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Backus problem in geophysics: a resolution
near the dipole in fractional Sobolev spaces

Toru Kan®, Rolando Magnanini® and Michiaki Onodera

Abstract. We consider Backus’s problem in geophysics. This consists in
reconstructing a harmonic potential outside the Earth when the intensity
of the related field is measured on the Earth’s surface. Thus, the boundary
condition is (severely) nonlinear. The gravitational case is quite under-
stood. It consists in the local resolution near a monopole, i.e. the potential
generated by a point mass. In this paper, we consider the geomagnetic
case. This consists in linearizing the field’s intensity near the so-called
dipole, a harmonic function which models the solenoidal potential of a
magnet. The problem is quite difficult, because the resolving operator
related to the linearized problem is generally unbounded. Indeed, exis-
tence results for Backus’s problem in this framework are not present in
the literature. In this work, we locally solve the geomagnetic version of
Backus’s problem in the axially symmetric case. In mathematical terms,
we show the existence of harmonic functions in the exterior of a sphere,
with given (boundary) field’s intensity sufficiently close to that of a dipole
and which have the same axial symmetry of a dipole. We also show that
unique solutions can be selected by prescribing the average of the poten-
tial on the equatorial circle of the sphere. We obtain those solutions as
series of spherical harmonics. The functional framework entails the use of
fractional Sobolev Hilbert spaces on the sphere, endowed with a spectral
norm. A crucial ingredient is the algebra structure of suitable subspaces.

Mathematics Subject Classification. 35J65, 86A25, 35C10, 35B07.

Keywords. Backus problem in geophysics, Geomagnetic potential, Fully
nonlinear boundary conditions, Fractional Sobolev algebra.

1. Introduction

One of the most interesting problems in geophysics is the determination of the
gravitational or magnetic field of the Earth from surface measurements of its
intensity. It is in fact much more convenient to measure field intensities rather
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than field directions. In mathematical terms, the problem can be formulated
as follows.

We shall represent the Earth’s surface by the unit sphere 8 C R? (centered
at the origin). We will denote by € the exterior of 8, i.e. the unbounded
component of R3 \ 8. Also, we suppose a positive continuous function g is
given on 8. If u represents the Earth’s external scalar potential associated to
the gravitational or magnetic field, then |Vu| represents the field’s intensity.
Backus’s problem then consists in finding solutions u € C%(Q2) N C*(Q) of the
following nonlinear boundary value problem:

Au=0 in , |[Vul=g on 8§, u—0 as |z|]— oco. (1.1)

It is also important to specify sufficient conditions that ensure the uniqueness
of a solution.

A large part of the results known about this problem is contained in the
pioneering work of G. E. Backus [4]. There, the problem of finding solutions of
the first two equations in (1.1) is first examined for the two-dimensional case
in a bounded domain and, by conformal mappings, also in exterior domains.
A complete analysis is carried out: existence of solutions is proved, a severe
lack of uniqueness is pointed out, and conditions which restore uniqueness are
stated. Related to this case, questions about the regularity of solutions are
investigated in [12], together with an analysis of the case in which the data g
may vanish at isolated points.

In [4], a condition for uniqueness of a solution for problem (1.1) is given
in the gravitational case. Non-uniqueness for the geomagnetic case is noted
in [5]; [10] contains a general uniqueness condition for (1.1), which includes
both the gravitational and geomagnetic case. The solution of the linearized
problem near the dipole is also constructed in [10] by means of an expansion in
spherical harmonics. By a similar technique, the linearization near quadripoles
is considered in [1] and solved.

For what concerns the existence of a solution of (1.1) in physical di-
mension, a first conclusive result is contained in [9]. There, it is proved local
existence and uniqueness of a solution in the gravitational case. It is obtained
by linearizing (1.1) at the so-called monopole,

Br) = o

which is nothing else than a normalized version of the fundamental solution of
Laplace’s equation. More precisely, one can prove existence and uniqueness of
a solution of the form

z €,

u(x) = ®(x) + w(x), z € Q, (1.2)

provided g is sufficiently close to |[V®| = 1 in the norm of C%%(§), 0 < a < 1,
the space of a-Hdélder continuous functions on 8. In fact, plugging the ansatz
(1.2) into (1.1) gives that w must solve the problem:

g° -

1
Aw =0 in wl,+§|Vw|2: on 8 w—0 as |z] — c0.(1.3)
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Here, v denotes the unit normal to 8, exterior to 2.

In [9] (see also [13]), the nonlinear problem (1.3) is solved by a Neumann
series, essentially based on the following fixed point argument. In fact, one can
introduce a (nonlinear) operator J¢ by formally setting

Tolf] = Vol

where v is the solution of the Neumann problem:
1
Av =0 in Q, v,,:§f on 8§ wv—0 as |z| — oc. (1.4)

Since we know that (1.4) always has a unique solution v € C1*(Q) for any
f € C%(8), then Ty turns out to be well-defined as an operator on C%*(8)
into itself. The problem (1.3) is thus converted into the fixed-point equation:

f+Talfl=g*~1 on s.

This can be uniquely solved by a function f* € C%%(§), provided g% — 1
is sufficiently small in the norm of C%%(8). A solution of (1.1) is therefore
obtained by means of (1.2), where w is the solution of (1.4) corresponding to
I

We conclude our review of known results with a couple of papers, [7,8],
which provide a genuinely nonlinear approach to problem (1.1). In [7], (1.1) is
converted into a boundary value problem in the unit ball B:

AU =0 in B, (U+U,)*+|VsU*>=g* on 8, (1.5)

where VgU denotes the tangential gradient of U on 8. Here, U is the Kelvin’s
transformation of u, which is such that

u(z) = 2| U (x/|x)?) for 2 € Q.

Then, a solution of (1.5) is obtained by solving the following boundary value

problem:
AU =0 in B, U+U,=+/(¢9>—|VsU?)4 on 8. (1.6)

Since U + U, = —u, on §, the corresponding solution u of (1.1) is such that
u, < 0 on 8. It turns out that harmonic functions in 2, which vanish at
infinity and are subject to the constraint u, < 0 on 8, satisfy some sort of
comparison principle. This property is then instrumental to the definition of
maximal and minimal solutions of (1.1) such that u, < 0 on §. This fact
allows the construction of a suitably defined viscosity solution of (1.6). In [8],
a numerical scheme to construct a maximal solution is proposed.

The aim of this paper is to study the local resolution of the geomagnetic
case, i.e. the (local) existence and uniqueness of solutions of (1.1) near the
dipole defined by

d(z) = ‘i% for z € Q.

In spherical coordinates x = r (cos € cos ¢, cosfsin p,sinf), d can be written
as
sin 6

d= "0

r



21 Page 4 of 29 Kan, Magnanini, and Onodera NoDEA

Here r = |z|, —7/2 < 0 < w/2 is the latitude, and —7 < ¢ < 7 is the longitude
on the Earth 8. To the best of our knowledge, existence results for this problem
are not present in the literature.

Thus, similarly to the gravitational case, we linearize problem (1.1) by
setting u = d + w and obtain the following problem for w:

Aw =0 in Q,
Vd-Vw+ L |[Vwf? = £V o g (1.7)
w—0 as |z| — co.
Note that, being as v(x) = —x, we have that
Vd(xz) = 7(x) + 2z3v(z) for x €S8. (1.8)
The vector field
7(z) = e3 + xzv(x) for z €8,

is tangential to S and is obtained by projecting es = (0,0, 1) on the tangent
plane of 8 at = € 8. Notice that Vd(x) has intensity |Vd(z)| = /1 + 323 for
x € 8, and points outward to the Earth’s surface on the south hemisphere,
becomes tangential on the equator &€ = {x € § : 23 = 0}, and points inward
on the north hemisphere. This behavior of Vd tells us that neither d nor any
solution of (1.1) sufficiently close to d falls within the class of solutions studied
in [7,8].

Proceeding as in the monopole case gives the (irregular) oblique derivative
problem:

1
Av =0 in , Vd~Vv:§f on 8§ wv—0 as |z]—>o00. (1.9)

Differently from regular oblique derivative problems, in which the relevant
directional derivative is controlled by a vector field that points either inward
or outward on the whole boundary, the irregular ones may present at least two
setbacks. These are caused precisely by a change of direction, as described for
Vd.

The former is a non-trivial lack of uniqueness. In fact, uniqueness can be
obtained only by prescribing Dirichlet boundary values on the subset of the
boundary in which the relevant vector field becomes tangential (the equator
€ in the problem at stake). In other words, the homogeneous problem related
to (1.9) has infinitely many solutions.

The latter is the so-called loss of derivatives. In fact, it may happen
that suitably determined unique solutions of oblique boundary value problems
with, say, C”®-regular boundary data, do not gain C'*®-regularity up to the
boundary, as it does happen for the Neumann problem or the regular oblique
derivative problem (see for instance [2,15,16]). In other words, the linear op-
erator on C%%(8) associating the oblique derivative data to the (trace on the
boundary of the) solution of the problem may be unbounded. A similar be-
havior also occurs if we try to solve the oblique derivative problem in the scale
of fractional Sobolev spaces H®(8) (this fact can be detected by an inspection
of the solution obtained in [10]).
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Besides causing a loss of surjectivity of the relevant operator, more impor-
tantly, the loss of derivatives disrupts the iterative scheme on which a classical
contraction argument is based. Thus, the strategy of defining an operator Ty p,
by first setting

Tanlf] = |Vo|?,

where, for some fixed h : € — R, v is the solution of (1.9), subject to the
Dirichlet-type condition

v="h on &, (1.10)
and then solving the equation
f+Tanlfl = ¢° = IVdP,

may miserably fail.

To by-pass these difficulties, a standard idea would be to use the Nash-
Moser implicit function theorem. This often works when a loss of derivatives
occurs. The second author and M. C. Jorge have tried this pathway, but with
no success. The main difficulty is the lack of sufficiently precise estimates for
the relevant oblique derivative problems involved. In fact, in such approach,
one would need to precisely control estimates not only for the solution of (1.9),
but also for a class of oblique derivative problems obtained by perturbing Vd.

In this paper, we turn back to a fixed-point approach and obtain local
existence near the dipole for the nonlinear problem (1.1) in the case the bound-
ary data ¢ is axially symmetric around the Earth’s axis. This result is obtained
in the framework of fractional Sobolev spaces and is made possible from the
discovery that the relevant oblique derivative problem (1.9) no longer loses
derivatives in presence of axially symmetric data. Hence, a fixed-point scheme
still works for problem (1.7).

From a technical viewpoint, we construct solutions of (1.9)-(1.10) by
means of series expansions of spherical harmonics as done in [10]. This time, we
trace more carefully the dependence on the data f and h of the coefficients of
the relevant expansion. The aim is to obtain precise estimates for the operator
T4, in the scale of Sobolev spaces H*(8). It turns out that Ty p, is well-defined
as an operator on the subspace HZ (8) of axially symmetric functions on 8.
(For a precise definition of H*(8) and HZ (S), see Sect. 2.)

Our main result is then the following existence and uniqueness theorem.

Theorem 1.1. Suppose that g € HZ (8) for some s > 1 and that h = hg on §
with ho € R. If ||g — |Vd||| g+ sy and |ho| are sufficiently small, then problem
(1.1) has a unique solution u € C%(Q)NCY(Q) satisfying (1.10). Moreover, we
have that u|s € HF(8) and

lu—dllz=+1(s) < C (llg = IValll sy + |hol) (1.11)
for some constant C > 0.
From the continuous embedding of H*(8) into C(8) (see Proposition 2.1

below) and the maximum principle for harmonic functions, we see that (1.11)
holds if the left-hand side is replaced with [lu — dl|¢gq)-
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We conclude this introduction with one more important technical remark
about the proof of Theorem 1.1.

In fact, it should be noticed that the Hilbert-space structure we adopt
for H*(8) and H;,(8) is based on an inner product of a spectral-type. In other
words, the relevant inner product is defined in terms of the coefficients in the
spherical-harmonics series expansions of the functions at stake. In order to
deal with problem (1.7), which shows a quadratic nonlinearity in the gradi-
ent, a Banach-algebra structure for H*(8) is desirable. As a matter of fact,
Banach-algebra structures for Sobolev spaces on Riemannian manifolds are
systematically studied in [6] (see [6, Theorem 24] for the most relevant result),
in which the norm is defined by

s/2

Nl 750 sy = Nlullze(sy + 1(=A)*Zul| Lo (s),

where the fractional Laplace-Beltrami operator (—A)*/? is defined by the Dun-
ford integral. It is shown that (—A)®/?u is comparable to an integral repre-
sentation of the fractional derivative of u, and hence an algebra structure is
derived by Leibniz’ rule. However, to the best of our knowledge, there is no
explicit comparison between our spectral norm |[u||gs(sy and [Ju[| zs.2(s) in the
literature. Thus, in Theorem 2.4, we provide our own proof for the case of
axially symmetric functions. This is based on the series expansions in spher-
ical harmonics of products of spherical harmonics, and the so-called Wigner
3j-symbols. (In Proposition 2.5, we show that such a structure also holds in
other instances.)

The paper is organized as follows. We begin with Sect. 2, in which we
collect all the functional analytical results on the spaces H*(8) and HZ (S)
useful for our purposes. Then, in Sect. 3, we derive the appropriate estimates
for the relevant oblique derivative problem. The proof of Theorem 1.1 is given
in Sect. 4.

2. The fractional spectral Sobolev space H*(8) and its
subspace H? (8)

In this section, we collect old and new results on the spectral Hilbert space
H:(8).
2.1. Spherical harmonics and the space H*(8)
As mentioned in the introduction, we adopt a system of spherical coordinates
by setting

x =1 (cosfcosp,cosfsingp,sinf), r >0, —g <9< g, —rm<p<m

we call 6 the latitude and ¢ the longitude on the earth surface 8. With this
parametrization, the surface element on § is given by dS, = cos 6 df dp.

We denote by {Y;™(0,¢)}m|<1,i=0,1,... the spherical harmonics system of
functions. We have that

Y70, 0) = o' P (sin @) ™ (Im| <1, 1=0,1,...),
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where P/"(z) is the associated Legendre polynomial of degree [ and order m,
and o is defined by

o' =

wipnt [+ 1)(I = m])!
(=1) \/ dr(l+m|)!

It is well-known that {Y;"(6,®)}m|<i,1=0,1,... forms an orthonormal basis of
L?(8), that is, the equality
1

i Z mY'lm 0 %0) with

7r

/ Y™ (0, ¢) cos 8 dfdy

%
holds in L?(8) for any function ¢ € L?(8).

For any non-negative real number s, we define the fractional Sobolev
space:

00 l
H*(8) = {¢ €L’®): Y > (+1 )25 |2 < —|—oo}

=0 m=—1

Thus, we have that H°(8) = L*(8) and we know that H*(8) is a Hilbert space
endowed with the inner product

) l

(W, Bhies) = D D L+ DZI G
1=0 m=—1
Similarly, we set
H*(&) = {\1/ LX) > (Iml+ 1) [T,]* < —l—oo},
m=—o00
~ 1 /7 i
where ¥, = — U(p)e "™ dp,
2 J_,
and write the norm on H*(&) as
1Wllis ey = | D (ml+1)2 [T, 2

Then, any function ¥ € H¥(€) can be expanded in H*(E) as

m=—0o0

The following properties of H*(8) will be useful in the sequel.

Proposition 2.1. Set s > 1. Then, the Sobolev space H®(S) is continuously
embedded into C(8).



21 Page 8 of 29 Kan, Magnanini, and Onodera NoDEA

Proof. 1t is known that the identity

Z Y™ (01, 1), (02, 02)

m=—I1
20+ 1
2t P (sin 61 sin 05 + cos 07 cos 05 cos (92 — 1)) (2.1)
T
holds for any 1 =0,1,..., —7/2 < 61,02 < 7/2, and —7 < 1,2 < 7 (see [3,
(16.57), (16.59)]). In particular, this identity and the fact that P;(1) =1 give
1
20+ 1
Y™ (0, 9)|? = : 2.2
S e =2LE (22)

m=—1

Hence, by the Cauchy-Schwarz inequality, we have that

l
> [y

m=—I

1
5y 20+ 1
E |U1 z(,</9)|_ e

m=—I1

Taking the sum in [ and using the Cauchy-Schwarz inequality again, we obtain

o) l o) o'} l

. l+1—252l+1
S Y e < |3 EEEED IS s 1y e
=0 m=—1 =0 =0 m=-—1

3

l_|_1 1—-2s
< ———lullass)-
=0

Thus, the series (of continuous functions) on the left-hand side defines a con-
tinuous function, since it converges uniformly and absolutely for s > 1. 0

Proposition 2.2. Let k be any natural number. Then, C*(8) is continuously
embedded into H"(8).

Proof. Assume u € CF(8). Let Vs and Ag denote the gradient and the
Laplace-Beltrami operator on 8, respectively. In order to prove the propo-
sition, we verify that the equalities

oS l
SO R R = [|(~As)ul e (2:3)
=0 m=—1
oo l
D00 M D ERP = (Vs [(~AsYu][[1aq, (2.4)
=0 m=—1

hold for any nonnegative integer j with 2j < k, 27 + 1 < k, respectively.
By repeated integration by parts and the fact that

—ASY =10+ )Y
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the Fourier-Laplace coefficient of (—Asg)’u is computed as
[(“Asyu] " = /[( As)'u) V77 dS
8

(2.5)
- /S ul(~As)IV7)dS = 1L + V) a7,

Hence (2.3) follows. To derive (2.4), we set w = (—Ag)7u. For the moment,
we suppose that w € C?%(8). Then, we have that

||ng||iz(5) /wAgwdS— Z Z wy /Y AgwdS,

=0 m=—1
where we used integration by parts and the expansion

[e'S) l [e'S) l
=0 m=-1 1=0 m=—1

From the definition of w and (2.5), we see that
I T— m —— m o
A7 [ Vaswds = [(<Bspu] (B = a0
8
and therefore
[eS) l
2 27 ~m
IVswllzasy =D > [0+ G

=0 m=—1

By approximation, this equality also holds if w € C1(8). We thus obtain (2.4).
Using (2.3) and (2.4) we deduce that

e <C3° 3 (i + 01" + 1) fag?
=0 m=—1
C(H(_AS)%E $)

2 . .
2( + ||“||L2(g)> if k is even,
k=1 2 2 . .
C HVS |:(_AS) 2 ’U,:| ‘ L2(s) + ||u||L2(S) if k£ is odd
< Cllulags)

where C' > 0 is some constant. This proves the proposition. O
2.2. The subspace H} (8) and its Banach-algebra structure
In our analysis, the subspace of axially symmetric functions defined by
= {w € H*(8) : v does not depend on go}
will play a crucial role. It is clear that
={Y e H*8): /" =0,1<|m|<l,1=12,...}

This section is the technical core of this paper. In fact, observe that,
for the solvability of the nonlinear problem (1.7), we need to deal with the
quadratic term |Vw|?. In other words, in the functional framework adopted,
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we must be sure that the product of two functions in the relevant space still
belongs to the same space. We shall show that the subspace H;, (8) enjoys this
property, i.e. it is a Banach algebra with respect to the pointwise product.

To this aim, we recollect some notations and results about products of
spherical harmonics. We recall (see [14, Appendix IIT]) that the product of two
spherical harmonics Y}, Y™ is represented by the formula:

Y (o, @)sz (0, )

_ Z Z \/ 2z1+1)(222:1)(21+1) (72175;1771) (%%é) Ym(6.0).

1=0m=-—1

In this formula, the so-called Wigner 3-5 symbol is defined by
<l1 l2 13> () =l ) (L +la—13) (s —m3)! (I3 +m3)!
mimoms (11+12+13+1)!(l1—ml)!(ll+m1)!(12—mg)!(12+m2)!

XZ k+ll+m27m3(l2+l3+m1—k)!(ll—ml—Fk)!
k' l1+12+15—k)'(ld—md—k)'(ll—l2—|—m3+k)"

if my +mo+m3 =0, \11 —lo| <lg < li+1la, [my| <1y, |me| <l and |mg| < I3;
the symbol is set to be zero otherwise. The summation in the formula is taken
over all integers k for which all the factorials in the sum have nonnegative
arguments.

By using the product formula, we find that the product uv of u,v € H*(8)
has the following Fourier-Laplace coefficients:

oo l1 o0 12
=3 > Y N VL)1) WL A,

I1=0m1=—11 la=0ma=—12

where

T T Gt L S P Lilyl
Wm1 mao,m \/E (m1m2_m 0 0 0 . (26)
Our proof of the Banach-algebra property of HZ, (8) is based on an l-sum
relation (see [14, (7.61)]) satisfied by the Wigner 3-j symbols, that is

00 2

Iy I I3 .

20+ 1 =1 =1,2,3),

@+ (e (=123

if my + mg + m3 =0 and |m;| < I; for ¢ # j. This yields that
(o] ll

sup Z Z (211 + 1)|W7{nl,1l3r32 m| <

I, ma,lm

l =0 ml_fll

sup Z Z (2l3+1) Wfﬁﬁn% | <

l1,m1,l,m 15=0 m27—12

sup Z Z 20+ 1) Wf;{lj;mm|

li,masle,me | 2o 2 —

%\H %\H -
3 3 3
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by the Cauchy-Schwarz inequality.
We conclude our preliminaries with the following simple result.

Lemma 2.3. For any o < s —1/2, there is a constant C > 0 such that

o0

D@+ 1)7[a7] < Cllullmes)
1=0

for any uw € HZ (8).
Proof. The Cauchy-Schwarz inequality implies that

S+ el < | So@+ )20 S @+ 1)z,
1=0 1=0 1=0

where the first series on the right hand side converges if 2(c — s) < —1. O
We are now ready to state and prove the main result of this section.

Theorem 2.4. (HZ (8) is a Banach algebra). Let s > 1. If u,v € HZ (8), then
wv € HZ (8) and

luvllgs(sy < Cllullmss)llvllms(s)

for some constant C > 0 independent of u,v.

Proof. Let us simply write 4, 0, uv; for uf, 09, @?, respectively. Since Wéjdfé’l
is nonzero only when [ < l; + I3, and in this situation [; < Iy implies [ < 2I5,
while I; > l5 implies [ < 2[;, we have

(1+1) |uvz|<foZv2l1+ (2l + 1) (1 + 1) [Wgle's " [, |1,

11=012=ly
SVEY Y 20+ VB L DI
lo=011=ls

In what follows, we denote the two summands in this formula by I; and Jj,
respectively.
Now, Lemma 2.3 shows that

> oV2 1| < Cllullmesy, Y, V202 + 1T,| < Cllollgss). (2.8)

1,=0 l5=0
Thus, we use Lemma A.3 with the settings
=V2k+1|ug|, qx=(2k+1)°0x], and
. {(k+1)|W0’J’ 5| for i < j,
! 0 for 7> 7,

and, by recalling the [-sum relation (2.7), we see that

C
ZWQ < 7”“HH )Vl s (s)-
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A similar formula can be obtained for the terms J;. Therefore, the proof is
completed. O

For future reference, we conclude this section by showing that the algebra
structure still holds for the entire space H*(8) if s > 3/2.

Proposition 2.5. If u,v € H*(8) with s > 3/2, then uwv € H*(S) and
lwv]|gas)y < Cllullz=(s)lvllz=(s)

Proof. The proof runs similarly to that of Theorem 2.4. All what is needed is
an extension of (2.8) to the case of two independent variables I and m. Indeed,
we simply have that the inequality

o0 l
S 3 VA a7 < Cllullaegs)

1=0 m=—1
holds for u € H*(8) if s > 3/2, as in the proof of Lemma 2.3. O
2.3. The square of the gradient of a function in HZ (8)
In the case of axially symmetric functions, we have that
Vw|? = w? + wj.
The following two lemmas will be decisive for the proof of existence for problem

(1.1) of Sect. 4.

Lemma 2.6. Let u,v be harmonic functions in 2, continuous up to the bound-
ary 8, and such that u,v — 0 as |z| — co. If u,v € HZF(8) for s > 1, then
urvy € HE (8) and
[urvellgs(s) < Cllull er(s) vl merr(s)

for some C > 0 independent of u,v.

oo o0
Proof. If u =Y r~1=%;, Y, then u, = — > r='=2(1 + 1)%; Y,°, and similarly

l_

1=0
for v. Hence, Theorem 2.4 gives

urvr || me sy < Clluell s sy llvell mss)

oo (o)
=C D+ 122 @) | D (14 1)2+2[5,)2
=0 =0

= Cllullg=+ s)llvllg=+1(s),
as desired. O

We now turn to the estimate for v3 in the H*(8)-norm. Unlike the case
of v,., we do not have a simple expression of the spherical harmonics expansion
of vg. Nevertheless, we will show that there is one for v3, by using the fact
that the Legendre polynomial P(z) of degree I, which we will denote here by
Py(z), solves the differential equation:

[(1-22) P +1+1)P =0. (2.9)
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Lemma 2.7. Let u,v be harmonic functions in 2, continuous up to the bound-
ary 8, and such that u,v — 0 as |x| — oo. If u,v € HEFY(S) for s > 1, then
ugvg € HE (8) and

[ugvellme(s) < Cllullme+r(s) vl ma+1(s)

for some C > 0 independent of u,v.

Proof. Recall that

:2W22afj\/(2i+1)(2(1:)31)(2”1)/ (1 - 22)Pl(2)P)(2)Pi(2) dz.

-1
The last integral can be represented by the symbols Wé{)% defined in (2.6).
Indeed, (2.9) gives that

{(1=2) [PU2)P(:) = PPN P = 10 +1) = ili + D] P(2) Py () Pi(2).

An integration by parts then gives:

1 1
[i(i+1) — (1 +1)] / Roy dz = / (1—2%) (P/P,— P,P]) P d>

-1
1
= 2/ (1-2%) P/PPdz

—1

1
-1

Hence, we compute:

o= Y ad; [ii+1) + j(G+1)—1(+1)] \/(2””(2”1)(2”1) /1PinPl dz

520 64 _
=y MRS oy D @i 1) Wl .

4,J=0
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Note that Wgélo is nonzero only when |i — j| <1 <1+ j, so that we have:

_U§10+U+JU;U—KH4)
Therefore, as in the proof of Theorem 2.4, we can split up the sum into two
summands and obtain the inequality:

<ij

oo o0
U+ 1) er < D030+ 1)%2(2) + 1)1+ 1) [Woidy a1
i=0 j=1
o0 o0
. s . N R RIPNIIPN
+ )0 2+ 1) 25+ 1)1+ 1)Wo ol 1551
7=0 i=j

The desired estimate then follows thanks to the same arguments as those in
the proof of Theorem 2.4. O

3. Series solution for the linearized problem

In this section, we collect the results on the linearized problem (1.9)—(1.10),
which will be instrumental for the proof of our main theorem in Sect. 4.
In the spherical system of coordinates, we can compute that

sin 6 Uy Vg Uy V
5 and Vu-Vv=u,v, + 5 #.
r r r2 cos? 0

Thus, problem (1.9)—(1.10) reads as

d:

1, 1
pa ok 4 g (s tva)o & Lo g Vew =0
for r>1, —7/2<0<7/2, -m <<, (3.1a)

1
-2 sin90T+cosevg:§f for r=1, —w/2<0<7/2, —w <<,

(3.1b)
v —0 uniformlyin —7/2<0<7/2, —m<p<7m as r— 00, (3.1¢)
v="h for r=1,0=0, —7n <p <. (3.1d)

The main result of this section is the following.

Theorem 3.1. (Unique existence and fractional Sobolev estimates). Suppose
that f € H*(8), with f, € H*"'Y/2(8), and h € H**3/*(€) for some s > 1.
Then (3.1) has a unique classical solution v € C*(Q) N CY(Q). Furthermore,
the solution satisfies v|s € H*T1(8) and

ol zrtrsy < C (1flmecsy + | Foll zre-1r2(sy + Ml ressrace)) s (3.2)

where C' > 0 is a constant independent of f and h.
In particular, if f € H:.(8) and h is a constant, then v|s € H: 1 (8) and

o]l rs+1¢s) < C (1 f|lm=(sy + [R]) -

The proof of Theorem 3.1 is given in Sect. 3.2.
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3.1. Formal derivation of a series solution

We start by formally deriving a representation formula of a solution v of prob-
lem (3.1) (computations here will be verified in Proposition 3.7 below). The
formula is given by

o(r,0,¢) = Z Z b+ M Y0, ), (3.3)

=0 m=—1

where b;" and ¢]" are defined as follows. We set

P \/(l—|m|><l+|m|)
! (20 —1)(21 +1) ’

. (1+1)8" _z+1\/ @21+ 3)(L — [m|) (I + |m])
(

T30 2am, T 30+ @ =D+ L= |m)(I+ 1+ |m])
for m=0,%1,..., l=|m|,|m|+1,...,
and put
k
e =1, Ty =]]mie 0 for m=0,%1,..., k=12,....
j=1

For f € L?(8) and h € L*(€), we write

o0

I m|
1 R hm kz |m|+2k0‘|m\+2kp\m|+2k(0)
A = piml
+1 Z_: 2k \m\+2k(0)

(note that the denominator in the definition of @™ is nonzero due to the in-
equality (3.8) of Lemma 3.3 below). b/" is then defined by the recurrence
relation

bmfl:bm‘zo for m=0,%£1,...,

by ="y +ag” for m=0,£1,..., l=|m|,|m|+1,...,
and ¢/ is given by

m _ m — m o~m J— J—
Chmlr2e—1 =0, Clpqor =17 G for m=0,+1,..., k=0,1,....

Let us derive (3.3). Let 9]"(r) denote the Fourier-Laplace coefficients of
v(r,-,-), that is,

ot (r) = (o(ry -, ), ™) L2(8) / / (r,0,¢) Ym(H ©) cos 0 dfde.

For abbreviation, we write v" instead of v]"(1) and, for convenience, we set
" = 0if I < |m|. First, we observe that v has the form

o0 l

(r,0,0) Z Z oy ™6, ). (3.4)

=0 m=—1
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This follows from (3.1a) and (3.1c). Indeed, multiplying (3.1a) by Y;™, inte-
grating over 8 and using the fact that —AgY;™ = [(14+1)Y;™, we see that ;" (r)
satisfies
d*om 2 dop” w+1 .,
dr? () rodr (r) = 2

(r)y=0 forr>1.

This together with the condition (3.1¢) gives v (r) = o711

obtain (3.4).

Next, we derive a recurrence relation for 7" from (3.1b). It is known that
the following recurrence relations hold (see [3, (15.88)] for the first equality
and [3, (15.88), (15.89), (15.92)] for the second equality):

, and hence we

fml, oy _ L= ml 41 L+ |m| Lim
2P"(2) = =BT + 5 AR ),
Im|
dp, W—1Im|+1) jm L+ D)+ |m]) Sjm
(1-2) =~ =7 RFhE+ 1 R

Hence we have that

sinf Y™ = G Y + YT,
Ym m m my/sm
90 = —lﬁz+1Yl+1 + (l + 1)/81 Yl—l'

Here, Y™ = 0 if [ < |m|. From these identities, we see that

(sinf@v,.,Y;™) 125y = / / (1,0, ) sin0Y;™(0, @) cos 0 dfdy
—r z

(5l+1vl+1(7“>+5l oy (1))

_(l + 2)51+1m17ﬁ e,

and

(cosOvg, Y)"™) 12(s)

/ / (r,0,0) Y;™(0, ) cos® 0 dody

v -
:/ /Wv(r,H,gp) ( aale (9,90)2sin0Ylm(0,<p)> cos 0 dfdyp

= (I +2)8 v~ B U e A

where we used integration by parts. Thus, multiplying (3.1b) by Y;im and in-
tegrating over 8, we find the recurrence relation

l\’"w

vty = et for m=0,£1,..., I =|m[|m[+1,....

Finally, we consider the condition (3.1d). Interchanging the sum in (3.4),

we have that
o0

v(1,0, ) = Z O (0)e"™?,  where 0,,(0) = Zﬁf[”aflle(siHQ).

m=—o0 I=|m|
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Hence, by (3.1d), we deduce that

?LTYL = 67n(0) = Z UernOé;an(O) (35)

I=|m|

The recurrence relations for b and 7] show that d)* = " — b]"* satisfies

di’:’;z‘—l :O, drrln‘ :i}\/lTﬂl for m:O,:I:L...,
dity =y"d" for m=0,£1,..., I =|m|,|m|+1,...,
and therefore di, ., =0and df, ., =T} 0y, Plugging 97" = b + d"

into (3.5) and using the fact that Pllml(O) = 0if [ —|m| is odd (see [3, (15.96)]),
we find that

7 — = m m ‘7”| - m .. m |m\
b = Z b\m|+2ka\m|+2kp|m|+2k(0) + ﬁmq Zrk a|m|+2k13|m\+2k(0)'
k=0 k=0
This gives d* = ¢}, and thus we obtain (3.3).
Remark 3.2. Suppose that f and h are independent of ¢, that is, f;"* = h,, =0

if m # 0. Then, by definition, we see that b = ¢/* = 0 unless m = 0. This
shows that the function v defined by (3.3) is also independent of (.

3.2. Proof of Theorem 3.1

We divide the proof of Theorem 3.1 into a sequence of lemmas. First we show
some estimates to be mainly used in deriving (3.2).

Lemma 3.3. The inequalities
i [lm|+ 2k +1
2k+1
lml—m o m |m| 4+ 2k + 1
<(=1) > +ka|m|+2kp||m\|+2k(0) <Oy okl (3.6)

4 |m|+1 k 4 |m|+1
< (=3P < O :
c\/(2k+1)(|m|+2k+1) ST = O G D s 2 D)

cy|m|+1< <C+/|ml+1 (3.8)

- jm|
> _Tial P 2:(0)
k=0

hold with some positive constants ¢ and C'.

Proof. 1t is known (see [3, (15.96)]) that

Im| _
Pl (0) = (-1) o

|m|42k
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which gives:

[m|—m

(=1) = +kam\+2kp\m+2k(0)
VR (2m] + 2k + 1) \/ 2|m| + 4k + 1
R 2m| + 2k + 1)1\ 4Am(2]m]| + 2k 4+ 1)
Also, by definition, we have that

e [2m| 44k +1 Im|+25 25 —12/m|+2j—1
(=3)FTy = H : . .
2lm| +1 |m|+ 25+ 1 27 2|m| + 25
C(ml+ )N (Im]+2k)" [2]m]+4k+1
—m! (| +2k+ 1) 2/m|+1

k=1 2m])! (2fm|+2k—1)1
N TR @m0 (2fm] 2k

Therefore (3.6) and (3.7) follow from Lemma A.1 and some simple estimates.
The inequality (3.8) is derived easily by (3.6) and (3.7). O

Next, we derive an estimate of the H*(8)-norm of the formal solution
(3.3). For a € R, we write ay = max{a,0}.

Lemma 3.4. (Fractional Sobolev estimates for v). Suppose that f € H*(S),
fo € HE=Y2+(8) and h € H*+3/4(€) for some s > 0. Then the function v
defined by (3.3) satisfies v|s € H*TX(8) and

[0l esr(s) < C (HfHHS(S) + 1ol gre-1r224 5y + ||h||HS+3/4(8)) (3.9)
for some constant C > 0 independent of f and h.

Proof. Throughout the proof, ¢ and C denote generic positive constants de-
pending only on s, which may change from formula to formula.

Notice that, since (Y;™), = imY;™, we have that (?;);n — imf", and
hence
ol = 30 37wt D17 (3.10)
1=0 m=—1

Next, we write v|g as

0o l 0o l
v]s = v1 + vy, v1=§ E by, v2=§ 5 o'y,

=0 m=—1 =0 m=—1
and estimate the norms of v; and vy separately. We first consider vy. It is
elementary to show that |v/"| < 2/3, and hence [b7},] < 2[b,|/3 + |a}™].
Thus, applying Lemma A.2 with p, = |b|m|+2k| Q. = |a‘7:fn|+2k+1|7 o= 2/3,
71 =2(s+ 1), 2 =0, and x = |m| gives:

© 2
> (Im| + 2k + 1)2¢D ‘
k=0

b\m|+2k‘ < CZ |m| +2k + 1) 2Hetl) ’a’le—‘er'-‘rl
k=0
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We use Lemma A.2 again with p, = ‘b|m\+2k 1| and g = |a|’fn|+2k|, and
combine the resulting inequality with the above inequality to obtain that

SRR <0 Y (1 1) D

I=|m| I=|m|
Since

(l+ 1)2(s+1)
I+1—]m)(l+ 1+ |m]|)

(1+ 1) a? < [

= m2(l +1)% -

=(1+1 2s| rm |2 + m |2

< L+ D22 + m2(1+ 1)~ D+ fm 2,
we find
DU+ <o Z (+ 12| +C Z 2(] 4 1)@s=D+ | fm 2.
I=|m| I=|m]| I=|m|
By taking the sum over m and applying (3.10), we conclude that

lorlesssy < © (1 sy + I foll -1 5)) - (3.11)

In order to examine ve, we estimate a™. We see from (3.6) and the
Cauchy-Schwarz inequality that

Zb\m\+2ka\m|+2kp|m|+2k( )
[ee]
|m| + 2k +1
<O\ 2k +1 ’ lm\+2’f
k=0

i 2
Z (2k +1) (9L + 1)3/2 Z(% + DV |m| +2k 41 ‘b|m|+2k‘ :
k=0

I /\

Applying Lemma A.2 with p, = |b|m|+2k| qx = \alm‘+2k+1| 0c=2/3,11=1/2,
79 =1, and x = |m| yields that

o o0

2
Z(2k+l)\/\m\—|—72k+1‘bm\+2k‘ < Z (2k +1) \/W‘%m\wkﬂ’
1=0 k=0
<O VIFI(+1—|m])a?
I=|m|

AP

I=|m|

Ve
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Hence

o0

- m m \m| 2
Zb|m\+2ka\m|+2kp|m|+2k Z E 1/2|fz .
k=0

From this and (3.8), we obtain that

C

~ > 1 —~
< hm 2 + E - m |2
|m|+ 1 o] ey VIF1 L]

Now, we are ready to estimate vy. Note that

(3.12)

ja™|*

00 l
w2l Frosrisy = D Y (1+ 1))
=0 m=—1

= 3 D (m] + 2k + 1202 AP,

m=—o0 Lk=0

y (3.7) and the fact that |m|+1 < |m|+2k+1 < (|m|+1)(2k+ 1), we have

- s - o [(|m] + 1)(2k + 1)]2C+D
Z(lml + 2k + 1)2( +1)(Fk )2 < CZ [(l | )(32k )]
k=0 k=0

< O(jm| + 1)2(+D,

This, together with (3.12), gives

s+2 17
[v2[F7e41(sy < C Z (Im] +1)*%2 |hy, |

m=—0o0
_|_ 2€+3/2

m=—oc0 (= m|
Since
(|m| + 1)25+% < 2(m2 + 1)(l—|— 1)257% < 2m2(l+ 1)(2571)++% —|—2(Z—|— 1)2s+%’

we deduce that
o0

S ENEN
lollZreiagsy < C D (Iml+1)%%2 [y, ?

m=—0o0

+C Z Z [ l—l—l (2s—1)4 + (l+1)26:| |fm|2

m=—o0 1=[m|
= C (Illssrscey + 1 follgesrone gy + Il ao(s)) -
Combining this and (3.11), we obtain (3.9). Thus the proof is completed. [

In the next lemma we check that, under the assumptions of Theorem 3.1,
the function v given by (3.3) is indeed a classical solution of (3.1).
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Lemma 3.5. (Regularity of v). Suppose that f € H*(8), f, € H*=1/2(8) and
h € Hst3/4(€) for some s > 1, and let v be defined by (3.3). Then v belongs
to C%(Q) N CL(Q) and satisfies (3.1) in the classical sense.

Proof. We know that the Fourier-Laplace coefficients ;" of v|g is given by
o =b" 4+ ¢*. From (2.2) and the Cauchy-Schwarz inequality, we have that

> Z o7 Y6, )

=0 m=—1
0o l
< YN Y0, )
=0 m=—1
%S l
< ol y | D D (417D Y6, 0))2
=0 m=—1
—1 1 & —1-2
< el )| 5o D0+ 1T (3.13)
=0

Lemma 3.4 and the fact that s > 0 show that the right-hand side is bounded
by a constant independent of (7,6, ¢). Hence the series on the left-hand side
converges uniformly on . Since it is well-known that a uniform limit of a
sequence of harmonic functions is smooth and harmonic, we deduce that v is
of class C? in Q and satisfies (3.1a). In addition, from (3.13), we see at once
that (3.1c) is satisfied.

Next, we show that v € C(Q) and that (3.1b) and (3.1d) hold. It suffices
to show that the series

[eS) l o0 l
SN DT 0, ) <=Z > % (G G (97@))7

=0 m=—1 =0 m=—1
0 l [e%S) l
ay,™ 1 9™
—l-1 l 0 ~m,,—l—1 l 0

(3.14)

are uniformly convergent on 2. A computation similar to that in the derivation
of (3.13) gives

[e%S) l o9

e —]— 1
Z Z (1 + D)orr=2Y;(0, )| < ol fre+1(s) %Z(l—k 1)1-2s,
=0 m=—1 =0

Since the right-hand side is finite if s > 1, we deduce that the first series

of (3.14) converges uniformly. For the second and third series, we use the

identities
!

>

m=—1

oYy™ 2

U120+ 1)
L (0,¢) e

8w ’

2 l
1 85/277L
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which are derived by operating 92/06,00, or 9% /0p10¢5 to the equality (2.1)
and then taking (61,¢1) = (02,¢92) = (0,¢). From these identities and the
Cauchy-Schwarz inequality, we have that

%) !
_ aY 1oy
> [ Z 0|+ Y g e 0.0)
=0 m=—1 =0 m=—1 ®
o 1 2
1) |9V
< lollmerics) ;mg (14 1) 720 =20 (0. 9)
> 1 |aym™ 2
ot (14 1)—2(+D) L (9
+ [vll+igs) ;m;l + w20 | 0, (0,¢)

< ||U||Hs+1(g) Z -+ 1 1-2s
=0

This shows that the second and third series of (3.14) are uniformly convergent,
and thus the assertion follows. O

Finally, we prove the uniqueness of a solution of (3.1).
Lemma 3.6. Let vy, vo € C%(Q) N CY(Q) satisfy (3.1). Then vy = vy on Q.

Proof. Although the lemma can be shown in the same way as [10, Theorem],
we give a proof for readers’ convenience.
We know that the function w = v; — vo satisfies

Aw=0 in Q Vd-Vw=0 on 8§ w—0 as || —>00, w=0 on &.
(3.15)

We show that w < 0 on Q. On the contrary, suppose that w is positive some-
where. Then, we can take a point ¢ € 2 such that w(xg) = supgw > 0, since
w decays at infinity. By the last condition of (3.15), we have either zy € Q or
xg € 8\ €. Assume ¢ € Q. Then, since w is harmonic in Q and vanishes on
&, we see from the strong maximum principle that w(zo) = 0, a contradiction.
Assume zp € 8§\ €. In this case, we note that the tangential derivative of w
on § vanishes at zg. From (1.8) and the second condition of (3.15), it follows
that
ow

v T 2u

T=Tq

(Vd-Vw —7-Vuw) =0.

T=xq
Hence the Hopf lemma and the last condition of (3.15) give w(zg) = 0, which
is impossible. Consequently w is nonpositive everywhere. The fact that w > 0
can be shown in the same way, and therefore we obtain w = 0. (]

We can now prove Theorem 3.1.

Proof of Theorem 3.1. The unique existence of a solution of (3.1) follows from
Lemmas 3.5 and 3.6 . The inequality (3.2) is a direct consequence of Lemma 3.4.
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From Remark 3.2, we see that the solution v satisfies v|s € H:I1(8) if f €
H: (8) and h is a constant. Therefore the proof is completed. O

3.3. Validity of the formula (3.3)

We have proved in Theorem 3.1 that any classical solution of (3.1) is given
by the formula (3.3), provided that f and h are in certain Sobolev spaces. At
the end of this section, we prove that this is still true without assuming extra
regularity conditions on f and h.

Proposition 3.7. Any solution v € C%(Q)NCY(Q) of (3.1) is of the form (3.3).

Proof. Most of computations in Sect. 3.1 are valid, since the assumption v €
C%(Q) N C*(Q2) implies that 97"(r) € C?((1,00)) N C*([1,00)), f € C(8) and
h € C1(€). The only point where we have to verify is (3.5). In order to ensure
(3.5), we need to show that the equality (3.1) holds in L?(&) for § = 0. For
this purpose, we use the inequality (see [11, Corollary 1])

il ) 64 (L + |m|)!
[P (2)| < \/W3<21+1)m (I —|m|)’

which gives

Ja@i+ 1)

’al L (sin )|_ w5 cos 0

From this and the Cauchy-Schwarz inequality, we have that

2
8 o0
Am 0 2 < 4l 1lom
[0 (0)° < g y—r lzl;nl \/Tlvl |
< 8 S 1 - 141 2(~m |2
~ V mScosh Z (141)3/2 Z( + 17"
=0 I=|m)|

Since Proposition 2.2 and the assumption v|g € C'*(8) show that

Yo > WD =l < oo

m:—ool:|m\

we see from the Weierstrass M-test that the series > °_ _[0,,,(0)|* converges
locally uniformly in 6 € (—m/2,7/2). This means that the right-hand side of
(3.1) is convergent in L?(€) locally uniformly in § € (—7/2,7/2). Since we
know that (3.1) holds in L*(8), we conclude that (3.1) is valid in L?(€) for
every 0 € (—m/2,7/2). Thus (3.5) is verified, and the proof is completed. O

4. Axially symmetric solutions of Backus problem

In this section, we finally prove the existence of axially symmetric solutions of
Backus problem (1.1) near the dipole.
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Remark 4.1. Notice that, since |Vd(z)| = /1 + 323 for z € 8, then |Vd| €
H#(8) for any s, thanks to Proposition 2.2, being as |Vd| € C*(8).

Lemma 4.2. Let u,v be harmonic functions in RN \ B, continuous up to the
boundary 8, and such that u,v — 0 as |z| — oo. If u,v € H:IH(8) for s > 1.
Then, |Vul?,|Vv|? € HS (8) and
|||VU|2HHS(S) < C||U||§{s+1(5)7
[Vul? = Vol (s) < C ([ullmo+rs) + [ollassis)) u—vllaesis),

for some constant C > 0 independent of u,v.

Proof. The assertion follows from the decompositions
Vul? = u + uj,
IVul? = |Vo|? = (u+ ) (u— ) + (u+0v)e(u—v)g,
Lemmas 2.6 and 2.7 . O

We are now in position to prove our main result.

Proof of Theorem 1.1. In the proof C' denotes a generic positive constant de-
pending only on s. We define operators T and ¥ by

T =1VeP, )= g (o7~ (VA TT)),

where v is a unique solution of (3.1). Due to Theorem 3.1, Remark 4.1 and
Lemma 4.2, we see that T and ¥ are defined as mappings from HZ (8) to
H; (8). Put 0 = [|g — |Vd||| g+ (s) + |h| and define a closed subset X5 of H*(8)
by

Xs =A{f € Hi(8) : | fllm=(s) < M0}
We shall prove that ¥ has a unique fixed point, by showing that it is a con-
traction mapping on Xy, for some number M > 0.

To this end, we observe that Theorems 2.4 and 3.1, Remark 4.1 and
Lemma 4.2 give that
lg* = [Vl ms(sy < Cllg + |Vdlllze(s)llg = [Valll sy < C(6 + 1),
[T 1lers(s) < Cllolzesaisy < CUf sy + 1hol?) < C(M? +1) 62,

for any f € X;s. Hence, the inequality

1M aes) < Cr [(M* +1)5 +1] 8 (4.1)

holds for some other positive constant C7 only depending on s.
Next, let f; € X5 and let v; be a unique solution of (3.1) for f = f;
(j = 1,2). We see from Theorem 3.1 and Lemma 4.2 that
I1TLA] = Tlfelllme sy < C (loallmeragsy + lvallmrs+s)) lor = vallmesigs)
< O fllzscsy + 1ol f1 = follzs(s)
<OM +1)6fi = fallmses)-
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Therefore we have

1911 = WLl 9y = 17101 = Tlfollmecsy < Co (M + D81 = Follecs),
(4.2)

for a constant C3 > 0, which only depends on s.
Now, in order to show that ¥ is a contraction mapping on Xs, we must
choose the positive parameters M and § such that

Cy [(M?+1)6 +1] < M,
so that U(X;) C X thanks to (4.1), and
Cy (M + 1) 6 <1,

from (4.2). The last two inequalities are certainly satisfied if we take M = 2C}
and

1 1
§ < mi .
<mm{1+4012’02(1+201)}

Thus, by the Banach fixed-point theorem, ¥ has a unique fixed point f,
in Xs. Therefore, we can easily see that the solution v, of (3.1) with f = f,
is such that v = d + v, satisfies (1.1) with w = h on &. Thus, the proof is
completed. O

Remark 4.3. The constant hy can be chosen as the average on € of a function
h. Thus, loosely speaking, Theorem 1.1 can be interpreted from a geophysics
point of view as: for any field intensity of dipolar character given on the Earth’s
surface, there exists a unique geomagnetic potential outside the Earth, with
that field intensity on its surface, and with given average potential on the
equator.
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Appendix A. Technical lemmas

In this appendix, we collect the following simple lemmas for numerical se-
quences. In what follows, we use the standard notations for the double facto-
rial:

[n/2]-1

nll = H (n —2j),

J=0

where [-] is the greatest integer function.

Lemma A.1. There are constants ¢ > 0 and C' > 0 such that

<C+vn+1

foralln=0,1,---
Proof. By Stirling’s formula, we can check that
(2n - nn 4/ 2 . (2n)!

lim —

, lim ———F——— = )
n—oc \/2n+/(2n — 1)! @ n—oo /20 +1+/(2n)! 2

. (2n — 1! 2 . (2n)!! T
lim =4/—, lim ————— =,/ =.
n—oo \/2n — 1(2n — 2)!! T n—00 /20 (2n — 1! 2
The desired inequalities then ensue. O

Lemma A.2. Let the sequences of non-negative real numbers {py}r—o.1,... and
{qr}r=0.1,... satisfy the recurrence relations:

pOZOa kaO'pk—l‘FQk—l fOT’ k:1727"'7

for some constant 0 < o < 1. Then, for any non-negative numbers T, 7o and
X, there exists a positive constant C depending only on o, 11 and 1o such that

Y (x+2k+1)"(2k+1)7pF <C Y (x +2k+1)7 (2k +1)7q}
k=0 k=0

Proof. Tterating the recurrence relations gives that
k—1
P < Zak_’_lqj for k=1,2,...,
j=0
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so that by the Cauchy-Schwarz inequality we infer that

k—1 2 k—1
P2 < Zakquqj < oh—i—1 Zo_k j—1 2
3=0 j=0 j=0
<7 Zakj 1q2 forany k=1,2,---.
—0 &
Next, we compute that
> (x+ 2k + 1) (2K + 1) p}
k=0
1 oo k—1
T 1o k—j5—1 2
sliaz (x+2k+1)"(2k+1)™0 ¢
k=1 ]:O
1 ,
— (X—|—2j+2i+3)”(2j+2i+3)T201qj2,
j=0i=0

after switching the two sums in the second line and then setting &k = i + j.
Finally, we apply the simple algebraic inequality a +b+3 < (a+1)(b+ 3) (for
a,b > 0), and hence infer:

>+ 2k + 1) 2k + 1) p}
k=0

(oo} (oo}
'r + 'r T2 2
ST Z(2z+3 1472 HZX+23+1 N2+ 1)
=0 7=0
Thus, the lemma follows. g

We conclude this appendix by recalling a well-known result for the stan-
dard space [P (p > 1) of numerical sequences {a, },=o,1,... such that

o0
Z lan|P < oo.
n=0

Lemma A.3. Let p = {p;}i—o1,.. € I', 4 = {g;}j=01,.. € > and let the 3-
indices sequence {r; ;i }ijk=01,.. Satisfy

oo oo
M := max s_upZ|n—7j,k|7 S_upZ|ri,j7k| < oo0.
bR =0 “ k=0

Then, the sequence s = {sp}72, defined by
oo
Sk = Z Ti,5,k Didj
i,j=0
belongs to 12 and satisfies

Islliz < M[pllir lalli2-
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Proof. The Cauchy-Schwarz inequality gives that

o0 (oo}
Islliz = (s,s)2 < Z Z 74,5,k Pid; Skl

k=0 4,j=0
oo oo oo oo oo
<Y il | DD gl DD rigllsel* < Mlpllnllallz (s
i=0 =0 k=0 k=0 j=0
The claim then follows at once. O
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