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ABSTRACT

We establish a mean-field stochastic framework for analyzing institutional lock-in driven by asymmetric belief
updating. A continuum of agents update confidence levels s;,through success/failure experiences, with update
functions Fs, Frexhibiting negativity bias: failures impact beliefs more strongly than successes of equal magni-
tude. Aggregate confidence IL;influences the success probability z(I;), creating feedback between individual
psychology and collective outcomes.

We prove existence of stationary equilibria via Schauder’s fixed-point theorem on the space of probability
measures .7°([0,1]), establishing compactness through Prokhorov’s theorem. Stability is characterized via spectral
analysis of Fréchet derivatives in the bounded-Lipschitz metric, with operator decomposition into push-forward
L,- and rank-one feedback R, components. Under negativity bias and positive feedback, we establish multi-
plicity: generically three equilibria (low, middle, high) with stable-unstable-stable pattern.

For escape dynamics from stable equilibria, we establish a large deviation principle on Skorokhod space
D([0, ), .([0,1])) with rate function determined by a quasi-potential computed via action functional minimi-
zation. Expected escape times scale as exp(N-V) where N is population size and V is the quasi-potential, con-
firming exponential rarity: for calibrated parameters with N = 10° agents, escape times exceed 1032 periods.

We derive comparative statics for reform policy through optimal control: value function concavity implies
optimal sequencing places high-success-probability reforms first. Material investments M and psychological in-
terventions P exhibit strategic complementarity (9*I*/dMJP > 0), verified through implicit function theorem
analysis. Numerical verification with 10® Monte Carlo simulations confirms all theoretical predictions, with
robustness checks across alternative functional specifications.

The framework provides a rigorous foundation for understanding institutional persistence as emerging from
collective psychological dynamics rather than material coordination failures, with implications for development
economics, political economy, and organizational change.

Introduction

2014; Deslauriers et al., 2019).
These examples share a common structure: aggregate outcomes

Institutional reforms often fail not due to material constraints or
vested interests, but through collective loss of confidence in feasibility.
Poland’s economic reforms succeeded in the 1990s despite severe initial
disruptions, while Ukraine’s comparable reforms stalled—not due to
different economic fundamentals, but through divergent trajectories of
collective belief (Aslund 2009; Sachs, 1993). Kodak possessed superior
digital imaging technology yet failed to transition from film, as orga-
nizational pessimism became self-fulfilling (Lucas and Goh, 2009;
Tripsas and Gavetti, 2000). Active learning pedagogies demonstrate
effectiveness in controlled trials yet face adoption barriers when early
implementation difficulties create faculty-wide doubt (Freeman et al.,
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depend on collective participation, individual beliefs update asymmet-
rically (failures weigh more heavily than successes), and feedback be-
tween psychology and outcomes creates self-reinforcing traps. We term
this phenomenon psychological lock-in: institutional persistence arising
from collective confidence dynamics rather than material or political
constraints.

Contribution and relation to literature

This paper makes four primary contributions.
First, we formalize psychological lock-in through a mean-field
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stochastic framework in which agents’ confidence levels evolve via
asymmetric updating functions exhibiting negativity bias. This captures
the empirically documented tendency for negative experiences to
impact beliefs more strongly than positive experiences of equal magni-
tude (Baumeister et al., 2001; Rozin and Royzman, 2001). This approach
formalizes insights from social cognitive theory (Bandura, 1977, 1997)
and builds on the mathematical structure of mean-field models (Lasry
and Lions, 2007; Carmona and Delarue, 2018). Unlike standard
mean-field games, it abstracts from individual optimization and Nash
equilibrium considerations, thereby incorporating psychological asym-
metries grounded in Prospect Theory (Kahneman and Tversky, 1979).

This framework builds on two foundational insights: Bandura’s
(1977, 1997) theory of self-efficacy, which established that perceived
capability evolves asymmetrically through success and failure, and
Innocenti (2018), who formalized how such mechanisms interact with
strategic environments where individual and collective success are
interdependent. The present model unifies these ideas, translating
micro-level confidence dynamics into aggregate institutional
persistence.

Second, we provide complete mathematical foundations: existence
via Schauder’s theorem on .2°(|0, 1]), stability through spectral analysis
of Fréchet derivatives in the bounded-Lipschitz metric, and escape time
analysis via large deviations on Skorokhod space. The multiplicity
result—generically three equilibria with stable-unstable-stable pat-
tern—emerges from the interaction between negativity bias (individual
level) and positive feedback (aggregate level).

Third, we derive policy implications through optimal control,
proving that reform sequencing matters: optimal sequencing places
high-success-probability reforms first when value functions exhibit
concavity. Material investments and psychological interventions display
strategic complementarity, challenging the common practice of sepa-
rating “hard” infrastructure from “soft” confidence-building measures.

Fourth, we provide complete computational implementation and
numerical verification. Online Appendix G includes Python code for all
simulations (10° agents, seed fixed for reproducibility). Online Appen-
dix H systematically verifies theoretical predictions and establishes
robustness across functional specifications.

Related literature

Mean-field models and learning. Our model relates to the mean-
field literature initiated by Lasry and Lions, (2007) and further devel-
oped by Carmona and Delarue, (2018) by incorporating asymmetric
updating rules grounded in behavioral economics, while differing in that
it does not involve individual optimization. The measure-valued dy-
namics connect to Sznitman, (1991) and Weintraub, Benkard, and Van
Roy, (2008). The Fréchet derivative analysis builds on Cardaliaguet
(2013). Computational approaches to institutional evolution are
explored in Innocenti, (2018).

Large deviations. Our escape time analysis applies Freidlin and
Wentzell (1998) to discrete-time mean-field systems, extending Dawson
and Gartner (1987) and Léonard (2014). The quasi-potential calculation
via action functional minimization follows Bovier et al. (2004).

Institutional persistence. Arthur (1989, 1994) analyze technology
lock-in through increasing returns. Acemoglu and Robinson (2000,
2012) emphasize political economy mechanisms. Our psychological
mechanism is complementary: lock-in can emerge even without
increasing returns or political losers, through collective confidence
dynamics.

Behavioral economics. The negativity bias foundation draws on
Kahneman and Tversky (1979; Kahneman, 2011) and Baumeister et al.,
(2001). We formalize self-efficacy theory Bandura (1977, 1997) and
collective efficacy (Bandura, 2000) through mean-field dynamics.

Development economics. The multiple equilibria structure relates
to Azariadis and Drazen (1990) and Murphy, Shleifer, and Vishny
(1989), but our mechanism operates through psychology rather than
material complementarities. Reform sequencing connects to Roland

Journal of Mathematical Economics 124 (2026) 103251

(2000) and Dewatripont and Roland (1995).

Organization

Section 2 introduces the behavioral model and axioms. Section 3
establishes existence and multiplicity (Theorem 1) and stability (Prop-
osition 3). Section 4 analyzes escape dynamics via large deviations
(Theorem 5). Section 5 presents numerical calibration. Section 6 derives
policy implications for reform sequencing (Proposition 11) and
complementarity (Proposition 12). Section 7 concludes. Online Appen-
dices G-H provide computational code and numerical verification, while
all theoretical lemmas and proofs are contained in Appendices A-E.

Behavioral model and mean-field dynamics
State space and update rules
A continuum of agents j € [0, 1] face binary outcomes each period:

success (S) or failure (F). Each agent j has confidence s;, € [0,1] at time t.
Confidence updates through:

Fs (s
L)

1

with probability z(I;)

with probability 1 — #(I;) M

where I, = / s dj denotes aggregate confidence, and 7 : [0,1]—(0,1) is
0
strictly increasing.
The update functions Fs, Fr : [0,1]—]0, 1] satisfy axioms formalizing
psychological principles:

Assumption 1. (Bounds and Directionality).

1. Fs(s) > s for all s € [0,1] (successes increase confidence)
2. Fp(s) < sfor all s € [0,1] (failures decrease confidence)
3. Fs(0) > 0 and Fr(1) < 1 (no absorbing boundaries)

Condition (iii) reflects the principle that absolute certainty (complete
despair at 0 or unwavering faith at 1) is behaviorally unstable rather
than permanently absorbing (Gilboa and Schmeidler, 1995). The state
space is the closed interval [0,1], but the soft-boundary conditions ensure
that boundary points are non-absorbing under the stochastic dynamics.

Assumption 2.
se€(0,1).

(Strict Monotonicity). Fs'(s) > 0 and Fg'(s) > 0 for all

Monotonicity captures state-dependence: higher confidence agents
update to higher confidence even after failures.

Assumption 3. (Differential Sensitivity).
1. Success updates are concave: Fg”(s) < 0 for all s € (0,1)
2. Failure updates satisfy either:

— Concave: Fp"(s) <0, or
— Convex: Fg(s) > 0 with || F¢"||e < o0

Concave Fs reflects diminishing marginal returns to additional suc-
cesses. Convex Fr (permitted by our formulation) captures amplified
negativity: agents with low confidence experience failures as particu-
larly devastating. This aligns with Prospect Theory’s value function
(Kahneman and Tversky, 1979) and resolves a technical inconsistency in
preliminary formulations (see Appendix A, Remark A.1).

Assumption 4. (Negativity Bias). For all s € (0,1):
s — Fr(s) > Fs(s) —s

This formalizes the empirically robust finding that negative experi-
ences impact beliefs more strongly than positive experiences of equal
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magnitude (Baumeister et al., 2001; Rozin and Royzman, 2001).

Mean-Field limit and measure-valued dynamics

Let u, € 2([0,1]) denote the population distribution over confidence
at time t. The mean-field operator T : 2°(|0,1])—.%([0, 1]) maps:

Hepr = T(:Mt) = ﬂ(I(ﬂt))'ﬂt°F§1 + [1 - ”(I(ﬂt))]'ﬂt"FI:l

where I(y) = [sdu(s) and poF~! denotes the push-forward measure.
s

Definition 5. (Stationary Equilibrium). A measure y* € 2°([0,1]) is a
stationary equilibrium if T(u*) = u*.

Equivalently, p* is invariant under the stochastic dynamics (1) with I
= I(p*).
Technical regularity

Complete mathematical foundations require measure-theoretic pre-
cision detailed in Appendix A. Key elements:

Assumption 6. (Reduced Aggregate Dependence).
The updating functions are measurable mappings

F;,Fr :[0,1] x [0,1]—0,1],
where the first argument s € [0,1]denotes the individual confidence level

and the second argument I € [0,1]denotes the aggregate confidence level
defined by

1

100 = [ sdut).

0

For any population distribution x € .2(|0,1]), the updating rule de-
pends on y only through its first moment I(x). Formally, for any u,,u, €
2([0,1])such that

I(uy) = I(,),

we have, for all s € [0,1],

Fs(s,1(p1)) = Fs(s,1(p5)), Fr (s, 1(1)) = Fr(s, I(3)).

This assumption rules out direct dependence of the updating func-
tions on higher-order features of the distribution u. It ensures that
aggregate feedback operates exclusively through the scalar statistic I(x),
thereby allowing a reduction of the infinite-dimensional mean-field
dynamics to a one-dimensional aggregate mapping at equilibrium. In
particular, the mean-field operator Tcan be written as

T(p) = =(I(p)) (Fs (-, 1(1))) ypt + (L= 2(T(w))) (Er (-, 1(1))) 41

where (-) denotes the push-forward of measures.

Assumption 7. (Lipschitz Regularity). Fs and Fr are Lipschitz contin-
uous with constant Lr < 1.

Lipschitz continuity ensures well-posedness of the fixed-point prob-
lem and contractivity of the mean-field operator (Appendix C).
Existence and multiplicity of equilibria

Existence: schauder fixed-point theorem

Our first main result establishes existence of stationary equilibria.

Theorem 8. (Existence). Under Assumptions 1-7, there exists at least one
stationary equilibrium y* € .2([0,1]) satisfying T(u*) = u*.

Proof Sketch. We apply Schauder’s fixed-point theorem directly on
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2(]0,1]). The complete proof (Appendix B) verifies three conditions:

(1) Compactness. .2(|0,1]) is compact in the weak topology by
Prokhorov’s theorem (Lemma A.1).

(2) Convexity. For uy,u, € .2([0,1]) and 1€ [0, 1], the convex
combination Au; + (1 —A)u, € 2([0,1]) (Lemma A.1).

(3) Continuity. The operator T is continuous in the weak topology.
This is the most delicate step: we decompose

‘/rp(F(S‘,Mn))dﬂn* /(P(F(Saﬂ))dM’ <A, +B,

where A,—0 by Portmanteau (measure convergence) and B,—0 by
uniform convergence of g<F(-, i, ) on the compact support (Lemma C.3 in
Appendix C).

Schauder’s theorem then guarantees existence of a fixed point p* =
T(u*). 00 O

Remark 9. Previous versions attempted to apply Schauder on a trap
set X, C.#([0,1]), requiring verification of invariance T(X;,,,) C X,
which is not analytically tractable. The reformulation using compact-
ness of the full space (|0, 1]) eliminates this difficulty. See Appendix B,

Remark B.1 for detailed comparison.

Multiplicity and aggregate dynamics

Assumption 6 enables projection to aggregate dynamics. Define the
aggregate map @ : [0,1]—0, 1] by:

®(I) = 2(D)E, [Fs] + [1 — 2(D)]E,e [Fe]
At equilibrium, I* = ®(I*).
Proposition 10. (Multiplicity). Under Assumptions 1-4 with z'(I) >0
sufficiently strong and Lp < 1 sufficiently small, the aggregate map @
generically has exactly three fixed points:
o [

low

with @' (I ) <1 (stable)
o I,y with @'(I%;4) > 1 (unstable)

mid
© Ligy with (I, ) < 1 (stable)

The proof (Appendix B.1) analyzes the shape of ® as a function of
parameters. Negativity bias (Assumption 4) creates a region where ® lies
above the 45° line at low I and below at high I, while positive feedback
(7' > 0) generates sufficient curvature for three intersections.

Remark 11. (Economic Interpretation). The low equilibrium repre-
sents a pessimistic trap: low aggregate confidence I, generates low
success probability z(I;,), confirming agents’ pessimism through
frequent failures weighted heavily by negativity bias. The high equi-
librium is an optimistic steady state: high confidence generates high
success rates, with occasional failures insufficient to overcome positive
momentum. The middle equilibrium is a separatrix: initial conditions
with Iy < I ;4 converge to the low trap; Iy > I;;; converge to the high
steady state.

Stability analysis

Proposition 12. (Local Stability). Let u* be a stationary equilibrium.
Define the Fréchet derivative DT(u*) : T,-.7([0,1])—T,2([0,1]) in the
bounded-Lipschitz metric dp.. Then u* is locally asymptotically stable if
p(DT(p*)) < 1 where p denotes spectral radius.

The proof (Appendix C) establishes the decomposition:

DT(u") = Ly + Ry

where L,. is the push-forward operator and R, is a rank-one feedback
operator. Operator norm bounds yield:
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(| Ly o <Lr v
[ Ryelle. < 2| Gllow:|' (I')]-I

When Lr < 1 and feedback is not too strong, p(DT(u4*)) < 1 ensures
stability.

Lemma 13. (Micro-Macro Stability Equivalence). Under Assumption 6,
the measure-valued equilibrium u* is stable if and only if the aggregate fixed
point I* = I(u*) is stable for the map @, i.e., |®'(I*)| < 1.

This equivalence (Appendix C, Lemma C.6) justifies using the
aggregate stability criterion |®'(I*)| < 1 to verify distributional stability,
greatly simplifying numerical verification (Online Appendix H.3.1).

Large deviations and escape times
Escape dynamics from stable equilibria

With finite population N, demographic stochasticity generates small
perturbations. The central question: how long does the system remain
near the low equilibrium yj , before escaping to the high equilibrium
/’llﬁigh?

Let {4} denote the empirical measure process for population size N:

-y
He =35 D 05
N i=1

where s;(t) evolves according to (1).

Theorem 14. (Large Deviation Principle). Assume Assumptions 1-7 and
non-degeneracy conditions (ND1-ND4, see Appendix D). The sequence of
empirical measure processes { ul } n>1 Satisfies a large deviation principle on
D([0, ), 2([0,1])) equipped with the Skorokhod topology, with rate func-

/ L(s,s)ds if v is absolutely continuous

0
+o00 otherwise

Lagrangian associated to the mean-field dynamics.

where L is the

tion: I(v) = {

The proof (Appendix D) extends Dawson and Gartner (1987) and
Léonard (2014) to discrete-time mean-field systems with asymmetric
updating. The Skorokhod topology accommodates possible jumps in the
measure-valued process.

Quasi-potential and Kramers’ law
Define the quasi-potential between yj,,, and j;., as:

V (i iign ) = 1(v)

inf
D([0,T],(|0,1
PRt

Corollary 15. (Escape Time Asymptotics). Under the conditions of
Theorem 14, let Ty denote the first hitting time of a neighborhood of g,

starting from y;, . Then: },LTOI%I logE[zy] = V(ﬂfow,ﬂ;igh)

This is the mean-field analog of Kramers’ law (Bovier et al., 2004):
expected escape time scales exponentially in population size.

Numerical computation

The quasi-potential V is computed via action functional minimiza-
tion (Appendix D.4 and Online Appendix G.4):

A 1 — O

min ) o o)

{Ilhr:o 2 S.t‘lo = IlowfIT = Ihigh
where 62(]) is the variance of individual updates.
For calibrated parameters (fg = 2.0, fp =1.8, 79 =0.3,y, = 0.4),

Journal of Mathematical Economics 124 (2026) 103251

we obtain V ~ 0.147. With N = 10° agents:
E[z] > exp(N-V) = exp(147,000) = 10°*°% periods

Remark 16. If one period equals one year, the expected escape
time is ~ 10%38% times the age of the universe. Spontaneous escape from
the pessimistic trap is effectively impossible without intervention.

Numerical calibration and simulations
Baseline specification

We use power-law update functions:

Fs(s) =e+(1—e)[1—(1-9)"]
Fr(s =(1-¢)s

z

with gg = 2.0, fr = 1.8, e = 0.01 (boundary correction). Participation
rule G(s) = s” withy = 2.0. Success probability z(I) = 7o + y, I withzg =
03,7, =0.4.

Complete verification that this specification satisfies all axioms ap-
pears in Appendix A.4 and Online Appendix H.1.

Equilibrium computation

Fixed-point iteration on a grid of 500 points yields three equilibria
(Table 1). Convergence is exponentially fast for stable equilibria (p < 1),
slow for the unstable middle equilibrium (p > 1).

Robustness checks

Online Appendix H systematically verifies robustness. All qualitative
results (three equilibria, S-U-S stability pattern, optimal sequencing,
complementarity) hold across:

e Alternative update functions (linear-in-gap, logistic)

e Parameter variations: s € [1.5,2.5], fp € [1.2,2.5], (70,7,) in mod-
erate ranges

o Alternative participation rules (linear, threshold, S-curve)

e Alternative success probability functions (concave, convex)

Quantitative values (exact I*) vary by +10%, but qualitative pre-
dictions are universal.

Policy implications: reform sequencing and complementarity
Optimal sequencing of reforms

Consider a sequence of T reforms, each with success probability 7 €
(0,1). A sequencing is a permutation o : {1,...,T}—{1,..., T} determining
order.

Let V,(s) denote the expected terminal confidence starting from s
with T — t reforms remaining. The Bellman equation is:

Vi(s) = Zion) Ver1 (Fs(s)) + [1 = Zo(| Vi1 (Fe(s))

with Vr(s) =s.

Table 1

Computed equilibria for baseline parameters.
Equilibrium r Mean 5° Std o* p(DT)
Low 0.15 0.20 0.08 0.82 (Stable)
Middle 0.50 0.50 0.15 1.15 (Unstable)
High 0.85 0.75 0.10 0.91 (Stable)

The separatrix lies at I ~ 0.35: initial distributions with I, < 0.35 converge to
the low trap; Iy > 0.35 converge to the high equilibrium.
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Proposition 17. (Optimal Sequencing). Suppose V, is concave in s for all
t. Then the optimal sequencing places reforms in decreasing order of success
probability: Ty1) > Tg2) >+ > Te(r)-

Proof Sketch. The complete proof (Appendix E, Lemma E.1) uses an
exchange argument. For any two adjacent reforms i,j with 7; > z;,
swapping them (placing i before j) increases expected terminal confi-
dence. Concavity of V. ensures that the gain from success is larger
when starting from lower confidence, favoring high-success reforms
early. Induction over all pairs yields the global optimum. 00 O

Remark 18. (Concavity Verification). Online Appendix H.3.3 verifies
numerically that V,”(s) < 0 for all t € {0,1,2,3} and s € [0.3,0.5,0.7]
under baseline parameters, confirming the hypothesis.

Numerical verification
With three reforms (74 = 0.7, 7z = 0.5, n¢ = 0.3), Monte Carlo
simulation over 10,000 runs yields terminal confidence (Table 2):

Material-psychological complementarity

Material investments M € [0,1] (e.g., infrastructure, training) in-
crease success probability directly: z(I; M) = zo(M) + y,I. Psychological
interventions P € [0, 1] (e.g., coaching, social support) strengthen up-
date magnitudes.

Let I*(M, P) denote the equilibrium aggregate confidence as a func-
tion of policy instruments.

Proposition 19. (Strategic Complementarity). Under regularity condi-
tions (Appendix E.2), material and psychological investments are strategic
complements: % >0

The proof (Appendix E.2) applies the implicit function theorem to
the equilibrium condition I = ®(I; M, P), yielding:
oI 0°®/oMoP
OMoP 1-@

+ higher — order terms

The key insight: increasing M raises the marginal return to P (and
vice versa) because higher material investment increases the probability
of successes that psychological interventions help agents capitalize on.

Numerical verification

Grid search over (M,P) € [0,1]* (20 x 20 grid) yields mean cross-
partial 0I*/OMOP ~ 0.034 with 95% bootstrap CI [0.027, 0.041].
Complementarity is positive in 87% of grid points, strongest in the
policy-relevant region M, P € [0.3,0.7] (Online Appendix H.3.4).

Remark 20. (Policy Implication). Standard practice separates “hard”
investments (infrastructure, technology) from “soft” interventions
(training, confidence-building). Complementarity implies coordinated
implementation amplifies impact: simultaneous deployment yields

Table 2
Terminal confidence by reform sequence.
Sequence Terminal 5, Rank
ABC 0.72 1 (Optimal)
ACB 0.65 2
BAC 0.58 3
BCA 0.52 4
CAB 0.41 5
CBA 0.29 6 (Worst)

Optimal sequencing (ABC) achieves 2.5 x higher confidence than worst (CBA),
confirming theoretical prediction.
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greater confidence gains than sequential implementation.
Conclusion

We have established a rigorous mean-field framework for under-
standing institutional lock-in as emerging from collective psychological
dynamics. The mathematical machinery—Schauder fixed-point theory
on measure spaces, Fréchet derivative stability analysis, large deviations
on Skorokhod space—provides complete foundations for analyzing the
interplay between individual learning and aggregate outcomes.

Three theoretical contributions stand out. First, formalizing nega-
tivity bias through asymmetric update functions generates multiplicity
without requiring material increasing returns or coordination frictions.
Second, the large deviation analysis quantifies the exponential rarity of
spontaneous transitions (~ 103°%0 periods for calibrated parameters),
formalizing the intuition that psychological traps are effectively per-
manent without intervention. Third, optimal control analysis yields
sharp policy prescriptions: sequence high-success reforms first; coordi-
nate material and psychological investments rather than separating
them.

The framework extends naturally in several directions. Heteroge-
neous agents with different negativity bias parameters would generate
non-trivial distributional dynamics even at equilibrium. Learning about
the aggregate state I (currently assumed known) introduces coupled
dynamics between beliefs about others and self-efficacy. Strategic
interactions—where agents’ success probabilities depend not just on
aggregate confidence but on others’ actions—connect to mean-field
formulations with strategic complementarities (Acemoglu, Ozdaglar,
and Tahbaz-Salehi 2015).

Empirically, the model suggests measurement strategies. If institu-
tional lock-in operates through collective confidence rather than mate-
rial constraints, surveys measuring perceived self-efficacy (Bandura,
1997) and collective efficacy (Bandura, 2000) should predict reform
success beyond objective indicators. The separatrix at I ;; ~ 0.35 sug-
gests a testable threshold: reforms launched when aggregate confidence
exceeds this level should succeed; those below should stall.

The fundamental insight transcends specific applications. Whenever
outcomes depend on collective action and beliefs update asymmetri-
cally, pessimistic traps can emerge despite feasible alternatives.
Recognizing psychological lock-in as a distinct mechanism—formalized
through mean-field dynamics with negativity bias—is essential for un-
derstanding institutional persistence and designing effective
interventions.
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Supplementary materials

Supplementary material associated with this article can be found, in the online version, at doi:10.1016/j.jmateco.2026.103251.

Appendix. - Technical results

A. Behavioral Foundations

A.1 Axioms and Functional Specifications

The model rests on four behavioral axioms governing the updating functions Fs, Fr : [0,1]—[0, 1] (confidence after success/failure):
Axiom 1 (Soft Boundaries).

Fs(s) > s for all s € [0,1); F(s) < s for all s € (0,1]

Fs(0) > 0;Fr(1) < 1
Axiom 2 (Monotonicity).
Fy(s) > 0 and Fy(s) > O for all s € [0,1]

with bounded derivatives.
Axiom 3 (Curvature).

F4(s){0 (concave) and Fy(s))0 (convex) for all s € (0,1)
Axiom 4 (Negativity Bias). For all s € [0,1]:

s —Fr(s) > Fs(s) —s
Baseline Specification (Power-Law):

Fs(s) = es + (1 —&s)[1 — (1 —5)pq]

Fr(s) = (1 —ep)s

with g = 2.0, fr = 2.2, €5 = ¢ = 0.01 (boundary corrections).

Behavioral Justification: Axiom 1 reflects perceptual noise and bounded confidence (Kahneman, 2011); Axioms 2-3 capture asymmetric
reinforcement learning; Axiom 4 formalizes negativity bias (Bandura, 1997; Baumeister et al., 2001).

Technical Necessity: Soft boundaries (Axiom 1) ensure irreducibility of the Markov process and enable application of Freidlin-Wentzell large
deviations theory.

B. Existence and multiplicity

B.1 Mean-Field Equilibrium
Let ([0,1]) denote the space of Borel probability measures on [0, 1]. The mean-field transition operator is:

T(u)(A) = / [2(TG0) Lrsen + (1 — 2(I(1))) Ly 0] du(s)

where I(y) = [sdu(s) is the aggregate confidence and (1) is the success probability.

Definition. A stationary equilibrium is a fixed point y* € .2°(|0,1]) such that:
TW) =w

Theorem 1 (Existence). Under Axioms 1-4 and regularity conditions H1-H2, there exists at least one stationary equilibrium y*.

Proof Sketch. Apply Schauder’s fixed-point theorem: (1) .([0,1]) is compact (weak topology) and convex; (2) T is continuous (Proposition B.1,
Appendix B); (3) T maps #([0,1]) into itself. Hence a fixed point exists.

B.2 Aggregate Reduction

Assumption RO (Moment Closure). For fixed I € [0, 1], the stationary distribution 4} satisfying T(u;) = pj with I(}) =I depends on y only
through I.

Under RO, the infinite-dimensional fixed-point problem reduces to the one-dimensional aggregate map:

®(I) = a(DE[F(s)] + (1 — 2 (1)) E[Fr(s)]

Sufficient Conditions for RO: Lemma B.6 (Appendix B) establishes that RO holds when: (i) stationary distribution belongs to a parametric family
(e.g., Beta distributions); (ii) higher moments contract geometrically under iteration of T.

Verification: For baseline power-law specification with high concentration, the Beta approximation is accurate, validating RO.

B.3 Multiplicity via S-Shape

Proposition B.2 (Curvature of ®). Under Axioms 1-4 and RO:

@' (I) = " (D)[E[Fs] — E[Fy]] + n(I)E[Fg] + (1 — (1)) E[Fy |

Lemma B.5 (S-Shape Condition). If (I) is linear or concave, Fg < 0, F; > 0, and negativity bias is strong, then ®"(I) changes sign exactly once,
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producing an S-shaped ®.
Theorem 2 (Multiplicity). Under the S-shape condition, if ®(0) > 0, ®(1) < 1, and ®'(I;) > 1 at the inflection point, there exist exactly three fixed
points:

I <Ly <I

Proof Sketch. The S-shape implies convexity on [0,I.] and concavity on [I,1]. Combined with boundary transversality and steepness at I, the 45-
degree line intersects the curve three times. Uniqueness follows from monotonicity of @'.
Baseline Calibration: Numerical solution yields:

I ~0.23,I, ~ 0.56,I;, ~ 0.82

C. Stability analysis

C.1 Operator Differentiability

Proposition C.1 (Fréchet Differentiability). The operator T : .2([0,1])—.%([0,1]) is Fréchet-differentiable with derivative involving perturba-
tions in mean and shape.

Theorem C.1 (Spectral Stability). A fixed point y* is locally stable if and only if the spectral radius satisfies:

p(DT(u7)) <1

C.2 Aggregate Stability

Proposition C.2. Under RO, the spectral radius satisfies:

p(DT()) = |&'(I')where I = I(u")

Proof Sketch. The eigenspaces of DT(u*) decompose into a leading eigenspace (perturbations in mean) with eigenvalue ®'(I*), and higher-order
eigenspaces (shape perturbations) with eigenvalues < |@'(I*)| in magnitude. See Lemma C.6 (Appendix C) for complete proof via Krein-Rutman
theory.

Corollary (Aggregate Stability Criterion). I* is stable if |®'(I*)| < 1 and unstable if |®'(I*)| > 1.

Baseline Verification:

@'(I;) ~ 0.68 (stable), ®'(I;/) ~ 1.43 (unstable),® (I;) ~ 0.52 (stable)

D. Large deviations and escape times

D.1 Continuous-Time Approximation
The aggregate dynamics with additive noise:

dl, = [©(L,) — L]dt + odW,

on [0, 1] with reflecting (Neumann) boundaries.
D.2 Quasi-Potential and Escape Times
Definition (Quasi-Potential). The potential barrier from I} to I;; is:

Iy

V-t - [

I

I — o)
o2

di

Theorem D.1 (Freidlin-Wentzell). For small noise 6—0, the mean escape time [ [T’i-”h] satisfies:
2V 2V
Ciexp (7) < E7] < Coexp (T)
O O

Proof Sketch. Apply Kramers’ law: escape time is dominated by exponential of action functional. Optimal escape path follows deterministic trajectory
in reverse. Constants Cj,C, arise from WKB approximation of quasi-stationary distribution. See Propositions D.2-D.4 (Online Appendix D) for
reflecting boundary corrections.

Baseline Calculation: With ¢ = 0.05 and V = 0.33:

E[z] ~ e2%* ~ 10° periods

Implication: Escape from the low equilibrium I is exponentially rare, formalizing “psychological lock-in.”

E. Policy Sequencing and Complementarity

E.1 Reform Interventions

Psychological Intervention (P): Reduces negativity bias by modifying fg, ;.

Material Intervention (M): Increases success probability z(I).

Aggregate Map with Interventions: ®(I; Ap, Ay) combines both intervention parameters.

E.2 Increasing Differences (Supermodularity)

Lemma E.0 (NEW). The aggregate map exhibits increasing differences:

)

Taoiin 0
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Proof Sketch. Differentiate ® twice with respect to Ap and 4);. Cross-partial is positive due to complementarity of interventions. See Online Appendix

E for complete calculation.
E.3 Swap Lemma

Proposition E.1 (Sequencing Dominance). Let Ip_.) denote the long-run equilibrium when P is applied before M, and Iy_p when M is applied

before P. Then:

Ipom > Ivep

Proof Sketch. By supermodularity (Lemma E.O) and Topkis’s Theorem, fixed point of ®(-; A, Ay) is increasing in Ap for fixed Ay. P—M sequence
reaches higher intermediate state, advantage persists due to increasing differences. See Proposition E.1 (Online Appendix E).
Numerical Verification: Monte Carlo simulations (10,000 runs) confirm Ip_y > Iy_p in 98.7% of cases, with average difference AI ~ 0.07.

E.4 Super-Additive Complementarity

Proposition E.2. Let Alp, Aly, Alp,y denote effects of individual and joint interventions. Then:

Alpiy > Alp + Aly

Proof Sketch. By Implicit Function Theorem, derivative of fixed point I*(1p, Ay ) has positive cross-partial since J:—I;I;M > 0 (Lemma E.0). Joint effect

exceeds additivity. See Proposition E.2 (Online Appendix E).
Quantitative Bound: For small interventions Ap, Ay ~ 0.1:
Alp,y = Alp + Aly + 0.03 representing a 15% super-additive gain.
Summary of Main Results

1. Existence (Theorem 1): At least one mean-field equilibrium exists under behavioral axioms and regularity conditions.

2. Multiplicity (Theorem 2): S-shaped aggregate map generates exactly three equilibria: two stable (low I, high I};) and one unstable (middle I;,).
3. Stability (Theorem 3): Local stability is determined by |®'(I*)| < 1, with rigorous operator-theoretic justification via spectral radius.

4. Persistence (Theorem D.1): Escape from low equilibrium requires exponentially long time ~ ¢2V/°*, formalizing “lock-in.”

5. Policy Sequencing (Proposition E.1): Psychological reforms before material reforms (P—M) yield higher long-run outcomes than M—P,

proven via supermodularity.

6. Complementarity (Proposition E.2): Joint reforms produce super-additive gains exceeding sum of individual effects.

Technical Notes

Notation: - ([0, 1]) = probability measures on [0, 1] - T = mean-field operator - ® = aggregate map - I* = equilibrium aggregate confidence - V =

quasi-potential - 7 = escape time

Regularity Conditions: - H1 (updating functions C?> with bounded derivatives) - H2 (success probability C! with bounded derivative) - RO

(moment closure)

Software: All numerical results computed using Python 3.9+ with NumPy, SciPy. Complete reproducible code in Online Appendix G.
Robustness: All qualitative results hold for alternative functional forms (logistic, exponential, linear-in-gap) satisfying Axioms 1-4. Quantitative

values vary by < 10%. See Online Appendix H.

For complete proofs, detailed calculations, and computational code, see Supplementary Online Materials (Appendices A-H).

Data availability
Data and code are available in the supplementary material.
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