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Abstract

A comprehensive analysis of Sobolev-type inequalities for the Ornstein-Uhlenbeck operator in the Gauss
space is offered. A unified approach is proposed, providing one with criteria for their validity in the class of
rearrangement-invariant function norms. Optimal target and domain norms in the relevant inequalities are
characterized via a reduction principle to one-dimensional inequalities for a Calderén type integral operator
patterned on the Gaussian isoperimetric function. Consequently, the best possible norms in a variety of spe-
cific families of spaces, including Lebesgue, Lorentz, Lorentz-Zygmund, Orlicz and Marcinkiewicz spaces,
are detected. The reduction principle hinges on a preliminary discussion of the existence and uniqueness
of generalized solutions to equations, in the Gauss space, for the Ornstein-Uhlenbeck operator, with a just
integrable right-hand side. A decisive role is also played by a pointwise estimate, in rearrangement form,
for these solutions.
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1. Introduction

The present paper deals with norm estimates for functions in the Gauss space in terms of the
Ornstein-Uhlenbeck operator. Norms depending on global integrability properties of functions,
namely rearrangement-invariant function norms, are considered.

Specifically, we are concerned with inequalities of Sobolev type of the form

lu —m@)ly®n y,) < cllLullx®e,y,) (L.D

for some constant ¢ and for all functions u: R” — R such that Lu € X (R", y,,). Here, (R", y,,)
denotes the Gauss space, namely the space R” equipped with the Gauss measure y, obeying

x|2
dyn(x) = —1 e*%dx for x e R", (1.2)

@m?

and L stands for the Ornstein-Uhlenbeck operator, formally defined as
Lu=Au—x-Vu, (1.3)

where A and V are the classical Laplace and gradient operator. Moreover, X (R", y,) and
Y (R", y,) are rearrangement-invariant spaces, and m(u) stands for either the mean value or the
median of u over (R”, y,,).

Being the infinitesimal generator of the Ornstein-Uhlenbeck semigroup in the Gauss space
is one of the reasons that makes the operator £ of primary importance in the Gaussian setting.
It, therefore, plays a role parallel to that of the Laplace operator—the infinitesimal generator of
the heat kernel—in the Euclidean space. The Ornstein-Uhlenbeck operator enters various fields
and has hence been extensively investigated in the literature. For an introduction to its theory, we
refer to the monograph by Urbina-Romero [42], the lecture notes by Lunardi et al. [26], and the
survey papers by Sjogren [37] and Bogacheyv [8].

Inequalities of the form (1.1) can be regarded as Gaussian analogues of Sobolev inequalities
for the Laplacian in the Euclidean framework. Gaussian Sobolev inequalities typically differ
from their Euclidean counterparts because of the behavior of the density of the Gauss measure
near infinity. This feature also shapes inequalities for the Ornstein-Uhlenbeck operator. A general
trait of the latter inequalities is that the improvement of the degree of integrability for a function
u guaranteed from that of Lu in the space (R", y,) is considerably lesser than that entailed by
Au in domains of finite Lebesgue measure in R”. For instance, no inequality of the form (1.1)
holds with Y (R", y,,) = L*(R", y,,), whatever X (R", y,,) is. By contrast, unlike the Euclidean
inequalities, constants in the Gaussian inequalities are dimension-free. This accounts for their
use in questions of probability theory, where the dimension » is usually sent to infinity, and for
the derivation of Sobolev-type inequalities in infinite dimensional spaces — see e.g. the classical
papers [21,33,36,43].

The analysis of Sobolev inequalities in the Gauss space was pioneered by Gross in the paper
[24], where a sharp first-order inequality for the L2(R", y,) norm of the gradient was established.
A vast amount of literature on Gaussian Sobolev-type inequalities has flourished over the years
on the wake of Gross’ work. A very limited sample of contributions on this topic includes [1,2,
6,7,10,11,15,17,18,21,22,31,34,36]. In particular, inequalities involving the Ornstein-Uhlenbeck
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operator are derived in [5,19,41]. The latter papers deal, in fact, with even more general second-
order elliptic operators but focus on a different class of functions, which are defined in open
subsets 2 C R” and vanish on 9€2.

Our purpose is to offer a unified approach in detecting the optimal spaces X (R", ;) and
Y(R", y,) in inequalities of the form (1.1). More precisely, we are aimed at characterizing the
optimal (smallest possible) target space Y (R", y,) in inequality (1.1) associated with a given
domain space X (R", y,,), and, conversely, the optimal (largest possible) domain space X (R”, y;,)
associated with a given target space Y (R", y,,), within certain classes of rearrangement-invariant
spaces. One main result of this paper provides us with necessary and sufficient conditions for the
existence of these optimal spaces in the class of all rearrangement-invariant spaces and exhibits
an expression of their norms.

A critical step in our method is a reduction principle on the equivalence of any inequality of
the form (1.1) to a one-dimensional inequality for a Calderén type operator modeled upon the
isoperimetric function of the Gauss space. This principle also enables us to determine optimal
targets and domains in inequalities for special families of rearrangement-invariant spaces, such
as Orlicz spaces, Lorentz-Zygmund spaces, Marcinkiewicz spaces.

The point of departure for the reduction principle is, in turn, a pointwise inequality for the
decreasing rearrangement of a function u in terms of that of Lu. Inequalities of this kind for
the Laplacian in Euclidean domains are a special case of a classical result of Talenti [40]. They
rest upon differential inequalities on level sets of functions and on the Euclidean isoperimetric
inequality, which were also earlier used by Maz’ya [28,29] in the proof of estimates for solu-
tions to boundary value problems for classes of elliptic equations in even more general contexts.
Inequalities in the same vein for solutions to Dirichlet problems, with homogeneous boundary
conditions, for Lu (and more general differential operators whose ellipticity is governed by the
Gaussian density) on subsets of the Gauss space are studied in [5], and are also reproduced
in [27].

Although the proof of the rearrangement estimate to be exploited here follows along the same
lines as those of the contributions mentioned above, some technical issues arise. They are due to
the fact that functions u defined on the entire space R” are considered and, especially, that Lu is
assumed to belong to an arbitrary rearrangement-invariant space, and hence can possibly suffer
from very weak integrability properties. This calls for an extension of the Ornstein-Uhlenbeck
operator £ beyond its natural domain via a definition patterned on those introduced in the theory
of elliptic partial differential equations on Euclidean domains, with merely integrable right-hand
sides. With this regard, an additional result of independent interest will be presented concerning
the existence and uniqueness (up to additive constants) of a generalized solution « to the equation

Lu=f in@R", ), (1.4)

for every f € L'(R", y,,). Under this assumption on f, an optimal regularity estimate for  and
Vu in Marcinkiewicz-type spaces is also offered.

Our discussion begins with equation (1.4). The existence and uniqueness of the solution, and
a fundamental rearrangement estimate, are addressed in Section 3, after recalling the necessary
background on the functional setting in Section 2. Section 4 contains the reduction principle and
the characterization of the optimal target and domain in inequality (1.1) in the class of all rear-
rangement-invariant spaces. The rest of the paper is devoted to identifying such optimal spaces in
customary and less conventional families of rearrangement-invariant spaces. Specifically, Orlicz
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spaces are considered in Section 5, Lorentz and Lorenz-Zygmund spaces are the subjects of
Section 6, and Marcinkiewicz type spaces are the content of the final Section 7.

2. Function spaces

Measure spaces Let (R, v) be a o -finite non-atomic measure space. We denote by M (R, v) the
set of all v-measurable functions on R taking their values in [—o0, co]. Moreover, we denote by
M4 (R, v) the subset of all nonnegative functions in M(R, v) and by Mo(R, v) the collection
of all functions in M (R, v) which are finite almost everywhere on R. If R is an interval with
endpoints a, b € [—00, 0], a < b, and v is the one-dimensional Lebesgue measure, then we
simply write M(a, b), M4 (a,b) and My(a, b). Furthermore, the Lebesgue measure of a set
E C R" will be denoted by |E]|.

Rearrangements The decreasing rearrangement of a function ¢ € M(R,v) is the function
¢*: (0,v(R)) — [0, oo] defined as

¢*(s)=inf{teR:v({xeR: [ (x)] >t})§s} for s € (0, v(R)). 2.1
The signed decreasing rearrangement ¢°: (0, v(R)) — [—00, 0o] of ¢ € M(R, v) is defined as
¢°(s)=inf{te]R:v({xeR:¢(x)>t})§s} for s € (0, v(R)). 2.2)

A basic property of the decreasing-rearrangement is the Hardy-Littlewood inequality, which
tells us that

v(R) v(R)
/ 6" (5)p* (v(R) — s)ds < / 1600 ()] dv(x) < / SOV ds (23
0 R 0

for every ¢, ¥ € M(R, v), provided that v(R) < oco. The maximal non-increasing rearrange-
ment of ¢ is the function ¢**: (0, v(R)) — [0, o], defined by

¢ (s) = % / ¢*(r)dr fors e (0,v(R)).
0

The function ¢** is non-increasing, and one clearly has ¢* < ¢** on (0, v(R)). The operation
¢ — ¢™* is subadditive in the sense that

/(¢+1//)*(r)dr < /¢*(r) dr—i—/l//*(r) dr fors e (0,v(R)) 2.4)
0 0 0

for every ¢, ¥ € M (R, v). On the other hand, the operation ¢ — ¢™* is not subadditive. Still,
one has that

@+ )" () <¢™(s/2) + ¥ (s/2) fors € (0,v(R)) (2.5)
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for every ¢, ¥ € M (R, v). The functions ¢, v € M(R,v) will be called equimeasurable if
¢* =" on (0,v(R)).

Some central results in theory of rearrangements are consequences of Hardy's lemma, which
states that, given L € (0, oo], if the functions g1, g» € M4 (0, L) are such that

/gl(r)drffgz(r)dr fors € (0, L),
0 0
then
L L
/gl(r)h(r)drS/gz(r)h(r)dr
0 0

for every nonincreasing function #: (0, L) — (0, 00).

Mean values and medians Assume that v(R) < 0o. The mean value of a function ¢ € LY(R,v)
is given by

v(R)
1 1 .
mv(¢) = %/cp(x)dv(x): R / ¢°(s)ds. (2.6)
R 0
Also, for ¢ € M(R, v), we define its median by
med(¢) = ¢° (V). 2.7)

The following lemma provides us with a link between v-a.e. convergence of a sequence of func-
tions and pointwise convergence of their signed rearrangement.

Lemma 2.1. Assume that the sequence {¢r} C M(R, v) and the function ¢ € M(R,v) are such
that ¢ — ¢ v-a.e. in R. Then

P°(s) < I}Cminf(p;(s) <limsup ¢y (s) <¢°(s—) foreverys e (0,v(R)). (2.8)
-0 k— 00

Here, the notation ¢°(s—) stands for the limit of ¢° at s from the lefft.
In particular, if ¢° is continuous at v(R)/2, then

klim med(¢y) = med(¢). 2.9)

Proof. The proof of the first inequality in (2.8) is analogous to that for the decreasing rearrange-
ment ¢* given in [4, Chapter 2, Proposition 1.7]. We may thus limit ourselves to proving the last
inequality. By our assumptions, there exists a set N C R such that v(N) = 0 and

lim sup¢;(x) <¢p(x) forxe R\ N. (2.10)

k—o00 1>k

418



A. Cianchi, V. Musil and L. Pick Journal of Differential Equations 359 (2023) 414-475

Given t € R, we define the sets
E@)={xeR\N:¢p(x)>1t} and Ep(t)={xeR\N:¢r(x)>t}

for k € N. Fix ¢ > 0. Inequality (2.10) implies that, if x € E(t — &) \ N, then there exists k € N
such that x € E;(t)€ for all [ > k, namely

E(t—¢)°C U m Ej(t)° orequivalently E(f—¢)D m U E/(t).

k=11=k k=11=k

Here, the suffix “c” stands for complement in ‘R. Therefore,

NEO—&”EV(FHJEKﬂ)=£E;VOJEAO)2£E;?ENEAO) (2.11)
1=k =

k=11=k

Define the functions p: R — [0, 00) as u(t) = v(E(¢)) and uy: (0, 00) — [0, 00) as ug(t) =
V(Eg(t)) for k € N. Inequality (2.11) reads (¢t — e) > limsup;_, o, 1k (). Hence, on passing to
the limit as ¢ — 0" one deduces that

w(t—) = limsup g (t). (2.12)
k— 00

On the other hand, a property analogous to that established in [4, Chapter 2, Proposition 1.7] for
¢* ensures that

w(t) < liminf w (7). (2.13)
k—o00

Since the function p is non-increasing, combining inequalities (2.12) and (2.13) implies that
ur — p v-a.e. in R. Since

¢°(s) =l{r e R: () > s},

the last inequality in (2.8) follows from an analogue of (2.12), with u and puy replaced by ¢ and
¢ respectively, and the measure v by the Lebesgue measure.
Finally, equation (2.9) follows from an application of equation (2.8) with s =v(R)/2. O

Function norms and rearrangement-invariant spaces Let L € (0,00]. A function norm is
defined as a functional || - || x(0,z): M+(0, L) — [0, oo] satistying, for all g, h and {gi} C
M4 (0, L), and every L€ [0, 00):

1) Igllxo.1 =0ifand only if g =0 a.e.,
I1gllx©,1) =Alglx o)
lg +2llxo.1 = lglxo.n + I17lx0©1)s
(P2) If g <hae., then |Igllxo,L) < Ihlx©,L);

(P3) If g« 1 g ae., then [lgkllx0.2) 1 llgllx,L);
(P4) llxellx,r) < oo for every measurable set E C [0, L] of finite measure;
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(P5) There exists a constant ¢ such that fE g(s)ds <cllglix,r) for every g € M(0, L) and
every measurable set E C (0, L) of finite measure.

If, in addition,

(P6) ligllxc,z) = llkllx©,1) whenever g* = h*,

then we say that || - || x(0,1) 1S a rearrangement-invariant function norm.
The associate function norm || - | x/(0,1) of a function norm || - ||x(o,r) is defined by
L
lgllxo.L)= SUP{/g(S)h(S) ds:he My(0,L), |hllxo.L) < 1} (2.14)
0

for g € M4 (0, L). Note that

- llexyo,) =1 - x,L)- (2.15)

The rearrangement-invariant space X (R, v) built upon the function norm || - || x (o, (R)) is defined
as the collection of all functions ¢ € M (R, v) such that the quantity ||¢| xR, v), given by

I#llx(R.v) = 18" x0.0R)): (2.16)
is finite. The space X (R, v) is a Banach space, endowed with the norm given by (2.16). The

space X (0, v(R)) is called the representation space of X (R, v).
We shall also employ the notation

X1 (R,v)={ue€X(R,v):mv(u) =0}. 2.17)

The associate space X' (R, v) of a rearrangement-invariant space X (R, v) is the rearrangement-
invariant space defined via the function norm || - || x/(0,u(R)). The generalized Holder inequality

/|¢(X)Iﬁ(X)|dv(X) = lolxrwn ¥ llx R (2.18)
R

holds for every ¢ and v in M(R, v). The fundamental function ¢x: [0, v(R)) — [0, c0) of a
rearrangement-invariant space X (R, v) is defined as

ex () =lIxellxR,» forrel0,v(R)), (2.19)
where E is any subset of R such that v(E) = ¢. One has that
ox()ex (1) =t forte[0,v(R)), (2.20)

for every rearrangement-invariant space X (R, v).
The following lemma extends [31, Lemma 2.1] to arbitrary rearrangement-invariant spaces.
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Lemma 2.2. Let X(R,v) be any rearrangement-invariant space on a finite measure space

(R, v). Then

5l —mv(@) xRy < I — med(@)llx(R.v) <3P — mV(D)x(R.) (2.21)
for every function ¢ € X (R, v).

Proof. Set L =v(R). Owing to the Holder inequality (2.18),

1 ox'(L)
|mv(¢) —med(@)| = - [ |6 —med(@)|dv = =——ll¢ —med(@)l xR (222)
R

for ¢ € X (R, v). From this inequality and equation (2.20) we deduce that

¢ —mv(@)xR,v) = ¢ —med(@) xR, v) + [ med(p) —mv(P)llxR,v)
< ll¢ —med(@) | x(R.v) + ¢x (L) mv(¢) — med()]

ox(L)gx: (L) (2.23)

< ¢ —med(®) | xr,v) + 7 l¢p —med(@) xR,

=2|¢ —med(®)llx(R,v)»

namely the first inequality in (2.21). As for the second one, we may assume, or replacing ¢ by
—@, if necessary, that med(¢) > mv(¢). Let E = {|¢p — mv(¢)| > med(¢p) — mv(¢)} and observe
that

¢ —mv(®)I xR = (¢ —mV(@)xElNxR,v) = (med(p) —mv(P)IIXE I x(R,v) (2.24)

and
Ixelx o = ox(ED = —2 > 1EL (2.25)
' ox' (|E]) ~ ox'(L)
Since
L
7= [{¢ > med(p)}| < |E]|, (2.26)
inequalities (2.24) and (2.25) imply that
(L
med(¢) —mv(¢) < ZWT() ¢ — mv(P)llx(R,v- (2.27)

Hence,
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¢ —med(P)llxR,v) < I¢ —mv(@)llxR,v) + | MV($) — med(d)ll xR,

= [l¢ —mv(@)llx(R,v) + (med(p) — mv(¢))¢x (L)

ox(L)gx: (L) (2.28)

<ll¢ —mv(P)ll xR, +2 7 Il —mv(P)llxr,v

=3¢ —mv(P)ll xR

The second inequality in (2.21) is thus also established. O

Embeddings and boundedness of operators Let X (R, v) and Y (R, v) be rearrangement-invari-
ant spaces. We write X (R, v) — Y (R, v) to denote that X (R, v) is continuously embedded into
Y (R, v), in the sense that there exists a constant ¢ such that (¢ |ly ) < clldll xR, for every
¢ € M(R,v). Note that the embedding X (R, v) — Y (R, v) holds if and only if there exists a
constant ¢ such that [glly,u(R)) =< cllgllx©.v(r) for every g € M (0,v(R)). A property of
function norms ensures that

X(R,v) CY(R,v) ifandonlyif X(R,v)— Y(R,v).

Let L € (0, oo]. We say that an operator 7 is bounded from a rearrangement-invariant space
X (0, L) into a rearrangement-invariant space Y (0, L), and we write

T:X@O,L)—Y(@O,L), (2.29)

if T maps functions from M (0, L) into functions from M (0, L), and its norm, defined by

ITI=sup{ITgllyo.0): &€ XO,L)NM4(O,L), lIgllxo.r) <1},

is finite.

The space Y (0, L) will be called the optimal target space in (2.29), within a certain class of
rearrangement-invariant spaces if, whenever Z(0, L) is another rearrangement-invariant space
from the same class such that 7: X (0, L) — Z(0, L), then Y (0, L) — Z(0, L). Analogously,
the optimal domain space X (0, L) in (2.29) within the relevant class obeys Z(0, L) — X (0, L)
whenever T: Z(0, L) — Y (0, L).

Assume that the operators T and T, acting from M (0, L) into M (0, L), are such that

L L

[Tg(s)h(s)ds:/g(s)T/h(s)ds (2.30)

0 0

for every g,h € M (0, L). We then call the operator T’ adjoint to T. A simple argument in-
volving Fubini’s theorem and the definition of the associate norm shows that

T:X(0,L)—Y(,L) ifandonlyif T':Y'(0,L)— X'(0,L) (2.31)
and [T =T
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Lorentz—Zygmund spaces A pivotal class of examples of rearrangement-invariant function
norms is constituted by the Lebesgue norms. The Lebesgue functional || - ||1r(0,1), defined as
usual for p € (0, oo], is a rearrangement-invariant function norm if and only if p € [1, co].

If L < oo, then a generalization of the Lebesgue functionals is provided by the Lorentz—
Zygmund functionals || - || p.g:es o,y M+(0, L) = [0,00] and || - | Lp.g:epr 0,1y 2 M+(0, L) —
[0, oo], defined by

1_1
gl pawno,ry =57~ €s/L*e(s/LP &* )| oo,

and

1.1
gl Lo o.0) = |57~ s /L) €L(s /L ) | 1y 0.1,

for g € M4 (0, L), respectively. Here, p, g € (0, o], «, B € R and

1 1
e(s)=1+1log -, u(s)=1+1og(1+1og —) for s € (0, 1).
S S

For finite measure spaces (R, V), the corresponding Lorentz—Zygmund spaces L? TGUB(R )
and L(7%%P) (R, v) are (equivalent to) the rearrangement-invariant spaces built upon the func-
tion norms || - ||, p.g:0.8(0,p(Ry) A || - Il Lr.g:0.8) 0,0(R))> TESPECtively, if and only if one of the
following conditions holds:

l<p<oo, 1<g=<o0,axeR, BeR
p=1,g=1, >0, peR
p=1,g=1, =0, >0

p =00, 15q§oo,ot+%<0, BeR

p =00, 1§q§oo,ot+%=0, ,3+%<0

p=00,g=00, =0, =0
in case of LP-%:*A (R v), and

O<p<oo, 1<g=<oo,aeR, BeR

p =00, 1§q§oo,a+%<0, BeR
15q§oo,a+%=0,,3+$<0
g=00, =0, =0

ST
Il

w’
w’

in case of L% (R v). We shall also write L?9(log L)4%(loglog L)?#(R,v) instead of
LP- %P (R, v), and LP9(log L)?%(R, v) instead of L?4*O(R, v).
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Orlicz spaces A generalization of the Lebesgue spaces in a different direction is that of the
Orlicz spaces. They are generated by the so-called Luxemburg functionals, whose definition,
in turn, rests upon that of Young function. A Young function A: [0, 00) — [0, 00] is a con-
vex, left-continuous function such that A(0) =0 and A is not constant in (0, co). The function
A: [0, 00) — [0, oo] denotes the Young conjugate of A, and is defined as

X(r) =sup{tt — A(r): 7 >0} fort>0.
The latter is also a Young function and its conjugate is A again. One has that
<A Y0 A Y@y <2t forr >0, (2.32)

where A~! denotes the generalized right-continuous inverse of A. The function B, defined as
B(t) = cA(bt), where b, ¢ are positive constants, is also a Young function and

B(t)=cA(L) fort=>0. (2.33)

A Young function A is said to satisfy the A;-condition near infinity if it is finite-valued and there
exist constants ¢ > 0 and 79 > 0 such that

AQt) <cA(t) fort > 1.

Moreover, A fulfills the V,-condition near infinity if there exist constants ¢ > 2 and ¢y > 0 such
that

AQ2t) > cA(t) fort >ty.

These conditions are said to be satisfied globally if they hold with 7o = 0.
A Young function A is said to dominate another Young function B near infinity if there exist
constants ¢ > 0 and #y > 0 such that

B(t) < A(ct) fort > 1.

The function A dominates B globally if #y) = 0. The functions A and B are called equivalent near
infinity [globally] if they dominate each other near infinity [globally].

Given L € (0,00] and a Young function A, the Luxemburg functional | - |pa.r):
M40, L) — [0, o] is defined by

L

gllza.1) :inf{k >0: /A (?) ds < 1}

0

for g € M (0, L). The corresponding Orlicz space L*(R,v) is built on the function norm

Il - ||LA((),V(R))-
When v(R) < oo, the alternate notation A(L)(R, v) will also be employed when convenient

to denote an Orlicz space associated with a Young function which agrees with A near infinity.
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Also, if ¢ € LA (R,v) and E C R is a measurable set, then we often use the abridged notation

Pl ace, vy = NOXENLAR,)-

For Young functions A and B, the embedding LA(R, V) —> LB(R, v) holds if and only if
either v(R) < oo and A dominates B near infinity, or v(R) = co and A dominates B globally.
One has that LA(R,v) = LB(R,v) up to equivalent norms if and only if either v(R) < oo and
A and B are equivalent near infinity, or v(/R) = oo and A and B are equivalent globally.

One has that

LAR VY = LAR, v)

up to equivalent norms.

We will also need certain weak and strong versions of Orlicz spaces. These will be defined
in the next paragraph as particular cases of more general families of rearrangement-invariant
spaces.

Endpoint spaces Let L € (0, oo]. A function ¢: [0, L] — [0, co) will be called quasiconcave
if it is non-decreasing, vanishes only at 0, and the function ¢, defined by

o(s) = —_ forse 0, L] (2.34)
@(s)

and @(0) = 0, is non-increasing on [0, L]. The Lorentz functional || - ”Aw(O’L): M40, L) —
[0, oo] is defined as

L

llglla,.L) =fg*(s)dg0(s)
0

for g € M(0, L). The Lorentz endpoint space Ay(R,v) is built on the Lorentz functional
I lA,0.v(R))- The Marcinkiewicz functional | - || m,0,L) M40, L) — [0, o] is defined by

liglla,0.0)= sup @(s)g™*(s)
s€(0,L)

for g € M4(0,L), and the corresponding Marcinkiewicz space is defined through the
Marcinkiewicz functional || - || s, (0,v(R))- A variant of the Marcinkiewicz functional is denoted
by || - lm,(0.1), and is obtained on replacing g** with g* in its definition. Namely,

lgllm,0.)= sup @(s)g*(s)
5€(0.L)

for g € M (0, L). Notice that || - [|n,(0,2) need not be a rearrangement-invariant function norm
in general. It is however a quasi-norm, in the sense that it satisfies the triangle inequality up to a
multiplicative constant. The space my (R, v) will be called the weak type space associated with
@. We point out that the Lorentz-Zygmund spaces L?:°%%# (R, v) defined above are weak type
spaces according to this definition.
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Let us recall that

Ap(R,v) =Mz(R,v) and My(R,v) = Ag(R,v), (2.35)

see e.g. [25, Chapter 5, Section 2]. For every quasiconcave function ¢, one has
IxEllA, Ry =®(s) and |IxElMm,(R,v) =¢(s) whenever v(E) =s €[0,v(R)].
Thus,
PAY(Rv) = PM,(R,v) = @-
Moreover, if X (R, v) is a rearrangement-invariant space such that gy = ¢, then
Ap(R,v) = X(R,v) = My(R,v). (2.36)

If A is a Young function, then the function g4 : (0, 00) — [0, 00), defined as

oa(s) = for s > 0,

N

is concave, and hence quasiconcave. The weak Orlicz space MA (R, v) is defined as My, (R,v)
and the strong Orlicz space A4(R,v) is defined as Ay, (R,v). Owing to equations (2.35)
and (2.32), one has that

(A (R, v) = MAR,v) and (M4 (R,v) = AA(R,v), (2.37)

up to equivalent norms. The expressions “weak Orlicz space” and “‘strong Orlicz spaces” are
adopted consistently with the embeddings

A (R, v) > LA(R,v) > MA(R,v), (2.38)

which hold for every Young function A and every measure space (R, v). Notice that these em-
beddings can actually be strict.

3. Extended domain of the Ornstein-Uhlenbeck operator and key estimates
The Sobolev space wLl2(R", V) 1s defined as
WI2(R™, ) = {u € LA(R", y,) : u is weakly differentiable and |Vu| € L*(R", ) }.
Similarly,
W22(R", y,)={ueL*(R", y,) : u is twice weakly differentiable and |Vul, |V2u|€ L*(R", y,))}.

The operator £ is defined on a function u € W22(R", y,) via equation (1.3). One has that
L: W22[R", y,) — L*(R", ,). Moreover,
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/Vu-Vvdyn:—fvﬁudyn 3.D
R~ R~

for every v € Wl’z(R”, Vn), see e.g. [26, Theorem 13.1.3].

Equation (3.1) enables one to extend the operator £, and to define £: W, L2(R", V) —>
L>(R", y,), where W L2(R", y,) consists of all functions u € W-2(R", y,) such that there
exists a function f € Li(R”, yy) fulfilling

fVu-Vvdy,,:—/vfdy,, (3.2)

R~ R~

for every v € W2(R”, y,,). We then set Lu = f for u € Wz L2(R", y,).

The operator £ can further be extended to the domain D(L), which consist of all func-
tions u € L'(R”, ¥,) such that there exists f € Li(R”,yn) and a sequence of functions
{ur} C€ Wz L>(R", y,) fulfilling

up—u a.e.inR” (3.3)
and
Lup— £ in L'R"™, ). (3.4)
We then set
Lu=f

for u € D(L). Moreover, given a function space X (R”, y,,), we define
We X(R", yp) = {u € D(L): Lu € X(R", yn)}. (3.5
Our first result, stated in Theorem 3.1, ensures that the operator
L: D(L)/c— LY R", y,) (3.6)
is bijective, where D(L)/c denotes the quotient space where two functions in D (L) which differ
by a constant are identified. Theorem 3.1 also provides us with information on the regularity of
functions in D(L). Their regularity is suitably formulated in terms of membership in spaces of

functions whose truncations are Sobolev functions, and in weak type spaces.
Given any ¢ > 0, denote by 7;: R — R the function given by

T if|t| <t
T,(r) = el = (3.7)
tsgn(tr) if|t]>1t.
We set
TR, yy) = {u € M(R", ) : Ty (u) € WHA(R™, ) for every ¢ > 0}. (3.8)
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If u € TH2(R™, y,), there exists a (unique) measurable function Z,,: R” — R” such that
V(Tt(u)) = X{lu|<}Zu a.e.in R" 3.9)
for every t > 0 [3, Lemma 2.1]. Here, xg denotes the characteristic function of the set E. One
has thatu € WI’Z(R”, yu) if and only if 4 € T1’2(R", yp)and Z, € LZ(R”, vn), and, in this case,
Z, = Vu. With abuse of notation, if u € Tl’Z(R", vn), we shall denote Z,, simply by Vu.
Theorem 3.1 (Bijectivity of the map (3.6) and regularity of functions in D(L)). Assume that

feLl®R", y).
Part 1. There exists a unique (up to additive constants) function u € D(L), such that

Lu=f. (3.10)

Moreover, u € TV2(R", y,) and any sequence {uy} satisfying (3.3) and (3.4) admits a subse-
quence, still indexed by k, such that

lim Vuy =Vu a.e. inR". (3.1D)
k— o0

Part 2. Let u be the unique solution to equation (3.10). Then:

() uelLl® log L(R", y,,), and there exists an absolute constant ¢ such that
”Li — med(u) ||Ll,oc log L(R™,y,) < C” f”Ll (]R",]/n); (3 12)
(i) |Vu|e L"*®(logL) > (R", v,,), and there exists an absolute constant ¢ such that

IV el i@ y)- (3.13)

1 <
L1>(log L) R",yn) —

The spaces L'*°log L(R",y,) and L“*°(log L)%(R", vu) are optimal in inequalities (3.12)
and (3.13), respectively, among all weak type spaces.

We now address the question of a minimal integrability condition on f guaranteeing that the
solution u to the equation Lu = f be a genuine global Sobolev function, and not just a member
of TH2(R™, yy).

.1
Proposition 3.2. Assume that f € Lj_’l’ 2(R", ¥). Then the solution u to the equation Lu = f
obeys u € WHL(R™, y,).

The proof of Theorem 3.1 is based on a priori bounds for sequences of approximating func-
tions as in (3.3), according to a scheme introduced in [3]. These bounds are derived via rear-
rangement estimates for a function u € D(L) and its (generalized) gradient Vu, in terms of Lu.
The relevant estimates are the subject of Theorem 3.3 below, which is a variant of a result from
[5] and relies upon the isoperimetric inequality in the Gauss space.
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Recall that the Gauss perimeter Py, (E) of a measurable set £ C R" can be defined as
—l/aM
P, (E) =’H’;,” (0" E),

where
n—1 N
dHVn (xX)=Qm) 2e” 2 dH" " (x),

9™ E denotes the essential boundary of E and H"~ ! is the (n — 1)-dimensional Hausdorff mea-
sure.

The Gaussian isoperimetric inequality tells us that half-spaces minimize Gaussian perimeter
among all measurable subsets of R” with prescribed Gauss measure [9,39].

An analytic formulation of this statement can be given in terms of the isoperimetric function 7,
also called the isoperimetric profile, of the space (R”, y,,). The function 7: [0, 1] — [0, 00) is
given by

1 _eo7le?

e 2 fors € (0, 1), 3.14
Nir 0, 1) (3.14)

and 1(0) =I1(1) =0, where ®: R — (0, 1) is the function defined as

I(s) =

o0
1 2
@(t):E/e_T dr forteR. (3.15)
t

The Gaussian isoperimetric inequality then reads

I(yn(E)) < Py, (E) (3.16)

for every measurable subset E of R”. Indeed,

Ya({x eR" :x >1t})) =P(r) forreR,

and
,2
P,({x eR":x1>1}) = e 2 forteR,
2
where x = (x1, ..., x,). The function I obeys
d'(t) =—1(P(t)) forteR. (3.17)
Also,
. 1(s)
Iim ——=1. 3.18
s—01 54/2L(s) ( )

Moreover, on defining the function ©: (0, 1) — (0, c0) by
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1

dr 1
O(s) =/ TGE fors € (0, 5), (3.19)
N
one has that
lim 2s5£(s)®(s) =1, (3.20)
s—0t

see [16, Lemma 4.3].

Theorem 3.3 (Rearrangement estimates for u and Vu via Lu). Let u € D(L). Then

1

N 2
(u — med(u)); (5) 5®(s)/(£u); (r)dr+f(£u);(r)®(r)dr forse(0,4] 321
0 s

and

=

1

r 2
* 2 d
|V (1 — med(w)) . |"(s) < ;/ (/(ﬁu);(g)dg> 1(:)2 forse(0,3). (322
0

s

2

As premised above, the proofs of Theorems 3.1 and 3.3 are mutually related. The outline is
as follows. We begin by proving inequalities (3.21) and (3.22) of Theorem 3.3 for the restricted
class of functions in Wz L2(R”, y,,). These estimates are then applied in the proof of Part 1 of
Theorem 3.1 to obtain suitable a priori estimates for the approximating functions u entering the
definition of Lu for u € D(L), and for their gradients. With this part of Theorem 3.1 at our dis-
posal, we are able to pass to the limit in inequalities (3.21) and (3.22) applied to uy, and conclude
their proof for every u € D(L). This completes the proof of Theorem 3.3. Inequalities (3.21) and
(3.22) of Theorem 3.3 are a key tool in the proof of estimates (3.12) and (3.13) of Part 2 of
Theorem 3.1.

Proof of Theorem 3.3 for u € W L2(R", y,). Assume thatu € Wy L>(R", y,,) and set, for sim-
plicity, f = Lu. Equation (3.21) is then equivalent to the couple of inequalities:

K 27
0§u°(s)—u°(%)5@(s)/ff(r)dr—i—/ff(r)@(r)dr fors € (0, 1] (3.23)
0 K

and

1

s 2
Ofuo(%)—u"(l—s)5@(s)ffi(r)dr+/f_t(r)®(r)dr forse(0,3]. (324
0 K
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We pattern their proof on arguments from [5] and [12], which are in turn adapted from [40].
On replacing u by u — u"(%), which is still a solution to equation (3.2), we may assume that

u® (%) = 0. We choose the test function v in (3.2) as

1 fu>t+h

v=14t ifr<u<t+h

0 ifu<t
for t € (0, esssupu) and i > 0. Equation (3.2) thus yields
1 2 1
7 |Vul”dy, = ~7 S —1)dy, — S dyn. (3.25)
{t<u<t+h} {t<u<t+h} {u>t+h}
Taking the limit as 7 — 0% in (3.25), we get, by dominated convergence theorem,

d
-5 / [Vul?dy, = — / fdy, forae.t>0. (3.26)
)

{u>t {u>r}

Note that the left-hand side of (3.26) is nonnegative. The Hardy-Littlewood inequality tells us
that

()
— / fdy, < / fody, < / fr(s)ds fort>0, (3.27)
0

{u>t} {u>t}

where we have set

w®) =y, ({x eR" :u(x) >1t}) fort>0. (3.28)

Applying the Cauchy-Schwartz inequality to the difference quotients, we have

1 1
d d 20 4q 2
—— Vuldy, < [ —— d —— Vul?d
a / [Vul J/n_< dt/ Vn> ( ” / [Vul Vn>

{u>t} {u>rt} {u>r}

(3.29)
1 w(®) 1
<(—u'®)? (/ () ds) forae.t >0,
0
where we have also used (3.26) and (3.27). By the coarea formula we infer that
o
/ |Vu|dy, = / Py, ({u>t})dr fort>0. (3.30)
{u>r} t
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Recall that wu(z) < 2, since we are assuming that u ( ) 0. Thereby, differentiation of (3.30)
and the isoperimetric inequality (3.16) give

d
P / [Vuldy, = Py, ({u > t}) > I(u(t)) fora.e.r > 0. (3.31)
{u>t}

Coupling inequalities (3.29) and (3.31) tells us that

u()
<— / fX(s)ds forae.re (0,esssupu). (3.32)

By integrating inequality (3.32) over (0, 7), we get

1

fgf(%?/fmmm fnﬁffmmm1Mww“mle$>
I

n(r) 0

Owing to the definition of the function u°, equation (3.33) yields

1

OSuO(S)S/I( )2/f (0)dodr forse(O é] (3.34)

N

Ifs e l, 1), an analogous argument and the fact that / (s) = I (1 — s) for s € [0, 1] imply that
3 g g ply

1

1 r
0§—u°(1—s)§/I(r)szi(g)dgdr forse[%,l). (3.35)
s 0

Since, by Fubini’s theorem,

f]( )szi(g)der /1( )Z/fi(g)deF‘F/I( )2ffi(9)d9d”
/1( )2/fi(9)dg+/fi(9)/1( 2 do

1
2

=mn/ﬁ@®+/ﬁwm@@
0 K
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for s € (0 ] inequalities (3.23) and (3.24) follow from (3.34) and (3.35), respectively.
Let us now focus on inequality (3.22). Without loss of generality, we may assume that
med(u) = 0. The function

[0,00) 51+ / Vur > dy,
{uy=t}
is absolutely continuous, since by the coarea formula,

t

/|Vu+|2dyn= f |Vu+|2dyn=/ f |VuldH " dr.

{ug <t} {0<u<t} 0 {u=t}
Thus,

t

d
/ |w+|2c1yn=/<E f |Vu+|2dyn)dr fort > 0. (3.36)

{uy=t} 0 {ug <t}

By inequalities (3.26) and (3.27), with u replaced with u,

wu(z)
d
d_ / |Vu+|2dyn§/ff(s)ds forae. v >0, (3.37)
T
{uy <t} 0

where p(t) is as in (3.28). Note that here we have made use of the fact that the right-hand side
of (3.28) is not altered for # > 0 if u is replaced with u . From inequalities (3.37) and (3.32) one
infers that

()
d 2y 4 —1'()
I / [Vuy|“dx = i / |Vu+| dx < Tt ))2</ fx (s)ds) (3.38)

{uy <t} (uy >t}
for a.e. T > 0. Combining equations (3.36) and (3.38) tells us that

t , () 2 2
/ |vu+|zdx5/%</ ff(s)ds) dr < / o )2</f (s)ds) do  (3.39)

{uy =t} 0 0 w(t)

for r > 0. On the other hand, by the first inequality in (2.3),

l

2p(t)
/ |Vuy|*dx > / [Vui[*(s)>ds > / IVui [5()2 ds = (@) Vus[* ()’ (3.40)
{uy <t} wu(t) w(®)
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for t > 1y, where we used that y,({uy <t}) = % — u(¢) and we chose #y such that p(ty) = JT.
Inequalities (3.39) and (3.40) yield

1

a 2
1
n(OIVuy[*(2u0)* < / 1(0)2(/ ff(s)ds) do, (3.41)
0

u(o)

whence inequality (3.22) follows for u .. The argument for u_ is analogous. O

Proof of Theorem 3.1, Part 1. Step 1. Let { fx} be a sequence of functions from Li(]R", Vi)
such that fy — f in LY(R", ¥»). We may also assume that

I ficll ey < 20 L1 R2 5 (3.42)

Foreachk e N, let u; € Wl’z(R", ¥, ) be the unique solution to the equation

Luy = fx (3.43)
such that med(uy) = 0. Thus
/Vuk -Vody, =— / frvdyy (3.44)
Rn Rn

for every v e WH2(R™, y,) and k € N,
Step 2. We prove that there exists a function u € M(R", y,,) such that

up — u a.e.in R" (up to subsequences). (3.45)

We shall do this by showing that {u} is a Cauchy sequence in measure. To this purpose, observe
that, given ¢, T > 0, one has

Vo (g —um| > 1) < v (lurl > 1) + v Qlum| > 1) + v {1 T: (ug) — Ty (wp)| > t}) (3.46)

for every k, m € N. Choosing the function v = T;(ux) in equation (3.44) enables us to deduce
that

f VT, )2 dyy = / Vuk - VT, (ug) dyn = — / AT dyn <2 flLgey,) — (GA4D)
R~ R~ R~

for k € N. Set
pE @ =yu (e > 1) fors =0.
From inequality (3.33), applied to u;, we obtain that
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1

S
1
< / Wf(fk);(r)drds
0] 0
1 (3.48)
ds +
<2Aflpe | 752 20 £l e,y © (1 (1))
(@)
for t > 0. Hence,
t
vo Qukl >t =pf O +p; @) <207 —————] forr>0. (3.49)
2||f||L1(Rn,y,,)
Since lim;_, o o1 (t) =0, given ¢ > 0, we have that
Vo {lukl >t}) <e and v, ({lum| >1}) <e fork,meN (3.50)

if ¢ is sufficiently large. Fix any such ¢. Since med(uy) = 0, we have that med(7; (ux)) =0 as
well. Hence, by the Sobolev inequality in the Gauss space, cf. e.g. [13] and inequality (3.47),

1T il 2®n y) < NVTH Ol 2R,y < €/ 2t f L1 ®7 )

for some constant ¢. Consequently, the sequence {7 (ux)} is bounded in W'2(R", y,). By the
compactness of the embedding [38, Theorem 7.3]

WE2R™, y,) — LAR™, y),

one has that T; (u;) converges to some function L2(R", ¥n) (up to subsequences). In particular,
{T; (ux)} is a Cauchy sequence in measure. Thus,

Yo (T (ui) — Ti(um)| > t}) <e (3.51)
if k, m are sufficiently large. From (3.46), (3.50) and (3.51), we conclude that {u;} is a Cauchy

sequence in measure. Hence, equation (3.45) follows.
Step 3. We show that

{Vuy} is a Cauchy sequence in measure. (3.52)
To this purpose, note that, given ¢, 7, § > 0,

Yo {IVur = Vuy| >1})
< vn {(IVur| > ) + yu {(IVum| > 7)) + vu {lux — um| > 8}) (3.53)

+ Vo {luk —um| <6, IVupl <7, [Vupl <7, [Vug — Vuy,| > t}).
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By estimate (3.22), on setting

v () =y, (V@] > 1)),

one infers that

Eo
2

1
: / /(f)*(r)dr o <2071 2 (50
i J\J e Iy | =TV IR\ LEq)

)

(3.54)

Thus, if we define W(s) = @L(S), an increasing function such that lim_, o+ W(s) = 0, we obtain

from (3.54)

2 1 n 2
Yo (V] > 1}) = vit (1) + v (1) <207 ((M) )

Hence, we deduce that, given any ¢ > 0,

Yo {IVug| >1}) <e and vy, {|Vuny|>1}) <e fork,meN,

provided that 7 is sufficiently large. Fix such a 7. Define the set
G = {lux —um| <8, [Vur| <7, |Vun| < v, |Vug — Vitn| > }.

Then, by (3.44) again, since Ts(ux — un) € WH2(R", ,),

tzfdyn§/|Vuk—Vum|2dyn§ / [Vitg — Vi |* dy,
G

G {lug—um| <8}

= [ Vs = V) (130T = ),

R~

- /(fk S Tyt — ) dy <481 F 1 -
Rn

(3.55)

(3.56)

(3.57)

Choosing § small enough, we get y,(G) < €. From Step 2 we already know that {uy} is a Cauchy

sequence in measure. Thus,

Yo ({lug —um| > 8}) <&

if k, m are large enough. From (3.53), (3.56), (3.57) and (3.58) we deduce that

Yo {(IVur = Vup| > 8}) <e
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if k, m are sufficiently large. Property (3.52) is thus established.
Step 4. We prove that

ueT2R", y) (3.59)
and
Vup — Vu ae.inR" (3.60)
(up to subsequences), where Vu denotes the “surrogate” gradient Z, in the sense of defini-
tion (3.9).

By property (3.52), there exists a measurable function U : R” — R” such that

Vu,— U ae.inR” (3.61)
(up to subsequences). As shown in Step 2, the sequence {7} (uy)} is bounded in W-2(R", y,).
Therefore, inasmuch as the latter space is reflexive, there exists a function it; € wl2(R”, Vi)
such that
Ty(ux) — ii; weakly in WH2(R”, y,), (3.62)
and a.e. in R” (up to subsequences). Hence, by the uniqueness of the limit,
iy =T;(u) ae.inR", (3.63)
since Ty (ux) — T;(u) by (3.45). Consequently, T;(u) € whL2(R", ¥y) and
T, (ux) — T;(u) weakly in WH2(R”, y,,). (3.64)
Thanks to the arbitrariness of ¢, property (3.59) holds, and
VT; (W) = x{juj<yVu ae.inR” (3.65)
for r > 0. From equations (3.45) and (3.61) one also deduces that
kllrgo VT (uy) = klggo Xiluel<tt Vitk = X{uj<nU a.e.in R" (3.66)
for ¢ > 0, and, owing to (3.64),
VT; () = x{u<nU ae.inR", (3.67)
for r > 0. By (3.67),
U=Vu. (3.68)
Property (3.60) follows from equations (3.61) and (3.68).
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Step 5. This step is devoted to the proof of the uniqueness of the solution u (up to additive
constants) to equation (3.10). Assume that u and & are solutions to (3.10). Then there exist se-
quences { fx} and {fk} in Li(]R", ¥,) such that f — f and ﬁ — f in L'(R”, y,), the solutions
uy to (3.43) satisfy up — u a.e. in R”, and the solutions iy to problem (3.43) with f; replaced
by fi satisfy fix — i a.e. in R".

Given any ¢ > 0, we make use of the test function ¢ = T; (ug — i1y in equation (3.44), and in a
parallel equation with uy and f; replaced by i and fk. On subtracting the equations so obtained
one gets that

/ \Vug — Vig|* dy, = — /(fk — [Ty (i — i) dyy (3.69)
{lug—dg | <t} R~

for k € N. The right-hand side of equation (3.69) tends to 0 as k — oo, since |T; (uy — tig)| <t
and fy — fk — 0in L'(R", y,). Moreover, the same arguments as in the proofs of Steps 3 and
4 ensure that Vuy — Vu and Vi, — Vi a.e. in R” (up to subsequences). Therefore, on passing
to the limit in equation (3.69) as k — oo, we infer, via Fatou’s lemma, that

f |Vu — Vii|>dy, =0,
{lu—it| <t}

whence, by the arbitrariness of ¢,
Vu=Viu ae.inR". (3.70)
Now, observe that, by Step 4, given ¢, T > 0, we have
Te(u—Ty(@) € WHAR", ).
An application of the Gaussian—Sobolev inequality to this function tells us that

/ |Te (1 — T (2)) — med (T, (u — Ty (@) | dy, < c f VT, (u — T,(@))| dy,

R~ R~
(3.71)

:c( / |Vu|?dy, + / |Vu|2dyn>.

{t<|u|<t+7} {t—1<|u|<t}

Notice that we have also made use of equation (3.70) in the last equality. The choice of the test
function ¢ = T; (ur — T;(ux)) in equation (3.44) enables us to obtain that

Vuldn < [ 1nidn. (3.72)
{t<|u|<t+t} {lug>1}
Passing to the limit in (3.72) and making use of Fatou’s lemma tell us that
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VuPdy, << / \f 1 dya. (3.73)

{t<|ul<t+7} {lu>t}

Thus, the first integral on the rightmost side of inequality (3.71) approaches 0 as t — oo. A sim-
ilar argument employing the test functions ¢ = T, (ux — T;— (ux)) ensures that also the second
integral tends to 0 as t — co. On the other hand,

lim [T (u — Ty (@) — med (T (u — T;(2))) ] = Tr (u — it) — med(Tr (u — i)) ae.inR".
—0o0
Therefore, passing to the limit in (3.71) as f — oo and making use of Fatou’s lemma yield
R A\ 2
/|T,(u — i) —med((Tr (u — )| dy, =0
Rn
for T > 0. Hence,
Tr(u — i) — med(T; (u — 1)) =0
a.e. in R” for every t > 0, and passing to the limit as T — o0, we get that
u—u=med(u —i) a.e. inR".
Thus, the function u — # is constant on R”. O
Proof of Theorem 3.3, completed. Let u € D(L). By definition, there exists a sequence {uy} C

W LR, v,) fulfilling (3.3) and (3.4). Inequalities (3.23) and (3.24) have already been shown
to hold with u replaced by uy. Namely, on setting f; = Luy, one has that

1

N 2
0 <up(s) —ug (%) 5@(s)f(fk)i(r)dr+f(fk)t(r)®(r)dr forse(0,4] (374
0 s

and

1

s 2
Ofu,‘;(%)—uZ(l—s)5@(s)/(fk)j_(r)dr+/(fk)j_(r)®(r)dr forse (0,3]. (3.75)
0 K

We claim that med(ux) — med(u). By Lemma 2.1, it suffices to verify that u° is continuous

at % Theorem 3.1 ensures that u € 7 -2(R", y,) and hence T} (u) belongs to W12(R", y,) and,

in particular, 7;(u)° is continuous, see [20] or [13, Lemma 3.3]. Therefore, as 7; (1)° = u® on the

set {|u°| < t} containing % for sufficiently large ¢, the function u° is also continuous at %
Property (3.3) ensures that

(ur(x) — med(up)) . — (u(x) —med(u)), forae. xeR". (3.76)
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Fatou’s property of rearrangements tells us that
1}(1333(14,{ — med(ux)) L (s) > (u — med(u))y (s) forse(0,1). (3.77)
Moreover,
(ux — med(up))’ (s) =uf(s) —up(3) and  (ug —med(up))” (s) = ug(3) —ug(l—s) (3.78)
fora.e.s € (0, %) Hence (3.77) and (3.78) yield

.. ° o1 * EE o (1l o *

l}cn_l)gfuk(s)—uk (5) = (u—med(u))+(s) and l}cn_l)géfuk (3)—up(1—s) = (u—med(u))” (s)
(3.79)

for 5 € (O, %) On the other hand, owing to assumption (3.4), one has that (fx)+ — f+ in

L'(R", y,). By [4, Chapter 3, Theorem 7.4], the operation of decreasing rearrangement is a
contraction in L', thus, one also has that (f)l — fiin L! (0, 1). As a consequence,

g [crnmar = [ o, (3.80
0 0
and
) ;
jin [(rormen = [ o e, (.81

for every s € (0, %] Inequality (3.21) then follows from (3.74) and (3.75) via (3.79), (3.80) and
(3.81).

As for estimate (3.22), it has already been shown to hold if u € W, L2(R", ¥n). Assume now
that u € D(L) and set f = Lu. Let {fi} be a sequence in L*(R”, y,) such that mv(f;) = 0,
fv = fin L'(R", y,) and (3.42) holds. Let u; be the solution to equation (3.43). We have that

1
1 2
2

r 2
|V (ux — med(up)) | (s) < 2 (f)E(e)do d—rz forse(0,5). (3.82)
s 1(r)
0

s
2

By equation (3.80),

/ (f) (@) do — / fi@do forre 1),
0 0

Moreover, owing to (3.42),
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,
/ (f)5(@)do <20 fllpimry, forr e, 1),
0

for k € N. Hence, since the function /=2 is integrable in (s, 5) for every s € (0, 5), by the
dominated convergence theorem for Lebesgue integrals,

1 1
2 2 2

r r 2
% dr x dr
/ ( / (fk):F(Q)dQ> T f ( / fq:(Q)dQ) Top forse(©d). a8y
0 0

3 3
Next, owing to equations (3.76) and (3.60), one has that
|V (ux — med(up)) | = |V(« — med(w)) .| ae.inR". (3.84)
Hence, via Fatou’s property of the decreasing rearrangement, we infer that

1}(minf|V(uk —med(up)) , |*(s) = |V (u — med(w)) . |"(s) fors e (0,1). (3.85)

Thanks to properties (3.83) and (3.85), inequality (3.22) follows on passing to the limit in in-
equality (3.82) as k — co. O

Proof of Theorem 3.1: inequalities (3.12) and (3.13). Since the function ® is decreasing, in-
equality (3.21) yields

1

N 2
(1 — med(w)) . (s) < O(s) f FH)dr +O(s) f £ dr <O i@y,
0 K

fors e (0, %) Therefore,

(u — med(w))*(s) < (u — med(u))*_; (5) + (u —med@))” (5) =20 (3) £ L1 ®n 40

for s € (0, 1). Hence,

llu—med ()| 1.5 og LR 1= sup $£(s)(u—med(w))" () <1 fll iRy, SUp 25€()O(3).
5€(0,1) 5€(0,1)

where the last supremum is finite because of (3.20). This proves inequality (3.12).
As far as inequality (3.13) is concerned, estimate (3.22) implies

1

1
. 2 dr ——
IV(u —med@)+"(s) < I fllpiwre ) 3 / T2 = IF Lt ®n .y 2© (5)

s
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fors e (0, %) Thus, by inequality (2.5),
|Vl (s) = |V (u — med()[*(s) = | V(( — med(u))+ + (u — med())-)|*(s)
< |V — med () *(3) + |V (u — med(w))_[*(3)

for s € (0, 1), whence we infer that

1
Vu | = sup s€(s)2|Vul|*(s) < | (R sup 2,/2s(s)0O(%),
I ”LLOO(logL)Z(R",yn) A‘6(01’31) 2 [Vul"() <1 fllpwr ,yn)se(oli) \ ) (2)

the last supremum being finite by (3.20) again.

We conclude the proof of Theorem 3.1 by showing that the norms on the left sides of (3.12)
and (3.13) cannot be replaced by any stronger weak-type norm.

Fix 8 > 0 and define the function g3 : (0, %) — [0, c0) by

1

ng:%

X(0,8)-
Also, define the functions us: R” — R and f5: R” — R by
1
2 1 s
ugs(x) =sgn(xy) / — / gs(r)drds forx eR"
I(s)?
D(|x1]) 0

and

fo(x) = —sgn(x1)gs((Ix1])) forx e R".

One can verify that Lus € Wp Lz(R", vn) and Lus = f5 — see e.g. the proof of Theorem 4.1.
Moreover, by a change of variables,

Ifsll Lt e ) = / 8s(®(x1))dy, + / 8s(®(—=x1)) dyn

{x1>0} {x1 <0}
1
o 2
=2/g5(d>(x1))dy1 =2fg5(s)ds: 1,
0 0

whence f5 € LIL(]R{", ¥n), since, obviously, flR" fs dy, =0. Also med(us) = 0.
Set Es = {x eR": ®(|x1]) < 8}. Then

1

1
s 2

)
1 d
lus(x)| = / Ts)z/gg(r)drdsZ/T;)z/gg(r)dr=%®(8) for x € Es.
8 0

®(|x1) 0
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Thus, |us| > $©(8) in Es. Since
VYu(Es) =2yu({x e R" :x1 > @71 (8)}) =20(d 71 (8)) =28
one has that

> 10(8)x0,25)-

Now, assume that ¢ is any quasiconcave function satisfying

pls)
imsup 21— (3.86)
Then
llus — med(us) |l m, R, y,) = sup ui($)@(s)> sup ui(s)st(s) o) >30(8)8L(8) sup ow)
my R, yn) = 8 5€(0,5) 8 st(s) =2 5€(0,8) st(s)’

In limit as § — 07, the latter term tends to infinity thanks to equation (3.86), since §£(8)®(8) —
%, by equation (3.20). The optimality of inequality (3.12) is thus established.
Next, we have that

D(|x11)

[Vus(x)| = —x©.5)dr forae. x e R".

1(@xb) J 28
Hence
L ®(x1))

[Vus(x)| = %51

WID)XES (x) forae.xe R". (3.87)

To evaluate the measure of the level sets of the function on the right-hand side of equation (3.87),
define the function G(s) =s/1(s) for s € (0, 5). Computations show that

NS S B S-S -
G(q)(t))_WJT_n<e2 f/ ’ )

t

o0
1 1 2
>————|e 22— [ 1e2dt | =0 forr>0.
1@ V2x ( / )

t

XY

Thereby, the function G is strictly increasing. Since

o ®(|x1D) _ n.o -1 —1(A-1
yn({erg.m>t}>_yn({xeR o1 (8) < x| <07 (G (230)})

=2y ((cb‘ ®), o' (G™! (23r)))> =2(8 - G7'(280)
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for t > 0, one infers that
1
Vs |* (5) > inf[t eR:2(5—G'(280) < s] = 55G(6—3) forse(0.2).

Consequently, by the monotonicity of G,

1

vs Los __ b
[Vus| 226G(2)X(0,8)—41(%)X(0,8)~

Assume that a quasiconcave function ¢ satisfies

. @(s)
imsup

ot SVEE)

Then, by equation (3.18),

@(s)
IVUsllm,®n.y) = sup [Vus|*(s)p(s) = sup [Vus|*(s)sy/£(s)
5€(0,1) SE(O,%) sa/L(s)

—>00 asd—0F,

This shows that the bound given by (3.13) is the best possible. O

Proof of Proposition 3.2. It suffices to show that the solution u to the equation Lu = f, with
1,1;1
feL| *(R", yy), satisfies

1
/|Vu|dy,, gc/f*(s),/e(s)ds (3.88)
0

R~»

for some absolute constant c.

Let us first prove estimate (3.88) in the case when u € W, L%(R", y,). Assume, without loss
of generality, that med(x) = 0. As shown in the proof of Theorem 3.3, under these assumptions
the function u obeys the following inequality:

()

2
(—% / |Vu|dyn> f—u’(t)/ff(s)ds forae.t >0, (3.89)

{u>r) 0
where (1) = y,,({x € R" : u(x) > t}) — see estimate (3.29). Next, by inequality (3.31),

d
-3 / |Vuldy, = I(u(t)) forae.r>0. (3.90)

{u>t}
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Coupling this inequality with estimate (3.89) tells us that

wu(r)

/|Vu|dyn§— M(l‘) /f(s)ds forae.t > 0. (3.91)

{u>t}

An integration over (0, co) yields

/|w+|dyn— / |Vu|dyn—f<—— / |Vu|dyn>

{u>1} (u>t}

1

00 ‘0 w(r) 2 !
5/( ad /f (s)ds)dt</—/f (s)ds dr
1
I(a (1)) ,

1
ff (s)/mds<cfff(s)\/£(s)ds,
0

for some absolute constant c. Notice that here we used the asymptotic behavior of 7 from (3.18).
Since a parallel estimate holds for #_ in terms of f., inequality (3.88) follows.

s
Now, assume that f € Lj_’l’z (R”™, y,) and let {fx} C L2(R", ¥») be a sequence such that
fx— fin Ll*lg%(R”, ¥») and mv( fi) = O for every k € N. For instance, we may take f; =
T f — mv(Ty f). Then, by the uniqueness of the solution to equation (3.10), the sequence of

functions {uz} C Wz L>(R", y,) such that Luy = f satisfies ux — u a.e. Finally, from Fatou’s
lemma and estimate (3.88) applied to u; we deduce that

||Vu||L1(Rn’yn)fliningVukHL](Rn’y”)_c 11m Il fil LU e cll.fllLl,l;%(Rn’yn)

for some absolute constant c. Inequality (3.88) is thus established. O

4. Reduction principle, and optimal target and domain spaces in Ornstein-Uhlenbeck
embeddings

The main result of this section is stated in Theorem 4.1, which asserts that the validity of a
Sobolev-type inequality for the Ornstein-Uhlenbeck operator is equivalent to the boundedness of
the one-dimensional operator S defined as

1

g(r)
ré(r)

N

Sg(s) = %/g(r) dr + dr fors e (0, 1), “.D
0

for g € M (0, 1). Note that
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1 1

/Sg(s)h(s) ds = / g(s)Sh(s)ds forevery g,h e M(0,1). “4.2)
0 0
Therefore S: X (0, 1) — Y(0, 1) if and only if S: ¥Y'(0, 1) — X'(0, 1) for any pair of rearrange-
ment-invariant spaces.
In what follows, we shall write A < B if there exists a positive constant ¢ independent of

appropriate quantities involved in both A and B and such that A < ¢B. The symbol A 2 B is
then defined in the obvious way. If both A < B and A 2 B hold, then we write A ~ B.

Theorem 4.1 (Reduction principle for Ornstein-Uhlenbeck embeddings). Let X (R", v,) and
Y(R", v,) be rearrangement-invariant spaces. The following statements are equivalent:

(i) There exists a constant c¢1 > 0 such that

lu — med@)lly ®n.y,) < c1llLullx®n.y,)

for every u € W X(R™, ).
(ii) There exists a constant ¢y > 0 such that

K} 1
1 gr)
sﬁ(s)/g(r)dr+/r£(r)dr
0 s

for every nonnegative function g € X (0, 1).

<cllglxo,n 4.3)
Y(0,1)

Moreover, the constants ¢ and ¢ depend only on each other.

Theorem 4.1 enables us to characterize the optimal rearrangement-invariant spaces X (R”, y;,)
and Y (R", y,,) in Sobolev-type inequalities of the form

lu —med(u)|ly®n,y,) < CllLullx®n, ) 4.4)

for every u € W X (R", y,,). With slight abuse of notation, inequality (4.4) will often be written
in embedding form as

We X R", yn) > YR, yn). 4.5)

Let us begin with the identification of the optimal target space associated with a given domain.
This requires the following preliminary result.

Lemma 4.2. Assume that || - || x 0,1y is a rearrangement-invariant function norm such that
e X'(0,1). (4.6)
Then the functional given by
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|| Sg*HX/(O,l) 4.7)
for g € M4.(0, 1) is a rearrangement-invariant function norm.

Denote by || - |lx,(0,1) the rearrangement-invariant function norm whose associate norm is
given by

4.8)

lglx:.o,n) = ISg*| X/(0.1)
for g € M4(0, 1).
Theorem 4.3 (Optimal target for Ornstein-Uhlenbeck embeddings). Let X (R", y,,) be a rear-

rangement-invariant space satisfying condition (4.6) and let X 0 (R", y,,) be the rearrangement-
invariant space defined via equation (4.8). Then

We X (R, yn) = X R, yp). (4.9)
Moreover, X £ (R", v, is the optimal (smallest) rearrangement-invariant space for which em-
bedding (4.9) holds.

If condition (4.6) is not satisfied, then embedding (4.5) fails for every rearrangement-invariant
space Y (R, y,).

A characterization of the optimal domain space in inequality (4.4) is the subject of Theo-
rem 4.5 below and requires the next lemma.

Lemma 4.4. Assume that || - ||y 0,1y is a rearrangement-invariant function norm such that
ey (,1). (4.10)
Then the functional || - |lyc g,y given by
Igllyz@.n = | Sg* ”Y(O,l) (4.11)
for g € M4.(0, 1) is a rearrangement-invariant function norm.
Theorem 4.5 (Optimal domain for Ornstein-Uhlenbeck embeddings). Let Y (R", v,) be a rear-

rangement-invariant space satisfying condition (4.10) and let Y LR, ¥n) be the rearrangement-
invariant space defined via equation (4.11). Then

WY SR, y) = YR, ). (4.12)
Moreover, Y- (R", Vn) is the optimal (largest) rearrangement-invariant space for which embed-
ding (4.12) holds.
If condition (4.10) is not satisfied, then embedding (4.5) fails for every rearrangement-invari-
ant space X (R", yy,).

The remaining part of this section is devoted to the proofs of the results stated above.
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Proof of Theorem 4.1. First note that (ii) is equivalent to the following condition:
(ii)" There exists a constant ¢ > 0 such that

1

o(s) / () dr + / ¢(NO(r) dr
0

s

< C/2||g||x(0)%)
Y(0.3)

for every nonnegative g € X (0, 1).
Furthermore, ¢} and c; depend only on each other. This follows by a standard argument in re-
arrangement-invariant spaces involving rearrangements and the dilatation operator together with
the fact that, by equation (3.20), the function ®(s) is equivalent to 1/s€(s) near zero.
Let us show that (ii)’ implies (i). Assume that u € Wy X (R", y,,). By Theorem 3.3,

[[ (u — med(u)) | (u — med(u))

+||Y(R",y,,) = i”y(o,%)

s 3

@(s)/(ﬁu)i(r) dr—l—/(ﬁu)i(r)@(r) dr
0

N

=

Y(0.3)

=< C/2||(£u)i ”X(O,l) = C/2||£”||X(R”,y,,)

and, analogously, }

(u — med(u)) _ Han,y,,) < hlILullxny,)- Thus,

llu —med()lly rn,y,) < H (u— med(u))JrHY(R",y,,) + H (u — med(w)) _ HY(R”,)/,,)
<2651 Lullx R,y
whence inequality (i) follows.

Conversely, assume that inequality (i) holds and let g be a nonnegative function in X (0, %) N
L? (0, %) Define the function u: R" — R as

1
2 s
1
u(x) = sgn(x) / — / g(r)drds forx e R". (4.13)
1(s)?
D(|x11) 0
Then u is weakly differentiable and, thanks to equation (3.17),

D(|x11)

a_u(x)_—l / (r)dr forae.xeR”"
o 1(@an) S f a

0
and a_u =0for j =2,...,n. Consequently,
Xj
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®(lx1 )
Vux)| = —— g(r)dr forae.x eR” (4.14)
1(®(Ix1])
and
1 D(|x1]) 1 s
||VM||L2(R”,V,,)= —_—— g(S)dS =2 —/g(r)dr
1(@(|x1]) 2R ) I(s) J £20.4)
N
el = [ st0a <ol =g =elgl
<c g(r)dr <c g(s =cligll 2,1y <0
WD 4 rod IV ey 2

for some absolute constant c. Hence, u € W12 (R™, y,,). Here, we used the asymptotic behavior of
I from (3.18) and the Hardy inequality [30, Theorem 1.3.2.2]. Therefore u satisfies equation (3.2)
with

f(x)=—sgn(x)g(®(xi))) forxeR” (4.15)

for any v € WH2(R”, y,), as an integration by parts shows. Thus Lu € Wy L>(R", y,) and
Lu = f. We have that
I1Lullx @y < 1 F x 0

)+||fj||x(() )=2”g”X(O,%)' (4.16)

L L
2 »2

Moreover, inasmuch as med(«) = 0,

s

% 1
X{x1>0} / —I(S)Z/g(r)drds

®(x1) 0

lully e,y = et lly Ry, =

3 r
1
/ T2 / g(0) dedr
J 1) )

Thus inequality (ii)’ follows, with c’2 =2c1, viaequations (i), (4.16) and (4.17). Next, assume that
the nonnegative function g belongs to X (0, %) Since, in particular, g € L! (0, %) there exists

Y(R", yn)
4.17)

1

s 2
®(S)/g(r)dr+/g(r)®(r)dr
0 s

y(0.1) Y(0.3)

a sequence of nonnegative functions g; € L? (0, %) such that g; 1 g in L' (0, %) If we define
up: R" - R as in (4.13), with g replaced by gg, then, as shown above, u; € W, LZ(R", V)
and Luy = fi, where fi(x) = —sgn(x)gr(P(|x1])) for x € R". Hence, limg_, o tx(x) exists
for a.e. x € R" and the limiting function, u(x) say, obeys the representation formula (4.13).
Also med(u#) =0, and fr — f in L! (R™, y,,), where f is as in (4.15). Therefore, u € D(L) and
Lu = f.Inequality (i)’ then follows again by (4.16) and (4.17). O

Proof of Lemma 4.2. The rearrangement invariance of the functional | - ||x’£(0,1) is obvious.
Properties (P2), (P3) are readily verified. The properties formulated in (P1) are also clearly
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fulfilled, except the triangle inequality. The latter can be shown as follows. Since the function
r +— 1/rf(r) is decreasing on (0, 1), for each fixed s € (0, 1) the function

: 1 1
rr—)mln{m, W}

is also decreasing on (0, 1). Moreover,

1

Sg(s):/g(r)min{szl(s), rel(r)}dr fors € (0, 1). (4.18)
0

Thus, by Hardy’s lemma [4, Section 2, Proposition 3.6], the operator g > Sg* is subadditive on
Mo(0, 1). This implies the triangle inequality for || - [[x/. (o,1)- Next, observe that

1
Ixo.nllx, 01 = ISxo.1] x0.1) HE(_S) + £L(s)

X’(0,1)

It thus follows from (4.6) that || x(o,1)|l X1, (0,1) < 00 Property (P4) is thus also proved. Finally,
for every g € M,(0, 1), one has that

1
— S * > S * X(%’l)(S) ‘ * d
”g”XfC(O,l) - “ 8 ”X/(O,l) st HX(%’]) 8 X1 — W 8 (r) r
X'(0,1)
> >
RO L o d
= > !
/g ar| L _/g () dr lxg  lxo.-
0 X'(0,1)

where in the last inequality we used that 1/s£(s) decreases to 1 on (0, 1). Since X’ is a rearran-
gement-invariant space, || xq 1 yIlx70,1) < 00. Consequently,

1 1

2
/g(t)dt=/g*(S)ds 52/g*(S)ds < —lglx. 0.1
||X(0 l)”X’(O,l) L
0 0 0 "2

L
2

This establishes property (P5). The proof is complete. O
Proof of Theorem 4.3. We begin by showing that

S: X(0,1) = X,(0,1). (4.19)
Hence, embedding (4.9) will follow, owing to Theorem 4.1. By equation (4.18) and the mono-
tonicity of the kernel of the operator S, one obtains, via the Hardy-Littlewood inequality, that

Sg < Sg* for every g € M(0, 1). Therefore,
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1Sgllx70,1) < 1S8™ lx70,1)- (4.20)

This shows that ||Sgllx0,1) < ”g”X/L(O,l)’ namely S: X/E(O, 1) — X’(0, 1). By property (4.2),
we hence deduce that S: X(0,1) = X~(0, 1).
Assume now that || - [|z(0,1) is a rearrangement-invariant function norm such that

lu — med(u)|lzRn 4, < cllLullx®,y,)

for some constant ¢ and for every u € Wy X(R", y,). Then, by Theorem 4.1, one has that
S: X(0,1)— Z(0,1). Hence, S: Z'(0, 1) - X’(0, 1) as well. In particular,

I8llx, 0.1y = 158" x 0.1 = Clig*llz70.1) = Cliglz .1

for every g € M4.(0, 1). This shows Z'(0,1) — X'-(0, 1), which in turn implies X (0, 1) —
Z(0, 1). Therefore, X £ (R", y,) = Z(R", y,). The optimality of the space X (R", y,,) in em-
bedding (4.9) is thus established.

Finally assume that condition (4.6) is not satisfied and yet embedding (4.5) holds for
some rearrangement-invariant space Y (R”, y,,). Then, by Theorem 4.1, S: X (0, 1) — Y (0, 1).
This in turn implies that S: Y’(0, 1) — X’(0, 1). Hence, there exists a constant ¢ such that
1Sg*1lx 0.1y < clig*llyr.1) for every g € M (0, 1). Applying this inequality to the function
g = X,1), and using the fact that Y’(0, 1) is a rearrangement-invariant space an hence satis-
fies (P4), tell us that

00 > el xo.nllyon = 1Sxonlxon = | 75 +€®)] xo.1) = 1€6®)Ix0,1) = oo

This contradiction shows that no space Y (0, 1) enjoying this property can exist. O

Proof of Lemma 4.4, sketched. The fact that || - ||y g 1) is a rearrangement invariant function
norm can be deduced from Lemma 4.2 and a close inspection of its proof. O

Proof of Theorem 4.5, sketched. It follows from Theorem 4.3 and its proof that S : Y£0,1) —
Y (0, 1) and that Y£(0, 1) is the largest space enjoying this property. Embedding (4.12) and the
optimality of its domain space thus follow from Theorem 4.1.

Now assume that condition (4.10) fails and that embedding (4.5) holds for some rearrange-
ment-invariant function norm || - || x 0, 1y. Then, from Theorem 4.1 again we infer that §: X (0, 1) —
Y (0, 1), and we arrive at an analogous contradiction as in the proof of Theorem 4.3. O

5. Ornstein-Uhlenbeck embeddings in Orlicz spaces

This section is devoted to a description of Sobolev type inequalities for the Ornstein-
Uhlenbeck operator with optimal target and domain in the class of Orlicz spaces. Before pre-
senting our general results, we collect a few embeddings in the following example. They follow
as special cases of the general results and are yet sufficient to exhibit some peculiar traits of the
inequalities in question.
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Example 5.1. The following embeddings hold:

W, L(loglog L)*t! — L(loglogL)* ifa >0

We L' (log L)* — L'(logL)* ifa>0

We LP (log L)* — LP(log L)**P if pe(1,00) and @ € R

W, exp LP — expL? if >0 G-
We expexp LAt — expexpL# if >0

W L™ — expexpL,

where all the spaces are over (R”, y,,).

The distinguishing features of the embeddings in (5.1) can be summarized as follows.

First, all the domain spaces and the target spaces in equation (5.1) are not only optimal within
the class of Orlicz spaces, but also among all rearrangement-invariant spaces. This property is in
sharp contrast with Sobolev embeddings in Euclidean domains, including those for the Laplace
operator, where the optimal target and domain rearrangement-invariant space is always better
(namely, essentially smaller on the target side and essentially larger one the domain side) than
that in the smaller class of Orlicz spaces.

Next, observe that the norm in the target space can either be stronger, equivalent or weaker
than that in the domain space. This means that there can be a gain, or a draw or a loss in the
degree of integrability of a function inherited from that of the Ornstein-Uhlenbeck operator. On
the contrary, a function vanishing on the boundary of a domain with finite Lebesgue measure
always enjoys stronger integrability properties than its Laplacian.

Finally, the embeddings above are worth being compared with standard second-order Gaus-
sian Sobolev embeddings. In particular, one has that

W2LP(logL)* — LP(logL)**! if pe[l,00) and e >0

B
W2expL# — exp LA+l if >0 (5.2)
W2L>® — expL,

where all the spaces are over (R”, y,,), see [14, Theorems 7.8 and 7.13, Corollary 7.14]. The
norms of the target spaces in the embeddings displayed in (5.2) are always weaker than those in
the respective embeddings with the same domain norms in (5.1), save when p = 1 in the last one
of (5.2), in which case the norm in the target space is stronger. This phenomenon can be explained
by the fact that, because of a multiplying factor blowing up near infinity, the first-order term in the
Ornstein-Uhlenbeck operator plays a dominant role with respect not only to the Laplacian, but
also to the full Hessian of a function, when norms sufficiently far from the L! (R", y,,) endpoint
are taken. Viceversa, when getting close to this endpoint, at which no embedding into a rear-
rangement-invariant space for the Ornstein-Uhlenbeck operator holds, the impact of the missing
second-order derivatives and the gap between the properties of the Laplacian and the Hessian
become apparent.

Let us now come to our discussion in full generality. Let A be a given Young function. It is
not restrictive to assume that

/ %dt < 0. 5.3)

0
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Indeed, one can replace, if necessary, A with an equivalent Young function near infinity in such
a way that condition (5.3) is fulfilled. This replacement leaves the Orlicz space built upon A
unchanged, up to an equivalent norm. Define A, : [0, co) — [0, c0) by

t
G_l
Aﬁ(t):/ ﬁt(t) dr fort >0, (5.4)
0

where G : (0, 00) — [0, 00) is given by

Ge(t)=

fort >0 5.5

tZ(‘[) LZ(},oo)

and €(r) = max{£(¢), 1}.

Theorem 5.2 (Reduction principle for embeddings in Orlicz spaces). Let A and B be Young
functions. Then

W LAR", y) = LER", ya) (5.6)
if and only if
B is dominated by A 6.7
and
A is dominated by EL, 5.8)

where A is the Young function given by equation (5.4), and E[; is the Young function defined by
the same equation, with A replaced with B.

In particular, if A € Vs, then inequality (5.6) holds if and only if condition (5.7) is fulfilled,
and if B € A», then inequality (5.6) holds if and only if condition (5.8) is fulfilled.

We shall derive this theorem as a corollary of a more general result for weighted Hardy-
type integral operators. Let w: (0, o) — (0, 00) be a weight, namely a nonnegative measurable
function. We consider the Hardy-type operator defined as

1
g /g(r)a)(r) dr forse(0,1), 5.9

for g € M (0, 1). It immediately follows via Fubini’s theorem that its adjoint operator is given
by

g a)(s)/g(r) dr fors e (0, 1), (5.10)
0

453



A. Cianchi, V. Musil and L. Pick Journal of Differential Equations 359 (2023) 414-475

for g € M4(0, 1).
With the choice of the special weight

a)(r):% forr >0, (5.11)

the operator S defined in (4.1) takes the form

1

S
Sg(s) =w(s) f g(r)dr +/g(r)w(r) dr forse(0,1), (5.12)
0 s
for g € M4+(0,1). Theorem 4.1 thus enables us to transfer the study of Ornstein-Uhlenbeck
Sobolev-type embeddings to the analysis of boundedness properties of the operators (5.9) and
(5.10) with w as in (5.11).

The method that will be developed is applicable to a large class of weights o satisfying the
mild assumptions that

w is decreasing and s> sw(s) is increasing in (0, 00). (5.13)

A weight w fulfilling conditions (5.13) will be called an admissible weight in what follows.
Given a Young function A, we define the Young function A,,: [0, o0) — [0, co) by

t
—1
Aw(t)zf Gwr(f) dr  fors >0, (5.14)
0

where G,: (0, 00) — [0, 00) is given by
Gy,(t) = ||a)||L;(%’oo) for t > 0. (5.15)

Clearly, if wis asin (5.11), then G, =G and A, = A.
The definition of the function A, arises from the following basic result.

Lemma 5.3. Let w be an admissible weight and let A be a Young function such that
®X(1.00) € LA(0, 00). (5.16)
Then the function A, defined by (5.14) is a Young function, and
Ap(t) <Gl (1) < A,(2t) fort=>0. (5.17)

Proof. Condition (5.16) ensures that G, is finite-valued. By the definition of Luxemburg norm
and a change of variables one has that
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Mzimf{wf;(w)dtfl}:inf{bo:/g(w)dtfl}
T T A AT

1 1
o o (5.18)
| [ ~(o@/1)
:inf{k>0:—/A(w )dtfl} for T > 0.
T AT
1

Owing to assumption (5.13), the function A (%) is decreasing in t for every ¢ and A, and

therefore G,,(t)/7 is decreasing. This implies that G_;!(t)/7 is increasing and, consequently,
A, is a Young function. Furthermore, inequalities (5.17) follow from the monotonicity of the
function Ga_)l(‘t)/t. O

The Young function A, enters the definition of the optimal Orlicz target space for the opera-
tor (5.9) on the domain LA (0, 1). This is the content of the following result.

Theorem 5.4. Let A and B be Young functions, let w be an admissible weight, and let A, be the
Young function given by (5.14). Then there exists a constant ¢ such that

1

/g(r)w(r)df” =cllgliza,1 (5.19)

LB(0,1)

for every g € LA(0, 1) if and only if
B is dominated by A,,. (5.20)
The next theorem can be derived from Theorem 5.4 via a duality argument.

Theorem 5.5. Let A and B be Young functions, let @ be an admissible weight, and let B, be the
Young function associated with B as in (5.14). Then there exists a constant ¢ such that

N
w(s) f g(r)dr =cligliza,1 (5.21)
0 LB(0,1)
for every g € L4(0, 1) if and only if
A is dominated by Ew (5.22)

The proof of Theorem 5.4 consists of two steps. First, in Proposition 5.6 we show that con-
dition (5.20) characterizes the boundedness of the operator in (5.9) between LA and the weak
Orlicz space M 2. Second, in Proposition 5.7 we prove a self-improving property which ensures
that the boundedness into a Marcinkiewicz space L? can be lifted to the Orlicz space L.

A similar scheme appeared earlier in the literature in the treatment of various Sobolev and
Hardy-type inequalities, starting with the pioneering work of V. Maz’ya in the early sixties of the
last century, as recorded in [30].

455



A. Cianchi, V. Musil and L. Pick Journal of Differential Equations 359 (2023) 414-475

For technical reasons, we first prove a version of our results for Orlicz spaces defined on
(0, 00) instead of (0, 1).

Proposition 5.6. Let A and B be Young functions and let w be an admissible weight. The follow-
ing conditions are equivalent.

(i) There exists a constant ¢y such that

[e¢]

/ g(Dw(r)dr

t

<ctllgliag.eo (5.23)
MB(0,00)

for every g € LA(0, 00).
(i) A satisfies condition (5.16) and there exists a constant ¢, such that

B(t) < Ay(cat) fort >0, (5.24)
where A, is the Young function given by (5.14).
Moreover, the constants ¢ and ¢y depend only on each other.
Proof. Thanks to property (2.31), inequality (5.23) is equivalent to

) <18l A% 0.00) (5.25)
LA(0,00)

t
w(t) / g(r)dr
0

for every g € AB (0, 00), where ¢ > 0 depends only in ¢;. In turn, inequality (5.25) is equivalent
to

=18 0 (5.26)
LA(0,00)

t
w(t) / g (ndr
0

for every g € AB(0, 00). The latter equivalence is a consequence of inequality (2.3) and of the
fact that the norm in A% (0, 00) is rearrangement invariant.

Next, by [32, Proposition 3.4], inequality (5.26) is equivalent to the same inequality restricted
to characteristic functions of the form x( ) for p > 0. Namely,

t
(1) f Xon®dr|  =ellxonlige forp>0. (527)
0 LA(0,00)
By equations (2.38) and (2.32),
3pB7H (L) < 1x0.0 75900y < PBT' (L) for p>0. (5.28)
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Notice that

t
w(t)/xm,p)(f)df = X0,p) Dt () + X(p,00) () p(t) fort, p>0.
0

Thanks to properties (5.13) of the weight w,

POl 7 00y Z PNl 7 5 Z PO X020 70,000
> 300(P) X001 7000 Z 250Gl 7, for p >0,

whence

<3plell i, ) forp=>0.

Ploll 7y o0 < )
LA(0,00)

t
w(t)/X(o,p)(T)dT
0

Altogether, inequality (5.27) holds if and only if there exists a constant ¢/, > 0 such that

Gw(%) = lloll 7)) < C/ZB_I(%) for p > 0. (5.29)

Since B is a Young function, B! is finite-valued and, consequently, condition (5.16) follows
from (5.29). Inequality (5.29) implies that B(¢) < G;l(c’zt) for t > 0, an equivalent form of
(5.24), owing to inequalities (5.17). O

Proposition 5.7. Let A and B be Young functions and let w be an admissible weight. Assume
that there exists a constant ¢ such that

oo

/g(r)a)(r) dt

t

<ciligllpao,00) (5.30)
MB(0,00)

for every g € LA(0, 00). Then there exists a constant ¢», depending only on ¢y, such that

o
/g(f)w(f)dr = c2llgllza(0,00) (5.31)
i LB(0,00)
for every g € L4(0, o0).
Proof. Denote by R the operator defined as
o0
Rg(t) = / g(Dw(r)dr fort >0, (5.32)

t
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for g € M4.(0, 00).
Assume that A and B obey (5.30). Let N € (0, 1] and set

A;ﬂt):% and BN(t):% fort > 0.

Clearly, Ay and By are Young functions. We shall show that

IR pr8n (0,00) = C/2||g||LAN(0yoo) (5.33)

for g € LAV (0, 00), where the constant and c/2 > 0 is independent of N. By Proposition 5.6,
inequality (5.30) implies

B() < Aw(c/lt) fort >0 (5.34)
for some constant cl > 0, where A,, is defined by (5.14). Let (Gn), and (AN)w be the functions

associated with Gy and Ay as in (5.15) and (5.14), respectively. Since AN(I) = A(Nt)/N for
t > 0, we have that

(GN)w(t)_1nf{A>0 —/ (Nw(r)>dr§1}=inf{k>0: / Z(W)drfl}

1/t 1/Nt
o

Sinf{k>0:/X(w)(f)>dr§1}:Gw(Nt) fort > 0,
1/Nt

where the inequality follows since Nw(Nr) < w(r) for N <1 and r > 0. Therefore,
G,'(t) < NGy (1) forr>0,
and, consequently,
Ap(t) < N(AN)w(t) fort>0.
Inequality (5.34) yields
By(1) = %B(t) < %Aw@m < (ANo(cir) forr>0,

which in turn implies (5.33) by Proposition 5.6.
Let g € M4 (0, co) be such that

/A g(s) ds <1 (5.35)
0

On setting
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N:/A(g(s))ds
0

we have that ||g||LAN(0’OO) < 1 and, by inequality (5.33),

IRE 1l 3185 (0.00) =< €5- (5.36)
By the definition of the Marcinkiewicz norm, inequality (5.36) implies that

wp RO ‘
re(0.00) By'(1/7)  1e0.00) By (1/1{Rg = 1}])

Clz = ||Rg||MBN(0,oo) =

The latter inequality is equivalent to
o0
l{Rg >1}| B L/ /A (g(s))ds fort >0, (5.37)
€
0

for every g € M (0, oo) satisfying condition (5.35).
We conclude the proof by showing that the weak type estimate (5.37) implies strong type
estimate

/ B (Rg (,S)> / A(g())d (5.38)
4c, J
0

for every g € M (0, co) obeying (5.35). To this end, we use a classical discretization argument.
Given g € M (0, 00), let {sx} be a sequence in (0, co) such that

Rg(sy) =2% forkeZ. (5.39)
If Rg is bounded, then k ranges from —oo to the smallest K € Z such that Rg(sx) < 2K Then,
sk =0 and s is given by (5.39) for k < K. In the latter computations, K thus denotes either

oo or an integer. Since the function Rf is non-increasing, the sequence {sx} is non-increasing as
well. Thereby

Rg(s) < Rg(ss1) =211 for s € [ser1, 0)

and

O/B<Rfc(§))d _Z/ <Rg(S))

k<K

. (5.40)
k—H 2k—l
<Z/ < )dS—Z(Sk_Sk—i-I)B( 7 )
k<KSk+1 k<K 2
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Next, we define g = g X[s;,5,_1) for k < K — 1. If s € [sg41, sk), then

00 Sk—1
Rgi(s) = / 8(r) Xisg,si—) (N (r)dr = / 8w (r)dr = Rg(s1) — Rg(sk—1) =2,
K Sk

Hence, {Rgr > 251} D [sx41, sx). Coupling this piece of information with the weak type esti-
mate (5.37), with g replaced by g and r = 2~ enables us to infer that

e} Sk—1
o= B (3) = I(Ra = 2718 (3) = [ Aao)as = [ a(ge)ds. Gan
0 Sk

Inequalities (5.40) and (5.41) yield inequality (5.38), which, in turn, implies (5.31). O
The following result is a straightforward consequence of Propositions 5.6 and 5.7.

Theorem 5.8. Let A and B be Young functions, let w be an admissible weight, and let A, be the
Young function given by (5.14). The following conditions are equivalent.

(i) There exists a constant ¢y such that

o]

/g(t)w(t)dt

t

<ciligllipa,00) (5.42)
LB(0.00)

for every g € L4(0, 00).
(i) The function A satisfies condition (5.16) and there exists a constant ¢, such that

B(t) < Ay(cat) fort>=0. (5.43)
Moreover, the constants ¢ and ¢ depend only on each other.
We are now in a position to prove Theorem 5.4.
Proof of Theorem 5.4. Throughout this proof, ¢ denotes a constant whose value may differ at
various occurrences. Assume that A, and B satisfy condition (5.20), i.e. there exists fy > 0 such

that B(t) < A,(ct) for t > ty. Let A and B be Young functions that agree with A and B near
infinity, and such that A obeys condition (5.16) and

B(t) < A,(ct) fort>0. (5.44)

Here, A\w denotes the Young function associated with A as in (5.14). By Theorem 5.8, condi-
tion (5.44) ensures that
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e ¢]

/ g(w(r)dr

t

=cllgll .00 (5.45)
LB(0,00)

for every g € L4(0, 00). Observe that, if g € LA(0, 1), then an application of inequality (5.45)
to its extension bAy 0 outside (OA, 1) yields an analogous inequality with LA(0, 00) and LB(0, o0)
replaced with LA(0,1) and L2(0, 1). Since the latter spaces agree with LA4(0,1) and LB(0, 1)
(up to equivalent norms), inequality (5.19) follows.

Conversely, assume that inequality (5.19) holds. We may assume that A satisfies condi-
tion (5.16), since the function A can be modified near zero, if necessary, without changing the
corresponding Orlicz space L4 (0, 1), up to equivalent norms. By property (2.31),

=cllgll 5. (5.46)
LA(0,1)

N

w(s) / g(rydr
0

for every g € LE(O, 1). Next, setting g = x(0,p) for p € (0, 1) in inequality (5.46) results in

plloll i, < <cllxopll gy ScoB~' () forpe(0,1).

(s) / X0,p) (r) dr
0

LA0,1)

Since, owing to assumption (5.16), ||a)||Lg(1 o) < 00, We have that

Go(5) =0l 7y o) < ¢B7'(3) forpe (0, 1). (547)

Hence, equation (5.20) follows. O

Proof of Theorem 5.2. Owing to Theorem 4.1, embedding (5.6) holds if and only if the opera-
tor S is bounded between L4 (0, 1) and LZ(0, 1). In turn, the operator S is bounded if and only
if both the operator R, defined as in (5.9) with @ given by (5.11), and its adjoint R’, having
the form (5.10), are bounded. Now, Theorem 5.4 asserts that R is bounded from L“(0, 1) into
L5(0, 1) if and only if condition (5.7) holds. Condition (5.8) is therefore necessary and suffi-
cient for the boundedness of R’. Note that condition (5.16) agrees with (5.3) with the special
choice (5.11).
To prove the assertion concerning the case when A € V,, observe that

S~RoP, (5.48)

with absolute equivalence constants, where P is the averaging operator given by Pg(s) =
L[5 g(r)dr fors € (0, 1) and g € M.(0, 1). Indeed,

1 r

1
RPg(s)=/;/g(Q)d9w(r)dr

s 0
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K 1 1

1
=/g(9)d9/@dr+/g(g)/%r)drdg
o

0 K K
1

~ w(s>/g<@>dg +/g(g>w(a) do=Sg(s) forse (0, 1).
0

N
Here, we have made use of the fact that, if w is given by (5.11), then

1
/wir) dr ~w(g) forge(0,1), (5.49)

4

with absolute equivalence constants. Therefore, inequality (5.6) holds if and only if R o P is
bounded from LA(0, 1) into LB(0, 1). If A € V5, then the operator P is bounded on LA4(0, 1),
see e.g. [23]. Consequently, inequality (5.6) holds provided that R is bounded from LA(0, 1)
into L53(0, 1), and this boundedness is equivalent to condition (5.7). Conversely, the necessity of
(5.7) is a consequence of the first part of the statement.

The assertion about the case when B € A; can be verified via a duality argument. Since §
is self-adjoint, inequality (5.6) holds if and only if S is bounded from LB(0, 1) into LA(0, 1).
Since B € A,, we have that Be V,. Hence, P is bounded on LB(Q, 1). Therefore, thanks to
condition (5.48) again, inequality (5.6) holds if R is bounded from LB(0, 1) into LA(0, 1). This
fact is guaranteed under condition (5.8). The necessity of the latter condition (5.8) follows from
the first part of the statement. O

6. Ornstein—-Uhlenbeck embeddings in Lorentz-Zygmund spaces

Here we exploit our general results to derive Sobolev inequalities for the Ornstein—Uhlenbeck
operator in Lorentz-Zygmund spaces. This is the subject of the following theorem.

Theorem 6.1 (Optimal embeddings for Lorentz—Zygmund spaces). Let p,q € [1,00] and «, B €
R. Then

LLL0.s-1 fp=g=1L,a=08>1
LLLap fp=gq=1,a>0BeR
WeLP 9P 5 L ppaetlB ifpe(1,00), 0 eR, R (6.1
,00,0050,8 ifp=gq=o00,a<0 BeR
L0081 if p — g =00, 0 =0, B <0,
where all the spaces are over (R",y,). Moreover, in each case, the target space is optimal
(smallest) among all rearrangement-invariant spaces, and, simultaneously, the domain is op-

timal (largest) among all rearrangement-invariant spaces.

Let us mention that some cases of the embeddings in (6.1) can be found in [19]. However,
their optimality is not discussed in that paper.
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In this section, without further explicit reference, we shall repeatedly use well-known charac-
terizations of the associate spaces of Lorentz—Zygmund spaces, which can be found for instance
in [35, Section 9.6]. We will also use without further warnings the fact that the function Sg is
non-increasing for every function g € M (0, 1).

Proof of Theorem 6.1. Let 8 > 0 and set X(0, 1) = LLE0.B+1(0, 1). Then condition (4.6) is
satisfied, and by equation (4.8) one has that

lgllxr 0.1y = I1S8* | peco—p-1(9.1y = sup £6(s) P71 Sg*(s)
s€(0,1)

for g € M4 (0, 1). Next,

85 (r) < lIgll poeosio-s0,1) P () forr € (0,1),

whence

s 1
1 1 )
lgllx,.01 = sup 5 —/g*(r)dr+/ dr
XeOD™ o )P | se(s) J re(r)
N

K 1
1 1 P (r)
/ eeP(rydr + f ——=dr | llgll pe.cc0-6 0,1y
0

sup —————
s€(0,1) LU(s)BHL\ sl(s) re(r)

N

~ ||g||Loo,oc:0fﬁ(0,1)

for g € M4(0, 1), up to a constant depending on S. This proves the embedding
Xe @, ya) = LUEOP R, ). (6.2)
In order to establish the converse embedding, we define the function 7: (0, el_e) — (0, 1) by
n(s) = e (Lee(s)) forse(0,e'7¢), (6.3)

where ££~! denotes the inverse of the function ££. Then 7 is increasing and n((O, el_e)) =(0, 1.
Moreover, one has

ee(n(s)) = 1ee(s) fors e (0,e'7°)
and

ee(n~H(r)) =2¢eL(r) fort e (0,1).
Thus,
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! n(s) )
g \r
/ > su dr
lglx; 0 ooy CE(s)PTT f re(r)
)

n(s)
dr

1
> su *(n(s) /
sE(O,eIl)’e)g (n )eg(s)ﬁ-H ré(r)

= sup  g*(n())ees) P eels) — ee(n()]

s€(0,el-¢)
_1 * B _1 * -1 -B
=1 s g ()ee) P =1 sup gt mee(n~ (1)
s€(0,e17¢) 7e(0,1)
=271 sup g*()et(s) P =271 gl Looeio 0.1 -
5€(0,1)

This chain implies the embedding L15%#(R" y,,) — X (R", y,,). Coupling the latter embed-
ding with (6.2) yields

X (R, ) = LMEOB R ),

up to equivalent norms. Owing to Theorem 4.3, this shows that the target space in the first em-
bedding in (6.1) is optimal among all rearrangement-invariant target spaces.

Now let @ > 0, B € R and X (0, 1) = L1®A (0, 1). Then condition (4.6) is satisfied again,
and

I81lx7, 0.1y = 1S8™ Il ow.ci—e—5 0,1

K 1

= sup _ /g*(r)dr+ /g*(r) r
se,1) \ SL)*TLee(s)P ) ee(s)? J orer)
0 s
On the other hand,
g5 (r) < gl 1twso.1) € LLr)P forr e (0,1).
Therefore,
gl x.0.1)
1 h 1 IOL.
< s — | e *eer)Pa / i L,
=00 sf<s>a+1ze<s>ﬂ0/ P e | e | Isleson
s
f, ||g||L1,l;a,ﬂ(0,1)a
up to a constant depending on « and 8. The embedding
Xe@®", yn) = LVECP R, y) (6.4)
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is thus established. In order to prove the converse embedding, define the function o : (0, ' ~¢) —
0,1) as

o(s) =07 (ee(s) — 1) fors e (0,e' 7). (6.5)
Then o is increasing and cr(((), el_e)) = (0, 1). Thus,

o(s

) o (s)
1 g (r) g*(o(s)) dr
lgllx.0,1)= sup dr > sup
g SO CI7 5 RN RS Rl SO OS I 773 Y )

N N

sup g% (0 (s))e(s) " ee(s)Pee(s) — ee(o(s))]

s€(0,el—¢)
= sup g 0(9)es) )P = sup g*(s)e(o () “ee(o " ()"
s€(0,el-¢) s€(0,1)

Since

oy =t (eery + 1) forre (0, 1),

one has that

E(a_l(r)) =el(r) and M(o_l(r)) =1+4(r) forre(0,1).

Consequently,

lgllx.0.1) 2 sup g*(S)E(S)_a%(S)ﬁ=||g||Loovoc:fa,ﬁ(0,1)’
s€(0,1)

up to a constant depending on « and 8. This yields the converse embedding to (6.4). Altogether,
we obtain

X (R, y) = LMEP Ry,

up to a constant depending on « and §. Thanks to Theorem 4.3, this shows that the target space
in the second embedding in (6.1) is optimal among all rearrangement-invariant target spaces.

Assume that p € (1,00), g €[1,00], o, B € R, and X (0, 1) = LP"f“"’ﬂ(O, 1). Then (4.6) is
satisfied and

”g”X’L(O,l) = ”Sg* ”Lp’,q’:—a,*ﬁ(o,l)

1
-7

4

E(s)““@ﬁ(s)ﬁ /g*(r) dr

0

—1 s 1 _ 1 1
sv /g*(r)dr
L(s)xLe(s)P | re(r)

N

Q\‘._.

o

L4'(0,1) L7 (0,1)

for g € M (0, 1), with equivalence constants depending on p, ¢, o, 8. From classical weighted
Hardy-type inequalities — see e.g. [30, Theorems 1.3.2.2 and 1.3.2.3] — we deduce that
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1
o

1
7e(s) " Lee(s)Pg* for g € M,(0, 1),

lglx, 00 < ‘
up to a constant depending on p, ¢, «, 8. Since g** > g*, one also has that

1
-

5P h(s)—“—lze(s)—f’g*(s)

for g e M4 (0, 1),

4
I8l o

up to a constant depending on p, g, o, 8. Altogether,

1_
7

1
7 0(s)" Lee(s) P g* H f 0, 1),
P e o), forg e MaO. D)

gl 0~ s

with equivalence constants depending on p, g, a, 8. Thus, X £(R”, y,) = L@+t LER ),

up to equivalent norms, and the optimality of this target in the third embedding in (6.1) follows
by Theorem 4.3.

Let o <0 and let X (0, 1) = L°-°%£(0, 1). Then condition (4.6) is fulfilled and

I8l 0.1) = 158" 11-as0 1) = 1€(5) L) P Sg* )l 11 0,1
1 K 1

IO S S 1 g (r)
N/ se(s)1+aez(s>ﬂ/ & (”d’d”/ E(swa(s)ﬂ/ e Y
0 0 0

N

1

[0 [ o d+flg*(’)r &g
T8V st Feees)t ) ren ) es)ees)B
0 r 0 0

1

N . ds dr ~
~ | &) Seo) sy I gl Lrai-ap 0,1y
0 r

with equivalence constants depending on « and 8. Hence X/E(]R", Yu) = LEE=4=B@R y,),
whence X (R”, y,) = L°%%B(R" y,). By Theorem 4.3, the target space in the fourth em-
bedding in (6.1) is optimal.

Let B <0 and let X (0, 1) = L>>0-8(0, 1). Then (4.6) is satisfied and

I8llx, 0.1y = I1S&™ I L1108 0,1y = ||45(S)_ﬂ58*(5)||L1(0,1)
1

%/71 / (r)drds—i—/ g (r)
st(s)els)p | 8 P ) e

1

. . ds g*(r) ' ds
_/g (r)/ $0(s)0(s)P dr+/ e ] e
r 0 0

0
1 1 1

~ | ¢*(r) Ldm L) =P dr = gl 1100
8 S0(5)LE(s)P 8 = I8l 11:0.1-8(0,1)
r 0

0
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with equivalence constants depending on . Therefore, X Z(R”, vu) = LLEOI=B(R" ) and
hence X £(R”, y,) = L>°%0B=1(R" 'y,). This implies, via Theorem 4.3, the optimality of the
target space in the fifth embedding in (6.1).

We have shown that all the embeddings in (6.1) hold, and that each target space is optimal
(smallest possible) among all rearrangement-invariant spaces. To finish the proof, we need only
to verify that also the domain spaces are optimal. Owing to the fact that the operator § is self-
adjoint, the optimality of a domain in an embedding is equivalent to that of the target in the
embedding where the domain space and the target space are replaced by the associate of the
target space and the associate of the domain space, respectively. Hence, the optimality of the
domain spaces follows from that of the target spaces via a well-known characterization of the
respective associate spaces. We omit the details, for brevity. O

7. Ornstein—Uhlenbeck embeddings in Marcinkiewicz spaces

We conclude our discussion by exhibiting optimal Ornstein—Uhlenbeck embeddings where
either the domain, or the target is a Marcinkiewicz space. This is the content of the following
result.

Theorem 7.1 (Optimal embeddings for Marcinkiewicz spaces). Let ¢ and 6 be quasiconcave
functions on (0, 1).

(i) Assume that

1

/u(s)da(s) < o0. (7.1)
0

Let yr: (0,1) — [0, 00) be the function given by

s 1
_ dr do(r)
w(s)—ofrr)w) +S/—r€(r) fors e (0,1). (7.2)
Then
WeMyR”, yn) = MpR", yn), (7.3)

and ME(R”, Vn) is the optimal rearrangement-invariant target space in (7.3). Here, ¢ and

i denote the functions associated with ¢ and Vr as in (2.34).
(ii) Assume that

sup £L(s)0(s) < oo. (7.4)
s€(0,1)

Then the functional given by
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K 1
1 [ g™ () g (r)
lgllzo,1)y = sup 6(s) —/ dr+/ dr (7.5)
shzon= "7 s ) e rer)

N

for g € M4(0, 1) is a rearrangement-invariant function norm. Moreover,

We Z(R™, yn) — Mg(R", y), (7.6)

and Z(R", y,) is the optimal rearrangement-invariant domain space in (7.6).
Proof. (i) Set X(0,1) = M¥(0, 1). We use the description of the optimal rearrangement-invari-
ant target X » given in Theorem 4.3. By the monotonicity of Sg*, the definition of S and Fubini’s

theorem, we have that

1 1 s 1

l k
I8llx7, 0.1y = 1S8* Il ag(0.1) =/Sg*(s)d¢(s)=/<m/g*(r)dr+/ feg:;dr>d¢(s)

0 0 0 g
1 a0 | P \ fdpe) |1
_ * @(r o(s B . o(r
_/g (S)(/ rer) " SE(S)>dS —/g © </ re(r) * w(s)ﬂ(s))ds
0 $ 0 K
for every g € M4 (0, 1). This amounts to saying that || - ||X/ ©.1) =l - lla, .1, where
// d‘/’(Q) /d—r -
ot(e ) @(r)e(r)
o s
//d¢(@) s/dgo(r) +/ dr -
ot(o) : re(r) J o(Ne(r)
s 1 s
) dg(r) dr
_0/ o) H/ re +0/ ot e eOb: (7.9)

Let 0 <s1 <sp < 1. Then

52 52

- N N $2 S1 52 S1 dr
d — —_ = — — . 7.10
/ P =92) =260 =S T ot = et 90(82)5/ o 7O

K

Hence, the first integral on the rightmost side of equation (7.7) is bounded by the third one. The
conclusion hence follows via property (2.35).

(ii) By Theorem 4.5, the optimal rearrangement domain space Z (0, 1) = Y~(0, 1) associated
with the target space Y (0, 1) = My (0, 1) obeys
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Igllzo,1) = sup e(s) (Sg%)™ (5)

S‘G

for g € M (0, 1). Moreover, for every g € M;(0,1) and s € (0, 1),

s r 1
x) 3k _l 1 * g*(Q)
(Sg")" (=3 /(rar)/g (Q)dQ+/Q£(a) Q>dr
0 0 v
1

:1jg**<r) //g(@) r+/g*()d
o) e 20 J v

K} 1
BETaG g (r) £ (r)
_s/ ) U /fz(r) dr+/re(r>d’

0 0

N

N

1
S0, [0,
s £(r) ré(r)

0 K

with absolute equivalence constants, inasmuch as, in the last but one line, the second integral is
bounded by the first one. Hence, the conclusion follows. 0O

Theorem 7.2 (Optimal embeddings for Marcinkiewicz spaces — examples). One has

Wp L1:0950.8) 5 [ (1,000.8=1) jrg s

W Lhoesep) - (1,000.8) ifa>0and B R

W L(P-oieh) . [ (p.oviatlf) if 1 e (1,00) and a, B € R

W, exp LP — expL? ifB>0 (7.11)
W, expexp LP — expexpL% ifg>0

W L™ — expexpL if >0,

where all the spaces are over (R", y,). Moreover, all target spaces and all domain spaces are
optimal in (7.11) among rearrangement-invariant spaces.

Proof. We begin by showing the optimality of target spaces in (7.11) via formula (7.2) from
Theorem 7.1.

First, when g > 1, we have that L{1:°%98) = a1, with ¢(s) = s€£(s)? for s € (0, 1). Since
@(s) =L(s)~P for s € (0, 1),

dg(s) ~sle(s) " ees)™P1ds  fors e (0, 1).

Hence,

1 1

B ds
f £0(5)d(s) N/ TORIOT
0

0
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Thus, condition (7.1) is satisfied. The function i given by (7.2) obeys

K 1

V(s) ~ / __ +s/ _d 00(s)' P + u(s)2ee(s) P ~ee(s)! P
rl(r)ee(r)P r2e(r)2eL(ryptl
0

N

for s € (0,1). Thus, ¥ (s) ~ st(s)#~! for s € (0, 1), whence My = L(1:09:0.8=1) “and, by
Theorem 7.1 (i), the first embedding in (7.11) holds and its target space is optimal among all
rearrangement-invariant spaces.

If @ > 0 and B € R, then L1:°%%A) = M, where ¢(s) = s€(s)*€L(s)? for s € (0, 1). One
has that @(s) = £(s)~*€£(s) P and dg(s) ~ s~ 4(s)~*~1ee(s)~Pds for s € (0, 1). Hence

1 1
_ ees)'=?
/M(s)dga(s) ’«8/7ds < 0.
0

sg(s)ourl

Thus, condition (7.1) is satisfied. The function ¢ from (7.2) satisfies

s 1

w(s)~/r—1z(r)—“—1a(r)—ﬂdr+s/r—25(r)—“—2w(r)—ﬂdr

0 s

A (s)"UL(s) P 4 2(s) " 2ee(s) P ~e(s) e (s) P

for s € (0, 1). Thereby, ¥/ (s) &~ ¢(s) for s € (0, 1), whence My = LU-00@p)

Next, assume that p € (1,00) and «,8 € R. Then L(P-oosa.f) — My, where ¢(s) =
sTL(s)%LL(s)P for s € (0,1). We have that a(s) = s e(s)"0e(s)~P and dg(s) ~
577 0(s)~£0(s)~Pds for 5 € (0, 1). Consequently,

1 1
/zz(s)da(s) %/M(s)l_ﬁf(s)_as_%ds < 0o,
0 0

Therefore, condition (7.1) is satisfied. The function ¥ given by (7.2) fulfills

K 1

I/f(s)%/ I +s/ @ ~ s T es) e ee(s) P
0 reL(r)etiee(r)p ro T leryetlee(r)p

J— 1
for s € (0, 1). Thus, ¥ (s) ~ s 7 £(s)*t12e(s)P for s € (0, 1), whence My = L(P-ooietlp)
1 1
If >0, then expLf = M, where ¢(s) = £(s)" ? for s € (0, 1). Therefore, ¢(s) = s€(s)?

1
and dp(s) &~ £(s)#ds for s € (0, 1). Hence,
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1 1

/ 20(s)dg(s) ~ / 20(s)0(s) P ds < oo.

0 0
Condition (7.1) is satisfied, and the function ¥ from (7.2) obeys

K 1
¥ (s) %fﬂ(r)%_ldr—i—s/r_lﬁ(r)%_ldr%sﬁ(s)%_l 4 50(s)F ~ sb(s)F
0 s
for s € (0, 1). Therefore, ¥ (s) &~ o(s) fors € (0, 1), Whence M =exp LA,
If B > 0, then expexp L = M, where ¢(s) = £L(s) ﬂ for s € (0, 1). We have that p(s) =
1 1
s€L(s)B and dp(s) ~ £L(s)Eds for s € (0, 1). Condition (7.1) is fulfilled, since

1 1

/a(s)da(s) x/ws)”% ds < oo.

0 0

The function i given by (7.2) satisfies

K 1 1 1
w(s)w/wr)ﬁ dr+s/ L 4 e so(s)1ee(s)F +se(s) P ~ sep(s) P!
£(r) ré(r)
0 K

for s € (0, 1). Thus, ¥/ (s) &~ ££(s)~ /5 for s € (0, 1), whence Ma— expexpLﬂ+l
As for the last embedding, we have that L°°® = M, where ¢(s) =1 for s € (0, 1). Then
@(s) =s and dp(s) =ds for s € (0, 1), and

1 1

/@E(s) do(s) =/€K(s)ds < 00.

0 0

Thus, condition (7.1) is satisfied, and

K 1

()~ /d +/d— ()" + sLe(s) ~ sLL(s)
v(s ) E()Nss sCL(s) ~ sll(s

N

for s € (0, 1). Consequently, W (s) & LL(s) for s € (0, 1), whence MW =expexp L.

We have thus shown that the embeddings in (7.11) hold and that the target spaces are op-
timal. It remains to prove the optimality of the domain spaces By Theorem 7.1 (i), given a
domain space of Marcinkiewicz type M, its optimal rearrangement-invariant target space is
also a Marcinkiewicz space My. Hence,

WM, — Mp. (7.12)
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Now, thanks to Theorem 7.1 (ii), there exists an optimal rearrangement-invariant domain space
X for the target My. By the optimality of X, we have that M, — X. Our goal will be to show that
the converse embedding X — M, holds as well. To this end, it suffices to prove the inequality
between their fundamental functions ¢x 2 ¢. Indeed, then one has

X —> My, — My,

where the first embedding holds owing to (2.36), whereas the second follows immediately from
the definition of the Marcinkiewicz functional. With formula (7.5) at hand, we have that

06 [ Ko, _ @( / X0.0) (") /Sm,l)m )
@R / iy VTR ¢ dr“a ey

N { 0(s) 0(s)
~max{ sup —,a sup —|
s€(0,a) Z(S) se(@,1) S

2e(a) — ee(s)]}

for a € (0, 1). Consequently, the domain space in (7.12) is optimal if

sup @Z(p(a) or a sup @[M(a)—ﬁﬂ(s)]Zgo(a) (7.13)
se(0.a) £(5) se@1) §

for every a € (0, 1). The remaining part of this proof is devoted to showing that equation (7.13)
is fulfilled for each embedding in (7.11). Note also that condition (7.4) is satisfied for each of
them.

Let B> 1 and 6(s) = s€£(s)P~! for s € (0, 1). Fix a € (0, ¢'~¢) and let 5 be the function
defined by (6.3). Then,

a sup @[ez(a) — 26()] = ate(n(@)”"'[eL(a) — ee(n(a))] =2 Pate(@)’.

se(a,l)

Since @; (1,000, (@) & atl(a)? fora e (O, el_e), the second inequality in (7.13) follows. Alto-
gether, this proves that the domain space in the first embedding in (7.11) is optimal.

As for the second embedding, let @ > 0, 8 € R, and 0(s) = sé(s)"‘%(s)ﬂ fors € (0,1). Leto
be the function defined by (6.5). Then, for every a € (0, ¢! 7¢),

a sup %[ee( ) — €l(s)] = at(o (a))* M(o(a))ﬁ[eﬁ(a)—M(a(a))]%aﬁ(a)o‘éﬁ(a)ﬂ.

s€(a,l)

This shows that the second embedding in (7.11) has an optimal domain.

1
Concerning the third embedding, let p € (1,00), , B € R, and 0(s) = s 7 £(s)* 1 ££(s)? for
s € (0, 1). Hence, for every a € (0, 1),

0
i % > a7 £(@)* 0@ = @y 00 (@),

Hence, the optimality of the domain in the third embedding in (7.11) follows.
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Let us focus on the fourth embedding. Assume that 8 > 0, and let 6 (s) = 2(s)~P fors € (0, 1).
If o is again the function given by equation (6.5), then we have that

0 _
a sup %[@e(m—ws)]z%aa(a)) Pleet@) — ee(o @)] % @)™ = oy 1 (@)

s€(a,l)

fora e (O, el’e), whence we deduce that the fourth embedding in (7.11) has an optimal domain.

1
If 8>0and0(s) = Zﬂ(s)_l_ﬁ for s € (0, 1), then the optimality of the fifth embedding
follows from the fact that

a sup @[a(a)—a(s)]zLee(n(a))*“ﬁ[ee(a)—ee(n(a))]
se(@1) S n(a)

1
~Ul(a) P = Qexpexprr (@)

fora € (O, el’e), where 7 is the function given by (6.3).
Finally, in the last embedding we have that 0(s) = 2e(s)~! for s € (0, 1), whence

0 _
a sup ﬁ[wa) —00(9)] 2 ——te(n(@)) ' [£b(@) — £L(n(@)] ~ 1 = gL (a)
se(@1) S n(a)

fora e (O, el’e). This implies that the domain in the last embedding in (7.11) is optimal. O
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