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Arbitrary high-order methods for one-sided
direct event location in discontinuous differential problems
with nonlinear event function

Pierluigi Amodio* Luigi Brugnano! Felice Tavernaro*

April 21, 2022

Abstract

In this paper we are concerned with numerical methods for the one-sided event location in
discontinuous differential problems, whose event function is nonlinear (in particular, of poly-
nomial type). The original problem is transformed into an equivalent Poisson problem, which
is effectively solved by suitably adapting a recently devised class of energy-conserving meth-
ods for Poisson systems. The actual implementation of the methods is fully discussed, with a
particular emphasis to the problem at hand. Some numerical tests are reported, to assess the
theoretical findings.

Keywords: discontinuous ODEs, Poisson problems, Line Integral Methods, Hamiltonian
Boundary Value Methods, HBVMs, PHBVMs, EPHBVMs.

MSC: 65L05, 65P10.

1 Introduction

In some applications, one faces the problem of solving discontinuous ODE problems, namely, prob-

lems in the form: .
d { f(x), ifg(z) <0,

EZ‘ = x(0) = zg € R,

¢(x), otherwise,
with ¢g:R™ — R a suitably regular function, called event function, dividing R™ into two regions
where the vector field is defined in different ways. The vector field need not be continuous on the

boundary set
Y={zeR": g(x)=0}. (1)

Hereafter, we shall refer to the set ¥ as to the event set and, moreover, we shall assume, without
loss of generality, that g(xg) < 0. This problem has been studied in [I8] (see also [I7, 20] and
references therein), in the case where g(x) is linear or, at most, quadratic: here, the authors define
a direct method for finding the event point, namely, the first point z* of the trajectory belonging
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to X. We refer to the references in [I8] for relevant applications where solving such a problem is
needed.
In this paper, we consider the more general case where g is a general polynomial. Consequently,

given the ODE-IVP

%x = f(z), 2(0) = 29 € R™, (2)

the problem at hand is that of determining the point z*, on the solution trajectory, such that
9(z") =0 €R, (3)

where ¢ is a polynomial (however, we shall also sketch the case of a general, sufficiently smooth,
function). Hereafter, it is assumed that:

e f is sufficiently smooth;

e at the considered initial point,

g(wo) = —H <0, (4)

e along the solution of ({2,

Lgta) = Vo) f(@) 2 5> 0, 5)

which implies that the set ¥ in () is attractive for the trajectory starting at xg. More
precisely, any trajectory starting at a point zq satisfying @) and (Bl), will reach ¥ in a finite
time 7* (depending on the starting point)

As stated above, we shall refer to the vector z* satisfying (@) as the event point. Its detection
is significant in many applications, where it is mandatory that the set ¥ is not crossed, but just
reached by the trajectory [I8]. Therefore, it makes sense to impose the same requirement to a
numerical method of approximation.

With these premises, the structure of the paper is as follows: in Section 2l we cast the problem
@)—@) in Poisson form; in Section Bl we recall the basic facts about the solution procedure for the
new formulation, which is duly adapted for the problem at hand; in Section @ we provide some
numerical tests; at last, in Section [l a few conclusions are given.

2 Poisson formulation

As previously observed, the numerical procedures studied in [I8, 20] allow to effectively solve the
problem ([2)—([@) when g is a linear or a quadratic function, by using a suitable reparametrization of
time. In particular, we shall use a reparametrization akin to that used in [18], i.e.,

w=g(z(r)) + H, (6)

which allows solving the problem in the interval w € [0, H], due to (@) and to the monotonicity of
g along the solution of ([2) (see (Bl)). Consequently, by introducing the augmented state vector

y:(fj)eRm7 m:=n+1, (7)

Hn fact, by virtue of (@), one obtains that 7* < H /6.



and using the independent variable
t=w, (8)

we obtain the augmented system, equivalent to (2I),

=60, tebAl O =w=( ), 0

where, hereafter, ¢ will denote the derivative w.r.t. ¢, and (see ([2) and (7))

f(z)
1
Clearly, because of (@), the problem (@) has the scalar invariant
H(y) :==g(z) —w+ H. (11)
In fact, one has (see () and ([I0)):
H(y) = VH(y)'y = (V)T -1)G(y)
f(z)
= (Vgx)T -1) ng)ff(w) —1-1=0. (12)

Since (see (@)

at t =w = H it will be
i = (). et (13)

such that

jan}
I
=
=
=z
I
o
B
=
I
£
=z
Jr
3
1

ga") —H+H = g(a7),

thus recovering the event point z* € 3.

The novelty of the present paper is that of deriving procedures able to reach the event point
in a finite number of steps, in the case where h € H,,E The basic idea is that of transforming the
original system (@) into an equivalent Poisson problem:

y=By)VH(y), te[0,H], y0)=yeR™,  B(y) =-By). (14)
The following result, based on [23], holds true.

Theorem 1 Problems [@)-(I0) and (I4) are equivalent, and possess the invariant H(y) = 0, pro-
vided that the skew-symmetric matriz B(y) is defined as follows:

G(y)VH(y)" — VH(y)G(y)"
IVH(y)lI3

2As is usual, II,, denotes the vector space of polynomials of degree not larger than v.

B(y) = (15)




Proof First of all, we observe that matrix (IH]) is well defined, since |[VH(y)|3 > 1 (see @), (@),
and (III)). Next, for the problem (Id)) one has

H(y)=VH(y) y=VH(y) B(y)VH(y) = 0,

due to the fact that B(y) is skew-symmetric. Moreover, since VH (y) "G (y) = 0 (see (I0) and (),
one has:

G(y)VH(y)" —VH(y)G(y) "

B(y)VH(y) = VH(y
Wi IVHWTE v
=IIVH()I3 =0
/_fr— /—T’_
_ G VH(y) VH(y) -VH(y) G(y) VH(y)
IVH ()13
= G(y). O
When matrix B(y) is constant, as in the case of Hamiltonian problems,
§g=JVH(y), t>0, y0)=y, J'=-J (16)

then H (y) is referred to as the energy, and its conservation can be effectively and efficiently obtained
by solving problem (@) via Hamiltonian Boundary value Methods (HBVMs), a class of energy-
conserving Runge-Kutta methods for Hamiltonian problems (see, e.g., [7, 8, [0 10, [T, B, 12] and
the monograph [0, see also the review paper [6]). Nevertheless, in the case where the problem is
not Hamiltonian, HBVMSs are no more energy-conserving. When B(y) = —B(y) ' is not constant,
problem (I4)) is a particular instance of a Poisson problem. This motivates the present paper, where
a recently-derived energy-conserving variant of HBVMs for Poisson problems [I] will be suitably
adapted for solving problem (I4)-(IH]).

For sake of completeness, we mention that the numerical solution of Poisson problems has been
tackled by following many different approaches (see, e.g., [I9, Chapter VII] and references therein).
More recently, it has been considered in [I6], where an extension of the AVF method is proposed,
and in [2, 4], where a line integral approach has been used instead. Functionally fitted methods

have been proposed in [21], 22| 24].

3 Poisson HBVMs and their enhanced version

Let us sketch the Poisson HBVMs (PHBVMs) methods defined in [I], which will be later slightly
modified for the problem at hand. Since we deal with one-step methods, we can consider the
solution of problem () on the interval [0, k], with h > 0 the timestep. The basic idea is that of
expanding the vector field ([4) along the orthonormal Legendre polynomial basis,

1
Pell, [ POP©E=5; g0l a7)
0
with ¢;; the Kronecker symbol. In so doing, with similar steps as in [I], by considering the expansions

VH(y(ch)) =Y Pi(e)y(y),  Pi(0)Bly(ch)) = > Pi(c)pi(y), ce[0,1],
j>0 i>0

1 1 (18)
%’(y):/o P (§)VH (y(¢h))dE, Pij(y):/o Pi(&)F;(€)B(y(Eh))dE, 4,5 =0,1,...,



one obtains:

g(ch) = Bly(ch))VH(y(ch)) = Bly(ch)) Y Pi(c)y(y) (19)
>0
= ZP7(C)B(:U Z Pi(c)pi; ()7 (y), c€0,1],
j=0 i,7>0

from which one derives that the solution of ([I4)) can be formally written as:

yleh) =go+h S / Odp W), ce o, 1). (20)
1,720
In particular, by considering ([I7)) and that Py(£) = 1, from which fo £)d¢ = 6,9 follows, one has:
y(h) = yo+hY_ o))
§>0
SN / y(eh)de / £h))de. (21)
7>0

In order to obtain a polynomial approximation of degree s to y, it suffices to truncate the two
infinite series in [IJ) after s terms:

ZP Apij(0)vi(o),  c€0,1], (22)

1,j=0

with p;;(0) and 7,(0) defined according to (I8)) by formally replacing y by . Consequently, (20
becomes

(ch)—yo+hz/ P€)dpi(o(o),  ce 0,1, (23)
4,J=0
providing the approximation
s—1
y = o(h)=yo+hd  po(o)y(o)
§=0

- yo+h§j / otennic [ POVHG (e (24)

in place of [ZI)). The following results hold true.
Lemma 1 With reference to ({I8), for any suitably reqular path o : [0, h] — R™ one has:

7 (o) = O(W), pij(0) = pji(0) = —pij(0) T = O(RI)), i,j=0,1,.... (25)
Proof See [IL Corollary 1 and Lemma 2]. O

Theorem 2 H(y1) = H(yo), 1 — y(h) = O(h>*1).
Proof See [I, Theorems 1 and 2]. O



3.1 Enforcing (8)

As is clear, when applying ([22)-(24), to problem (I4)-(I3)), in order for z* to be reached at t = H,
it is mandatory that the equality (8) holds at the end of each integration step. Conversely, at H,
one would have g(z*) # 07 Consequently, one must have, by setting e,, € R the last unit vector,

1
ey = hel/ &(ch)de = h,
0
ie.
1
e,Tn/ o(ch)de = 1. (26)
0

For this purpose, we specialize, for the problem at hand, the strategy used in [I] for enforcing the
conservation of Casimirs, thus resulting into a specific version of Enhanced PHBVMs (EPHBVMs).
Let us then consider, for a generic skew-symmetric matrix

BT = —B e R™™, (27)
the following modified polynomial in place of (IZZI)H
s—1 B
Galch) = Z Pi(¢)pij(ca)vi(oa) — aBy(oa), c€0,1], 04(0) = o, (28)
i,j=0
with « a scalar to be determined. The following result holds true.

Theorem 3 Setting

s—1
Y1 = oa(h) = y0+hZP0j(0a)%'(0a) — ahByo(0a), (29)
=0

one has H(y1) = H(yo), whichever the value of a considered in (28).

Proof In fact, one has:

1
Hy) — Hiyo) = H(ou(h) - H(oa(0)) = h / VH(0w(ch)) Téa(ch)de

s—1 1 1
= h Z VP(c)H(0a(ch)) depij(0a)yj(0a) —ah | VH(ou(ch))Tde Byo(oa)
i,j=0Z0 0
=7i(oa)T =v0(0a)T
s—1 _
= h Y 7i(0a) pij(0a)vi(0a) — ahyo(oa) Bro(oa) = 0,
1,7=0

by virtue of Lemma [l and @7)). O

3 Actually, * is the order 2s approximation provided by the method.
4Here, we take into account that Pp(c) = 1.



At this point, in order to enforce (), according to (26]) we require:

1 s—1
1= / eTGa(ch)de = 3 el pos(0a)r(0a) — aeh Bro(oa),
0

j=0
i.e.,
s—1
o= Zj:o e;poj (o'a)’Yj (Ja) -1 (30)
e;BVO (0a) .
Since o9 = o, from Theorem ] we now that the numerator is O(h?*) + O(«). Consequently, from
29) it follows that the order of the method remains 2s, provided that the denominator in ([B0) is
bounded away from 0. For this purpose, setting (according to (@)

oa(ch) =: ( i‘:gz% ) . xo(ch) = z(ch) € R,  wq(ch) =w(ch) € R, c€[0,1],

and recalling that

t0(e0) = [ VH(ou(ch))de = ( Jo Sk el ) = ( " ) (31)

the choice

= [ O —do 9o
B_<d(T ‘ > do = , (32)

provides R
emByo = djgo = 1.
In so doing, the approximation ([29) becomes, by virtue of ([32]),

Y1 = Yo +hz_:/)0j(0a)7j(0a) ah( o ) ; (33)

=0

with
s—1

a=Y"enpo(0a)i(0a) — L. (34)
=0

3.2 Discretization

As is clear, the Fourier coefficients

need to be numerically computed. For this purpose, we use a Gauss-Legendre formula of order
2k, with abscissae and weights (¢;,b;), ¢ = 1,...,k. In so doing, we obtain a new polynomial
approximation, say uq, in place of o,

a(ch) = 3 Pu(0)pis (1a)5 (1a) —ah< oo ) . eell, (35)

i.4=0 1



where, setting as before,

To(ch n
uq(ch) =: ( wagchg > . To(ch) = z(ch) € R, wq(ch) =w(ch) € R, c€[0,1],
dy is defined (compare with ([32)) as
k

do= 20, o= biVg(ualceh)), (36)
4013 e

and we use the (generally) approximate Fourier coefficients

k

i(a) = Y bePj(ce) VH (ua(ceh)), (37)
(=1
k
pis(ua) = Y bePi(co)Pi(co)Blualech)), 4,5 =0,...,5—1.
(=1

At last, a is defined as (compare with ([B4])):

s—1
a = epo;(ua);(ta) = 1. (38)
3=0
Setting, as usual (compare with (29)),
s—1 d
), 0
yi = Yo+ poj(ta)vi(oa) — ah ( ) ) , (39)
j=0

the following results follow.
Theorem 4 Vk > s : y; — y(h) = O(h?5t1).

Proof See [I, Theorem 10]. O

Theorem 5 With reference to (30)-(39), if g € 11, and v < 25 then

1 1
Qo:goz/o Vg(za(ch))dc, %—(ua):%—(ua)z/o Pi(§)VH (ua(Eh))E,  j=0,...,s—1. (40)

Consequently, H(y1) = H(yo).

Proof The first statement follows from the fact that the integrands in (@0) are polynomials of
degree at most (v —1)s+s—1=wvs—1 <2k — 1. Energy conservation is then proved with similar
steps as in the proof of Theorem Bl by formally replacing o, with u,. O



Remark 1 In the case where g is not a polynomial, or is a polynomial but the hypotheses of the
previous Theorem [A are not fulfilled, from [1l, Theorem 9] it follows that

H(y1) = H(yo) + O(R**1).

Consequently, a practical energy-conservation can always be gained, provided that k is chosen large
enough so that the energy error falls below the round-off error level.

Definition 1 According to [1, Definition 2], we shall refer to the numerical method defined by
(38)-(39) as the EPHBVM(k, s) method.

Remark 2 We observe that, when k = s, the EPHBVM(s, s) method naturally satisfies the con-
straint [§). Consequently, « = 0 and the method coincides with the symplectic s-stage Gauss-
Legendre collocation method used for solving (I4)-(13).

For sake of completeness, let us sketch the vector form of the EPHBVM(k, s) method, which
can be derived by slightly adapting the arguments in [Il Section 4.1]. For this purpose, let us define
the matrices (see (IT))

Ps=( Pi_1(ci) ) i
J
0= diag(bl, ceey bk),

kXxs
1,...,k eER 3
1,...,s

ok L= JyPi—a(9)dE )

1, 7
L.o.ys J

with (¢;,b;), @ = 1,...,k, the abscissae and weights of the Gauss-Legendre quadrature, and the

vectors (see (&)

1 ¢0 s—1
e=|: |eR, o¢= :
1 ¢s—1 3=0
We also set, beingﬁ

Y

h-<
Il

eRM™, Y,

I
7N
£r
~~
-~
I
=
&
™
=

Yi
the stages of the method, and (see ([4))-(13)),

B(11)
B(Y) _ G]kaxl’mﬂ7

one then obtains the discrete problem

¢—PJAR[,B(Y) - PPIQR [, VH(Y)
a—endo+1

F(@, ) == ( ) =0 ¢ Rt (42)

5According to (@), =; € R® and w; € R.



where, with reference to ([@IJ), and setting ¢ = (c1,...,cx) | the vector of the abscissae:

Yy — e®y0+hI5®Im¢—ahc®<le),
dy = L
ol

K
k
do = > biVg(x).
i=1
Remark 3 We observe that the above discrete problem [{3) has, remarkably, (block) dimension s,
independently of the considered value of k [1]. Moreover, it induces a straightforward fizved-point
iteration, which converges for all sufficiently small timesteps h, under reqularity assumptions on

f and g. This iteration will be used for the numerical tests, even though Newton-type procedures,
obtained adapting those defined in [3,[9] for HBVMs (see also [13, [T}, [15)]), could be also considered.

4 Numerical tests

In this section we present a few numerical tests, concerning the solution of one-sided event location
problems, aimed at assessing the theoretical findings. For each problem we prescribe the function
f(z) in @) and the event function g(z) (@), along with the starting point of the trajectory. All

the numerical tests have been implemented in Matlab (R2020a) on a 3 GHz Intel Xeon W10 core
computer with 64 GB of memory.

Example 1 The first test problem, taken from [I8, Example 5.1 (a)], is defined by

f@) = ( L ) , (43)

g(x) =ax1 + 29— 0.4. (44)

and by the event function

We choose the initial point
z(0) = (=0.2, =0.2) T, (45)

providing the value H = —g(2(0)) = 0.8 in (#)). Since the event function is linear, any EPHBVM(s, s)
method (i.e., the s-stage Gauss collocation method) has to provide an order 2s approximation to
the event point belonging to the event set X (). This is confirmed by the numerical tests listed in
Table[Il obtained by using the timesteps
H

fn = 10-2n
for solving the associated Poisson problem (I4)-(I&). In the table, we have denoted by 7 the
approximation to the event point obtained with the timestep h,, and with e} the corresponding
error (numerically estimated). As one may see, all approximations belong to the event set 3 (since
g(x2) is of the order of the round-off error level) and converge to the event point with the correct
order (the last two approximations for s = 3 practically coincide).

(46)

10



Table 1: numerical results for problem ([3)-(@3]) solved by the EPHBVM(s, s) method with timestep

Eq).
s=1 5=2 5=3
g(xk) er rate g(xk) er rate g(xk) er rate
-1.11e-16 — — | -1.67e-16 — -1.05e-15 — —
-5.55e-17  1.99e-04 — | -1.67e-16 1.43e-07 -9.44e-16  6.09e-10  —

1.11e-16  4.98e-05 2.0 | 0.00e4+00 9.33e-09 3.9 | -9.99e-16 1.06e-11 5.8
-1.67e-16  1.25e-05 2.0 | -2.22e-16 5.90e-10 4.0 | -8.88e-16 1.72e-13 6.0
-5.5%e-17  3.11e-06 2.0 | -1.67e-16 3.70e-11 4.0 | -1.22e-15 2.60e-15 6.0

2.22e-16  7.78e-07 2.0 | -1.11e-16 2.31e-12 4.0 | -1.11le-15 1.39e-16  ***

CUk W N = O3

Table 2: numerical results for problem (@3] and [@T7)-([@8) solved by the EPHBVM(k, s) method
with timestep h = H/10.

s | EPABVM(s, s) | EPHBVM(4, )
1 1.1148e-05 1.1102e-16
gla*) | 2 -1.4687¢-08 1.1102¢-16
3 -7.8148e-11 -2.2204e-16

Example 2 Next, we consider the problem defined by (3, with a nonlinear (though smooth)
event function

g(z) = 20x1 + x2 — 20sinzy — 0.4, (47)
and initial point
providing a value H = 0.6. If we solve the associated Poisson problem (Id)-(I5) by using the
EPHBVM(s, s) and EPHBVM(4, s) methods, s = 1,2,3, with a timestep h = H /10, we see that,
though g(x) is non-polynomial, the latter methods correctly reaches the event set 3, as one infers
from the results listed in Table

Example 3 At last, let us consider the problem defined by:

1

T.2Fsinas 3
fx) = e ; z(0) 2 |, (49)
1+ cos||z|3 4
with the polynomial event functiond
g(z) = 1072 (2} + 42 + 23) . (50)

For the chosen initial point, one obtains H = 1.563. For this problem, any EPHBVM(k, s) method,
with

-2

6The scaling factor 1073 in (B0) is introduced to have a more compact graphical representation.

11
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Figure 1: event set (IJ) for problem [3)-([B0), along with the trajectory reaching it computed by
using the EPHBVM(11,3) method.

turns out to be energy-conserving for the associated Poisson problem (I4])-(I3]), and therefore,
at t = H the trajectory exactly reaches the event point lying on the event set ¥. We use the
EPHBVM(11,3) method with timestep h = 1072 H, thus reaching the (approximation of the) event
point z* for which g(z*) ~ —5.8 - 10716, The event set ¥, along with the computed trajectory,
are depicted in Figure [l For comparison, the EPHBVM(3,3) (i.e., the 3-stage Gauss-Legendre
method), using the same timestep, reaches a point & for which g(#) ~ 4.7 - 10~® and, moreover,
|Z — 2|2 ~ 4.8 - 1076.

5 Conclusions

In this paper, starting from the methodology introduced in [I§], we have introduced a direct method
for numerically solving the problem of one-sided event location. The proposed approach is based
on a suitable modification of recently derived energy-conserving methods for Poisson problems [I],
specifically tailored for the problem at hand. The methods exactly reach the event set, in the case
where the event function is a polynomial. Actually, they can be effectively used also in the non-
polynomial case, provided that the event function is regular enough. Numerical examples confirm
the theoretical findings.

12
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