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A LOCAL VERSION OF THE MYERS-STEENROD THEOREM

FRANCESCO PEDICONI

Abstract. We prove the Myers-Steenrod Theorem for local topological groups of isometries acting on
pointed Ck,α-Riemannian manifolds, with k+α > 0. As an application, we infer a new regularity result for
a certain class of locally homogeneous Riemannian metrics.

1. Introduction

In this paper we give a characterization of local groups of isometries that admit structures of local Lie
transformation groups. More precisely, we prove the following

Theorem A. Any locally compact and effective local topological group of isometries acting on a pointed
Ck,α-Riemannian manifold, with k + α > 0, is a local Lie group of isometries.

Our result can be considered as a local version of the Myers-Steenrod Theorem [19]. We recall that the
most enhanced version of this result is actually a consequence of the celebrated Gleason, Montgomery and
Zippin solution to the Hilbert fifth problem [8, 16]:

(H5) A locally compact topological group admits a Lie group structure if and only if it is locally Euclidean,
and this occurs if and only if it has no small subgroups.

Note that (H5) is a characterization of the Lie groups among all topological groups in terms of just group
theory and topology. It was thus natural to expect that a similar property holds for local Lie groups too.
However, such a result was proved only recently by Goldbring in [9] using techniques from non-standard
Analysis. The proof of our Theorem A is strongly based on Goldbring’s Theorem.

For a better understanding of our result, it is convenient to briefly review the relations between the
solution to the Hilbert fifth problem (H5) and the various known versions of the Myers-Steenrod Theorem.
We start recalling that the original paper [19] contains the following two results:

(MS1) Any distance preserving map between Ck-Riemannian manifolds, with k ≥ 2, is of class Ck−1;
(MS2) Any closed group of isometries acting on a Ck-Riemannian manifold, with k ≥ 2, is a Lie transfor-

mation group.

Subsequently, the works by Calabi and Hartman [5], Rešetnjak [27], Sabitov [28] and Shefel’ [29] allowed to
obtain the following stronger version of (MS1):

(MS1’) Any distance preserving map between Ck,α-Riemannian manifolds, with k+α > 0, is of class Ck+1,α.

Now, claims (MS1’) and (H5) imply a strengthened version of (MS2), which holds under much lower regularity
assumptions. Namely

(MS2’) Any closed group of isometries acting on a Ck,α-Riemannian manifold, with k + α > 0, is a Lie
transformation group.

To the best of our knowledge, this is the strongest version of the Myers-Steenrod Theorem which can be
obtained using the so far known results. For the reader convenience, we provide a proof of it in Section
4 below. Our Theorem A is obtained under the same regularity assumptions of such stronger version of
(MS2) and can therefore be considered as a perfect analogue of it in the category of the local groups of
transformations.

We would like to point out that, as many authors have predicted the existence of a local version of (H5),
also the contents of our Theorem A were expected to be true (see [18, p. 616]). On the other hand, its proof
remained an open problem since the very first appearance of the Myers-Steenrod Theorem in [19], where
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2 FRANCESCO PEDICONI

the authors themselves ended the paper asking explicitly whether any locally compact group germ of local
isometries were a Lie group germ or not. We guess that the lapse of time that passed between the statement
of the problem and the finding of the solution presented in this paper was caused by the lack of specific
technical tools for dealing with local Lie groups, a gap which was finally filled in the previous quoted paper
by Goldbring.

As a by-product, we also obtain a useful regularity result for locally homogeneous Riemannian metrics,
on which the main results of [24, 25] are based. We recall that a Riemannian manifold (M , g) is called
locally homogeneous if the pseudogroup of local isometries of (M , g) acts transitively on M . It is known that
a smooth locally homogeneous Riemannian manifold is necessarily real analytic (see e.g. [3, Lemma 2.1]).
From this and [20], it follows that for any p ∈ M there exists a local Lie group of isometries which acts
transitively on (M , g, p). Here, we point out that transitivity for local group actions means that the orbit of
the local group through the distinguished point p contains a whole neighborhood of it.

By means of Theorem A, the following kind of converse holds true.

Theorem B. Let (M , g) be a locally homogeneous C1-Riemannian manifold. If there exist a point p ∈ M
and a locally compact, effective local topological group of isometries which acts transitively on (M , g, p), then
(M , g) is real analytic.

The paper is structured as follows. In Sections 2 and 3 we collect some preliminaries on Riemannian
manifolds of low regularity and groups of transformations, respectively. In Section 4 we give the advertised
proof of claim (MS2’), from which we derive a regularity result for homogeneous Riemannian metrics. In
Sections 5 and 6 we prove Theorem A and Theorem B, respectively.

Acknowledgement. We warmly thank Christoph Böhm and Luigi Verdiani for helpful discussions about
several aspects of this paper. We are grateful to Andrea Spiro for his interest and his important suggestions.
We also thank Isaac Goldbring, Linus Kramer, Richard Palais and Fabio Podestà for useful comments.
Finally, we would like to thank the anonymous referee for his/her careful reading of the manuscript.

2. Riemannian manifolds of low regularity

2.1. Notation.

We use the following standard notation (see [10, p. 52]). Given a pair (k,α) ∈
(
Z≥0 × (0, 1]

)
∪ {(∞, 0)}

and a ball B ⊂⊂ R
m, we denote by Ck,α(B̄) the subspace of functions in Ck(B̄) whose k-th order partial

derivatives are uniformly α-Hölder continuous in B. By convention, we set Ck,0(B̄) := Ck(B̄) so that the
notation Ck,α(B̄) is meaningful for all α ∈ [0, 1]. We recall that, for (k,α) 6= (∞, 0), the space Ck,α(B̄) turns
into a Banach space when it is endowed with the norm

||f ||Ck,α(B̄) :=

{
||f ||Ck(B̄) if α = 0

||f ||Ck(B̄) +max|j|=k ||∂
jf ||α,B if α 6= 0

,

where

||f ||Ck(B̄) :=

k∑

s=0

max
|j|=s

{
sup
x∈B

∣∣(∂jf)(x)
∣∣
}

, ||u||α,B := sup
x,y∈B

∣∣u(x)− u(y)
∣∣

|x− y|α
.

Here, j = (j1, . . ., jm) is a multi-index, |j| := j1 + . . .+ jm and ∂jf := ∂|j|f

∂j1x1...∂jmxm .

We say that a function F = (F 1, . . .,F q) : U ⊂ R
m → R

q is of class Ck,α if F i|B ∈ Ck,α(B̄) for any
1 ≤ i ≤ q and for any ball B ⊂⊂ U . In what follows, smooth will always mean C∞-smooth.

A path γ : I ⊂ R → R
m is said to be of class AC if for any closed subinterval [a, b] ⊂ I, the restriction

γ|[a,b] is absolutely continuous. We recall that if γ : I → R
m is a path of class AC, then the tangent vector

γ̇(t) ∈ Tγ(t)R
m = R

m exists for almost all t ∈ I.

2.2. Riemannian metrics of low regularity.

Let M be a topological manifold. From now on, every manifold is assumed to be connected. An atlas A

on M is said to be a Ck,α-atlas if its overlap maps are of class Ck,α. A Ck1,α1 -atlas A1 and a Ck2,α2-atlas
A2 on M , with k1 < k2 or (k1 = k2) ∧ (α1 ≤ α2), are said to be compatible if their union A1 ∪ A2 is a
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Ck1,α1-atlas on M . The following classical result guarantees the existence of smooth structures under far
weaker hypotheses.

Theorem 2.1 ([12], Thm 2.9). Let M be a topological manifold and A be a Ck-atlas on M . If k ≥ 1, then
there exists a smooth atlas A1 on M compatible with A. Moreover, if A2 is another smooth atlas on M
compatible with A, then (M ,A1) is smoothly diffeomorphic to (M ,A2).

This theorem allows us to restrict our discussion, from now on, to the realm of smooth manifolds. On
this regard, we recall the following standard definitions:

· a function f : M1 → M2 between smooth manifolds is said to be of class Ck,α if its expressions in
local coordinates are of class Ck,α;

· a tensor field T is said to be of class Ck,α if its components in local coordinates are of class Ck,α;

· a path γ : I ⊂ R → M on a smooth manifold is said to be of class AC if its expressions in local
coordinates are of class AC.

A Ck,α-Riemannian manifold (M , g) is the datum of a smooth manifold M together with a Riemannian
metric g on M of class Ck,α, that is g( ∂

∂xi ,
∂

∂xj ) are of class Ck,α for any choice of coordinate vector fields
∂

∂x1 , . . .,
∂

∂xm . We define

I :=
{
γ : [aγ , bγ ] → M path of class AC

}
,

ℓg : I → R , ℓg(γ) :=

∫ bγ

aγ

∣∣γ̇(t)
∣∣
g
dt ,

dg :M ×M → R , dg(x, y) := inf
{
ℓg(γ) : γ ∈ I, γ(aγ) = x, γ(bγ) = y

}
.

(2.1)

Proposition 2.2 ([4]). Let (M , g) be a C0-Riemannian manifold and (I, ℓg, dg) as in (2.1).

i) The map ℓg is additive with respect to concatenation, continuous on segments and invariant under
reparametrizations.

ii) The map dg is a distance function and it determines the same topology of M .
iii) Given a path γ ∈ I, the following equalities hold:

|γ̇(t)|g = lim
δ→0

dg(γ(t+ δ), γ(t))

δ
for any t ∈ (aγ , bγ) for which γ̇(t) exists ,

ℓg(γ)= sup

{ N∑

i=1

dg(γ(ti−1), γ(ti)) : N ∈ N , aγ=t0<t1<. . .<tN=bγ

}
.

This last result shows that the triple (I, ℓg, dg) defined in (2.1) turns a Ck,α-Riemannian manifold (M , g)
into a separable, locally compact length space. From now on, we will use the notation Bg(x, r) to denote
the metric ball centered at x ∈M of radius r > 0 inside (M , dg).

Given two Ck,α-Riemannian manifolds (M1, g1) and (M2, g2), a function f : M1 → M2 is said to be a
metric isometry if it is surjective and distance preserving, i.e. dg1(x, y) = dg2(f(x), f(y)) for any x, y ∈M1.
It is straightforward to observe that any metric isometry is a C0,1-homeomorphism and that the inverse
of a metric isometry is itself a metric isometry. On the other hand, a map f : M1 → M2 is called a
Riemannian isometry if it is a Ck+1,α-diffeomorphisms between M1 and M2 such that f∗g2 = g1. Notice
that any Riemannian isometry is, in particular, a metric isometry. Remarkably, the following weaker converse
assertion holds.

Theorem 2.3 ([5, 27, 28, 29],[33]). Let f : (M1, g1) → (M2, g2) be a metric isometry between two Ck,α-
Riemannian manifolds. If k + α > 0, then f is of class Ck+1,α and it is a Riemannian isometry.

From now on, we will use the term isometry just to indicate a metric isometry. By means of Theorem
2.3, this coincides with the notion of Riemannian isometry only one exception, namely the pathological case
k + α = 0. The full isometry group of a Ck,α-Riemannian manifold (M , g) will be denoted by Iso(M , g).

3. Groups of transformations

3.1. Global groups of transformations.



4 FRANCESCO PEDICONI

We recall that a topological group is a Hausdorff topological space equipped with a continuous group
structure. A topological group is a (real analytic) Lie group if it is endowed with a smooth (resp. real
analytic) manifold structure with respect to which the group operations are smooth (resp. real analytic).
It is well known that the category of real analytic Lie groups is equivalent to the category of smooth Lie
groups via the forgetful functor (see e.g. [13, p. 43]). The following characterization of Lie groups is the
above mentioned solution to the Hilbert fifth problem.

Theorem 3.1 ([8, 16]). For any connected and locally compact topological group G, the following conditions
are equivalent.

a) G is locally Euclidean, i.e. there is a neighborhood of e∈G homeomorphic to an open ball of some R
N.

b) G has no small subgroups (NSS for short), i.e. there exists a neighborhood of e ∈ G containing no
nontrivial subgroups of G.

c) G admits a unique smooth manifold structure which makes it a Lie group.

Let M be a smooth manifold. Given k ∈ Z ∪ {∞}, k ≥ 0, a topological group of Ck-transformations
G = (G, Θ) on M is the datum of a topological group G together with a continuous action Θ : G×M → M
on M such that the map Θ(a) := Θ(a, ·) : M → M is of class Ck for any a ∈ G. We recall that the

correspondence a 7→ Θ(a) determines a group homeomorphism G → Diffk(M) from G to the group of
Ck-diffeomorphisms of M and that G = (G, Θ) is called effective (resp. almost-effective) if the kernel of

G → Diffk(M) is trivial (resp. discrete). Furthermore, we say that G = (G, Θ) is closed if it is effective and

Θ(G) is closed in Diffk(M).

A topological group of Ck-transformations G = (G, Θ) on M is called Lie group of Ck-transformations if
G is a Lie group and the map Θ : G×M →M is of class Ck.

Remark 3.2. By [2, Thm 4], the second condition above is redundant. Namely, if G is a Lie group and
each map Θ(a) :M →M is of class Ck, then the map Θ : G×M →M is automatically of class Ck.

If M is equipped with a Ck,α-Riemannian metric g, then G = (G, Θ) is called topological (resp. Lie) group
of isometries if each map Θ(a) :M →M is an isometry of (M , g). By the classical Myers-Steenrod Theorem,
it is known that any closed topological group of isometries of a Ck-Riemannian manifold, with k ≥ 2, is a
Lie group of isometries.

3.2. Local groups of transformations.

In this subsection, we collect some basic facts on local groups of transformations. For more details, we
refer to [21, Ch 1], [22], [26].

3.2.1. Local topological groups and local Lie groups.
A local topological group is a tuple (G, e, J(G),D(G), , ν) formed by:

i) a Hausdorff topological space G with a distinguished element e ∈ G called unit,
ii) a neighborhood J(G) ⊂ G of e and an open subset D(G) ⊂ G×G which contains both G×{e}, {e}×G,
iii) two continuous maps  : J(G) → G, ν : D(G) → G,

such that, for any choice of a, a1, a2 ∈ G and b ∈ J(G):

· ν(a, e) = ν(e, a) = a,

· if (a1, a), (a, a2), (a1, ν(a, a2)), (ν(a1, a), a2) ∈ D(G), then it holds that ν(a1, ν(a, a2)) = ν(ν(a1, a), a2),

· (b, (b)), ((b), b) ∈ D(G) and ν(b, (b)) = ν((b), b) = e.

From now on we adopt the usual notation a1 · a2 := ν(a1, a2), a
−1 := (a) and we will indicate any local

topological group (G, e, J(G),D(G), , ν) simply by G.
Given a local topological group G, every neighborhood U of the unit e ∈ G inherits a structure of local

topological group induced by G. In fact, if we set

J(U) := J(G) ∩ U ∩ −1(U) , D(U) := D(G) ∩ (U× U) ∩ ν−1(U) ,

then one can directly check that (U, e, J(U),D(U), |J(U), ν|D(U)) is itself a local topological group. In this
case, we say that U is a restriction of G. We remark that G can be restricted to a neighborhood U of the
unit which is symmetric, i.e. U = J(U), and cancellative, i.e. for any a, a1, a2 ∈ U it holds:

· if (a, a1), (a, a2) ∈ D(U) and a · a1 = a · a2, then a1 = a2;

· if (a1, a), (a2, a) ∈ D(U) and a1 · a = a2 · a, then a1 = a2;
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· if (a1, a2) ∈ D(U), then (a−1
2 , a−1

1 ) ∈ D(U) and (a1 · a2)
−1 = a−1

2 · a−1
1

(see e.g. [32, Sec 1.5.6], [9, Cor 2.17]). In particular, this implies that (|U ◦ |U) = IdU. From now on,
any local topological group G and any neighborhood U ⊂ G of the unit are assumed to be symmetric and
cancellative.

A subset H ⊂ G which contains the unit e ∈ G is said to be a sub-local group, if there exists a neighborhood
V of H such that for any a ∈ H, (a1, a2) ∈ (H× H) ∩D(G) it holds

a−1 ∈ V =⇒ a−1 ∈ H , a1 · a2 ∈ V =⇒ a1 · a2 ∈ H .

Any such an open subset V ⊂ G is called associated neighborhood for H.
A sub-local group H such that H× H ⊂ D(G) and with V = G is called a subgroup. Notice that, by such

hypothesis, a · b ∈ H, a−1 ∈ H for any a, b ∈ H and therefore H is a topological group in the usual sense. The
local topological group G is said to have no small subgroups (NSS) if there exists a neighborhood of the unit
with no nontrivial subgroups.

Given two local topological groups G and G
′, a local homomorphism from G to G

′ is a pair (U,ϕ) given
by a neighborhood U ⊂ G of the unit and a continuous function ϕ : U → G

′ such that

· ϕ(e) = e′ and ϕ(D(U)) ⊂ D(G′),

· ϕ(a−1) = ϕ(a)−1 and ϕ(a1 · a2) = ϕ(a1) · ϕ(a2) for any a ∈ U, (a1, a2) ∈ D(U).

Two local homomorphisms (U1,ϕ1), (U2,ϕ2) are equivalent if there exists a neighborhood Ũ ⊂ U1 ∩ U2 of
the unit such that ϕ1|Ũ = ϕ2|Ũ. For the sake of shortness, we will simply write ϕ : G → G

′ to denote a local
homomorphism (U,ϕ), determined up to an equivalence. The composition ϕ′◦ϕ of two local homomorphisms
is defined in an obvious way and a local homomorphism ϕ : G → G

′ is called a local isomorphism if there
exists a local homomorphism ψ : G′ → G such that ψ ◦ ϕ = IdG and ϕ ◦ ψ = IdG′ , where of course the
equalities are up to equivalence.

A local Lie group is a local topological group that is also a smooth manifold in such a way that the local
group operations  : G → G and ν : D(G) → G are smooth. Just like in the global Lie groups theory, one
can associate a Lie algebra g of left invariant vector fields to any local Lie group G. Analogues of Lie’s three
fundamental theorems hold also for the local Lie groups ([1, Ch 3]). In particular, it turns out that every
local Lie group is locally isomorphic to some Lie group by means of a smooth local isomorphism. We resume
in the following theorem the solution of the Hilbert fifth problem for local topological groups provided by
Goldbring. We refer to its work [9] for the proof and more details.

Theorem 3.3 ([9]). For any locally compact local topological group G, the conditions listed below are equiv-
alent.

a) G is locally Euclidean.
b) G is NSS.
c) G is locally isomorphic to a Lie group.

3.2.2. Local (topological and Lie) groups of transformations.
Let (M , p) be a pointed smooth manifold. A local topological group of Ck-transformations on (M , p) is a

tuple G = (G,UG, Ωp,W, Θ) formed by:

i) a (local) topological group G and a neighborhood UG ⊂ G of the unit;
ii) a neighborhood Ωp ⊂M of p;
iii) an open subset W ⊂ UG × Ωp which contains both UG × {p}, {e} × Ωp and a continuous application

Θ : W → Ωp;

such that the following hold:

· for any (a, b) ∈ (UG × UG) ∩D(G) and x ∈ Ωp it holds

Θ(a, Θ(b,x)) = Θ(a · b,x) ,

provided that (b,x), (a · b,x) ∈ W and (a, Θ(b,x)) ∈ W;

· for any a ∈ UG, the map Θ(a) := Θ(a, ·), defined on the open subset W(a) := {x : (a,x) ∈ W} ⊂ Ωp,
is of class Ck;

· Θ(e) = IdΩp
, i.e. Θ(e,x) = x for any x ∈ Ωp.
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It follows from the definition that for any a ∈ UG there exist a neighborhood U ⊂ Ωp of p and a
neighborhood V ⊂ Ωp of Θ(a, p) such that Θ(a)|U : U → V is a Ck-diffeomorphism with inverse given by

(Θ(a)|U
)−1

= Θ(a−1)|V . We say that G is almost-effective (resp. effective) if the set
{
a ∈ UG : Θ(a) fixes a neighborhood of p

}

is discrete (resp. equal to {e}). We say also that G = (G,UG, Ωp,W, Θ) is locally compact if G is locally
compact. We will tacitly assume that Ωp, W are connected and that W(a) is connected for any a ∈ UG.

Two local topological groups Gi = (Gi,UGi
, Ωpi

,Wi, Θi) of Ck-transformations acting on (Mi, pi), with
i = 1, 2, are said to be locally Ck-equivalent if there exist

i) a neighborhood Uo ⊂ UG1
of the unit and a local isomorphism ϕ : G1 → G2 defined on Uo with

ϕ(Uo) ⊂ UG2
;

ii) two nested neighborhoods Uo ⊂ U ⊂ Ωp1
of p1 and an open Ck-embedding f : U → Ωp2

with
f(p1) = p2;

such that the following hold:

· Uo × Uo ⊂ W1, Θ1(Uo × Uo) ⊂ U and ϕ(Uo)× f(Uo) ⊂ W2;

· for any (a,x) ∈ Uo × Uo, it holds that f
(
Θ1(a,x)

)
= Θ2

(
ϕ(a), f(x)

)
.

A local topological group of Ck-transformations G = (G,UG, Ωp,W, Θ) on (M , p) is called local Lie group
of Ck-transformations if G is a Lie group and the map Θ is of class Ck.

Remark 3.4. In perfect analogy with what occurs for global groups of transformations, by [2, Thm 4] also
here the second condition is redundant. Namely, if the (local) topological group G is a Lie group and each
map Θ(a) : W(a) → Ωp is of class Ck, then the map Θ : W → Ωp is automatically of class Ck.

If (M , p) is equipped with a Ck-Riemannian metric g, then G = (G,UG, Ωp,W, Θ) is called local topological
(resp. Lie) group of isometries if each map Θ(a) : W(a) → Ωp is a local isometry of (M , g).

4. The Myers-Steenrod Theorem in low regularity

As we pointed out in the Introduction, we now provide a proof of the version (MS2’) of the Myers-Steenrod
Theorem. We also show how it yields to a useful regularity property for homogeneous Riemannian manifolds.
First, we recall the following crucial result, which is a consequence of Theorem 3.1.

Theorem 4.1 ([17] Thm 2, p. 208). Let G = (G, Θ) be a topological group of Ck-transformations on a smooth
manifold M , with k ≥ 1. If G is effective and locally compact, then G is a Lie group of Ck-transformations.

We also need the following property, which is essentially due to van Dantzig and van der Waerden [6]. Let
(M , g) be a Ck,α-Riemannian manifold and Iso(M , g) its full isometry group. We recall that the compact-open
topology τco on Iso(M , g) is generated by the basis formed by the sets

(f ;K; ε) := {h ∈ Iso(M , g) : dg(f(x),h(x)) < ε for any x ∈ K} ,

with f ∈ Iso(M , g), K ⊂ M compact, ε > 0. On the other hand, the point-open topology τpo on Iso(M , g)
is generated by the subbasis formed by the sets

(f ;x; ε) := {h ∈ Iso(M , g) : dg(f(x),h(x)) < ε} ,

with f ∈ Iso(M , g), x ∈M , ε > 0.

Lemma 4.2. On Iso(M , g), the compact-open topology coincides with the point-open topology. This topology
is Hausdorff, it makes the group operations continuous and it is the coarsest topology with respect to which
the action of Iso(M , g) on M is continuous. Furthermore, with respect to such topology, Iso(M , g) is locally
compact and its action on M is proper.

Proof. We set G := Iso(M , g) for short. Let us fix f ∈ G, K ⊂ M compact, ε > 0 and let x1, . . .,xN ∈ K
be such that K ⊂ Bg(x1,

ε
3 ) ∪ . . . ∪ Bg(xN , ε

3 ). We have to show that A :=
⋂

1≤i≤N (f ;xi;
ε
3 ) is contained

in (f ;K; ε). So, let us consider h ∈ A and x ∈ K. By construction, there exists 1 ≤ i ≤ N such that
dg(x,xi) <

ε
3 . But then

dg(f(x),h(x)) ≤ dg(f(x), f(xi)) + dg(f(xi),h(xi)) + dg(h(xi),h(x)) < ε
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and hence τco ⊂ τpo. Since the other inclusion is obvious, we conclude that τco = τpo. The second claim is
just a collection of some well known properties of the compact-open topology. We refer to the main theorem
of [14] for the last claim. �

We are now ready to prove the following

Corollary 4.3 (Enhanced version of the Myers-Steenrod Theorem). Any closed group of isometries of a
Ck,α-Riemannian manifold, with k + α > 0, is a Lie group of isometries.

Proof. Let (M , g) be a Ck,α-Riemannian manifold, with k+α > 0, and consider its full isometry group G =
Iso(M , g). Then, by means of Theorem 2.3 and Lemma 4.2, G is an effective group of Ck+1-transformation
and G is locally compact. Then, by Theorem 4.1, it is a Lie group of isometries and the thesis follows. �

This corollary yields to the following improvement of a well known property of homogeneous Riemannian
manifolds. As usual, a Ck,α-Riemannian manifold (M , g) is called homogeneous if it admits a closed, transitive
group of isometries.

Theorem 4.4. Any homogeneous C0,α-Riemannian manifold, with α > 0, is real analytic.

Proof. Let (M , g) be a C0,α-Riemannian manifold, with α > 0, and G = (G, Θ) a closed, transitive topological
group of isometries acting on (M , g). Pick a distinguished point xo ∈M and consider the isotropy subgroup
of G at xo, i.e. H := {a ∈ G : Θ(a,xo) = xo}. From Corollary 4.3, it follows that G is a Lie group of
isometries and, by means of Theorem 2.3, the map Θ : G×M →M is of class C1. Then, H is an embedded
Lie subgroup of G and we get the C1-diffeomorphism

ϑxo
: G/H →M , ϑxo

(aH) := Θ(a,xo) . (4.1)

Since G acts by isometries, there exists a unique invariant Cω-Riemannian metric g̃ on G/H which makes the
map ϑxo

: (G/H, g̃) → (M , g) an isometry. From this the thesis follows. �

5. Proof of Theorem A

The purpose of this section is to give the proof of a local analogue of Theorem 4.1, namely

Theorem 5.1. Let G = (G,UG, Ωp,W, Θ) be a local topological group of Ck-transformations on a pointed
smooth manifold (M , p), with k ≥ 1. If G is locally compact and effective, then G is a local Lie group of
Ck-transformations.

of which Theorem A is an immediate consequence.

First, we need a preparatory lemma. For its statement, we introduce the following definition. Let G be
a local topological group. For any integer N ≥ 1 and for any a1, . . ., aN , b ∈ G, we say that the element
a1 · a2 · . . . · aN is well defined and equal to b, for short a1 · a2 · . . . · aN = b, if the following condition
defined by induction on N is satisfied: for any 1 ≤ i ≤ N there exist bi, b

′
i ∈ G such that a1 · . . . · ai = bi,

ai+1 · . . . ·aN = b′i, (b
′
i, b

′′
i ) ∈ D(G) and bi · b

′
i = b. If U ⊂ G is a neighborhood of the unit such that a1 · . . . ·aN

is well defined for any choice of a1, . . ., aN ∈ U, we set UN :=
{
a1 · . . . · aN : a1, . . ., aN ∈ U

}
.

Lemma 5.2. Let G = (G,UG, Ωp,W, Θ) be a local topological group of Ck-transformations on a pointed
smooth manifold (M , p). Then:

i) For any compact set K ⊂ Ωp, there exists a neighborhood U ⊂ UG of the unit such that U×K ⊂ W.
ii) For any fixed N ∈ N, there exists a neighborhood WN of {e} × Ωp in W such that for any

(a1,x), . . . , (aN ,x) ∈ WN

the element a1 · . . . · aN is well defined and (bi · b
′
i,x), (bi, Θ(b′i,x)) ∈ W for any 1 ≤ i ≤ N , where

bi := a1 · . . . · ai and b′i := ai+1 · . . . · aN .

Proof. To prove the first claim, it is sufficient to observe that, since {e} × K is compact, there exists an
finite open cover {I1, . . ., Iℓ} of {e} ×K inside W, where the open sets Ii have the form Ii = Ui × Ui for
any 1 ≤ i ≤ ℓ. Then U ⊂

⋂
1≤i≤ℓ Ui satisfies (i).
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We now recall that there exists a sequence of nested neighborhoods

{e} ⊂ . . . ⊂ D̃N (G) ⊂ D̃N−1(G) ⊂ . . . ⊂ D̃2(G) ⊂ G

of the unit such that, for any N ≥ 2 and for any choice of N elements a1, . . ., aN ∈ D̃N (G), the product
a1 · . . . · aN is well defined (see e.g. [9, Lemma 2.5]).

Fix N ∈ N. By (i) we can consider N exhaustions
{
U

(n)
1

}
, . . . ,

{
U

(n)
N

}
of Ωp by relatively compact open

sets and two sequences
{
U(n)

}
,
{
U′(n)

}
of neighborhoods of the unit in UG ⊂ G such that:

· U
(n)
1 ⊂⊂ U

(n)
2 ⊂⊂ · · · ⊂⊂ U

(n)
N ⊂⊂ U

(n+1)
1 and U(n+1) ⊂ U′(n+1) ⊂ U(n),

· U′(n) × U
(n)
N ⊂

(
D̃N (G) ×M

)
∩W,

·
(
U(n)

)N
⊂ U′(n) and Θ

(
U(n) × U

(n)
i

)
⊂ U

(n)
i+1 for any 1 ≤ i ≤ N − 1.

It is immediate now to realize that for any (a1,x), . . . , (aN ,x) ∈ U(n) ×U
(n)
1 it holds that a1 · . . . · aN is well

defined and that (bi · b
′
i,x), (bi, Θ(b′i,x)) ∈ W for any 1 ≤ i ≤ N , with a1 · . . . · ai = bi and ai+1 · . . . · aN = b′i.

Therefore, if we define WN :=
⋃

k∈N
U(n) × U

(n)
1 , then claim (ii) follows. �

We observe that Theorem 5.1 involves only local object. Hence, without loss of generality, we may assume
that (M , p) = (Rm, 0). However, for the sake of clarity, in what follows we will still use the symbols p and
Ωp for 0 and the distinguished neighborhood of 0, respectively.

Proposition 5.3. Let k ≥ 1 and G = (G,UG, Ωp,W, Θ) a locally compact local group of Ck-transformations
on (M , p) = (Rm, 0). Then, there exist a relatively compact neighborhood V ⊂ UG of the unit and a ball
B ⊂ Ωp centered at p which satisfy the following property: if H is a subgroup of G entirely contained in V,
then there exists a neighborhood Vo ⊂ B of the origin such that Θ(a)|Vo

= IdVo
for any a ∈ H.

Proof. By [15, Thm 1] and [2, p. 685], given (a,x) ∈ W, for any neighborhood Va ⊂ UG of a and for any ball
B ⊂ Ωp centered at x such that Va × B ⊂ W, the following holds: every partial derivative of the function
Θ(b)|B : B → R

m up to order k is continuous with respect to b ∈ Va.
Since Θ(e) is the identity map of Ωp ⊂ R

m, from Lemma 5.2 it follows that there exist a relatively compact
neighborhood V ⊂ G of the unit and a ball B ⊂⊂ Ωp of the origin such that V̄× B̄ ⊂ WN , with N ≥ 2 large
enough, and the family of functions

{
(Θ(a) − Id)|B : B → R

m
}
a∈V

is uniformly bounded in the Banach

space Ck(B̄) by a positive constant C ∈ R, which can be taken as small as one likes by restricting V. Let
now H be a subgroup of G entirely contained in V. By taking the closure, one can suppose that H is closed
and hence compact. We define the map

T : B → R
m , T (x) :=

∫

H

Θ(a,x) dλ(a) ,

where λ is the Haar measure of H, normalized in such a way that λ(H) = 1. By differentiating under the
integral sign, it follows that T is of class Ck. Moreover

||T − Id ||Ck(B̄) ≤

∫

H

||Θ(a)− Id ||Ck(B̄) dλ(a) ≤ C .

By the Inverse Function Theorem, there exists an open neighborhood V ⊂ B of the origin such that the
restriction T |V : V → R

m is an open Ck-embedding and T (V ) ⊂ B. On the other hand, we can choose a
sufficiently small neighborhood Vo ⊂ V of the origin such that Θ(a)(Vo) ⊂ V for any a ∈ V. Then, from the
bi-invariance of the Haar measure, for any b ∈ H and for any x ∈ Vo it follows that

(
T ◦Θ(b)

)
(x) =

∫

H

(
Θ(a) ◦Θ(b)

)
(x) dλ(a)

=

∫

H

Θ(a · b)(x) dλ(a) =

∫

H

Θ(a)(x) dλ(a) = T (x) .

Since T is invertible in V , we get Θ(b)|Vo
= IdVo

for any b ∈ H. �

We are now able to conclude the proof of Theorem 5.1. Suppose that G is a locally compact and effective
local topological group of Ck-transformations on (Rm, 0). From Proposition 5.3, we directly get that the
abstract (local) group of G is NSS. By Theorem 3.3 and Remark 3.4, we get the thesis.
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6. Proof of Theorem B

We firstly recall that a Ck,α-Riemannian manifold (M , g) is said to be locally homogeneous if the pseu-
dogroup of local isometries of (M , g) acts transitively on M , i.e. if for any x, y ∈ M there exist two open
sets Ux,Uy ⊂M and a local isometry f : Ux → Uy such that x ∈ Ux, y ∈ Uy and f(x) = y.

Secondly, consider a local topological group of transformationsG = (G,UG, Ωp,W, Θ) on a pointed smooth
manifold (M , p). We recall that the orbit of G through p is the set

G(p) :=
{(

Θ(a1) ◦ . . . ◦Θ(aN )
)
(p) : N ≥ 1 , ai ∈ UG for any 1 ≤ i ≤ N ,

(
Θ(aj+1) ◦ . . . ◦Θ(aN)

)
(p) ∈ W(aj) for any 1 ≤ j ≤ N − 1

}
.

Motivated by the terminology for Lie algebra actions, we say that G is transitive if G(p) contains a neigh-
borhood of the point p.

The above properties of local homogeneity for Riemannian manifolds and of transitivity for local groups
of isometries are related as follows. If (M , g) is a smooth locally homogeneous Riemannian manifold, then it
is real analytic (see e.g. [30, Thm 2.2] or [3, Lemma 2.1]). From this and [20], it follows that for any p ∈M
there exists a local Lie group of isometries which acts transitively on (M , g, p). Notice that our Theorem B
is a kind of converse of such a claim.

Since we deal with locally homogeneous manifolds, in order to prove Theorem B we need to define
rigorously a local analogous of the usual quotient of Lie groups. In this direction, the following proposition
details the construction sketched in [23, Sec 3.1].

Proposition 6.1. Let G be a Lie group and H ⊂ G be a (not necessarily closed) Lie subgroup.

a) There exist a neighborhood UH ⊂ H of the unit in the manifold topology of H and two neighborhoods
U,V ⊂ G of the identity such that: UH is a sub-local group of G with associated neighborhood V, UH

is closed in V and U6 ⊂ V.
b) The binary relation on U defined by

a ∼ b
def
⇐⇒ a−1 · b ∈ UH

is an equivalence relation on U and the equivalence class [a]∼ of a ∈ U verifies [a]∼ = (aUH) ∩ U.
c) The quotient space (G/H)(UH,U,V) := U/∼ =

{
(aUH) ∩ U : a ∈ U

}
is a topological manifold and it

admits a real analytic structure, which is unique up to Cω-diffeomorphism, with respect to which the
following conditions hold:

· the canonical projection π(UH,U,V) : U → (G/H)(UH,U,V) is a Cω-submersion;

· the tuple G(G,H),(UH,U,V) := (G,U, (G/H)(UH ,U,V),W, Θ) with

W :=
{(
a, (bUH) ∩ U

)
: a ∈ U, b ∈ U, a · b ∈ U

}
,

Θ : W → (G/H)UH,U,V , Θ(a)
(
(bUH) ∩U

)
:= ((a · b)UH) ∩ U

is a local Lie group of Cω-transformations acting transitively on
(
(G/H)(UH,U,V), (eUH) ∩ U

)
.

d) If (UH,U,V) and (U′
H
,U′,V′) are two triples both satisfying all conditions in (a), then G(G,H),(UH,U,V)

is locally Cω-equivalent to G(G,H),(U′
H
,U′,V′).

Proof. The proof of (a) is straightforward, while (b) is the statement of [9, Lemma 2.13]. To prove (c),
one can easily adapt the well known proof of the corresponding statement for the quotient of a Lie group
with respect to a closed subgroup (see e.g. [11, Ch II, Sec 4]). Finally, to prove (d), let us consider two
neighborhoods U1,U2 ⊂ G of the unit such that (U1)

2 ⊂ U2 and UH ∩ U2 = U′
H
∩ U2. Then let us pick a

neighborhood Uo ⊂ U ∩ U′ ∩U1 of the unit in G. One can directly check that the map

π(UH,U,V)(Uo) → π(U′
H
,U′,V′)(Uo) , (aUH) ∩ U 7→ (aU′

H
) ∩ U′

is a Cω-diffeomorphism. �

Given a Lie group G together with a Lie subgroup H, we call admissible triple for H in G any choice of
(UH,U,V) as in (a) and local factor space of G modulo H any quotient (G/H)(UH,U,V) as in (c). Notice that H
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is closed in G if and only if (H,G,G) is an admissible triple for H in G and, in that case, (G/H)(H,G,G) = G/H.
For other details concerning local factor spaces and locally homogeneous metrics, see [18] and [31].

Let now G = (G,UG, Ωp,W, Θ) be an almost-effective local Lie group of Ck-transformations on (M , p) and
suppose that k ≥ 2. Let also g := Lie(G) and exp : g → G the Lie exponential of G. For any X ∈ g, we
consider the open set

WX := {(t,x) ∈ R× Ωp : (exp(tX),x) ∈ W}

and the map of class Ck

ΘX : WX →M , ΘX(t,x) := Θ
(
exp(tX),x

)
.

This allows to consider the differential

Θ∗ : g → Ck−1(Ωp;TM |Ωp
) , Θ∗(X)x :=

d

dt
ΘX(t,x)

∣∣∣
t=0

. (6.1)

In full analogy with the theory of Lie group actions, one can prove that the map Θ∗ is R-linear, injective
and, for any X ,Y ∈ g

Θ∗

(
Ad(a)X

)
Θ(a,x)

= d(Θ(a))x
(
Θ∗(X)

)
x

for any (a,x) ∈ W ,

Θ∗

(
[X ,Y ]

)
= −[Θ∗(X), Θ∗(Y )] . (6.2)

Let us now define h :=
{
X ∈ g : Θ∗(X)p = 0

}
. By (6.2), it follows that h is a Lie subalgebra of g and so we

can consider the unique connected Lie subgroup H of G such that Lie(H) = h. We call it the abstract isotropy
subgroup of G at p. Notice that G is almost-effective if and only if h does not contain any non-trivial ideal of
g, while G is effective if and only if H does not contain any non-trivial normal subgroup of G. As expected,
the following proposition holds.

Proposition 6.2. For any admissible triple (UH,U,V) for H in G, G is locally Ck-equivalent to the local Lie
group of Cω-transformations G(G,H),(UH,U,V) defined in (c) of Proposition 6.1.

Proof. Let (UH,U,V) be an admissible triple for H in G and choose a sufficiently small neighborhood of the
unit Uo ⊂ U ∩UG. Then, the identity map IdG : G → G and the application

ϑxo
: π(UH,U,V)(Uo) →M , ϑxo

((aUH) ∩ U) := Θ(a, p)

give rise to a local Ck-equivalence between G and G(G,H),(UH,U,V). �

Let now (M , g) be a locally homogeneous C1-Riemannian manifold and assume that there exist a point
p ∈ M and a locally compact, effective local topological group of isometries G = (G,UG, Ωp,W, Θ) which
acts transitively on (M , g, p).

Lemma 6.3. For any fixed xo ∈M , there exists a neighborhood Uxo
⊂M of xo and an open C2-embedding

ϕxo
: Uxo

→ R
m such that the pulled-back metric (ϕ−1

xo
)∗g on the open set ϕxo

(Uxo
) ⊂ R

m is real analytic.

Proof. Since (M , g) is locally homogeneous, it is sufficient to prove the claim for xo = p. By means of
Theorem A and Theorem 2.3, G is a local Lie group of isometries and the map Θ is of class C2. Then, let H
be the abstract isotropy of G at p and pick an admissible triple (UH,U,V) for H in G. By means of Proposition
6.2, G is locally C2-equivalent to the local Lie group G(G,H),(UH,U,V) of Cω-transformations on the local factor
space (G/H)(UH,U,V). Since G acts on (M , g, p) by isometries, there exists a unique Cω-Riemannian metric g̃
on (G/H)(UH,U,V) which makes the map ϑxo

: π(UH,U,V)(Uo) → M defined in the proof of Proposition 6.2 a
local isometry. �

We may now conclude the proof of Theorem B. By Lemma 6.3, there exists a C2-atlas A = {(Uα, ξα)} on
M such that the metric g is real analytic with respect to each coordinate chart (Uα, ξα) ∈ A. But then by
[7, Lemma 1.2] there exists a Cω-atlas A′ on M which is compatible with A and with respect to which g is
real analytic.
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