N

Since (¢, n) is well-defined only if £, 7 > 0, we get the restriction p > N. As already mentioned, the
case p = oo can be derived by taking the limit as p — oo. O

Mathematics in Engineering Volume 5, Issue 1, 1-21.



2.2. Global estimates for the oscillation of functions

Let Q ¢ RY be a bounded domain (i.e., a connected bounded open set) with boundary I'. Given
a > 0and 0 € [0,7/2], we say that Q satisfies the (6, a)-uniform interior cone condition, if for every
x € Q there exists a cone C, with opening width @ and height a, such that C, ¢ Q and C, N T = {x},
whenever x € I'. The following result easily follows from Corollary 2.2.

Corollary 2.3. Let N < p < oo and Q C RN be a bounded domain that satsfies the uniform interior
(6, a)-cone property. For every x € Q and f € W'P(Q), we have that

1f(0) = fal < kN, p,6) a7 Q7Y f1],.0,
for some constant k(N, p, 0) only depending on N, p, and 6.

Proof. For any x € ﬁ, there is a cone C, contained in Q. Hence, we apply (2.3) to the function
f = fa + fc, and infer that

’ 1/p
lf(x) = fal < %,3(1 - p—,p’ + 1) IVAlpe, <

N’
’ 1/p' 1/p
a P, 1|
—pBll-—,p' +1 \Y <
Nﬁ’( Fp ) (m) 19l

’ , 1/]7,
B(1-%.p +1)
NP |S,|lp

1-N 1
a "IV 0.

In the second inequality, we use the monotonicity of Lebesgue’s integral with respect to set inclusion.
]

In this section, we aim to derive inequalities that bound from above the oscillation on Q of a function
f with the L”-norm of its gradient on Q.

Theorem 2.4 (The case p > N). Set N < p < co. Let Q C RY be a bounded domain satisfying the
(6, a)-uniform interior cone condition.
There exists a constant k(N, p, 6) only depending on N, p, and 6 such that, for any f € W'"P(Q), it
holds that
max f — min f < k(N, p,6) a7 1Q'"7 ||V f|,.0. (2.4)
Q Q

Proof. Notice that the oscillation of f at the left-hand side of (2.4) is well defined, since f is continuous
on Q.
Let x,,, x); € Q be points at which f attains its minimum and maximum. Then, we have that

max f — mﬁinf < fGxm) = fo + fa— fxm)
Q
and we conclude by applying twice Corollary 2.3. O

It is clear that the proof of Corollary 2.2 fails when 1 < p < N, because of the singularity at x.
However, in this case, we can still obtain a slightly different estimate by means of an interpolation
procedure, if information on higher integrability of the gradient of f is available.
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Lemma 2.5. Let f € C'(Cy). Let 1 < p <N, N < g < o0, and set

(g-N)
@y, = 2L 2.5)
N(g-p)
(i) If 1 < p < N, we have that
N—1 |Vf ()})l l=apq Apg
a . b= xFT dty < kypg IIVAll, o IVANLE (2.6)
for some positive constant ky , , only depending on N, p, and q.
(ii) If p = N. we have that
N-1 Vil 2q 4 ”Vf”q,Cx
a ————du, < —— ||V fllnc, log| ——|. 2.7)
/cx = a1 W = gy M v log g

Proof. For any o € (0, a), we compute that

YO gy [ O gy [ SO
Cio C:\Cxor

e, ly— x|Vt ly — xV-! ly —xN=1 =~

dy v g
S v y
|:/Cx,o' |y - X|q,(N_l):| /Cxﬁ | f(.y)l y +

dy ]W ( / 1/p
—— |V £lPd , (2.8)
[/cx\cm |y — xfp®™=D C\Cror Jhdy

by Holder’s inequality. Now, a direct computation shows that

dy 1/q g : g »
[/Cx,(r m] - q——]V |Sg| o,

’ — - —P l/p/ 2.9
[/ dy ]1/;;_ [f,—_i,|39| (0__1” —a )] ifl<p<N, 29)
| T N’
ciC IV = A [lS@l log Cﬂr] /N if p=N.

For p = 1, this formula must be intended in the limitas p — 1.

(i) Let 1 < p < N. By (2.8), (2.9), and some algebraic manipulations, we can infer that

—+

N-1 VS N(g-1]" o\1-N/g
a e, ly — x|V q, y S [7] ”Vf”q,Cx (5)
Np-1]"r 1-N/
[%p)] IVfle.(Z) @10

for any o € (0, a]. The minimum of the right-hand side is attained either at

4p=1) 2lg=) .
i [N(p - 1)}1«”) [ g-N ]Nwm (1 —Qpy ||Vf||p,CX)N<”)
oc=a|——— ,
N-p N(g-1) g NV Sfllge,
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or at o = a. In the former case, we plug o into (2.10) and obtain (2.6) with some computable constant
k’. In the latter case, we have that

q(p—1) plg=1) rq

[N(p _ 1)]N(q—m [ g-N ]N<q—p) (1 — Uy ||Vf||p,cx)iv(q—p> .

[ —— > s
N-p N(g-1) @pg IV flge,

since o > a. Hence, by means of this inequality and the fact that we have that

b

\ 1 [N@g-1]"
Vol [q(q )] ||Vf||q,cx(a-

)I—N/q
c, [y —xNV-! YT gh-t -N a

thanks to (2.8), we again obtain (2.6) for some possibly different computable constant k. Thus, we
conclude that (2.6) holds true with ky, , = max(k’, k”").

(i) Let p = N. We proceed as in the case (i) by putting together (2.8) and (2.9). After some
calculation, we obtain:

v N(g -1 1-1/q
o [ VOl [%] 19 e, (Z

)I—N/q
c, ly—x[N-! a

a 1-1/N
+(N log ;) IV fllyc..

If we assume that 0 < o < a/e, being as N(qg — 1) > g — N, we can simplify this inequality to get that

a! VI
N Je, ly—x¥t

q (o

-1
ity < T 19 e,

I_N/q a
—) + |IVfllyc, log —. (2.11)
a (oa

Thus, the minimum of the right-hand side is attained either at

_ [q' IV£llne,
=q | —

i
orat o =ale.
IV £llgc. ]

In the former case, we get that

a! VLI
N Je ly—xN!

ellVfllgc, )
q IV fline,)”

and hence (2.7) holds true, being as ¢’ > 1. In the latter case, we have that

2q
du, < C]——N IV fllve, log(

el <

q ”Vf”N,CX]q_N
IV Allgc. ’

since o > a/e. Thus, we get that

a! VI q-1
du, < \% N1 v <
- /C T S Ty e IV fllne,
2g—-N 2g-N ellVfllgc
IVAllne, < IVSfllne, lo (—
4—N fllve, g—N flive, log IV fllne.
being as ||V fllyc, < IVfllgc,. Since 2g — N < 2q, (2.7) still holds true. |
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We obtain the following consequence.
Corollary 2.6. For any cone C, C Q of height a and opening width 0, it holds that

Vo) <2 =g |17 "
D i < KN p.g.0) 5 19l IV,

c ly—
for1 < p<Nand, if p=N,
VL)l 1Q I”N ellVllg
———du, < k(N, p,q,0) —— ||V fllna log ,
o, Iy — a1 o S KN pg Hhvalog| Jg7 o

for some constant k(N, p, q, 0) only depending on N, p, q, and 6.

Proof. The monotonicity of Lebesgue’s measure with respect to set inclusion and (2.11) easily give:

a1V Q) NN (1o \ Y .
- v (_) + \Y log —.

By using that (|Q|/|C,)"/9"'/N < 1 (being as C, € Q and ¢ > N), the above inequality becomes:

a”! VSO 1\ g-1 o\Ma a
du, < —|V (—) \% log —¢.
N Jo ly— V-1 ('Cxl) { N” Hlga p + [V fllvglog }

Thus, we can proceed as in the last part of the proof of Lemma 2.5, with similar algebraic
manipulations. m|

In light of Corollary 2.6, we can somewhat extend the bound (2.4) to the case 1 < p < N, provided
f € Whi(Q) for ¢ > N. The proof is straightforward and runs as that of Theorem 2.4.

Theorem 2.7. Let 1 < p < N, N < g < oo, and set a,,, as in (2.5). Let Q c RY be a bounded domain
satisfying the (0, a)-uniform interior cone condition.
For any f € WH9(Q), it holds that
| |1/ a l-a
mgxf mlﬂf< k(N,p.q,0) —7— NI IVALQIVAlL o™
ifl<p<Nand ifp=N,

2 I”N

maxf mmf <k(N,p,q,0)

\v
IV fling lo ( elvs ”"’Q).

IV fllva
Here, k(N, p, q,0) is some constant only depending on N, p, q, 6.

3. Application to quantitative symmetry for the Soap Bubble Theorem

As already mentioned, Theorems 2.4 and 2.7 give an alternative way to obtain, and even upgrade,
the bounds in [10, Theorems 2.10 and 2.8]. As a by-product, we also obtain new upgraded versions
of stability estimates for the Soap Bubble Theorem and Serrin’s symmetry result. In this and the next
section, we shall give some details on how to obtain the new versions of those stability results. Of
course, a similar reasoning can be applied to other stability results contained in [4, 8, 10, 15].
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3.1. Preliminary notations and useful bounds

For a point z € Q, p; and p, shall denote the radius of the largest ball contained in € and that of the
smallest ball that contains Q, both centered at z; in formulas,

p;i =min|x —z| and p, = max|x — z]. 3.1
xell xell

We say that Q satisfies a uniform interior sphere condition (with radius r) if for every p € I there
exists a ball B, C Q such that B, N T = {p}; Q satisfies a uniform exterior sphere condition if RV \ Q
satisfies a uniform interior sphere condition. From now on, we will consider a bounded domain Q with
boundary T of class C?, so that Q satisfies both a uniform interior and exterior sphere condition. We
shall denote by r; and r, the relevant respective radii. It is trivial to check that when Q satisfies the
interior condition with radius r;, then it satisfies the uniform interior (6, a)-cone condition with

0=—, a=r,. (3.2)

Next, we consider the solution u € C%(Q) N C%(Q) of
Au=Nin Q, u=0onT. 3.3)

It is well-known that u € C”W(ﬁ) ifNisof class C"™7,0 <y < 1, for_m =1,2,---.
By M we denote a uniform upper bound for the gradient of u on €, in formulas,

M > max |Vu| = max u,.
° r

As shown in [8, Theorem 3.10], we can choose an explicit value for M:

M=(N+ 1)%5”. (3.4)
By following [10, 15], we consider the harmonic function
h=Q° —u,
where O° is defined in (1.3). Notice that, if z € Q, it holds that
1/N
mgxh—mrinh:%mi—pbz(%)/ EE > 2o - p. (3.5)

The left-hand side of this inequality can be estimated by Theorems 2.4 and 2.7.

Asin [10], it will be convenient to choose z € Q as a global minimum point of u. We know from [12]
that, in this case, the distance dr(z) of z to I' can be estimated from below in terms of the inradius rq
(the radius of a maximal ball contained in Q). In fact, in light of [12, Theorem 1.1], it holds that

ro
or(z) > —, (3.6)
VN
if I 1s mean convex (i.e., H > 0). If I is a general surface of class C?, [12, Corollary 2.7] gives instead
the slightly poorer bound:

ro

VN
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Remark 3.1 (On the normalized norms). For the sake of consistency with the previous sections, we
will continue to denote by || - ||, and || - ||, r the L”-norms in the relevant normalized measure. Since it
holds that

Q
|Blry < |QI < |Bldy and N|B| rg_] <M< Nu’

1
such norms are equivalent to the standard ones. The first three inequalities follow from the inclusions
B,, c Q c B,,. The last inequality is obtained by putting together the identity

N|Q| = /quSx
r

with the inequality u, > r;, which holds true at any point in I', by an adaptation of Hopf’s lemma

(see [8, Theorem 3.10]).
Notice that, since rq > r;, ro can be replaced by r; in all the relevant formulas.

In what follows, we use the letter ¢ to denote a constant whose value may change line by line. The
dependence of ¢ on the relevant parameters will be indicated whenever it is important. All the constants
¢ can be explicitly computed (by following the steps in the relevant proofs) and estimated in terms of
the indicated parameters only.

3.2. Bounds for p, — p; in terms of h

By applying Theorems 2.4 and 2.7 to h, we easily obtain the starting point of our analysis.

Lemma 3.2. Let Q c RY, N > 2, be a bounded domain with boundary T of class C*. Let z be a point
in Q, and consider the function h = Q° — u, with Q¢ defined in (1.3).
There exists a constant ¢ = ¢(N, p, r;) such that

VA, if p> N,
ellVhllwg) .
e =pi < c IVhllyalo (— ifp=N;
pemt R W e B
VRIS ™M IVAILS if1<p<N.

Proof. We apply Theorems 2.4 and 2.7, with f = h and g = co. By taking into account (3.5) and (3.2),
the desired estimates easily follow. (Notice that (3.2) informs us that in Theorems 2.4 and 2.7 we can
take a = r;.) O

Remark 3.3 (Weighted Poincaré inequality). Here, we recall a bound for the gradient of /s, which we
will need in the sequel. Since z is a critical point of 4 (being as Vh(z) = VQ*(z) — Vu(z) = 0), we know
from [10, Corollary 2.3] that £ satisfies the weighted Poincaré inequality

IVAll.q < cli6fV2hll,.0-

Here, r, p, @ are three numbers such that

Np
l<p<r<———— 1- N, 0<a<l.
_p_r_N—p(l—a)’ p(l—a)<N, <a<
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The constant ¢ can be explicitly estimated by putting together item (iii) of [10, Remark 2.4], (3.7), and
the normalizations discussed in Remark 3.1. In detail, we can compute that

d N/2
N+ (N* - 1)5—9(1 +—Q)] ,

B N
c< kN,r,p,a |Q| N (dQ/ri)
e Ve

for some constant ky ., , only depending on N, r, p, . When I' is mean convex, by using (3.6) in place
of (3.7), we obtain the finer bound:

¢ < knypa | (da/r).

As described in the introduction, in order to obtain stability estimates for the Soap Bubble Theorem,
we must associate the difference p, — p; with the L?>-norm of the hessian matrix V?A. The following
result gives this association.

Theorem 3.4. Let Q C RN, N > 2, be a bounded domain with boundary T of class C*. Let 7 € Q be

a global minimum point of u in Q and set h = O° — u. Then, there exists a constant ¢ = ¢(N, 1;, 7., dgq)
such that

||V2h||2,(2 for N =2,3;
e[IVhllw0
e —pi < ¢ {1IVhll, max[lo (—’),1], or N = 4:
Pe=Pp 20 IVl /
N4 2
VAN V2RI, forN =5,

Proof. (1) Lemma 3.2 with p = 6 gives that
pe—pi < cl[Vhllsq < c[[VhlLq.

The last inequality follows from Remark 3.3 with r = 6, p = 3/2, and @ = 0, and Holder’s inequality,
for N = 2, and directly from Remark 3.3 withr =6, p =2, and @ = 0, for N = 3.
(i1) Let N = 4. We use Lemma 3.2 with p = N = 4 and get:

e||Vhllwn
e = Pi S Vhllsnlog |~ | . IV?hllsap -
Pe — Pi < € max {ll lls.0 Og( ||V2h||4,9) | ||4,Q}

Next, Remark 3.3 withr =4, p =2, @ = 0, gives:
IVAllsq < cIV*hlb0.

Thus, the desired conclusion ensues by invoking the monotonicity of the function
t — tmax{log(A/?), 1} for every A > 0.

(iii)) When N > 5, we can use Lemma 3.2 with p = 2N /(N — 2) and put it together with Remark 3.3
withr =2N/(N -2),p=2,and a = 0. O

Remark 3.5. For N > 4 the estimates of this theorem depend on ||VA|| . Thus, as done in [10], since
we know that
IVA|lowo < M + dg,
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we can easily bound p, — p; in terms of some constant (which possibly depends on r;, r., and dgq, thanks
to (3.4)) and the number ||V?A]|,.o. Thanks to identity (1.6), this number is connected to the deviation
H — Hy. This will lead to the asymptotic profile in the quantitative symmetry estimate for the Soap
Bubble Theorem obtained in [10], with an improvement for the case N = 4.

However, notice that, when € is near a ball in some good topology, the function /4 tends to be a
constant, and hence ||V/||.o tends to be zero. Thus, we expect to improve the relevant bounds in
Theorem 3.4, once we can control ||V/||. o in terms of IV2h||,. This control will in turn benefit the
quantitative symmetry estimate we are aiming to. It turns out that an adaptation of our Theorem 2.7
gives such desired bound for ||VA||w o, if an a priori bound for ||V2h||q’g for large ¢ is available, as the
following corollary states.

Corollary 3.6. Let Q c RY be a bounded domain with boundary of class C*. Let 1 < p < N,
N < g < oo, and set a, , as in (2.5). Then, if h € W24(Q), it holds that

|Q|1/p

IVl .

N/p-1 Q Q
7 /p P q

IVhllogo < ¢

Here, c is a constant only depending on N, p, q.

Proof. Since I is of class C? , Q has the uniform interior cone property with = V2/2 and a = r;.
Let x € Q and let € be any unit vector. Applying Theorem 2.7 and using that, with our choice of z,
|he(x)| = |he(x) — he(z)], we have that

Q7

@pg ~@pg |Q|l/p
1O < KN, . q) s IVRA I AL, 7 < (N, p. )
T;

N/p-1
r /p

27 1%, 27 nl=ap,
IV=hIl o lIV7hlL, o™

P q.Q

where we used the pointwise inequality |Vh,| < [V2h|. Hence, taking the supremum over all directions
¢ yields the desired conclusion.

An inspection of the proof tells us that the corollary could be stated for a domain satisfying an
interior cone condition. O

This corollary allows us to upgrade Theorem 3.4 for N > 5. Notice that, for N = 4, we would
not get any subtantial improvement, due to the presence of the logarithm in the relevant claim of that
theorem.

Corollary 3.7. Let Q c RN, N > 5, be a bounded domain with boundary U of class C? Letz € Q
be a global minimum point of u in Q, set h = Q% — u, and suppose that h € W>(Q). Then, for every
q € (N, 00], there exists a constant ¢ = ¢(N, q, 1;, 1., dq) such that

q(N-4) 4 2AN-4)

2 - 251|N Ng-
pe = pi < V7RIS IVRIL ™.

Proof. Our claim simply follows by combining Theorem 3.4 and Corollary 3.6 with the choice p =
2. |
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3.3. Quantitative symmetry results

We are now in position to obtain our new quantitative estimates of radial symmetry per the Soap
Bubble Theorem. As already mentioned, all we have to do is to relate the norm || V24|, q to the deviation
of H from H, in some norm.

The quantities ||Vh|loq and ||V2h||q,g in Theorem 3.4 and Corollary 3.7 will contribute to the
computation of the constant in the desired stability profile, as explained in the next remark.

Remark 3.8. We shall consider two regularity assumptions on I'.

(i) When T is of class C?, we have that u € W>9(Q) for any g € [1, o) and an a priori bound for
IV2hl|,o can be obtained, by the standard L7 estimates for elliptic equations, being as V*h = [ — V2u.
In fact, by putting together [6, Theorems 914 and 9.15], even under the weaker assumption of I' € C1*1,
we can obtain for u the bound

IV?ull,0 < C for N < g < oo,

where C only depends on N, g, |Q2|, and the regularity Q (and may blow up as g — o). It is well known
that I is of class C"' if and only if it satisfies both the interior and exterior ball condition. Thus, we
can claim that C only depends on N, g, dg, r;, and r,.

(il) When T is of class C>” with 0 < y < 1, we can obtain an a priori bound also for ||V?A||.q, by
standard Schauder’s estimates for V?u (see [6]), in terms of the C>Y-modulus of continuity wy, of T.
(For a definition of w,,, see e.g., [2, Remark 1].)

The following theorem clearly gives (1.4).

Theorem 3.9 (Soap Bubble Theorem: enhanced stability). Let N > 2 and let Q C RY be a bounded
domain with boundary T of class C*. Denote by H the mean curvature of I and set R = N|Q|/|I'| and
Hy=1/R.

Let 7 € Q be a global minimum point of the solution u of (3.3) and let p; and p, be defined by (3.1).
Then, the following inequalities hold true.

(i) If 2 < N < 4, there exists a constant ¢ = ¢(N, dg, r;, r.) such that

lHy — Hll>r, ifN =23,
pe-pise 1 ) (3.8)
1Ho — Hlbr max |log (=) . 1], i N =4,
(ii) If N > 5, for any q € (N, ), there exists a constant ¢ = c¢(N, q,dq, r;, t.) such that
4_2N-4)
pe—pi < cllHo — Hlly - ™. (3.9)
Moreover, (for any N > 2) we have that
V ¥4
R|v- Q < c|lHy - Hll>r- (3.10)
2

If T is of class C*?, 0 < y < 1, the exponent in (3.9) can be replaced by its limit as ¢ — oo, i.e.,
4/N. In this case, the relevant constant c only depends on N, dq, and the C*”-modulus of continuity of
I.
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Proof. Inequalities (3.8) and (3.9) will simply follow from the inequality:
IV?hllq < cllH = Hollar- (3.11)

This was proved in [10].

For the reader’s convenience, we summarize the main steps in the proof of [ 10, Theorem 3.5], which
lead to (3.11), with the necessary modifications. As usual, the constant ¢ may change from line to line
and only depends on quantities (e.g., R, ||t ||, [|O%llwr) that, in turn, can be bounded in terms of the
parameters indicated in the statement.

The starting point is a modification of the fundamental identity (1.6):

1 1
—/ V2|2 dx + — /(uy ~R)%dS, = —/(H0 ~H)h,u,dS, + /(H0 - H)(u, — R) Q%dS..
N-1Jq R Jr r r
Next, if we discard the first summand in this identity, by Cauchy-Schwarz inequality we obtain that
lluy = Rl < ¢ \H = Hollo.r(lyllor + Ity = Rll2.r). (3.12)

Instead, if we discard the second summand, we can infer that
/ \V2hI*dx < c||H = Hollor (I llor + lluy = Rllor)- (3.13)
Q

Now, we use the fact that we can control VA (and hence 4,) on I' in terms of the deviation u, — R.
This is obtained by combining a trace-type inequality for 4 derived in [10, Lemma 2.5] and identity
(1.7), as follows:

1
/ IVA*dS , < c / (—w) |V*h*dx = = c / Uz =R h,dS, <
r Q 2 Jr
¢ lluy = RllarllAyllor < clluy = Rllor VAl -
This then gives:
12yl < IVAl2r < clluy = Rl (3.14)

Thus, inserting this inequality into (3.12) gives that
lluy = Rllor < ¢l|H = Hollor- (3.15)

Also, by plugging it into (3.13), we infer that
/ IVhIdx < c||H = Hollorlluy = Rllor < ¢ ||IH = Holl3 -
Q

Therefore, (3.11) follows at once.

Now, we proceed to prove (3.8) and (3.9). The cases N = 2,3 easily follow from Theorem 3.4.
Thus, we are left to prove it for N > 4.

For N = 4, we simply combine Theorem 3.4 and the first part of Remark 3.5. Indeed, ||VA||c o 1s
bounded by a constant which only depends on r;, r,, and dg,.
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For N > 5, instead, we use Corollary 3.7 and Remark 3.8, which give

4 2AN-4)
N N2

Pe — Pi < C”Vzhllz’g

Hence, (3.9) ensues from (3.11). The case in which I"is of class C>” can be dealt similarly.
To conclude the proof, we are left to show that (3.10) also holds. To this aim, as done in the
introduction, we observe that

- R —u,(x)|+|Vh
v(x) — i < | (0| + VA for x eT.
R R
Hence, we infer that
2 1/2
x—2z|7dS,
R / v(x) — —— < |luy = Rllor + [IVAll2r < cllu, — Rll2r,
r R T

where we applied the triangle inequality and the second inequality in (3.14). By using (3.15), then
(3.10) easily follows from the last inequality above. O

Remark 3.10. In order to compare the results of Theorem 3.9 to previous estimates, we recall what we
obtained in [10, Theorem 3.5] — the last up-to-date bound for stability in the Soap Bubble Theorem.
In fact, there we obtained the bound

pe = pi < ¢ (IIH = Holl2)
with
o if N=2,3,
Y(o)=30!* if N=4,
o?/N=2if N >5,
where the case N = 4 must be interpreted thus: for any 0 < &£ < 1, there exists a constant ¢ = ¢, (which
may blow up as € — 0), such that case N = 4 holds. Theorem 3.9 clearly improves these profiles if

[ is either of class C? or C>Y. Moreover, it also states that we can control linearly the deviation of the
Gauss map from that of a sphere, at least in the Z*-norm.

4. Application to quantitative symmetry in Serrin’s overdetermined problem

In order to obtain stability estimates for Serrin’s problem, we must use identity (1.7). In fact, this
relates the weighted integral at the right-hand side to the deviation u, — R. Since the torsion u can be
easily bounded below by dr (see [9, Lemma 3.1]), we understand that this time we must associate the
difference p, — p; with the weighted L?-norm ||6;/ 2Vzhllz,g. The following result goes in that direction.

Theorem 4.1. Let Q C R, N > 2, be a bounded domain with boundary T of class C* and 7 € Q be a
global minimum point of the solution u of (3.3). Consider the function h = Q° — u, with Q¢ given by
(1.3). Then, there exists a constant ¢ = ¢(N, dq, r;, r,) such that

162 V2Rl ifN = 2;
e Vil .
= p; < ¢ L1167V Rl o max [log(—’ , if N = 3;
P " 1672V 2h e
VANV D)6 2 V2Rl if N > 4.
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Proof. (1) Let N = 2. By using Lemma 3.2 with p = 4 we have that

Pe — pi < c||Vh|l4q.
By applying Remark 3.3 with r = 4, p = 2, and @ = 1/2, we obtain that
IVAllsq < cllo*V?hllo0,

and the conclusion follows.
(i) Let N = 3. By using Remark 3.3 withr =3, p =2, @ = 1/2, we get

VAl 0 < cllof*Vhllq-

The conclusion follows by using Lemma 3.2 with p = N = 3.
(ii1)) When N > 4, we use Lemma 3.2 with p = 2N/(N — 1) and put it together with Remark 3.3
withr:%,p:Z,azl/Z. O

By recalling Remark 3.5, to gain better stability for Serrin’s problem for N > 3, we need to obtain
a bound similar to that in Corollary 3.6, but with |[V2A]|,q replaced by ||6;/*V?hl|,q. This time, we
proceed differently.

Lemma4.2. Set1 < p <coand g > N. Let Q C RN, N > 2, be a bounded domain with boundary T of
class C? and assume that h € W>4(Q). Then, there exists a constant ¢ = ¢(N, p, q) such that

IVAIL S < cIQUIVAIL ™ IV (4.1)

Proof. For any x € Q there is a cone Cya C Q. Applying (2.3) with p = g to any cone C,, C C,, gives
that

lf(0)] < / \flduy + collVfllgc,, < 1fllpc., +collVEllgc.,
Cx,(r

where we used Holder’s inequality at the second inequality. Here, ¢ = ¢(N, ¢). Thus, we have that

max f —min f < 2max |f] < ¢ (1P M| fll,q + Q90 NV fll,0).
Q Q Q
for every o € (0,a), where in the second inequality we also used the monotonicity of Lebesgue’s
integral with respect to set inclusion. Here, ¢ = ¢(N, p, q) (notice that the dependence on 6 can be
dropped, since § = V2/2, being as T of class C%). We now minimize in o~ as done before. This time,
we omit the details. We end up with the formula:

p(1=N/q) N
max f — min f < ¢ | Q7w || £]| 75V £ T
Q Q ’ ’

This holds for any x € Q and 1 < p < g < co. By choosing f as any directional derivative A, of h and
using that, with our choice of z, |h,(x)| = |h/(x) — h/(z)|, we thus get that

N+p(1-N (I-N/q) N e}
()N U-ND < c QU lal? o " IVhll,q forany x € Q.

Hence, (4.1) follows by observing that || < IVh|, |Vhe| < |V?h|, and by choosing ¢ such that
hy(x) = |Vh(x)| and x € I" that maximizes |VA| on Q.
As for Corollary 3.6, the lemma could be stated for a domain satisfying an interior cone condition.

O
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Corollary 4.3. Set 1 < p < 2N and q > N. Under the assumptions of Lemma 4.2, we have that
||Vh||2N p+2p (1-N/q) <c ||V2h||2N 1% ||51/2V2h||2p(1 N/CI) 4.2)

Here, the constant c only depends on N, p, q, do, ri, and r..

Proof. We use Remark 3.3 with r, p, and « replaced by 2pN/(2N — p), p, and 1/2, respectively. We
thus get that
12
VAl o < N6 V2hllp.

Therefore, (4.2) follows by combining this bound and (4.1) with p replaced by 2pN/(2N — p). O

Theorem 4.4 (Serrin’s problem: enhanced stability). Let Q c R¥, N > 2, be a bounded domain with
boundary T of class C* and set R = N|Q|/|T.

Let u be the solution of problem (3.3) and z € Q be a global minimum point of u in Q. Then, there
exists a constant ¢ = ¢(N, dq, r;, r.) such that

llety — Rllo.r if N =2;

e — Mi S c 1
Pe=P= N, ~ Rl max [log(—), 1] N =3,
[ty — R|lo.r

When N > 4, for any g € (N, ), there exists a constant ¢ = ¢(N, q,dq, 1}, r.) such that

_4-2NJg

pe = pi < clluy = Rl (4.3)

Moreover (for any N > 2),

V 2
R Q

y —

< cllu, = Rll>r,
2T

for some constant ¢ = c¢(N,dq, 1;, e).
IfT is of class C*?, 0 < y < 1, the stability exponent in (4.3) for N > 4 can be replaced its limit as
g — oo, i.e., 4/(N + 1). In this case, ¢ only depends on N, dq, and the C*Y-modulus of continuity of T.

Proof. 1t is sufficient to notice that, thanks to (1.7) and the pointwise inequality or < —2u/r;, we can
infer that

||5”2V2h||29 /( u) |V2h*dx < cllu, = Rllor 1Ayl

Thus, by (3.14), we obtain that
16,/ >V?hllra < cllu, = Rllar-

Therefore, with this inequality in hand, we can proceed similarly to the proof of Theorem 3.9 by also
taking into account Remark 3.8. For instance, the claim for N > 4 simply follows from Theorem 4.1
and Corollary 4.3 with p = 2.

The remaining claims follow from Theorem 4.1 at once. O

Remark 4.5. In order to compare the results of Theorem 4.4 to previous estimates, it is sufficient
to recall what we obtained in [10, Theorem 3.1] — the last up-to-date bound for stability in Serrin’s
problem. In fact, there we obtained the bound

pe = pi < ¥ (lluy = Rll2m)
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with
o if N=2,
Y(o)={0c'* if N=3,
o2/ IN=Dif N > 4.

The case N = 3 must be interpreted thus: for any 0 < &€ < 1 there exists a constant ¢ = ¢, (which may
blow up as € — 0), such that case N = 3 holds.

The comparison with Theorem 4.4 is left to the reader.

As already mentioned in the introduction for the Soap Bubble Theorem, if one adopts a stronger
norm for the deviation u, — R, linear stability can also be obtained (with some restrictions) in general
dimension. See for instance [5].

Remark 4.6. A direct inspection of the corresponding proofs tells us that the dependence of the
relevant constant ¢ on the parameter r, can be removed whenever I' is mean convex. In fact, in this
case, the bounds in (3.4), (3.7) and the former inequality for ¢ in Remark 3.3 can be replaced
by [10, Formula (2.4)], (3.6) and the latter inequality for ¢ in Remark 3.3.
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