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Abstract

In this paper we deal with batch Bayesian Optimization (Bayes-Opt) problems over a
box. Bayes-Opt approaches find their main applications when the objective function
is very expensive to evaluate. Sometimes, given the availability of multi-processor
computing architectures, function evaluation might be performed in parallel in order
to lower the clock-time of the overall computation. This paper fits this situation and
is devoted to the development of a novel bi-objective optimization (BOO) acquisi-
tion strategy to sample batches of points where to evaluate the objective function.
The BOO problem involves the Gaussian Process posterior mean and variance func-
tions, which, in most of the acquisition strategies from the literature, are generally
used in combination, frequently through scalarization. However, such scalarization
could compromise the Bayes-Opt process performance, as getting the desired trade-
off between exploration and exploitation is not trivial in most cases. We instead aim
to reconstruct the Pareto front of the BOO problem exploiting first order informa-
tion of the posterior mean and variance, thus generating multiple trade-offs of the
two functions without any a priori knowledge. The algorithm used for the reconstruc-
tion is the Non-dominated Sorting Memetic Algorithm (NSMA), recently proposed
in the literature and proved to be effective in solving hard MOO problems. Finally,
we present two clustering approaches, each of them operating on a different space, to
select potentially optimal points from the Pareto front. We compare our methodology
with well-known acquisition strategies from the literature, showing its effectiveness
on a wide set of experiments.
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1 Introduction

Bayesian Optimization is a set of highly relevant heuristic optimization approaches
whose aim is to approximately find the global optimum of the following problem:

iréig f(x), (1

where Q is typically a simple feasible set, i.e., abox {x € R" | x € [l,u], ,u €
Rst. ! < ul },and f : R" — R is a continuous, expensive-to-evaluate objec-
tive function. We assume that f(-) is evaluated without noise. The expensiveness
of function evaluations may be caused by different factors: a high consumption of
resources (CPU/GPU or clock time), monetary costs, investments, etc.. Application
of such context can be found in various fields: hyper-parameters tuning for machine
learning algorithms [1], engineering systems design [2, 3], environmental models cali-
bration [4], reinforcement learning [5, 6] and materials/drug design [7, 8] are just a few
examples. Thus, the development of strategies to generate a good approximation of a
global optimum, within a very limited budget of function evaluations, is of great practi-
cal interest and Bayes-Opt stands out as one of the most frequently adopted approaches.

Early papers on the subject can be traced back to [9], whose author can be considered
as one of the fathers of Bayes-Opt, or to [ 10], who greatly contributed to the diffusion of
the Bayesian Optimization ideas. Years later, a quite specific Bayes-Opt approach was
presented in [3] in an extremely clean and elegant way, attracting much interest from the
communities. In particular, the attention of the machine learning community explains
the increased importance towards black-box optimization of expensive functions. In
recent years, Bayes-Opt was employed both in problems like (1) and in more difficult
ones (see, e.g., [11], where instances with both expensive-to-evaluate functions and
constraints are taken into account, and [12—14], where Bayes-Opt has been considered
in high-dimensional scenarios). A comprehensive overview of recent approaches is
provided in [15], while [16] offers a detailed introduction to the core aspects of the
theory, along with a historical perspective on Bayesian optimization. Furthermore,
many software tools have been recently developed, e.g., BoTorch [17], which is
widely used in the literature for modern Bayesian Optimization, DiceOptim [18],
SMT 2.0 [19], Trieste [20], SMAC3 [21] and Dragonfly [22].

We recall that Bayes-Opt mainly consists in two phases: first, a stochastic model
of the objective function, i.e., a Gaussian Process, is defined a priori, and, then, it
is updated after observing f(-) at specific feasible points. The resulting a posteriori
model contains the updated knowledge we can use in order to predict the objective
function value at new not-yet-visited feasible points. We refer the interested reader
to [23] for a deep and exhaustive analysis on how to model a surrogate function
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through Gaussian Processes. Given the stochastic model, the problem now becomes
that of exploiting information contained in the model to guide the search towards
likely locations of a global optimum. Assume that, after the objective function f(-)
has been sampled at k feasible points xq, ..., x; € R", a Gaussian model has been
fitted; let us denote by wux(-) and oy (-) the posterior mean and standard deviation
of f(-). One of the most frequently employed criteria consists on optimizing a suit-
ably defined acquisition function, such as the Expected Improvement (EI) [10] or the
Lower Confidence Bound (LCB) [24], seeking a compromise between points close
to already observed low valued feasible solutions (low g (-) values) and points in
high uncertainty zones (high oy (-) values) typically located as far as possible from
past observations. Here, we deal with Batch Bayesian Optimization, a sub-field of
Bayes-Opt where, at each iteration, g > 1 feasible solutions are chosen through an
acquisition criterion to be evaluated on f(-). The idea of using Bayes-Opt for multiple
simultaneous function evaluations is not new in the literature, e.g., in [25], based on the
exploitation of the g-ET, or in [26-28], where the g-LCB formulation can be found.
Other related works are: approaches based on entropy-based criteria, whose one of the
representatives is GIBBON [29], providing computationally light-weight yet high per-
forming optimization for a wide range of (even non-Euclidean) BO problems; global
optimization approaches (e.g., GLASSES [30]) employing (expected value of) “non-
myopic” losses that take into account dozens of (simulated) future evaluations before
making the decision of where to sample the objective function; extensions of other
well-known acquisition functions from the Bayesian literature, such as the Knowl-
edge Gradient (KG) [31], to the batch case; methodologies, like TURBO [32], which,
instead of fitting a global surrogate model and balancing exploration and exploitation
on the whole search space, maintain a collection of local probabilistic models able
to quickly discover excellent objective values. It might seem contradictory, in such
an expensive setting, to evaluate the objective function several times before updat-
ing the Gaussian Process. However, in many situations, parallel computing machines
are available; moreover, the idea of simultaneously and independently computing the
objective function is worth considering when we try to reduce the wall-clock time of
the overall procedure.

In this paper, we propose a novel gradient-based acquisition strategy, aimed to
reconstruct the Pareto front of a Bi-Objective Optimization problem involving px(+)
and oy (). Unlike the mentioned approaches, we do not rely on combinations of the two
posterior functions; indeed, such a way of proceeding might compromise the Bayes-
Opt process performance, being difficult in some cases to get the desired trade-off
between exploitation and exploration. Reconstructing the Pareto front instead leads
to the generation of multiple compromises without any a priori setting, thus allowing
to choose, based on some criteria, the most suitable points among many. In general,
Multi-Objective Optimization (MOO) received much attention in the last decades;
many approaches, mainly extensions of classical scalar optimization techniques, have
been developed: [33—42] just represent a non-exhaustive list of this type of method-
ologies. In particular, some of the most recent ones are capable of managing multiple
solutions at each iteration, finally providing an approximation, as accurate as possible,
of the Pareto front.
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The idea of an acquisition strategy based on MOO has been considered in some
recent works from the literature. In [43], ux () and o (-) are used as objective functions
in a BOO problem; the latter is then solved with the Non-dominated Sorting Genetic
Algorithm Il (NSGA-IT) [41], which is one of the most representative evolutionary
algorithms for solving hard MOO problems; after reconstructing the Pareto front of
the considered BOO problem, the new points where to evaluate f(-) are randomly
selected. The same algorithmic scheme characterizes the work in [44], where a vari-
ant of NSGA-IT [45] is employed. In [46], NSGA-IT and some of its variants are
used to solve a BOO problem where, at each iteration of the Bayes-Opt procedure,
the objectives are dynamically chosen based on an ad-hoc defined metric from a pool
of well-known acquisition functions, such as g-ETI and g-LCB; then, the candidate
solutions selection involves a clustering approach employed in the domain space of the
Pareto front points; the resulting acquisition strategy is called BBO-ABAFMo. In [47],
the BOO problem is composed by the two terms of the ET; the considered optimiza-
tion method is the Multi-objective Evolutionary Algorithm based on Decomposition
(MOEA/D) [48], based on a decomposition strategy to turn the BOO problem into
N scalar ones, each of them characterized by a specific weighted sum of the objec-
tives; the selection of points is performed through clustering of the weights vectors
defining the N scalar problems. In [49], the authors propose an approach relying on
multi-objective optimization problems with multiple objective functions, including
1k (+), ox(-) and ETI; the resulting multi-objective optimization problems are solved
by means of an evolutionary (genetic) optimization algorithm. Finally, in [50, 51] the
authors propose MACE, an acquisition strategy based on solving an MOO problem
composed by three well-known acquisition functions, i.e., EI, LCB and Probability of
Improvement (PT) [9]; the employed algorithm is the Differential Evolution for Mul-
tiobjective Optimization (DEMO) [52]; candidate points are again randomly chosen
from the resulting Pareto front approximation.

Our novel acquisition strategy differs from the mentioned ones in the following
aspects:

e At each iteration of the batch Bayes-Opt procedure, we aim to reconstruct, as
accurately as possible, the Pareto front of the BOO problem

min (i (x), —of ()" 2

exploiting the gradient information of p () and O’k2(-). To the best of our knowl-
edge, this is the first time in the batch Bayesian optimization literature that
first-order information of mean and variance functions has been used to approx-
imate, as accurately as possible, the Pareto front for problem (2). These two
functions are the basis for some of the most employed acquisition functions (e.g.,
EI, LCB), which scalarize problem (2) without building the Pareto frontier: opti-
mizing i (-) leads to exploit the current information on the objective function
f (), while ok2(~) let us highlight regions where we know little or nothing about
the objective function. This duality leads to a resulting Pareto front with a clear
meaning, being composed by different tradeoffs between exploitation and explo-
ration of the current information about f(-).
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e We employ the Non-dominated Sorting Memetic Algorithm [42] to solve prob-
lem (2). NSMA combines the (random-based) genetic operators of NSGA-II
with tools typical of gradient-based methodologies; as it is shown in [42],
through the latter NSMA obtains more refined Pareto front reconstructions than
NSGA-II, which is widely used in Batch Bayesian literature; on the other hand,
the good exploration capabilities inherited from NSGA-IT are used to escape
from stationary non-optimal points, thus allowing NSMA to perform better than
gradient-based [39] and derivative-free [40] algorithms with stationarity conver-
gence guarantees. With respect to other proposals in the multi-objective literature,
NSMA thus combines the typical advantages of evolutionary algorithms (explo-
ration) and gradient-based ones (exploitation), being crucial in determining high
quality Pareto front reconstructions. The comparisons, reported in this paper, of
NSMA, NSGA-TIT, agradient-based [36] and a derivative-free [40] algorithm from
the multi-objective literature as solvers for problem (2) support this fact.

e We propose two clustering methodologies, each of them operating on a different
space, to choose from the Pareto front the new points where to evaluate f(-); in
particular, we analyze the potential effectiveness of such clustering approaches on
high-dimensional scenarios (n > 20), where the curse of dimensionality usually
prevents the employed acquisition functions to find good candidate solutions where
to evaluate the objective function f(-).

The remainder of the manuscript is organized as follows. In Sect. 2, we recall the
main batch Bayes-Opt concepts, focusing on two main aspects: the Gaussian Process
regression and the acquisition phase. In this section, we also review the main MOO
optimality concepts from Pareto’s theory; in Appendix A we also recall the theoretical
relations that provably exist between these concepts and Pareto necessary optimality
conditions. In Sect. 3, we describe our novel BOO based acquisition strategy, reporting
a brief description of NSMA, adapted to the Bayes-Opt context, and the algorithmic
scheme of the proposed clustering approaches. Further information on the memetic
approach can be also found in Appendix B. In Sect. 4, we analyze the results of
thorough computational experiments, mainly highlighting the good performance of our
acquisition methodology w.r.t. well-known ones from the batch Bayes-Opt literature.
Finally, in Sect. 5 we provide some concluding remarks.

2 Preliminaries

In this section, we first recall the principal batch Bayes-Opt concepts, including the
Gaussian Process regression and the acquisition phase. Then, we review the basic
MOO optimality concepts from the Pareto’s theory.

2.1 Batch Bayesian Optimization Overview

In Algorithm 1, we report the main steps of a batch Bayes-Opt general scheme.

The procedure starts from N; initial points in the feasible set €2 [Line 1, Algo-
rithm 1]. For these points, we assume to know the value of f(-) [Line 2, Algorithm 1].
Moreover, as anticipated in Sect. 1, we suppose that each f(-) evaluation is performed
in a noise-free setting. As in [15], we make use of the following compact notations:
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Algorithm 1 Batch Bayes-Opt

Require: f : R” — R, Q feasible set, N; € NT number of initial points, Nyy > N; € N number of
evaluated points (excluding the first N; evaluations), ¢ > 1 € N batch size (number of evaluated points
at each iteration), i (-) mean function, (-, -) kernel.

1: Letxj.y; be N; initial points in Q

2: Let f(x1.n;) be the values of f(-) at x.y;,

3: Letk = N;

4

5

: while kK < N; + Njy; do
Let the prior distribution on f(xy.;) be

S ~ N (o 1), So(ek, x1:4)) 3)

6:  Let the posterior distribution on f(x) be

f) I fxx) ~N (uk(x), 0,3()()) with

k() = To (X1 ok X140~ (F 10 — 10 Gri)) + 10 (x) “)
0,3()6) = Bo(x, %) — Do, 10 Dok, X1~ oGk, )

7:  Letxgy1,...,Xktq be the new points found by minimizing an acquisition function based on the
posterior distribution
8:  Evaluate f(-) at Xg41, ..., Xg4q

9: Letk=k+gq
10: end while
LL: return x* s.t. f(x*) < f(x), VX € XN, 4N,

givenk > 1,

X = [x1, ..., 0] € R,

Foua) =[fx1), ..., ] € RE. 5)

Now, in order to model the objective function f (-), the Gaussian Process regression
[Lines 5-6, Algorithm 1] is carried out. Let us suppose that we have already evaluated
f(-) at k points. Given these evaluations, we can define the prior distribution on
f(x14) as in (3), where N (1o (x1:4), Xo(x1:%, X1:4)) denotes the multivariate normal
distribution with po(-) and X (-, -) being the mean and covariance (kernel) functions.
The kernel is chosen such that close points have a large positive correlation, based
on the idea that similar function values take place in them more likely than in points
distant from each other. Similarly to (5), we indicate with po(x1.x) and Xo(x1:%, X1:%)
the vector and matrix, respectively, derived from evaluating these two functions at

Xlyoees Xy 1€ o(x1k) = [10(x1), - - ., o(xx)]" and

Xo(x1, x1) -+ Bolxy, xx)
Xo (X1, X14) = : ) :
Xo(xk, x1) - -+ Bo(xk, xx)
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The matrix ¥¢(x1:x, x1:x) should be positive semi-definite, regardless the considered
points.

The most commonly used mean function is a constant value: uo(-) = . As for
the kernel, a popular choice is the Matérn kernel [23]; here, we report the formulation
that can be found in [15]: given x, y € R",

2
r

1—v
Zo(x, y) = oS (V2011 = Ylar) " Ko (V20 1% = Yllay,)s

with I'(-) being the gamma function, ||x — ylla,, = \/ZLI a; (x! —yH)2 and K, ()
being the Modified Bessel function. In most papers, the parameter v, which con-
trols the smoothness of the function, is fixed: v = 1/2, v = 3/2 and v = 5/2
are the usual choices. In general, the hyper-parameters contained in these formulas,
i.e., W, @g:, v, can be found by Maximum Likelihood Estimation (MLE) given the
observations f (x1.x). For more information on this procedure or on other alternative
formulations for 1o (-) and (-, -), the reader is referred to [15].

We can then compute the posterior probability distribution, which describes poten-
tial values of the objective function f(-) atanew candidate point [Line 6, Algorithm 1].
Using Bayes’ rule, the conditional distribution of f(-) given f (x1.x) can be computed
as a normal distribution N (g (+), okz(-)) (4), where i (+) and akz(-) are the posterior
mean and variance functions. The mean function p (-) works as a point estimate of f(-)
and typically assumes small values in solutions close to already-observed low-valued
points. On the other hand, akz(-) allows to quantify the uncertainty we have on each
feasible set region: the farther we move from the already-observed points, the more the
uncertainty on the values assumed by f(-) grows. The values of ux(-) and sz (-) canbe
directly computed using (4) and matrix inversion; still, in order to make the computa-
tion faster and more numerically stable, some alternative methodologies are proposed
in the literature (e.g., [23]). As for their gradients, although analytical forms can be
easily derived (Xo(x, y) is [v] — 1 times differentiable w.r.t. [|x — yllq,,, [23]), auto-
matic differentiation packages proposed in libraries like BoTorch [17] are usually
convenient.

Given the posterior distribution, we then minimize in [Line 7, Algorithm 1] an
acquisition function ay : R?*" — R in order to find ¢ > 1 new candidate solutions
Xk+1, - - - » Xk+q Where to evaluate the objective function f(-) [Line 8, Algorithm 1]:

_ min ak (ik+1:k+q)- (6)
XkA-15eesXk4q €

Unlike f(-), the acquisition functions are usually inexpensive to evaluate; moreover,
it is feasible to compute their first and second derivatives, which is not possible with
f (). This fact allows the acquisition functions to be optimized using first-order or
second-order optimization methods. A solver that has proved to perform well [15]
is the Limited-Memory Broyden-Fletcher-Goldfarb-Shanno variant designed for box-
constrained problems, i.e., L-BFGS-B [53].
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When the number of maximum objective function evaluations N; + Ny is reached,
the procedure is stopped and the best found solution x* is returned [Line 11, Algo-
rithm 1].

In the next section, we review some of the most employed acquisition functions in
the Bayes-Opt literature, reporting their formulations and a brief description of each
of them.

2.1.1 Expected Improvement and Lower Confidence Bound

In this section, we review two of the most commonly used acquisition functions: the
Expected Improvement and the Lower Confidence Bound.

Using the notation introduced in Sect. 2.1, the Expected Improvement (EI) [3, 10]
indicates the expected value of the improvement w.r.t. f* = min;eq1,... ¢} f(x;), that
is, the best found objective function value after the evaluation of k points. Following
the steps proposed in [3, 54], we can evaluate the ET as:

El(x) = Ey [max{ff — y,0} | x1:. f(x1:0]
= —m(x)® <M> T o (0o (M) ’

o (x) oy (x)

¥~ N (1), a2 (0) )

where @ (-) and ¢ (-) are, respectively, the cumulative distribution function (CDF) and
the probability density function (PDF) of a standard normal random variable. Since
the expected improvement should be reasonably maximized as much as possible,
according to (6), the problem to solve would be min,co —E I; (x).

The Lower Confidence Bound (L.CB) [24] prefers both points with low ¢4 (-), where
we expect to have high reward, that is, good values of f(-), and points with large oy (-),
where f(-) is uncertain. LCB can be evaluated as:

LCB(x) = Ey [ (x) — |y — m )| | X1, f 1)) = () — /Bor (x),
y ~ N (0. 8302 ) ®)

where 8 € R” is a parameter.

Both ET and LCB seek a trade-off between points where an high reward is expected
and points where we have an high uncertainty. In the LCB formula, the desired trade-
off can be explicitly controlled by the constant parameter §: if 8 ~ 0, the solver used
to optimize LCB will be driven towards points associated to low values of (i (-); on the
other hand, if B gets larger, the points with high values of oy () will be preferred. We
recall that an optimal EI/LCB solution belongs to the Pareto front of problem (2) [3,
43].

The two formulas (7)-(8) are extended to be used for batch Bayes-Opt, where g
new feasible, not-yet-evaluated, solutions are required at each iteration. The formulas
of the extensions, called g—-EI [55] and g-LCB [26] respectively, are reported in (9)-
(10), with Xk (-, -) indicating the posterior covariance function given k observations
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of f().

q-El (Xpy1:k4q) = Ey |:max {fk* ?llaX Yis } | Xi:k, f (X1 k):|

Y ~ N (1 (kg 1:k+q) » Zhe Kkt 1k » Xk+1:k4g) ) 9)

q-LC Br (Xk41:k+¢) = Ey [feﬂlaxq} (ko) — yi — G | X1k, f(xl:k)]

T
¥~ N (k@) B3 Bk Gsting i) (10)

Both g-ETI and g-LCB are more challenging than their original versions since
the integrals arising from the expected value formulation are more intractable; as a
consequence, although exact formulations for g-ET and its gradient are provided in
the literature [56, 57], the optimization process per se is not trivial. For this reason, a
variety of alternative methods have been proposed in the literature for the evaluation
of these acquisition functions. In this paper, when performing numerical experiments
with g-ET and g-LCB, we rely on one of the most employed techniques: Monte
Carlo sampling based integration. The latter, along with automatic differentiation
packages used in libraries like BoTorch [17], allows us to get an estimation of the
two acquisition functions and their gradients and, thus, to employ solvers such as
L-BFGS-B to optimize them. For the sake of brevity, we do not go into the details of
either this methodology or other possible strategies, referring the reader to [17, 26].

2.2 Optimality Concepts in Multi-Objective Optimization

Since our acquisition strategy involves the Pareto front reconstruction of a BOO prob-
lem (2), in this section we recall the main MOO optimality concepts from Pareto’s
theory. Let us take as reference the following MOO problem:

min F(x) = (fix), ., Fn N, (11)

where F : R" — R™ is a vector-valued, component-wise continuously differentiable
function.

In order to introduce the MOO optimality notions, we define a partial ordering of
the points in the objectives space R™: considering two points u, v € R™, we have that

U<V &< uj <v; Vie{l,...,m},
U<v << u; <v; Viel{l,...,m},
USV &= u<v,u#u.

We say that a point x € Q dominates y € Q w.r.t. F(-) if F(x) S F(y).
In MOO, we would like to obtain a point which minimizes all the objectives
f1(), ..., fm () at once. However, such a solution is unlikely to exist. For this reason,
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we rely on optimality concepts different from the ones for single-objective optimiza-
tion.

Definition 1 A point x € Q2 is Pareto optimal for problem (11) if a point y € 2 such
that F(y) S F(x) does not exist. If the property is satisfied only in 2 N A (X), with
N (¥) being a neighborhood of %, then X is locally Pareto optimal.

In practice, it is difficult to get solutions characterized by the Pareto optimality
property. Then, a slightly more affordable condition is introduced.

Definition 2 A point X € 2 is weakly Pareto optimal for problem (11) ifapointy € Q
such that F(y) < F(x) does not exist. If the property is satisfied only in 2 N N'(¥),
with A/(x) being a neighborhood of X, then X is locally weakly Pareto optimal.

We refer to the set of Pareto optimal solutions as the Pareto set, while by Pareto
front we indicate the image of the Pareto set through F(-).

3 A Novel Bi-Objective Optimization Based Acquisition Strategy

In Sect. 2.1.1, we have reported a brief description of some of the most employed
acquisition functions from the Bayes-Opt literature. In each of them, a desired trade-off
between exploitation (low i (-) values) and exploration (high oy (-) values) is defined,
either in an implicit way (EI, g-EI) or in an explicit one through a parameter (LCB,
g-LCB). However, deciding a priori such exploitation-exploration compromise is not
trivial in some cases and the Bayes-Opt procedure performance may be affected by
this additional difficulty.

Based on this reasoning, in this section, we present a novel acquisition methodology
for batch Bayes-Opt. As anticipated in Sect. 1, our proposal is based on the gradient-
based optimization of the BOO problem (2) and, in particular, on the reconstruction
of its Pareto front. Unlike the acquisition strategies of Sect. 2.1.1, the exploitation-
exploration trade-off is not decided a priori; on the contrary, the Pareto front provides
multiple solutions representing different trade-offs between wx(-) and oy (-); having
such a more complete, a posteriori overview, we can then employ specific criteria to
choose the solutions we expect to be optimal for problem (1).

The key elements of the acquisition strategy are the following:

e in order to reconstruct, as accurately as possible, the Pareto front of the BOO
problem (2), we employ the Non-dominated Sorting Memetic Algorithm [42],
which combines the exploration capabilities of evolutionary approaches with the
effectiveness of gradient-based tools; as shown in [42] and anticipated in Sect. 1,
this combination enabled NSMA to be superior than state-of-the-art gradient-
based/derivative-free MOO algorithms and NSGA-TII, which is widely employed
for this scope in the Bayesian literature;

e we propose two clustering approaches, operating on different spaces, for the selec-
tion of g Pareto front points that will be the next candidate solutions where to
evaluate f(-); after the proposal, we also analyze the potential effectiveness of
such approaches on high dimensional scenarios (n > 20), which are known to
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Fig. 1 Flowchart of the batch Bayes-Opt procedure equipped with the BOO based acquisition strategy
proposed in Sect. 3

be more difficult in the Bayesian literature as the curse of dimensionality usually
leads the acquisition functions failing in finding good candidate solutions.

Remark 1 The paper focuses on batch Bayesian optimization, particularly in scenarios
where the evaluation of a (very expensive) objective function can be carried out at a
limited number of selected feasible points in parallel (e.g., leveraging multiple CPU’s).
Although the objective function is costly to evaluate, parallelizing such evaluations can
significantly reduce the overall wall-clock time. It is clear that a sequential algorithm
(i.e., with batch size ¢ = 1) may outperform any batch-based approach in terms of
solution quality, as it can leverage all previously gathered information when selecting
each new evaluation point. In contrast, batch strategies must choose multiple points
simultaneously, without the benefit of intermediate feedback. Nevertheless, despite
this limitation, batch optimization is often essential in real-world applications where
computational resources can be exploited in parallel. We therefore excluded the g = 1
case from our experiments, as such a setting lies outside the intended scope of our
approach, specifically designed to explore the Pareto front of a bi-objective acquisition
function within a batch framework. As we demonstrate in the numerical experiments
(Section 4), the advantages of our method become increasingly evident as the batch
Size grows.

In Fig. 1, we report an overview of the entire batch Bayes-Opt procedure equipped
with our BOO based acquisition strategy. The two phases related to the Pareto front
reconstruction and clustering are separately discussed in the following two sections.

3.1 Non-dominated Sorting Memetic Algorithm for Bayes-Opt

In Algorithm 2, we report an algorithmic scheme of the Non-dominated Sorting
Memetic Algorithm [42], adapted to the Bayes-Opt context. Note that here we only
report the main steps of the algorithm; for a deeper understanding of its mecha-
nisms, which is beyond the scope of this manuscript, we refer the interested reader to
Appendix B and [42]. In the remainder of the section, we indicate with F(-) : R” — R?
the vector-valued objective function of problem (2), that is, () = (f1(-), T =
(e (), —UkZ(o))T, with ug(+) and akz(~) being the posterior mean and variance func-
tions (see Sect. 2.1, [Line 6, Algorithm 1]).
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Algorithm 2 Non-dominated Sorting Memetic Algorithm for Bayes-Opt

Require: 2 feasible set, X ¢ 2, N population size, nopt € Nt.
s Let ug(+), ak2(~) be the posterior mean and variance functions [Line 6, Algorithm 1]
tLet F() = (i (). —o2 ()T

- X0 = selection(F(), Q, X!, N)

t=0

: while a stopping criterion is not satisfied do

P! = getParents(F(-), 2, X")

0! = crossover(Q, P)

o' =mutation($, 0)

9: Xtl=xtuo!

10: X"t =selection(F(), Q, X'+, N)

11: if + mod ngps = 0 then

12: X'+ = optimizePopulation(Q, X1, F(), N)
13:  endif

14: t=1+1

15: end while

16: X* = X!

17: return X*

A S ol

NSMA is a memetic approach that combines the evolutionary (random-based) oper-
ators of NSGA-TITI [41], which represents the de facto popularity-wise standard for
hard box-constrained MOO problems, and the tools typical of MOO gradient-descent
methodologies, more efficient and effective than other classes of MOO algorithms on
problems with reasonable regularity assumptions.

Like NSGA-TIT, NSMA works with a fixed size population of N solutions, starting
from an initial one denoted by X! C €; the population is evolved at each iteration
through the application of the NSGA-IT operators, i.e., getParents, crossover,
mutation and selection. crossover [Line 7, Algorithm 2] aims to generate
new solutions, called offsprings, combining the features of selected ones from the
current population, called parents. The selection of the latter is made by binary tour-
nament in the getParents function [Line 6, Algorithm 2]: each parent is the best,
based on specific metrics, of two randomly selected solutions of the population; a brief
description of the metrics is reported in Appendix B.mutation [Line 8, Algorithm 2]
partially modifies the offsprings generated by the crossover function: the mutated
offsprings will have some features that are not inherited from the parents. After insert-
ing the new, hopefully better, solutions into the population [Line 9, Algorithm 2], the
latter is reduced through the selection operator [Line 10, Algorithm 2] in order to
have exactly N members; the selection of the best N solutions is based on the same
metrics used in the getParents function. More information about the NSGA-IT
operators can be found in [41, 42].

The main difference between NSMA and NSGA-II is represented by the
optimizePopulation function [Line 12, Algorithm 2], which is called every
Nopr € N+ iterations. This function allows to refine selected solutions of the current
population X**! through a gradient-based local solver called Front Multi-Objective
Projected Gradient (FMOPG), exploiting common [33] and partial [39] descent direc-
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tions based on first-order information of the functions iz () and okz(-). Further details
on the optimizePopulation function can be found in Appendix B and [42].

By design, the optimizePopulation function drives the selected points
towards Pareto stationarity, a necessary condition for all types of Pareto Optimality
whose definition is reported in Appendix A. However, not being a sufficient condition
in general and having no guarantee about the convexity of 14 (-) and akz (-), we can eas-
ily deduce that the new, refined solutions generated by the optimizePopulation
function could be far from the actual Pareto front of the problem. In such cases, NSMA
differs from gradient-based and derivative-free algorithms with stationarity conver-
gence guarantees, since it can exploit the NSGA-IT operators to escape from these
stationary, but non-optimal, solutions; on the other hand, NSMA is also different from
NSGA-IT as it can refine the new generated points through FMOPG, exploiting the
gradient information of the functions 1 (-) and okz(~). This combination of character-
istics confirms once again how much the employment of NSMA to solve problem (2)
in a batch Bayesian optimization context might be appealing.

At the end of the execution, NSMA returns the population obtained during the last
iteration [Lines 16-17, Algorithm 2]. From this population, we will select ¢ new candi-
date solutions where to evaluate the objective function f (-) of the original problem (1).
In the next section, we report two possible selection criteria.

3.2 Clustering Approaches for Pareto Front Points Selection

After reconstructing, as accurately as possible, the Pareto front of the BOO prob-
lem (2) through NSMA (Sect. 3.1), we have to select from it ¢ candidate points, which
will be then evaluated on the original problem (1). In this section, we propose two
clustering-based selection strategies, whose schemes are reported in Algorithm 3. Both
strategies rely on the employment of K-MEANS, which is arguably the most popular
local search algorithm for clustering problems. The K-MEANS objective consists in
the minimization of the sum-of-squares of the Euclidean distances of the samples to
their cluster centers [58]. Besides requiring a few parameters to set (number of clusters
to find included), it proves to be particularly efficient and robust in many scenarios.

Clustering in the objectives space The first clustering approach [Lines 2-8, Algo-
rithm 3] involves a K-MEANS execution in the objectives space. For each cluster center
ci, withi € {1, ..., q}, we then find the closest Pareto front point fz: [Line 6, Algo-
rithm 3]; the corresponding x? will be one of the ¢ candidate points to be evaluated
on (1) [Line 7, Algorithm 3].

Anticipating the numerical results exposed at the end of Sect. 4.4, performing
a clustering operation to choose the ¢ new points from the Pareto front solves an
issue typical of approaches such as LCB/g-LCB: the choice of the weights (e.g.,
B for LCB; see (8)) is not trivial [35], especially when the dimensionality of the
problem increases. A bad choice of them could indeed lead to an improper use of the
information about the past function observations collected in the Gaussian process
and, as a consequence, to compromise the entire optimization procedure. Clustering
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Algorithm 3 Clustering Approaches for Pareto Front Selection

Require: F : R" — R2, Q feasible set, X* = {xf, Cee, x\*X*I} C Q set of solutions generated by NSMA

(Algorithm 2), ¢ > 1 € N batch size.
1: if Clustering in objectives space then

2:  Let F* = {fl*, A fI;(*I}  R? be the image of X* through F(-)
3:  Perform K-MEANS on F* to find ¢ clusters
4:  Letcyy be the g resulting cluster centers
5: foralli e {l,...,q}do
6: Letz; = argmin | f —¢ll
ze{l,. | X*]}
7: Letx; = x;l,
8:  end for
9: else (Clustering in variables space)

10:  Perform K-MEANS on X* to find ¢ clusters
11:  Let ¢y be the g resulting cluster centers
12:  Letxyy =ciyg

13: end if

14: return x4

on the objectives space allows a more uniform choice from the Pareto front, regardless
the problem dimensionality.

Clustering in the variables space In the second clustering strategy [Lines 10-12,
Algorithm 3], we perform the K-MEANS algorithm [59, 60] to find ¢ clusters in the
variables space [Line 10, Algorithm 3]. The g resulting cluster centers are taken as
the new candidates for the original problem (1) [Lines 11-12, Algorithm 3].

Although clustering in the objectives space seems to be more intuitive than clus-
tering in the variables space, the latter could be more effective in high-dimensional
scenarios (n > 20), where a blind exploration of the feasible set boundaries is usually
carried out employing the standard acquisition functions (Sect. 2.1.1). This behavior
on high-dimensional problems is well-known in the literature and is called the bound-
ary issue [13, 14]. In fact, in high dimensional spaces, it happens very frequently that
along the boundaries of the feasible region many points are characterized by high
akz(~) values (uncertainty). Thus, most methods based on a compromise between the
two objectives, such as g-EI and g-LCB, tend to generate candidate points on the
border of the feasible region. This fact can be considered as one of the main reasons
why Bayes-Opt methods have been applied in the past only to very low—dimensional
problems, where this effect is less relevant. Clustering in the variables spaces could
be an heuristic solution to the boundary issue: clustering points in the boundaries, far
from each other, could end up with setting some cluster centers in the interior of the
feasible set, thus allowing to collect information about f'(-) in more internal regions; at
the next iteration, this information would lead to more informative posterior mean and
variance functions and, then, to a better exploitation of the Pareto front reconstruction.
In Sect. 4.4, we report some numerical results supporting our arguments.
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4 Computational Experiments

In this section, we report the results of thorough computational experiments, mainly
comparing the proposed acquisition strategy with state-of-the-art ones from the batch
Bayes-Opt literature. The experimental code was written in Python3! and was run on
a computer with the following characteristics: Ubuntu 22.04 OS, Intel(R) Core(TM)
15-10600KF 6 cores 4.10GHz, 32 GB RAM.

4.1 Experimental Settings

In this section, we report the tested acquisition strategies, the functions used for the
comparisons and, finally, the employed metrics.

4.1.1 Bayes-Opt Procedure and Acquisition Strategies

For the implementation of the Bayes-Opt procedure (Algorithm 1), including the
Gaussian Process regression and the optimization of the standard acquisition func-
tions, we relied on the BoTorch? library [17]. In our experimentation, we used the
Matérn kernel (Sect. 2.1) with v = 5/2. At each iteration of the Bayes-Opt procedure,
the acquisition strategies were run with 100 initial points, uniformly chosen in the
feasible set 2. Regarding the Gaussian Process, we used all the default settings and
the recommendations proposed in the BoTorch library. Both in the Gaussian Pro-
cess regression and in the evaluations of the posterior mean and variance functions,
the solutions were first scaled in [0, 1] considering the problem bounds; moreover, for
numerical stability, the observed f(-) values were min-max scaled before the Gaussian
Process regression.

Throughout the section, we indicate with NSMA the BOO based acquisition strategy
proposed in Sect. 3 of this manuscript. For the NSMA implementation we used the code?
distributed by its authors; moreover, we employed the Gurobi Optimizer (Version
10) [61] in order to solve instances of the search direction problem (B.1).

We decided also to test our methodology with different solvers: NSGA-IT [41],
DMS [40] and MOSQP [36]. As mentioned in Sect. 1, NSGA-TT has been already
tested to solve a BOO problem similar to (2). Moreover, NSGA-IT is arguably one
of the most representative evolutionary algorithms for hard MOO problems. Thus, in
this context, it represents the most direct competitor. As for DMS and MOSQP, they
are among the state-of-the-art derivative-free and gradient-based solvers, respectively;
thus, a comparison with these approaches is needed to test the goodness of NSMA as
solver in our acquisition strategy.

For NSMA and NSGA-TI1I, we set the population size N = 100 and a maximum
number of iterations equal to 20; for NSMA the parameter n,,; = 5 and Q = 0.9 (see
Appendix B); the other parameters values were set as recommended in [41, 42]. As for

I The implementation code can be found at github.com/FranciC19/biobj_acquistion_function_for_BO.
2 The BoTorch code can be found at github.com/pytorch/botorch.
3 The NSMA code can be found at github.com/pierlumanzu/nsma.
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DMS the hyper-parameters were set according to [40] and the released source code,*
while for MOSQP they were based on [36] and the related distributed code:’ in order
to solve the SQP problems within the approach, the Ipopt software package [62]
was employed. Note that for the SQP problems MOSQP employs the hessian of the
functions wx(-) and ok2(~), which are defined since the Matérn kernel with v = 5/2 is
two-times continuously differentiable (see Sect. 2.1).

All the algorithms were tested with the two clustering approaches proposed in
Sect. 3.2 for the Pareto front points selection. The acronyms (X) and (F) indicate if
K-MEANS was performed in the variables space or in the objectives one, while (R)
indicate a random selection of points from the generated Pareto front.

Our methodology was further compared with three other recently proposed acqui-
sition strategies: BBO-ABAFMo [46], MACE [50, 51] and TURBO [32, 63]. A short
introduction of these approaches can be found in Sect. 1. For all of them, a source
code.® 78 is available online; the hyper-parameters were chosen according to the lat-
ter. For BBO-ABAFMo and MACE, the total number of iterations available for the
employed MOO algorithm at each Bayes-Opt procedure iteration is fairly set to 20;
as for TURBO, we tested both the variants with one local model, known as TURBO-1
in the referenced manuscript, and with multiple models, TURBO-M; both the variants
were run with the default parameters indicated in [32] and in the published code.

Finally, we considered as competitors the acquisition strategies involving the opti-
mization of g-EI, g-LCB and g-LOG-EI [64], arecently proposed variant of g-ET
whose members are easier to optimize numerically and have either identical or approx-
imately equal optima as the original. A brief description of g-ETI and g-LCB can
be found in Sect. 2.1.1. For the integrals estimation, we employed the Sobol Quasi
Monte-Carlo Normal Sampler with 512 samples. As suggested in [26], for g-LCB
we set the parameter 8 = +/3. For all the acquisition strategies, we set a maximum
number of iterations for the solver L-BFGS-B [53] equal to 100.

In most of the comparisons, we also employed as baseline the results obtained by
Random Search (RS), whose mechanism consists on randomly selecting g points from
the feasible set €2 at each iteration of the Bayes-Opt procedure.

4.1.2 Benchmark Functions

The functions’ employed for the comparisons are listed in Table 1. As mentioned in
Sects. 1-2.1, all the evaluations were supposed to be noise-free. Note that some of
the tested functions are scalable w.r.t. the dimensionality #; this feature was crucial in
our experimentation to compare the acquisition strategies in (hard) high-dimensional
scenarios, where additional difficulties arise (e.g., the boundary issue; for more details
on the topic, we refer the reader to Sect. 3.2).

4 The DMS code can be found at mat.uc.pt/dms.

5 The MOSQP code can be found at norg.uminho.pt/aivaz/MOSQP

6 The BBO-ABAFMo code can be found at github.com/JixiangChen-Jimmy/BBO-DMoAF
7 The MACE code can be found at github.com/Alaya-in-Matrix/pyMACE.

8 The TURBO code can be found at github.com/uber-research/TuRBO.

9 The formulations, as well as other information, of some of the tested functions can be found at https://
www.sfu.ca/~ssurjano/index.html.
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For each function, we started the Bayes-Opt procedure with N; = 10 points ran-
domly chosen in €2; the same initial solutions were considered for all the acquisition
strategies. We mainly tested the methodologies with the batch size parameter g = 3:
ideally, at each iteration of the Bayes-Opt procedure, we would like to obtain as candi-
dates for the original problem (1) two points with good values for 14 (-) (exploitation)
and for akz(-) (exploration), respectively, and one middle trade-off solution. For the
sake of completeness, we also experimented other values for ¢; the results are com-
mented at the end of the experimental section. In the Bayes-Opt procedure, we set
the number of function evaluations (excluding the first N; ones) Np; = 60; thus,
considering that ¢ = 3, for each function we generated 20 point batches.

For each acquisition strategy and function, we run the execution 20 times, each of
which characterized by a different seed for the pseudo-random number generator, so
as to reduce the experiments sensibility to the random operations. The results were
then obtained by calculating the averages of the metrics values achieved in the twenty
tests.

4.1.3 Metrics

We denote by fkb”’ the best observed objective function value after k+ N; evaluations;
moreover, we indicate with flf’e” the best f(-) value found at the end of the Bayes-
Opt procedure. According to Algorithm 1, the two metrics can be formalized in the
following way:
et = ie{{r,l.l..r,lN,-} Fxi), k=0 (12)
min { fhest, f (xx)}, otherwise
and [P = f(x*).

In order to observe the performance trend of the methodologies between one Bayes-
Opt procedure iteration and another, the values obtained in terms of fkhe‘” are plotted
w.r.t. the number of objective function evaluations k. In the plots, vertical bars are also
shown, representing the 95% confidence interval [17] over the fkbes’ values obtained
in the twenty runs.

Another metric we employed is a normalized version of the regret [16]:

best *
_ LT
NRy = best _ fx°
fo f

We trivially deduce that: for all kK, NR; > 0; lower values for this metric mean
better performance. In our experimentation, the N R values obtained for all k were
summarized by calculating the AUC (Area Under Curve); the resulting metric is called
NR-AUC; like N Ry, small values of NR-AUC are associated with good performance.
In brief, we would like to minimize the regret at the end of the optimization, but at the
same time we would also like to converge in a few iterations to the final solution: this
is particularly relevant when dealing with expensive-to-evaluate objective functions.

Lastly, we employed the variant introduced in [78] of the performance profiles [79].
Given a solver and a certain metric, the new tool allows to plot the (cumulative)
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distribution function of the relative gap between the score achieved by that solver and
the best score among those obtained by all the considered solvers. Formally, let us
consider a benchmark of problems P, a set of solvers S and a metric m such that, for
eachw € Pand o € S, my, indicates the metric value for solver o on problem 7.
The relative gap cumulative distribution for a solver o is given by

My — MMy 5
Ge

<t

)

1 ’
Po(t) = — |37 € P‘
’ Pl minmy s
Ges 7

which represents the estimated probability that the relative gap for a solver ¢ on an
arbitrary problem rr is within a factor t € R. Note that p, (1) is the fraction of problems
where solver o had the best performance. For a more technical explanation, we refer
the reader to [78]. Similar to the performance profiles, the relative gap cumulative
distributions thus allow to appreciate the relative performance and robustness of the
considered algorithms; moreover, they result to be particularly useful when evaluating
metrics involving objective function values, such as fkbe” and NR-AUC.

4.2 Preliminary Comparison of the Bi-Objective Optimization Based Acquisition
Strategy with g-LCB and with different solvers

In this section of computational experiments, we first compare the performance of
our BOO based acquisition strategy and g—LCB on some selected functions. Note that
g-LCB (10) is an extension for batch Bayesian optimization of LCB, which can be seen
as a scalarization of the following BOO problem: minyeq (tr (x), —0% (x))T, similar
to the one we use in our strategy; thus, making such a comparison can be useful to
appreciate the strengths of reconstructing the Pareto front to choose the next candidate
solutions for problem (1). In Fig. 2, we report the f,f’”’ metric values achieved by
NSMA (F),NSGA-II (F), g-LCB and RS w.r.t. the number of function evaluations
k.

On low-dimensional scenarios (n < 6), the BOO based acquisition strategy turned
out to be effective in 2 out of 3 problems; from the very first iterations NSGA-II (F)
managed to find better solutions than its competitors; moreover, both NSMA (F) and
NSGA-IT (F) allowed to find better solutions than g-LCB at the end of the Bayes-Opt
procedure. In the third problem, i.e., Hartmann, NSMA (F) and NSGA-II (F) were
outperformed by g-LCB, but their performance still remained competitive. Unsur-
prisingly, RS overall turned out to be the worst methodology; the same also holds on
the high-dimensional problems.

When n > 20, NSMA (F) is the clear winner. In particular, two results of the
memetic algorithm have to be highlighted. The first one is the increasing performance
gap between NSMA (F) and g-LCB as the value for n increases, highlighting the
difficulty in g-LCB of setting a value for the weight B appropriate for every pos-
sible dimensionality. Such characteristic has been already anticipated in Sect. 3.2.
The second result is that NSMA (F) clearly outperformed NSGA-II (F). As men-
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Fig.2 Plots of the fkbe” metric w.r.t. the number of function evaluations k for NSMA (F), NSGA-II (F),
g-LCB and RS on a set of selected functions (see Table 1). When f* # 0, it is represented by a gray dashed
line

tioned in [42, Section 4], for large values for n, NSMA exploited the combined use
of the NSGA-TIT exploration capabilities and the gradient-descent tools to get better
and wider Pareto front approximations than the genetic approach. This behavior also
occurred in the considered Bayes-Opt context, allowing NSMA (F) to propose better
solutions for the objective function f(-) evaluation.

Next, we compare NSMA, NSGA-IT, DMS and MOSQP as solvers for our acquisition
strategy. We decided, only for this experimentation, to use for the execution of the
solvers at each iteration of the Bayes-Opt procedure a stopping criterion based on a
time limit of 15 seconds rather than on a maximum number of iterations. We indeed
think that a time-based stopping condition is the fairest way, among the “conventional”
ones, to compare algorithms presenting radically different structures: they perform a
different number of search steps during the iterations; moreover, some of them require
to calculate the gradient, an operation that could have a different cost and, thus, difficult
to quantify if we rely on the number of evaluations of the mean (ux(-)) and variance
(csz(~)) functions. We are then aware that the choice of the stopping criterion may
influence the outcomes of the approaches. A future study of such influence might thus
be worth of future investigations. In Fig. 3, we report the fkbes ! metric values achieved
by NSMA (F),NSGA-II (F),DMS (F) and MOSQP (F) w.r.t. the number of function
evaluations k on Alpine_1 and Schwefel functions.

When n = 2, all the four algorithms performed well, being competitive from the
very first iterations. On the other hand, for n > 2 we have to examine the results
on Alpine_1 and the ones on Schwefel separately. On Alpine_1, MOSQP was the
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Fig.3 Plots of the f,f“'” metric w.r.t. the number of function evaluations k for NSMA (F), NSGA-II (F),
DMS (F) and MOSQP (F) on the Alpine_1 and Schwefel functions (see Table 1)

best algorithm overall, reaching good performance especially for n

= 50; in

this

scenario, NSMA turned out to be the second algorithm, winning only when n = 20;
as for DMS and NSGA-TIT, as the value for n increased the derivative-free approach
outperformed the genetic approach. The results on Alpine_1 are justified by the MOSQP
operations performed at the beginning of each execution [36], whose aim is to find
the extremes of the Pareto front of the BOO problem (2) starting the search from the
center of the bounding box; this mechanism obviously favors MOSQP on functions, like
Alpine_1, where the box center coincides with the global minimum. This argument
is also supported by the results of the algorithms on the Schwefel function for n > 2,
where the optimum is nearer to the problem boundaries: in this scenario, the situation
is the opposite, with NSMA outperforming all the other solvers and MOSQP being the
worst algorithm. Regarding DMS and NSGA-IT, the performance on Schwefel are
similar, with NSGA-IT being slightly better for n € {4, 50}. We conclude that: if we
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Fig. 4 Plots of the relative gap cumulative distribution for NSMA (F), NSGA-II (F), DMS(F) and
MOSQP (F) on Hartmann, Branin, Schwefel, EggHolder, StyblinskiTang and HolderTable functions (see
Table 1)
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Fig. 5 Plots of the relative gap cumulative distribution for NSMA (X), NSGA-II (X), DMS (X) and
MOSQP (X) on Hartmann, Branin, Schwefel, EggHolder, StyblinskiTang and HolderTable functions (see
Table 1). Note that the intervals of the x-axis are set for a better visualization of the numerical results

have prior knowledge that the global optimum is near the center of the bounds, MOSQP
can be a good solution; however, in practice, this information is typically not available
and, in these cases, NSMA seems to offer the best trade-off when the optimum is either
close to or far from the bounding box center.

We conclude the section showing in Figs. 4-5 the relative gap cumulative dis-
tributions for NSMA (F), NSGA-II (F), DMS (F), MOSQP (F) and NSMA (X),
NSGA-II (X), DMS(X), MOSQP (X), respectively. In order not to advantage any
algorithm w.r.t. an other one, we only considered the functions where the optimum is
not at the center of the bounding box, i.e., Hartmann, Branin, Schwefel, EggHolder,
StyblinskiTang and HolderTable.

In Fig. 4, we observe that all the four solvers performed well in terms of robustness,
while they did not have the same effectiveness as NSMA (F) . Overall, we can see that
the tested gradient-based multi-objective optimization methods NSMA and MOSQP
turned out to be more effective than DMS and NSGA-TI1I, confirming our thesis on
the benefits of exploiting first-order information of px(-) and crkz(o) to build the Pareto
front of the BOO problem (2). Finally, we can also conclude that, although gradient
computation makes NSMA more computationally expensive than NSGA-TI1T, in practice
it allowed NSMA to get better performance w.r.t. the genetic approach, a result also
confirmed in [42].

Conclusions similar to the ones related to Fig. 4 can be deduced from Fig. 5, where
the clustering approach operates on the variables space.
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Fig.6 Plots of the NR-AUC and fi’e‘” metrics values achieved by NSMA (X) ,NSMA (F),NSGA-ITI (X) and
NSGA-II (F) on Rastrigin, Ackley_1 and Levy_8 (see Table 1) for values of n € {2, 4, 10, 20, 50, 100}.
The shaded areas indicate the 95% confidence intervals over the metric values obtained in the twenty runs.
For a better visualization, the x-axis is log-scaled

4.3 Evaluation of the BOO Based Acquisition Strategy Variants

Attested the goodness of both our BOO based acquisition strategy and NSMA as
solver, we now focus on the scalability of NSMA (X), NSMA (F), NSGA-ITI (X)
and NSGA-II (F), thatis, how well they perform as the value for the dimensionality
n increases. In Fig. 6, the NR-AUC and f z’”’ metrics values achieved by the four
methodologies on a subset of functions tested with n € {2, 4, 10, 20, 50, 100} are
shown.

While for low values of n the performance of the four approaches was similar,
for high dimensionalities NSMA (X) and NSGA-TII (X) got better overall results than
NSMA (F) and NSGA-IT (F),respectively. The situation is particularly stressed when
n = 100, where the gap between the first two methodologies and the second ones is
clear. As mentioned in Sect. 3.2, clustering in the variables space could be more effec-
tive against the boundary issue, allowing to better escape from evaluating points always
near to the problem boundaries. The results seem to confirm this hypothesis: explor-
ing feasible space regions different from the ones containing the problem boundaries,
NSMA (X) and NSGA-IT (X) managed to find better solutions for the original prob-
lem (1). We again observe the overall superiority of NSMA w.r.t. NSGA-IT, regardless
the employed clustering approach. Thus, after analyzing the results of this section and
the previous one, we decided to use only NSMA (X) and NSMA (F) for the rest of the
experiments.
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Fig.7 Plots of the relative gap cumulative distribution for NSMA (X ) ,NSMA (F) and NSMA (R) considering
all the benchmark functions listed in Table 1. Note that the intervals of the x-axis are set for a better
visualization of the numerical results

We conclude the section evaluating the effectiveness of our clustering approaches
w.r.t. the random selection of points from the Pareto front generated by NSMA; in
according to the experimental settings, we call this last methodology NSMA (R) . In
Fig. 7, we report the relative gap cumulative distributions obtained in terms of NR-
AUC and f}fe“ by the three methodologies (NSMA (X), NSMA (F) and NSMA (R) ) on
all the benchmark functions. We observe that: NSMA (X) was the best algorithm w.r.t.
both the metrics; NSMA (F) outperformed NSMA (R) in terms of NR-AUC, while it
is the opposite w.r.t. ffe“. This last result is particularly interesting, as it suggests
that NSMA (F) managed to obtain better solutions than NSMA (R) from the very
first iterations, while the latter obtained solutions of higher quality only at the end
of the Bayesian procedure execution. A possible justification for this fact may be
that NSMA (F) is more prone to getting trapped in a local minimum of the objective
function. In such cases, the random selection of new candidates by NSMA (R) may
facilitate escaping these points and allow the optimization process to proceed more
effectively. An integration of the two selection mechanisms might thus be worth of
future investigations.

4.4 Comparisons with the State-of-the-art Acquisition Strategies

In this section, we investigate the performance of NSMA (X), NSMA (F), g-EI,
g-LOG-EI, g-LCB and RS more specifically. In Fig. 8, we report the plots of the
f,f’e‘” metric values obtained by the six acquisition methodologies on a set of selected
functions, some of which were already addressed in Sect. 4.2.

In the low-dimensional instances (n < 6), the proposed acquisition strategies were
competitive: NSMA (X) and NSMA (F) had a similar trend as g-LCB, especially per-
forming well in terms of f f“’ . Unlike the three mentioned approaches, in these
functions g-ETI and g-LOG-ET seem to struggle, having competitive performance
but never outperforming its competitors. Also in this comparison, RS turned out to be
the worst acquisition strategy overall, regardless the value for n.

As the value for n increased, NSMA (X) and NSMA (F) turned out to be the best
algorithms overall. The standard acquisition strategies g—-ETI and g-LCB still had good
results on some scenarios: both approaches had similar behavior as our proposals on
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the Rosenbrock function with n = 20, and a competitive result was also obtained by
g-LCB on the Ackley_1 function at the same dimensionality. However, for higher
values of n, the general superiority of NSMA (X) and NSMA (F) become clear. As for
g-LOG-ET, it improved the performance of g—-ETI on Ackley_1 with n = 20 and on
Rastrigin with n = 50, confirming that it is more numerically stable as acquisition
function to optimize. However, it did not reach the same performance as NSMA (X)
and NSMA (F) ; moreover, for n = 100 it generally struggled as g-ET in finding good
candidates where to evaluate the real objective function f ().

Fig. 8 is supported by Tables 2-3, where the values obtained by the six methodolo-
gies in terms of NR-AUC and f f“’ , along with the standard deviations, are reported.
In low-dimensional cases, NSMA turned out to be competitive, especially when cluster-
ing was performed on the objectives space (NSMA (F) ). In the Schwefel function with
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Table 2 NR-AUC and f fe” average values with standard deviations achieved by NSMA (X), NSMA (F),
g-EI, g-LOG-EI, g-LCB and RS over 20 runs on the first set of selected functions shown in Figure 8.
The marked-in-bold values and the underlined ones are, respectively, the best and second best for a given

metric on a considered function

Function Method NR-AUC fEeSt
HolderTable_2 (n = 2) NSMA (X) 4.47(£1.725) —18.484(+0.836)
NSMA (F) 4.891 (£3.622) —18.758 (£0.387)
g-EI 5.473 (£2.44) —17.379 (£1.341)
g-LOG-EI 6.316 (+£2.513) —17.15 (£1.517)
g-LCB 4.461 (+1.319) —18.208 (+£0.925)
RS 11.074 (£4.833) —15.548 (£2.814)
Hartmann (n = 6) NSMA (X) 6.292 (£3.095) —3.127 (£0.103)
NSMA (F) 5.092(£2.352) —3.149 (£0.073)
g-EI 6.282 (+3.726) —2.953 (£0.487)
g-LOG-EI 5.319 (£3.274) —3.154(+£0.235)
g-LCB 4.229 (+2.894) —3.187 (£0.306)
RS 15.41 (£4.599) —1.691 (£0.554)
Rosenbrock (n = 20) NSMA (X) 3.385(+1.487) 30865.769(£14710.851)
NSMA (F) 3.346 (+1.196) 30617.591 (£19354.843)
g-EI 5.611 (£1.769) 118150.206 (£44968.612)
g-LOG-EI 6.121 (£2.379) 148337.216 (£63702.058)
g-LCB 4.388 (£1.908) 82420.471 (£28912.746)
RS 12.515 (£3.198) 617075.926 (£206017.299)
Ackley_1 (n = 20) NSMA (X) 13.817 (+2.164) 9.79(£2.359)
NSMA (F) 14.384(£2.099) 9.566 (+2.08)
g-EI 19.078 (£0.389) 19.629 (£0.448)
g-LOG-EI 16.994 (£1.307) 12.865 (+2.902)
g-LCB 16.081 (£1.927) 10.37 (£3.774)
RS 19.685 (£0.213) 20.351 (£0.22)

n = 100, g-LCB, g-EI and g-LOG-ETI were the best algorithms in terms of both
metrics; in all the other high-dimensional instances, the memetic method outperformed
the competitors, with NSMA (X) being by far the most effective methodology.

The results on the instances with n = 100 are worth mentioning separately. On the
Schwefel function, our approaches struggled to reach the performance of the com-
petitors. A possible justification of this fact is the Schwefel function global optimum
position within the feasible set, which is quite near to the boundary. As mentioned in
Sect. 3.2, NSMA (X) represents an heuristic solution to the boundary issue: it could
allow to escape from a massive exploration of the boundaries, which is a typical
behavior on high-dimensional instances of acquisition strategies based on the poste-
rior mean (i (-)) and standard deviation (o (-)) functions. By design, NSMA (X) will
be thus driven to find good solutions in the interior. NSMA (F) has a similar, albeit
less pronounced, behavior; indeed, it obtained better results than NSMA (X) in the
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Table 3 NR-AUC and f fe” average values with standard deviations achieved by NSMA (X), NSMA (F),
g-EI, g-LOG-EI, g-LCB and RS over 20 runs on the second set of selected functions shown in Fig. 8.
The marked-in-bold values and the underlined ones are, respectively, the best and second best for a given

metric on a considered function

Function Method NR-AUC fEeS‘

Rastrigin (n = 50) NSMA (X) 14.311(£0.934) 521.437 (+43.237)
NSMA (F) 14.269 (+0.762) 532.328(£36.479)
g-EI 18.206 (£0.592) 722.386 (+28.876)
g-LOG-EI 15.409 (£1.689) 539.156 (£102.2)
g-LCB 17.926 (£0.738) 670.171 (£61.911)

RS 18.921 (£0.647) 761.45 (£31.155)

Schwefel (n = 100) NSMA (X) 19.65 (£0.355) 37932.468 (£718.743)
NSMA (F) 19.455 (£0.423) 37582.778 (£724.76)
qa-EI 19.337 (£0.371) 37044.992(£819.658)
a-LOG-EI 19.333(£0.345) 37080.634 (£760.139)
a-LCB 19.309 (+0.391) 37032.126 (+841.883)
RS 19.341 (£0.474) 37144.518 (£811.363)

Levy_8 (n = 100) NSMA (X) 5.46 (£0.556) 202.875 (+26.346)
NSMA (F) 13.699(£0.965) 609.754(£114.544)
qa-EI 17.456 (£0.648) 854.655 (£33.536)
a-LOG-EI 17.457 (£0.649) 855.295 (£35.182)
a-LCB 17.4 (£0.765) 849.608 (+46.816)

RS 18.346 (£1.224) 938.743 (£61.101)

Alpine_1 (n = 100) NSMA (X) 10.057 (+0.45) 101.89 (£11.758)
NSMA (F) 17.301(£0.759) 214.062(£13.418)
qg-EI 18.735 (£0.666) 237.291 (£8.674)
a-LOG-EI 18.863 (£0.748) 238.003 (£8.688)
a-LCB 18.753 (£0.758) 236.497 (£9.304)

RS 19.069 (£0.778) 242.893 (£12.699)

Schwefel function, but, at the same time, it did not perform well enough to reach the
performance of g-EI, g-LOG-ET and g-LCB.

As a proof of the NSMA (X) behavior, in Fig. 9 we plot the component-wise min-
imum distance from the problem boundaries obtained by the six methodologies after
each observed point x; in the Bayes-Opt procedure (Algorithm 1); note that this dis-
tance was always compared with the one of the previous point x;_ and the maximum
was taken. The resulting metric is formalized in the following equation:

_ max  min min{xé—li,ui—xé}, ifk=0
ke{l,...,N;}i€{l,....n}

df = (13)

max dQ_, min min{xi—li,ui—xi} , otherwise
k=17 el on) k k
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Fig. 9 Plot of d,? (13) w.r.t. the number of function evaluations k£ for NSMA (X), NSMA (F), g-EI,
g-LOG-EI, g-LCB and RS on a set of selected functions (see Table 1). The shaded areas indicate the 95%
confidence intervals over the metric values obtained in the twenty runs

First, we can observe that, in the low-dimensional Rastrigin instances (n < 10),
all the acquisition strategies allowed to explore points distant from the boundaries
from the very first iterations. The situation is different in the high-dimensional sce-
narios, where the effects of the boundary issue can be noticed on the performance of
g-ET and g-LCB. Unlike the two mentioned approaches, NSMA (F) and g-LOG-ET
managed to escape from the boundaries in the n = 50 case; however, in the hardest
scenarios (n = 100), even these methods struggled. The only methodology capable
of finding points far from the boundaries regardless the problem dimensionality was
NSMA (X) , with remarkable performance w.r.t. the competitors on the n = 100 case.
In the Schwefel function, g-EI, g-LOG-ET and g-LCB took advantage of the blind
exploration of the problem boundaries, reaching solutions that, however, are extremely
far from the global optimum of the problem. Moreover, the boundary exploration can-
not be beneficial with the benchmark functions which present a global optimum in
a more internal position of the feasible set. In these last scenarios, NSMA (X) and
NSMA (F) proved to be highly effective: on the Levy_8 and Alpine_1 functions with
n = 100 (Fig. 8), the gap between the two NSMA-based acquisition strategies and the
standard ones is clear; in particular, we can observe the remarkable results obtained
by NSMA (X) w.r.t. all the other competitors.

In order to support what has been stated above in Sects. 3.2-4.2, we conclude the
section with an analysis on NSMA (F) , which, without a proper heuristic for the bound-
ary issue, still present superior performance w.r.t. the state-of-the-art competitors as
the problem dimension grows. In Fig. 10, we show the Pareto front obtained by NSMA
at iteration 1, 10 and 20 of the Bayesian optimization procedure, along with the can-
didate points chosen by NSMA (F), g-LCB, g-EI and g-LOG-EI, on Hartmann
(n = 6) and Ackley (n = 20) problems.
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Fig. 10 Candidate points selection by NSMA (F), g-LCB, g-EI and g-LOG-EI on Hartmann (n = 6)
and Ackley (n = 20) problems at iteration 1, 10 and 20 of the Bayesian optimization procedure. The small
black dots represent the Pareto front obtained by the NSMA execution

We immediately observe the uniform points selection performed by NSMA (F)
w.r.t. g-LCB, g-ETI and g-LOG-EI, which allowed to balance between exploitation
of the collected points by the Gaussian Process and exploration of the feasible set.
From a multi-objective optimization view, such points were in generally mutually non-
dominated w.r.t. the ones chosen by the other approaches, with some (excellent) cases
(Hartmann, it € {10, 20}) where the solutions returned by the standard approaches were
even dominated. In these last scenarios, the solver L-BFGS-B used within g-LCB,
g-EI and g-LOG-ET did not manage to escape from Pareto stationary points that
are far from the Pareto front. However, from a Bayesian optimization point of view
all the algorithms were capable of selecting points from different parts/neighbors of
the Pareto frontier on the Hartmann problem: such choices allowed the algorithms to
find better and better solutions, as can be directly seen in Fig. 8, with g-LCB being
the most effective strategy.

On the high dimensional scenario of Ackley (n = 20), we can observe that after
the first iteration g-ET struggled to select points other than the extreme point of the
Pareto front, i.e., the one which maximizes the variance; such selection was reasonably
caused by the standard deviation (o (-)) term in the g—-ET function (9) which started
to dominate the other one — the mean (1 (-)) term. Thus, after the first iteration g-ET
was only able to explore the feasible set, failing to exploit the information provided by
the Gaussian process throughout the optimization process. As aresult, g-ET struggled
to optimize the Ackley problem, as also illustrated in Fig. 8. In contrast, g-LCB and
g-LOG-EI were also able to identify the opposite extreme of the Pareto front —
the point minimizing the mean, and this ability allowed them to outperform g-EI
on the task at hand. However, their tendency to focus solely on the extremes of the
Pareto frontier prevented them from matching the performance of NSMA (F). The
latter, by uniformly sampling across the entire Pareto front, consistently discovered
increasingly better solutions compared to the other methods, as shown in the results for
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Fig. 11 Plots of the relative gap cumulative distribution for NSMA (X), NSMA (F), g-EI, g-LOG-EI,
g-LCB and RS considering the low-dimensional (n < 10) and high-dimensional (n > 10) functions listed
in Table 1. Note that the intervals of the x-axis are set for a better visualization of the numerical results

the Ackley function (n = 20) in Fig. 8. This behavior becomes even more pronounced
for problems with n > 20.

4.5 Overall Performance Evaluation using Relative Gap Cumulative Distributions

In the last section of computational experiments, we first show the relative gap cumu-
lative distributions for NSMA (X), NSMA (F), g-EI, g-LOG-EI, g-LCB and RS on
the low-dimensional and high-dimensional functions separately. The distributions are
plotted in Fig. 11.

The plots summarize some highlights of the previous sections. In the low-
dimensional problems, g-EI, g-LOG-ETI and g-LCB were the best methodologies
in terms of both NR-AUC and f f €St the performance obtained by the three acquisition
strategies was similar. In this scenario, NSMA (X) and NSMA (F) were competitive
in terms of robustness, reaching the competitors for values of 7 > 2 on the NR-AUC
metric and of T > 6 on the f 1{"’” one. We then conclude that the selection points
mechanisms of the state-of-the-art method had a greater impact on the low-dimension
scenario. In the high-dimensional cases, the situation is the opposite, with NSMA (X)
and NSMA (F) outperforming g-EI, g-LOG-EI and g-LCB w.r.t. both metrics. In
this context, NSMA (X) was by far the best algorithm. On the other hand, NSMA (F) had
the second best performance, allowing us once again to attest the goodness of select-
ing Pareto front points by clustering on high-dimensional instances (see Sects. 3.2-4.4
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Fig. 12 Plots of the relative gap cumulative distribution for NSMA (X), NSMA (F), g-EI, g-LOG-EI,
g-LCB and RS in terms of NR-AUC considering the low-dimensional (n < 10) and high-dimensional
(n > 10) functions listed in Table 1 and different values for the batch size parameter ¢

for further details). Regarding RS, it reached again the worst performance in any
considered setting.

The performance of the tested acquisition strategies was further investigated as
the value for the batch size parameter ¢ varied. In particular, we considered g €
{2, 5, 10}. Note that in this experimentation the setting related to the number of function
evaluations (excluding the first N; = 10 ones) Ny (see Algorithm 1) remained the
same, i.e., Nyy = 60. Thus, we can easily observe that when ¢ = 2 the Gaussian
Process regression was performed more times than when ¢ = 5. For more details on
the impact of ¢ on the Gaussian Process regression, the reader is referred to Sect. 2.1.
For the sake of brevity, we again compare the methodologies by plotting in Figs. 12-13
their relative gap cumulative distributions in terms of NR-AUC and f’ z’e‘”.

The general behavior of the acquisition strategies is confirmed with these new
plots: g-EI, g-LOG-EI and g-LCB performed better in the low-dimensional cases;
NSMA (X) and NSMA (F) were the best algorithms for high values for n. Comparing
the performance for different g, we observe that our proposals got better results as the
value of g increased. When ¢ = 5 or ¢ = 10, the performance gap between the BOO
based acquisition strategies and the standard ones in terms of the metrics f f“’ and
NR-AUC is less marked in the low dimensional scenario than when g = 2 org = 3; for
any value of ¢, the gap on the high dimensional instances is sharp, with our proposals
being by far the best choices. It seems that our proposals become more effective as the
number of points we can evaluate in parallel increases. In the Bayes-Opt context, it
is difficult to have the resources to evaluate many points in parallel; however, already
with values of ¢ € {2, 5, 10}, NSMA (X) and NSMA (F) obtained interesting results.

We conclude the section comparing NSMA (X) and NSMA (F) with the recently
proposed BBO-ABAFMo, MACE, TURBO-1 and TURBO-M methodologies; again, in
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Fig. 13 Plots of the relative gap cumulative distribution for NSMA (X), NSMA (F), g-EI, g-LOG-EI,
g-LCB and RS in terms of bee” considering the low-dimensional (n < 10) and high-dimensional (n > 10)
functions listed in Table 1 and different values for the batch size parameter ¢. Note that the intervals of the
x-axis are set for a better visualization of the numerical results

order to be concise, in Fig. 14 we show the relative gap cumulative distribution obtained
by the six acquisition strategies considering all the problem benchmark and any value
of g € {2, 3,5, 10}.

On low-dimensional instances, MACE was better than all the other competitors in
terms of both metrics; our approaches, along with BBO-ABAFMo, had good perfor-
mance in terms of NR-AUC robustness; TURBO-1 and TURBO-M seem to struggle
on NR-AUC w.r.t. all the competitors, while TURBO-1 had similar performance as
MACE in terms of ffe“. In the high-dimensional scenarios, the proposed acquisition
strategy again proved to be superior w.r.t. all the tested state-of-the-art approaches,
with NSMA (X) and NSMA (F) being the first and second best algorithms, respectively.

5 Concluding Remarks

In this paper, we dealt with Batch Bayesian Optimization and we proposed a gradient-
based novel acquisition strategy for selecting new points where to evaluate the objective
function f(-) of the original problem (1). In Bayes-Opt, the choice of the points to
evaluate is one of the most crucial operations: the evaluations are usually expensive,
causing an high consumption of resources (e.g., CPU/GPU time, financial costs, etc.).
Ideally, we would like to obtain a global optimum of the original problem in the
minimum number of evaluations. The most employed acquisition strategies consist on
selecting new points by minimizing an acquisition function: g-ETI (9) and g-LCB (10)
are certainly among the most famous ones.

@ Springer



A Bi-Objective Optimization Based Acquisition... 113

NR-AUC
e~ s T
. 2 08
[ ]
2 -%- NSMA(X) =
2 —+-- NSMA(F) L
g —e— BBO-ABAFMo €04
§] ..@- MACE o
—e-- TURBO-1 0.2
..@- TURBO-M
0.01%
4 6 8 10 0 2 4 6 8 10 12 14
T T

(b) £8e% for n < 10

1.0 1.0

0.8 0.8
(]
2 g
B 0.6 2506
E =
Eoa €04
3 ]
o O

0.2 0.2

0.0 0.0

00 05 10 15 20 25 3.0 35
T
(c) NR-AUC for n > 10 (d) £be%t for n > 10

Fig. 14 Plots of the relative gap cumulative distribution for NSMA (X), NSMA (F) , BBO-ABAFMo, MACE,
TURBO-1 and TURBO-M considering the low-dimensional (» < 10) and high-dimensional (n > 10)
functions listed in Table 1 and all the values for the batch size parameter ¢ € {2, 3, 5, 10}. Note that the
intervals of the x-axis are set for a better visualization of the numerical results

In the proposed acquisition strategy, we consider a Bi-Objective Optimization prob-
lem (2) based on the posterior mean (ux(-)) and variance (Uk2(~)) functions of the
Gaussian Process used in the Bayes-Opt procedure. By means of the Non-dominated
Sorting Memetic Algorithm [42], we aim to reconstruct, as accurately as possible, the
Pareto front of (2), exploiting, for the first time in the batch Bayesian optimization lit-
erature, first-order information of the functions w(-) and akz (+), in order to select then
potentially optimal solutions for problem (1). The Pareto front reconstruction leads
to the generation of multiple solutions representing different compromises between
exploitation of the current information about f(-) (low w(-) values) and exploration
of new regions of the problem feasible set (high okz(~) values). All these exploitation-
exploration trade-offs would be difficult to reach with the employment of the standard
acquisition strategies, usually based on combinations of the two posterior distribution
functions. The selection of points from the Pareto front can then be performed through
the two proposed clustering approaches. These latter ones work on different spaces:
the first approach employs K-MEANS in the variables space, while the second one
operates in the objectives space.

@ Springer



114 F. Carciaghi et al.

The proposed strategy was tested with thorough computational experiments, mainly
comparing its performance with the one of well-known acquisition methodologies
from the Bayes-Opt literature. In the low-dimensional case our proposal turned out to
be competitive, while in the high-dimensional scenario it achieved remarkable results,
outperforming by far the competitors. In particular, the use of the functions gradients
allowed NSMA to have superior performance than NSGA-I I, confirming our thesis on
the benefits of using first-order information for the Pareto front reconstruction of the
BOO problem (2). The clustering approach in the objectives space outperformed the
popular state-of-the-art acquisition strategies on high-dimensional scenarios, where
setting the objective function weights is a non-trivial task, as is consequently perform-
ing uniform choices for the next candidate solutions from the Pareto front. On the other
hand, the clustering method in the domain space was undoubtedly the best approach
when the dimensionality n > 50. Its potential effectiveness w.r.t. the boundary issue
(typical in the Bayesian literature in such cases), which is analyzed in the theoretical
part of the paper, is then confirmed by the computational experiments.

As possible future research directions, the following ones certainly stand out: a
variant of the proposed methodology where the batch size parameter ¢ is chosen
dynamically at each iteration; the integration of random mechanisms into the presented
approaches to escape from poor local minima; an effectiveness study of the presented
acquisition strategy in Bayes-Opt procedures different from the standard one (e.g.,
see [80]); the study of alternative (compositional) approaches (e.g., see [81]); some
test with dimensionality reduction techniques to improve the performance of clustering
in the variables space, or with other clustering strategies to handle higher-dimensional
data better than K-MEANS.

Appendix A Pareto Stationarity

In this appendix, we introduce the concept of Pareto stationarity.

Definition A.1 A point X € Q2 is Pareto-stationary for problem (11) if we have that

max Vfi(®)'d=>0, VdeD®),
jellioam)

yeeey

where D(X) ={veR" |Ir > 0:x +1v e, Vr€[0,7]}.

The property can be also compactly re-written as

min  max Vfj(&)'d=0.
deD () jell,...m} Ji®

If a point X is not Pareto stationary for problem (11), then there exists a direction
d € D(x) such that max je(1,...m) V fj () Td < 0. Thus, supposing the continuously
differentiability of F(-), we have that

i LG+ td) — f; (%)

t—0 t

—Vf@Td<0, Vje{l,...,m)
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Direction d is thus a common descent direction for F (+) at X: there exists f > 0 such
that .
F(x +td) < F(x), vVt € (0,1].

Under differentiability assumptions, Pareto stationarity is a necessary condition for
all types of Pareto optimality (see Sect. 2.2); further assuming the convexity of F(-)
(component-wise) and €2, the condition is sufficient for weak Pareto optimality.

Lemma A.1 ([35, Theorem 3.1]) The following statements hold:

e if x is locally weakly Pareto optimal, then X is Pareto stationary for problem (11);

o if Q is convex, F(-) is component-wise convex and X is Pareto stationary for
problem (11), then X is weakly Pareto optimal;

e ifQisconvex, F(-) is twice continuously differentiable and component-wise strictly
convex and x is Pareto stationary for problem (11), then x is Pareto optimal.

Note that in the considered Bayes-Opt context (1) €2 is assumed to be a bounding
box and, thus, it is a convex set.

Unlike (weak) Pareto optimality, Pareto stationarity represents a concrete goal for
many MOO algorithms based on first-order information of F(-) [33].

Appendix B Further Information on Non-dominated Sorting Memetic
Algorithm for Bayes-Opt

In this appendix, we provide additional details on some mechanisms of the Non-
dominated Sorting Memetic Algorithm [42]. For the sake of simplicity, we report the
scheme of the approach here below too (Algorithm B.1). A brief description of the
latter can be found in Sect. 3.1. The scheme, as well as all the other concepts in this
appendix, were adapted to the considered Bayes-Opt context. For a more detailed
description of NSMA, we refer the reader to [42].

B.1 Selection Metrics

The selection of both the parents in the get Parents function and the best N popu-
lation solutions in the selection operator is driven by two metrics, i.e., the Ranking
and the Crowding Distance.

Given a generic population X, the first metric assigns to its solutions xi, ..., X|x|
different domination levels R = [rq, ..., r|X|]T: a point x,, with p € {1, ..., |X]},
with rank r, = 0 means that there does not exist any point y € X such that F(y) <
F(xp); if rp, = 1, it means that there exists x5 € X, with p € {1,...,]X]} and
rp = 0, such that F(x) S F(xp), but there does not exist x; € X with r; > 1 that
dominates xp; similar reasoning can be applied for the points with ranking greater
than 1. In order to obtain the ranking values, the same fast sorting approach employed
in NSGA-IT [41]is also used in NSMA.

The Crowding Distance C = [cy, ..., (| X|]—r indicates if the points are in poorly
populated areas of the objectives space: points with an high crowding distance are
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Algorithm B.1 Non-dominated Sorting Memetic Algorithm for Bayes-Opt

Require: 2 feasible set, X ¢ 2, N population size, nopt € Nt.
s Let ug(+), ak2(~) be the posterior mean and variance functions [Line 6, Algorithm 1]
tLet F() = (i (). —o2 ()T

- X0 = selection(F(), Q, X!, N)

t=0

: while a stopping criterion is not satisfied do

P! = getParents(F(-), 2, X")

0! = crossover(Q, P)

o' =mutation($, 0)

9: Xtl=xtuo!

10: X"t =selection(F(), Q, X'+, N)

11: if + mod ngps = 0 then

12: X'+ = optimizePopulation(Q, X1, F(), N)
13:  endif

14: t=1+1

15: end while

16: X* = X!

17: return X*

A S ol

extremes of the current Pareto front approximation or they are located far from the
other solutions of the population; usually, these points are preferred for starting new
search steps to get wider Pareto front approximations. Additional information on the
Crowding Distance, as well as on the Ranking, can be found in [41].

The metrics vectors R and C are also used in the optimizePopulation func-
tion to select the points to refine through the gradient-based local solver; further details
on this topic can be found in the next subsection.

B.2 optimizePopulation function

In Algorithm B.2, we report the scheme of the optimizePopulation function,
which we recall to be the main algorithmic difference between NSMA and NSGA-TIT.
The function allows to refine selected points of the current population X’*! through the
gradient-based local solver called Front Multi-Objective Projected Gradient, which
exploits first-order information of uy(-) and akz(-) computable through automatic
differentiation packages of well-known libraries like BoTorch [17] (see Sect. 2.1).
The refinement can be performed w.r.t. both the objectives wx(-) and crkz(~), only wr(+)
or only akz(~), thus contributing to explore the objectives space and to obtain accurate,
wide, uniform Pareto front approximations; the subset of indices of the considered
objectives is denoted by Z C {1, 2}.

Given the Ranking and Crowding Distance vectors R'T!, C!*! related to the pop-
ulation X**! [Line 1, Algorithm B.2], the Q-quantile of the finite crowding distances
associated to the rank-0 points ¢,+; ([Line 2, Algorithm B.2]; Q is an NSMA param-
eter) and X'*! initialized equal to X’*! [Line 3, Algorithm B.2], a point x, € X'*!
[Line 4, Algorithm B.2] must satisfy the following conditions in order to be optimized
through FMOPG w.r.t. a subset Z C {1, 2} [Line 5, Algorithm B.2]:
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Algorithm B.2 optimizePopulation

Require:  feasible set, X’ HeQ F:R" - R2N population size.
1
I: Let RIH i+l ¢ RIX™ be the Ranking and Crowding Distance vectors
2: Let ¢;41 be the Q-quantile of the finite Crowding Distances associated to the rank-0 points
3. R+l — xr+l
4:forp=1,....|X" ! do

5. forZ € 212} do

6: if xpiss.t.a)ry, =0,cp >G4 and b) Ay € X+ Fr(y) S Fr(xp) then
7: XP = FMOPG(Q, X, x,, F(), D)

3: X+l — g+l g

9: end if

10:  end for

11: end for

12: X't = selection(F(), @, X'+, N)
13: return X/*!

e it must be a rank-0 points with an assigned crowding distance greater than ¢, 1
[Line 6, Algorithm B.2, point a)];

e there must not exist a point in X'+ that dominates it w.r.t. the subset of objectives
F7(-) [Line 6, Algorithm B.2, point b)].

If the requirements are satisfied, then x, is used as starting point for FMOPG; the set
of solutions produced by the latter are collected in X [Line 7, Algorithm B.2] and
then inserted in X'*! [Line 8, Algorithm B.2].

Note that at the end of the optimizePopulation function [Line 12, Algo-
rithm B.2], the selection operator is called to reduce the new population Xt to
exactly N survivors.

The scheme of FMOPG is reported in Algorithm B.3. Starting from a solution xp €
X0, the approach iterates until the current solution x; is Pareto stationary (Appendix A)
w.r.t. the considered subset of objectives F7(-) [Line 2, Algorithm B.3], with Z C
{1, 2}.

The search steps are carried out along directions found by solving the optimization
problem (B.1); the latter are called steepest common descent directions [33] if T =
{1, 2}, steepest partial descent directions [39]if Z C {1, 2}. We can easily deduce that
if the problem minimum 6Z(x;) = 0 then x; is Pareto stationary w.r.t. 7(-), and vice
versa; the stopping condition in [Line 2, Algorithm B.3] can be thus verified checking
this value. Otherwise, if x; is not Pareto stationary oL (x;) < 0; we denote as véz the
(not necessarily unique) direction associated with 6L (x;), that is, the argument of the
problem minimum at x; [Line 4, Algorithm B.3]. In this last case, we can employ an
Armijo-Type Line Search to find a step along le [Lines 5-9, Algorithm B.3], leading to
anew feasible point that is not sufficiently dominated by any other one in the population
X'; the resulting solution is added to the population [Line 11, Algorithm B.3]. At the
end of the execution, FMOPG returns the sequence of produced point {x;} [Line 14,
Algorithm B.3]: based on the line-search criteria [Line 6, Algorithm B.3], we indeed
have no guarantee that, for all /, F7 (x;4+1) S Fz(x;); thus, every point could be crucial
to obtain accurate and uniform Pareto front approximations.
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Algorithm B.3 Front Multi-Objective Projected Gradient

Require:  feasible set, X0 ¢ ,x9 € X0, F:R" > R2, T < {1,2}, a9 > 0, B € (0, 1), 8 € (0, 1).
1:1=0

2: while x; is not Pareto-stationary w.r.t. 77 do

3:  Compute
67 (x) = min max V f; Gp'd (B.1)
deD(xp) j
ld Hoo<1
4 Let vl be the (not necessarily unique) direction associated with 0T (x7)
50 o=
6:  while x; +avl ¢ Qor3y e X' : Fr(y) + 18267 (x)) < Fr(x +avf) do
7. o =8
8 end while

9 o =«a

10 xj41 =x +alle
1 X =X (xg)
122 I=1+1

13: end while

14: return sequence {x;}

We conclude the section reporting the theoretical and convergence properties of
FMOPG, adapted to the Bayes-Opt context.

Lemma B.1 ([42 Corollary 1]) Assume that T C {1 2}, X0 c Qis a set of feasible
points, xg € XO and there does not exist a point y € XO that dominates xo w.r.t. F7 ().

Then, the sequence of sets {X 1} and the sequence of points {x;} generated by FMOPG
are such that for all | =0, 1, . . ., x; is feasible and not dominated by any point in X!
w.rt. Fr (o).

Lemma B.2 ([42, Proposition 3]) Let the assumptions of Lemma B.1 hold and xq be
such that:

e Xxq is not Pareto stationary w.r.t. Fz(-);
o the set L(xg) = U?Zl{x € Q: fj(x) < fj(x0)} is compact.

Let {x;} be the sequence of points generated by FMOPG. Then {x;} admits limit points
and every limit point is Pareto stationary considering the objectives fj, with j € L.

Note that, in practice, FMOPG is executed until x; is approximately Pareto station-
ary, with ¢ € R indicating the approximation degree [42]. In particular, in NSMA
(Algorithm B.1) a decreasing sequence {g;} C ]R is considered, so that, during
the iterations, we get closer and closer to the Pareto stationarity. Moreover, using this
stopping criterion, FMOPG is well-defined, terminating in a finite number of iterations.

Lemma B.3 ([42, Proposition 4]) Let the assumptions of Lemma B.2 hold and ¢ > 0.
Then, the FMOPG algorithm finds in a finite number of steps a point x; such that
0% (x) = —e.
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