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Abstract

We prove some extension theorems for quaternionic holomorphic functions in the sense of
Fueter. Starting from the existence theorem for the nonhomogeneous Cauchy—Riemann—Fueter
problem, we prove that an H-valued function f on a smooth hypersurface in H, satisfying suit-
able tangential conditions, is locally a jump of two H-holomorphic functions. From this, we
obtain, in particular, the existence of the solution for the Dirichlet problem with smooth data.
We extend these results to the continuous case. In the final part, we discuss the octonion case.

Keywords Quaternionic analysis - Cauchy—Riemann—Fueter operator - H-holomorphic
functions - Nonhomogeneous Cauchy—Riemann—Fueter system

Mathematics Subject Classification 30G35

1 Introduction

This paper aims to set forth the methods of complex analysis in the quaternionic analysis in
several variables. The main objects of such a theory are the H-holomorphic functions, i.e., those
functions f = f(q;,..-.4,) 4;> --- -4, € H, which are (left) regular in the sense of Fueter with
respect to each variable. For the basic results in the quaternionic analysis in one and several
variables, we refer to the articles by Sudbery [22] and Pertici [19], respectively. As for a more
geometric aspect of the theory, we refer to the book [11] and the rich bibliography quoted there.

Coming to the content of the paper, we are dealing with the boundary values and
extension problems for H-holomorphic functions. As it is well known, this is one of the
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central themes in complex analysis, which motivated the study of overdetermined sys-
tems of linear partial differential equations, the CR geometry, and the theory of exten-
sion of “holomorphic objects”.

For the sake of simplicity, we restrict ourselves to the case n = 2, even if most of the
main results proved in the paper hold in any dimension.

The paper is organized into three sections.

In Sect. 2, after fixing the main notations, we define the differential forms dg,, Dg,
that play a fundamental role, and the Cauchy—Riemann—Fueter operator ®. As an appli-
cation of the Cauchy—Fueter formula in one variable [10, 22], we prove a result of “Car-
leman type” (Proposition 2.1). We also recall the Bochner—Martinelli formula proved
in [19], and we show that the Bochner—Martinelli kernel KBM(q, qp) writes as a sum
K?M(q, qp) + K];M(q, qy)j» where K?M(q, q,) and KZBM(q, q,) are complex differential
forms and the latter is exact on {g # g, }, see (2.12).

The section ends with a brief overview of the main results on H-holomorphy, H-con-
vexity [21], and the D-problem [1, 2, 6, 7].

Sections 3 and 4 are the bulk of the paper. In the first part of Sect. 3, using the dif-
ferential forms dg,, Dq,, we formulate the CRF condition on a smooth hypersurface S
in terms of the tangential operators Dq,[g Ad, \f, Dg,ls Adg, f (Theorem 3.5). This
allows us to give the notion of admissible function f : S — H, which is satisfied by the
traces or, more generally, the “jumps” of H-holomorphic functions, as done by the sec-
ond author in [21]. Admissibility is a second-order condition, so, unlike the complex
case, the traces or, more generally, the jumps of H-holomorphic functions satisfy first-
and second-order equations. This is not surprising since these problems are related to
local solvability of the Cauchy—Riemann—Fueter problem Du = g and this requires a
second-order differential condition for g. The main results of Sect. 3 are Theorems 3.10,
and 3.12 reported below.

Let 2 C H? be a domain. A domain splitting (S, U*,U™) of Q is given by a smooth
(nonempty) hypersurface S closed in 2 and two open disjoint nonempty sets Ut, U™,
such that Q\S = Ut U U™, where both U* and U~ have boundary S in Q.

We say that a continuous (smooth) function f : S — His a continuous (smooth) jump
relative to a domain splitting (S, U*, U™) of €, if there exist two H-holomorphic func-
tions F*, F~, on U*, U™, respectively, such that F*, F~ are continuous (smooth) up to §
and f = F*|g—F |

Theorem Let Q C H? be a convex domain and (S, Ut, U™) a domain splitting of Q. Let
f + § = Ha smooth admissible function. Then, f is a smooth jump.

Theorem Let T be an open half-space and S C H? a connected closed smooth hypersur-
face of . Assume that 2\S splits into two connected components D and W, with D
bounded. Let f : S — H be a smooth admissible function. Then, f extends to D by an H
-holomorphic function, which is smooth up to S.

In Sect. 4, we extend the previous results when the function fis admissible in a weak
sense.

Finally, in “Appendix”, we provide the characteristic conditions for the local solv-
ability of the Cauchy—Riemann—Fueter problem Du = g in the case of n = 2 octonion
variables. This allows us to generalize some of our constructions and results to the octo-
nion case.
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2 Generalities

In this section, we summarize some of the main notions and results contained in the semi-
nal papers [19-21].

2.1 Fueter operators and H-holomorphic functions

We fix some notations. Let H be the quaternion algebra over R. For a generic g € H we
write

3 3
q= Zxaia’ qzx()_zxaia
a=0 a=1

x, € R, whereig = Li; =i,i, =j,i3 = k.
We also define the following H-valued differential forms

3 3
dg = Z i,dx,, dg= ZTadxa Q2.1
a=0 a=0
and
3 . 3
Dg = Y\ (-1)%,dX;, Dg= Y (-1),dX;, (2.2)
a=0 a=0

where dX; = dxg A -+ /\d/)al A - Adxs.
Let F be a C' H-valued function. Following Fueter, we define the operators

oF o - OF oF . OF
-— = ly , — = Iy . 2.3)
q ;) 0x,, q az:‘) 0x,,
‘We have
Jd 0 J 0
AF = ——F=——F,
3907 _ 959q (24)
oF
d(Dg - F) = —dx,
(Dg - F) 9 (2.5)

where dx = dxy A dx; A dx, A dx;.
The function F is said to be (left) H-holomorphic if
oF _
dq

0.
The function F is said to be (left) H-antiholomorphic if

9IF _y
oq
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Right H-holomorphic and H-antiholomorphic functions are defined interchanging in (2.3)
0F /ox, withii, and i, respectively. For the corresponding derivative, we adopt the notation

Fo  Fo
dqg’  oq
For every ¢, € H, the function
q-q
G(g— qp) = ——
lg = g

is left and right H-holomorphic.
The function G(g — ¢,) is the Cauchy—Fueter kernel and is the main ingredient to
prove the basic Cauchy—Fueter formula

Flg) = 55 / G(q - 4,)D4F ().
7= Jgebn

where €2 is a bounded domain in H with b £ sufficiently smooth, ¢, € £, and F : Q-Ha
C! function which is H-holomorphic in £ and continuous on €.

From this formula and Eq. 2.4, one checks immediately that left, right H-holomor-
phic and H-antiholomorphic functions are harmonic.

For other general results in one quaternionic variable, we refer to [22]. Here we just
want to mention the following “Carleman type” result.

Proposition 2.1 Ler Q be a domain in the ball B(r) = {qg € H : |q| < r} such that 0 & Q
and bQ =T UZ, with" C B(r) and £ C bB(r). Let F be an H-holomorphic function on a
neighborhood of 2. Then, F\g depends only on Fr.

Proof Let g € Q. By Cauchy—Fueter formula,
1
272
1 1
P G = DpF(p) + 7
T

=52
2z per peE

F(g) = / G(p — @)DpF(p)
pebR

G(p — ¢)DpF(p).
)

If p € £, then|g| < |p|and

+o0

Gp-a)=, Y P.@G,p),

m=0 v€o,,

where o, = {(m,,my,m;) € N> : m; + m, + my = m}, the P, are H-holomorphic polyno-
mials, the functions G, (p) are H-holomorphic in H\ {0}, and the series is totally convergent
with respect to p € X (see [22, Proposition 10]).

Since 0 ¢ 2, by the Cauchy—Fueter theorem (see [10, 1. Hauptsatz]) we have

/ G,(p)DpF(p) = / G,(p)DpF(p) + / G,(p)DpF(p) =0,
peEbR pel’ PEL

for all v. It follows that
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/ G(p — 9)DpF(p) = Z Y P9 / G,(P)DpF(p)
PEX €X

m=0 vEo,,

Y Y rw / G, (PIDPF ()

m=0 v€Eo,,
whence the Carleman formula
1
F G DpF(p) — — P G, (p)DpF'
@ =3 2/ (p — 9)DpF(p) 202 (q)/e ,(P)DpF(p)

proving the statement. O

2.2 Several variables

Fueter operators clearly extend to (H-valued) functions of several quaternionic variables

q1-92> -+ > 4n-

For the sake of simplicity, from now on we assume n = 2, even if the most part of the
results proved in the sequel hold for any n.

We denote ¢ = (g,,¢,) the generic element of H? and we set

3 3
q = Zxainﬂ 9> = zyaia'
a=0 a=0
The Cauchy—Riemann—Fueter operators D and D are then defined, respectively, by
F+— (0F/dq,,0F/dq,), F > (0F/0q,,0F [dq,) (2.6)

and F is said to be (leff) H-holomorphic if it is C! and DF = 0.
We have the identity

%(@1 Adg, Ady AdF + dx A dg, A dg, /\dF)
— _ 2.7
—(Dqli Ady+dx A Dq2£> + %dF,
9q, 0q,
where dx = dx; A -+ A dx3, dy = dyy A -+ A dy;, and % is the Hodge operator.
In particular, by 2.7, we get that if F is H-holomorphic,
%(@l Adg, Ady AdF + dx A dg, /\dqz/\dF) = xdF. 2.8)

Remark 2.2 Formula (2.8) holds, more generally, at those points where DF = 0.

Let A, (A,) denote the Laplacian in the coordinates x, (y,), « = 0, 1,2, 3. Then, if FisH
-holomorphic, A} F = A,F = 0. In particular, F is harmonic.

A useful way to construct H-holomorphic functions in one quaternionic variable is to
start by (complex) holomorphic functions F = F(z) = u + iv and define [10, 5. Satz]
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2268 M. Maggesi et al.

Im

1 v(Reg, |Imql). (2.9)

F* = F*(g) 1= u(Req,|Imq|) +
[Img|

In general, F* is not H-holomorphic, not even harmonic, but its Laplacian AF# is.
Example Let F(z) = 7". Then,

Fig =Y =q"
In particular, for the cases n = 3 and n = —1, we get

Ag® =—-4Q2q + 7).
1 # _
A (-) =—4L _ _46(.
z lg]*

2.3 Bochner-Martinelli Kernel

The Bochner-Martinelli Kernel KBM(q, q,) was introduced in [19], where a representation
formula for H-holomorphic functions was proved:

F(gy) = / K®™(q.9)F(q). (2.10)
geb 2

Here ¢, belongs to a bounded domain £2 in H” with smooth boundary b £ and F is H-holo-
morphic in £ and continuous up to b 2. We will use the notation KBM(g, ¢,) instead of the
original one.

Setqy =z; + Wi, gy = 2o + Waj, 25, W € C, 2= (21, 20), w = (W, Wy).

‘We use the notation

KBM(qy qO) = KBM(Zs w, ZO’ WO),

where 70 = (z?,zg), wd = (w(]), wg).
The H-valued differential form KBM(g, g,) is a real analytic form of degree 7 and

K®™(q, 99) = K™ (g, 90) + K3 (g, ), @2.11)

where KBM, KB are real analytic complex-valued differential forms.

Observe that K?M(z, w,Zg,Wy) is the Bochner-Martinelli kernel for functions which
are holomorphic with respect to z;,z, and antiholomorphic with respect to w;,w, and
K3M(z, w, 29, wy) is exact on H?\ { (2%, w?)}:

KMz, w, 29, wp) = do, (2.12)
where
0y = x| (ew) - @)
(dz; Adw; AdZy Adzy Adw, A dwy+
dz; Adzy Adwy Adwy AdZ, Adw,).
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2.4 H-holomorphy and H-convexity

H-holomorphy and H-convexity are defined like in the complex case [21]. Kontinuititssatz
holds true [21, Theorem 2], as well as the following implications [21, Proposition 6,
Theorem 3]

1. for a domain in C* ~ H?, holomorphy implies H-holomorphy. The converse is not true
in general (e.g., H\ {(0, 0)} is a domain of H-holomorphy, but it is not a domain of holo-
morphy in C? ~ H);

2. H-holomorphy implies H-convexity;

For domains 2 C H", n > 1, with smooth boundary b €2, a necessary condition for the H-holo-
morphy can be given by the 2" fundamental form % of b £ with respect to the orientation of
b Q2 determined by the inward unit normal vector. Precisely [21, Theorem 4],

3. given a point g, € b2, there is no right H-line ¢ tangent to b£2 at g, such that
h(gyl, < 0.

In this case, we say that Q (or its boundary) is Levi H-convex. For n = 2, we say that Q is
strongly Levi H-convex, if for all g, € b £2, we have h(q,)|, > 0, where ¢ is the only right H
-line tangent to b 2 at g,

In general, we say that a smooth hypersurface S C H" is nondegenerate, if there exists a
right H-line £ such that the form s(g,)|, has constant sign.

Two open problems:

1. Is a domain H-convex a domain of H-holomorphy?
2. Levi problem in H".

2.5 5-prob|em and Hartogs theorem

Letg = (g1, 9,) € H* with

3 3
q) = Zxaiw 9y = Zyaia

a=0 a=0

and consider the Laplacians

0% 0? 0? 0% 0? 0% 0? 0?
Al=;+ﬁ+p+ﬁ7 A2=F+;+p+ﬁ.
Ko 0% 0X; 0% Yo O 9y O)

Then, since 0/dg, and A; commute we have

0.0 0 _0, _,0 13
03, 0q, 07, g, " "og, 2.13)

It follows that, if u is a smooth (local) solution of the CRF system

Du=g g=(8.8) (2.14)
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then
a 9,
A8, = ﬁa—qh (2.15)
which is a nontrivial condition for /& # s.
For every pair g = (g, 8,), we set
= d 98
Pi(g) = ——=2 — Aygy,
dq, 9q, 2.16)
Pae) = =28 A |
’ dq, 09, 12

and denote P the operator g = (g,,2,) — (P,(g), P,(g)). Then, if g = Du with u smooth,
we have

P(g) =0, 2.17)

ie.,
Pi(g)=0, Py(g)=0. (2.18)
Conditions (2.15) for h,s =1,...,n are still necessary in order to solve Du =g for
g=(8-.-.8) If g€ Ck nk > 2, they are also sufficient and in such situation Du = g

has a C{; solution u (see [20, Theorem 1]). In particular, this implies Hartogs theorem. We
point out that Hartogs theorem was already proved by the second author [19, Teorema 6],
by solving the equation Du = g with integral conditions on g, instead of (2.15). As for the
system Du = g, when g € C®(2,H), 2 c H", we have the following: if n =2 and Q is
convex, the system has a smooth solution if and only if I_’(g) =0 (see [2]). If n > 2, con-
ditions 2.15 are no longer sufficient in general. For g € C*(£2, H), £2 convex, using the
results of [1, 7], necessary and sufficient conditions were proved in [6].

Remark 2.3 The same is true if g is replaced by a distribution. This is a consequence of the
“division of distributions” [4, 9, 15, 17, 18]. We will use this generalization in Sect. 4.

As far as we know, nothing is known about the equation Du = g in more general
domains.
3 Riemann-Hilbert and Dirichlet problems for H-holomorphic
functions.
3.1 The operator 51, and the CRF condition
Let 2 C H? be a domain. A domain splitting (S, U*, U™) of 2 is given by a smooth (non-

empty) hypersurface S closed in £2 and two open disjoint nonempty sets U, U™, such that
O\S = Ut U U™, where both Ut and U~ have boundary S in £.
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We say that a continuous (resp. smooth') function f : S — H is a continuous (resp.
smooth) jump relative to a domain splitting (S, Ut, U™) of £, if there exist two H-holo-
morphic functions F*, F~, on U', U™, respectively, such that F*, F~ are continuous (resp.
smooth) up to Sand f = F*|, — F~|,.

A function f : S — H (continuous or smooth) is locally a jump if, for every g, € S,
there exists a neighborhood U of g, such that f/|, s a jump in U.

Observe that the functions F*, F~ are determined up an H-holomorphic function in U.
In particular, if S is the boundary of a bounded domain in H2, Dirichlet problem reduces to
Riemann—Hilbert problem via the Hartogs theorem.

Both these problems require conditions on the given function f : S — H that we call
CRF conditions.

Let S be defined by p = 0. We say that a smooth function f : S — H is a (lefr) CRF
function, if there is a smooth extension F of f on a neighborhood of S, such that we have

DF=p-A+Dp-B, 3.1

with A and B smooth. The CRF condition is independent of the extension F, as well as of
the equation of S.
The CRF condition can be given in a more intrinsic way, as shown in Theorem 3.5.

Remark 3.1 Observe that, fis a CRF function if and only if there exists a smooth extension
F,of fwith DF, = 0on S. (It is enough to take F| = F — p - B, where F satisfies Eq. 3.1.)

Clearly, if F is an H-holomorphic function on one-sided neighborhood of S, then F|gis a
CREF function, in particular, every local jump fon S is a CRF function.

We will see below that, unlike the complex case, trace conditions on f involve both first-
order and second-order differential equations (Remark 3.3).

This is not surprising, due to the fact that Riemann—Hilbert problem is related to local
solvability of Du = g and this requires a second-order differential condition for g.

If F = U + Vjis an extension of f, g, = z; + wyj, ¢, = 2, + w,j, where U, V,z;, wy,2,, W,
are complex, then the CRF condition writes

U = Vs, p5 —rm,
V. +U,
rank| L@ T 2w Pw P < 3. (3.2)

5~ Ve, p, P,
V. +U, Py, Py,

3.1.1 CRF condition and extendability
Suppose S oriented. Denote w the volume form of S and v = (v, v,), v;, v, € H, the unit

normal vector which gives the orientation of S.
Let(,) : H? x H?> - H be the scalar product

! For convenience of exposition, since our work reposes in an essential way to the theory of Ehrenpreis and
its applications [7, 9], we restrict ourselves to the class of C* functions, even if some definitions and con-
structions can be given in a more general setting.
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((g1-92). @1.P2)) = q\p1 + GaP5.

By direct computation, one verifies that
(Da ndy)ls= V10, (dxaDa,)ls = 7, 0. (33)

Let f : S — Hbe smooth and F a smooth extension of f on a neighborhood of S. Then, by
restriction to S, from (2.7) we get

1 oF
—§<dq1 Adg, /\dy+dx/\dq2 AdCI2)|s ( (v, SFlS) + —)a), (3.4)

where DF = <0TF, oF )
dq, " 9q,
Let f1 : S — Hbe the smooth function defined by

l —_— —_—
—§<dq1/\dql/\dy+dx/\dq2/\dqz)|5/\df=fl~a) 3.5)

and set

i|_7+ivv i|—r+ivv 3.6
0x, 5T ox,’ T dy, ST 9y, (3.6)

a=0,1,2,3, where (-, ) denotes the Euclidean scalar product of R® and z, . T, are the tan-
gential components of | 05 | - respectively.

We set
fop =10+ (52w )t
(%) X, axa, )

0 L
Joo =5,00+ <E’V>f ; (3.7)
Jay =fo) + Vi) + iy + Ky
Tay =Top o) + iy + Ko

they are smooth functions on S.

Proposition 3.2 Ler f : S — H be a smooth CRF function and F a smooth local exten-
sion of f such that DF = 0on S. Then,
oF oF

=t s =fe g|s =fo0 3.8)

or
oav

fora=0,1,2,3.

Proof Since DF =0 on S and F|g =f, by Eq. 3.4.

—%@1 Adgy Ady A df +dx A dg, A dg, /\df)ls - (;—Fa)
v
and comparing with (3.5) we then have & = fL. Formulas (3.6) now 1mp1y | = f(x")’
oF
0y,1|5 =fy,»@=0,1,2,3. a
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Remark 3.3 If fis the boundary value of an H-holomorphic function F, then, by Proposi-
tion 3.2, we get

oF

o2
oF ora=0,1,2,3.
Ek—f(m

Since the operators 9 a/ dx,x, d/dy, commute, f ,and f;, ) are restrictions of the H-holo-
morphic funct10ns — and — respectlvely, hence f, ), f, ) are CRF functions too.

A smooth CRF function f : S — H is said to be admissible if f(xa),f(yﬂ), a=0,1,2,3,
are CRF functions too. Unlike the complex case, a CRF function is not admissible in gen-
eral. Here is a counterexample:

Example 3.4 Let S = {y; =0}, f = —x,yo] + xy¥ok. Since df /dq, = 0, f is CRF. Moreo-
ver, f+ = Jiyy = =% +x;i. In particular, if f ) were CRF we should have df,,,/dq, =0,
whereas df,.,/dq, = —2.

3.1.2 The tangential operator 5,,

The CRF condition determines a differential operator on § that will be denoted by 5b. We
want to write explicitly the operator .
Consider on S the following H-valued differential forms

digf =Sy IXols + i) dxy s + fy dxals + fix, A3

3.9
digf = FonDols + o dils + 7o, dvals + 1y, dysls

The following equalities hold

Dqyls A df = =1, dxls

3.10
Dg, |5 A d,f = —fg, Dls- G-10

We have the following

Theorem 3.5 For a given smooth function f on S the following conditions are
equivalent:

(a) f is a CRF function;
b) fa) =g =0
() DglgAdyf =DgylgAndg, f=0.

Proof Let fbe CRF. Then, there exists a smooth extension F of f with the property DF =0
on S (Remark 3.1). From (3.8), we get

oF
s =fo0

oF
_|S _f(x“)’ aya

oF Jov = f* —
a

a =0,1,2,3. Consequently
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a_(—]lls =f@1)’ q |S ﬁQZ) (311)

By hypothesis, DF =0 on S hence 1@, =1, = 0 and therefore, by (3.10)
Dg,ls Adyf =Dgslg Ady\f =0, (3.12)

i.e., (b) and (¢).

Assume that f satisfies (c). Then, by (3.10), we have f@) dx|g =0, f@) dy|g =0 and,
if dx|g(p) # 0, dy|s(p) # 0, p € S, then f@)(p) =f@)(p) = 0. Suppose, for instance, that
dx|¢(p) = 0. Then, the second of (3.3) implies v,(p) =0, ie., v(p) = (vl(p), 0), where
vi(p) # 0. Thus, dyls(p) # 0, otherwise [again by (3.3)], we should have v, (p) = 0, conse-
quently, fz \(p) =

Let us show that necessarily fz ,(p) = 0. By standard argument of differential topol-
ogy, it is easy to construct a smooth extension F of f such that dF / ov = fL. Identity (3. 4)
and definition of f* then imply that (v(p), DF(p)) =0, , vi(p)oF/oq,(p) =
whence 0F /0q,(p) = 0. Arguing as in the first part of the proof, we get 0F /dq,|g = f@),
0F /0,5 = [, in particular, also fg ,(p) = 0 for every p € S, and (c) imply (b). Further-
more, DF = 0 on S, hence (c) implies (a) too. O

We denote 51) the operator

D, : f +— (Dgyls Ady, f.Dayls Ady,f). (3.13)

3.2 Solvability of the Riemann-Hilbert problem

We want to prove that for smooth admissible functions the local Riemann—Hilbert problem
is always solvable.

We consider an orientable smooth hypersurface S, given as the zero set of a smooth
function p such that Vp # 0 around S.

Proposition 3.6 Ler f: S — H be a smooth function. The following properties are
equivalent

1. fis admissible; .
2. there exists a smooth extension F of f such that around S one has DF = p*u, with u a
smooth H>-valued map.

Proof Let F as in (2). Clearly f is CRF. By Proposition 3.2, we have 0F /dx,|g = T
OF [0y, g =f(y(,)’ a=0,1,2,3. Moreover,

3(25)=-2(3F) = 220 44 p 08
0x, ax 0x, 0x,

o o

_ P)
Y <®F> 220 4 01
0y, 6ya dy 0Y,

4

fora =0,1,2,3. (3.14)

Therefore, 0F /ox, (0F /dy,), @ = 0, 1,2, 3, is a smooth extension of f(x,,) ( f(yﬂ)), whose ® is
vanishing on S. It follows that f'is admissible.
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Assume now that f'is admissible, in particular CRF. Therefore, there is a smooth exten-
sion G of f and a smooth H?-valued map y such that DG = py. Again, by Proposition 3.2,
one has 0G/ox,|¢ =f(x"), 0G/ay,|¢ =f0,"), a=0,1,2,3. Since also f(x(,) is CREF, there is a

smooth extension F™ of f ) such that DFE) = py) with n® smooth, whence
0G/0x, — FU«) = py) (3.15)

with y®) smooth, & = 0, 1,2, 3. . i
Applying D to 3.15, and taking into account that Do(d/0x,) = (0/0x,)oD, we obtain

ADG L=
®DO6) _ JH) 1By (3.16)
0x,,
with H%) smooth, « = 0, 1, 2, 3.
In the same way,
o(DG =
(ay ) _ PHOD 4 Dp .yl (3.17)

with HO«) smooth, « = 0, 1,2, 3.
Let

3
_ dp 0 dp 9
v="Vp/IVp|=|Vp|™! < —+ )
Z() 0x, 0Xy — 0Yq 0V,

By hypothesis, DG = py, 50

oDG) Ip oy oy
- M _\y & 3.18
ov 6VW+'00V | p|lll+p(3v ( )

On the other hand, from (3.16), (3.17), we derive

- 3 3
ADG) » —
9026 _ 1y A DY

= =1V {pza o+ Dp Z;(,) } (3.19)

Equalizing (3.18) and (3.19), we get

w=p0+2Dp -0 (3.20)
and consequently
DG = Y = ,02<I>+5p2 - 0.

Then, F := G — p*@ is the desired extension of f. O

Lemma 3.7 Let U be a domain in H>, S= {p =0} where p : U — H is smooth and
Vp#0onS. Let {h, },cn be a sequence of smooth functions S — H. Then, there exists a
smooth function E : U — H with the following properties

1. Elg= hy;
o'E
2. a—pk|szhk,Vk21.
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This lemma is a straightforward generalization of [3, Proposition 2.2].

Proposition 3.8 Let U be a domain inH?, S = {p = 0} where p : U = R is smooth and
Vp#0onS. Let f : S — Hbe a smooth and admissible function. Then there are a smooth
function F : U — H and two sequences {0y };5,, { By }isp of smooth functions U — H and
U — H?, respectively, satisfying the following conditions:

L. Flg=f;
2. (0 a,/0p")]s=0,Vk>1,m>2;
3. D(F =YL, [bay) = p"B,. Ym > 2.

Proof Since fis admissible, by Proposition 3.6 there is a smooth extension F : U — Hof f
such that DF = p*c. We construct the sequences by recurrence assuming @, = 0, f, = ¢ in
such a way that second and third conditions of the proposition are satisfied for m = 2.
Suppose that ay, ..., a,,, ps, ..., B, are already constructed in such a way that conditions
(2) and (3) are satisfied for all integers s < m, k > 1, in order to define @,,,; and g, ;.
Set

G=F=Y /b B,=.0) €W
k=2

By definition, 0G/dg,, = p"¢,, h = 1,2, hence DG satisfies the condition (2.15), that is
0 0 oG _ 0 0 dG

dq, 99, dq),  dq), 04, g,

which gives

0 m—1 ap m aCh ) 0 < m—1 ap m aCS >
— \ P Gitp =—|mp G+p"— ).
aq < 0q3 " 0q3 aqh aqb aqs

N

Taking into account that p is real and m > 2 we get

e Op O me1 0 (0 me1 0P 0%y 0 (9
m(m—1)p 2—p—p§h+mp 1—(—pé‘h>+mp 1—p—h+p —<—h =

9q 94 g \ 94 94, 99 9, \ 94
dp 0 0 dp 0 0
m(m — 1)p" 2 2L EL e ! 9 (—pCs> +mp™! Tpi + L <£>
dg,, 99 dg,, \ 9q agqy, 9 dg,, \ 9¢
(3.21)

Summing with respect to s the above equalities and dividing by m(m — 1), for fixed h = 1,2
we get

2

- 2 0p dp -

m—2 2 m—2 m—1
PV plIPG, = 0" — —& |+ 3.22
h aq}(; 30, ) h (3.22)

with [, € C*(U) h = 1,2 whence
I (< 9p

IVol?¢, = —| ), ==¢ |+l 3.23
"= 5 gl, 3q.° h (3.23)
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h=1,2.Since Vp # 0 on S, on an open neighborhood V C U of S we have

dp
S=—"—=8+p1
9q;,
h=1,2,with g,y, € C®(V). _

Setting y = (¥;, v,), and recalling that g,, = ({;, {,), on V we have g, = (Dp)g + py, so,

by the beginning assumption, we derive

5(F - Z(p"/k)ak> = "B, =p"Dp-g+p"y

k=2 (3.24)
a~ +1 1 pm+l 5 +1
=D(p" +1)) - + 0"y,
(P™'g/(m+ 1) ST sy
With
0=y—Dg/(m+1)
equation (3.24) rewrites
5(F = D e = o g/ (m + 1)> = p"'e. (3.25)
k=2

Observe that g and € can be chosen in such a way that an equality like (3.25) holds on U. (It
is enough to consider a closed neighborhood V' C V of §, a smooth extension of g|,, to U
and take 6 according to (3.25)).

By Lemma 3.7, there exists a smooth function «,,,; : U — H, such that a,, ;|5 = gls,
o a,,,,/0p*|s =0 for every k > 1. Then, a,,,, —g = pe with € : U —» H smooth and,
consequently,

_ pm+1g _ pm+2‘9 _ pm+l
-9 =9 - —
<m+1> <m+l m+ 10m!

m+1 m+1

= —5<m—+1am+l> + n’ﬁ((m+2)5p € +p56).

If we define
1 J— J—
Cunr = 0= ——=((m+2Dp- e +pDe )
@, and ¢, satisfy conditions (2) and (3) of the proposition for m + 1. O

Let U, p, S be as in Proposition 3.8 and let G : U — H" be a smooth map. We say that
G vanishes of infinite order on S or that G is flat on S if, for any integer &,

limG/pF =0
p—0

uniformly on the compact sets of U.
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Proposition 3.9 With U, p,S as above, let f : S — H be a smooth admissible function.
Then, there exists a smooth extension G of f to U such that DG is flat on S.

Proof By Proposition 3.8, there exist smooth functions F: U —H, a; : U —H,
B U— H2, (j > 2) such that

o Flg=f;
o (0 a;/0p*)g=0,Vk>1,j>2;
o D(F-Y,0/a) = p"B,, Vm > 2.

Moreover, by Lemma 3.7, there exists a smooth function E : U — H such that E|; = 0 and

O‘E k!

o 5 = g1 nls

for all k > 1.
Let T = pE. Then, since T|g = 0 and

T _  0“'E | J'E

— =k—— 4 p—
9K apk-1 papk
for k > 1in a neighborhood of S, we get
k o'E. 1 oT

%ls = G- opF1 ls= T a_pkls

for all k > 2 and 7|5 = El = 0.

Now, fix a point p of S and let W, be a neighborhood of p where p is one of the real coor-
dinates, say the first, and denote &, ..., &; the remaining. Let 7 : Wp - Wp N S denote the
projection (p, &, ..., &;) = (0,&,, ..., &;). By what is preceding, we deduce that in Wp, for
all m > 2, the following holds true

T—ip—k((xOﬂ)=T—ip—k ak—Tont = pmtle
kot & k! \ opt

k=2

with ¢ © W, — H smooth. Consequently,

5<T -y %(akOﬂ)) =" (3.26)

with v : W}7 — H? smooth. Moreover, since (aka_,./apkns =0,Vk>1,j > 2, we get
m k
p m+1
—(a, —aporr) = 0,
]; k ( k k 7[) p

0 : Wp — H smooth. It follows that

5<Z<pk/k)ak - Z(pk/kxakon)) =p"u, (3.27)
k=2 k=2
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where u : W, — H? is smooth.
Finally, we define G = F — T. Clearly G|y = f and by (3.26), (3.27) we get

m

26 =5(F - Z(p"/km) + 5(Z<p"/k>ak - Z(pk/k)(akozr))
k=2 k=2

k=2

- 5<T - Z(pk/kxakozr))
k=2
=pm(ﬂm +u-— v) =p"w,.

Here w, : W, — H? is smooth and uniquely determined by the condition DG = prw,. If
p &S, we take Wp such that Wp NS =g and w, = DG/ p". Therefore, the family of the
local maps w, defines a smooth map w,, : U — H? such that DG = p™w,, for every integer
m > 2, 1i.e., G is a smooth extension of fto U such that DG is flat on S.

This proves Proposition 3.9. |

We apply Proposition 3.9 in order to prove that the local Riemann—Hilbert problem is
always solvable. This will follow from the following

Theorem 3.10 Let Q C H? be a convex domain and (S, U*, U™) a domain splitting of £2.
Let f : S — Hbe a smooth admissible function. Then, fis a smooth jump.

Proof Observe that S is orientable, so S is defined by p =0, where p € C*(R2). Let
G : Q - H be a smooth extension of f, with DG flat on S (Proposition 3.9). Define
n:Q - Hby

-®G onU*
=10 onS
DG onU~.

n is smooth in €2, since DG is flat on S. Set n = (1, n,)- Then, the conditions

0 on 0 on
A, = __1» Aoy = T—2
q 9q, 99,
are satisfied on Ut U U~ [see (2.17)] whence on . Since Q is convex, there exists
v : 2 — H smooth such that Dy =5 [2]. Defining F* =(y +G)/2, F- =(y — G)/2,
we have the following: F* and F~ are smooth up to S, DF* =0 (DF~ =0) inU* (U~) and
Fflg—Flg=f.
This ends the proof of Theorem 3.10. O

3.2.1 Two applications

Theorem 3.11 Let Q2 be a bounded domain with connected smooth boundary b §2. Then,
every smooth admissible function f : b Q — H extends to Q by an H-holomorphic func-
tion, smooth up to b Q.
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Proof In our hypothesis, H? \5 is connected with boundary b £2. Since (b 2, Q, ﬂ-l]z\ﬁ) isa
domain splitting of H2, by Theorem 3.10, f = F*|; — F~ |, where F*, F~ are H- holomor-
phic. By Hartogs’ theorem F~ extends to all of [I-I]2 by an H-holomorphic function F-. And
this implies that f'is the boundary value of F* —F a

Theorem 3.12 Let T be an open half-space and S C H? a connected closed smooth
hypersurface of . Assume that \S splits into two connected components D and W with
D bounded. Let f : S — H be a smooth admissible function. Then, f extends to D by an H
-holomorphic function F which is smooth up to S.

Proof Without loss of generality, we can assume that X be the half-space {y; > 0}. Let B
be an open ball centered at origin such that S divides B N X into two connected components
Ut and U™ = D and D is relatively compact in B. By Theorem 3.10, there are H-holomor-
phic functions F* : Ut - H, F~ : D — H, smooth up to S, such that f = F*|g— F|. It
is enough to show that F'* extends H-holomorphically to B N {y; > 0}. We may assume that
F* is defined on an neighborhood of bB N X in X.

Fix € > O sufficiently small. For every ¢ > 0, let S, be the sphere centered at (0, —ck) and
passing through bB N {y; = £}. Consider the set C of ¢ € R such that F+|s ~F €xtends to
a neighborhood of S N B in B. We have C # ). Let ¢, = supC, and assume by contradic-
tion that ¢, is finite. Observe that F* is defined in a neighborhood of bB N {y; = €} in B.
Consider B, the open ball having S, as its boundary and let U = B\Bc0~ Then, the second
fundamental form of S, N X (as part of the boundary of U) is negative definite. Hence, as
in the proof of Theorem 4 of [21], we get that, for every g, € S, N B, there exists a domain
A, C U such that every H-holomorphic function in A, extends to a bigger domain A
corltammg qo- It follows that F* extends H-holomorphically to a neighborhood of S, o NB
in B: contradiction. This means that ¢, = +oo0, thus F* extends to BN {y; > €}, for every €
near 0. By analytic continuation (see Theorem 3.14), this completes the proof. a

Remark 3.13 With the same notations of the above theorem, let F' be the H-holomorphic
extension of f. If Ifl is bounded on S, then for every g € D

|[F(g)| < st;p If1.

We mention that, an extension theorem of different type has been recently found by
Baracco, Fassina and Pinton [5].

Let S be a connected smooth hypersurface in H?. We say that the analytic continua-
tion principle holds for smooth admissible functions on S when the following is true: if
f 1§ = His a smooth admissible function which vanishes on a nonempty open set of S,
then f = 0.

Theorem 3.14 Let S be a connected smooth hypersurface in H?. Then, the analytic con-
tinuation principle for smooth admissible functions holds on S in the following two cases:

1. S is the boundary of a domain 2 € H? satisfying the hypothesis of Theorem 3.11;
2. Sisnondegenerate.

Proof (1) Consider a smooth admissible function f on S, F its H-holomorphic extension on
£, andlet Z = {f = 0}. Let g, € Z and U be a neighborhood of g, relatively compact in Z.
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Then there exists a domain £, with smooth boundary, satisfying the hypothesis of Theo-
rem 3.11, such that 2 C 2,, bQ,\bQ2 C H>\2, and bQ2\U = b 2, nb Q. The function
/i on b2, that coincides with fon b £2, Nb £ and is zero elsewhere, is smooth admissible
and, by Theorem 3.11, extends to an H-holomorphic function F, on £2,, smooth up to the
boundary. By the Bochner—Martinelli formula, it follows immediately that F, is an exten-
sion of F. By construction, F, vanishes on the boundary of £2,\£2, and then, F, vanishes on
02,\ Q. By analytic continuation, ¥, = 0 and therefore F = 0 and f = 0 too.

(2) Let f be a smooth admissible function on S = {p = 0} and let Z = {f = 0}. Assume
fis not identically zero. By Theorem 6 [21], there exists a neighborhood U of § in, say,
{p <0}, such that the function f extends by an H-holomorphic function F. Take a point
p € S, there exists a domain £2 C {p < 0}, whose boundary contains p, such that the set
b £ N Z has interior points in S, and the hypothesis of (1) holds for Q. Using (1), F|, o =0,
in particular, f(p) = 0. This concludes the proof, p being a generic point of S. a

Remark 3.15 The analytic continuation principle does not hold for an arbitrary smooth
hypersurface S. For instance, all smooth functions f = f(yy,y;,y,) are admissible on
S={y; =0}.

4 The CRF condition in weak form

In order to treat the Riemann—Hilbert problem (in particular the boundary problem) for
H-holomorphic functions with continuous boundary data we need to give the CRF con-
ditions in a weak form. We need some preliminaries.

Let (S, UT, U™) be a domain splitting of a domain 2 in R” and ¢ € C*(£) such that

S={p=0}, U'={p>0}, U ={p<0}, Vplg#0

and consider on S the orientation determined on the boundary of U* by the inward normal
vector.

By the existence of tubular neighborhoods, we may assume that for —g;, < € < g,
gy > 0, the hypersurface S, = {¢ = ¢} is diffeomorphic to S by a diffeomorphism
z, .S, =S

Let T be a distribution on S. We say that T is the trace or the boundary value (in the

sense of distributions) of a function u € LIIOC(UJ“) following {S, }o <, if

lim/ﬂ:(¢)u=(T,¢)
e—-0* s,

for every real-valued test form ¢ of class Cj° on S of degree n — 1. In such a situation, we
setyt(u)="T.

In the same manner, we give the notion of trace y~(u) if u € Llloc(U‘).

The following result was proved in [12, Corollary I. 2. 6]. Let P(D) be a linear ellip-
tic operator on U™ with smooth coefficients and u € C*(U") a solution of the equation
P(D)u = 0. Then u has a boundary value y*(u) if and only if u extends as distribution
through S.

Now we are in position to state the CRF condition in a weak form.
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Proposition 4.1 Let f : S — H be continuous function and Ty = T\ ;, T, = T, ; the dis-
tributions on 2 (supported by S) defined by

{(p'_)/qul Afpdy

¢ [;Dg, Afpdx, @1

(where ¢ € CJ(£2) is a real-valued test function). If f is locally a jump of H-holomorphic
functions continuous up to S, then the system

aq‘ 4.2)
14

-—_ = T2

9g,

is locally solvable along S.

Proof Let g, € S and F* H-holomorphic functions in U%, smooth up to S such that
fluas = FFlg — F~|g. Let

—F* inU*
F_{—F‘ inU~

and denote by the same letter F the distribution
¢ - / ¢FdxAdy:
Q
here ¢ is a real-valued test function. Then

oF
T<¢>=—/4»%dedy
0% Q
“4.3)
- ¢61F+dx/\dy+/ ¢, Fdx A dy.

U+ U-

Denote d, (dy) the differential with respect to the x (y)-variables. Then, since Dg, is closed,
we have

g Frdx Ady = / d (Dg,$)F* A dy
U+ U+
=/ dx(Dql-F+-¢)/\dy—/ d,(Dg, - FH)$ A dy
U+ U+
=/ d(Dg, 'F+¢/\dy)—/ d(Dg; - F*)¢ A dy
U+ U+
.
= [Da-Fondy- [ Sgarnay
s u+ 04,
=/Dql-F+¢/\dy
S

by (2.5) and the H-holomorphy of F*.
In the same manner,
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/ d)aF_dx/\dy=—/Dq1 -F ¢ Ady
v- s
bU NnS=-bU*'NS), whence

& ()= /Dql -F+¢Ady—/Dq1 P Ady
q1 N N 4.4)

= [ D4, o na.
s
Analogously, we get
oF
@)= [ Dar-ronax )
9q, s
Equations (4.4) and (4.5) show that the distribution F is a solution of (4.2).
If fis only continuous, we approximate S by hypersurfaces S,, with 0 < |¢| < g,, and we
apply the previous argument to F* on {p > £} whene > 0, and F~ on {p < £} when e < 0.
Hence, by taking the limits, identities (4.4) and (4.5) hold in the continuous case too.

|

From Proposition and (2.15), it follows

Corollary 4.2 [ffis a jump of H-holomorphic functions continuous up to S, then in £ we

have
oT.
040—2 — AT, =0
q1 049>
al oT (4.6)
— L _AT,=0
9q, 99,
in the distribution sense, i.e.,
0 0
— —¢ |Jdx ADgy — (A,¢)dy ADg, [f =0
s L\ 9q; 9¢,
) 9 4.7
/ [<T—¢)dy ADg, — (A, $)dx A qu]f =0
s L\ 9g, 9q,

for every ¢ € C ().

We say that a continuous function f : S — H is a weakly admissible function if it
satisfies (4.7).
We have the

Theorem 4.3 A continuous function f : S — His locally a jump of H-holomorphic func-
tions, continuous up to S if and only if it is a weakly admissible function. In particular,
assume that S is the connected boundary of a bounded domain £2. Then, every continuous
weakly admissible function f : b €2 — H extends to €2 by an H-holomorphic function which
is continuous up to b £2.
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Proof We only have to prove that if fis weakly admissible then it is locally a jump of H
-holomorphic functions continuous up to S.

Let g, € S, and (SN 2, U*, U™) be a splitting domain of a convex domain £2 containing
q,- Since f'is weakly admissible and €2 is convex, by (4.6) and Remark 2.3 there exists a
distribution F in £2 such that

9F _;
o 4.8
oF 4.8)
T=T2-

04,

Since :—;l lovs = :_Qi lo\s = 0, F is H-holomorphic on £\S.

Let F* = F|y.. Since F* are pluriharmonic, the results of [12] apply. In particular, F*
have traces y(F*) on S in the sense of distributions and y(F*) — y(F~) = f [12, Corollaire
1.2.6 and Théoréme 11.1.3].

Let V¥ be domains with smooth boundary such that V* € L, V* C U* and
bVt NnS) = OV~ nNS)is a relative neighborhood S of ¢, in S. Again, by [12, Corollaire
1.2.6], F* have traces 6* on bV* in the sense of distributions, and, by the Bochner—-Mar-
tinelli formula for H-holomorphic functions, we have

F*(q) = (6%, K*™(-, ¢))

forg € V*

Lety € C7(Sy) such that y = 1 on a neighborhood of g,,. Then,
F'(@9 qeV*
0 eV
F(q qeV-
0 q&V .

(w0 K™, 9)) + (1 —y)o* . K*M(-.q)) = {

(w0, K™, ) + (1 —y)6~, K*M(-,q)) = {

The functions {(1 — y)8%, KBM(., ¢)), (w0* KBM(.,q)) are smooth near g, and, since
0t — 0~ =f, we have

Frg) = (wf. KM, ) + (w0, K*M(, ) + (1 =)o+, KPV(-, ¢))
F(q) = —(wf. K®M(, ) + (w0, KPM(, ¢)) + (1 — )0~ , KPM(-, )

and consequently

Ff(g) = / wfKPM(, q) + u(g)

bV+
F@=- [ wKeo+v0
V-

with u = u(g), v = v(g) smooth near g,. Now, as a consequence of the classical potential
theory [16], F* are continuous up to the boundary and this concludes the proof of the gen-
eral case. In the particular case when S is the boundary of €2, the proof runs as in the

smooth case of Theorem 3.11. O

Remark 4.4 Theorem 3.12 also generalizes.

@ Springer



Extension and tangential CRF conditions in quaternionic... 2285

Remark 4.5 A smooth function f : § — His weakly admissible if and only if it is admissible.

Proof First assume that f is C* and weakly admissible. By Remark 3.3, the functions F* of
the previous Proposition are smooth up to the boundary S, hence fis admissible.

Next, assume f is C* and admissible, then f = F* — F~. Since F* are smooth up to S,
then f'is weakly admissible. a

Let S be a connected smooth hypersurface in H2. We say that the analytic continua-
tion principle holds for weakly admissible functions on S when the following is true: if
f S — His a continuous weakly admissible function which vanishes on an nonempty
open set of S, then f = 0.

Theorem 4.6 Let S be a connected smooth hypersurface in H2. Then, analytic continua-
tion principle holds for weakly admissible functions on S in the following two cases:

(i) S is the boundary of a domain Q € W satisfying the hypothesis of Theorem 3.11;
(ii) S is nondegenerate.

Proof The proof is analogous to the one of Theorem 3.14 using Theorem 4.3 instead of
Theorem 3.11. O

Proposition 4.7 Let S = {p =0} be a smooth hypersurface in H>, Vp #0 on S, and
Q™ = {p < 0}. Assume that Q™ is strongly Levi H-convex along S. Then, every weakly
admissible function f : S — H extends to a neighborhood U of S in S U 2~ by an H-holo-
morphic function in U, continuous up to S.

Proof By Theorem 4.3, using Kontinuititssatz as in the proof of Theorem 4 of [21], for
every point of p € § there exists a ball B(p) such that f|p,n(,=0; €xtends H-holomorphi-
cally on B(p) N €2~ by a function F,,. This implies that there exists an open covering B(p;)
of § and H-holomorphic functions F; : B(p;) N £~ — H, continuous up to S, such that F;
and f agree on B(p;) N S. By construction, F; = F on the intersection B(p;) N B(p,) N S,
hence, by the analytic continuation principle, F; = F; on B(p;) N B(p;) N £2”. Thus the
functions { F, } define the required extension of f. a

Appendix: Some generalizations to octonions

We sketch some generalizations of our results to octonion regular functions. We denote by
ip = 1 the real unit and by i, ..., i; the imaginary units of the division algebra of the octon-
ions Q. Thus, every element p of O can be written in the form

7
P= %, withx, €R.
=0

As usual, we set Re(p) = x,, Im(p) = 22:1 X,i, and p = Re(p) — Im(p). We recall that the
product of octonions is noncommutative and nonassociative.
Let U be an open set in O and u : U - O a smooth function. The Cauchy—Rie-

mann-Fueter operator d; acts on u in the following way:
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We say that u is (left) O-holomorphic in U if d;u = 0 on U. We also consider the conjugate
operator

a=0 a a=0
In the case of several octonion variables p,, ..., p,, we set
7
Ph= D Xpge Withx,, €R, (5.1)
a=0

and given an open subset U of Q", we consider the set & (U) of the smooth maps U — O".
Let us consider a function u € & (U), u = u(p,, ... ,p,). We define the operator

5u = ((3[,] u,..., 0ﬁnu). (5.2)

We have Du € &'(U). The kernel of the operator D consists of the ( left) O-holomorphic
Sfunctions in the sense of Fueter.

For some of the basic results in octonion analysis, we refer to [8, 13, 23].

Lef f =(fi,....f,) € &'(U). The nonhomogeneous Cauchy—Riemann—Fueter problem
asks for the existence of a solution of

Du=f 5.3)
that is
ap,, u= fh (54)

forh=1,...n.

In this “Appendix”, we aim to study conditions on U C O? and f = (f;,f,) which
guarantee the existence of a solution u € éA(U) of (5.3). In other words, to characterize
the image of the operator D for n = 2.

We start by looking at the necessary conditions on the datum f for arbitrary n. Let us
recall that 9, 07 = 6pm0 o = = A, is the Laplacian with respect to the real coordinates of
the octonlon Varlable D If the system of Cauchy—Riemann-Fueter (5.3) has a solution,

the datum f must satisfy the equations

Ay, i = 05,9, f) (5.5)
forl,m =1, ...,n. Indeed, if u is a solution of (5.3), i.e, 0 U =f,i=1,...,n, then
A, fz A, (0 u) 671(Apmu) = 0p1(0pm(0ﬁmu)) = 6ﬁ[(0pmfm).

Wang and Ren proved in [23] that such conditions are actually sufficient when the data
fi»--..f, have a compact support. For the sufficience in the general case, we follow the
method of Ehrenpreis [9].
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Once written the system (5.3) in the form Du = f, where D is the real matrix of dif-
ferential operator ®, the problem reduces to find the generators of the module of rela-
tions of the rows of D.

In real coordinates, given the function

7

up) =Y u, (P, = Wo(p). ... 1, (p)),

a=0

the Cauchy—Riemann—Fueter operator (in one variable) takes the form

axU - axl - a)c2 - ax3 - ax4 - a)c5 - a)c6 - ax7_ _MO_
a)‘1 axo - axs a)‘z - af‘s ax4 a)‘7 - axs U
u aXz aXz ax() - axl - axs - a«\'7 a«\h aXs U
Bu=D| =% "% % 0 0 O =0 0 flw| o
u‘7 6X4 0)Cs 0x6 dA7 6XO - 6X1 - 6x2 - 6x3 Uy )
o0, -0, o0, —o_ o, o o, -0, |lus
5 4 7 6 1 0 3 2
0xﬁ - 0x7 - 6)(4 8X5 0x2 - 6X3 6X0 6xl Ug
o, 0, -0, —0, 0, o, -0, a |Lul
L~ X7 6 X5 4 3 2 1 o

(see also [13]). Analogously, in the multivariate case, the Cauchy—Riemann—Fueter opera-
tor can be written in real components as

_ _|%o
Du=D| :|,
Uz
where
— DP]
D=|: (5.7
D

is an 8n X 8 matrix with entries in the polynomial ring with 8n indeterminates

R,=R[0, .....0

X770

2Oy seees Oy s
and D “denotes the matrix D relative to the variable D

We ‘denote by Syz the module of syzygies of the rows of the matrix D, which is
a graded module with grading inherited by the polynomial ring R,. By taking the
real components, we get eight such real syzygies from each one of the octonion
conditions (5.5).

Proposition 5.1 The n(n — 1) conditions A, f1=0,0, f,). of 5.5) for Lm=1,...n
1 # m, give 8n(n — 1) real quadratic relations. These relations correspond to linearly inde-

pendent elements over R in Syz.

Proof We want to prove that the operators z;,,(f) = A, fi— 050, f,) for Lm=1,...n

[ # m are linear independent on R. Given a,b = 1,...,n, a # b, we will prove that z,, is
not a linear combination of the other z;,,. Indeed, consider the test data g = (gy,...,8,)
where
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2
_ I %o fork =a,

81> 5Py { 0 otherwise (5-8)

with notations as in (5.1). Then, z; ,,(g) is nonzero if and only if (I, m) = (a, b). O

Now we focus on the case of n = 2 octonion variables p,, p,. Conditions (5.5) become

Apfr = 05,0, 1),
AP1f2 = ()1—,2 (aplfl)'

Using a computer program that calculates the generators and the Betti numbers of a graded
module, one checks directly that the module Syz is generated in degree 2, and Syz,, its
component of degree 2, has real dimension 16.2 From this we get

Proposition 5.2 For n = 2 octonion variables, the conditions (5.5) correspond to 16 real
relations that form a basis of the module of syzygies Syz as a real vector space.

Proof It follows immediately from the above computer verification and Proposition 5.1.
O

Proposition 5.2 and Ehrenpreis’ theorem [9, Theorem 6.2, p. 176] now imply

Theorem 5.3 Ler U C @2_be a convex domain and f € EU). Then, the Cauchy—
Riemann—Fueter problem Du =f has a solution u € E(U) if and only if f satisfies
conditions (5.5).

Remark 5.4 We stress that conditions (5.5) do not generate the module of syzygies Syz
for n > 2. For n = 3, this can be directly checked (employing a computer algebra system),
hence conditions (5.5) are not sufficient to guarantee the existence of a solution to (5.3).

As in the quaternionic case, we can introduce the notion of admissible octonion func-
tion. Thus, in view of Theorem 5.3, we can run through the proofs of Theorems 3.10 and
3.11 and we get:

Theorem 5.5 Ler 2 C O be a domain.

(1) IfQis convex and (S, U, U™) is a domain splitting of 2, then every smooth admissible
Sfunction f : S — O is a smooth jump.

(2) If 2 is bounded with connected smooth boundary b £, then every smooth admissible
function f : bQ — O extends to Q2 by an O-holomorphic function, smooth up to b £2.

2 We performed the mentioned computation, as well as the one of Remark 5.4, using the commands syz
and betti of the computer algebra system Macaulay 2 [14].
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