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Let N be normal subgroup of a finite group G, p be a prime, P be a Sylow p-
subgroup of G and @ be a P-invariant irreducible character of N. Suppose that G/N
is a p-solvable group. In this note we show that, whenever a finite group A acts on
G stabilizing P, there exists an A-equivariant McKay bijection between irreducible
characters lying over 6 of degree prime to p of G and N (P)N. This is a consequence
of a recent result of D. Rossi. Our approach here is independent from Rossi’s and
follows the original idea of the proof of the McKay conjecture for p-solvable groups.
In particular, we rely on the so-called Okuyama-Wajima argument to deal with
characters above Glauberman correspondents. For this purpose, we generalize a
classical result of P. X. Gallagher on the number of irreducible characters of G lying

over 6.
© 2025 The Authors. Published by Elsevier B.V. This is an open access article
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0. Introduction

Let G be a finite group, p be a prime and P € Syl,,(G) be a Sylow p-subgroup of G. The McKay conjecture

asserts that there exists a bijection

Irr, (G) = Irryy (N (P))
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where Irr, (H) denotes the set of irreducible characters of degree coprime to p of H, for every finite group
H.

The McKay conjecture has been proven via a reduction to finite simple groups [7] and the subsequent
verification of the inductive McKay conditions [9,16,1] derived from such a reduction theorem. This approach,
in fact, leads to stronger conclusions. The validity of the inductive McKay conditions for every finite non-
abelian simple group at every prime implies stronger statements for all finite groups; for instance, the
following.

Theorem (The relative McKay conjecture). Let G be a finite group, p be a prime and P € Syl,(G) be a
Sylow p-subgroup of G. Let N be a normal subgroup of G and 0 be a P-invariant irreducible character of
N. There exists a bijection

Irry (G|6) — Irry (Ng(P)N19),

where Irry (H|0) denotes the subset of Irrp (H) consisting of characters ¢ whose restriction to N has 6 as
a constituent, for every N C H < G.

Theorem (The McKay conjecture with group automorphisms). Let G be a finite group, p be a prime and
P € Syl (G) be a Sylow p-subgroup of G. Let A be a group that acts on G' by automorphisms stabilizing P,
then there exists an A-equivariant McKay bijection

Irry (G) = Irrp (Ng(P))

The relative McKay conjecture was reduced to the inductive McKay conditions in [7, Thm. B]. The
McKay conjecture with group automorphisms was proposed by E. C. Dade and has been recently shown to
also be a consequence of the inductive McKay conditions in [15, Thm. B].

Our interest in this note is on p-solvable groups. While the p-solvable case of the relative McKay conjecture
relies on the so-called Okuyama-Wajima argument (see Theorem 2.1), the only available proof of the p-
solvable case of the McKay conjecture with group automorphisms (that is, the one derived from [15, Thm.
B]) relies on much deeper results on the character theory above Glauberman correspondents. In particular,
the proof of [15, Thm. B] depends on results contained in [12, §5], that follow from work of F. Ladisch [8,
Corollary 11.3] and ultimately relies on Dade’s classification of the endo-p-permutation modules of p-groups.
In this note, we remove this dependence. We prove the relative version of the McKay conjecture with group
automorphisms for p-solvable groups relying solely on the Okuyama—Wajima argument. We care to mention
that similar results to those of Ladisch were previously obtained by Dade [2], L. Puig [14] and A. Turull
[17].

Theorem A. Let G be a finite group, p be a prime and P € Syl,(G) be a Sylow p-subgroup of G. Let N
be a normal subgroup of G and 0 be a P-invariant irreducible character of N. Let A be a group acting by
automorphisms on G stabilizing N and P. Suppose that G /N is p-solvable, then there exists an A-equivariant
bijection

Irr, (G|0) — Irrp (NG (P)N|O) .

In order to prove Theorem A, we generalize a classical result of P. X. Gallagher on the number of
irreducible characters of G lying above a fixed character of some normal subgroup of G [3], which could
be of independent interest. Recall that when N < A and 6 € Irr(N) is A-invariant, we say that an element
a € Ais f-good in A if the extensions of 6 to N(a) are D-invariant, where D/N = C4,y(Na).
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Notice that if @ € A is a 6-good, then every conjugate of a, as well as every b € A such that N{a) = N(b),
is also #-good. In particular, if a € A is 6-good, then every element in the coset Na is #-good. Keeping this
in mind, we can refer to #-good conjugacy classes of A/N as those consisting of #-good elements, and we
will not distinguish between calling a € A or its coset Na € A/N 6-good.

Theorem B. Let N and G be normal subgroups of a group A with N C G. Let 6 € Irr(N) be A-invariant.
Then the number |Irr4(G|0)| of irreducible A-invariant characters of G lying over 0 equals the number of
conjugacy classes of G/N which consist of 6-good elements in A.

If we do not assume 6 to be A-invariant, but we assume that some irreducible character in Irr(G|6) is
A-invariant, we obtain that |Irr4(G|6)| equals the number of conjugacy classes of Gy/N which consist of
0-good elements in Ay, where Ay and Gy are the corresponding inertia subgroups of 6 in A and G. We shall
comment more on this in Corollary 1.4.

We note that recently, a different generalization of Gallagher’s counting theorem has been established by
J. Murray. In [10, Thm. A], it is shown that Gallagher’s ideas can be extended to count the number of real
characters of a group G lying over a fixed character of a normal subgroup.

This paper is structured as follows. In Section 1 we prove Theorem B. In Section 2, we use Theorem B to
obtain some consequences of the Okuyama—Wajima argument, specifically Theorem 2.4. Finally, in Section 3,
we prove Theorem A. We follow the notation [5,11], with [11] serving as a guiding reference for our proofs.

1. Counting A-invariant characters after Gallagher

Our aim in this section is to prove Theorem B from the Introduction. Let N < A and 6 € Irr(NN). We
write Irr(A|0) to denote the subset of Irr(A) consisting of characters x such that [xn,0] # 0, and we
often refer to characters in Irr(A|f) as characters lying over 6. If § is A-invariant, a classical result from
Gallagher asserts that the number |Irr(A|f)| equals the number of A/N conjugacy classes consisting of 6-
good elements, where an element a € A is said to be §-good if all the extensions of § to N{a) are D-invariant
for D/N = C4/n(Na). The original proof of Gallagher follows by adapting a computation of I. Schur and
can be found in [3, §2]. As often happens with classical results, there are several proofs of Gallagher’s
theorem from different perspectives. We will build upon the one given by G. Navarro in [11, Thm. 5.16].

We recall the following property of #-good elements.

Lemma 1.1. Let N <G. Let 0 € Irr(N) be G-invariant. If g € G is not 8-good in G, then x(g) = 0 for every
x € Irr(G19).

Proof. Write U = N(g). By hypothesis, there is some 2 € G and some extension n € Irr(U) of 6 such
that #® # n and aN centralizes U/N. By the Gallagher correspondence n* = An with A € Irr(U/N) not
principal, and hence such that A\(g) # 1. Using again the Gallagher correspondence we can write xyy = nA,
where A is a character of U/N. Notice that g,g* € U. We can compute 7(g)A(g) = x(g) = x(¢° ) =
7% (9)A(g) = AM(g)n(g)A(g). The fact that A(g) # 1 forces x(g) =0, as wanted. O

For a non-empty set X, we denote by C¥X the C-vector space of C-valued functions with domain X. Let
N <A and 6 € Irr(N). In the following, we denote by cf(A|f) the C-vector space spanned by Irr(A|0). If
N C G < A, then we denote by cf 4(G|0) the C-vector space spanned by Irr4(G|6), the subset of Irr(G|0)
consisting of A-invariant characters. Next is [11, Thm. 5.14].

Theorem 1.2. Let N < A and 6 € Irr(N) be A-invariant. Suppose that N C Z(A) and 0 is faithful. Let
Nzy,...,Nzxs be a complete set of representatives of the different conjugacy classes of AJ/N consisting of
0-good elements in A. Write X = {x1,...,x5}. The map
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cf(Al9) — C¥

@ olx,
is an isomorphisms of C-vector spaces, where p|x denotes the restriction of ¢ to X.

Proof. A proof can be found in [11, Thm. 5.14]. We care to highlight the construction of a preimage
for a given map o € CX, as it will be a key construction in our next proof. If a € A is not #-good,
we define p(a) = 0. Otherwise, a® = nz; for some b € A, some n € N and z; € X. We define then
o(a) = a(z;)0(abz; ). Tt is clear that |y = . It can be shown that ¢ € cf(A]f). O

We are ready to prove Theorem B from the Introduction, that we restate here for future reference within
this text. We will use properties of strong isomorphism of character triples from [11, Def. 5.7 and Prob. 5.4]
(see also [5, Def. 11.23 and Prob. 11.13)).

Theorem 1.3. Let N and G be normal subgroups of a group A with N C G. Let 6 € Irr(N) be A-invariant.
Then the number |Trr 4 (G|0)| equals the number of conjugacy classes of G/N which consist of 0-good elements
in A.

Proof. We first prove the case where N C Z(A) and 0 is faithful. Let Nx1,..., Nz be a complete set
of representatives of the conjugacy classes of G/N consisting of 6-good elements in A, and write ¥V =
{z1,...,2r}. We want to prove that

[Trr 4 (G0)| = dim(cf4(G0)) = dim(CY).

In order to do so, we will construct C-isomorphisms between cf 4(G|0) and €2, and between CY and €,
where € is the subspace of cf(A|f) generated by the class functions of A that vanish outside G.
We claim that

Fi Q= cfa(GlO)
o= ¢l

is an isomorphism of C-vector spaces. Notice that f is well-defined as the restriction of every x € Irr(A|6)
to G is an A-invariant character of G lying over 0. It is clear that f is injective. We prove now that f is also
surjective. Given « € cf4(G|0), we define &: A — C as &(a) =0if a € A\ G, an &(a) = a(a) otherwise.
Notice that & is a class function of A that vanishes outside G. Moreover &|y = an, so & € .

By Theorem 1.2, we know that dim(cf(A|0)) is the number of conjugacy classes of A/N consisting
of #-good elements in A. We can consider a complete set of representatives of those classes of the form
Nz1,...,Nzy, Nogs, ..., Nag, where k < s and z; ¢ G for every k < j < s. Notice that if a € A\ G is
6-good in A, then there are b € A, n € N and j > k for which a® = nz;. Write X = {z1,..., 24}, so that
dim(cf(A|9)) = s.

We define

h: Q—CY
o ply .

We work to prove that A is an isomorphism of C-vector spaces. The map h is clearly C-linear. Let ¢ €
vanish on Y. We want to prove that ¢(g) = 0 for every g € G. Suppose that g is not 6-good in A. By
Lemma 1.1 we have that x(g) = 0 for every x € Irr(A|6). In particular, ¢(g) = 0. Hence, we may assume
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without loss of generality that g is #-good in A. Then there exist a € A, n € N and i € {1,...,k} such that
9% = nz;. Notice that if x € Irr(A|f) and p is a representation affording x then p(n) is a scalar matrix, since
we are assuming N C Z(A). Therefore x(mb) = x(m)x(b) for all m € N and b € A. In particular p(nz;) =
O(n)p(x;) = 0 as @ is a linear combination of characters in Irr(A|f). Then ¢(g) = ¢(9%) = p(nx;) = 0 as
wanted.

Now, given a € CY we define & € CX by a(z;) = a(x;) if i < k and &(x;) = 0 for every k+1 < j <.
By Theorem 1.2, there exists a unique ¢ € cf(A|f) such that ¢|x = &. In particular, ¢y = a. We claim
that ¢ € Q, and that would complete the proof in this case. In order to prove that ¢ € Q it suffices to prove
that ¢ vanishes outside G. Let a € A\ G. If a is not #-good in A, then ¢(a) = 0 by Lemma 1.1. Otherwise
there exist b€ A, j € {k+1,...,s} and n € N such that a® = nz;. Recalling the definition of ¢ on #-good
elements from the proof of Theorem 1.2, we get that

o(a) = &(x;)0(n) = 0.

In the general case, we note the character triple (A4, N, ) is strongly isomorphic (via (*,0)) to another
character triple (A*, N*, ); where N* C Z(A*) and ¢ is faithful by [11, Prob. 5.4]. In particular

[Trr 4 (G1O)] = [Trr 4+ (G7[07)]

where G*/N* is the image of G/N under the above-mentioned strong character triple isomorphism. By [11,
Lem. 5.15], an element g € G is 6-good in A if, and only if, g* is p-good in A*, whenever gN corresponds
to ¢g* N* under the strong character triple isomorphism. Then the statement follows from the first part of
this proof. O

We can derive the following statement that allows us to count |Irr(A)G|0| when 6 is no longer assumed
to be A-invariant but we know that the set Irr4(G|0) is non-empty.

Corollary 1.4. Let N and G be normal subgroups of a group A with N C G. Let § € Irt(N). If € Irr 4 (G|9)
is non-empty, then the number |Irr o(G|0)| equals the number of conjugacy classes of Go/N which consist of
0-good elements in Ag.

Proof. By the Clifford correspondence, we know that character induction induces a bijection
Irr(Gy|0) — Irr(G|0) .
Notice that the above bijection commutes with the action of Ay on characters. In particular,
IIrr 4, (Ggl0)| = |Irr 4, (G0)] .

Let x € Irrs(G10). We show that A = GAy. In fact, for every a € A, we have that § and ¢ lie under Y.
Hence there is some g € G such that 9 = 6. In particular ag—! € Ay. We can therefore conclude that
Irr 4 (G|6) = Irr 4, (G0) and apply Theorem 1.3. O

We care to mention that the equality |Irr4(G|0)| = |Irra,(Go|6)| does not always hold as shown by the
example A = Dg x Cg with G = C4y x Co, N = C4 and 0 € Irr(N) faithful. In this case [Irr4(G|0)| = 0 while
|Irr 4, (Ggl0)| = 2.

As we have already mentioned in the Introduction, in recent work, Murray shows that Gallagher’s ideas
can also be generalized to count the number of Irrg (G0) real-valued irreducible characters lying over 6. In
fact, Murray suggests that one might be able to prove his statement using Navarro’s approach as above. It
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would be interesting to understand whether Murray’s or Navarro’s ideas could be used to more generally
count the number of Irry(G|6), where H is a subgroup of the absolute Galois of @, in terms of #-good
conjugacy classes of G/N.

2. The Okuyama—Wajima argument revisited

The aim of this section is to apply Theorem 1.3 to derive a new consequence of the Okuyama-Wajima
argument, namely Theorem 2.4.

The Okuyama-Wajima argument concerns the character theory above Glauberman correspondents. Recall
that when a p-group @ acts by automorphisms on a group K of order coprime to p, then the Glauberman
correspondence is a canonical bijection *: Irrg (K) — Irr(Cx (Q)) between the set Irrg(K) of Q-invariant
irreducible characters of K and the set Irr(Cg (Q)) of irreducible characters of the fixed-point subgroup
under the action. In fact, given 8 € Irrg(K), its Glauberman correspondent 6* is the unique irreducible
constituent of the restriction f|c, () of & to Cx(Q) appearing with multiplicity coprime to p (see, for
instance, [11, Thm. 2.9]).

Theorem 2.1 (The Okuyama—Wajima Argument). Let A be a group, let p be any prime. Suppose K < A has
order not divisible by p. Let QQ be a p-subgroup of A such that KQ < A. Let B =N4(Q) and C = Ck(Q).
Let 0 € Trr(K) be Q-invariant and let 0* € Irr(C) be the Glauberman correspondent of 6. Suppose that
C < U < B is such that U/C is abelian. Then 0 extends to KU if and only if 0* extends to U.

Proof. See [13, Thm. 2|. Notice that in the statement of [13, Thm. 2], @ is a Sylow p-subgroup of G and
U = B, but these stronger hypotheses are not necessary (using [11, Thm. 5.10 and Cor. 6.2], for instance).
A more detailed proof can be found in [11, Thm. 8.16]. O

The statement of Theorem 2.1 remains valid even when the quotient U/C' is not assumed to be abelian;
however, the proof of this seemingly innocuous generalization requires completely different ideas and a fairly
great amount of work, see for instance [8, Cor. 11.3 and Thm. 4.3] or [17, Thm. 6.5] combined with [18,
Thm. 7.12]. When the prime p = 2, T. Wolf found a character-theoretical proof of this fact [19, Thm. 1.5],
relying on properties of the Isaacs correspondence [4].

As mentioned in the Introduction and for the purpose of this note, the Okuyama-Wajima argument will
suffice. We need to derive some consequences from it using the results contained in the previous section.
Before doing so, we need to prove an easy, yet useful, lemma. Given groups K,G < A with K C G, P €
Syl,(G), and a P-invariant 6 € Irr(K'), we will be interested in counting the number

|Irrpr 4 (G10))]
of irreducible A-invariant characters of G of degree coprime to p that lie over 6.
Lemma 2.2. Let A be a group, and let GQA. Suppose that B < A is such that A = GB, and write H = GNB.

Let K C G, with K<A, and let C C H, with C<B. Let 0 € Irr(K) and let ¢ € Irr(C). Assume that By = B,,.
If the following holds

4, (Gol0)| = [Trrp, (Hy|)],

then we have that

I 4 (G0)[ = [Trr g (H]0)].
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Let p be a prime and P € Syl (G). Assume further that 6 and ¢ are P-invariant characters. If the following
holds

[Irry 4, (Gol0)| = [Irry B, (Hy )],
then we have that
Irry, 4 (GO)| = |Irry, 5 (HI)]-

Proof. Following the proof of Corollary 1.4, in order to complete the proof of the first statement, it will be
enough to show that Irr4(G|6) is non-empty if, and only if, Irr g (H|¢) is non-empty. Assume that Irr o (G|0)
is empty while Irrg(H|p) is not empty. Arguing as in Corollary 1.4, we have that B = HBy. Hence
A =GB = G(HBy) = GAy. Then 0 = |Irr4,(G|0)| = |Irra,(Gg|0)| and |[Irrp, (Holp)| = [Irrp(H|6)| # 0,
which contradicts our hypothesis. We obtain a similar contradiction assuming that Irr4(G|6) is non-empty
while Trr g (H|g) is empty.

The second statement easily follows from previous ideas by noticing that under the hypotheses, character
induction actually yields bijections

Irry (Ggl0) — Irry (G|6),
Irry (Hy|p) = Ity (Hlp), O

since 6 and ¢ are P-invariant.

The following is a consequence of the Okuyama—Wajima argument and Theorem 1.3. Recall that, if N<A
and 6 € Irr(V) is A-invariant, then an element a € A is 6-good if, and only if, § extends to N{a, z) for every
x € A such that N{a,z)/N is abelian; by [11, Lem. 5.13].

Corollary 2.3. Let A be a group and let p be a prime. Suppose K 14 A has order not divisible by p, let P be
a p-subgroup of A such that KP <1 A. Let B=N4(P) and C = Cg(P). Let 6 € Irr(K) be P-invariant and
let % € Trr(C) be the Glauberman correspondent of 0. Let C < D < B. If C < S < D, with S< D, then

|Irr e p (K S16)| = [Trrp (S1607)).

Proof. By the Frattini argument, A = K B. Our set-up can be visualized in the following diagram.

N
e

K/

KS/ \

QK/ \S/
N

o C

To simplify the notation, we can assume that D = B.
We claim that we may assume both 6 and 6* to be B-invariant. Note that By = By« and Sy = Sp+ by
[11, Lem. 2.1]. Since S<B, K< A, A= (KS)B, and S = KSN B, the claim follows by applying Lemma 2.2.
Notice that 6 is, in particular, A-invariant. We have that (A, K, 0) is a character triple with K < KS<A,
and (B, C,0*) is a character triple with C < S < B. Then, by Theorem 1.3, we have that |Irr 4 (K.S]0)]| is
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the number of conjugacy classes of K.S/K which consist of #-good elements in A, while |[Irrp(S]6*)| is the
number of conjugacy classes of S/C which consist of 8*-good elements in B. Notice that the map

S/C — KS/K,
Cs+— Ks

is an isomorphism. Therefore, in order to prove the statement it suffices to show that for all s € S, the
element C's is 6*-good in B if, and only if, Ks is #-good in A.

Recall that A = KB. Fix s € S. We prove that 0* extends to (C,s,b), for every b € B such that
(C,s,b)/C is abelian if, and only if, 8 extends to (K, s,b), for every b € B such that (K s,b)/K is abelian.
Let b € B be such that (C,s,b)/C is abelian and write U = (C, s,b), then C < U < B. We need to prove
that 0 extends to KU if, and only if, 0* extends to U. This is indeed true by Theorem 2.1. We conclude our
proof with an application of [11, Lem. 5.13.(c)]. O

The statement of Theorem 2.1 holds more generally under the weaker assumption that K and @ have
coprime orders, by work of Wolf [19, Thm. 1.5] (for the case where @ is solvable see also [6, Thm. 6.10]).
Consequently, the statement of Corollary 2.3 also holds in this more general context.

Finally, we can generalize [11, Thm. 8.11] taking into account the action of group automorphisms. This is
the main result of this section. Recall that, when N <G and (|G : N|,|N|) =1, if § € Irr(N) is G-invariant,
then # admits a canonical extension 8 € Irr(G). The extension g is canonical, in the sense that it is the only
extension with the same determinantal order as 6 (see [11, Cor 6.2], for instance).

Theorem 2.4. Let A be a group, let G A and let p be a prime. Let K C G be such that K < A and p does
not divide the order of K. Let P € Sylp(G) be such that KP <1 A. Let Z be a p-subgroup of G such that
Z<aA. Let X € Irr(Z) be A-invariant. Write B = N4(P), H=Ng(P), and C = Ck(P). Let 0 € Irr(K) be
P-invariant and let 0* € Irr(C) be the Glauberman correspondent of 6. Then

[Irry A(GO x A)| = |Irryy g (H|O™ x N)].

Proof. By the Frattini argument, A = (KP)B = KB and G = (KP)H = KH. Notice that Z C P. The
following diagram depicts the relevant character and group-theoretic situation.

G/A\B

We show that we may assume that both 6 and 6* are B-invariant (and hence that 6 is A-invariant). By [11,
Lem. 2.1], the Glauberman correspondence is B-equivariant. Hence By = By~, and Hy = Hp-. Notice that
Agur = Ag N Ay = Ay, and By~ = By+, hence Byxx = By = Byp» = By+x. Since A =GB, H =GN B,
KZ <A and CZ < B, we can apply the second part of Lemma 2.2. Therefore it will suffice to show that
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IIrrpr 4, (Ggl0 x A)| = |Irry B, (Hp|0" X A)].

This proves our first claim.

Let 6 be the canonical extension of 6 to KP and write 6* = 6* x 1p € Irr(CP). It is clear that 0~
is B-invariant. Moreover, 6 is A-invariant and hence so is 9. Since the groups KP/K, CP/C, and P are
isomorphic, we can identify their characters by inflation and deflation.

Let A be a complete set of representatives of the orbits of the action of H on the linear characters of
KP/K which lie over 1z x A € Irr(KZ/K). We claim that

Irr,y 4 (G0 x A) = ) Trra(GlOp),
pneA

and

I,y p(H|O* x \) = | Trrp(H[6"p),
peA

where unions above are disjoint. We prove the first claim, the second will follow by using the same kind
of arguments. Notice that every character in Irr4 (G \a,u) has degree not divisible by p by [11, Thm. 5.12].
Let x € Irrp 4(G|A) and let p be an irreducible constituent of xxp. Since K P < G, we have that p has
degree coprime to p. Furthermore, since € is the only irreducible constituent of xx, we have that 6 is a
constituent of px. Since p covers 0, we can write p = é\u, for some p € Irr(KP/K), by using the Gallagher
correspondence. But p and 9 are p’-degree, hence p must be linear, since K P/K is a p-group. Replacing p
by some H-conjugate, we may assume p € A, hence y € UueA IrrA(G|§u). Conversely, let 1 € A and let

X € IrrA(G|§u). We have that x has degree coprime to p, again by [11, Thm. 5.12], and
[xx, 6] = [(Op) i, 6] = [6,6] = 1,

so x € Irryy 4(G|0). Lastly, notice that if x € Trr 4 (G|Ap) N Irr 4 (G|An) for p,n € A, then G and O are G-
conjugate. Since fis G-invariant, this implies that u and n are G-conjugate, by the Gallagher correspondence.
In particular, u and n are H-conjugate, because G = (K P)H, and therefore u = 7.

Thus, in order to prove the statement, it suffices to show that

Irr 4 (G|Op)| = [Trr g (H|6* 1)), (2.1)

for all u € A.
We next show that in order to prove Equation (2.1) for u € A, we may assume u to be A-invariant. Note

that A@L = A, and B(;# = Bg;# by using again the Gallagher correspondence. Since KP < A and CP < B,

our claim follows from the first part of Lemma 2.2. Notice that (|G : KP|,|KP : K|) = 1, therefore u
admits a canonical extension i € Irr(G). We have that i is A-invariant. Then [5, Thm. 6.16] (or [11, Lem.

5.8]) tells us that the map

Irr(G|8) — Irr(G|Op)
B = B

is a bijection. Since i is A-invariant, this bijection is also A-equivariant. Hence
e 4 (GlOp)| = [Irra(G1O)].

Similarly, we obtain that
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Irr g (H|6% )| = [Trrp (H|0%)].
Therefore, in order to prove Equation (2.1) for every u € A, it will be enough to show that
Irr 4 (G|0)| = [Trr g (H|6%)). (2.2)

We work to prove Equation (2.2). We will show that the proof reduces to the situation described by
Corollary 2.3. We begin by describing the group theory that arises in this context.

Since P < H, we have that CP/C is a normal Sylow p-subgroup of H/C. By the Schur-Zassenhaus
theorem, the group H/C has a p-complement U/C, that is U < H with U(CP)=H and UNCP =C. In
particular, U has order coprime to p. Since K <G and PU = UP < G, we have that (KP)(KU) < G. The
group (KP)(KU) contains both U(CP) = H and K, hence we have that (KP)(KU) = G. Furthermore,
we have that KUNKP = K(UNP) = K and KUNH = U(KNH) = UC = U, by Dedekind’s
lemma. By the conjugation part in the Schur-Zassenhaus theorem, we know that the B-conjugates of U are
actually H-conjugates. Another application of the Frattini argument yields B = HN g (U). Moreover, in this
situation we have that KNp(U) = N4(KU). Indeed, since K < A, it is clear that KNpg(U) C N4 (KU).
For the reverse inclusion, note that A = (KU)B and KU N B = U. As U a«N4(KU) N B, we obtain
NA(KU)N B C Np(U). Hence N4(KU) C KNp(U), which establishes the equality. We conclude that
A=KB=KHNpg({U)=HN4(KU). The following figure depicts most of the information gathered above.

e
N

H

0 K]\D\ \U

0 K ~ /
0 CP
\\
0 C

Recall that 6 = 6 and (9A*)|c = 0*. Taking into account that G = (K P)(KU) with K P<G and KPNKU =
K, as well as that H = (CP)U with CP<H and CPNU = C, and using [4, Lem. 10.5] (that appears as
[11, Lem. 6.8]), we have that character restriction yields bijections

-~

Irr(G|9) — Irr(KU|6)
and
Irr(H|6*) — Irr(U]6%) .

These bijections do preserve N4(KU) and Ng(U) fixed characters, respectively. In particular, as A =
GN4(KU) and B = HNg(U), we have that

~ ~

[Trr4(G10)| = |IYFNA(KU)(G|9)\ = \ITYNA(KU)(KU|9)|

and
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[Trrg (H[6%)] = [Trrn (o) (H10%)] = [Treng o) (U107)]-

Recall that N4(KU) = KNg(U) and A = N4(KU)B. Moreover, by Dedekind’s lemma, we have that
KU NNp(U) = U(K N Npg(U)) = U. Therefore, the proof can be reduced to studying the situation
described below.

NA(KU) B
N
KU Ng(U)
SN S
0K U
N

Notice that we can apply Corollary 2.3 with S := U <D := Ng(U) < B, yielding

‘IrrNA(KU))(KU|9)| = |II‘I‘NB(U))(U|0*)|.

This proves Equation (2.2) and therefore concludes our proof. O
3. The relative McKay conjecture with group automorphisms

The aim of this section is to prove Theorem A from the Introduction. We will prove the following
statement, that can be shown to be equivalent to the statement of Theorem A by applying [5, Lem. 13.23].
In order to prove the following theorem, we will carefully follow the relevant parts of the proof of [11, 10.26].

Theorem 3.1. Let A be a group and let p be a prime. Let G <1 A and P € Syl (G). Let N < A, with N C G,
and let p € Irrp (N) be P-invariant. Write B = N 4(P). Assume that G/N is p-solvable. Then

[y a(Glp)| = [Irry (NG (P)N ).

Proof of Theorem 3.1. We argue by induction on |4 : N|. Note that A = GB, by the Frattini argument.
Let H = Ng(P). We first show that we can assume p to be A-invariant. Since A = G(BN), HN = GNBN,
N <A, and N < BN, we can apply the second part of Lemma 2.2. Therefore it suffices to show that

Iy, 4, (Gulp)l = [y gy, (Hu N )| = [Ty g, (HuN )]
In other words, we can assume g to be A-invariant and work to prove that
|y 4 (Glp)| = [Trry p(HN|p)]-

Next, we want to show that we can assume N to be a central subgroup of A. By [11, Problem 5.4.(b)] we
have that the character triple (A4, N, u) is strongly isomorphic to a character triple (A4*, N*, ), where N*
is a central subgroup of A* and ¢ € Irr(N*) (we denote a strong isomorphism (*,0) as in [5, Def. 11.23]).
If N C K < A we will denote by K* the subgroup of A* containing N* such that (K/N)* = K*/N*
under the group isomorphism *: A/N — A*/N*. Notice that N* C G*. Since N* is central in A*, there
exists a unique P* € Syl (G*) such that (PN)*/N* = P*N*/N*. Using that Ng,n(PN/N) = HN/N and
Ng«/n+(P*N*/N*) = Ng-(P*)N*/N* = Ng-(P*)/N*, we conclude that
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Ng«(P*) = (HN)*.
Similarly, we can also prove that
Na«(P*) = (BN)*.
The strong character triple isomorphism preserves character degree ratios and therefore induces bijections
og: Ity (Glp) — Trry (G¥l@) and oy : Irry (HN|p) — Irry (Ng= (P*)|g) .

Notice that og is equivariant with respect to the action of A/G = A*/G* and oy is equivariant with
respect to the action of BN/HN = N 4. (P*)/Ng~ (P*). Therefore

Iy, a(Glp)| = [Trry 4 (G7l)| and Iy p(HN|p)| = [Trry g (N« (P*)[#)] -

We may, without loss of generality, assume that N C Z(A), as wanted. In particular, H = Ng(P)N.

Let L/N be a minimal normal subgroup of A/N contained in G/N. We have that N < L and L/N is
either a p-group or a p’-group because by hypothesis G/N is p-solvable.

Next, we show by induction that |Irr,, 4(G|p)| = |Irryy g(LH|p)|. Notice that H acts on set Irr, p(L|u).
Let A be a complete set of representatives of the orbits of the action of H on Irr, p(L|x). Then, by using
[11, 9.3], we have that

Iy 4(Glp) = | ey a(G10),
ocA

iy p(LH|p) = ] Trry p(LH|6),
0cA

where unions above are disjoint. Since |A: L| < |A: N|, and L < A, by induction we have that
[Trry 4(G10)] = [Tty 5 (LHB)],

for every 6 € A. Therefore |Irr, 4(G|p)| = [Irry g(HL|p)]|, as claimed.
We claim that we may assume that G = LH, hence A = LB and PL< A, and that L/N is a p’-group. If
LH < G, then LB < A. By induction, since LH < LB and |LB : N| < |A: N|, we would get that

Tery g (LH|p)| = [ty g (LH|p)| = Ity 5 (H )]

Hence, we may assume that LH = G. If L/N is not a p’-group, then L C PN and hence G = LH =
PNH = H and there is nothing to prove.

Now, write Z = PN N and A = uz. Notice that A is A-invariant. Since Z is a central Sylow p-subgroup
of L, we can write L = K x Z, with K a p’-subgroup. Observe that K is characteristic in L, hence K < A.
Moreover KP = LP < A.

We work to conclude this proof by applying Theorem 2.4. Write M = N N K and £ = up;. We have
that N = M x Z. Let B be a complete set of representatives of the orbits of the action of H on Irrp(K|£)
and let * : Irrp(K) — Irr(Cg (P)) be the P-Glauberman correspondence. We have that * maps Irrp(K|€)
onto Irr(Cg (P)|£) because for every 6 € Irrp(K|€), its Glauberman correspondent 6* is an irreducible
constituent of the restriction fc, (p), by [11, Thm. 2.9]. Since the Glauberman correspondent is equivariant
with respect to the action of H on characters [11, Lem. 2.10], we have that B* = {6* | § € B} is a complete
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set of representatives of the orbits of the action of H on Irr(Cg(P)|€). Another application of [11, 9.3],
noticing that pu = £ x A, yields

Ity A(Glp) = U Irry A(GO X N),
oenB

vy p(H|p) = | Ty s (H|0" x N).
oenB

Since LP < A, we can apply Theorem 2.4 to conclude that

[Irr, 4(GlO x N)| = |Irry g (H|O® x N,
for every 6 € B. This finishes the proof. O
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