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We define a nonoriented coincidence index for a compact, fundamentally re-
strictible, and condensing multivalued perturbations of a map which is nonlin-
ear Fredholm of nonnegative index on the set of coincidence points. As an ap-
plication, we consider an optimal controllability problem for a system governed
by a second-order integro-differential equation.

1. Introduction

One of the most efficient methods for the study of boundary and periodic prob-
lems for nonlinear differential equations and inclusions, consists in the operator
treatment of these problems in suitable functional spaces.

However, for a number of problems of this sort, the maps constructed in
functional spaces do not possess “nice” properties on the whole domain, but
only on some open neighborhood of the solutions set. As an example, we may
note a Monge-Ampere problem arising in geometry of surfaces (see [10]). More-
over, the application of topological methods to the investigation of this kind of
problems often requires the embedding of a given equation or inclusion into
a corresponding parametric family. In such a situation, either solutions sets or
their neighborhoods can vary in dependence of parameters.

In the present paper, we want to study an inclusion of the form

f(x) € G(x), (1.1)

where f: Y € E — E'isamap, G: Y € E —o E isa multivalued map (multimap),
and E, E’ are real Banach spaces.

In other words, we have to deal with the coincidence points of the triplet
(f, G Y). We assume that the set Q of the coincidence points of (f, G, Y) is com-
pact, and that f is differentiable on some neighborhood of Q and is nonlinear
Fredholm on Q.
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We suppose also that the multimap G is closed with convex, compact values
and that the triplet (f, G, Y) satisfies some conditions of compact restrictibility
on some neighborhood of Q; in particular, G may be compact or f-condensing
with respect to a certain measure of noncompactness. For the case when G is a
single-valued, completely continuous map, we refer the reader to [2]. For a pair
of this type, a nonoriented index of solutions was defined and studied in [10].
For a single-valued and f-compactly restrictible map G, the nonoriented index
of solutions was defined in [11].

In the case when G is a completely continuous multimap of acyclic type, f is
a nonlinear Fredholm map of zero index, and the domain Y possesses the prop-
erty of orientability of every Fredholm structure on it, the oriented coincidence
index was constructed in [1]. Note that the situation considered in the present
paper is essentially different since the orientability of Fredholm structures on
arbitrary neighborhoods of the coincidence points set cannot be guaranteed in
advance. We point out that for the case when f is a linear Fredholm operator,
some topological characteristics of the couple ( f, G) were studied in [3, 6, 8].

In the present paper we first define a relative coincidence index with respect
to a convex, closed set K for triplets (f,g, U)x and (f, G, U)x where g and G are,
respectively, single-valued and multivalued compact perturbations of a nonlin-
ear Fredholm map f, and U is an open neighborhood of Q.

Using these results as a base, we define a nonoriented coincidence index
Ind(f, G, U) for a triplet which is fundamentally restrictible on certain neigh-
borhood of Q. We pay special attention to the important particular cases when
(f,G,U) form a condensing or locally condensing triplet. We also describe the
main properties of the constructed topological characteristic. As an applica-
tion we consider an optimal controllability problem for a system governed by
a second-order integro-differential equation.

2. Preliminaries

In the sequel E, E’ denote real Banach spaces. Everywhere by Y we denote an
open set: U C E (case (i)) or U, C E X [0, 1] (case (ii)). We recall some notions.

Definition 2.1. A C'-map f :Y — E’ is Fredholm of indexn>0onasetSc Y
(f € @,CH(9)) if for every x € S the Frechet derivative f'(x) is a linear Fredholm
map of index #, that is, dimKer ' (x) < +c0, dim Coker f'(x) < +o0 and

dimker f'(x) — dim Coker f' (x) = n. (2.1)

For simplicity we will denote maps and their restrictions by the same symbols.

Definition 2.2. Amap f:Y — E' is proper ona closed set SC Y, if f"1(K) N Sis
compact for each compact set K C E'.

Definition 2.3. Amap f:Y — E is locally proper on S € Y if each point x € §
has an open neighborhood V' = V(x) C Y such that the restriction fy is proper.
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Definition 2.4. The maps f,g: Y — E’ and the set Y form an s-admissible triplet
(f.g Y), if the following conditions are satisfied:
(h1) f is a proper, ®,C! map, where n > 0 (case (i)) and n > 0 (case (ii));
(h2) g isa continuous, compact map, that s, g(Y) is a relatively compact subset
of E';
(h3) Coin(f,g) N dY = @, where Coin(f,g) = {x € Y : f(x) = g(x)} is the co-
incidence points set.

As a base of our construction, we use the coincidence index of s-admissible
pair Ind(f,g, U) defined as an element of the Rohlin-Thom ring of bordisms
which has the following main properties (see [9, 10]).

ProPOSITION 2.5 (the coincidence point property). If Ind(f,g, U) # 0, the zero
element of the ring of bordisms, then Coin(f,g) # .

ProprosITION 2.6 (the homotopy invariance property). If ( fi, g+ Uy) is an s-ad-
missible triplet (Ux C E X [0,1]), then

Ind (f*(’o)’g*()o))Ui*o) =Ind (f*() 1)»&’*(: 1) - TM)’ (22)
where Uy, = Us N (EX {i}),i=0,1.

ProrosiTION 2.7 (additive dependence on the domain property). Let Uy and U,
be disjoint open subsets of an open set U < E, and let (f,g, U) be an s-admissible
triplet such that

Coin(f,g) N (T\(Uy U U1)) = @. (2.3)
Then
Ind(f,g,U) =Ind(f,g Uy) +Ind (£, g Uy). (2.4)

We recall some notions for multivalued maps (cf. [5]). Denote by Kv(E’) the
collection of all compact, convex subsets of E'.
Let S < Y be a closed subset.

Definition 2.8. A multivalued map (multimap) G: S — Kv(E’) is
(a) closed if its graph I' is a closed subset of S X E’;
(b) upper semicontinuous (USC) if G"'(V) = {x € S: G(x) C V} is an open
subset of S for every open set V C E'.
Definition 2.9. A continuous map g : S — E’ (e > 0) is called an e-approximation
of the multimap G: S — Kv(E') if
(a) the graph Ty, is contained in the e-neighborhood W, (T¢) of the graph
of Gy
(b) g:(S) € coG(S).

The following statements are well known (cf. [5]).
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ProrosritioN 2.10. If a multimap G:S — Kv(E') is closed and compact, that is,
G(S) is relatively compact in E', then G is USC.

ProrosITION 2.11. Every USC multimap G : S — Kv(E") admits an e-approxima-
tion g : S — E’ for every e > 0.

3. Relative coincidence index

3.1. Single-valued perturbation. Let K C E’ be a closed, convex set.

Definition 3.1. The maps f:Y — E’, g: f1(K) — K form a Ks-admissible
triplet (f,g, Y)x if conditions (h1), (h3) of Definition 2.4 hold together with
the following condition:

(h2k;) g is a continuous compact map.

Our aim is to define a relative coincidence index Ind( f, g, U)k. To this aim we
consider first the trivial case

fUK)=2. (3.1)
We set, by definition
Ind(f,g,U)x =0, (3.2)

the zero element of the Rohlin-Thom ring of bordisms.
Now let f~1(K) # @. Let ¢ : U — K be an arbitrary extension of g such that
$(U) is a relatively compact subset of K. Then

Ind(f,g,U)y :=Ind(f.4,U), (3.3)
the coincidence index of the s-admissible triplet (f,$, U).
LemMa 3.2. The definition of Ind( f, g, U)x is consistent.

Proof. (a) To verify that (f,¢, U) is an s-admissible triplet it is sufficient to be
sure that

Coin (f,4) NoU = @. (3.4)
In fact, let x € Coin( f,§), then
fx)=¢x) €K, (3.5)

hence x € f1(K) and ¢(x) = g(x), so x € Coin(f,g) and x ¢ JU.

(b) The index does not depend on the choice of the extension g. In fact, let
$0.61: U — K be two extensions of g.

Consider the map g : Ux[0,1] - E,

gx(xA) = (1= )go(x) + A1 (x). (3.6)
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Suppose that
J(x) =g« (x1) (3.7)
for some (x,1) € U x [0,1]. Then f(x) € K and x € f~!(K), hence
So(x) =41 (x) =g(x), x e Coin(f,g). (3.8)
Therefore x ¢ 0U. By the homotopy property (Proposition 2.6)

Ind (f,4, U) = Ind (f,¢1, 0). (3.9)

We now describe the main properties of the defined characteristic.

ProposiTioN 3.3 (the coincidence point property). Let (f,g, U)x be a Ks-ad-
missible triplet. If Ind(f,g, U)k # 0, then Coin(f,g) # @.

Proof. Let ¢ : U — K be any extension of g. Then Ind(f,4,U) # 0 and by
Proposition 2.5 Coin( f,§) # @. As we have seen earlier, Coin( f,¢) = Coin(f,g).
(]

To formulate the topological invariance property of the relative coincidence
index, it is convenient to give the following definition.

Definition 3.4. Two Ks-admissible triplets ( fy, go, Uy)k and ( fu8 U, )k are said
to be homotopic

(fo, 80, Uo) k ~ (1,81, Ut g (3.10)

if there exists a Ks-admissible triplet ( fi, g, Ux)x, where Uy C E x [0,1] is an
open set, such that U; = Ux N (E X {i}), fi = fu(-,1), g = g« (1), i=0, L.

ProrosITION 3.5 (the homotopy invariance property). If
(fo: 80 Uo) e~ (f1-81, U)o (3.11)
then
Ind ( fo, go, UO)K =Ind (fi,g1, U1)K. (3.12)

Proof. 1f we take any extension g : Uy — K of g+ such that g, ( Uy ) is a relatively
compact subset of K, then by Proposition 2.6

Ind (f*()o)’g*(’ 0)) UO) =1Ind (f*() 1);£’*(; 1)) Ul)) (313)

which gives the desired equality. O

In the sequel we will need the following two properties of the relative coinci-
dence index.
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Let Up, U; be disjoint open subsets of an open set U < E and (f,g,U)x a
Ks-admissible triplet such that

Coin(f,) n (U\(Uyu 1))) = @. (3.14)

It is clear that (f,g, Uy)k, (f,g U1)k are Ks-admissible triplets.

ProrosiTioN 3.6 (additive dependence on the domain property).

Ind(f,g,U)x =Ind(f.g Uo)g +Ind(f.g Un). (3.15)

This property follows immediately from Proposition 2.7.

ProrosITION 3.7 (the map restriction property). Let K; be a closed convex subset
of E', Ky CK, and (f,g, U)x a Ks-admissible triplet such that g(f~'(K)) < K.
Then (f,g, U)x, is a Kis-admissible triplet and

Ind(f,g,U)g, =Ind(f.g U)g. (3.16)

Proof. The first sentence of the statement is evident. Let ¢ : U — K be any ex-
tension of g from f~!(K) such that ¢(U) < cog(f'(K)) < Kj,and ¢, : U — K;
any extension of g from f~!(K;) such that ¢,(U) < cog(f~'(Ky)). It is easy to
see that the map g, : U X [0,1] = E’, g« (x,A) = (1 — 1)§(x) + A1 (x) gives the
homotopy connection of s-admissible triplets (f,¢, U) and (f,¢1, U), hence by
Proposition 2.6,

Ind(£,4,U) =Ind (£, 6, 0). (3.17)
O

3.2. Multivalued perturbation. Let K, Y, and f: Y — E’ be as in the previous
section, G: f~1(K) — Kv(E') a multimap.

Definition 3.8. The maps f, G, and the set Y form a Km-admissible triplet
(f,G, Y)k if f satisfies condition (h1) of Definition 2.4 and the following as-
sumptions hold:

(h2km) Gisaclosed, compact multimap to K, thatis, G(f ! (K)) is a relatively
compact subset of K;

(h3km) Coin(f,G) N Y = @, where Coin(f,G) = {x € Y : f(x) € G(x)} is
the coincidence points set.

To define the relative coincidence index Ind( f, G, U)k again we consider first
the case f~!1(K) = @. In this situation, as before, we set by definition

Ind (f,G,U) =0. (3.18)

To consider the case f~1(K) # @, we introduce the following notions.
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Definition 3.9. Two Km-admissible triplets ( fo, Go, Up)x and (f1, Gi, U)x are
homotopic,

(fO’ Go, UO)K~ (fl»Gb Ul)K (3.19)

if there exists a Km-admissible triplet ( fi, G«, Us)x where Uy C E x [0,1] is an
open set, such that U; = Uy N (E X {i}), fi = fu(+,1), Gi = G4 (-,i),i=0,1.

Definition 3.10. A Ks-admissible triplet ( fo, g, Up)x is said to be a single-valued
homotopic approximation of a Km-admissible triplet ( f, G, U) if

(f0.8 Uo)x ~ (f,GU). (3.20)

To prove the existence of a single-valued homotopic approximation and to
study its properties, consider any Km-admissible triplet (f,G, Y ).

Let g : f~1(K) — K be any e-approximation of G, & >0 (see Proposition
2.11). Consider the multimap @, : f~!(K) x [0,1] — Kv(E") given by

Qe (x, 4, 1) = (1= p)G(x,A) + pge(x, 1) (3.21)
and denote by Coin( f, ®,) the set
Coin (f,®@;) = {(x,l,u) € f HK) x[0,1]: f(x, 1) € De(x, A, )} (3.22)

[t is easy to see that, by construction, ®.(f~!(K) X [0, 1]) is a relatively compact
subset of K.

ProrosITION 3.11. For ¢ > 0 small enough, Coin( f,®.) N (dY x [0,1]) = @.

Proof. Suppose the contrary. Then, there exist sequences

&, — 0; (% Ans pin) € Y X [0,1]; (3.23)
with
(X An) € UKD, (3.24)
such that
[ (xnAn) € e, (X0, Ay phn)- (3.25)
It means that
f (s An) = (1= hn) 2o + phnge, (X An), (3.26)

where z,, € G(x.,A,).
From (h2g,,) it follows that we can assume, without loss of generality, that
Zn — 20 € K.
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By construction, for every n we have
@, (X, Ay i) C C0G(f 1 (K)), (3.27)

where C0G(f1(K)) is a compact set and, since f is proper, we can assume, with-
out loss of generality, that (x,,A,) — (x0,A0) € f~1(K) N dY. From the closed-
ness of G we obtain that zy € G(x, o).

We can also assume that y,, converges to yo. As f is a continuous map, we get

that f(xuAn) = f(x0,A0).
Further, by definition of e-approximation we have

{gsn (xn:/ln)};ozl C E(;(](71([<))) (3.28)

hence we can assume, without loss of generality, that g, (x4, A,) — yo € K.
Passing the limit in (3.26), we have

£ (x0,A0) = (1= po) zo + o yo. (3.29)

By definition of e-approximation,

[ (nsAn)s ge, (X An) | € W, (T), (3.30)
therefore
[ (x0,40), y0] € Tg, (3.31)
that is, yo € G(x0,A0).
From (3.29) we get
f (x0,A0) € G(x0,A0) (3.32)
contrary to condition (h3,). O

COROLLARY 3.12. Every Km-admissible triplet (f, G, U)x has a single-valued ho-
motopic approximation.

Proof. From Proposition 3.11, we see that we can take the triplet (f,g, U)x,
where g, is an e-approximation of G and ¢ > 0 is small enough, as a single-valued
homotopic approximation. (]

We can now justify the following definition.

Definition 3.13. Relative coincidence index Ind(f,G, U)x of a Km-admissible
triplet ( f, G, U)k is the relative coincidence index Ind( fy, g, Up)x of an arbitrary
single-valued homotopic approximation ( fo, g, Up)k of (f, G, U)k.

This notion is well defined. In fact, we can prove the following statement.
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ProposITION 3.14. Let ( fo, 0, Uo)x and (f1,g1, U1k be two single-valued homo-
topic approximations of the Km-admissible triplet (f, G, U)x. Then,

(fO)gO) UO)K ~ (fl;gl) UI)K) (333)
where the homotopy is in the class of Ks-admissible triplets. Hence,
Ind ( fo, g0, Uo) x = Ind (f1, 81, Un) . (3.34)

Proof. From the definition it follows that there exists a Km-admissible triplet
(f«> G, Us )k where Uy C E X [0,1] isan open set such that U; = Uy N (E X {i}),
ﬁ = f*()l)>gl = G*()l)) i= 0) 1.
From Proposition 3.11, there exists a USC multimap @ : f,1(K) x [0,1] —

Kv(K) with the following properties:

(a) (D() )O) = G*)

(b) @(+,-,1) = ¢(+, -) is single-valued;

(C) (D(x)/l)[/l) = (1 - H)G* (x)/l) +!4§0(x>/1)a

(d) @ is compact;

(e) Coin( fi, @) N (AU« x [0,1]) = @.
The single-valued map ho : (Up N f;1(K)) x [0,1] — K, given by ho(x,u) =
®(x,0,u) defines the homotopy

(f0.80- Uo)  ~ (fo, 9(+,0), Up) - (3.35)
Furthermore, we can consider the obvious homotopy
(fo9(0), Oo) g ~ (fo9(- 1), Un) s (3.36)

and, at last, the single-valued map h; : (U n f;1(K)) x [0,1] — K, defined by
hi(x,v) = ®(x, 1,1 —v), implies the homotopy

(frooC 1, U~ (1,80 U1 o (3.37)

so we have
(for 80, Uo) c ~ (fi.g1 D)k (3.38)
and we can apply Proposition 3.5. O

As a direct consequence of the definition, we obtain the following property
on the homotopy invariance of the relative coincidence index.

Prorosition 3.15. If
(fo» Go» Uo) g ~ (f1, G, Up) g (3.39)
then

Ind ( fo, Go, Uo) ¢ = Ind (f1, G1, Un) g (3.40)
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We can now formulate the following coincidence point principle.

ProposITION 3.16. Let (f, G, U)k be a Km-admissible triplet. If Ind(f, G, U)x #0
then Coin(f, G) # @.

Proof. In fact, suppose the contrary, repeating the same arguments used in the
proof of Proposition 3.11, we can find a single-valued homotopy approximation
(f,g U)k such that Coin(f,g) = @ and hence, by Proposition 3.3, we have that
Ind(f,g,U) =0. O

The use of single-valued approximations in the definition of the index allows
the following analogs of Propositions 3.6 and 3.7.

ProposiTiON 3.17. Let (f, G, U)k be Km-admissible, and Uy, U C E be disjoint
open sets such that Coin(f, G) N (U\(Up U U,)) = @. Then,

Ind(f,G U)g =Ind(f,G Up) g +Ind (f, G U1)g- (3.41)

ProPOSITION 3.18. Let K; be a closed, convex subset of E', Ky C K and (f,G, U)k
Km-admissible such that G(f~'(K)) € K;. Then (f,G,U)k, is Kym-admissible
and

Ind (f,G,U) g, =Ind (f,G,0),. (3.42)

4. Coincidence index for noncompact triplets

4.1. Coincidence index for fundamentally restrictible triplets. Let f:S< Y —
E' beaC'-map, G:Sc Y — Kv(E') a closed multimap.

Definition 4.1. A convex, closed subset T' C E’ is said to be fundamental for
(£,G.S) if
(1) G(f Y1) e T;
(ii) for any point x € S, the inclusion f(x) € co(G(x) U T) implies that f(x)
eT.

It is easy to verify that this notion has the following properties (cf. [5]).

ProposiTiON 4.2. (a) The set Coin(f, G) is included in f~'(T) for each funda-
mental set of (f,G,S).

(b) Let T be a fundamental set of (f,G,S). The set T = coG(f~'(T)) is funda-
mental.

(c) Let {Ty} be a system of fundamental sets of (f,G,S). The set T = Ny Ty is
also fundamental.

The entire space E’ and c0G(S) are natural examples of fundamental sets of

(/. GS).



Valeri Obukhovskii et al. 305

Definition 4.3. A triplet (£, G, S) is called fundamentally restrictible if there exists
a fundamental set T such that the restriction Gjs-i(r) is compact. Such funda-
mental set is called supporting.

Definition 4.4. A triplet (f,G,Y) is said to be 7-admissible if the following con-
ditions are satisfied:

(H;) the set Q = Coin(f, G) is compact;

(H,) the map f is @,C! on the set Q (n > 0 in case (i) and n > 0 in case (ii));

(H3) there exists an open neighborhood V of Q, V € Y such that (f,G V) is
fundamentally restrictible.

Our goal is the definition of a coincidence index, Ind( f, G, U) for a 7-admis-
sible triplet (f, G, U).

First of all we consider the case when the set Q is empty. In this case we set by
definition the index Ind( f, G, U) as the zero element of the Rolin-Thom ring of
nonoriented bordisms.

Suppose now that Q # &. We can assume, without loss of generality, that the
restriction f|y is a @,C'-map. In fact, the set @, (E, E") of linear Fredholm maps
isopenin L(E, E") and the map x — f’(x) is continuous, hence every point x € Q
has a neighborhood V(x) such that V(x) C V and f'(v) € ®,(E,E’) forall v €
V(x). Selecting a finite subcover {V (x}),..., V(xy)} from the cover {V(x)}eq
of Q, we can substitute V with the smaller neighborhood V' = UZ, V (x;).

Furthermore, since every @, C'-map is locally proper (see [7]) and Q is com-
pact, we can also assume, without loss of generality, that the restriction fy is
proper. Now, if T is any supporting fundamental set of the triplet (f,g, V), we
see that (f, G, V)1 is a Tm-admissible triplet in the sense of Definition 3.8. We
can now give the following definition of coincidence index.

Definition 4.5. Let (f, G, U) be 7-admissible with Q # &. Then,
Ind(f,GU):=Ind(f,G V), (4.1)

where T is any supporting fundamental set of (f,G, V).

LEmMMA 4.6. Definition 4.5 is consistent, that is, the coincidence index does not de-
pend on the choice of the supporting fundamental set T and the neighborhood V
with the above mentioned properties.

Proof. (a) Let Ty and T; be two supporting fundamental sets of (f, G, V). Then,
the intersection T = Ty N T is a supporting fundamental set of (f,G, V) (see
Proposition 4.2(c)). We prove that

Ind(f,G, V), =Ind(£,G V), i=01 (4.2)

Consider the retraction p: E' — T and the USC multimap G:V — Kv(E),
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defined as G(x) = co(p o G)(x). It is easy to verify that ( f, G, V)1, forms a Tom-
admissible triplet. Moreover,

;G Vg~ (fGV)y, (4.3)

In fact, define fy : V X [0,1] — E’ by fi(x,A) = f(x) for all (x,1) € V x [0,1]
and Gy : V x[0,1] = Kv(E') as G4 (x,1) = (1 = V) G(x) + AG(x). It is clear that
the restriction Gy 71 (g,) is compact.

Now, let fi(x0,10) € Gy (x0,40) for some (x0,40) € fi 1(To) N (AV x [0,1]).
It means that

fx (x0,40) = f(x0) € (1= 20)G(x0) + 4G (x0) € T0(G(x0) U T), (4.4)
hence f(x) € T, G(xo) = G(xp), and f(x0) € G(xp) giving a contradiction. Then,
the property (h3k,,) of Definition 3.8 holds, and from the homotopy property
of the relative index (see Proposition 3.15) we have

Ind(f,GV)y, =Ind(£,G V), (4.5)
Applying the map restriction property (Proposition 3.18), we see that

Ind(f,G, V), =Ind(f,G, V). (4.6)

Since G|f-1(1) = G|f-1(1) we have, by definition,

Ind(f,G, V), =Ind(f,G V), (4.7)
and therefore

Ind(f,G V), =Ind(f,G V). (4.8)
The equality

Ind(f,G V), =Ind(f,G V) (4.9)

follows in the same way.
(b) Let Vi, Vi be two open neighborhoods of Q with the necessary properties.
We can assume without loss of generality that Vi, C V;. Then the equality

Ind (f,G Vo) =Ind (f,G V1), (4.10)

is the consequence of the additive dependence on the domain and coincidence
point properties (Propositions 3.16 and 3.17). O

The next two properties of the characteristics play a key role in the applica-
tions. They follow from Propositions 3.15 and 3.16.
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ProrosiTioN 4.7 (topological invariance). Let ( fx, G, Ux) be T-admissible, U, C
E % [0, 1] an open set. Then,

Ind(ﬂ),Go, U()) =Ind(f1,G1, Ul), (4.11)

where U; = Usx N (Ex {i}); fi= fu(,i); Gi = G« (+,0);i=0,1.

ProposITION 4.8 (coincidence point property). Let (f, G, U) be t-admissible. If
Ind(f, G, U) # 0, then Coin(f,G) # @.

4.2. Coincidence index for condensing triplets. We consider now some impor-
tant examples of 7-admissible triplets.

The first one is rather simple. Suppose that (f,G,Y) satisfies assumptions
(Hy1), (Hz) of Definition 4.4 and the following one:

(H3") there exists an open neighborhood V of Q such that V. C Y and Gy is
compact.

It is clear that in such a situation we can consider E’ as a supporting funda-
mental set of (f,G,Y), hence (f,G,Y) is T-admissible.

To deal with more consistent examples, we recall some notions (cf. [5]). De-
note by P(E’) the collection of all nonempty subsets of E'.

Definition 4.9. A function f3: P(E") — [0,+o0] is called a (real) measure of non-
compactness (MNC) in E" if

B(c0Q) = B(Q) (4.12)

for every Q) € P(E’), and 3(Q) < +oo for each bounded set ) € P(E").
A MNC f is called:
(i) monotone if Qg, Q) € P(E’), Qy < Q; implies that f(Qp) < B());
(ii) nonsingular if f({a} U Q) = (Q) for everya € E',Q € P(E');
(iii) semiadditive if B(Qo U Q) =max{B(Q), f(21)} for every Qy, O € P(E');
(iv) algebraically semiadditive if 5(Qo + Q1) < S(Qo) + 5(Q4) for every Q,
Q€ P(E");
(v) regular if (Q) = 0 is equivalent to the relative compactness of Q.

Among the known examples of MNC satisfying all the above properties:
The Hausdorff MNC

x(Q) = inf {& >0: Q has a finite e-net}. (4.13)
The Kuratowskii MNC

a(Q)=inf{d >0:Q has a finite partition with sets of diameter less than d}.
(4.14)
Let M < Y be a bounded set; f : M — E’ amap; G: M — Kv(E’) a multimap;
BaMNCinE'.
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Definition 4.10. A triplet (f, G, M) is said to be f3-condensing if, for every Q < M
such that G(Q) is not relatively compact, we have

B(G() < B(f (). (4.15)

We now introduce the following important class of 3-condensing triplets.

Definition 4.11. A triplet (f, G, M) is said to be (k, 3)-condensing (0 < k < 1) if

B(G(Q)) <kB(f(Q)) (4.16)

for each Q = M.

We can now give new sufficient conditions under which (f,G Y) is 7-ad-
missible.

TaeorEM 4.12. Let (f, G, Y) satisfy conditions (H,), (H,) of Definition 4.4 and
the following:

(Hs"") there exists an open bounded neighborhood V 2 Y of Q such that (f,G, V)
is -condensing with respect to a monotone MNC 5 in E'.

Then (f,G,Y) is T-admissible.

Proof. Let {T,} be the collection of all fundamental sets of (f, G, V). Consider
the set T = Ny Ty. From Proposition 4.2(b), (c) it follows that T is the funda-
mental set satisfying

T =coG(f1(T)). (4.17)

Then we have
Bf(fH(D))) = B(T) = B(G(fH(]))). (4.18)
Hence G(f~(T)) is relatively compact. O

The condensivity condition may take only a local form.

Definition 4.13. A triplet (£, G,S), S € Y issaid to be locally B-condensing if every
point x € S has a bounded open neighborhood V' (x) such that (f,G, V(x)) is
B-condensing.

The notion of locally (k, )-condensing triplet is defined analogously.
We can now formulate the following statement.

THEOREM 4.14. Let (f, G Y) satisfy conditions (H,), (H,) of Definition 4.4 and
the following one:

(Hs""") the triplet ( f, G, Q) is locally 3-condensing, where f3 is a monotone, semi-
additive, and regular MNC in E'.

Then (f,G,Y) is T-admissible.
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Proof. We prove that condition (Hs""") implies condition (H3""). Choose a finite
subcover {V(x;)}12; of Q from a cover {V(x)}rcq. Then V = U, V(x;) is the
cover of condition (Hs""). In fact, let QO C V be such that G(Q) is not relatively
compact. Let Q; = QN V(xi),i=1,...,m, then

B(G(Q)) = max B(G()) =P(G(Qy,)) #0. (4.19)

1<i<m

Further, the condition of local condensivity implies that

B(G(Q,)) <B(f(Q4)) (4.20)
and, from the monotonicity of B we have

B(f(©4)) < B(f(). (4.21)
So, finally

B(G() < B(f (). (4-22D)

So,if Y = U C E (case (i), and (f, G, U) satisfies conditions (H;), (H,) and
either (Hs"), (Hs""), or (Hs""), then (f, G, U) is T-admissible and the coincidence
index Ind(f, G, U) is well defined and satisfies all the properties described in
Section 4.1.

We now select the property of topological invariance which we will use in
applications.

THEOREM 4.15. Let Uy C E X [0,1] be an open set; fi : Uy — E a C' map; Gy :
Uyx — Kv(E') a closed multimap satisfying conditions (H,), (H»), and (H3"").
Then

Ind ( fo, Go, Up) = Ind (f1, G, Un), (4.23)

where U; = Uy N (E X {i}); fi= fu(+,1); Gi = Gx(-,i);i=0, 1.

It may be convenient for applications to formulate the condensivity and local
condensivity conditions in terms of Fréchet derivative f'.

We start from the following notion. Let f : Y — E’ be any map, G: Y —
Kv(E") a multimap; f a MNCin E'.

Definition 4.16. A triplet (f,G,Y) is said to be (k, 8)-bounded at the pointx € Y,
k = 0, if for every € > 0 there exists a ball Bs(x) C Y such that

B(G(Q)) = (k+e)B(f(Q)) (4.24)

for each Q C Bs(x).
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We recall that a linear operator A is said to be a @, -operator if Im A is closed
and ker A is finite dimensional. It is clear that every linear Fredholm operator is
a O, -operator.

Denote by ag, ap the Kuratowski MNC in spaces E and E’, respectively.

LEMMA 4.17 (see [4]). Let A: E — E' be a O-operator. Then the number
Cu(A) =sup{c:ap (A(Q)) = cag(Q), for all bounded Q) C E} (4.25)

is finite and different from zero.

THEOREM 4.18. Let V = V(x) be an open neighborhood of x € E; f: V — E’
a C'-map such that f'(x) is a ®,-operator and G:V — Kv(E) a multimap. If
(f'(x),G, V) is (k,ap )-bounded at x, then (f, G, V) is also (k, ag )-bounded at x.

Proof. For each Q C V —x, we have
Fx)(Q) s flx+Q) — f(x) —w(xQ), (4.26)
where w is the residual term in the representation
flx+h)=f(x)+ f (x)h+w(x h). (4.27)
By [11, Lemma 2.3], for every ¢, 0 < € < 1 there exists a ball B;5(0) such that
ap (w(x, Q) <eap (f'(x)(Q)), VQcC Bs(0). (4.28)
Without loss of generality, we can also suppose that
ap (G(x+Q)) < (k+e&)ap (f(x)(Q)), VQcCBs(0). (4.29)
Then, from (4.26) we have, for all ) C Bs(0),
ap (f'(x)(Q) <ap (f(x+Q) - f(x) - Q))

< ap (fx+ Q) +ea (f <x><m>. (430
So
ap (f (0)(Q) < (1-&) ap (f(x+Q)) (4.31)
and therefore
ap (Gx+Q)) < (1— ) (k+e)ap (fx+Q)). (4.32)
Since ¢ is arbitrary, we also have
ap (Gx+Q)) < (k+e)ap (f(x+Q)), (4.33)

proving the theorem. O
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CoroLLARY 4.19. Let (f, G, Y) satisfy conditions (H,), (H,) of Definition 4.4 and
suppose that (f'(x), G, Y) are (k(x), ag )-bounded at every point x € Q, where 0 <
k(x) < 1. Then (f,G,Y) satisfies (Hs'"") of Theorem 4.14 with 5 = ag, and hence
is T-admissible.

Proof. From Theorem 4.18 it follows that (f, G, Y) is (k(x), &g )-bounded at ev-
ery point x € Q. Since k(x) < 1 it means that (f, G, Q) is locally ag -condensing.
a

Definition 4.20 (cf. [5, Definition 2.2.9]). A multimap G:Y — Kv(E’) is said
to be locally (k(x), ag, ap)-bounded on S < Y if for each x € S there exists a
bounded open neighborhood V' (x) such that

ap (G(Q)) < k(x)ap(Q), VQC V(x) (4.34)

TaroreM 4.21. Let (f, G, Y) satisfy conditions (H,) and (H,) of Definition 4.4.
Let G be locally (k(x), ag, ap )-bounded on Q, with k(x) < Co(f'(x)) for all x €
Q. Then (f,G,Y) satisfies (Hs'"") of Theorem 4.14 with B = ag and hence is T-
admissible.

Proof. We prove that (f'(x), G, Y) are (ki (x), ag )-bounded at every pointx € Q,
where ki (x) = k(x)C;1(f'(x)) < 1. In fact, let x € Q, then there exists a bounded
open neighborhood V'(x) such that, for every Q € V(x), we have

ap (G(Q)) < k(x)ap(Q) = k(x)C. ' (f(x)) C.H (f (%)) as(Q)

< ki()ag (f'(x)(Q)). (4.35)

The statement now follows from Corollary 4.19. O

5. Application

5.1. An optimal controllability problem. We consider a control system gov-
erned by a second-order integro-differential equation. For simplicity we restrict
ourselves to the one-dimensional model; the generalization to the n-dimensional
case is straightforward.

Denote by C[0, 1] the space of continuous functions x : [0,1] — R endowed
with the usual norm |[|x[lg = max;cqo,17 |x(¢)], and by Ck[0,1], k = 1,2 the space
of k times continuously differentiable functions with norms

lIxll = llxllo + 1%llo, lIxll2 = llxllo + %[l + 1 %[lo, (5.1)

respectively.
We suppose that the dynamic of the control system is the following:

apx™(t) + alxm’l(t) +---tay

t (5.2)
= o(t,x(t), x(2),%(t)) + L v (s, x(s), x(s), X(s), u(s)) ds,
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where x € C?[0,1] describes the state of the control system, and the control u :
[0, 1] — R is a measurable function satisfying the feedback control relation

u(t) € U(L,x(t),x(t),%(t)), te[0,1]. (5.3)
We assume also that a lower semicontinuous cost functional
jo:C?[0,1] — R, (5.4)
is given.
We want to find a control u such that the corresponding solution x4 of (5.2)
and (5.3) satisfies the controllability relation
x(0) = co, x(1) = c1, (5.5)
for given ¢y, ¢; € R, and minimizes jo:

jo () = min jo(x), (5.6)

where T C C?[0, 1] denotes the set of all solutions of (5.2), (5.3), and (5.5).
We now describe the assumptions on the given control problem.
First of all, suppose the following.
(L) The polynomial

Ly=aoy"+a1y™ '+ +an (5.7)

has no multiple roots, its degree m is an odd number, and ay > 0.
Denote by S = {y1,..., 1} the collection of all real roots of the derivative poly-
nomial

L'y=mayy™ "+ - +au_1. (5.8)

We consider constants > > 0 such that the »-neighborhoods W, (S) do not con-
tain the roots of L and consist of disjoint intervals

=+, (= y+ ) (5.9)

so the set R\ W,.(S) is partitioned in closed intervals

D,‘(%) = [yi+%,yl‘+1 — %], 0<i<l (510)
(We set here yg = —c0, yj1 = +00.)
Denote
ki(>)= min |L'(y)|, 0<i<lL (5.11)
yED,‘(%)

We assume that the function ¢: [0,1] X R*> — R satisfies the following hypothe-
ses:
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(¢1) @ is continuous;
(¢2) for some 3¢ >0 there exist numbers k;, 0 < k; < ki(35), i = 0,...,1 such
that

lp(t,v,w, 31) —@(t,v,w, o) | < kil y1 = ol (5.12)

for (t) v, W) € [0) 1] X RZ: Yo, Y1 € Dl(%());
(¢3) for every y € R there exist positive constants 4, b, ¢ such that

lo(t,v,w,y)| <a+blv|™ ! +clw|™ ! (5.13)

for all (t,v,w) € [0,1] x R2.

We suppose that the integrand v : [0, 1] X R* — R satisfies the following con-
ditions:

(y) the function y(-,v,w, y,u) : [0,1] — R is measurable for all (v, w, y,u) €
R%;

() the function w(t, -, +, -, +) : R* — R is continuous for a.a. t € [0, 1];

(y3) there exists a summable function g : [0, 1] X R, such that

ly(t,v,w,y,u)| <u(t), foraa.te[0,1] (5.14)

for all (£,v,w,y) € [0,1] xR*and u € U(t,v,w, y);
(y4) the set w(t,v,w, y, U(t,v,w, y)) is convex for all (t,v,w, y) € [0,1] x R3;

Denote by K(R) the collection of all nonempty compact sets of R. The feed-
back multimap U : [0,1] x R* — K(R) satisfies the following conditions:

(U;) the multifunction U(-,v,w, y) : [0,1] — K(R) is measurable for every
(v,w,y) €R%
(U,) the multifunction U(t, -, -, -) : R? - K(R) is continuous.

Moreover, we assume the following condition:

(Loy) there exists s¢; > 54 such that

ot v, w, )| +J0y(s) ds < |Ly| (5.15)

forall (£,v,w) € [0,1] X R?, y € W, (S).
We are now in position to formulate the main result of this section.

TaEOREM 5.1. Under assumptions (L), (¢1)—(¢3), (y1)—(vs), (Ur), (U,), and
(Loy) there exists a solution (x, ux) of problems (5.2), (5.3), and (5.5).

To arrive to the theorem we need to define some maps, multimaps and to
prove preliminary lemmas.
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From the general properties of multimaps (cf. [5]) it follows that, for every
x € C2?[0, 1], the multifunction

W(x):[0,1] — Kv(R),

W(x)(t) = w(t,x(£), x(t), %(2), U (t, x(¢), x(t), %(1))) (5.16)

is measurable and hence by (y3), integrable, and the multimap IT: C*[0, 1] —
Kv(C[0,1]), defined by

II(x) = {z 1z(t) = rv(s) ds: v(-) is a summabe selection of‘I’(x)(-)}, (5.17)
0

is closed.
Further, consider the continuous superposition map g : C2[0,1] — C[0,1],

g(x)(t) = o(t,x(t), x(1), %(¢)). (5.18)

Denote by 6 the Banach space C[0, 1] x R? with norm ||(x,a,b)|l = l|lx|lo + lal +
|b|. We can define the closed multimap G: C?[0,1] — Kv(6) by

G(x) = {g(x) +II(x), co, €1 }. (5.19)

We define a map f: C*[0,1] — 6 as

fl) ={f(x),x(0),x(1)},  flo)(t) = Li(t). (5.20)

To handle problems (5.2), (5.3), and (5.5), we study the solvability of the inclu-
sion

fx) € Gx), (5.21)

that is, we deal with the coincidence points of the pair (f, G).
Consider the closed sets

Zi(5e) = {x € C*[0,1]: %(t) € D;(5e1), Vt€[0,1]}, i=0,..., (5.22)

and denote Z(3¢)) = Ul_,Zi(521).

LemMa 5.2. Under the assumptions of Theorem 5.1, the set Q of all solutions of the
family of inclusions

f(x) €eAG(x), Ae]0,1] (5.23)

is contained in Z ().

Proof. Ifxy € Qthen f(x9) € 10G(xp) for some A € [0, 1], and if we suppose that
X0 & Z(211), then

¥o(to) € W, (S), for some to € [0,1]. (5.24)
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Then
L (1) = Aot o (1), %(t0), 5(t0)) + Ag Ltv()(s) s, (525)
where v, is a summable selection of ¥(xy).
Therefore,
Lo (0)] = [ (0020000 20 | + [ w9 s (520
contrary to condition (Loy). O

Consider now, the sets
Xi(50) = {x € C*[0,1] : k(t) € D;i(35) YVt € [0,1]}, (5.27)

where Dj(5) = (yi + 220, yis1 — 20), i = 0,..., 1. Note that each X;(5¢) is an open
neighborhood of Z;(s1;) (i = 0,...,1) and, hence, the set X(5¢) = UleXi(%o) is
an open neighborhood of the set Q.

LemMA 5.3 (cf. [11]). The map f is ©®oC' on X(3¢9) and proper on Z(5c).
LEMMA 5.4. The set Q is bounded.

Proof. 1f x € Q then, using boundary conditions (5.5), we have

x(t) = Aco + [/\(cl —cp) J: JOT X(s)dsd‘r] t+ Lt LTX(S) dsdr,

o t (5.28)
() = My — o) — J j #(s) dsdT+J (s) ds.
0Jo 0
Therefore
lixllo <Alco| +A]er —co| +2l1%lo, Ix%llo <Aler —co| +20I%ll0.  (5.29)
So, the boundedness of [|%]|o implies the boundedness of ||x||,.
Further
X € Zi,(5) forsomeip, 0 <ig <l (5.30)

It is clear that it is sufficient to consider the case when Z; (¢;) is unbounded,
that is, when iy is either O or I.
All z € G(x) have the form z = {z(t), co, ¢1}, where

z(t) = o(t,x(1), (1), %(t)) + Itv(s) ds, v(s) € ¥(x)(s), (5.31)
0
hence

|z()| < |@(tx(£),x(2),%(t)) — @(t,x(£),x(2), yo) | + |9 (t,x(2), (), yo) | + po
(5.32)
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for some yg € D, (»21), where g = fol p(s)ds. Since D;, (501) C Dj, (550) and ki, (349) <
ki, (5c1) we can use condition (¢,) to estimate |z(t)|:

|z(t)| <kiy|%(t) — yo| + | @(t, x(2), x(t), y0) | + po

B (5.33)
= kio (kio (%1)) kio(”l) |x(t) —Xo | + |g0(t,x(t),5c(t), )’0) | +,“0-
Using the mean value theorem and condition (¢3), we obtain
|z(t)| <lo|L&(t) — Lyo| +a +blixlIf " +cllxlgt, (5.34)
where Iy = k;, (ki,(50)) "' < 1and a’ = a+ .
Using estimate (5.29), we have
|Z(f) | < l()”LXH() +l() IL)/()| +a
.. m—1 .. m—1 (535)
+b(fco| + e1—col +20%l0)"  +c(|er —co| +21%l0)" -
Supposing, without loss of generality, that [|%]|o > 1, we obtain
|z(t)| < lllLxllo+a” +b"I%l§ " (5.36)

for some positive constants a’’ and b"'.
Therefore, since f(x) € AG(x) for some A € [0, 1] we have the following esti-
mate:

IL&llo < Aol L&llo +Aa”" + Ab" |&||7 ! < Lhl|L&llo+a” + b |17 (5.37)
and hence

(1=Io)IILxllo < a” + " |I%lI5 " (5.38)

Taking into account condition (L), it becomes clear that the estimate (5.38) holds

only if || %o is a priori bounded and then [|x]|, is a priori bounded. O

LeEmMa 5.5. The set Q is compact.

Proof. The continuity of f and the closedness of G imply that Q is closed. Taking
into account Lemma 5.3, it is sufficient to show that the set f(Q) is compact in
. To this aim we demonstrate that the set L(Q) = {Li(-) : x € Q} c C[0,1] is
relatively compact.

It is clear that IL(Q) is bounded since Q is bounded. Take z € IL.(Q). We have

z(t) = Ao (6, x(), x(t), %(1)) +/ljtv(s) ds, (5.39)
0
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for some v(s) € W(x)(s), A € [0,1], and x € Q. Then taking any fy,#; € [0,1], we
obtain

lz(t1) —z(to) | < |@(ti,x(t1), (1), %(t1)) — @ (to, x(t0), %(t0), %(t0)) |

b (5.40)
+ | uls)ds.
to

From Lemma 5.4 it follows, without loss of generality, that we can assume that
the function ¢ is defined on the set [0, 1] X [N, N]?® for some N >0, hence it is
uniformly continuous. From the mean value theorem, it follows that

|X(t1) —X(f0)| SN|t1 — 1

, |x(t1) —x(to) | <N |ty —to]. (5.41)
Then,
|z(t) = z(to) |
< [p(tux(t), x(1),%(t)) — (t, x(t1),%(t1), %(to)) |

+ @ (t,x(t1),%(t1), %(t0)) — @ (to, x(t0), X (t0), %(t0)) | + :lﬂ(s)ds

=L+L+1.
(5.42)

Using Lemma 5.2 and condition (¢,) we can estimate
I <ki| () - &(to) | (5.43)

forsomei,0 <i<|I.
Taking into account the uniform continuity of ¢ and estimate (5.41), given
>0, we can find § > 0 such that

L+L<e if |t —ty] <. (5.44)
On the other hand, since x € Q, the function z(-) can be represented as
z(t) = Lx(t), (5.45)
and applying the mean value theorem, we obtain
lz(t) —2(to) | = ki(5a) |2(t1) — %(t0) |, (5.46)
therefore
(ki(sa1) — ki) [(t) =% (to) | <& |2(t) —%(t) | <e(ki(sa) —k) ™ (5.47)
if [t; — to| < &. Finally,

l2(t) —z(to) | < eki(ki(sa) — ki) " +e¢ (5.48)
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if [f; — ty| < &. It follows that the set IL(Q) is equicontinuous and hence relatively
compact. ]

We want to prove now that the multimap G is locally (ky (), ac2, ac)-bounded
on Q with ky(y) < Cu(f'(x)) for every x € Q. In order to get this result we need
first to demonstrate the following statement.

LEMMA 5.6. The restrictions of G on each set Xi(5¢), i =0,...,1 are (ki, ac2, ac)-
Bounded.

Proof. Let Q) C X;(»1) be abounded set and a2 (Q) = dy. It means that for every
€ > 0 there exists a partition

Q = UT:IQ]‘) (549)

such that diame: (Q;) <dp+eforall j=1,...,m.

We would like to estimate ac(G(€)). Since the set IT(Q) is relatively compact,
the problem is reduced to the estimation of ac(g(Q)).

Let ||x]l, < N’ for all x € Q. The function ¢ is uniformly continuous on the
set [0,1] X [-N",N"12 x (D;i(3%) N [-N’,N’]), therefore we can find § > 0 such
that

| (t1, v, w1, y1) — @ (to, vo, wo, yo) | <€ (5.50)

if (t;,v;, Wi,y,‘) € [0,1] x [—I\],,I\],]2 X (Di(%()) N[-N',N'],i=0,1,|t; —ty| < &,
[ty —vol <6, lwi —wol <6, [y1 — yol < 0.

By the Ascoli-Arzela theorem, the embedding C?[0, 1] = C'[0, 1] is completely
continuous. It means that we can assume, without loss of generality, that the sets
Q) are selected so that

diame (Qj) <6 Vj=1,...,m. (5.51)
Estimate diamc(g(Q;)). If xo, x1; € Q;, then
llg(x1) —g(x0)|]o = tma)f] | (£, x1(2), %1 (£), %1 (1)) — (8, x0(1), %0 (2), %o (1)) |

[0,
< max |@(t,x1(8), %1 (£), %1 (£)) — @ (8, x1(£), %1 (£), %o (2)) |

te(0,1]
+ max | @ (£, 21 (£), 1 (8), %0 (£)) — @ (£ x0(), X0 (8), %o (1)) |
=i+
(5.52)
Applying condition (¢,) we obtain
Ji < ki max | % (1) —%o(t) | = kil|%1 — %ol|,
re(o1] (5.53)

< kil|x1 = xol|, < ki(do +¢).
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By definition of § we have ], < e. Therefore

diam¢ (g(Q])) <ki(d0+8) +é (5.54)

and hence
ac (g(Q)) < kidy = k,‘(Xcz(Q). (5.55)
(|

Lemma 5.7. For every x € Xi(s),
Co(f'(x)) = ki(50). (5.56)

Proof. For any bounded Q C C?[0, 1] estimate occ(f’(x)(Q)), where f(x)(t) =
L5x(t). Take any finite partition 0 = U7, Q;. Using again the compactness of the
embedding C?[0,1] — C'[0,1], we can assume without loss of generality that
diamc1(Q;) < é forall j = 1,...,m, where § is any prescribed number. Estimate
diamc( f (x i)). If ho, hy € Q; then

max | F ()hi(t) = f (x)ho(t) |
= max | L' (%(t)) i (t) — L(%(£)) ho(t) |

te(0,1]
max | L'5(t) ||y — holly = ki(30) ||y = holly  (5.57)

1F" ki = F (0holl

= ki (o20) 111 = holl, 11 = holl, )
> ki (o) ([ = oI, - 0).

Since § is arbitrary, we obtain that
diamc (f'(x)(Q;))) = ki(54) diamc: (Q;) (5.58)
and hence
ac(f'(x)(Q)) = ki(30) ac2 (Q). (5.59)
Since Q) is bounded we have
a (f'(x)(Q)) = ki(500) a2 (Q), (5.60)
and by definition of C,(f'(x)) we obtain

Co(f' (%)) = ki(55). (5.61)
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Proof of Theorem 5.1. Define the following maps:

fr: X (50) X [0,1] — € by fu(x,A) = f(x);

(5.62)
Gy : X (50) X [0,1] — Kv(€) by Gx(x,A) = AG(x).

From Lemmas 5.2, 5.3, 5.4, 5.5, 5.6, and 5.7 it follows that (fi, G, X (54) X
[0, 1]) satisfies the conditions of Theorem 4.21, hence it is 7-admissible. Apply-
ing the homotopy invariance principle (Theorem 4.15) we obtain

Ind (f,G, X (5)) = Ind (f,0,X (00)). (5.63)

To evaluate Ind(f,0,X(55)) consider f~1(0). This set consists of all functions
x € Z(s11) such that x(0) = x(1) = 0 and Lx(¢) = 0. Hence each % is constant
equal to a root of L and the corresponding function x is a regular value of f. Tak-
ing into account condition (L), we conclude that the number of such functions
is odd and hence Ind(f,0,X(55)) = 1 (see [10]). Now applying Proposition 4.8,
we conclude that the set £ = Coin( f, G) is nonempty and compact. Let xy € X
be the minimizer of jj:

jo(xx) = min j(x). (5.64)

x€eX

The existence of the corresponding control function u,. follows from Filippov
implicit function lemma (cf. [5, Theorem 1.3.3]). O

5.2. Example. Consider the optimal control problem described by the relations

[£(H)]° = 3&(t) = sin (|x(t)| - %t) - cos (x(D)%(£))

2 (. . .
*on L sin [x(s) - #(s)] arctan [%(s) - u(s)] ds, (5.65)
u(t) € [—x(e " x(t)e ],  x(0)=co;  x(1)=cy,

1
jolx) = L (I1x@IP + 1) + [[%(5)][2) ds — min.

Here Ly = y*> =3y, L'(y) =3y> -3, y1 = —1, y = 1 and we can take 5 =
1/2. Then

(A

It is easy to see that

[Ly| > g for y € W, (S). (5.67)
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Furthermore,

. i1 2 ('n 10
- = . +— | =ds<—, .
sm(lyl 2t> cos(v w)‘ oy Ozds 5 (5.68)

hence, condition (Ley) is fulfilled. A direct evaluation gives

Do) = (—w=3 | DG =|-3.3]  Dala)=[F),

2 2°2 2’
15 9 15
ko(%l) = Z’ k1(%1) = Z’ kz(%l) = Z
(5.69)
Choose now 25 < 3¢ so that k() =2 fori=0,1,2.
Then, for yo, y1 € D;(51) we have
lo(tv,w,31) = (v, w, y0) |
= sm<|y1|—z> s(v - w—sm<|yo|—zt>cos(v w)'
(5.70)
< sm<| —E)—sm<| |—7t>‘
= nl=5 173
<[Inl=1Iyll=Iy-yl<kiGo) |-yl

hence condition (¢,) is satisfied.
All other conditions of Theorem 5.1 can be easily checked up. Finally, we can
conclude that problem (5.65) has a solution.
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