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A NOTE ON CHERN-YAMABE PROBLEM

SIMONE CALAMAI AND FANGYU ZOU

ABSTRACT. We propose a flow to study the Chern-Yamabe problem
and discuss the long time existence of the flow. In the balanced case we
show that the Chern-Yamabe problem is the Euler-Lagrange equation
of some functional. The monotonicity of the functional along the flow is
derived. We also show that the functional is not bounded from below.

1. INTRODUCTION

Let (X,w) be a compact complex manifold of complex dimension n en-
dowed with a Hermitian metric w. The Chern scalar curvature of (X, w) is
the scalar curvature with respect to the Chern connection associated to w.
The Chern scalar curvature can be succinctly expressed as

S (w) = try, i08 log w™,

where w" denotes the volume form. Under conformal transformation, the
Chern scalar curvature changes as

S (exp(2f /n)w) = exp(=2f/n) (S (w) — AT f),
where AP is the Chern Laplacian operatOIH with respect to w, which is
defined as

AP f o= (w, —dd f)y = —21tr,i00f = Aaf — (df,0).,

where = f(w) is the torsion 1-form defined by dw™ ! = 6 A w" 1.

In [I] the authors proposed the Chern-Yamabe problem of finding a con-
formal metric in the conformal class of w whose Chern scalar curvature is
constant. More specifically, it is to find a pair (f, \) € C°(X;R) X R solving

(1) — A" f + SN (w) = Nexp(2f/n).

Let du be the volume form of the background metric. We can normalize f
so that

(2) | expsmdu=1.

Then the constant )\ is exactly the total Chern scalar curvature of the back-
ground metric

3) A= /X S (w) dp.

The case A < 0 has been solved in [I] that there exists unique solution to
(@) with normalization (2)). The positive case A > 0 is still an open problem.
The note [3] corroborates that conjecutre for projectively flat manifolds;

LWe use the analysts’ convention of Laplacian operator.
1
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more examples were recently found in [2]. This note serves as some partial
efforts to close the gap.

In [1IL 5] two different flows were defined to approach the study of Hermit-
ian metrics with constant Chern scalar curvature. Here we define a different
flow, in Section 2, which has the advantage of being monotone when the
problem is known to be variational. The main result of the present note is

Proposition 1.1. The Chern-Yamabe flow exists as long as the mazximum
of Chern scalar curvature stays bounded.

Then, in Section 3 we prove that in the balanced case the functional F is
decreasing along the flow. Again in Section 3 we prove that the functional
F is not bounded from below when the complex dimension of X is at least
2. In section 4 we present more properties of the flow under additional
assumptions.

Acknowledgments. The authors are grateful to Professor Xiuxiong Chen
for his constant support and sharing his idea on the proof of the C? esti-
mate. Thanks to Haozhao Li for his interest in this project. During this
research the first author’s visiting assistant professor at University of Sci-
ence and Technology, and funded by the Municipal Science and Technology
Commission.

Normalization. A fundamental result by P. Gauduchon in [4] states that,
on any compact complex manifold of complex dimension n > 2, every confor-
mal class of Hermitian metrics contains a standard, also called Gauduchon,
metric w, such that dw” ! = 0. Hence, we can take the Gauduchon met-
ric in each conformal class as the background metric. Furthermore, we can
normalize the Gauduchon metric so that it has volume 1. From now on we
assume the background metric w in () is Gauduchon with unit volume.

2. CHERN-YAMABE FLow

Let f(x;t) be a family of C* functions on X parametrized by a real
parameter . Let S(z;t) = S (exp(2f(z;t)/n)w). The Chern-Yamabe flow
is the flow f(z;t) defined by the following flow equation:

of n
w o207

= Zexp(=2//n) (ASh f = S (w) +Aexp(2f/n) )

with some initial value fy satisfying the normalization constraint

(5) | exp(@fumydn =1

Under the flow some quantities are preserved.

Lemma 2.1. Along the flow we have
1.

/ exp(2f/n)du = 1.
b's



A NOTE ON CHERN-YAMABE PROBLEM 3

/ Sexp(2f/n)du = .
X
Proof. 1. Let
o) = [ explef/mya
By the initial data () and the flow equation (), we have ¢(0) = 1 and

¢'(t) = %/Xexp@f/n)%du

= /x <Aghf — SN (w) +A exp(2f/n)> dp

= Mo(t) —1).
It is straightforward to show that ¢(t) = 1.
2. It follows that

/Smﬂﬁmwz/www%AﬁﬁwEx
X X
O

2.1. Evolution of the Chern scalar curvature. Under the Chern-Yamabe
flow the Chern scalar curvature S(z;t) = S"(exp(2f/n)w) evolves accord-
ing to the following equation

oS
(6) == g exp(—2f/n) A S 4+ S(S — \)
with initial value S(x;0) = S°P(exp(2fo/n)w).
The following lemma gives a uniform lower bound of the Chern scalar
curvature.

Lemma 2.2. Let (Sp)min = mingex S(x;0). We have

S(z;t) > min{(So)min, 0}, Vo € X.
Proof. Let Spin(t) = mingex S(x;t). Applying maximum principle to (@)
we obtain
Hence,

S(z;t) > Spin(t) > (S0)min exp(—At),Vz € X.
If (So)min > 0, then S(z;t) > 0; otherwise S(x;t) > (S0)min. Hence,
S(x;t) > min{(Sy)min, 0}
O

Remark 2.3. For Lemma [Z2, S(xz,t) > (50)min exp(—At) as long as the
flow exists. In particular, if the initial Chern scalar curvature is strictly
positive, then the positiveness is preserved along the flow.

We can always take a special initial fo so that the initial Chern scalar
curvature is strictly positive. Let h € C*°(X;R) such that

ASh B = SN (W) = with / exp(2h/n)du = 1.
b's
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We have S°"(exp(2h/n)w) = Xexp(—2h/n) > 0. Hence, the Chern-Yamabe
flow with this specific initial f(x;0) = h(x) has the positive Chern scalar
curvature as long as the flow exists.

2.2. Long time existence. In this section we show that the Chern-Yamabe
flow exists as long as the maximum of Chern scalar curvature stays bounded.
The short time existence of the flow is straightforward as the principal sym-
bol of the second-order operator of the right-hand side of the Chern-Yamabe
flow is strictly positive definite. To obtain the long time existence, one needs
to show the a priori C* estimate

Ogltggllf(w;t)\lckm < Cy(T) <0

for any T' < oo and any positive integer k. We use C(T') to denote a constant
depending on 7. The constants C'(T") may vary from line to line. We begin
with a CY estimate on the flow f(x;t).

Lemma 2.4 (C° estimate). Suppose that the Chern-Yamabe flow exists on
Qr = X x[0,T) for some T > 0. Then these exists some constant Co(T)
depending only on (X,w) and initial data fy such that

sup_|[f(z;t)llcox) < Co(T).
0<t<T
Proof. Let h € C*°(X;R) such that
AShp = SO0 (W) =\ with / exp(2h/n)du = 1.
X
Such a function h exists because of ([B]). Similarly, by Lemma[ZT] there exists
some v(t) € C®°(X x [0,T);R) such that
(7) ASh Y = exp(2f/n) — 1.

Differentiating ([7) with respect to ¢, by the flow equation () we have

% (Agh v) = ACh f — SO () £ A exp(2f/n)
= ASM f = (S(w) =) + Aexp(2f/n) — 1)
= AL AR NAChY,

Hence,
ASh <@—f+h—>\v> = 0.
@ \ ot
We can normalize v(z;t) (by adding some function depending only on ¢ if
necessary) so that
ov

(8) E—f—l—h—)\v:O

with initial value v(z;0) = vo(z) for some vy satisfying

ASh vy = exp(2fo/n) — 1 and / vodp = 0.
X
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Let w(z;t) = Ov/0t. Differentiating (8)) with respect to t, we have

311) . 3f . n Ch
9) ot = o TAUT g P2 /) ATt w,

w(z;0) = folz) — h(z) + Avg(z).
Let wpqz (t) = maxgex w(z;t) and wy, (t) = minge x w(x;t). By maximum
principle, we have

%wmaw < AWpee and %wmm > AWpin .-
It follows that
Winin(t) = Wiin(0) exp(At) and wyes (t) < Winae (0) exp(AL).
Hence, we have
Jw(a: Dlloogxy < K expM) with K = max ([wmin ()] [tmae (0)])-
It then follows that

o) = [wote) + [ tw(axf)dt‘

< olloopy + [ ot Dllescayde < ollagsy + 5 expian),
By [8) we have f(x;t) = w(z;t) + h(z) — Av(x;t). Hence,
1f (2 )llcoxy < Nwl@st)llcoxy + [1Rllcoxy + Allv(@s )l cox)
< Kexp(30) + oo+ (Tonlcopn) + 5 exp())
< Ihllco(xy + Alvolloo(x) + 2K exp(At) := Co(T).

Since the functions h, vy and wy are uniquely determined by (X,w) and fo,
the constant Cy(7") only depends on (X,w) and fo. O

Lemma 2.5. Suppose the Chern-Yamabe flow exists on Qp = X x [0,T)
for some T > 0. Moreover, suppose that

sup [|S][coxy < C(T) < 0.
0<t<T

Then for any k € N there exists constant Cy(T') such that

sup || f(z;t)llcr(xy < Cr(T).
0<t<T

Proof. We first get the parabolic Hélder norm bound] for f. For any p > 1
and 0 <t <T,

175 )lwesx) < o7 D)ooy + 1A (3o )
< (s |17 Dlleo) + sup 18 Hlleoge) + IS @) oo )
0<t<T 0<t<T

< (7).

2See the definition in Chapter 1V, [6].
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By Sobolev embedding, there exists some o with 0 < o < 1,

sup [|f(z;t)l|lca(x) < C(T).
0<t<T

Moreover, note that |0f/0t| = (n/2)|A — S| < C(T'). Hence, we have
Ifllee(xxjo,ry) < C(T).

Let £ be any differential operator in x and ¢. A simple calculation shows
that

(L)~ exp(-2f /) ASHL) + S(L]) = 3 exp(2f /m) (£ ().

By the interior Schauder estimate for parabolic equations (Theorem 4.9 in
[6]), for any 7,7" with 0 < 7 < 7/ < T, we have

ILfllo2a(xx@ry < Csen(ILfllcox s my + I1£S (W) lloo(xx (r1)))

where the constant Cs, depends on 7, 7/, [|S|co(x x (r,7)) and || f || ce (x x (1)) -
It then follows by the standard bootstrapping argument to obtain that for
any 7 > 0, k € N and 0 < a < 1, there exists constant C'(k,«,7,T) such
that

[fllewtaxxrry) < Clk,a,7,T).

Together with the short time existence near ¢ = 0, we have
sup [[f(z;t)llcr(x) < Cp(T) < oo.
0<t<T
O

With Lemma in hand, we only need S(x;t) being upper bounded
from infinity to obtain the C* estimate of the flow. Therefore, we have the
following long time existence result.

Proposition 2.6. The Chern-Yamabe flow exists as long as the mazximum
of Chern scalar curvature stays bounded.

We therefore put forward the following conjecture to fully resolve the long
time existence of the flow.

Conjecture 2.7. Suppose the Chern-Yamabe flow exists on Qp = X x[0,T)
form some T > 0. Then there exists some constant C(T') depending on T
such that

S(z;t) < C(T), Y(x,t) € Qp.

3. BALANCED CASE

A Hermitian metric on a compact complex manifold is called balanced, if
its torsion 1-form # vanishes. A balanced metric is automatically Gaudu-
chon, but the reverse is not necessarily true. If the background metric w is
balanced, the Chern Laplacian identifies with the Hodge-de Rham Laplacian
ASP = Ay, In this section we assume the background metric w is balanced.
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3.1. F functional. When the background metric is balanced, the partial
differential equation () with normalization (2] is the Euler-Lagrange equa-
tion for the following functional

1 2 Ch
(10) F(f)i= [ lirBan+ [ 5) fa
with constraint
(11) /X exp(2f/n)du = 1.

To solve the partial differential equation () is then equivalent to find a
critical point of the functional (I0]) with constraint (IJ). It would be nice if
the functional could be bounded from below. However, this is not the case
when the complex dimension n > 2.

Proposition 3.1. For (X,w) with complex dimension n > 2, we have

inf {}"( ) feC®(X) with /X exp(2f /)y — 1} ~ o

Proof. We will construct a family of Lipschitz functions { f,} parameterized
by a positive real number r, each of which satisfies the constraint (III),
yet lim, o F(fr) = —oo. Choose an arbitrary point p € X as the center.
The function f,(x) is defined as constants both inside the geodesic ball B,(p)
and outside the larger ball By, (p), while interpolated linearly on the annulus

Bs(p)/ By (p), namely,

Cr, lz| <7
fr(x) = (logr—cr)(|x|/r—1) +oep, <]zl <2r
log r, |x| > 2r

where |z| denotes the distance to the center of the geodesic ball and ¢, is
a constant depending on 7. Choose the radius r sufficiently small, then the
geodesic ball B, (0) is close to a Euclidean ball and logr < 0. The constant
¢ 1s determined so that

/Xexp(2f,n/n)d,u =1

We claim

e < —n’logr — glogC’

for some dimensional constant C' = C(n). To see this,
1= / exp(2f,/n)dp > / exp(2¢, /n)dp = exp(2¢, /n) Vol(B,(p)).
X Br(p)

Hence,

e < —g log Vol(B,(p)) = —g log(Cr®™) = —n2logr — glog C.



8 SIMONE CALAMAI AND FANGYU ZOU

Now we show that lim,_,o F[f,] = —oc. First of all, we have
) = [ 1 Ran+ [ SPw) fra
X X

(12) -/ a2+ [ SO
Bar(p)\Br(p)

Bar(p)

+ / SCh(w) frdpie
X\B2r(p)

By continuity there exists some rg > 0 such that

/ S (w) dp < A,Vr <rp.
Bar(p) 2

Note that A = [, S?*(w) dy, hence,

/ S (w) dp > A,Vr <rp.
X\Ba, (p) 2

Take r sufficiently small so that logr < 0. Then ¢, > 0 since

/Xexp(er/n)d,u =1

It follows that

Cr — lOgT 2
Fh) < B ol (B, (0)\B, (1)

A
+ ”SCh(W)Hc()(X)CT Vol(Ba,(p)) + B logr
< Clep —logr)*r®=2 4+ Cr¥ec, + glog T
= % logr + O(r*"2logr).

When n > 2, we have lim,_,o7r>"“2logr = 0. The leading term for F(f,) is
%log r. Therefore, lim,_,o F(f,) = —oc. This finishes the proof. O

3.2. Monotonicity along the Chern-Yamabe flow. Let F(t) = F(f(;1)).
We have the following lemma showing the monotonicity of the F functional
along the flow.

Lemma 3.2.

4 F = - /X (S — N2 exp(2f /n)dp.

Proof. First, by Lemma 2.1], we have

d
/X B_Jtt exp(2f/n)dp = 0.
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Hence,
%}"(t) =/ %(—Adf + 8 (w))dp
= [ G 8af 89w ~Aexp(2f )
=~ [ (8= NP explaf/mdu <.
The proof is finished. O

3.3. Second variation.

Lemma 3.3. The second variation of F functional is given by

(14) 5 F(u0)|, = / ((du, dv), — % exp(2 f/n)uv) du

X
for any u and v in the tangent space of f, namely

/ exp(2f/n)udp =0 and / exp(2f/n)vdu = 0.
X X

Proof. Note that the unconstrained functional is

F(f) = %/X]df]f,dqu/XSCh(w) fdu—%)\ (/X exp(2f/n)d,u—1>.

The second variation follows by simple calculation. O

Given some specific direction v, we have the second variation at v as

S F(v) = /X <|dv|2 - % exp(2f/n)v2> dp.

It’s interesting that the positivity of the second variation may have some
relation with the Rayleigh quotient, or the first principal eigenvalue of the
Laplacian operator A;. In the special case when the background Gauduchon
metric is itself a constant Chern-Scalar curvature metric, we have f =0 is
a critical point.

If Ay > 2X\/n, then

2 F () > (M — 2)\/n)/ v2dp >0, Yo with / vdp =0
X X
shows that f = 0 is a local minimum.
If Ay < 2\/n, then we can take some non-zero eigenvector vg with fX vodp =
0 and

2 F(v0) < (M — 2\/n) / w2y < 0.
X

Hence, f = 0 is a saddle point and unstable.

To construct concrete example for the above argument, one can consider
P! x 6P! with P! and P! both endowed with the standard Fubini-Study
metrics. For such family of complex manifolds, the background Fubini Study
metrics wy are constant Chern scalar curvature metrics; so we write down the
functional F with respect to the reference metric wy, and f = 0 represents
a constant scalar Chern curvature metric with F(0) = 0. By adjusting the
scaling parameter 6, it is not hard to adjust A\; and the total Chern scalar
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curvature A such that —% + A < 0; this makes possible to find a sequence of
conformal factors fi that are arbitrarily close to f = 0, and with F(f) < 0.
Since the flow decreases the functional F, then the flow starting at fj will
not converge to f = 0. The conclusion we can draw is that saddle points are
possible and we should not expect only local minima in general. Together
with the fact, proved in Lemma [B2] that the F functional always is not
bounded from below, the techniques for only minima is not enough.

4. ADDITIONAL RESULTS UNDER ASSUMPTIONS

We have already shown in Lemma [3.1] that the functional F is unbounded
from below. So it is impossible to find a global minimum. Yet it is still
possible that the functional is bounded from below along the flow for some
specific initial value. In particular, if the flow finally converges to a solution,
one of the necessary conditions is that the functional is bounded under the
flow.

In this section we assume the flow exists on [0, 00) and
(15) lim F(t) > C > —o0.

t—o0
What can we say about the flow?

Since the functional is decreasing and bounded from below, we can find
a sequence of time slices {t;}, so that £F(t;) — 0. Let fr = f(tx) and
Se = S(exp(2fi/n)w). Note that by Lemma [3.2]

d

%}-(t) = — /X(S — N2 exp(2f/n)du = \* — /X S% exp(2f /n)dp.

On the other hand, by Lemma 22, we have S(x;t) > —C. Hence, we have

/ exp(2fx/n)du =1,
b's

(16) / S exp(2fx/n)dp — A* and Sy, > —C,
b's

|F(fi)l < C.

4.1. Assuming uniform upper bound. In this section we assume that
there exists uniform upper bound for the sequence {fx} in (IG). We show
that there exists a smooth solution to the Chern-Yamabe equation Il In
what follows the constant C' may vary from line to line.

Lemma 4.1. Suppose there is a sequence {fr} satisfying ([I8). Suppose
additionally there exists some constant Cy such that

max f(x) < Cp, Vk.
reX
Then || fillgz < C.
Proof. First of all, we have
| (Stexp(zsi/n)du < exp(zCofm) [ SEexplesi/mdu < C.
X X

Note that Sy = exp(—2fx/n)(S?(w) —Afi), namely, Af, = SO (w) — Sy, exp(2f/n).
Hence, we have [|Afi[|2x) < C.
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Claim. Let f, = fX frdp. There exists some constant C' > 0 such that
—C< frp <0.

Proof of the Claim. First of all, since Vol(X) = 1, we have
exp(fi/m) = exp ([ ifnin) < [ exp(2i/midn =1

Hence, f, < 0.
For the other side, first note that

/X Sk exp(2fio/m) fidp
- /X (— Ay + S (w)) fudp = 2F(fi) — / (SO (w) ~A)fi — M

X

(17) _ _
= 2F(f) — [ Ahi—Afe =275 — [ nAi— A
X B X
> 2F(f) — Il 2y 1A fell Lo (x) — Afe
> C = M.
On the other hand, since S, > —C, we have
| Seexp(@fi/m) fud
= [ (Su+ Cresp@h/mfudn—C [ explsi/n) i

< Coexp(Co/n) [ Sexplfi/midu+ CoC+C 3.
X

< Cy exp(CO/n)(/X S2 exp(2fk/n)dp) i +C <C.

By ([7) and (I8), we obtain that f; > —C. This finishes the proof of the
Claim. 0

We continue our proof for the Lemma. By Poincare inequality, there
exists some constant C), so that

/ (fi = fi)?dp < Cp/ IV fil*dp.
X X
On the other hand,
1 C
[ 19aran= [ rssoin< g0 [ stan+ 2 [
X X 20, Jx 2 Jx
Hence,
2 F2 1 2 ng 2
[ span=52 <5 [ spans 2 [ @
X 2 /x 2 Jx
Hence,
(19) [ span<ent+cz [ @anran
X X
It then follows by Sobolev estimate that
I fell 2 x) < C(||kaL2(X) + HAkam(X)) < C(|fk| + HAkaL?(X)) <C.
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This finishes the proof. O

Proposition 4.2. Suppose there is a sequence { fi} satisfying ([I8). Suppose
additionally there exists some constant Cy such that

< .
max fi(z) < Co, Vk

Then there exists a function foo € C°(X) which solves the differential equa-
tion ().
Proof. By Lemma (L1} we have ||fi|/g2(xy < C. Hence, by passing to a

subsequence if necessary, we have fj, — foo weakly in H?(X) for some f.
It follows that fi — foo strongly in L?(X) and Af, — Afs weakly in
L?(X). As a result of the strong convergence in L?(X), by passing to a
subsequence if necessary, we have fr — fs dp-a.e.. Then by Egonov’s
theorem, for any § > 0, there exists a subset Q5 C X with Vol(X\s) < 9,
such that f; — fo uniformly on Q5. We have

/Q (Afy — SM(w))2 exp(—2f3/n)dp
= /Q (A S, — SM(W))? exp(—2fae/n)dp
+/ (Afr — SCh(w))Q(eﬂfk/n _ 672f°°/”)d,u
Qs

> / (Afr — SN (w))? exp(—2foo/n)dp — Clle™2I6/m — e72I /M| 9.
Qs
Hence,

liminf/Q (Afy, — SN (w))? exp(—2fi/n)dp

k—o00

> hminf/Q (Afy, — SB(w))2 exp(—2fs0/n)dp

k—o0
> / (Afoo — SCh(w))2 exp(—2foo/n)dp.
Qs
Notice that
/ (A fr=8"(w))? exp(—2fr/n)dp = / Stexp(2fi/n)du — N*, as k — oo,
X X
Hence,
/ (Afoo — SM(wW))2 exp(—2foo /n)dp < N2
Qs
Let § — 0, we obtain that
(20) [ (@ = 8 w)? exp(-2f/m)du < X2
X

Note that fr — fx dp-a.e., and fr < Cy by assumption, we have fo, < Cy
du-a.e.. Then by Dominance Convergence Theorem, we have

(21) [ exp@famydn = Jim [ exp(2i/mdn =1
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By 20) and (21]), we have
2
[ (8= 8P ) rexp(2fc/m)) exp(-2foc/m)dp <0,
X
It follows that the equality holds and
(22) Afs — S (W) +Xexp(2fas/n) = 0, dp — ace..

Since foo < Cp dp-a.e., we have Afo, = S (w) —Aexp(2fs/n) € L®(X).
Hence, foo € W?P(X) for any p > 1. By Sobolev embedding theorem,
this implies that fo, € C1¥(X). Then Af,, € C1¥(X). By the standard
bootstrapping argument, we eventually have fo, € C°°(X). This finishes
the proof. O

REFERENCES

[1] Daniele Angella, Simone Calamai, Cristiano Spotti. On Chern-Yamabe problem. Math.
Res. Lett. 24 (2017), no. 3, 645-677

[2] Daniele Angella, Simone Calamai, Cristiano Spotti. Remarks on Chern-Einstein Her-
mitian metrics. ArXiv:1901.04309

[3] Simone Calamai, Positive projectively flat manifolds are locally conformally flat-Kdhler
Hopf manifolds. ArXiv:1711.00929.

[4] P. Gauduchon. Le théoréme de l’excentricité nulle. C. R. Acad. Sci. Paris Sér. A-B 285
(1977), no. 5, A387— A390.

[5] Mehdi Lejmi, Ali Maalaoui, On the Chern-Yamabe flow. ArXiv:1706.04917

[6] Gary M. Lieberman. Second Order Parabolic Differential Equations. World Scientific
Press. ISBN 981-02-2883-X.

(Simone Calamai) DIPARTIMENTO DI MATEMATICA E INFORMATICA “ULISSE DINI”,
UNIVERSITA DI FIRENZE, VIA MORGAGNI 67/A, 50134 FIRENZE, ITALY

Email address: scalamai@math.unifi.it

Email address: simocala@gmail.com

(Fangyu Zou) MATHEMATICS DEPARTMENT, STONY BROOK UNIVERSITY, STONY BROOK
NY, 11794-3651 USA
Email address: fangyu.zou@stonybrook.edu



	1. Introduction
	Acknowledgments.
	Normalization

	2. Chern-Yamabe Flow
	2.1. Evolution of the Chern scalar curvature
	2.2. Long time existence

	3. Balanced Case
	3.1. F functional
	3.2. Monotonicity along the Chern-Yamabe flow
	3.3. Second variation

	4. Additional results under assumptions
	4.1. Assuming uniform upper bound

	References

