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 a b s t r a c t

We develop a variational formulation of nonlinear electroelasticity based on inverse motion and 
gauge invariance. Motivated by Ericksen’s reconsideration of elastic dielectrics from the viewpoint 
of energy minimization, the proposed framework describes both mechanical and electromagnetic 
fields directly in the current configuration, providing a unified setting for electroelastic interac-
tions. We discuss the relation between the inverse-motion formulation and the classical theories 
of Toupin and Ericksen, showing that standard electroelastic models are recovered in the small-
strain regime. Particular attention is devoted to flexoelectric effects, interpreted as manifestations 
of latent microstructure and incorporated through higher-gradient contributions. The variational 
implications of the theory are illustrated through explicit coercivity conditions ensuring stability 
in a representative quadratic model and through an existence theorem for minimizers of a broad 
class of nonlinear electroelastic functionals. The resulting framework provides a unified nonlin-
ear setting for electroelasticity and flexoelectricity while making explicit the connection between 
electroelastic couplings, stability, and energy minimization.

1.  Introduction

The description of electroelastic coupling at finite strains, grounded in the pioneering work of Toupin (1956, 1960), involves 
a fundamental structural issue: electromagnetic fields are naturally formulated in the current (Eulerian) representation, whereas 
nonlinear elasticity is typically described with respect to a reference configuration (Lagrangian setting). The topic has been largely 
discussed in treatises (e.g., Brown 1966, Truesdell and Toupin 1960, Dorfmann and Ogden 2014, Maugin 1988, Wang 1979) and 
further foundational analyses (Ericksen, 2002; Fosdick and Tang, 2007; Liu, 2014; Man, 2025; Steigmann, 2007; Dorfmann and Ogden, 
2006). Existing approaches reconcile this mismatch by transforming one set of fields into the representation of the other (Bustamante 
et al., 2009; Davì and Mariano, 2001; Dorfmann and Ogden, 2014) or by adopting mixed formulations (Xiao and Bhattacharya, 2008).

Beyond this representational issue, however, there is a deeper question concerning the variational structure of electroelasticity. 
Toupin’s formulation provides a general variational framework leading to the governing equations of electroelastic media. Ericksen 
(2007b,a) later revisited the theory from a different perspective, emphasizing that a formulation naturally adapted to energy mini-
mization may be particularly advantageous when questions of stability arise. In this sense, the issue is not merely the derivation of 
equilibrium equations, but the possibility of interpreting electroelastic interactions within a framework where minimizers, stability, 
and variational structure directly appear.

Motivated by these considerations, we adopt here a viewpoint based on inverse motion. Instead of describing the body through 
the direct motion from a reference configuration to the current one, we consider the inverse map and formulate both mechanical and 
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\begin {equation*}\boldsymbol {a}:\mathbb {R}^{3}\times \mathbb {R}\longrightarrow \mathbb {R}^{3}\times \mathbb {R},\qquad \boldsymbol {u}:\mathbb {B}\longrightarrow \mathfrak {B}\times \left \lbrace 0\right \rbrace ,\qquad \boldsymbol {p}:\mathbb {B}\longrightarrow B_{p}\times \left \lbrace 0\right \rbrace ,\end {equation*}
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\begin {equation*}\mathsf {L}(\mathbb {T}):=\int _{\mathbb {T}}\mathcal {L}_{e}(\boldsymbol {a},D_{4}\boldsymbol {a},\boldsymbol {p})\,\mathrm {d}\mu +\int _{\mathbb {B}}\mathcal {L}_{m}(x,\boldsymbol {u},D_{4}\boldsymbol {u},\boldsymbol {p},D_{4}\boldsymbol {p})\,\mathrm {d}\mu ,\end {equation*}
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\begin {equation}\label {Gauge} \mathcal {L}_{e}(\boldsymbol {a},D_{4}\boldsymbol {a},\boldsymbol {p})=\mathcal {L}_{e}(\boldsymbol {a}+D_{4}\chi ,D_{4}\boldsymbol {a}+D^{2}_{4}\chi ,\boldsymbol {p}),\end {equation}
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\begin {equation}\label {Skew} \mathrm {skew}D_{4}\boldsymbol {a}:=\dfrac {1}{2}\begin {bmatrix} [D A]-[D A]^{\top } &\quad \dot {A}+D \Phi \\ -(D \Phi +\dot {A})^{\top } & \quad 0\end {bmatrix}=\dfrac {1}{2}\begin {bmatrix} [B\times ] &\quad -E \\ E^{\top } & \quad 0\end {bmatrix}\,.\end {equation}
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\begin {equation}\label {Variational-1} \delta \mathsf {L}(\mathbb {T})+\int _{\mathbb {T}}\boldsymbol {j}\cdot \delta (\boldsymbol {a}+D_{4}\Phi )\,\mathrm {d}\mu =0\,.\end {equation}
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\begin {equation*}\int _{\mathbb {T}}\mathcal {L}_{e}(\mathrm {skew}D_{4}\boldsymbol {a},\boldsymbol {p})\,\mathrm {d}\mu \end {equation*}
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\begin {equation}\label {Natural-BC} \frac {\partial \mathcal {L}_{m}}{\partial D_{4}\boldsymbol {u}}\boldsymbol {n}_{space}=0\qquad \text {and}\qquad \frac {\partial \mathcal {L}_{m}}{\partial D_{4}\boldsymbol {p}}\boldsymbol {n}_{space}=0\qquad \text {along}\,\bar {\Gamma }\,.\end {equation}


$\bar {\Gamma }$


$\boldsymbol {f}$


\begin {equation}\label {Variational-2} \delta \mathsf {L}(\mathbb {T})+\int _{\mathbb {T}}\boldsymbol {j}\cdot \delta (\boldsymbol {a}+D_{4}\Phi )\,\mathrm {d}\mu -\int _{\bar {\Gamma }}\boldsymbol {f}\cdot \delta \boldsymbol {u}\,\mathrm {d}\mathcal {H}^{3} =0.\end {equation}


$_{1}$


\begin {equation*}\frac {\partial \mathcal {L}_{m}}{\partial D_{4}\boldsymbol {u}}\boldsymbol {n}_{space}=\boldsymbol {f}.\end {equation*}


$_{2}$


$\bar {\Gamma }$


$Du$


$D_{4}\boldsymbol {u}$


$\boldsymbol {h}(u)$


$Dp$


$\mathcal {L}$


$Du$


$Du$


$Dp$


$X$


$\mathcal {B}=\kappa (\mathfrak {B})$


$y=y(X,t)$


$F=(Du)^{-1}$


$F=Dy$


\begin {equation*}\mathcal {E}[y,p] = \int _{\mathcal {B}_0} W(F,p,Dp)\,dX.\end {equation*}


\begin {equation*}x=y(X,t)\end {equation*}


\begin {equation*}u(x)=X,\end {equation*}


\begin {equation*}\mathcal {E}[u,p] = \int _{\mathcal {B}} \widetilde {W}(F^{-1},p,Dp)\,dx.\end {equation*}


$\mathcal {E}(u,p,\phi )$


\begin {equation*}u(x)=x-v(x),\end {equation*}


$v$


$Du=I-Dv$


$|Dv|\ll 1$


\begin {equation*}F=(Du)^{-1}\approx I+Dv.\end {equation*}


\begin {equation*}\varepsilon = \frac 12 \left ( Dv+(Dv)^T \right ),\end {equation*}


$W(F,p,Dp)$


\begin {equation*}W \approx W_0 + \frac 12(\mathbb C\varepsilon )\cdot \varepsilon + \frac {\alpha }{2}|p|^2 + \frac {\beta }{2}|Dp|^2 + \gamma \,p\cdot D(\mathrm {tr}\,\varepsilon ),\end {equation*}


\begin {equation*}\mathrm {div}(\mathbb C\varepsilon ) + \gamma D(\mathrm {div}\,p) = 0,\end {equation*}


\begin {equation*}-\beta \Delta p + \alpha p + \gamma D(\mathrm {tr}\,\varepsilon ) = 0.\end {equation*}


$\boldsymbol {p}$


$\boldsymbol {u}$


$\Pi ^{s}$


\begin {equation*}[\Pi ^{s}] = \begin {bmatrix} [I] & \mathbf 0 \\ \mathbf 0^{\top } & 0 \end {bmatrix},\end {equation*}


$I$


$3\times 3$


$\mathbf 0$


$\mathbb R^3$


\begin {equation*}D_{4}\boldsymbol {u}^{s} := D_{4}\boldsymbol {u}\,\Pi ^{s}\end {equation*}


\begin {equation*}[D_{4}\boldsymbol {u}^{s}] = \begin {bmatrix} [D\mathsf a] & \mathbf 0 \\ \mathbf 0^{\top } & 0 \end {bmatrix}.\end {equation*}


$D_{4}^{2}\boldsymbol {u}^{s}$


$\mathsf L(\mathbb T)$


\begin {equation}\label {Lag-1} \mathsf {L}(\mathbb {T}) := \int _{\mathbb {T}} \mathcal {L}_{e} (\boldsymbol {a},D_{4}\boldsymbol {a},\boldsymbol {p}) \,\mathrm d\mu + \int _{\mathbb {B}} \mathcal {L}_{m} (x,\boldsymbol {u},D_{4}\boldsymbol {u}, D_{4}^{2}\boldsymbol {u}^{s}, \boldsymbol {p},D_{4}\boldsymbol {p}) \,\mathrm d\mu ,\end {equation}


\begin {equation*}D_{4}^{2}\boldsymbol {u}^{s} = D_{4}(D_{4}\boldsymbol {u}^{s}).\end {equation*}


$\mathsf L(\mathbb T)$


\begin {equation}\label {Eq-Forces-Flexo} \frac {\partial \mathcal L_m}{\partial \boldsymbol u} + \mathrm {div}_{4} \left ( \boldsymbol P - \mathrm {div}_{4}\mathfrak P \right ) = 0.\end {equation}


$\mathfrak P$


$\mathfrak P=(\mathbf S,0)$


\begin {equation*}\mathfrak P := - \frac {\partial \mathcal L} {\partial D_{4}^{2}\boldsymbol u^{s}}.\end {equation*}


\begin {equation}\mathrm {div} \left ( P-\mathrm {div}\mathbf S \right ) +b = \frac {\mathrm d}{\mathrm dt} \frac {\partial \mathcal L}{\partial \dot u}. \label {Xeqn34-34}\end {equation}


$\mathfrak P$


\begin {equation}\label {Natural-BC-Flexo} \frac {\partial \mathcal L_m} {\partial D_{4}^{2}\boldsymbol u} \boldsymbol n_{\mathrm {space}} = \mathbf 0 \qquad \text {along } \bar \Gamma .\end {equation}


\begin {equation}\label {Energy-Mom-Balance-Flex} \mathrm {div}_{4}\boldsymbol Z - \frac {\delta \mathcal L}{\partial x} = - (\mathrm {skew}D_{4}\boldsymbol a)^{\top } \boldsymbol j,\end {equation}


\begin {equation*}\boldsymbol Z := \mathcal L\,\boldsymbol I_{4} + (\mathrm {skew}D_{4}\boldsymbol a)^{\top }\boldsymbol T + (D_{4}\boldsymbol u)^{\top } (\boldsymbol P-\mathrm {div}_{4}\mathfrak P) + (D_{4}\boldsymbol p)^{\top }\boldsymbol K.\end {equation*}


$\boldsymbol u$


$\mathfrak B$


$\mathbb R^3$


$\boldsymbol M$


$\boldsymbol K$


$\mathbb {S}^{2}$


$\mathbb {R}^{3}$


\begin {equation*}m:\mathbb {B}\longrightarrow \mathbb {S}^{2},\end {equation*}


$\mathbb {S}^{2}$


$m$


$m$


$x$


$t$


$4$


\begin {equation*}\boldsymbol {m}:\mathbb {B}\longrightarrow \mathbb {S}^{2}\times \left \lbrace 0\right \rbrace ,\end {equation*}


\begin {equation*}\boldsymbol {m}=\tilde {\boldsymbol {m}}(x,t)=(m,0)\,.\end {equation*}


$m$


\begin {equation*}\mathsf {L}(\mathbb {T}):=\int _{\mathbb {T}}\mathcal {L}_{e}(\boldsymbol {a},D_{4}\boldsymbol {a},\boldsymbol {p})\,\mathrm {d}\mu +\int _{\mathbb {B}}\mathcal {L}_{m}(x,\boldsymbol {u},D_{4}\boldsymbol {u},\boldsymbol {p},D_{4}\boldsymbol {p},\boldsymbol {m},D_{4}\boldsymbol {m})\,\mathrm {d}\mu \,.\end {equation*}


\begin {equation}\label {Eq-Micro-nematics} \frac {\partial \mathcal {L}_{m}}{\partial \boldsymbol {m}}+\mathrm {div}_{4}\overline {\boldsymbol {K}}=0,\end {equation}


\begin {equation*}\overline {\boldsymbol {K}}:=-\frac {\partial \mathcal {L}_{m}}{\partial D_{4}\boldsymbol {m}},\end {equation*}


\begin {equation*}\frac {\partial \mathcal {L}_{m}}{\partial D_{4}\boldsymbol {m}}\boldsymbol {n}_{space}=0\qquad \text {along}\;\Gamma \,.\end {equation*}


\begin {equation}\label {Energy-Mom-Balance-Flex-nem} \mathrm {div}_{4}\bar {\boldsymbol {Z}}-\dfrac {\delta \mathcal {L}}{\partial x}=-(\mathrm {skew}D_{4}\boldsymbol {a})^{\top }\boldsymbol {j}.\end {equation}


\begin {equation*}\bar {\boldsymbol {Z}}:=\mathcal {L}\boldsymbol {I}_{4}+(\mathrm {skew}D_{4}\boldsymbol {a})^{\top }\boldsymbol {T}+(D_{4}\boldsymbol {u})^{\top }(\boldsymbol {P}-\mathrm {div}_{4}\mathfrak {P})+(D_{4}\boldsymbol {p})^{\top }\boldsymbol {K}+D_{4}\boldsymbol {m}^{\top }\bar {\boldsymbol {K}}.\end {equation*}


$\mathcal {L}$


$x$


\begin {equation*}\mathrm {div}_{4}\bar {\boldsymbol {Z}}=0.\end {equation*}


\begin {equation}\label {Eq-Micro-Space-nematics} \mathrm {div}\bar {\mathsf {S}}-\bar {\mathsf {z}}=\dfrac {\mathrm {d}}{\mathrm {d}t}\dfrac {\partial \mathcal {L}}{\partial \dot {m}},\end {equation}


\begin {equation*}\bar {\mathsf {S}}=\frac {\partial \mathcal {L}_{m}}{\partial D m}\qquad \text {and}\qquad \bar {\mathbf {z}}=-\frac {\partial \mathcal {L}_{m}}{\partial m}.\end {equation*}


\begin {equation*}\text {classical nematic flexoelectricity} \longrightarrow \text {inverse motion} \longrightarrow \text {variational formulation}\end {equation*}


$(u,p)$


$(\delta u,\delta p)$


$\delta ^2 \mathcal {E}[u,p](\delta u,\delta p)$


$\delta ^2 \mathcal {E}$


$Du$


$p$


$D p$


$D^2 u$


$\delta ^{2} \mathcal {E}$


$v$


$\varepsilon (v)=\tfrac 12(D v+(D v)^\top )$


$\mathcal H:=H^2_0(\Omega ;\mathbb R^3)\times H^1_0(\Omega ;\mathbb R^3)$


\begin {equation}\label {eq:Q} \mathcal Q(v,p)= \int _\Omega \!\left ( \frac 12\,(\mathbb C \varepsilon )\cdot \varepsilon +\frac {\alpha }{2}|p|^2 +\frac {\beta }{2}|D p|^2 +\gamma \, p\cdot D(\operatorname {tr}\varepsilon ) +\frac {\eta }{2}|D^2 v|^2 \right )\!dx,\end {equation}


$\alpha ,\beta ,\eta >0$


$\mathbb C$


$\mathbb (\mathbb {C} A)\cdot A\ge c_{\rm el}|A|^2$


$A$


$c_{\rm el}$


\begin {equation}\label {eq:threshold} \alpha \eta >3\gamma ^2,\end {equation}


$\mathcal Q$


$\mathcal H$


$c_*>0$


\begin {equation}\label {eq:coercive-lower-bound} \mathcal Q(v,p)\ge c_* \left ( \|\varepsilon (v)\|_{L^2(\Omega )}^2 +\|D^2 v\|_{L^2(\Omega )}^2 +\|p\|_{L^2(\Omega )}^2 +\|D p\|_{L^2(\Omega )}^2 \right )\end {equation}


$(v,p)\in \mathcal H$


$(v,p)=(0,0)$


$\mathcal Q$


$\mathcal H$


$\operatorname {tr}\varepsilon (v)=\operatorname {div}v$


$i=1,2,3$


$\partial _i(\operatorname {div} v)= \partial _{ij} v_j$


$\big |\partial _i(\operatorname {div} v)\big |^2\le 3 |\partial _{ij}v_j|^2$


$i$


$|D(\operatorname {div} v)|^2\le 3\,|D^2 v|^2$


$\mathcal {B}$


\begin {equation*}\|D(\operatorname {div}v)\|_{L^2}^2\le 3\|D^2 v\|_{L^2}^2.\end {equation*}


\begin {equation*}\Big |\!\int _\Omega \gamma \, p\cdot D(\operatorname {tr}\varepsilon (v))\,dx\Big | \le \sqrt {3}\,|\gamma |\,\|p\|_{L^2}\,\|D^2 v\|_{L^2}.\end {equation*}


\begin {align*}&\frac {\alpha }{2}\|p\|_{L^2}^2 + \frac {\eta }{2}\|D^2 v\|_{L^2}^2 + \gamma \int _\mathcal {B} p\cdot D(\operatorname {tr}\varepsilon (v))\,dx \\ &\qquad \qquad \qquad \ge \frac {\alpha }{2}\|p\|_{L^2}^2 + \frac {\eta }{2}\|D^2 v\|_{L^2}^2 - \sqrt {3}\,|\gamma |\,\|p\|_{L^2}\,\|D^2 v\|_{L^2}.\end {align*}


$2\times 2$


\begin {equation*}\frac 12 \begin {pmatrix}\|p\|_{L^2}\\ \|D^2 v\|_{L^2}\end {pmatrix}^{\!\!\top } \!\! \begin {pmatrix} \alpha & -\sqrt {3}|\gamma |\\ -\sqrt {3}|\gamma | & \eta \end {pmatrix} \!\! \begin {pmatrix}\|p\|_{L^2}\\ \|D^2 v\|_{L^2}\end {pmatrix}.\end {equation*}


$\lambda _{\min }(M)>0$


\begin {equation}\label {eq:block-lower} \frac {\alpha }{2}\|p\|_{L^2}^2 + \frac {\eta }{2}\|D^2 v\|_{L^2}^2 + \gamma \int _\Omega p\cdot D(\operatorname {tr}\varepsilon (v))\,dx \ge \frac {\lambda _{\min }(M)}{2} \left ( \|p\|_{L^2}^2+\|D^2 v\|_{L^2}^2 \right ).\end {equation}


$\frac 12\int \mathbb C\varepsilon (v):\varepsilon (v)\ge \frac {c_{\rm el}}{2}\|\varepsilon (v)\|_{L^2}^2$


$\frac {\beta }{2}\|D p\|_{L^2}^2$


$\mathcal Q$


\begin {equation*}\mathcal Q(v,p) \ge \frac {c_{\rm el}}{2}\,\|\varepsilon (v)\|_{L^2}^2 +\frac {\beta }{2}\,\|D p\|_{L^2}^2 +\frac {\lambda _{\min }(M)}{2} \left ( \|p\|_{L^2}^2+\|D^2 v\|_{L^2}^2 \right ).\end {equation*}


\begin {equation*}c_*= \frac 12\min \{c_{\rm el},\beta ,\lambda _{\min }(M)\}>0.\end {equation*}


$\mathcal Q$


\begin {equation*}\delta ^2\mathcal Q(0,0)[(v,p),(v,p)]=2\,\mathcal Q(v,p),\end {equation*}


$\mathcal H$


$(0,0)$


$\mathcal Q$


$\gamma $


$|\gamma |$


$3$


$\|D(\operatorname {div}v)\|_{L^2}^2\le 3\|D^2 v\|_{L^2}^2$


$\tfrac {\eta }{2}|D(\operatorname {tr}\varepsilon (v))|^2$


$\alpha \eta >\gamma ^2$


$m$


$x$


\begin {equation}\label {eq:red-energy-general} \mathcal F(u,p) := \int _\Omega \Big ( \widehat W_{\rm el}(x,u,Du) + \widehat W_{\rm pol}(x,u,p) + \widehat W_{\rm flex}(x,u,Du,p) + \frac {\beta }{2}|Dp|^2 \Big )\,dx,\end {equation}


$\beta >0$


\begin {align}\widehat W_{\rm el}(x,u,Du) &:= \Phi \big (x,u,M(Du)\big ), \\ \widehat W_{\rm pol}(x,u,p) &:= \Psi _{\rm pol}(x,u,p), \\ \widehat W_{\rm flex}(x,u,Du,p) &:= \Psi _{\rm flex}(x,u,Du,p).\end {align}


$M(Du)$


$Du$


\begin {equation*}M(Du)=(Du,\operatorname {cof}Du,\det Du),\end {equation*}


$\Psi _{\rm pol}$


$\Psi _{\rm flex}$


$F^{-1}$


$Du$


$F$


$(Du)^{-1}$


\begin {equation*}\Psi _{\rm pol}(x,u,p) = \frac 12\, (\det Du)\, p\cdot \mathbb A(m(x))\,p,\end {equation*}


$\mathbb A(m(x))$


\begin {equation*}\Psi _{\rm flex}(x,u,Du,p) = J_u\, (m(x)\otimes p):\mathbb F\!\big ((Dm(x))(Du)^{-1}\big ).\end {equation*}


$u_0$


$p_0$


$\partial \Omega _{u}$


$\partial \Omega _{p}$


$\partial \Omega $


$p_0\in W^{1/2,2}(\partial \Omega _p;B_p)$


$\mathcal {A}$


$(u,p)$


\begin {equation*}\mathcal A:= \Big \{ (u,p)\ \Big |\
u\in {\rm dif}^{\,r,1}(\Omega ,\mathcal B),\
p\in W^{1,2}(\Omega ;B_p),\
u=u_0 \text { on }\partial \Omega _u,\
p=p_0 \text { on }\partial \Omega _p \Big \},\end {equation*}


$W^{1,2}(\Omega ;B_p)$


$p\in W^{1,2}(\Omega ;\mathbb R^3)$


$p(x)\in B_p$


$x\in \Omega $


${\rm dif}^{\,r,1}$


${\rm dif}^{\,1, 1}$


$W^{1,1}(\Omega ;\mathbb R^3)$


$u$


$|M(Du)|\in L^{1} (\Omega ;\mathbb R^3)$


${\rm dif}^{\,1, 1}$


${\rm dif}^{\,1, 1}$


$\mathfrak {B}$


$W^{1,1}(\Omega , \mathfrak {B})$


${\rm dif}^{\,r, 1}$


${\rm dif}^{\,1, 1}$


$|M(Du)|\in L^{r} (\Omega ;\mathbb R^3)$


$W^{1,p}$


$p\geq 3$


$p<3$


$W^{1,1}$


$(F,\operatorname {cof}F, \det F)\in L^{r}$


$W^{1,p}$


$p>1$


$\Phi (x,u,\cdot )$


$Du$


$M(Du)=(Du,\operatorname {cof}Du,\det Du)$


$\Phi $


$x$


$(u,M(Du))$


$c_1>0$


$c_2\ge 0$


$r>1$


$\vartheta :(0,+\infty )\to [0,+\infty ]$


$\vartheta (t)\to +\infty $


$t\to 0^+$


\begin {equation}\label {eq:growth-el-general} \Phi (x,u,M(Du)) \ge c_1 |M(Du)|^{ r} +\vartheta (\det Du)-c_2;\end {equation}


$\Psi _{\rm pol}:\Omega \times \mathcal B\times B_p\to \mathbb R$


$x$


$(u,p)$


$c_{\rm pol}\ge 0$


\begin {equation*}\Psi _{\rm pol}(x,u,p)\ge -\,c_{\rm pol} \qquad \text {for all admissible }(x,u,p);\end {equation*}


$\Psi _{\rm flex}$


$x$


$(u,M(Du),p)$


$L^1$


$\zeta \in L^1(\Omega )$


\begin {equation*}\Psi _{\rm flex}(x,u,Du,p)\ge \zeta (x) \qquad \text {for all admissible }(u,p);\end {equation*}


$(u_\ast ,p_\ast )\in \mathcal A$


$\mathcal F(u_\ast ,p_\ast )<+\infty $


$\mathcal F$


$\mathcal A$


$\mu :=\inf _{(u,p)\in \mathcal A}\mathcal F(u,p)$


$\{(u_j,p_j)\}\subset \mathcal A$


$\mathcal F(u_j,p_j)\to \mu $


$p_j$


$p_j(x)\in B_p$


$x\in \Omega $


$\{p_j\}$


$L^\infty (\Omega ;\mathbb R^3)$


$L^2(\Omega ;\mathbb R^3)$


$\beta >0$


\begin {equation*}\int _\Omega \frac {\beta }{2}|Dp_j|^2\,dx\end {equation*}


$\{p_j\}$


$W^{1,2}(\Omega ;\mathbb R^3)$


$\mathcal F(u_j,p_j)$


\begin {equation*}\int _\Omega |M(Du_j)|^{ r}\,dx \le C, \qquad \int _\Omega \vartheta (\det Du_j)\,dx \le C,\end {equation*}


$C>0$


$j$


$\{u_j\}$


${\rm dif}^{\,r,1}(\Omega ,\mathcal B)$


$u\in {\rm dif}^{\,r,1}(\Omega ,\mathcal B)$


$u_j \rightharpoonup u$


$M(Du_j)\rightharpoonup M(Du)$


$u$


$\{p_j\}$


$W^{1,2}(\Omega ;\mathbb R^3)$


$p\in W^{1,2}(\Omega ;\mathbb R^3)$


\begin {equation*}p_j\rightharpoonup p \quad \text {in }W^{1,2}(\Omega ;\mathbb R^3), \qquad p_j\to p \quad \text {in }L^2(\Omega ;\mathbb R^3).\end {equation*}


$p_j(x)\to p(x)$


$x\in \Omega $


$B_p$


$p_j(x)\in B_p$


$x$


\begin {equation*}p(x)\in B_p \qquad \text {for a.e. }x\in \Omega .\end {equation*}


$p\in W^{1,2}(\Omega ;B_p)$


$\partial \Omega _p$


$(u,p)\in \mathcal A$


$(u,Du)\mapsto \Phi (x,u,M(Du))$


$Du$


$x$


\begin {equation*}\int _\Omega \Phi (x,u,M(Du))\,dx \le \liminf _{j\to \infty } \int _\Omega \Phi (x,u_j,M(Du_j))\,dx.\end {equation*}


$\Psi _{\rm pol}$


$(u,p)$


$p_j\to p$


$L^2(\Omega ;\mathbb R^3)$


$u_j$


\begin {equation*}\int _\Omega \Psi _{\rm pol}(x,u,p)\,dx \le \liminf _{j\to \infty } \int _\Omega \Psi _{\rm pol}(x,u_j,p_j)\,dx.\end {equation*}


\begin {equation*}\int _\Omega \Psi _{\rm flex}(x,u,Du,p)\,dx \le \liminf _{j\to \infty } \int _\Omega \Psi _{\rm flex}(x,u_j,Du_j,p_j)\,dx.\end {equation*}


$Dp$


$W^{1,2}(\Omega ;\mathbb R^3)$


\begin {equation*}\int _\Omega \frac {\beta }{2}|Dp|^2\,dx \le \liminf _{j\to \infty } \int _\Omega \frac {\beta }{2}|Dp_j|^2\,dx.\end {equation*}


\begin {equation*}\mathcal F(u,p) \le \liminf _{j\to \infty }\mathcal F(u_j,p_j) = \mu .\end {equation*}


$(u,p)\in \mathcal A$


$\mu \le \mathcal F(u,p)$


$\mathcal F(u,p)=\mu $


$(u,p)$


$p(x)\in B_p$


$\Psi _{\rm flex}(x,u,Du,p)$


\begin {equation*}\Psi _{\rm flex}(x,u,Du,D^{2}u,p)=\Psi _{\rm flex}(x,u,M(Du),D(\operatorname {cof}Du),D(\det Du),p),\end {equation*}


$q>2$


$s>0$


$c_{i}>0$


$i=1,2$


\begin {equation*}\Psi _{\rm flex}(x,u,M(Du),\Delta _{1},\Delta _{2},p)\geq c_1 (|M(Du)|^{\bar r}+|\Delta _{1}|^{q}-|\Delta _{2}|^{s}) +\vartheta (\det Du)-c_2,\end {equation*}


$\theta $


$u$


$\mathrm {dif}^{r,2,p}$


$u$


$W^{2,p}$


$p>2$


$\operatorname {cof}Du$


$W^{1,q}$


$q\geq p/(p-1)$


$\det Du$


$L^{r}$


$D$


$D_{4}$


$\mathfrak E$


$\boldsymbol g$


$\nabla $


\begin {equation*}\boldsymbol u:\mathfrak E\longrightarrow \mathfrak B,\end {equation*}


$\boldsymbol a$


$\boldsymbol p$


\begin {equation*}D_{4}\boldsymbol u \longrightarrow \nabla \boldsymbol u, \qquad D_{4}\boldsymbol p \longrightarrow \nabla \boldsymbol p,\end {equation*}


\begin {equation*}D_{4}^{2}\boldsymbol u^{s} \longrightarrow \nabla ^{2}\boldsymbol u^{s}.\end {equation*}


\begin {equation}\label {Lag-2} \begin {aligned} \mathsf L(\mathbb T) := k\int _{\mathbb T} R\,\sqrt {-g}\,\mathrm d\mu _{\boldsymbol g} + \int _{\mathbb T} \mathcal L\, \sqrt {-g}\,\mathrm d\mu _{\boldsymbol g}, \end {aligned}\end {equation}


$R$


$\boldsymbol g$


$k>0$


$g=\det \boldsymbol {g}$


$\mathcal L$


\begin {equation*}\mathcal L_v = -\frac 14 \mathcal F^\flat \!\cdot \!\mathcal F, \qquad \mathcal F:=2\,\mathrm {skew}\,\nabla \boldsymbol a,\end {equation*}


$\mathcal F^\flat =\boldsymbol g\mathcal F\boldsymbol g$


\begin {equation}\label {Variational-3} \delta \mathsf L(\mathbb T) + \int _{\mathbb T} \boldsymbol j\cdot \delta (\boldsymbol a+D_{4}\Phi ) \sqrt {-g}\,\mathrm d\mu _{\boldsymbol g} = 0.\end {equation}


\begin {equation*}\boldsymbol R - \frac 12 \boldsymbol g\,R = \kappa ^{-1}\mathbb P,\end {equation*}


\begin {equation*}\mathbb P = \frac 12\boldsymbol g\,\mathcal L - \frac {\partial \mathcal L}{\partial \boldsymbol g}\end {equation*}


\begin {align}\label {Eq-FreeSpace-r} &\mathrm {div}_{4}\hat {\boldsymbol T} + \boldsymbol j = 0,\\ \label {Eq-Current-r} & \mathrm {div}_{4}\boldsymbol j = 0,\\ \label {Eq-Forces-r} & \frac {\partial \mathcal L_m}{\partial \boldsymbol u} + \mathrm {div}_{4} \left ( \hat {\boldsymbol P} - \mathrm {div}_{4}\hat {\mathfrak P} \right ) = 0,\end {align}


\begin {equation}\label {Eq-Micro-r} \frac {\partial \mathcal L_m}{\partial \boldsymbol p} + \frac {\partial \mathcal L_e}{\partial \boldsymbol p} + \mathrm {div}_{4}\hat {\boldsymbol K} = 0.\end {equation}
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electromagnetic fields directly in the current configuration. This choice allows one to avoid pull-back operations, places all fields in 
a common geometric representation, and leads naturally to a gauge-invariant variational formulation.

The approach proposed here is not intended as an alternative to existing electroelastic theories. Rather, it is a reformulation 
aimed at clarifying their geometric structure and variational content. Its main advantage lies in the possibility of treating mechanical 
and electromagnetic fields within a unified setting in the current configuration, while retaining direct connections with classical 
electroelastic models.

To make the framework concrete, we explicitly establish its relation with classical electroelasticity and discuss its small-strain 
limit, where the distinction between direct and inverse descriptions becomes essentially negligible. We then consider a representative 
electroelastic energy inspired by recent theories of flexoelectric materials and rewrite it in terms of inverse motion. The resulting 
functional admits minimizers under large strains. In this way, the variational implications of the general framework can be assessed 
on a specific class of models of current interest.

A further point of interest concerns the influence of electroelastic couplings on material stability. In particular, flexoelectric 
effects, interpreted here as manifestations of latent microstructure, introduce higher-gradient contributions that may either stabilize 
or destabilize the material response. This aspect is analyzed within the present variational setting through explicit coercivity and 
minimization results.

The formulation developed here is intrinsically compatible with gauge invariance and admits a natural extension to relativistic 
settings. Nevertheless, the primary focus of the paper remains nonlinear electroelasticity and its variational structure. The relativistic 
extension is presented only as a natural continuation of the inverse-motion framework.

The paper is organized as follows. Section 2 recalls the basic elements of gauge invariance. Section 3 introduces the inverse-motion 
framework. Section 4 presents the Lagrangian formulation and the associated d’Alembert-Lagrange principle. Section 5 derives the 
governing equations. Section 6 establishes the connection with classical electroelasticity, discusses the relation with the formulations 
of Toupin and Ericksen, and analyzes the small-strain regime. Section 7 incorporates flexoelectric effects into the general framework. 
Section 8 discusses stability in the small-strain regime and proves existence of minimizers for a representative flexoelectric energy 
under large strains. Finally, Section 9 outlines a possible relativistic extension.

Regarding notations, for 𝔄 and 𝔅 third-rank tensors, the product 𝔄 ∶ 𝔅 gives a second-rank tensor with components (say) 𝑵 𝑙
𝑖 =

𝔄𝑖𝑗𝑘𝔅𝑗𝑘𝑙, while for 𝑨 and 𝑩 two second-rank tensors, the product 𝑨𝑩 gives a second-rank tensor with components (say) 𝑪𝑗
𝑖 = 𝑨𝑖𝑘𝑩𝑘𝑗 , 

where summation over repeated indices is accepted here and below. An interposed dot between elements of a generic linear space and 
those of its dual will indicate in the sequel duality pairing (that is, saturation of all components), independently of the linear space 
considered; the result of this product is a scalar. A superposed dot indicates the time derivative, while 𝐷 means spatial derivative.

2.  Gauge invariance: Essential elements

Field theories may include in their structure some indeterminacies. For example, adding an arbitrary constant to the gravitational 
potential, we get the same force; two wave functions of (say) electrons that differ by the phase cannot be distinguished by measure-
ments. These and other cases are said as endowed with a gauge freedom and can be exploited in terms of transformation, that is, 
a change of fields, to simplify the problems tackled. In fact, the key aspect is that as long as a gauge transformation is carried out 
throughout a problem in hand, the underlying physics remains unchanged.

In electromagnetism, gauge transformations involve the differentiable vector potential 𝐴 and scalar potential Φ. Indeed, the magnetic 
flux density 𝐵, a divergence-free field in the free space, is given by the curl of 𝐴, that is,

𝐵 = curl𝐴 . (1)

Evidently, the transformation
𝐴 ⟼ 𝐴 +𝐷𝜒, (2)

with 𝜒 any differentiable function of space and time, leaves invariant 𝐵.
The scalar potential Φ enters the definition of electric field 𝐸. Indeed, we have

𝐸 = −𝐷Φ − 𝐴̇ . (3)

By using the transformation (2), we obtain 𝐸 = −𝐷Φ − 𝐴̇ −𝐷𝜒̇ . Thus, in order that the electric field 𝐸 remains invariant, we need to 
consider in addition the transformation

Φ ⟼ Φ − 𝜒̇ . (4)

The pair of transformations (2) and (4) is what we impose on the electromagnetic field when we require gauge invariance.
In the present framework, gauge invariance plays a structural role. It allows the electromagnetic contribution to be formulated 

directly in the current configuration and leads naturally to the variational construction discussed in the following sections.

3.  Classical space-time: 4-vectors and 4-tensors

The inverse-motion formulation proposed here is naturally expressed in terms of space-time variables. For this reason, before 
introducing the variational structure of the theory, it is convenient to collect some elementary notions concerning a four-dimensional 
representation of space and time. At this stage, the setting remains entirely classical and no relativistic assumptions are involved.
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The ambient where we place first the theory is the classical space-time ℝ3 ×ℝ. Its elements are called here 4-vectors. Any 𝒂 ∈ ℝ3 ×ℝ
has a component of space type, here indicated by 𝖺 ∈ ℝ3 and one of time type in ℝ, say, 𝑎, that is,

𝒂 = (𝖺, 𝑎) .

A linear map from ℝ3 ×ℝ onto itself, that is, an element 𝑵 of the linear space Hom(ℝ3 ×ℝ,ℝ3 ×ℝ), is what we call a second-rank 
4-tensor. It has the following matrix structure:

[𝑵] =
[

[𝖭] 𝗏
𝗐⊤ 𝑎

]

,

where 𝖭 is a second rank tensor from ℝ3 onto itself, that is, 𝖭 ∈ Hom(ℝ3,ℝ3), while 𝗏,𝗐 ∈ ℝ3 and 𝑎 ∈ ℝ. The superscript ⊤ indicates 
standard transposition.

Consider 𝒂 ∈ ℝ3 ×ℝ as the value of a space-time differentiable field. Its four-dimensional derivative 𝐷4𝒂̃ = 𝐷4𝒂̃(𝑥, 𝑡) has the 
following matrix structure:

[𝐷4𝒂] =
[

[𝐷𝖺] 𝖺̇
𝐷𝑎⊤ 𝑎̇

]

.

Its trace is the four-dimensional divergence, indicated by div4 and given by
div4𝒂 = div 𝖺 + 𝑎̇ .

For 𝜒 the value of a space-time differentiable function 𝜒 , we have
𝐷4𝜒 = (𝐷𝜒, 𝜒̇) .

Moreover, consider 𝑵 as a space-time differentiable field. By definition, we have1
div4𝑵 = (div𝖭 + 𝗏̇, div𝗐 + 𝑎̇) . (5)

4.  Inverse motion and a d’Alembert-Lagrange principle

The following formal developments provide the structural setting of the theory. Their implications for classical electroelasticity, 
variational formulations, and stability are made explicit in the subsequent sections.

4.1.  A view on the inverse motion and polarization

Traditionally, a body is intended as an abstract manifold 𝔅 of finite dimension, parameterized by a reference configuration , a 
fit region. To render significant the statement that different observers (here considered to be frames of reference in the space-time) 
record the same reference configuration Truesdell and Noll (1965), Truesdell (1977), it is necessary to consider first two identical 
copies of the ambient space, say, ℝ3 and ℝ̄3. We take ℝ̄3 as a reference space and select  by an embedding 𝜅 ∶ 𝔅 ⟶ ℝ̄3 of the body 
manifold, so that  = 𝜅(𝔅). Then, motions with respect to  are defined by one-to-one differentiable maps

𝑦 ∶  ×ℝ ⟶ ℝ3,

assumed to preserve the space orientation. As usual, we indicate by 𝐹  its spatial derivative. Thus, the orientation constraint formally 
reads det 𝐹 > 0. At every 𝑡 ∈ 𝔹, the fit region 𝑡 ∶= 𝑦(, 𝑡) represents the current configuration reached by the body.

The standard electroelastic formulation combines two geometrically different descriptions. Mechanical fields are commonly re-
ferred to a reference configuration, whereas electromagnetic fields are naturally expressed in the current configuration. The inverse 
motion provides a way to remove this asymmetry and to describe both classes of fields within a common geometric setting.

Here, we reverse the view. We consider a finite interval of time, say [𝑡1, 𝑡2], 𝑡1 < 𝑡2, and the ‘tube’
𝔹 ∶=

⋃

𝑡∈[𝑡1 ,𝑡2]
(𝑡,𝑡),

where 𝑡 is not necessarily identified by a motion 𝑦̃. Then, we consider a map
𝑢 ∶ 𝔹 ⟶ 𝔅 .

The value 𝑢 = 𝑢(𝑥, 𝑡) indicates what material element 𝑢 ∈ 𝔅 occupies the place 𝑥 ∈ ℝ3 at the instant 𝑡 ∈ ℝ; in other words, if we would 
think in terms of the relativity theory, we should say that 𝑢 shows what material element is involved in the event (𝑥, 𝑡). We assume 
that 𝑢 is differentiable and such that det𝐷𝑢 > 0 at every event (𝑥, 𝑡). Differentiability of 𝑢 is intended in terms of charts over 𝔅, as it 
is customary in defining differentiable maps between manifolds, because differentiability is a local property.

Polarization in the matter is described by a differentiable field
𝑝 ∶ 𝔹 ⟶ 𝐵𝑝,

where 𝐵𝑝 is a ball in ℝ3 with radius |𝑝max|, centered at zero. Precisely,
𝐵𝑝 ∶= {𝑝 ∈ ℝ3 ∶ |𝑝| ≤ |𝑝max|},

The field 𝑝 represents the polarization 𝑝 = 𝑝(𝑥, 𝑡) that pertains to the event 𝑒 = (𝑥, 𝑡); |𝑝max| indicates the maximum polarization density.

1 A similar formalism has been adopted in Gurtin (1997).
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4.2.  The lagrangian

Let Ω ∈ ℝ3 be an open compact set. We consider a space-time tube 𝕋 = Ω × [𝑡1, 𝑡2] so wide to strictly include 𝔹, that is, 𝔹 ⊂ 𝕋 .
Then, we take three differentiable 4-vector fields

𝒂 ∶ ℝ3 ×ℝ ⟶ ℝ3 ×ℝ, 𝒖 ∶ 𝔹 ⟶ 𝔅 × {0}, 𝒑 ∶ 𝔹 ⟶ 𝐵𝑝 × {0},

so that
𝒂 = 𝒂(𝑥, 𝑡) = (𝐴,−Φ), 𝒖 = 𝒖(𝑥, 𝑡) = (𝑢, 0), 𝒑 = 𝒑(𝑥, 𝑡) = (𝑝, 0),

where, as above, 𝐴 and Φ are the vector and scalar electromagnetic potentials, respectively.
These fields enter the following general Lagrangian 𝖫(𝕋 ):

𝖫(𝕋 ) ∶= ∫𝕋
𝑒(𝒂, 𝐷4𝒂,𝒑) d𝜇 + ∫𝔹

𝑚(𝑥, 𝒖, 𝐷4𝒖,𝒑, 𝐷4𝒑) d𝜇,

where d𝜇 is the volume measure in ℝ3 ×ℝ, that is, d𝜇 = d𝑥1 ∧ d𝑥2 ∧ d𝑥3 ∧ d𝑡. The Lagrangian density 𝑒 is assumed to be such that
𝑒(𝒂, 𝐷4𝒂,𝒑) = 𝑣(𝒂, 𝐷4𝒂)(1 − 𝟏𝔹) + 𝑒𝑚(𝒂, 𝐷4𝒂,𝒑)𝟏𝔹, (6)

where 𝟏𝔹 is the indicator function of 𝔹. 𝑣 is the Lagrangian in the free space (possibly with isolated point charges) while 𝑒𝑚 is the 
Lagrangian referring to electrodynamics in the matter. The latter depends on the polarization, which generates a local perturbation 
of the electric field.

The decomposition of 𝑒 reflects the distinction between electromagnetic fields in the vacuum and electromagnetic interactions 
within the material body. It is not essential for the formal developments below, but it clarifies the physical origin of the various 
contributions and facilitates comparison with classical electroelastic formulations.

4.3.  Gauge invariance of 𝑒

We require gauge invariance for 𝑒, which means
𝑒(𝒂, 𝐷4𝒂,𝒑) = 𝑒(𝒂 +𝐷4𝜒,𝐷4𝒂 +𝐷2

4𝜒,𝒑), (7)

for any arbitrary choice of a twice differentiable space-time scalar function 𝜒 . The arbitrariness of 𝜒 implies the possibility of choosing 
𝐷4𝜒 = −𝒂, which also means 𝐷2

4𝜒 = −sym𝐷4𝒂, where sym extracts the symmetric part of its argument. Thus, the gauge condition (7) 
implies

𝑒(𝒂, 𝐷4𝒂,𝒑) = 𝑒(skew𝐷4𝒂,𝒑),

where skew extracts the skew-symmetric part of its argument.
Set

 ∶= 2skew𝐷4𝒂 .

A common choice for 𝑣 is a quadratic form proportional to | |

2. Other more intricate choices can be made for 𝑣 as, for example, 
the Euler-Heisenberg structure, which describes the production of electron-positron pairs from a background electromagnetic field. 
For this reason, to leave open possibly different specific choices, we maintain 𝑒 as general as possible in the following developments.

Note that

skew𝐷4𝒂 ∶= 1
2

[

[𝐷𝐴] − [𝐷𝐴]⊤ 𝐴̇ +𝐷Φ
−(𝐷Φ + 𝐴̇)⊤ 0

]

= 1
2

[

[𝐵×] −𝐸
𝐸⊤ 0

]

. (8)

Thus, there exist (1) a local differentiable function 𝓁 that depends on the triple (𝐵,𝐸, 𝑝) and (2) two other differentiable functions 𝓁𝑣
and 𝓁𝑚 such that

𝑒(skew𝐷4𝒂,𝒑) = −𝓁(𝐵,𝐸, 𝑝) = −𝓁𝑣(𝐵,𝐸)(1 − 𝟏𝔹) − 𝓁𝑚(𝐵,𝐸, 𝑝)𝟏𝔹 .

Define the 4-tensor 𝑻  as

𝑻 ∶= −
𝜕𝑒

𝜕skew𝐷4𝒂
.

Evidently, 𝑻  is a skew-symmetric tensor. Thus, in agreement with the structure of the last term in (8), we can say that there are 
vectors, say 𝖧 and 𝖣 such that

𝑻 ∶=
[

[𝖧×] 𝖣
−𝖣⊤ 0

]

. (9)

In the free space, at every 𝑡 we have
̇𝑣(skew𝐷4𝒂) = −𝓁̇𝑣(𝐵,𝐸),
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which reads

𝑻 ⋅
⋅

skew𝐷4𝒂=
𝜕𝓁𝑣
𝜕𝐵

⋅ 𝐵̇ +
𝜕𝓁𝑣
𝜕𝐸

⋅ 𝐸̇ . (10)

Since (𝐯×) ⋅ (𝐰×) = 2 for any pair of vectors (𝐯,𝐰), the Eq.  (10) becomes

𝖧 ⋅ 𝐵̇ − 𝖣 ⋅ 𝐸̇ =
𝜕𝓁𝑣
𝜕𝐵

⋅ 𝐵̇ +
𝜕𝓁𝑣
𝜕𝐸

⋅ 𝐸̇

and is valid for any choice of the time rates involved. Thus, the following identifications hold:

𝖧 =
𝜕𝓁𝑣
𝜕𝐵

, 𝖣 = −
𝜕𝓁𝑣
𝜕𝐸

.

In this sense, 𝖧 and 𝖣 are dual to 𝐵 and 𝐸. The vector 𝖣 is commonly called an electric displacement. In contrast, there is no universal 
consensus on the nomenclature attributed to the magnetic dual 𝖧, that is a magnetic field.2

The 4-tensor field with values 𝑻  suffers a bounded discontinuity across the surface
Γ ∶=

⋃

𝑡∈[𝑡1 ,𝑡2]
(𝑡, 𝜕𝑡),

while for the rest it is continuous and continuously differentiable. The field 𝒂̃, above defined, is instead considered continuous 
everywhere.

The variational structure considered below includes processes that may involve charge transport and electric currents. For this 
reason, the electromagnetic field alone is not sufficient to describe the interaction mechanism and an additional source field must be 
introduced. We therefore consider a 4-current density field whose role is analogous to that played by external actions in the classical 
d’Alembert-Lagrange principle.

A 4-vector field 𝒋̃ ∶ 𝔈 ⟶ 𝔈 with values 𝒋 is defined by
𝒋 = (𝗃, 𝔠),

where 𝗃 ∈ ℝ3 is the vector of electric currents, while 𝔠 ∈ ℝ is the scalar density of charges that induce polarization. In dielectrics, the 
case treated by Ericksen in Ericksen (2007b), 𝗃 = 0 and there are only bound charges. In conducting ferroelectrics, a case encompassed 
in the present formalism, 𝗃 may be different from zero. In any case, outside the body considered, we can possibly have currents in the 
free space and charges. In the free space, we consider 𝒋̃ continuously differentiable.

4.4.  A d’Alembert-Lagrange principle

We assume that physically realizable paths in the chosen state space, that is, the space of triples (𝒂̃, 𝒖̃, 𝒑̃), satisfy the following 
d’Alembert-Lagrange principle:

𝛿𝖫(𝕋 ) + ∫𝕋
𝒋 ⋅ 𝛿(𝒂 +𝐷4Φ) d𝜇 = 0 . (11)

The choice of a d’Alembert-Lagrange principle, rather than a purely Hamiltonian stationarity condition, is motivated by the possibility 
of including non-conservative current-related effects while preserving a variational structure.

Variations are considered as
𝒂 ⟼ 𝒂 + 𝛿𝒂, 𝒖 ⟼ 𝒖 + 𝛿𝒖, 𝒑 ⟼ 𝒑 + 𝛿𝒑, Φ ⟼ Φ + 𝛿Φ,

where 𝛿𝒂 and 𝛿Φ are assumed to vanish on 𝜕𝕋 , while 𝒖 + 𝛿𝒖 and 𝒑 + 𝛿𝒑 are required to coincide with values 𝒖̄ and 𝒑̄ on a portion 
𝜕𝑝𝑟𝑒𝔹 of the boundary 𝜕𝑝𝑟𝑒𝔹, where, in principle, the spatial components 𝑢 and 𝑝 are prescribed. In particular, we consider 𝛿𝒖 = (𝛿𝑢, 0)
and 𝛿𝒑 = (𝛿𝑝, 0).

Remark 1. If we would skip the last integral in (11), the first variation of the Lagrangian alone would not obtain the continuity law 
for the electric current (see below), as it occurs in classical variational derivation of the Maxwell equations. A d’Alembert-Lagrange 
structure allows one to include non-conservative effects. 

5.  The first variation

The purpose of this section is to derive the governing equations in a representation where both electromagnetic and mechanical 
fields are described in the current configuration. In this way, the geometric advantage of the inverse-motion formulation becomes 
explicit already at the level of the variational principle.

2 Some authors call 𝖧 the magnetic field, saying that 𝐵 is the magnetic induction. Others claim that the induction is properly a phenomenon and 
call 𝐵 a magnetic field, denoting 𝖧 as a magnetic intensity. We do not take part in the diatribe, accepting the adopted compromise.
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5.1.  Dirichlet boundary conditions along 𝜕𝔹

For convenience, first we separate the various addenda of 𝖫(𝕋 ). The technique that we use in this section is a standard matter in 
the calculus of variation.

For the integral

∫𝕋
𝑒(skew𝐷4𝒂,𝒑) d𝜇

we have

𝛿 ∫𝕋
𝑒 d𝜇 = ∫𝕋

𝜕𝑒
𝜕skew𝐷4𝒂

⋅ skew𝐷4𝛿𝒂 d𝜇 + ∫𝔹
𝜕𝑒
𝜕𝒑

⋅ 𝛿𝒑 d𝜇 = ∫𝕋
𝜕𝑒

𝜕skew𝐷4𝒂
⋅𝐷4𝛿𝒂 d𝜇 + ∫𝔹

𝜕𝑒
𝜕𝒑

⋅ 𝛿𝒑 d𝜇

= ∫𝕋

(

div4

((

𝜕𝑒
𝜕skew𝐷4𝒂

)⊤
𝛿𝒂

)

− 𝛿𝒂 ⋅ div4
𝜕𝑒

𝜕skew𝐷4𝒂

)

d𝜇 + ∫𝔹
𝜕𝑒
𝜕𝒑

⋅ 𝛿𝒑 d𝜇

= ∫𝕋
𝛿𝒂 ⋅ div4𝑻 d𝜇 + ∫Γ

[[𝑻 ]]𝒏𝑠𝑝𝑎𝑐𝑒 ⋅ 𝛿𝒂 d3 + ∫𝔹
𝜕𝑒
𝜕𝒑

⋅ 𝛿𝒑 d𝜇, (12)

where d3 = d2 ∧ dt, with d2 the two-dimensional Hausdorff measure over 𝜕𝑡 at every instant 𝑡, the 4-vector 𝒏𝑠𝑝𝑎𝑐𝑒 is given by 
𝒏𝑠𝑝𝑎𝑐𝑒 = (𝐧, 0), with 𝐧 the normal to 𝜕𝑡 at every instant 𝑡 and in every point where it is well defined, and [[𝑻 ]] indicates the jump of 
𝑻  across Γ, that is, [[𝑻 ]] = 𝑻 + − 𝑻 −, where 𝑻 ± are, respectively, the outer and inner limits of 𝑻  to 𝜕𝑡 at every instant 𝑡, with respect 
to the normal 𝐧.

Assume for simplicity that
𝜕𝑝𝑟𝑒𝔹 = 𝜕𝔹 . (13)

In other words, Dirichlet-type boundary conditions apply for the fileds 𝒖̃ abd 𝒑̃
For the integral

∫𝔹
𝑚(𝑥, 𝒖, 𝐷4𝒖,𝒑, 𝐷4𝒑) d𝜇,

due to the condition (13), since the variations are chosen to match the boundary conditions, we have

𝛿 ∫𝔹
𝑚 d𝜇 = ∫𝔹

(

𝜕𝑚
𝜕𝒖

⋅ 𝛿𝒖 +
𝜕𝑚
𝜕𝐷4𝒖

⋅ 𝛿𝐷4𝒖 +
𝜕𝑚
𝜕𝒑

⋅ 𝛿𝒑 +
𝜕𝑚
𝜕𝐷4𝒑

⋅ 𝛿𝐷4𝒑
)

d𝜇

= ∫𝔹

(

𝛿𝒖 ⋅
(

𝜕𝑚
𝜕𝒖

− div4
𝜕𝑚
𝜕𝐷4𝒖

)

+ 𝛿𝒑 ⋅
(

𝜕𝑚
𝜕𝒑

− div4
𝜕𝑚
𝜕𝐷4𝒑

))

d𝜇

= ∫𝔹

(

𝛿𝒖 ⋅
(

𝜕𝑚
𝜕𝒖

+ div4𝑷
)

+ 𝛿𝒑 ⋅
(

𝜕𝑚
𝜕𝒑

+ div4𝑲
))

d𝜇,

(14)

where

𝑷 ∶= −
𝜕𝑚
𝜕𝐷4𝒖

and 𝑲 ∶= −
𝜕𝑚
𝜕𝐷4𝒑

.

The resulting Euler–Lagrange equations separate naturally into three groups: electromagnetic balances, mechanical balances as-
sociated with inverse motion, and balances of microstructural interactions associated with polarization.

Therefore, the variational principle (11) becomes

∫𝕋
𝛿Φ ⋅ div4𝒋 d𝜇 + ∫𝕋

𝛿𝒂 ⋅ (div4𝑻 + 𝒋) d𝜇 + ∫Γ
[[𝑻 ]]𝒏𝑠𝑝𝑎𝑐𝑒 ⋅ 𝛿𝒂 d3

+ ∫𝔹

(

𝛿𝒖 ⋅
(

𝜕𝑚
𝜕𝒖

+ div4𝑷
)

+ 𝛿𝒑 ⋅
(

𝜕𝑚
𝜕𝒑

+
𝜕𝑒
𝜕𝒑

+ div4𝑲
))

d𝜇 = 0.

The arbitrariness of 𝕋  and the test field considered imply in the free space
div4𝑻 + 𝒋 = 0 (15)

and

div4𝒋 = 0 ; (16)

in 𝔹 we obtain
𝜕𝑚
𝜕𝒖

+ div4𝑷 = 0 (17)

and
𝜕𝑚
𝜕𝒑

+
𝜕𝑒
𝜕𝒑

+ div4𝑲 = 0, (18)
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while, along Γ, we get
[[𝑻 ]]𝒏𝑠𝑝𝑎𝑐𝑒 = 0 . (19)

When sufficient regularity is granted, on the basis of the previous local balance equations, we compute the following identities:
div4((skew𝐷4𝒂)⊤𝑻 ) = −(skew𝐷4𝒂)⊤𝒋 + 𝑻𝐷4skew𝐷4𝒂,

div4((𝐷4𝒖)⊤𝑷 ) = −(𝐷4𝒖⊤)
𝜕𝑚
𝜕𝒖

+ 𝑷𝐷2
4𝒖,

div4((𝐷4𝒑)⊤𝑲) = −(𝐷4𝒑)⊤
(

𝜕𝑚
𝜕𝒑

+
𝜕𝑒
𝜕𝒑

)

+𝑲𝐷2
4𝒑 .

Since, for  = 𝑒 + 𝑚, we have in 

𝐷4 = 𝛿
𝜕skew𝐷4𝒂

𝐷4skew𝐷4𝒂 + 𝛿
𝜕𝒖

𝐷4𝒖 + 𝛿
𝜕𝐷4𝒖

𝐷2
4𝒖 + 𝛿

𝜕𝒑
𝐷4𝒑 + 𝛿

𝜕𝐷4𝒑
𝐷2

4𝒑 + 𝛿
𝜕𝑥

= −𝑻𝐷4skew𝐷4𝒂 + 𝛿
𝜕𝒖

𝐷4𝒖 − 𝑷𝐷4𝐷4𝒖 + 𝛿
𝜕𝒑

𝐷4𝒑 −𝑲𝐷2
4𝒑 + 𝛿

𝜕𝑥
,

defining

𝑴 ∶= 𝑰4 + (skew𝐷4𝒂)⊤𝑻 + (𝐷4𝒖)⊤𝑷 + (𝐷4𝒑)⊤𝑲 ,

with 𝑰4 the 4 × 4 identity tensor and summing up the previous identities, we obtain

div4𝑴 − 𝛿
𝜕𝑥

= −(skew𝐷4𝒂)⊤𝒋. (20)

When there are no currents or localized charges beyond the dipoles in 𝔹, and the body is homogeneous, the previous balance reduces 
to the conservation law

div4𝑴 = 0. (21)

The tensor 𝑴 is gauge invariant, due to the presence of skew𝐷4𝒂.

Remark 2. If we would start above from considering the identity
div4((𝐷4𝒂)⊤𝑻 ) = −(𝐷4𝒂)⊤𝒋 + 𝑻𝐷2

4𝒂,

instead of (20), we would obtain

div4(𝑰4 + (𝐷4𝒂)⊤𝑻 + (𝐷4𝒖)⊤𝑷 + (𝐷4𝒑)⊤𝑲) − 𝛿
𝜕𝑥

= −(𝐷4𝒂)⊤𝒋,

which is not gauge invariant. Then, imposing gauge invariance, that is, requiring that the equation would remain invariant when we 
substitute 𝐷4𝒂 with 𝐷4𝒂 +𝐷4𝜒 , we would obtain once again (20). 

5.2.  Decomposition into space and time components

On the basis of (5) and taking into account (9), since div(𝗏×) = −curl𝗏, for any 𝗏 ∈ ℝ3, the Eq.  (15) gives
curl𝖧 = 𝖣̇ + 𝗃 (22)

and

div𝖣 = 𝔠. (23)

Also, from the definitions (1) and (3), we obtain
div𝐵 = 0 (24)

and

curl𝐸 = −𝐵̇, (25)

while Eq.  (16) explicitly reads
div𝗃 = −𝔠̇, (26)

which complete the system of Maxwell equations. On the basis of (19), along Γ we also have at every instant 𝑡
[𝖧] × 𝐧 = 0 and [𝖣] ⋅ 𝐧 = 0 along 𝜕𝑡. (27)

The Eq.  (17) reads

div𝑃 + 𝑏 = d
d𝑡

𝜕
𝜕𝑢̇

, (28)
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where 𝑃 ∶= − 𝜕
𝜕𝐷𝑢  is a stress associated with the gradient of inverse motion, that is, 𝐹−1, and 𝑏 ∶= 𝜕

𝜕𝑢  is the (co)vector of non-inertial 
body forces in the present representation.

Indeed, since 𝐹−1 = adj𝐹 (det 𝐹 )−1, distinguishing between space and time, we can intend  as a function of the type
(𝐷𝑢,⋯) = 𝑓 (adj𝐹 , (det 𝐹 )−1,⋯),

in which ⋯ represent the other state variables. Thus, we have

𝑃 = 𝜕
𝜕𝐷𝑢

= 1
(det 𝐹 )2

𝜕𝑓
𝜕(det 𝐹 )−1

cof𝐹 −
𝜕𝑓

𝜕adj𝐹
d(adj𝐹 )
d𝐹

.

Finally, the Eq.  (18) of microstructural interactions is, indeed,

div − 𝐳 + 𝜷 = d
d𝑡

𝜕
𝜕𝑝̇

, (29)

where  ∶= − 𝜕
𝜕𝐷𝑝 , 𝐳 is a dipole self-action while 𝜷 is an external action on the polarization; they are such that

𝜷 =
𝜕𝑒
𝜕𝑝

and 𝐳 = −
𝜕𝑚
𝜕𝑝

.

Remark 3. The balance of microstructural interactions could include Coriolis type inertial effects associated with the spin of 𝒑, not 
explored here. 

5.3.  Mixed boundary conditions along Γ

Assume that along a set Γ̄ ⊂ Γ no data are assigned. In this case, the d’Alembert-Lagrange principle gives

∫𝕋
𝛿Φ ⋅ div4𝒋 d𝜇 + ∫𝕋

𝛿𝒂 ⋅ (div4𝑻 + 𝒋) d𝜇 + ∫Γ
[[𝑻 ]]𝒏𝑠𝑝𝑎𝑐𝑒 ⋅ 𝛿𝒂 d3 + ∫𝔹

(

𝛿𝒖 ⋅
(

𝜕𝑚
𝜕𝒖

+ div4𝑷
)

+ 𝛿𝒑 ⋅
(

𝜕𝑚
𝜕𝒑

+
𝜕𝑒
𝜕𝒑

+ div4𝑲
))

d𝜇

+ ∫Γ̄

(

𝛿𝒖 ⋅
𝜕𝑚
𝜕𝐷4𝒖

𝒏 + 𝛿𝒑 ⋅
𝜕𝑚
𝜕𝐷4𝒑

𝒏
)

d3 = 0.

Along Γ̄ the test fields 𝛿𝒖 and 𝛿𝒑 can be arbitrary. However, due to their structure, this arbitrariness is only in the spatial component. 
Thus, in addition to the already determined equations, we should have two additional natural conditions:

𝜕𝑚
𝜕𝐷4𝒖

𝒏𝑠𝑝𝑎𝑐𝑒 = 0 and
𝜕𝑚
𝜕𝐷4𝒑

𝒏𝑠𝑝𝑎𝑐𝑒 = 0 along Γ̄ . (30)

Indeed, we can have along Γ̄ a distributed dead load with density 𝒇 . In this case, we can consider a modified d’Alembert-Lagrange 
principle, that is,

𝛿𝖫(𝕋 ) + ∫𝕋
𝒋 ⋅ 𝛿(𝒂 +𝐷4Φ) d𝜇 − ∫Γ̄

𝒇 ⋅ 𝛿𝒖 d3 = 0. (31)

Then, the natural boundary condition (30)1 becomes
𝜕𝑚
𝜕𝐷4𝒖

𝒏𝑠𝑝𝑎𝑐𝑒 = 𝒇 .

We do not suggest an analogous treatment for (30)2 because we do not know any loading device able to act directly on the polarization 
by contact on the body boundary.

We could have along Γ̄ also live loads. In other words, we could prescribe, for example that 𝐷𝑢, the spatial part of 𝐷4𝒖 be a certain 
function 𝒉(𝑢) or even that an analogous condition is prescribed for 𝐷𝑝, provided that this last condition could physically be realizable. 
In these cases, the addition to  of an appropriate null Lagrangian would accommodate the variational principle in order to fit the 
prescribed boundary conditions (techniques in Olver (2024) are appropriate to represent and analyze this case). It is a full divergence 
of an appropriate function. In terms of 𝐷𝑢, the null Lagrangian should be a linear combination of all minors of 𝐷𝑢. When we would 
also involve 𝐷𝑝, we should consider a mixed combination of all minors of the two gradients (see, e.g., Sharma and Basak 2021).

What has been developed so far contains Ericksen’s theory of elastic dielectrics as a special case, obtained by suppressing currents, 
restricting attention to static processes, and adopting the specific energy structure proposed in Ericksen (2007b). In this sense, the 
present framework may be viewed as a nonlinear and dynamically consistent extension of Ericksen’s formulation. At the same time, 
because Ericksen’s theory was originally introduced as a reformulation of Toupin’s electroelasticity Toupin (1956, 1960) from the 
viewpoint of energy minimization, the present construction establishes a direct bridge between Toupin’s variational framework and 
modern electroelastic models involving flexoelectric and microstructural effects. The next section makes this connection explicit.

6.  Comparison with classical electroelasticity

6.1.  Comparison with large strain electrostatics

The purpose of this section is twofold. First, we clarify the relation between the present inverse-motion formulation and the 
classical theories of Toupin (1956, 1960) and Ericksen (2007b). Second, we show that the proposed framework recovers the standard 
electroelastic models in the small-strain regime.
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Indicate by 𝑋 the point associated with the coordinate chart around a generic material element in  = 𝜅(𝔅).
The standard approach to elastic dielectrics is formulated in terms of the direct motion 𝑦 = 𝑦(𝑋, 𝑡) and is based on a variational 

principle leading to the governing field equations and boundary conditions (Toupin, 1956, 1960).
A natural observation made by Ericksen (2007b) is that the stationarity conditions obtained in the classical formulation do not 

necessarily identify minimizers of the total energy. Rather, they may correspond to more general critical points, including saddle 
points. This distinction becomes important whenever stability issues are considered.

Along the same path indicated by Ericksen (2007b), in the present framework the deformation gradient is expressed as 𝐹 = (𝐷𝑢)−1, 
rather than 𝐹 = 𝐷𝑦.

Consider a static problem with energy written in the reference configuration,

[𝑦, 𝑝] = ∫0

𝑊 (𝐹 , 𝑝,𝐷𝑝) 𝑑𝑋.

Under the change of variables
𝑥 = 𝑦(𝑋, 𝑡)

and the identification
𝑢(𝑥) = 𝑋,

we obtain the equivalent representation

[𝑢, 𝑝] = ∫
𝑊 (𝐹−1, 𝑝, 𝐷𝑝) 𝑑𝑥.

Thus, the inverse-motion formulation does not alter the physical content of the theory. It simply expresses it directly in the current 
configuration.

In Toupin’s formulation the electrostatic potential enters as an independent variable whose variation generates Gauss’ law, whereas 
in Ericksen’s treatment the electromagnetic contribution is incorporated directly into an energy functional whose minimizers represent 
stable equilibrium states. Consequently, the inverse-motion framework retains the general variational structure of Toupin’s theory 
while allowing, in appropriate settings, a direct interpretation in terms of energy minimization as advocated by Ericksen. In particular, 
this perspective clarifies the role of electroelastic couplings in stability analysis, where the distinction between general stationary 
points and energy minimizers becomes crucial.

Indeed, as already observed by Toupin (1956) and further remarked by Ericksen (2007b), the stationarity conditions obtained 
in the classical formulation do not necessarily correspond to a minimum of the total energy. In particular, the coupling between 
mechanical and electromagnetic fields may lead to a saddle-point structure rather than to a pure minimization problem. In Toupin’s 
formulation Toupin (1956), the variational principle involves variables with different energetic roles, so that the resulting equilibrium 
conditions are naturally of min–max type. In static settings, one may either retain the full saddle-point structure or, under appropriate 
assumptions, reduce the problem to a minimization principle in the sense advocated by Ericksen.

Formally, the energy may be viewed as a functional (𝑢, 𝑝, 𝜙) that is convex in some variables and concave in others, leading 
naturally to a saddle-point problem.

The distinction between the present approach and classical electroelastic theories becomes immaterial in the small-strain regime, 
where the two representations effectively coincide.

6.2.  Small-strain setting and recovery of classical models

The present formulation reduces to the standard theory of electroelasticity in the small-strain regime.
To see this, consider the inverse motion written as

𝑢(𝑥) = 𝑥 − 𝑣(𝑥),

where 𝑣 is a displacement field.
Then, 𝐷𝑢 = 𝐼 −𝐷𝑣 and, for small strains, namely when |𝐷𝑣| ≪ 1, we obtain

𝐹 = (𝐷𝑢)−1 ≈ 𝐼 +𝐷𝑣.

The linearized strain tensor is
𝜀 = 1

2
(

𝐷𝑣 + (𝐷𝑣)𝑇
)

,

so that the kinematics coincides with the classical infinitesimal theory.
Consider an energy density of the form 𝑊 (𝐹 , 𝑝,𝐷𝑝). Expanding around the reference configuration yields

𝑊 ≈ 𝑊0 +
1
2
(ℂ𝜀) ⋅ 𝜀 + 𝛼

2
|𝑝|2 +

𝛽
2
|𝐷𝑝|2 + 𝛾 𝑝 ⋅𝐷(tr 𝜀),

which corresponds to a standard electroelastic-type energy. The associated Euler–Lagrange equations are
div(ℂ𝜀) + 𝛾𝐷(div 𝑝) = 0,
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Fig. 1. Breaking symmetry of a centrosymmetric square lattice due to nonuniform strain.

and

−𝛽Δ𝑝 + 𝛼𝑝 + 𝛾𝐷(tr 𝜀) = 0.

These equations coincide with the standard linearized electroelastic system obtained from classical formulations. Thus, in the 
small-strain limit, the inverse-motion formulation yields the same governing equations as the classical theory. This shows that the 
present framework is a consistent nonlinear extension of standard models rather than an alternative constitutive theory.

Consequently, the inverse-motion representation does not introduce a new electroelasticity. It provides instead a reformulation in 
which mechanical and electromagnetic fields share the same geometric setting while preserving the classical electroelastic limit.

Gauge invariance plays here a role analogous to the one of objectivity and covariance, commonly adopted in continuum mechanics. 
In the present formulation, it implies that the electromagnetic contribution depends on the physical fields rather than on the specific 
choice of potentials. This restriction is reflected directly in the admissible constitutive structure.

7.  Considering flexoelectricity

In 1880, the brothers Pierre and Paul-Jacques Curie discovered that uniform strain may induce polarization in certain classes of 
materials: the phenomenon is what we call piezoelectricity. In its simplest occurrence there is a linear link between the strain (second-
rank) tensor and polarization vector. The coefficient of proportionality is thus a third-rank tensor. Constitutive tensors of even rank 
are admitted only when material elements are not centrosymmetric. Crystallographic group theory is discriminant regarding this 
aspect. Thus, centrosymmetric materials do not exhibit piezoelectric effects under uniform strain.

However, nonuniform strain may break mirror symmetry and determine polarization through the contribution of second-neighbor 
interactions measured by the dependence of the energy on strain gradients (Fig. 1 provides a pictorial representation of the way a 
nonuniform strain may induce polarization by breaking symmetry). This effect is called flexoelectricity (for a clean overview of the 
relevant phenomenology and technological perspectives, see Krichen and Sharma 2016, Wang et al. 2019).

Flexoelectricity provides a particularly convenient testing ground for the inverse-motion formulation. Indeed, unlike standard 
dielectric theories, it naturally involves higher gradients and latent microstructural effects. Consequently, it offers a concrete setting 
in which the variational advantages of the present framework become visible.

In the common description of flexoelectricity, the energy is assumed to depend on the second derivative of the deformation. In 
other words, the resulting scheme is that of a continuum endowed with two microstructures: one is the polarization, described by 
𝒑, while the other is latent. By this we mean that the phase field describing this additional (virtual) microstructure depends on the 
deformation gradient (in other words, there is an internal constraint (Capriz, 1985)). Second-neighbor interactions become relevant 
(Mariano, 2017).

To account for flexoelectricity within the general framework discussed above, it is therefore necessary to include the second spatial 
derivative of 𝒖. A few formal variations are consequently required.

7.1.  The basic case

Consider the spatial projector Π𝑠 with matrix structure

[Π𝑠] =
[

[𝐼] 𝟎
𝟎⊤ 0

]

,

where 𝐼 is the 3 × 3 identity and 𝟎 is the null vector in ℝ3.
The 4-tensor

𝐷4𝒖𝑠 ∶= 𝐷4𝒖Π𝑠

has the matrix structure

[𝐷4𝒖𝑠] =
[

[𝐷𝖺] 𝟎
𝟎⊤ 0

]

.

In the inverse-motion representation, a natural extension of the Lagrangian includes 𝐷2
4𝒖

𝑠.
To include the flexoelectric effect, the Lagrangian 𝖫(𝕋 ) changes into

𝖫(𝕋 ) ∶= ∫𝕋
𝑒(𝒂, 𝐷4𝒂,𝒑) d𝜇 + ∫𝔹

𝑚(𝑥, 𝒖, 𝐷4𝒖, 𝐷2
4𝒖

𝑠,𝒑, 𝐷4𝒑) d𝜇, (32)
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where

𝐷2
4𝒖

𝑠 = 𝐷4(𝐷4𝒖𝑠).

To compute the first variation of 𝖫(𝕋 ), we can proceed as above. As a result, we derive equations structurally identical to (15),
(16), and (18), while (17) changes into

𝜕𝑚
𝜕𝒖

+ div4
(

𝑷 − div4𝔓
)

= 0. (33)

Here, 𝔓, the so-called hyperstress, is a third-rank 4-tensor with structure 𝔓 = (𝐒, 0), given by

𝔓 ∶= − 𝜕
𝜕𝐷2

4𝒖
𝑠
.

Distinguishing space and time, (33) reduces to

div(𝑃 − div𝐒) + 𝑏 = d
d𝑡

𝜕
𝜕𝑢̇

. (34)

The appearance of the hyperstress tensor 𝔓 is the direct signature of second-neighbor interactions. In this sense, flexoelectricity 
is represented as a higher-gradient effect associated with a latent microstructure whose descriptor is constrained to depend on the 
deformation gradient.

The natural boundary conditions remain the same. However, the computation of the first variation imposes an additional natural 
condition:

𝜕𝑚

𝜕𝐷2
4𝒖

𝒏space = 𝟎 along Γ̄. (35)

The Eq.  (20) becomes

div4𝒁 − 𝛿
𝜕𝑥

= −(skew𝐷4𝒂)⊤𝒋, (36)

with

𝒁 ∶=  𝑰4 + (skew𝐷4𝒂)⊤𝑻 + (𝐷4𝒖)⊤(𝑷 − div4𝔓) + (𝐷4𝒑)⊤𝑲 .

Remark 4.  Since 𝒖 represents the inverse motion, Eq.  (17) (see also (28)) has configurational nature. Indeed, it results from 
variations involving 𝔅, which is associated with a reference configuration once embedded in a linear space, commonly ℝ3. The same 
interpretation applies to (33).

In contrast, Eq.  (18) is the balance of microstructural interactions associated with polarization and expressed in Eulerian repre-
sentation (see also Davì and Mariano 2001, Mariano 2024). Thus, 𝑴 and 𝑲 are stresses associated with forces. 

When linear constitutive structures are accepted in the small-strain regime, odd constitutive tensors appear. In Hong and Vanderbilt 
(2013), Stengel (2013a) (see also Stengel 2014, 2013b), a consistent and nearly complete framework for deriving them from first 
principles has been proposed. The derivation procedure involves only lists of atoms, presumed placements in a unit supercell, and 
the corresponding atomic numbers.

The present formulation is therefore compatible with modern first-principles descriptions of flexoelectricity, where the relevant 
higher-order constitutive tensors are derived from atomistic information rather than postulated phenomenologically (Hong and Van-
derbilt, 2013; Stengel, 2013a, 2014).

7.2.  Flexoelectricity in nematics

In liquid crystals, “the combination of molecular asymmetry and broken orientational symmetry produces a nonzero electric polar-
ization that couples to either bend or splay” (Harden et al., 2010) through the flexoelectric moduli. This phenomenon is particularly 
evident in bent-core nematics. They are thermotropic, banana-shaped mesogenes with polar and chiral supramolecular structure, 
despite being achiral.

Nematic flexoelectricity provides a useful example of the flexibility of the inverse-motion framework. In this case, polarization is 
no longer the only microstructural descriptor. A second field describing orientational order must be introduced and coupled to the 
electromechanical response.

With 𝕊2 the unit sphere in ℝ3, a new differentiable phase field
𝑚 ∶ 𝔹 ⟶ 𝕊2,

needs to be considered. When we account for the hand-to-tail symmetry of nematic molecules, as a target space, the unit sphere must 
be substituted by the projective space obtained by identifying the antipodes in 𝕊2. The field 𝑚 describes the (averaged) orientation 
𝑚 of stick molecules within the material element that occupies 𝑥 in the instant 𝑡. It is considered as the space-like component of a 
4-vector field

𝒎 ∶ 𝔹 ⟶ 𝕊2 × {0},
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with values given by
𝒎 = 𝒎̃(𝑥, 𝑡) = (𝑚, 0) .

The field 𝑚 plays the role of an order parameter describing the local orientational state of the nematic phase. In this sense, the theory 
becomes a multi-field electroelastic model involving both polarization and orientational microstructure. It enters the Lagrangian, 
which is now

𝖫(𝕋 ) ∶= ∫𝕋
𝑒(𝒂, 𝐷4𝒂,𝒑) d𝜇 + ∫𝔹

𝑚(𝑥, 𝒖, 𝐷4𝒖,𝒑, 𝐷4𝒑,𝒎, 𝐷4𝒎) d𝜇 .

The d’Alembert-Langrange principle (11) implies the results mentioned above and an additional balance equation given by
𝜕𝑚
𝜕𝒎

+ div4𝑲 = 0, (37)

where

𝑲 ∶= −
𝜕𝑚
𝜕𝐷4𝒎

,

and a natural boundary condition:
𝜕𝑚
𝜕𝐷4𝒎

𝒏𝑠𝑝𝑎𝑐𝑒 = 0 along Γ .

The Eq.  (36) changes into

div4𝒁̄ − 𝛿
𝜕𝑥

= −(skew𝐷4𝒂)⊤𝒋. (38)

where, now,
𝒁̄ ∶= 𝑰4 + (skew𝐷4𝒂)⊤𝑻 + (𝐷4𝒖)⊤(𝑷 − div4𝔓) + (𝐷4𝒑)⊤𝑲 +𝐷4𝒎⊤𝑲̄ .

Once again, when  does not depend on 𝑥, in the absence of currents, we have
div4𝒁̄ = 0.

Distinguishing space and time components, (37) becomes

div𝖲̄ − 𝗓̄ = d
d𝑡

𝜕
𝜕𝑚̇

, (39)

where

𝖲̄ =
𝜕𝑚
𝜕𝐷𝑚

and 𝐳̄ = −
𝜕𝑚
𝜕𝑚

.

We do not include here an external bulk force that act directly on the nematic order.
The sequence

classical nematic flexoelectricity⟶ inverse motion⟶ variational formulation
is summarized in Fig. 2.

8.  Electroelastic coupling: Energy minimization and material stability

The previous sections have shown that the inverse-motion formulation provides a variational framework for nonlinear electroelas-
ticity and its flexoelectric extensions. A natural question, already emphasized by Ericksen in his re-examination of elastic dielectrics, 
is whether such a framework can be used to characterize stable equilibrium states through energy minimization. The purpose of this 
section is to show that this is indeed the case for a representative class of electroelastic energies.

As already noted, the governing equations of electroelasticity arise as stationarity conditions of an energy functional. However, 
stationarity does not in general imply stability: depending on the structure of the functional, equilibrium configurations may cor-
respond to minima, maxima, or saddle points. In particular, the coupling between mechanical and electromagnetic fields leads, in 
general, to a saddle-point structure of the variational problem, as emphasized in classical analyses.

Let (𝑢, 𝑝) be an equilibrium configuration and consider admissible variations (𝛿𝑢, 𝛿𝑝). Stability may be analyzed through the second 
variation of the energy, that is, 𝛿2[𝑢, 𝑝](𝛿𝑢, 𝛿𝑝). A sufficient condition for stability is the non-negativity of the second variation for all 
admissible perturbations. In the present framework, electroelastic interactions introduce additional contributions to 𝛿2 , which may 
be grouped as follows:

• standard elastic terms, associated with 𝐷𝑢;
• polarization terms, associated with 𝑝 and 𝐷𝑝;
• coupling terms, involving both deformation and polarization gradients;
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Fig. 2. Relation between the classical description of nematic flexoelectricity and the inverse-motion formulation. In the small-strain regime, the 
distinction between direct and inverse descriptions becomes “essentially” negligible, while the inverse formulation keeps all fields in the current 
configuration and preserves a direct variational structure.

• higher-order terms, involving 𝐷2𝑢 in the case of flexoelectric effects.

The higher-order terms provide a regularizing contribution, introducing an intrinsic length scale, while the coupling terms may 
either enhance or reduce the effective stiffness of the material, as shown in Mariano et al. (2025).

In the linearized regime, stability may be characterized either through the positivity properties of the acoustic tensor or, equiva-
lently, by the coercivity of the associated quadratic energy functional.

These observations are consistent with general results on materials with microstructure, where additional fields and higher-order 
gradients may both stabilize and destabilize the response, depending on the coupling parameters. In the present setting, flexoelectricity 
can be interpreted as a manifestation of latent microstructure, whose influence on stability is captured directly at the level of the 
energy functional.

This perspective clarifies that the inverse-motion formulation is not only a geometrically consistent description of electroelasticity, 
but also a natural framework for analyzing the stability of coupled electromechanical systems. In particular, stability requires that 
𝛿2 be non-negative on the admissible subspace compatible with the constraints imposed by the electromagnetic fields.

8.1.  A representative quadratic energy and small-strain stability

We illustrate the stability implications of electroelastic couplings through a representative quadratic energy in the infinitesimal 
regime. Let 𝑣 be the displacement field already mentioned in Section 6.2, and 𝜀(𝑣) = 1

2 (𝐷𝑣 + (𝐷𝑣)⊤). On  ∶= 𝐻2
0 (Ω;ℝ

3) ×𝐻1
0 (Ω;ℝ

3), 
define

(𝑣, 𝑝) = ∫Ω

(

1
2
(ℂ𝜀) ⋅ 𝜀 + 𝛼

2
|𝑝|2 +

𝛽
2
|𝐷𝑝|2 + 𝛾 𝑝 ⋅𝐷(tr 𝜀) +

𝜂
2
|𝐷2𝑣|2

)

𝑑𝑥, (40)

with 𝛼, 𝛽, 𝜂 > 0 and ℂ satisfying strong ellipticity on symmetric tensors: (ℂ𝐴) ⋅ 𝐴 ≥ 𝑐el|𝐴|2 for any second-rank tensor 𝐴, with 𝑐el a 
positive constant.

Proposition 1. If

𝛼𝜂 > 3𝛾2, (41)

then  is coercive on , i.e., there exists 𝑐∗ > 0 such that

(𝑣, 𝑝) ≥ 𝑐∗
(

‖𝜀(𝑣)‖2
𝐿2(Ω)

+ ‖𝐷2𝑣‖2
𝐿2(Ω)

+ ‖𝑝‖2
𝐿2(Ω)

+ ‖𝐷𝑝‖2
𝐿2(Ω)

)

(42)

for all (𝑣, 𝑝) ∈ . Thus, (𝑣, 𝑝) = (0, 0) is a strict minimizer of . Equivalently, the second variation of the energy is positive definite on .

The functional (40) may be regarded as the quadratic counterpart of the flexoelectric energies discussed in the previous sec-
tion. It contains the four basic ingredients of the theory: elasticity, polarization, electromechanical coupling, and higher-gradient 
regularization.
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Proof.  Since tr 𝜀(𝑣) = div 𝑣, for each 𝑖 = 1, 2, 3, we have 𝜕𝑖(div 𝑣) = 𝜕𝑖𝑗𝑣𝑗 , where summation over repeated indices is adopted. By the 
Cauchy–Schwarz inequality, ||

|

𝜕𝑖(div 𝑣)
|

|

|

2
≤ 3|𝜕𝑖𝑗𝑣𝑗 |2. Summing over 𝑖 gives |𝐷(div 𝑣)|2 ≤ 3 |𝐷2𝑣|2 a.e. in , so that

‖𝐷(div 𝑣)‖2
𝐿2 ≤ 3‖𝐷2𝑣‖2

𝐿2 .

Hence, by the Cauchy–Schwarz inequality, we have
|

|

|∫Ω
𝛾 𝑝 ⋅𝐷(tr 𝜀(𝑣)) 𝑑𝑥||

|

≤
√

3 |𝛾| ‖𝑝‖𝐿2 ‖𝐷2𝑣‖𝐿2 .

Therefore,

𝛼
2
‖𝑝‖2

𝐿2 +
𝜂
2
‖𝐷2𝑣‖2

𝐿2 + 𝛾 ∫
𝑝 ⋅𝐷(tr 𝜀(𝑣)) 𝑑𝑥

≥ 𝛼
2
‖𝑝‖2

𝐿2 +
𝜂
2
‖𝐷2𝑣‖2

𝐿2 −
√

3 |𝛾| ‖𝑝‖𝐿2 ‖𝐷2𝑣‖𝐿2 .

The right-hand side can be written as the 2 × 2 block

1
2

(

‖𝑝‖𝐿2

‖𝐷2𝑣‖𝐿2

)⊤( 𝛼 −
√

3|𝛾|
−
√

3|𝛾| 𝜂

)

(

‖𝑝‖𝐿2

‖𝐷2𝑣‖𝐿2

)

.

Under (41), this matrix is positive definite. Let 𝜆min(𝑀) > 0 denote its smallest eigenvalue. Then,
𝛼
2
‖𝑝‖2

𝐿2 +
𝜂
2
‖𝐷2𝑣‖2

𝐿2 + 𝛾 ∫Ω
𝑝 ⋅𝐷(tr 𝜀(𝑣)) 𝑑𝑥 ≥

𝜆min(𝑀)
2

(

‖𝑝‖2
𝐿2 + ‖𝐷2𝑣‖2

𝐿2

)

. (43)

The remaining terms are nonnegative: 12 ∫ ℂ𝜀(𝑣) ∶ 𝜀(𝑣) ≥ 𝑐el
2 ‖𝜀(𝑣)‖2

𝐿2  and 𝛽2 ‖𝐷𝑝‖2
𝐿2 . Combining the previous estimates with the defi-

nition of , we obtain

(𝑣, 𝑝) ≥
𝑐el
2

‖𝜀(𝑣)‖2
𝐿2 +

𝛽
2
‖𝐷𝑝‖2

𝐿2 +
𝜆min(𝑀)

2

(

‖𝑝‖2
𝐿2 + ‖𝐷2𝑣‖2

𝐿2

)

.

Hence (42) holds with

𝑐∗ = 1
2
min{𝑐el, 𝛽, 𝜆min(𝑀)} > 0.

This proves the coercivity estimate.
Since  is a quadratic functional, the second variation at the reference state is simply

𝛿2(0, 0)[(𝑣, 𝑝), (𝑣, 𝑝)] = 2(𝑣, 𝑝),

so (42) implies that the second variation is positive definite on . Therefore, (0, 0) is a strict minimizer of . ∎
Proposition 1 shows explicitly how the competition between flexoelectric coupling and higher-gradient regularization determines 

the stability region. In this sense, the variational structure introduced through inverse motion is not merely a geometric reformulation. 
It provides direct information on the stability of electroelastic equilibria.
Remark 5.  Condition (41) makes explicit the competition between stabilizing quadratic terms and the flexoelectric coupling 𝛾: 
increasing |𝛾| shrinks the stability region. This provides a concrete small-strain counterpart of the general picture discussed above. 
Remark 6.  The factor 3 in (41) stems from ‖𝐷(div 𝑣)‖2

𝐿2 ≤ 3‖𝐷2𝑣‖2
𝐿2  in three dimensions. If the higher-order term is written as 

𝜂
2 |𝐷(tr 𝜀(𝑣))|2, the sharper condition 𝛼𝜂 > 𝛾2 is obtained. 

8.2.  Explicit energy minimization for electroelastic coupling described through inverse motion

To exhibit in a concrete way the variational content of the inverse-motion formulation, we consider here a static version of the 
free energy density introduced in Rahmati et al. (2025) for flexoelectricity with nematic order and optical effects. In the version here, 
we avoid considering an optical term in the original formulation and the nematic order 𝑚, here considered as a frozen direction at 
every 𝑥. Thus, the energy considered is

 (𝑢, 𝑝) ∶= ∫Ω

(

𝑊el(𝑥, 𝑢,𝐷𝑢) +𝑊pol(𝑥, 𝑢, 𝑝) +𝑊f lex(𝑥, 𝑢,𝐷𝑢, 𝑝) +
𝛽
2
|𝐷𝑝|2

)

𝑑𝑥, (44)

where 𝛽 > 0 and
𝑊el(𝑥, 𝑢,𝐷𝑢) ∶= Φ

(

𝑥, 𝑢,𝑀(𝐷𝑢)
)

, (45)

𝑊pol(𝑥, 𝑢, 𝑝) ∶= Ψpol(𝑥, 𝑢, 𝑝), (46)

𝑊f lex(𝑥, 𝑢,𝐷𝑢, 𝑝) ∶= Ψf lex(𝑥, 𝑢,𝐷𝑢, 𝑝). (47)

Here, 𝑀(𝐷𝑢) denotes the 3-vector constituted by the minors of 𝐷𝑢 (see Giaquinta et al. 1998),
𝑀(𝐷𝑢) = (𝐷𝑢, cof 𝐷𝑢, det𝐷𝑢),
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and Ψpol is a measurable polarization energy density, while Ψf lex is a measurable flexoelectric contribution. The inverse-motion rewrit-
ing presented above of the energy in Rahmati et al. (2025) is immediate: every occurrence of 𝐹−1 in the direct-motion representation 
is replaced by 𝐷𝑢, while every occurrence of 𝐹  is replaced by (𝐷𝑢)−1.

This example plays a role analogous to that of the quadratic model considered in the previous subsection. There, the emphasis was 
on stability. Here, the emphasis is on existence. Together, the two examples show how the inverse-motion framework accommodates 
both stability and minimization issues in electroelasticity.

A possible expression of the energy is a special case of one discussed in Rahmati et al. (2025):

Ψpol(𝑥, 𝑢, 𝑝) =
1
2
(det𝐷𝑢) 𝑝 ⋅𝔸(𝑚(𝑥)) 𝑝,

with 𝔸(𝑚(𝑥)) uniformly positive definite, and
Ψf lex(𝑥, 𝑢,𝐷𝑢, 𝑝) = 𝐽𝑢 (𝑚(𝑥)⊗ 𝑝) ∶ 𝔽

(

(𝐷𝑚(𝑥))(𝐷𝑢)−1
)

.

The theorem below is however stated in a more general form.
We consider Dirichlet-type data 𝑢0 and 𝑝0, respectively over portions 𝜕Ω𝑢 and 𝜕Ω𝑝 of 𝜕Ω. We will tacitly intend them in the sense 

of traces, when appropriate. In particular, we need to consider 𝑝0 ∈ 𝑊 1∕2,2(𝜕Ω𝑝;𝐵𝑝). To discuss the existence of minimizers, we need 
to define an admissible functional class  of (𝑢, 𝑝) pairs. Thus, we define

 ∶=
{

(𝑢, 𝑝) ||
|

𝑢 ∈ dif 𝑟,1(Ω,), 𝑝 ∈ 𝑊 1,2(Ω;𝐵𝑝), 𝑢 = 𝑢0 on 𝜕Ω𝑢, 𝑝 = 𝑝0 on 𝜕Ω𝑝

}

,

where 𝑊 1,2(Ω;𝐵𝑝) means that 𝑝 ∈ 𝑊 1,2(Ω;ℝ3) and 𝑝(𝑥) ∈ 𝐵𝑝 for a.e. 𝑥 ∈ Ω, while dif 𝑟,1 denotes the class of weak diffeomorphisms 
with summable minors. Specifically, dif 1,1 is a subclass of 𝑊 1,1(Ω;ℝ3). It contains orientation-preserving deformations 𝑢, which satisfy 
an integral condition that avoids self-penetration, are such that |𝑀(𝐷𝑢)| ∈ 𝐿1(Ω;ℝ3) and do not show discontinuities in the sense that 
their graphs have no ‘holes’ or ‘fractures’; the class dif 1,1 is complete (weakly sequentially closed) (Giaquinta et al., 1998).3 Then, 
dif 𝑟,1 is defined as the class of those maps in dif 1,1 with |𝑀(𝐷𝑢)| ∈ 𝐿𝑟(Ω;ℝ3).4

We assume what follows:

(H1) Φ(𝑥, 𝑢, ⋅) is polyconvex with respect to 𝐷𝑢, namely it is convex as a function of 𝑀(𝐷𝑢) = (𝐷𝑢, cof 𝐷𝑢, det𝐷𝑢);
(H2) Φ is measurable in 𝑥, lower semicontinuous in (𝑢,𝑀(𝐷𝑢)), and there exist constants 𝑐1 > 0, 𝑐2 ≥ 0, exponents 𝑟 > 1, and a convex 

function 𝜗 ∶ (0,+∞) → [0,+∞] with 𝜗(𝑡) → +∞ as 𝑡 → 0+, such that
Φ(𝑥, 𝑢,𝑀(𝐷𝑢)) ≥ 𝑐1|𝑀(𝐷𝑢)|𝑟 + 𝜗(det𝐷𝑢) − 𝑐2; (48)

(H3) Ψpol ∶ Ω ×  × 𝐵𝑝 → ℝ is measurable in 𝑥, lower semicontinuous in (𝑢, 𝑝), and bounded from below, namely there exists 𝑐pol ≥ 0
such that

Ψpol(𝑥, 𝑢, 𝑝) ≥ − 𝑐pol for all admissible (𝑥, 𝑢, 𝑝);
(H4) Ψf lex is measurable in 𝑥 and lower semicontinuous in (𝑢,𝑀(𝐷𝑢), 𝑝); moreover, it is bounded from below by an 𝐿1-function 

uniformly on the admissible class, namely there exists 𝜁 ∈ 𝐿1(Ω) such that
Ψf lex(𝑥, 𝑢,𝐷𝑢, 𝑝) ≥ 𝜁 (𝑥) for all admissible (𝑢, 𝑝);

(H5) there exists one pair (𝑢∗, 𝑝∗) ∈  such that  (𝑢∗, 𝑝∗) < +∞.

The assumptions below are standard in the direct method of the calculus of variations. Their role is to isolate the structural features 
of the inverse-motion formulation from technical constitutive choices.

Theorem 1. Under assumptions (H1)–(H5), the functional  attains its minimum on .
Proof.  By (H5), the infimum 𝜇 ∶= inf (𝑢,𝑝)∈  (𝑢, 𝑝) is finite. Let {(𝑢𝑗 , 𝑝𝑗 )} ⊂  be a minimizing sequence, so that  (𝑢𝑗 , 𝑝𝑗 ) → 𝜇. Since 
each 𝑝𝑗 is admissible, we have 𝑝𝑗 (𝑥) ∈ 𝐵𝑝 for a.e. 𝑥 ∈ Ω. Therefore {𝑝𝑗} is bounded in 𝐿∞(Ω;ℝ3), and in particular in 𝐿2(Ω;ℝ3).

Moreover, since 𝛽 > 0 and the minimizing sequence has bounded energy, the term

∫Ω
𝛽
2
|𝐷𝑝𝑗 |

2 𝑑𝑥

3 Indeed, in defining dif 1,1, we could directly refer to the body manifold 𝔅 because the Sobolev space 𝑊 1,1(Ω,𝔅) can be intrinsically defined for 
maps that take values on a finite-dimensional differentiable Riemannian manifold, provided that the manifold itself is geodesically complete (see, 
for example, Mariano and Mucci 2025 and relevant references quoted therein).
4 In the standard approach of the direct method, minimizers are in 𝑊 1,𝑝, with 𝑝 ≥ 3. For 𝑝 < 3 one cannot exclude that minimizers admit holes. 

Referring to Cartesian currents, as done here, although left unexpressed for reducing the analytical weight of the reading, allows one to define a 
subclass of 𝑊 1,1, with the triple (𝐹 , cof 𝐹 , det 𝐹 ) ∈ 𝐿𝑟. This is a way to select a subspace of 𝑊 1,𝑝, with 𝑝 > 1, of maps that avoid the non-required 
presence of holes, as the very concept of elasticity imposes (otherwise we were referring to elastic-brittle materials). These maps have the minimal 
analytical regularity needed to formulate the mechanical setting. Indeed, the choice of a functional class has per se constitutive character.
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is uniformly bounded. It follows that {𝑝𝑗} is bounded in 𝑊 1,2(Ω;ℝ3). On the mechanical side, from (48) and the boundedness of 
 (𝑢𝑗 , 𝑝𝑗 ) we deduce

∫Ω
|𝑀(𝐷𝑢𝑗 )|𝑟 𝑑𝑥 ≤ 𝐶, ∫Ω

𝜗(det𝐷𝑢𝑗 ) 𝑑𝑥 ≤ 𝐶,

for some constant 𝐶 > 0 independent of 𝑗. Hence {𝑢𝑗} is bounded in the class dif 𝑟,1(Ω,).
By the compactness and closure properties of weak diffeomorphisms (Giaquinta et al., 1998), up to extraction of a (not relabeled) 

subsequence, there exists 𝑢 ∈ dif 𝑟,1(Ω,) such that 𝑢𝑗 ⇀ 𝑢 and 𝑀(𝐷𝑢𝑗 ) ⇀ 𝑀(𝐷𝑢), in the relevant weak topologies, and 𝑢 satisfies the 
prescribed trace condition.

Likewise, from the boundedness of {𝑝𝑗} in 𝑊 1,2(Ω;ℝ3), there exists 𝑝 ∈ 𝑊 1,2(Ω;ℝ3) such that, up to extraction of a (possibly not 
relabeled) subsequence, we get

𝑝𝑗 ⇀ 𝑝 in 𝑊 1,2(Ω;ℝ3), 𝑝𝑗 → 𝑝 in 𝐿2(Ω;ℝ3).

Passing to a further subsequence if necessary, we may also assume that 𝑝𝑗 (𝑥) → 𝑝(𝑥) for a.e. 𝑥 ∈ Ω. Since 𝐵𝑝 is closed and 𝑝𝑗 (𝑥) ∈ 𝐵𝑝
for a.e. 𝑥, it follows that

𝑝(𝑥) ∈ 𝐵𝑝 for a.e. 𝑥 ∈ Ω.

Hence, 𝑝 ∈ 𝑊 1,2(Ω;𝐵𝑝) and the trace condition on 𝜕Ω𝑝 is preserved. Therefore, (𝑢, 𝑝) ∈ .
We now pass to the limit in the energy terms.
By (H1)–(H2), the map (𝑢,𝐷𝑢) ↦ Φ(𝑥, 𝑢,𝑀(𝐷𝑢)) is polyconvex with respect to 𝐷𝑢, measurable in 𝑥, and lower semicontinuous. 

Therefore, by standard semicontinuity results (Giaquinta et al., 1998),

∫Ω
Φ(𝑥, 𝑢,𝑀(𝐷𝑢)) 𝑑𝑥 ≤ lim inf

𝑗→∞ ∫Ω
Φ(𝑥, 𝑢𝑗 ,𝑀(𝐷𝑢𝑗 )) 𝑑𝑥.

Since Ψpol is lower semicontinuous in (𝑢, 𝑝) and bounded from below, while 𝑝𝑗 → 𝑝 strongly in 𝐿2(Ω;ℝ3) and 𝑢𝑗 converges in the 
admissible class, we obtain

∫Ω
Ψpol(𝑥, 𝑢, 𝑝) 𝑑𝑥 ≤ lim inf

𝑗→∞ ∫Ω
Ψpol(𝑥, 𝑢𝑗 , 𝑝𝑗 ) 𝑑𝑥.

For the flexoelectric term, assumption (H4) gives directly

∫Ω
Ψf lex(𝑥, 𝑢,𝐷𝑢, 𝑝) 𝑑𝑥 ≤ lim inf

𝑗→∞ ∫Ω
Ψf lex(𝑥, 𝑢𝑗 , 𝐷𝑢𝑗 , 𝑝𝑗 ) 𝑑𝑥.

Finally, the Dirichlet term in 𝐷𝑝 is convex and weakly lower semicontinuous in 𝑊 1,2(Ω;ℝ3), so

∫Ω
𝛽
2
|𝐷𝑝|2 𝑑𝑥 ≤ lim inf

𝑗→∞ ∫Ω
𝛽
2
|𝐷𝑝𝑗 |

2 𝑑𝑥.

Collecting the previous inequalities yields

 (𝑢, 𝑝) ≤ lim inf
𝑗→∞

 (𝑢𝑗 , 𝑝𝑗 ) = 𝜇.

Since (𝑢, 𝑝) ∈ , the reverse inequality 𝜇 ≤  (𝑢, 𝑝) holds by definition of infimum. Therefore, we have  (𝑢, 𝑝) = 𝜇 and (𝑢, 𝑝) is a 
minimizer. ∎

Theorem 1 shows that the inverse-motion formulation is compatible with the standard existence theory of nonlinear elasticity. 
In particular, the passage from direct to inverse motion does not alter the variational structure required by the direct method, while 
naturally accommodating electroelastic and flexoelectric couplings.

Remark 7.  The pointwise constraint 𝑝(𝑥) ∈ 𝐵𝑝 is physically natural, since the polarization intensity cannot exceed a material-
dependent saturation value. From the variational viewpoint, the constraint is also convenient because the admissible class is closed 
under almost-everywhere convergence, so that it is preserved in the direct method. 

Remark 8.  The theorem above does not claim to cover the whole functional adopted in Rahmati et al. (2025). Its role is different: it 
shows that, after reducing the full photo-flexoelectric theory to a representative static electroelastic sector and rewriting it in inverse-
motion variables, one obtains a genuine minimization problem with a standard existence theory. The quadratic polarization term 
used in Rahmati et al. (2025) is recovered as a particular constitutive choice within the more general class covered here. 

Remark 9. Theorem 1 places the present electroelastic model within the broader variational theory of complex bodies developed in 
Mariano and Modica (2009). The novelty here lies in the simultaneous presence of polarization effects, flexoelectric couplings, and 
regularization through the inverse-motion description. 
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8.3.  An explicit flexoelectric variant

Consider a variant of the previous energy where Ψf lex(𝑥, 𝑢,𝐷𝑢, 𝑝) is substituted by
Ψf lex(𝑥, 𝑢,𝐷𝑢,𝐷2𝑢, 𝑝) = Ψf lex(𝑥, 𝑢,𝑀(𝐷𝑢), 𝐷(cof 𝐷𝑢), 𝐷(det𝐷𝑢), 𝑝),

which is what we refer to as gradient polyconvexity. By maintaining previous assumption (H1)-(H3) and (H5), here we assume that 
there are constants 𝑞 > 2, 𝑠 > 0, 𝑐𝑖 > 0, 𝑖 = 1, 2, such that

Ψf lex(𝑥, 𝑢,𝑀(𝐷𝑢),Δ1,Δ2, 𝑝) ≥ 𝑐1(|𝑀(𝐷𝑢)|𝑟̄ + |Δ1|
𝑞 − |Δ2|

𝑠) + 𝜗(det𝐷𝑢) − 𝑐2,

where 𝜃 is as in (H1). In this context, minimizers 𝑢 belong to dif 𝑟,2,𝑝, that is, 𝑢 is in a subset of the Sobolev space 𝑊 2,𝑝, with 𝑝 > 2, 
such that cof 𝐷𝑢 is in 𝑊 1,𝑞 , 𝑞 ≥ 𝑝∕(𝑝 − 1) and det𝐷𝑢 is in 𝐿𝑟. The functional choices of the polarization field remain invariant. The 
proof is based on tools discussed in Kruzik et al. (2022) with reference to a different setting.

9.  A relativistic extension

The inverse-motion formulation developed above admits a natural covariant extension. The purpose of this section is not to develop 
a complete relativistic theory of electroelasticity, but rather to show that the geometric structure introduced in the previous sections 
remains compatible with a relativistic setting.

Relativistic formulations of elasticity have been discussed by several authors (Carter and Quintana, 1972; Maugin, 1977; Kijowski 
and Magli, 1992; Beig and Schmidt, 2003), including media with microstructure and Cosserat-type effects (Maugin, 1978; Maitra and 
Tromp, 2024). Here we restrict attention to the structural aspects needed to extend the inverse-motion framework.

Instead of the derivatives 𝐷 and 𝐷4, we consider a four-dimensional spacetime manifold 𝔈 endowed with a Lorentzian metric 𝒈
and associated Levi–Civita connection. The corresponding covariant derivative is denoted by ∇.5

The inverse motion is now interpreted as a submersion
𝒖 ∶ 𝔈 ⟶ 𝔅,

whose fibres represent the world-lines of material particles. The electromagnetic potential remains a spacetime field 𝒂, while polar-
ization is described by a spacetime field 𝒑.

The classical derivatives appearing in the electroelastic Lagrangian are replaced by their covariant counterparts,
𝐷4𝒖 ⟶ ∇𝒖, 𝐷4𝒑 ⟶ ∇𝒑,

while the flexoelectric contribution involves the spatial restriction of the second covariant derivative,
𝐷2

4𝒖
𝑠 ⟶ ∇2𝒖𝑠.

The relativistic counterpart of the electroelastic Lagrangian is then

𝖫(𝕋 ) ∶= 𝑘∫𝕋
𝑅
√

−𝑔 d𝜇𝒈 + ∫𝕋

√

−𝑔 d𝜇𝒈, (49)

where 𝑅 is the scalar curvature associated with the metric 𝒈, 𝑘 > 0 contains the gravitational constant, 𝑔 = det 𝒈, and  denotes the 
relativistic electroelastic density.

The electromagnetic contribution may be written in the standard covariant form

𝑣 = −1
4
 ♭ ⋅ ,  ∶= 2 skew∇𝒂,

where  ♭ = 𝒈𝒈.
The d’Alembert–Lagrange principle becomes

𝛿𝖫(𝕋 ) + ∫𝕋
𝒋 ⋅ 𝛿(𝒂 +𝐷4Φ)

√

−𝑔 d𝜇𝒈 = 0. (50)

By taking variations with respect to the metric, the electromagnetic potential, the inverse motion and the polarization field, one 
obtains the Einstein equations

𝑹 − 1
2
𝒈𝑅 = 𝜅−1ℙ,

where

ℙ = 1
2
𝒈 − 𝜕

𝜕𝒈
is the energy–momentum tensor of the coupled system.

At the same time, the electroelastic balances retain the same structure as in the classical theory, namely
div4𝑻̂ + 𝒋 = 0, (51)

5 For simplicity we adopt units in which the speed of light is equal to one.
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div4𝒋 = 0, (52)
𝜕𝑚
𝜕𝒖

+ div4
(

𝑷̂ − div4𝔓̂
)

= 0, (53)

and
𝜕𝑚
𝜕𝒑

+
𝜕𝑒
𝜕𝒑

+ div4𝑲̂ = 0. (54)

Therefore, the inverse-motion formulation extends naturally to a covariant setting in which electroelastic, flexoelectric and mi-
crostructural effects coexist with gravitational interactions.

A detailed analysis of the resulting relativistic theory, including its conservation laws and geometric properties, lies beyond the 
scope of the present work and will be discussed elsewhere.

10.  Concluding remarks

The formulation proposed here originates from a question already highlighted by Ericksen in his re-examination of elastic di-
electrics: how should electroelastic interactions be represented when stability and energy minimization are regarded as central issues 
rather than mere consequences of stationarity conditions? To address this question, we have adopted an inverse-motion represen-
tation in which mechanical and electromagnetic fields are described directly in the current configuration. The resulting framework 
is gauge invariant, variationally consistent, and naturally suited to the treatment of electroelastic couplings involving polarization, 
flexoelectricity, and latent microstructure.

The proposed formulation recovers the classical electroelastic theory in the small-strain regime, while providing a unified setting 
for nonlinear problems. In particular, it allows one to connect electroelastic interactions with questions of stability and energy 
minimization. This aspect has been illustrated through explicit coercivity results for a representative quadratic flexoelectric energy 
and through an existence theorem for a broader class of nonlinear electroelastic functionals. The analysis therefore extends Ericksen’s 
proposal for elastic dielectrics to nonlinear electroelastic media including ferroelectric and flexoelectric effects, also in the presence 
of currents. At the same time, it establishes a direct link between inverse motion, gauge invariance, and the variational structure of 
electroelasticity.

Finally, the geometric nature of the construction makes possible a covariant extension to relativistic settings. Although only briefly 
outlined here, this extension suggests further developments at the interface between continuum mechanics, electromagnetism, and 
field theory.
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