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1. Introduction

Let G be a finite group, let p be a fixed prime number, and let P be a Sylow p-
subgroup of G. As usual, we denote by Irr, (G) the set of irreducible characters of G
whose degrees are coprime to p. The McKay conjecture, first stated in [18], asserts that

lrry (G)] = [Irrp: (N (P))]-
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This conjecture has been one of the central problems in the representation theory of
finite groups for nearly 60 years. In a groundbreaking article [13], the McKay conjecture
was reduced to a collection of deeper statements concerning finite simple groups. This
reduction marked a major breakthrough: the conjecture was subsequently proven for
the primes 2 and 3 in [19] and [26], respectively, and was ultimately confirmed in full
generality in [4] in 2024.

Several refinements of the McKay conjecture have been proposed over the years, aim-
ing to provide a deeper understanding of the relationship between G and Ng(P). Notably,
Alperin formulated a stronger version [1], which considers the distribution of irreducible
characters across p-blocks. Isaacs and Navarro proposed a second refinement keeping
track of the mod p-congruences of the degrees of corresponding characters [14]. Further
developments by Navarro introduced additional refinements of both the McKay and the
Alperin-McKay conjectures [21], which take into account the action of Galois automor-
phisms on irreducible characters. These newer conjectures not only generalize McKay’s
original statement but also suggest a rich and intricate interplay between local and global
representation-theoretic invariants.

In this article, we propose a further strengthening of the McKay conjecture.

Conjecture A. Let G be a finite group, let p be a prime number and let P be a Sylow
p-subgroup of G. Then there exists a bijection

e : Ity (G) = Irrp (Ng (P)),
such that (x)(1) < x(1), for all x € Irr,y (G).

A first straightforward observation is that Conjecture A holds whenever G admits a
selfnormalising Sylow p-subgroup. Moreover, Conjecture A has been recently reduced to
finite simple groups in [11] and, in that same article, has been verified for the prime
p = 2. In particular, the authors show that our Conjecture A implies an interesting
statement concerning the sum of the squares of the degrees of p’-degree characters of a
finite group [11, Conjecture A]. We also wish to point out that Conjecture A is known
to hold for p-solvable groups. More precisely the combination of results of Geck [5]
and Rizo [25, Theorem A], extending previous work of Turull on solvable groups [28,
Main Theorem], shows that when G is a p-solvable group there exists a bijection f :
Irry (G) — Irrp (Ng(P)) such that f(x)(1) divides x(1), for every x € Irry (G). This
stronger statement has no chances to hold in general. For instance it fails in the case of
the symmetric group S7 and the prime 3.

In this article, we bring new evidence in support of Conjecture A by focusing our
attention on symmetric groups.

Theorem 1.1. Conjecture A holds for symmetric groups and any prime number.
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As we observed above, Theorem 1.1 is known to hold for p = 2. For this reason, in
this paper, we focus our attention on odd primes.

To prove Theorem 1.1 in this setting, we employ a combination of techniques. First, we
extend and refine the description of the irreducible characters of the normaliser Ng, (P),
initially developed in [6] (see also [27]). A second key ingredient, which we wish to em-
phasize, is the recent work appeared in [8,9], which provides a detailed description of the
irreducible constituents arising from the restriction of irreducible characters of symmet-
ric groups to Sylow p-subgroups. These new developments are combined with classical
results on minimal degrees of irreducible characters of symmetric groups, established by
Rasala in [24], as well as Olsson’s theory of p-core towers, as presented in [23].

We conclude by noting that the results of this paper can be readily adapted to show
the existence of a bijection between the height zero irreducible characters of a p-block
of maximal defect of S;, and those of its Brauer correspondent. Extending this result to
arbitrary p-blocks of symmetric groups lies beyond the scope of this article, as it will re-
quire more sophisticated algebraic and combinatorial techniques, and will be the subject
of future investigation. Nevertheless, we believe the following may hold.

(For a p-block C of a finite group H, we let Irrg(C') denote the set of height zero irre-
ducible characters of H lying in C.)

Conjecture B. Let G be a finite group, let p be a prime number, let B be a p-block of G,
and let b be its Brauer correspondent. Then there exists a bijection

e : Irrg(B) — Irro(b),
such that e(x)(1) < x(1) for all x € Irrog(B).

Encouraging evidence in support of Conjecture B is presented in [20], where the above
statement is proved for p-solvable groups. Moreover, Conjecture B has been recently
verified in [17] for blocks with cyclic or Klein four defect group.

Acknowledgments. The author’s research is funded by: the European Union Next Gen-
eration EU, M4C1, CUP B53D23009410006, PRIN 2022 - 2022PSTWLB Group Theory
and Applications; and the INDAM-GNSAGA Project CUP E53C24001950001.

We wish to thank S. Law, M. Martinez, G. Navarro, F. Pediconi, C. Vallejo and M.
Wildon for several useful conversations, and G. Malle for comments and corrections on
a previous version of this paper. We are also very grateful to the referee for several
comments and suggestions that improved the readability of the article.

2. Background and notation

In this article, for any z,y € N we use the symbol [z,y] to denote the subset {z,z +
1,...,y} of N. We regard [z, y] as the empty set whenever x > y.
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We start by briefly recalling some standard facts on the character theory of symmetric
groups. We refer the reader to the usual references [16] and [23] for complete details. We
let P(n) denote the set of partitions of n. The irreducible characters of the symmetric
group S, are naturally labelled by partitions of n. For a partition A = (A1,...,As) €
P(n), we set |\| = n, we denote by )’ its conjugate partition and by x* the irreducible
character of S,, corresponding to A. We set £(A) = (X)1 (i.e. £()\) equals the number of
parts of \). As a convention, we regard A\; = 0 for every s > ¢()\). Given n,r € N and
partitions v € P(r) and A € P(n) we write v C A if 4, < A\, for every £ € N (equivalently,
~v C M if the Young diagram of v is contained in that of A). We write A\ + v to denote
the partition p € P(n + r) such that uy = Ap + 7y, for every £ € N. Finally we use the
symbol A\ U~ to denote the partition of n 4+ r obtained by reordering the parts of the
composition (Aq, ..., Agay; V1, -+ Ve(y))- Moreover, for any t € [1,n] we denote by By (t)
the subset of P(n) defined by

Ba(t) = {\ € P(n) | A1, £(N) < t}.

In other words, B, (t) consists of those partitions of n whose Young diagram fits into
a (t x t)-square grid. For a subset A C P(n) we let A° = {\, X | A € A}. Notice that
B, (t)° = B,(t) for any n,t € N.

We recall that the Young diagram Y'()) is defined as follows:

Y(A) ={@,4) e Nx N [ie[l, ()], j €L A]}

Every element (r,¢) € Y(A) is called a node of Y(\). We denote by h,.(\) the hook
associated to the node (r,c), and we let |h, .(\)| be the size (or length) of the hook
hrc(A). We recall that h, () is the subset of Y/(\) defined by

BN = {(r,9) €YV |y >} U{(m,0) € Y(N) | 2> 1},

Given (4, j) € Y(\), we say that h; ;(\) is an e-hook of A if its size |h; j(A)] is divisible
by a given integer e. We let H¢(\) be the set consisting of all the e-hooks of A. A partition
7 is called an e-core if H®(\) = ). The e-core of A is the e-core partition obtained from A
by subsequently removing e-hooks. This is denoted by C.(\). The removal of a hook from
the Young diagram of a partition corresponds to the removal of its rim-hook. Finally,
we let Qc(A) = (MO, XD XE=D) be the e-quotient of A\. The size of the e-quotient
is denoted by |Q.()\)| and it is defined as the integer [A(O| 4+ [XD| 4 ... 4 |A(=D| We
refer the reader to [23, Chapter I] for precise definitions and an extensive discussion
on these combinatorial objects. We just recall that |H®(\)| = |Q.(A\)| and that |A| =
[Ce(V)] + €lQe(A)].

We say that a partition A € P(n) is a hook partition if X = (n — x,1%) for some
x € [0,n— 1], and we denote by H(n) the subset of P(n) consisting of all hook partitions
of n.
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Let n1,n9,...,nt € N besuch that ny+ne+---4+n, =n,let Y =5, xSy, x--- xS,
be the corresponding Young subgroup of Sy, and let A € P(n) and p; € P(n;) for every
€ [1,t]. Then we let

LR()\;H17/~‘L27 s ,,Ut),

be the multiplicity of x** x x#2 x - - - x x** € Irr(Y') as an irreducible constituent of (x*)y-.
These integers are known as Littlewood-Richardson coefficients. We refer the reader to
[15, Chapter 17] for a complete discussion about the Littlewood-Richardson rule. In the
following lemma we just recall a few well-known facts that we will use later in this article.

Lemma 2.1. Let r,x € N be such that r < x and let n = x +r. Let A\ € P(n) and let
~v € P(r). The following hold.

(a) There exists pn € P(x) such that LR(X; p,y) # 0 if and only if v C .
(b) Suppose that x > 3. Then there exists 1 € P(x) \ {(z)}° such that LR(\; u,y) # 0
if and only if v C A and A ¢ {v+ (z),yU (17)}.

Proof. Statement (a) is an immediate consequence of the Littlewood-Richardson rule.
Similarly statement (b) easily follows from [3, Lemma 4.4]. O

For a prime number p, we will denote by P,/ (n) the subset of P(n) consisting of
partitions A such that x* € Irry (Sy). The following proposition is a direct consequence
of [23, Proposition 6.4] and it describes the elements of P, (n).

Proposition 2.2. Let n and k be positive integers such that n = ap® +r, for some r < p*
and some a € [1,p—1]. Let X be a partition of n and let v = Cpr(X). Then x* € Irry (S,)
if and only if |7—l1’k (A)] =a and X7 € Irry (Sy).

Proposition 2.2 shows that if n = ap® + r with r < p¥, then

IITp/ (Sn) - U II‘I"(Sn | ’7)7

YEP, (1)

where Irr(S,, | v) = {x* € Irr(S,,) | Cpr(X) = 7}. We are also able to control [Irr(S,, | )|
for any v € P(r). The following statement is a direct consequence of [23, Proposition
3.7].

Lemma 2.3. Let n and k be positive integers such that n = ap® +r, for some r < p* and
some a € [1,p —1]. For any v € P(r) we have that

[Irr(Sy | 7)| = [Irrp (Sapr)|-

In particular, given P € Syl,(Sqpr) we have that |Irr(Sy | v)| = [Irry (Ns_, (P))]
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Proof. Every partition is uniquely determined by its p*-core and its p*-quotient, by [23,
Proposition 3.7]. The set Irr(S,, | ) consists of all those characters labelled by partitions
with p*-core v and p*-quotient of size a. Similarly, Proposition 2.2 shows that Irr, (S, )
consists of all those characters labelled by partitions with empty p*-core and p*-quotient
of size a. Hence, we conclude that |Irr(S, | v)| = [Irry (Sgpr)|. The second statement
is an immediate consequence of the validity of the McKay conjecture, first proved for
symmetric groups in [22]. O

The following lemma is a consequence of a beautiful combinatorial result proved by
Bessenrodt in [2].

Lemma 2.4. Let n = x + 1 and let v € P(r) be an x-core. Let P(n | v) be the set of all
partitions of n with x-core equal to v. Then P(n | v) = {Ao,A1,...,Az—1}, where for
every i € [0,z — 1] we have that [x®~5') x x7, (x*)s,xs,] # 0.

Proof. Since v is an z-core, [2, Theorem 1.1] shows that P(n | v) = {Ao, A1, .- s A1}
where for every ¢ € [0,z — 1] there exists a pair (i,7) such that h; ;(A\¢) = (x — ¢,1%). It
follows that LR(\;; (x — £,1%),7) # 0 and therefore that X@*“e) x x7 is an irreducible
constituent of the restriction of x* to S, x S,. O

2.1. Abacus combinatorics and [-sets

To prove our main results we need to control the p*-hooks of several partitions. The
best setting to do that is that of S-sets. In particular, it is convenient to visualize these
on the so called James’ abacus for partitions. We devote this short section to recalling the
main features of these combinatorial objects. We refer the reader to [23] for a complete
account.

We call S-set any non-empty finite subset X of NU{0}. Given a S-set X = {hq,...,hs}
with hy > hy > --- > hy, we say that

P(X) = (b — (t = 1) ha — (t = 2),...., ),
is the partition corresponding to X. Given s € N we denote by X** the set defined by
Xt ={hy+s,....,ht +s8,5—1,5—2,...,1,0}.

Given A a partition of n, we say that X is a S-set for A if P(X) = A. We know from [23,
Proposition 1.3] that Xy = {|h;1(A\)| | 7 € [1,£(N)]} is a B-set for A, and that a [-set ¥’
is a B-set for A if and only if Y = (X,)**, for some s € N.

It is particularly convenient to use 3-sets to deduce information about the hook lengths
of their corresponding partitions. For instance from [23, Corollary 1.5] we have that the
following holds.



E. Giannelli / Advances in Mathematics 498 (2026) 111029 7

Proposition 2.5. Let A be a partition of n, let X be a B-set for A and let h € N. Then h
is the length of a hook in X\ if and only if there exist x,y € N U {0} such that

xeX, y¢X, and z—y=h.

Proposition 2.5 shows that for every x € X and y € N \ X such that z —y > 0,
there is a corresponding hook in A\ of size x — y. In what follows we are going to use
the notation H(z,y) to denote such a hook of A. Finally, we will often use the following
reformulation of [23, Proposition 1.8].

Proposition 2.6. Let A be a partition of n, let X be a B-set for A and let H(x,y) be a
hook in A. Then (X ~{z})U{y} is a B-set for A\ H(x,y).

We pause to give a small example to familiarize with the objects introduced so far.

Example 2.7. Let A = (3,2,2), then X = {7,5,4,1,0} is a 8-set for A. We observe that
|h1,2(A)] = 4, and in fact, by direct inspection of the hook lengths in the Young diagram
Y (A\) we see that hq2()) is the only hook of length 4 in A. This can be easily read off
the B-set X as well. In fact, 3 ¢ X, 7 € X and 7 — 3 = 4. This shows that H(7,3) is a
hook of length 4 in A. Moreover, if z € X and y ¢ X then |H(z,y)| = 4 implies z = 7
and y = 3. We conclude that H(7,3) is the only hook of length 4 in A and therefore that
H(7,3) = h12(N). If we now let Y = (X ~ {7}) U {3}, we have that Y = {5,4,3,1,0}
is a f-set for the partition (1,1,1). As explained in the discussion after Proposition 2.5,
we have that (1,1,1) = A\ hy2(N).

We now fix r € N. Given X a f-set and ¢ € [0,r — 1], we let
X'={aeNU{0}|r-a+lecX})

In particular we have that X = {r-a+/¢ | ¢ € [0, — 1] and a € X*}. As explained in
[23, Chapter 1] we have that if A = P(X), then C,(\) = P(Y), where

Y={r-a+l|£c[0,r—1]and 0 <a <|X* -1}
Moreover, (P(X°), P(X1),...,P(X""1)) =: Q,()\) defines the r-quotient of \.

Remark 2.8. Notice that the definition of @, () given above depends on the choice of the
B-set X. In particular, we have that the r-quotient is defined up to a cyclic permutation
of its components. In [23, Chapter 1] this problem is resolved by always choosing S-sets
of sizes divisible by r. We care to stress that in this paper we will not need this level
of accuracy, because we will always be interested only in the sizes of the components of
certain r-quotients, not in their relative positions.
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All these considerations can be easily visualized by placing the elements of X on a
r-abacus, in the following way. The r-abacus has r runners going from north to south
numbered 0,1,...,7 — 1. On each runner the positions are labelled in increasing order
0,1,2,... from top to bottom. The r-abacus configuration corresponding to X is then
obtained by placing a bead in position a of runner ¢ if and only if r-a + ¢ € X. In
particular, the set X* records the positions of the beads lying on the ¢-th runner. It is
now particularly easy to spot r-hooks, in fact A := P(X) admits a r-hook if and only
if in the r-abacus configuration corresponding to X there is a runner admitting a bead
and a vacant position somewhere above that bead. It is now clear that the r-abacus
configuration corresponding to the r-core of A is obtained from that of A by sliding all
beads as north as possible on each runner. This in turn corresponds to our first statement,
namely that the S-set Y, as described above, is a -set for C,.(\).

2.2. Characters of wreath products

We conclude this section by fixing our notation for characters of wreath products. This
is based on [16, Chapter 4]. Given a finite group G and a natural number n, we denote
by G*" the direct product of n copies of G. For any subgroup H < &,,, the permutation
action of &,, on the direct factors of G*™ induces an action of &,, (and therefore of
H < &,,) via automorphisms of G*", giving the wreath product Gt H = G*™ x H. The
normal subgroup G*" is sometimes called the base group of the wreath product G H.

Following [16, Chapter 4], the elements of G H are denoted by (g1,...,gn;h) for
gi € Gand h € H. Let V be a CG—module and let ¢ be the character afforded by V. We
let VO =V ®---®V (n copies) be the corresponding CG*"—module. The left action
of GV H on V®" defined by linearly extending

(9155 9n3h) © V1@ @VUp > G1UR-1(1) @ B GnUp—1(n)

turns V" into a C(G ! H)-module, which we denote b@ (see [16, (4.3.7)]). We let
& denote the character afforded by the representation V®. For any character ¢ of H,
we abuse notation and let ¢ also denote its inflation to G ¢! H. Finally, we introduce the
symbol

X(:) =0
to denote the character of G ! H obtained as the product of QB and .

Let Lin(G) be the set of linear characters of G. Basic Clifford theory [12, Chapter 6]
shows that the set Lin(G ! H) has the following form:

Lin(GVH) = {X(¢;¢) | ¢ € Lin(G) and ¢ € Lin(H)}.
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3. Preliminary results

In this section, we collect several results primarily concerning the degrees of irreducible
characters of symmetric groups and their Sylow normalizers. Some of these statements
follow from known results, while others represent genuine extensions that may be of
independent interest beyond their role in the proof of Theorem 1.1.

We begin by fixing the notation for Sylow subgroups and their normalizers. Much of
this notation and background is borrowed from [6].

3.1. Sylow subgroups and normalisers

We use this section to recall some fundamental facts about irreducible Sylow p-
subgroups of symmetric groups and their normalizers.

Letn € N andlet n = 22:1 ajpkj +ag be the p-adic expansion of n, with k; > k;—1 >
-+ > k1 > 1. The integer t is called p-adic length of n. It is well known that if we denote
by P, a fixed Sylow p-subgroup of S,, then

Py = (P, ) X oo X (Pyry )1,

where Ppe = P10 P, = Cp 1 Cp -+ 1 C) is the iterated wreath product of ¢ copies of
Cp, the cyclic group of order p.

Unless otherwise stated, for the rest of this article we will use the symbol N, to
denote the subgroup Ng, (P,) of S,. It is well known that Nyx & P, x (Cp—1)** and
that N,,x = Npx 1S, for any a € [1,p — 1]. Moreover, we have that

Ny = Ng,pre X oo X Ngooka X Ny ey X Sgq-

Thus Irr(Ny,) = {01 x -+ x 0y x X7 | 0; € Irr(N,,, px; ) for any i € [1,¢], and v € P(ag)}.
We now aim at describing the irreducible p’-degree characters of Ny,» = Nyx 0.S,. In

order to do this, we first need to recall a few properties of the set Lin(P,«). Following

the notation introduced in [6, Section 2.1] we let C), = (g) be a cyclic group of order p
generated by g. Let C,, denote the set of complex pth roots of unity and let

Irr(Cp) = Lin(C,) = {9, | z € C,},

where ¢,(g) = z for all z € C,. This shows that the irreducible characters of P, = C,
are naturally labelled by the elements of C,. A basic application of Clifford theory
allows us to extend this description to the set of linear characters of Py for any k €
N. As explained in [6, Section 2.1], there is a natural bijection between the set (CpX’C

and Lin(P,). From now on, we will denote by X'(x1,..., ;) the element of Lin(P,)
corresponding to the sequence (1, x2,..., k) € C;k. Without repeating all the details

concerning this bijection, we just remark that X'(x1,...,xy) is recursively defined as
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X(x1,...,21) = X(X(21,...,28-1); Oz,,) € Ppr—1 1 Pp.

Given s = (s1,...,5,) € C)* we let Z(s) = {¢ € [1,k] | s, = 1} and ((s) = |Z(s)|.
The following statement is an immediate consequence of the more general results proved
in [6, Proposition 2.7 and Corollary 2.8].

Proposition 3.1. Let s,t € C*. The corresponding irreducible characters X(s) and X (t)
are Npk-conjugate if and only if Z(s) = Z(t). Moreover we have that
Staby , (X(s)) & Ppe 3 (Cpo1) <™.
Proposition 3.1 allows us to describe the set of irreducible characters of N, of degree
coprime to p. Let L; be a set of representatives for the orbits of N, in its action on

Lin(P,x). Another elementary application of Clifford theory and of Gallagher’s theorem
[12, Theorem 6.11 and Corollary 6.17] implies that

Iy (Npe) = | Tr(Npe | X),
XeLly

where, Irr(Npx | X') is the subset of Irr(V,») consisting of all those irreducible characters
6 such that [0p , , X] # 0.

Proposition 3.2. Let s € C* and let 6 € Irr(Nyy | X (s)). Then 6(1) = (p — 1)k=¢(s),

Proof. Let N = N, and let Nx be the stabilizer of X'(s) in N. By [12, Theorem 6.11, and
Corollaries 6.17 and 6.27] we know that there exists o € Irr(Nx) and § € Irr(Nx/Ppr)
such that « is an extension of X (s) and such that § = (a- 8)". Since Nx /P, is abelian
we have that a(1) = (1) = 1 and therefore that #(1) = |N : Ny|. Proposition 3.1 now
shows that 6(1) = (p — 1)*=¢(). o

Later in the article we will need to show that the normalizer of a Sylow p-subgroup of
Sy admits many irreducible characters of small degree coprime to p. For this reason, here
we start by counting these in the case of N,x. In particular we will focus on irreducible
characters of degree 1 and of degree p — 1.

Since the trivial character 1 P = X(1,1,...,1), we easily deduce the following state-
ment as a consequence of Proposition 3.2.

Corollary 3.3. Let k € N. Then Lin(Nyx) = Irr(Ny | 1p ). In particular we have that
[Lin(N,e)| = (p — 1)*.

Moreover, we denote by QLin(N,) the set defined by

QLin(Nyr) = {n € Irr(Npx) | n(1) =p — 1}.
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The notation is chosen to hint at the small degree of these characters, in a sense, quasi-
linear.

Corollary 3.4. Let k € N. Then |QLin(Nx)| = k(p — 1)k~ 1.

Proof. For any i € [1, k] let s(i) = (s(i)1,5(i)2,...,5(i)x) € C;¥ be the sequence defined
by s(i); = e and s(i)e = 1, for every £ # i. Clearly ((s(i)) = k — 1 for every i € [1, k].
By [6, Proposition 2.7] we have that the N,x-orbits of X'(s(i)) and X (s(j)) coincide if
and only if 7« = j. Moreover for any s € (CpXk with ((s) = k — 1, there exists an index
i € [1,k] such that X (s) is N,x-conjugated to X'(s(i)). These observations, used together
with Proposition 3.2 allow us to deduce that

QLin(Nyx) = UIH“ e | X(s(0))).

Let N; be the stabilizer of X'(s(i)) in Np«. From Proposition 3.1, for every i € [1, k] we
have that N; & P,. x (Cp_1)*1. Using [12, Corollary 6.17] we conclude that

[Ter(Np | X(s(i)| = [Ni : Pye| = (p— 1)
and therefore that |QLin(N,x)| = k(p — 1)¥71, as desired. O

There is a specific linear character of P, that we will need to recall quite often later
in this article. For this reason we fix the following ad hoc notation.
Definition 3.5. Let w = ¢ 5 and let s = (wyw,...,w) € (szk. We denote by X} the linear
character of P, corresponding to s. More generally, given n € N with p-adic expansion
given by n = p*1 +- .- +pFs +ag for some ky > kg > -+ >k, > 1 and some ag € [0,p—1],
we denote by X(*n) the linear character of P, defined by

Xiny = X5, X X, X x AL
Finally, for any k € N we define the integer m* (k) as follows:
m*(1) =p—1, and m*(k) = p* — p** —p"2, for any k > 2.

Remark 3.6. Notice that Xj, # X7, for any n € N. In fact A(,) € Lin(P,) while
X¥ € Lin(Ppn). We do reahze that thls notation might seem strange at this point, but
we firmly believe it is the most convenient for the following sections of this article.

Given 6 € Irr(P,) we let Q(0) = {\ € P(n) | [(x)p,,0] # 0}. From [9, Theorem 5.7]
we deduce that the following holds.
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Theorem 3.7. Let p > 5 be a prime and let k € N. Then

By (m*(k)) € Q7).

p

Moreover, given n € N such that n = p¥t + .- + p*= 4 aqg is the p-adic expansion of
n for some ky > ko > -+ >k, > 1 and some ag € [0,p — 1], then

where T' = m* (k1) +m*(k2) + - +m*(k.) + ao.

In the next statements we make some new observations concerning the degrees of
irreducible characters of N,, and of S,, lying above X}. As we will see, these results will
play an important role in the proof of Theorem 1.1 from the introduction.

Lemma 3.8. Let k € N and let § € Irry (N, ). The following hold:

(i) max{n(1) | n € Irry (Np)} = (p — 1)k,
(i) Trre(Npe | A7) = {()"}
(iii) O(1) = (p — 1)* if and only if 6 = (X})"e+.

Proof. Since the stabilizer of A} in N, is equal to P, statement (ii) holds by Clifford
correspondence [12, Theorem 6.11]. Statements (i) and (iii) easily follow from Proposi-
tion 3.2. O

Proposition 3.9. Let a € [1,p — 1] and let d = max{x(1) | x € Irr(S,)}. Then

max{n(1) | n € Irry (Nope)} = (p— 1)°* -d.

Proof. Let n € Irry (Nypr ). Recall that Nyx = Nyr 1S, = B X Sy, where B = (Npk)*¢
is a normal subgroup of N,,». Let 0 € Irr(B) be such that [0, 7p] # 0. Then there exists
tel,al, A= (M1,...,\¢) € P(a) and / distinct characters 01,...,0; € Irry (Npx) such
that

0= (Ql)X)\l X (92)><)\2 X oo X (OZ)X)\Z.
It is easy to see that the stabilizer H of 6 in N, is isomorphic to Npx 1 Sy, where
Sy = Sy, x --- x S,,. Hence, using the notation for characters of wreath products
introduced at the end of Section 2, we have that for every i € [1, £] there exists p; € P(\;)

such that

= X(01;xM") X X(02;xH2) x -+ - x X(0g; x"*) € Ity (H), and n = wNaP"'.
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It follows that n(1) = [], 0:(1)*x*(1)|S, : Si|. From Lemma 3.8 we know that there
exists a unique element of Irr,/ (N,x) of maximal degree equal to (p — 1)*. This together
with the fact that 6; # 6; for all ¢ # j implies that

|
1 < _ 1 k)\l (k 1) a— Al ,U,7 a: .
n(l) < (p—1)""(p- ] Ix 7/\1“2 X

Let x € Irr(S,) be an irreducible constituent of (x#* x --- x x*¢)% . Then
[T <xm<a

Moreover, since a < p — 1 we observe that

al al
— << (p—1)*M,
NI VISV (p=1)

Using these inequalities we deduce that (1) < (p — 1)% - d. Consider now x € Irr(S,)
with x(1) = d, and let ¢ = (X7)"e* € Trr, (Npr). We observe that X'(¢; x) € Trry (Ngpr)
and that ¢(1) = (p — 1)?* - d. This concludes the proof. O

Corollary 3.10. Let n = ap® + ag for some a,ag € [0,p — 1] with a # 0. Then

(1) < (p—1)%al(p — 1),
for every n € Irry (N,).

Proof. We know that N, = N,,x x S,,. It follows that any irreducible character ¢ of
degree coprime to p of N, is of the form ¢ = 6 x x7, for some 6 € Irry (N,,) and
some 7 € P(ap). From Proposition 3.9 we know that 8(1) < (p — 1)?* . d, where d is the
maximal degree of an irreducible character of S,. Since d < a! and since ag < p — 1 we

deduce that

(W <p-1)%-d-x"(1) < (p-1)%al(p-1). O

We now aim to provide lower bounds for the degrees of the irreducible characters of
Sy lying above X(*n). This is done in Lemmas 3.14 and 3.15 below. Before doing this,
we start by recalling a few facts about the minimal degrees of irreducible characters of
symmetric groups. The first one is very well-known and we refer the reader to [24, Result
1] for a proof.

Lemma 3.11. Let n > 5 be a natural number and let x € Irr(Sy,). If x(1) > 1 then
x(1) >n—1.
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The following statement is formulated specifically for the purposes of this article and
it is a consequence of the more general results described in [24].

Lemma 3.12. Let n € N, let A € P(n) and let x = x> € Irr(S,).

(a) Ifn>9 and X € B,(n —2), then x(1) > In(n — 3).
(b) Ifn>15 and X € B, (n — 3), then x(1) > tn(n —1)(n —5).

Proof. Let n = 2m + ¢, for some ¢ € [0,1], and let ¢ € [1,m]. From [24, Theorem F]
we have that for every A € B, (n — t) there exists u € {(n —¢,¢), (n — m, m)} such that
(1) > x*(1). Since x("~2 (1) = Ln(n—3) statement (a) now follows from [24, Result
_1

zn(n — 1)(n — 5) statement (b) follows directly from

2]. Similarly, since y(*=33)(1) !

[24, Result 3]. O
We record here a useful lemma specific to the prime p = 3.

Lemma 3.13. Let n = a3% +r for some a € [1,2] and r € [0,2]. If A € B,(n — a) then
xM1) > (1), for all n € Trrz (N,).

Proof. From Proposition 3.9 we know that n(1) < 2%, for all 5 € Irrs/(N,,). The state-
ment is now an immediate consequence of Lemma 3.12. O

As promised, we are now ready to study the degree of those irreducible characters of
Sy lying above X(*n). This analysis will be crucial to prove Theorem 1.1 for p > 5.

Lemma 3.14. Let p be a prime number and let k > 1. Let x € Irr(S,x) be such that
[P, XF] #0, then x(1) > (p— 1)

Proof. We proceed by induction on k. If k = 1 the result clearly holds since x ¢ Lin(S,,)
and therefore x(1) > p—1 by Lemma 3.11 below. Suppose now that k > 2. Let B be the
normal subgroup of P, such that B = (P,x-1)*? and such that Py = B x P, < Sp
Since X} = X(A!_; qﬁw) we have that

(X3, (Xi-1)*"] # 0.

Hence there exists x1,...,xp € Irr(Syr-1) such that [xy, x1 x---xx;| # 0 and such that
[(Xj)P v Xiq] # 0, for all j € [1, p|. Here Y denotes the Young subgroup (Syx-1)*? in

Spr, chosen such that B <Y. The inductive hypothesis implies that x;(1) > (p — 1)17,672
and hence we conclude that
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Lemma 3.15. Let p > 5 be a prime number, let a,ag € [0,p— 1] with a # 0 and let k > 2.
If n = ap® + ap and x € Irr(S,,) is such that [xp,, X(’;l)] %0, then

x(1) > (p — 1) al(p — 11).

Proof. Let Y = (S,1)"" x Sq, < Sy and observe that A7, ) = (&X;7)*“. Since [xp,, A7, #
0, there exist x', ..., x* € Irr(S,x ) and 9 € Irr(Sq, ) such that [y, x* x -+ x x*x )] #0
and such that [(x/)p ., ;] # 0, for all j € [1,a]. Lemma 3.14 shows that x/(1) >
(p— 1P forall j € [1, a] and therefore we have that x(1) > (p— 1)“1’]%1. The statement

now follows by observing that

(p—1)%" " > (p—1)™*(p -1 p—1)P"2 > (p—1)%al(p — 11).

The first inequality is a direct consequence of Lemma 6.1 (see appendix). The second
inequality is obvious because a <p—1. O

3.2. More on symmetric groups

Roughly speaking, Theorem 3.7 shows that a partition A that is neither too wide or
too tall corresponds to an irreducible character y* whose restriction to P, picks up X(*n)
as an irreducible constituent. This in turn implies that x*(1) is big, by Lemmas 3.14 and
3.15. For these reasons it is crucial for us to find combinatorial conditions to control how

wide and how tall a partition is. This is the first goal of this section.

Definition 3.16. Let A € P(n) and let s be a natural number. Let Q,(\) =
(MA@ AE=D) be the s-quotient of A\. We let N (\) be the integer defined as fol-
lows:

No(N) = max{(AD),6AD) | j € [0,s — 1]}

In other words, Ng(\) is the largest number among all first parts and all lengths (i.e.
number of parts) of the s partitions involved in the s-quotient of A.

Remark 3.17. Notice that given s € N, the integer N,(A) depends only on the partition
A and does not depend on the choice of the 8-set for A. This fact can be easily deduced
from Remark 2.8.

We pause to give a few examples of the new invariant introduced in Definition 3.16.

Example 3.18. Let A = (7,5,5,3,3) € P(23) and let s = 5. The set

X ={16,13,12,9,8,4,3,2,1,0}
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is a B-set for \. In fact we have that X = X;"°, where X = {11,8,7,4,3}. Considering
the corresponding 5-Abacus configuration we see that C5(A) = (4,1,1,1,1) and that

It follows that N5(\) = 2.
On the other hand, given u = (7,7,4,3,2,2,1%) € P(33) we have that the set

Y = {23,22,18,16,14,13,11,10,9,8,7,6,5,4,2, 1,0},
is a f-set for u. It follows that Cs(u) = (2,1) and that

Q5(:u) = (®7 ®v (2)3 (14)? Q])

We conclude that N5(u) = 4. It is important to notice that
A =7<8+5-2=|C5(N)|+5-N5(A), and that £(u) = 14 < 3+4+5-4 = |Cs(u)|+5- N5(p).

The two equations displayed above are instances of a more general fact, that is fully
explained by Proposition 3.19 below.

The following proposition will be used frequently in our proof of Theorem 1.1 and it
is proved using the combinatorics of partitions and S-sets, as introduced it in Section 2.1

Proposition 3.19. Let a,n,r,s € N be such that n = as+r and r < s. Let A € P(n) be
such that Cs(X) € P(r). Then A € By (r 4+ sNg(N)).

Proof. Let X = (X.,)"*5 be the S-set for v corresponding to the s-abacus configuration
for v having first vacant position labelled by as (position a on runner 0). We remark that
X (as well as all the other [S-sets considered in this proof) may have size not divisible
by s. This does not affect our arguments, as explained in Remarks 2.8 and 3.17. Since
v € P(r) is an s-core and since r < s we have that x < (a + 1)s for every z € X.
Therefore we deduce that

X?e{{0,1,2,...,a—1},{0,1,2,...,a}},for every ¢ € [0,s — 1].
Let Qs(\) = (A% ..., A71) be the s-quotient of A and let A9 = (df,d,... ,dj ), for

every ¢ € [0, s — 1] (here ¢4 is some integer smaller than or equal to a). Regarding d2 = 0
for every = > t, we let

vi_ {(a —x)+d? |z ellal} it X9={0,1,2,...,a — 1},
{la—z)+dl ,|ze0,a} if X9={0,1,2,...,a—1,a}.
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It is easy to see that P(Y9) = A\ for every q € [0, s—1], and that Y = {s-y+q |y € Y9}
is a fB-set for A, i.e. P(Y) = A. In fact, combinatorially speaking, Y is obtained from X
by sliding down beads on runner ¢ according to the partition A(?). Let M = max(Y’) and
let ¢ € [0,s — 1] be such that M = xs + ¢ (i.e. the s-abacus configuration corresponding
to Y has a bead in position z on runner ¢). From the definition of Y we have that

M e {(a—1+d})s+q,(a+dl)s+q}.

Moreover, since A = P(Y), we know that Ay = M —(|Y|—1). Since |Y| = |X| = as+£(y)
we have that

W fsdl st Far 1 HXT={0,1,2,0 a1},
1:
sdl —l(y)+q+1 if X9=1{0,1,2,...,a—1,a}.

If @ ¢ X7 then using that ¢ < s — 1 and that £(y) > 0 we have that
A =sdi—s—0(y)+q+1<sdl+r.

On the other hand if a € X7 then ¢ < r (because v € P(r)) and therefore we have again
that \; = sd{ — £(7) + g+ 1 < sd? +r. Since di < N4(\) We conclude that

A1 < sdi +r < sNg(\) +,

as desired.
A completely similar argument shows that £(\) < sNg(A) +r. O

We note that the assumption r < s in the statement of Proposition 3.19 may be
superfluous. However, we have included it because, in this article, we only apply Propo-
sition 3.19 in contexts where this condition is certainly satisfied.

We fix some new notation that will be used frequently later on in the paper.

Notation 3.20. Let p be a prime and let n = ap®+r for some r < p* and some a € [1, p—1].
Given any v € Py (r) we let

P(n | 7) = {A € P) | Cp(N) =}

We observe that P(n | v) C Py (n) by Proposition 2.2, and moreover A € P(n | v) if and
only if x* € Irr (S, | 7).

Given A € P(n | v) we have that Q, () is a sequence of p* partitions whose sizes sum
up to a. With this in mind, for every = € [1,a] we denote by A, the subset of P(n | )
defined by

Ay ={AeP(n|7) | Np(A) =z}
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Observe that A, is non empty for every z € [1,a], and that

Pinlv=|J A

z€[1,a]

where the above union is clearly a disjoint union. We remark that the notation A,
does not record the dependence on n and y because these are fixed at the start and
clear from the context. Similarly, when later in the article we will make use of the sets
A1, Ao, ..., A, the variables n and v will always be fixed and clear from the context.

We conclude by observing that A, C B, (r + xp*) = B,(n — (a — x)p*). This is an
immediate consequence of Proposition 3.19.

Using the notation just introduced, we compute the sizes of the sets A, for a few
specific values of x.

Lemma 3.21. Let p be a prime and let n = ap®+r for somer < p* and some a € [2,p—1].
Then |Ay| = 2p*. Moreover, if a > 3 then

A y| = 2p*F —p* ifa =3,
a—1| —
2p2F ifa > 4.

Finally, assuming that a > 6 then we have

|Aq—a| = p** + 3p*".

Proof. The first statement is easily seen because A € A, if and only if Cpr(A) = v
and Npx(A) = a. This in turn is equivalent to have Cpr(\) = v and Q,r(\) =
MA@ AD | AC* 1)) gatisfying the following conditions: there exists a unique j €

[0,p% — 1] such that A(¥ = @ for every i # j and A\U) € {(a),(1%)}. Since a > 2 we
conclude that |A,| = 2p*.

To prove the second statement we observe that A, _; consists of all those partitions
A such that Cpr(\) = v and such that Q,.(A) = (A A1 .,)\(”k’l)) is a sequence
of p* partitions that is obtained by permuting the components of one of the following
sequences:

#,0,0,...,0) or (p,(1),0,...,0),

where v € {(a —1,1),(2,1°72)} and p € {(a — 1), (1*"1)}. Observing that when a = 3
we have (a —1,1) = (2,1) = (2,1%72), we conclude that

Ay 1| = 2p?k —pkif a =3,
a—1| —
2p?F if a > 4,
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as desired. The third statement, concerning the size of |A,_s| is proved with a completely
similar argument. The details are therefore omitted. O

4. A proof of Theorem 1.1

The goal of this section is to show that for any fixed prime number p > 3, there exists
a bijection

en  Irrp (Sy,) = Irry (IN,,),

such that €, (x)(1) < x(1), for every x € Irr, (S,,).

In order to do this we will proceed by induction on the p-adic length of the natural
number n. The following Proposition 4.2 allows us to reduce the problem and gives an
illustration of our strategy to construct the desired bijection &,,.

Before stating it we introduce the following piece of notation. Let n = ap® + r for
some r < p* and some a € [1,p — 1]. From Section 3.1 we know that N,, = Ngpe X Ni.
For any n € Irr, (N,) we let Irr, (N, | n) be the subset of Irr,/ (N,,) defined by

Ity (Ny | ) = {0 x| 0 € Trry (Ngpr )}

It is clear that Irry, (IV,,) is equal to the disjoint union of the sets Irr, (N, | 1), where n
runs among all elements of Irr, (N,).

Remark 4.1. Given any v € P/ (r) and any n € Irry (N;), we have that
[Trr(Si | 7)[ = [Trep (N | ).
This is an immediate consequence of Lemma 2.3, since [Irr, (N, | n)| = [Trry (Ngpr)|-

Proposition 4.2. Let n = ap® + r for some r < p* and some a € [1,p — 1]. Suppose that
the following hold.

(a) There exists a bijection e, : Irrp (Sy) — Irrp (N;), such that e.(x)(1) < x(1), for
every x € Irry (S,).

(b) For every v € Py (r) there exists a bijection e : Irr(Sy, | v) = Irrp (N, | € (X)),
such that e, (x)(1) < x(1) for all x € Irx(S,, | 7).

Then there exists a bijection ey, : Irry (Sy) — Irry (Ny,), such that e,(x)(1) < x(1), for
every x € Irry (Sy).

Proof. From Hypothesis (a) we have that

Ity (Ny) = U Ity (Ny, | er(X7))-
YEP,, (1)
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Similarly, the discussion after Proposition 2.2 implies that

Irry (Sp) = U Trr (S, | 7).

YEP, (1)

Both the above unions are clearly disjoint. Hence, setting €, (x) = e4(x) for every x €
Irr (S, | v) and for every v € Py (), defines a bijection between Irr, (S,) and Irr, (N,,)
that satisfies the desired inequality between degrees of corresponding characters. O

In light of Proposition 4.2 we will now use the inductive hypothesis to assume the
validity of Hypothesis (a) and we will focus on proving Hypothesis (b) for every v €
Py (r).

We start by dealing with a special case.

Proposition 4.3. Let .k € N be such that p* > r. Suppose that n = p* + r and that
there exists a bijection e, : Irrp (S,) — Irry (N,), such that e,(x)(1) < x(1), for every
X € Irry (Sy). Then there exists a bijection

en t Irrp (Sy) = Ity (N,,),
such that €, (x)(1) < x(1), for all x € Irr, (Sy,).

Proof. We observe that Hypothesis (a) of Proposition 4.2 is satisfied. Hence we just have
to show that Hypothesis (b) of Proposition 4.2 holds as well. To this end, we fix v € Py (r)
and we observe that Lemma 2.4 guarantees that P(n | v) = {Xo, A1,..., A\pe_1}, where
for every i € [0, p* — 1] we have that [X(pk_i’li) x x7, (XA"')Spk x5,] # 0. In particular, for
every i € [1,pF — 2] and for every n € Irry/ (N, | £-(x?)) we have that

XN () > X (1) (1) = (P~ 1) X7 (1) = (p— DFe,(x)(1) = (1),

Here the second inequality follows from Lemma 3.11, the third one is a direct consequence
of our hypotheses and the fourth one follows from Lemma 3.8. We just proved that, with
the sole exception of x* and of X)‘P’“fl, every other irreducible characters in Irr(S,, | )
has degree larger than the degree of any irreducible character in Irr, (N, | e.(x")). To
conclude we use Lemma 2.1 to observe that for any i € {0,p* — 1} we have

X)) 2 x7(1) 2 e (X))

Let Ny be the subset of Irr,, (N, | €,(x")) consisting of those irreducible characters whose
degree is equal to &,(x”)(1). From Corollary 3.3 we know that |[No| = (p — 1)¥ > 2.
Moreover, Remark 4.1 shows that

[Lrr(Sy | 7)| = [Tty (N | er(X7))]-
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It follows that there exists a bijection e : Irr(Sy, | ) — Irry (N, | €-(x?)), such that
57({)(’\0,)(’\?’“—1}) C Ny. The observations above guarantee that e(x)(1) < x(1) for all
X € Irr(S,, | 7). This, together with Proposition 4.2, concludes the proof. O

We pause to fix the notation for a collection of subsets of Irr, (N,) consisting of
irreducible characters of small degree. We will repeatedly use these sets in the proof of
several statements in Sections 4 and 5. We first recall that Ny,x = Npx 1S, and we refer
the reader to Section 2.2 for the notation we use for characters of wreath products.

Notation 4.4. For any k € N and any a € [2, p—1] let us consider the subsets Xy (k), X (k),
Yo (k) and R(k) of Irr, (N« ) defined as follows:

Xo(k) = {X(¢;x") | ¢ € Lin(Ny), v € {(a)}°},
X(k) = {X(¢:x") | ¢ € Lin(Np), v € {(a),(a —1,1)}°},
Yo(k) = {(X(¢5x") x m)Ner* | 6,1 € Lin(N,w), v € {(a —1)}°},
R(k) = {(X(¢;x") x m)Nar* | ¢ € Lin(Nyr), n € QLin(Npr), v € {(a —1)}°}.

Moreover, for p > 5 and a € [3,p — 1], we define Y'(k), Z(k) C Irry (Ngpx ) as follows:

xXY) x n)Nevk | gy € Lin(Nyx), v € {(a—1),(a —2,1)}°}.

Y (k) = {(X(¢;x
zZ {(X(d;x") x m x ma)Nar® | 1,12 € Lin(N,p), v € {(a—2)}°}.

(X (¢

We collect here a few remarks and observations concerning these five sets.
(a) From Corollary 3.3, we deduce that the set Xo(k) consists of 2(p — 1)* linear char-
acters. Moreover, Xo(k) C X (k) and every character in X (k) \ Xo(k) has degree equal
toa—1.
(b) In the definition of the sets Yy(k) and Y (k) the linear characters ¢ and 7 are chosen
to be distinct, so that X'(¢; x*') x 1 is an irreducible character of Ny, _1)px X Npr < Nk,
that induces irreducibly to N,,«. In particular we have that ((1) = a for every ¢ € Yy(k),
and that (1) < a(a — 2) for every 6 € Y (k).
(c) Similarly, in the definition of the set R(k) we have that X'(¢; x*) x 1 is an irreducible
character of degree p — 1 of N,_1y,x X Npr < Nypr, that induces irreducibly to N It
follows that ¢(1) = a(p — 1) for every ¢ € R(k).

(d) In the definition of the set Z(k) the linear characters ¢, 11 and 72 are chosen to be

PP

pairwise distinct, so that X'(¢;x”) x m1 X m2 is an irreducible character of N(,_g),x X
Ny X Npe < Ng,v, that induces irreducibly to N,,». Again, we have that 6(1) < a(a—1),
for every 0 € Z (k).

(e) From (a), (b) and (c¢) for every 6 € X (k) UY (k) U R(k) U Z(k) we have that

0(1) <a(p—1) <ap®—1.
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Using the discussion in Section 3.1, it is straightforward to obtain lower bounds for the
sizes of the sets introduced above. (In most cases, we actually compute their exact sizes.)
The calculations below are carried out for specific values of the parameter a, chosen to
match the cases that arise in the proofs of Theorems 4.5, 4.6, and Proposition 5.3.
If @ = 3 then (a — 1,1) = (2,1%72) and hence

— 1)k
|X%N3@1VJY@NﬂpUW@nknmzw><@:f)>

On the other hand, if a > 4 then
_ 1)k
'X“>:4@—1ﬁ7Ywﬂ>%p—nW@—nk—n,wwn>6-cpgn).

Moreover, we have that

(P2 ifa =2,

Yo(b)] = |
2p—DF((p—-1F 1) ifa>3.

Finally, from Corollary 3.4 we deduce that

k-(p—1)2k1  ifa=2,
|R(k)| =
2k - (p—1)%~1 ifa > 3.

We are now ready to treat the case where n has p-adic length equal to 1. This is the
base case of our inductive argument.

Theorem 4.5. Let n = ap®+r for some a € [1,p—1] and some r € [0,p—1]. There exists a
bijection e, : Irrp/ (Sp) — Irry (Ny,), such that €,(x)(1) < x(1), for every x € Irry (Sy).

Proof. The case k = 1 is surprisingly difficult, it is treated separately in Section 5 and
it is completed in Proposition 5.3. Let us now assume that k£ > 2. Since r < p we have
that N, = S, and that P, (r) = P(r). In particular Hypothesis (a) of Proposition 4.2 is
satisfied by taking ¢, as the identity map. Thus, in order to prove the present theorem
we just need to show that Hypothesis (b) of Proposition 4.2 holds. To this end, we fix
v € P(r) and we aim at showing the existence of a bijection e, between Irr(S,, | v) and
Irr, (N, | 7y) such that e,(x)(1) < x(1) for every x € Irr(S, | 7). Here, and for the rest
of the proof, we relax the notation by writing Irr, (N,, | ) instead of Irry (N, | x7).
Before moving on, recall that |Irr(S, | v)| = |Irry (N, | 7)|, by Remark 4.1.

Notice that Proposition 4.3 shows that the statement holds when a = 1. Hence we can
now work under the assumption that a > 2. For any A € P(n) consider its p¥-quotient
Qpr(N) = (A, .., /\(pk_l)). Recalling Definition 3.16, we denote by N« () the size of
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the largest number among all first parts and all lengths (i.e. number of parts) of the
p" — 1 partitions involved in @« (\). With this is mind, for any = € [1,a] we let

Q= {x* €Iir(S, | 7) | Npe(A) = 2.

Recalling the notation introduced in 3.20, we see that €, = {x* € Irr(S,, | 7) | A € A},
and therefore that [Q,| = |A,|, for all z € [1,qa].
Since a < p* we have that Q, # () for all = € [1,a], and clearly we have that

Irr(S, | 7) = UQ U UQ,.

We first claim that for every = € [1,a — 1] and every x* € Q, we have that y*(1) >
n(1), for every n € Irry (N, | 7). This is particularly easy to prove when the prime p = 3.
In fact, in this case we have that a = 2 and that Irr(S,, | v) = Q1 U Qa. Hence we have
to consider only the case x = 1. As observed at the end of Notation 3.20 we have that
Ay C B, (r+3F). Since r+3% < n—2 we deduce that A; C B,,(n—2). Using Lemma 3.13
we see that the claim holds in this case. Let us now assume that p > 5. As observed at the
end of Notation 3.20 we have that for every = € [1,a—1] if x* € Q, then \ € B,,(n—p*).
In particular, using Theorem 3.7 together with the fact that p* > a(p*~! + pF=2), we
deduce that A € B, (n — a(p*~! + pF=2)) C QX)) 1t follows that [(X)\)P”,X(*n)] #0
and therefore that x*(1) > (p — 1)**a!(p — 1!), by Lemma 3.15. Using Corollary 3.10 we
conclude that for every z € [1,a — 1] and every x* € Q, we have that x*(1) > n(1),
for every n € Irr, (N,). This establishes our claim. To conclude, we also observe that
Q%] = |Aq| = 2p*, by Lemma 3.21.

Let us now turn to analyze the local part. Let Yy(k) and R(k) be the subsets of
Ity (Nype ) defined in Notation 4.4 and let L := Lin(N,,x). We now define L = {6 x
x| QEL} Similarly we let Yo(k) = {6 x x" | HEYO( )} and R(k) = {#xx" |6 €

R(k)}. Of course |L| = |Lin(N,,x)|, [Yo(k)| = [Yo(k)| and |R(k)| = |R(k)|. We refer the
reader to the end of Notation 4.4 for the values of |Yo(k)| and |R(k)|, and we recall that
|L| = 2(p — 1), by Corollary 3.3. Since (p — 1)¥(2 + k(p — 1)*~1) > 2p* it is very easy
to verify that

2] = 20" < [LUYo(k) UR(K)|-

Let Ao = (1 + ap®, va,..., %), A = (71,‘..7715,1“”]6) and let x; = x for each
j € [0,1]. From [23, Theorem 3.3] we see that xo, x1 € Q4. Moreover using Lemma 2.4
we have that for every A € P(n) such that x* € Q4 ~ {x0, X1}, there exists a ap®-hook
hy € H(ap®)\ {(ap"), (1‘”’k)} such that (x)y has x"* x x” as an irreducible constituent.
Here Y denotes the Young subgroup Sy« X S in S,,. From Lemma 3.11 it follows that

XML > ™ (1) XY (1) = (ap® — 1) - x7(1), for all x* € Q4 ~ {x0, X1}

In particular we have that
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xM1) > n(1), for all x» € Qu ~ {x0,x1} and all € LU Yy(k) U R(k).

Here we used items (b) and (c) of Notation 4.4, where we observed that 6(1) = a for
every 0 € Yy(k) and that ¢(1) = a(p — 1) for every ¢ € R(k).

The above discussion shows that there exists an injective map ¢ : Q4 — L U m U
R(k) such that o({xo0,x1}) € L. Since [Irr(S, | 7)| = |Trry (N, | 7)| by Remark 4.1,
we deduce that there exists a bijection e, : Irr(S, | v) — Irry (N, | v) such that
e4(x) = ¢(x) for every x € Q,. We conclude by showing that such a bijection satisfies the
desired inequality e+ (x)(1) < x(1) for every x € Irr(S, | 7). In fact, if x € Irr(S, | 7)\Qq
then x € Q, for some = € [1,a — 1] and we have seen that x(1) > n(1) for all €
Irr, (N, | 7). Hence we certainly have that e, (x)(1) < x(1). Similarly, we have observed
that if x € Q4 ~ {x0, X1} then n(1) < x(1) for all n € L U Yy(k) U R(k). Hence, we
certainly have that e (x)(1) < x(1), for every x € Q4 ~{x0, x1}. Finally, if x € {xo0,x1}
then x(1) > x7(1), because v C A; for all j € [0,1]. On the other hand, we know that
e4(x) = ¢(x) € L and therefore £,(x)(1) = x7(1). This concludes the proof. O

We are now ready to prove Theorem 1.1 of the introduction.
Theorem 4.6. Let n € N and let p be a prime number. Then there exists a bijection
€n  Irrp (Sy,) = Irry (IN,),
such that €, (x)(1) < x(1), for all x € Irr, (Sy,).

Proof. As mentioned in the introduction, if p = 2 then the statement holds. For this
reason we can assume that p > 3. Let n = ag + a1p®™ + asp®™ + -+ + a:p™ be the
p-adic expansion of n. Here t € N is the p-adic length of n, k; > k1 > -+ > k1 > 1,
ap € [0,p — 1] and a; € [1,p — 1] for every j € [1,t]. We proceed by induction on t.

If t = 1 then n = a1p* + ag, and the statement holds by Theorem 4.5. Let us
now assume that t > 2 and let us denote by 7 the integer n — a;p**. The inductive
hypothesis guarantees the existence of a bijection ¢, : Irrp/ (S,) — Irry (N,), such that
er(¥)(1) < (1), for all ¢y € Irry (S,). From now on, to ease the notation, we let k = k;
and a = a;. Notice that k > 2 (since ¢t > 2) and that » < p*. The case a = 1 is dealt
with using Proposition 4.3. Hence we can assume that a > 2.

In light of Proposition 4.2, to prove the theorem it is enough to find for every v €
Py (r), a bijection e, : Irr(S,, | v) — Irrp (N, | €-(x7)) such that e, (x)(1) < x(1), for
all x € Irr(S,, | 7). We now ease the notation and write Irr, (N, | v) to denote the set
ity (N | (x7)):

Case 1. Let us first suppose that a = 2. In this case Nyyx = N,k 1 S2 and therefore
Proposition 3.9 shows that 6(1) < (p—1)%*-¢,.(x7)(1) for every 6 € Irr, (N,, | ). Given
j €1[0,2p% — 1] we let h; = (2pF — j,19). Since " (1) = (21));71), it is elementary to see
that x"i (1) > (p—1)2F, for every j € [2,2p* —3]. Using a similar strategy to that used in
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the proof of Theorem 4.5, for any x € [1,2] we let Q, = {x* € Irr(S,, | 7) | Npr(N) = z},
and we notice that

Irr (S, | v) = Q1 U Qs.

We observe that 29 consists of all those characters labelled by partitions obtained by
adding a unique 2p*-hook to +. In particular |Qs| = 2p* and by Lemma 2.4 we have that

Qo = {0, M, xR}, where, [(xM)y, X" x X?] #£ 0, for all j € [0,2pF —1].

Here Y denotes the Young subgroup Sp,r x S, of S,,. It follows that for any j € [2, 2pF — 3]
and for any ¢ € Irr, (N, | v) we have that

XM (1) =M X1) = (p— D xT(1) = (p— 1D (X)) = ¢(1).

On the other hand, let X = (XV)“‘pk be the f(-set for 4 corresponding to the p*-
abacus configuration having first empty position labelled by p* (position 1 on runner 0).
In particular we have that

X = [0,pk - 1} U {y17y2»'~~,ys}7

for some p* < y; < ya < - < ys,. Since |y| < r < p¥ we deduce that y, < 2p* — 1. From
Proposition 2.6, we know that a partition A labels an irreducible character in €, if and
only if a p*-abacus configuration for X is obtained from that of X by sliding down two
beads, each lying in a distinct runner of X, by exactly one row. Since 7 is a p*-core, for
every ¢ € [0,p* — 1], there is a unique bead on runner ¢ that can be moved down one
row. For this reason, for every pair of distinct numbers 0 < z < y < p* — 1 we write Azyy
for the partition corresponding to the p*-abacus configuration obtained from the abacus
configuration of X by sliding down beads on runners = and y. We obtain that

le{ka |O§m<y§pk—1}.

It is useful to notice that given any y € [1,p* — 1], then Ao,y is a partition of 2k + 7
whose Young diagram Y (g, ) is obtained by adding a p*-hook to Y (yU (lpk )). Similarly,
given any x € [0,p* — 1]\ {ys}, then A, ,._ is a partition of 2p* +r whose Young diagram
Y (Azy.) is obtained by adding a p*-hook to Y (v + (p*)).

Let Ay be such that  # 0 and y # y,. Then

Aeyh < —14p* <pF —24p* =2p* -2
and similarly

E(Agy) < L(7) —14pf <pF—24pF =2p% —2.
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In other words A, € B,(2p* — 2). Since v C A, there exists u € P(2p*) such that
[(XAI'U)SzpkaT,X“ x x7] # 0. From Lemma 2.1 we deduce that g C A and therefore
that p € Byyr(2p" — 2). Using Lemma 3.12 we deduce that x*(1) > p*(2p* — 3). Since
p > 3 it is obvious that p¥(2p* —3) > (p — 1)?*. Thus, we conclude that whenever z # 0
and y # ys then x*=v(1) > ((1), for every ¢ € Irry (N, | 7). Now, we denote by A the
subset of Irr, (N, | ) consisting of those irreducible character whose degree has not
been analyzed yet. More precisely we let

A= {X)‘i,x)“’*y,x)‘zvys 1 € {0, 1,2p% —2,2p" -1}, y € [l,pk -1, z € [O,pk—l} ~Ays

It is clear that |A| = 2pF + 2.
Recall that Ny,x = N, 1Sy and hence that |Lin(Ny,.)| = 2(p — 1)¥. With this in
mind, we let M and R be the subsets of Irr, (Noy,x) defined by

M = {(¢1 % ¢2)"*" | ¢1, ¢ € Lin(N,), and ¢y # ¢a},
R= {(¢ X U)szk | ¢ € Lin(Npx), and n € QLin(N,x)}.

Recalling Notation 4.4, we observe that M and R coincide with Yy(k) and R(k), respec-
tively, in the specific case where a = 2. In fact we have that every character in M has
degree equal to 2 and that every character in R has degree equal to 2(p — 1). Moreover,
we have that

— 1)k
|M|_<(p 5 )> and that \R|:k'(p*1)2k71~

We now define L = {§xe,(x7) | 6 € Lin(Nay )}, M = {fxe,(x7) | @ € M} and similarly
R={0x¢e.(x")|6€ R} Of course LUM UR C Irryy (N,, | ) and |L| = [Lin(Ny,)|,
|M| = |M| and |R| = |R|. In particular it is easy to verify that

p—1

ILUMUR|=2(p—1)F+ (( )

k
) ) +Ek-(p—1)* 1> r2=1A]
This implies that there certainly exists an injective map ¢ : A — LU M U R such
that o({x*,x*»*-1}) C L. Since [Trr(S,, | v)| = |Irrp (N, | 7)| by Remark 4.1, we can
extend ¢ to a bijection ey : Irr(S,, | ) — Irrp (N, | 7). It is now routine to check that
g4 (x)(1) < x(1) for every x € Irr(Sy, | 7).

Case 2. Finally let us consider the case 3 < a < p — 1. In particular, p > 5 here. We
denote by Y the Young subgroup S,,» x S, of S,,. As done for the previous case, for any
z € [1,a] we let Q, = {x* € Irr(S,, | 7) | Npx(A) = x}. As usual, we have that

Irr(S, | 7) = U Qe U UQ,.
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Let us first fix € [1,a — 2] and let x* € Q,. Using Proposition 3.19 and recalling
Notation 3.20 we have that A € A, C B, (r + (a — 2)p*) = B, (n — 2p*). Moreover, since
v C A, there exists p € P(ap®) such that [(x*)y, x* x x?] # 0. Using Lemma 2.1 we see
that © C A and hence that

€ Bopr(n — 2pk) = Byyr(r+ (a — 2)pk) C Bypr((a — 1)pk),

where the last inclusion holds because 7 < p*. Using Theorem 3.7 together with the fact
that p* > a(pF~1 + p*~2), we deduce that

e Bapk((a - 1)pk) < Bapk (a(pk - pkil - pk72)) = Bap’c (a- m*(k)) < Q(X(tlpk))’

where X . = (X)** € Lin(F,x), as explained in Definition 3.5. Hence we have that
(X")p ., X" ] 7# 0 and, since k > 2, we can use Lemma 3.15 to conclude that
aph (ap*)

X*(1) > (p—1)"*-al- (p—1V).

This shows that

XM(1) = (1) X)) = (p— D)™ -al- (p—11) - X7 (1) > ¢(1),

for any ¢ € Irr, (N, | v) (the last inequality holds by Corollary 3.10).

To complete the proof of the theorem it is now enough to show the existence of an
injective map ¢ : Q,UQq_1 — Irry (IV,, | 7), such that ¢(x)(1) < x(1) for every x € Q,U
Qqu—1. In order to do this, we are now going to consider the subsets Xo(k), X (k), Y (k) and
Z(k) of Irry (Ngpe ) defined in Notation 4.4. We recall that from point (e) of Notation 4.4
we know that (1) < a(a — 1) < ap® — 1, for every 6 € X(k) U Y (k) U Z(k). We also
refer the reader to the end of Notation 4.4 for explicit lower bounds on the sizes of
Xo(k), X (k),Y (k) and Z(k). Finally using that |Q, UQq—1| = |As UA,_1]| together with
Lemma 3.21, we point out that

2p?k +pF  if a =3,
Q. UQu_1] =
2p%F + 2pF  if a > 4.

- Subcase (2.1) When a > 4, Lemma 6.2 below guarantees that | X (k) UY (k) U Z(k)| >
|2, UQq—1]|. Similarly, for a = 3 and p > 7 or fora = 3, p > 5 and k > 3, then Lemma 6.3
gives that | X (k) UY (k) U Z(k)| > |Qq UQq—_1]. In these cases we have that

IX(E)UY(k)UZ(k)| > Q0 UQq_1],

where for any L € {X(k),Y (k), Z(k)} we let L be the subset of Irr, (N, | 7) defined by
L={0xe.(x") |0 € L}. To conclude, we let \g = v+ (ap”*) and \; = 'yU(l‘lpk). Clearly
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XM, xM € Q, UQq_1, and from Lemma 2.1 we have that for every y* € Q, U Qq_1 ~
{x*, x*1} there exists € P(ap®)~{(ap¥), (1%7")} such that [(X)\)Sapk xS, XHxx7] # 0.
Since x*(1) > ap® — 1 by Lemma 3.11, we have that x*(1) > (ap* — 1) - x7(1) for every
XN € QaUQaor N {0 XM}

We deduce that there exists an injective map ¢ : Q, U Q,—1 — X (k) UY (k) U Z(k)
such that o({x*,x*}) € Xo(k). Since |Irr(S,, | 7)| = |Irry (N, | 7)| by Remark 4.1,
we can extend ¢ to a bijection e, : Irr(S, | v) — Irry (N, | 7). We observe that if
X € Irr(Sp | v) N (¢ UQqu_q1) then x € Q, for some z € [1,a — 2] and therefore
x(1) > ¢(1), for any ¢ € Irrp (N, | v). In particular x(1) > €,(x)(1). On the other hand,
if x € Qq UQq1 ~ {x*,x"} then remark (e) of Notation 4.4 used together with the
inductive hypothesis imply that

X(1) 2 (ap® = 1) - x7(1) 2 0(1)er (X)(1) = (0 x &-(x7))(1),

for every # € X UY UZ. Thus we have that x(1) > ¢(1), for any ¢ € X(k)UY (k)UZ(k).
In particular x(1) > ¢(x)(1) = &, (x)(1). Finally, if x € {x**, x**} then &, (x) = ¢(x) €

Xo(k) and therefore we have that e (x)(1) = &,(x?)(1) < x7(1) < x(1), as desired.
- Subcase (2.2) Unfortunately when a = 3, p =5 and k = 2 we have that

For this reason, the argument used in Subcase (2.1) above can not be repeated. This
problem occurs only for symmetric groups S, of rank 75 < n < 99 and it is easily fixed
by replacing Z(2) with the set Z(2) U A, where A is defined as follows:

A={(0xm x ng)Ni"P’“ | 0 € Irr(Npe ), with 0(1) = 4,191,192 € Lin(Nyx), with ny # 7o}
The proof is then performed exactly as in Subcase (2.1). O

Remark 4.7. In Cases 1 and 2 of the proof of Theorem 4.6, we consider integers of the
form n = ap® 4, where the p-adic length of n is at least 2. Consequently, we have k > 2.
This condition on k is essential for Case 2, as it relies on invoking Lemma 3.15.
However, we emphasize that the situation in Case 1 is different. In fact, the argument
used in Case 1 remains valid for any k € N, including the case k = 1.
Specifically, Case 1 of the proof of Theorem 4.6 shows that for every £ € N and
r € [0,pF — 1], if we set n = 2pF + r, then for any v € P,/ (r), there exists a bijection

€y 1 Ire(Sn [ 7) = Trrpr (N | &0(X7))

such that e (x)(1) < x(1) for all x € Irr(S,, | 7).
This observation will be useful in the proof of Proposition 5.3 below.
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5. The ap + ag case

As mentioned at the start of the proof of Theorem 4.5, given n € N of p-adic length
equal to 1, it is not possible to treat the case n < p? with the same techniques used to
deal with the case n > p?. The main reason for this being that, when n < p?, we are not
able to invoke Lemma 3.15. We devote this section to treat this remaining case.

When p € {3,5,7} then n < 48 and direct computations show that Theorem 4.5 holds
in these cases. From now on we let p be a fixed prime greater than or equal to 11, we let
a € [1,p—1] and we let r € [0,p — 1]. The symbol n will always denote the integer

n=ap-+r.

We start with some technical lemmas that will be used later in the proof of Proposi-
tion 5.3.

Lemma 5.1. Let pu € B,y (ap—3a), then x*(1) > (p—1)*-al. In particular, x*(1) > 6(1),
for every 0 € Irry (Ngp).

Proof. Since p > 11, using [24, Result 1 and Theorem F] we observe that every n €
B,(p — 3) is such that

plp—1)(-5)

5 >p(p—1).

x"(1) >

Moreover, [8, Proposition 3.3] shows that there exists p1,..., s € Bp(p — 3) such that
LR(u; p1,y- -+, ha) 7 0. We conclude that

X)) =X (1) xM (1) Zp* - (p-1)* = (p— 1) -al.
The second statement is immediate from Proposition 3.9. O

Before stating the next lemma, we recall that for any v € P(r) we denote by Irr(S,, | v)
the subset of Irr(S,,) consisting of irreducible characters labelled by partitions whose p-
core is equal to y. We also remind the reader that we let Irr, (N, | v) = {8 x x¥ | § €
Irry (Ngp)}- It is important to keep in mind that

Mrr(Sy | )| = [rey (Nn [ )]
This is a direct consequence of Lemma 2.3.

Lemma 5.2. Let v € P(r) and let A € B, (ap — 3a) be such that x* € Trr(S,, | ). Then
xM1) > (p—1)2-a!-x7(1). In particular, x*(1) > 0(1), for every 6 € Irry (Nap | 7)-
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Proof. Since Cp(\) = v we have that v C X and therefore there exists p € P(ap)
such that LR(A; u,7y) # 0. From Lemma 2.1 we deduce that 4 C A and hence that
w € Bap(ap — 3a). Lemma 5.1 now implies that

XM = X(1) = (p— 1) -al- X7 (1),
The second statement is an immediate consequence of Proposition 3.9. O

We are now ready to fill the gap in the proof of Theorem 4.5, by dealing with positive
integers strictly smaller than p2.

Proposition 5.3. Let n = ap+r for some a € [1,p—1] and some r € [0,p—1]. There exists
a bijection ey, : Irry (Sy) — Irrp (V) such that e, (x)(1) < x(1), for every x € Irrp (Sy).

Proof. Let v € P(r). As explained by Proposition 4.2 it is enough to show the existence
of a bijection e, between Irr(S,, | v) and Irr, (N, | v) such that e,(x)(1) < x(1) for
every x € Irr(S, | 7). By Proposition 4.3 we can assume that a € [2,p]. Moreover, as
explained in Remark 4.7, the case a = 2 can be dealt with exactly the same argument
used in Case 1 of the proof of Theorem 4.6. Hence from now on we work under the
assumption that a € [3, p|.

As usual we first show that many irreducible characters in Irr(S, | ) have degree
larger than the largest degree of any character in Irr, (N, | 7). More precisely, observe
that if x* € Trr(S,, | ) for some partition A € B,,(ap — 3a), then x*(1) > n(1) for every
n € Irry (N, | 7v), by Lemma 5.2. Let us denote by A the subset of P(n) defined by

A={\ePn)| )¢ B.(ap—3a), and x* € Irr(S,, | 7)}.

Since |Irr(S, | v)| = [Trry (Ny, | ¥)|, to conclude the proof it is enough to find an injective
map ¢ : A — Irry (N, | 7), such that o(A)(1) < x*(1) for every A € A.
Recalling Notation 3.20, for any z € [1, a] we let A, be the subset of P(n) defined by

Ay, ={AeP(n) | Cp(N) =7, and Np(A) = z}.

The main strategy we will adopt is to show that there exists some y € [1,a] such that
ACAyUA 11U UA,, and that there exists an injective map

0 AyUA 1 U UA, = TIrry (N, | )

satisfying p(A)(1) < x*(1) for every A € Ay UA, 11 U---UA,. The exact value of y will
vary, depending on the relative sizes of 3a and p. For this reason we split the proof into
three main cases.

Case 1. Suppose that 9 < 3a < p. In this case we have that r 4+ 3a < 2p and therefore
we have that B, (r + (a — 2)p) = B,(n — 2p) C B, (ap — 3a). This shows that if A € A
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then N,(A) > a — 1, by Proposition 3.19. In particular N,(A) € {a — 1, a} and hence we
deduce that A C A,_1 UA,. Using Lemma 3.21 we obtain that

A UAS = {2;02 +p ifa=3,
2p? +2p ifa > 4.
Let A\g = v+ (ap) and Ay = yU(19P). Tt is easy to see that A\g, \; € A. Moreover, using
Lemmas 2.1 and 3.11, we have that x*(1) > (ap — 1)x7(1) for every A € A~ {X\g, M1}
Let us now consider the subsets Xo(1), X (1) and Y (1) of Irr,/ (N,p) defined in Nota-
tion 4.4. Moreover, for any Z C Irr, (N,p) we denote by Z the subset of Irr, (N, | 7)
defined by

Z=1{0xx"]0¢€ 2.

Clearly |Z| = |Z|, for every Z C Ity (Nap).

From item (e) of Notation 4.4 we know that (1) < ap — 1, for every 6§ € X (1) U
Y (1). Moreover, from the last part of Notation 4.4 we have explicit lower bounds (and
sometimes exact computations) for the sizes of the three sets X(1), X(1) and Y (1).

In particular, when a > 4, since p > 11 we have that | X (1) UY(1)| > |A|. Hence
there exists an injective map ¢ : A — X (1) UY (1) such that p({\o, A\1}) € Xo(1). The
observations collected above show that ¢(\)(1) < x*(1) for every A € A, as desired.

Unfortunately, when a = 3 we have that | X (1) UY(1)| < |A]. This problem is easily
solved by considering the additional subset V' of Irr,/ (Ns,) defined by

V = {(¢1 x ¢z x ¢3)N | $1, 02, ¢3 € Lin(N,)},

where ¢1, ¢, @3 are always chosen to be pairwise distinct. It is now routine to check that
exists an injective map ¢ : A — X (1) UY (1) UV such that p(A)(1) < x*(1) for every
AeA.

Case 2. Suppose that p+ 1 < 3a < 2p. Since p > 11 we observe that a > 4. In this
case we have that B, (r+ (a —3)p) = B,(n—3p) C By, (ap—3a). This shows that if A € A
then Np(A\) > a — 2. In particular N,(A\) € {a—2,a—1,a} and A C A, s UA,_1 UA,.
Since a > 4, from Lemma 3.21 we know that |A,_; UA,| = 2p* + 2p.

- Subcase (2.1) We first assume that a > 6. From Lemma 3.21 we have that

‘Aa—Zl = p3 + 3p2
Moreover, for any A € A,_o we claim that
A 1 2
X (1) = gap(ap = 3) - X7 (1).

To see this, notice first that A,_o C B, (r + (a — 2)p) = B, (n — 2p) by Proposition 3.19.
Since B, (n — 2p) = By(ap — (2p — r)) we deduce that there exists p € Bgp(ap — (2p —
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1)) C Bap(ap — p) such that LR(A;v, 1) # 0. From Lemma 3.12 we have that x*(1) >
Tap(ap — 3) and therefore that x*(1) > Jap(ap — 3) - x?(1), as claimed.

We now consider the following subsets of Irr,/ (N,,). We let X (1) and Y (1) be defined
exactly as in Case 1 above, and we further consider:

W = {(X(¢;x") x m x m2)er | ¢,m1,m2 € Lin(N,), v € {(a—2),(a—3,1)}},
V ={(X(¢x") x X(n;xP))Ner | o, € Lin(N,), v € {(a—2),(a—3,1)}°, pe {(2)}°}.

As usual, or any Z C Irryr(N,,) we denote by Z the subset of Irr, (N,, | ) defined by
Z={0xx"|0¢€Z}.

Clearly |Z| = |Z|, for every Z C Irry (Nap).

We collect a few observations concerning W and V.
(a) In the definition of the set W the linear characters ¢, n; and 7, are chosen to be
pairwise distinct, so that X'(¢;x") x m1 X 72 is an irreducible character of N(,_g), X
N, x N, < N, that induces irreducibly to Ngp. In particular we have that 6(1) <
a(a —1)(a — 3), for every § € W.
(b) In the definition of the set V' the linear characters ¢ and n are chosen to be distinct,
so that X'(¢;x") x X(n;x”) is an irreducible character of N,_2y, X N, < Ng, that
induces irreducibly to Ngyp. In particular we have that (1) < 2a(a—1)(a — 3), for every
feV.
(c) From (a), (b) we conclude that 6(1) < a(a — 1)(a — 3) < Lap(ap — 3), for every
6 € W U V. In particular, for every ( € W UV we have that

1
¢(1) < gaplap = 3) - X7(1) < x*(1), forall A€ Aqs.

Using Corollary 3.3 and recalling that a > 6 it is easy to see that
-2
W= 4(p—1)(p 5 ) =2p° —12p* +22p—12, |[V| =4-2-(p—1)(p—2) = 8p* —24p+16.

Since p > 11, a straightforward calculation shows that [W U V| > |A,_a].
Arguing exactly as in Case 1, all the observations above allow us to deduce that there
exists an injective map

P AUA1UA, 2 > X(1HUYQ)UW UV CIrry (N, | ),

such that p(A,UA,_1) € X(1)UY (1), p(A,_2) € WUV, and such that p(A)(1) < x*(1)
for every A € Ay UA,_1 UA, 5.

- Subcase (2.2) We now consider the case 4 < a < 5. Here, p € {11, 13}, and the argument
closely parallels that of Subcase (2.1), with only minor adjustments required. It follows
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that there exists an injective map ¢ : A — Irry (NN, | ) such that p(A)(1) < x*(1) for
every A € A. We therefore omit the technical details.

Case 3. Suppose that 2p + 1 < 3a < 3p. Since p > 11 we observe that a > 8. In this
case we have that B, (r+ (a —4)p) = Bn(n—4p) C B, (ap—3a). This shows that if A € A
then N,(A) > a—3, by Proposition 3.19. In particular N,(\) € {a—3,a—2,a—1,a} and
ACA, 3UTl', whereI' = A, 2sUA, 1 UA,. Recycling the notation and the arguments

used in Cases 1 and 2, we consider the subsets X (1),Y (1), W,V C Irry (N, | v) and we
observe that there exists an injective map

<p:AauAa_1uAa_2—>m Y1) UW UV C Tty (N, | 7),
such that p(A,UA,_1) € X(1)UY (1), p(A,_2) € WUV, and such that o(X)(1) < x*(1)
for every A € Aq UAq_1 UA, 5. Let A= X(1)UY(1)UW UV, to conclude the proof
we just need to find a second injective map f : A,_3 — Irrp (N, | ) N A such that
FN)(1) < x 1) for every A € A,_3. To this end, we consider the subset Z C Ity (Nqp)
defined by

-
U

Z = {(X(g:x") x X(m;x°) x m x m2)Ner | ¢,m,mi,ma € Lin(N,), v € {(a —4)}°,
pe{(2)}°}.

As usual, we denote by Z the subset of Irr, (N, | v) defined by
Z={0xx"|0¢€Z}.

Clearly |Z| = |Z|, and Z C Irryy (N, | ) \ A.

We collect a few observations on the sets Z and A,_s.
(a) In the definition of the set Z the linear characters ¢, n, n; and 7y are chosen to be
pairwise distinct, so that X(¢;x”) x X(n;xP) X m1 X 1 is an irreducible character of
Nig—a)p X Nap x N X Np < Ny, that induces irreducibly to Nyp. In particular we have

0(1) < za(a—1)(a —2)(a — 3), for every 6 € Z.

l\')|’—‘

(b) By Proposition 3.19 we have that A,_3 C B, (r 4+ (a — 3)p) C B, (ap — 2p). Hence,
using Lemma 3.12 and arguing exactly as in Case 2 above, we deduce that

1
M1) > Eap(ap —3)x7(1), for every A € A,_3.

(c) Recalling that a > 8, from observations (a) and (b) we deduce that

0(1) < x*(1) for every 6 € Z and every A € A,_3.
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(d) Arguing exactly as in the proof of Lemma 3.21 by counting the number of possible
different p-quotients @, () of total size a such that N,(\) = a — 3, we deduce that

1 8
Ay_s| = p2(=p? o).
FAVEY p(3p +3p+3)

(e) On the other hand, it is easy to see that
Z| =z =2(p—1)(p — 2)(p — 3)(p — 4) = 2p" — 20p* + T0p® — 100p + 48.

Since p > 11, using observations (d) and (e), it is routine to check that |Z| > A,_s.
Therefore, using observation (c¢) as well, we deduce that there exists an injective map

fiAu3—Z Chrry (N, | 7) N A,
such that f(\)(1) < x*(1) for every A € A,_3. This concludes the proof. 0O

Remark 5.4. Let G be a finite group and N = Ng(P) for P € Syl,(G). We note that
Conjecture A would follow for G if there existed a McKay bijection f : Irrp (G) —
Irr, (N) compatible with character restriction, i.e., such that [f(x),xn] # 0 for all
X € Irr,y (G). However, it is important to observe that this stronger statement does not
hold in general.

In the case of symmetric groups, such bijections are known to exist when p = 2 (see,
for instance, [7, Theorem 4.3]). On the other hand, they do not exist for p > 5. A small
counterexample is provided by S5 at the prime p = 5, where two distinct characters
x®D, X(2,13) € Irrs/(S5) restrict to the same irreducible character of N. This argument
readily generalizes to S, for any prime p > 5, showing that no such bijection can exist.
The case p = 3 is more elusive. A partial positive result was established in [10, Theorem
4.14].

6. Appendix

This section is devoted to collecting a few elementary analytic observations used to
justify some of the inequalities appearing in the article. We have chosen to present these
results separately in an appendix in order to make the main body of the paper easier to
read.

Lemma 6.1. Let a,p,k € R be such that k > 2, p>5 and a € [1,p — 1]. Then
ap* ' >ak +(a—1)+ (p—2).

Proof. If £ = 2 then consider f(a,p) = ap — 3a — p + 3. It is easy to see that f(a,p) =
a(p—3)—(p—3) >0, for all p > 5 and all a € [1,p — 1]. Hence the statement holds in
this case.
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Let us now assume that & > 3. Since a < p — 1 we have that
ak+(a—1)+p-2)<(p—-1)(k+2)—2<p(k+2).

On the other hand, ap®~! > pk=1. Let h(k,p) = p*=2 — (k +2) and let

g(k,p) =p" ' —p(k+2) =p(* - (k+2)) =p-h(k,p),

be defined on D = {(k,p) | k > 3,p > 5} C R2 It is easy to see that diph(k:,p) =
(k —2)p*=2 > 0 for all (k,p) € D. Similarly d%h(k,p) = pFZog(p) — 1 > 0 for all
(k,p) € D. It follows that for any (k,p) € D we have that g(k,p) > ¢(3,5) = 0. We
conclude that

ap" ' =P > p(k+2) > (p-1)(k+2) -2 > ak+ (a—1)+ (p - 2),
as desired. O

Lemma 6.2. Let f(p, k) be the function of two real variables defined by

f(p, k) = (p— 1% +3(p — 1)F — 2p?* — 2p*.
Then f(p,k) >0 for all p,k € R such that k > 2 and p > 5.

Proof. Since 2p?* + 2p* < 4p?* we have that

_ 3k
F(p. k) > (p—1)* —4p** =P2k((p,le) —4).

Let us consider the function

x3Y

7( 1y — 4, on the domain D = {(z,y) € R? | x >4,y > 2}.
x

h(l‘,y) =

Notice that h(z,y) = e¥9(®) — 4, where g(z) = 3log(z) — 2log(x + 1). Since

32  x+3
r r+1 z(x+1)

g (z) = > 0, for all x > 4,

we deduce that the function h(z,y) is increasing in both z and y. Since h(4,2) > 0 we
deduce that h(z,y) > 0 for every (z,y) € D. We conclude that

f(p, k) > p* -h(p—1,k) >0, for every k > 2 and every p > 5. O
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Lemma 6.3. Let f(p, k) be the function of two real variables defined by

1 3 4
S ) =G0 =%+ 50 = D%+ 50— 1) = 2% ="

Then f(p,k) > 0 for all p,k € R such that k > 2 and p > 7. Moreover, f(5,k) > 0, for
all k > 3.

Proof. Observe that f(p,k) > +(p — 1)% — 2p?* = %p%((”;le)sk —12). Considering the

function h(x,y) = ﬁ—m on the domain D = {(z,y) € R? | z > 4,y > 2}, observing

that h(4,3) > 0 and that h(6,2) > 0, and arguing exactly as in the proof of Lemma 6.2
we conclude the proof. 0O
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