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Cosmological information in perturbative forward modeling
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We study how well field-level inference with a perturbative forward model can constrain cosmological
parameters compared to conventional analyses. We exploit the fact that in perturbation theory the field-level
posterior can be computed analytically in the limit of small noise. In the idealized case where the only
relevant parameter for the nonlinear evolution is the nonlinear scale, we argue that information content in
this posterior is the same as in the n-point correlation functions computed at the same perturbative order. In
the real universe other parameters can be important, and there are possibly enhanced effects due to
nonlinear interactions of long- and short-wavelength fluctuations that can either degrade the signal or
increase covariance matrices. We identify several different parameters that control these enhancements and
show that for some shapes of the linear power spectrum they can be large. This leads to degradation of
constraints in the standard analyses, even though the effects are not dramatic for a ACDM-like cosmology.
The aforementioned long-short couplings do not affect the field-level inference which remains optimal.
Finally, we show how in these examples calculation of the perturbative posterior motivates new estimators
that are easier to implement in practice than the full forward modeling but lead to nearly optimal constraints
on cosmological parameters. These results generalize to any perturbative forward model, including galaxies

in redshift space.
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I. INTRODUCTION

Traditional methods to infer cosmological parameters
from large-scale structure galaxy surveys are based on mea-
suring and analyzing the n-point correlation functions. The
two-point function or its Fourier transform, the power
spectrum, is the most commonly used statistics in the data
analysis. Higher-order statistics, such as the three-point func-
tion or bispectrum, are employed in the data analysis less
often. There are several reasons why tackling the higher-
order n-point functions is difficult. They are harder to
estimate from the data and predict theoretically, particularly
taking into account geometry of the survey, selection func-
tions, and other observational effects. Furthermore, the
length of the data vector grows very fast with each new
n-point function added, making the estimates of the covariance
matrices computationally unfeasible. While some progress has
been made in order to circumvent some of these issues (see
e.g. [1-27]), more work has to be done before the higher-order
statistics can be routinely used in the data analysis.

One alternative to using n-point functions is forward
modeling [28-33]." In forward modeling one predicts the

'While the term forward modeling is usually intended as the
procedure to obtain a dark matter or biased tracer field from the
linear density field, in this paper we use it interchangeably with
field-level inference.
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full nonlinear density field of matter and galaxies, given
some cosmological parameters and a realization of the
initial conditions. Such a nonlinear field should be directly
compared to the data, without using any summary statistics.
This is nontrivial since the correct form of the likelihood is
in general unknown, which motivates the use of the so-
called likelihood-free inference (see for example [34-36]).
In order to constrain cosmological models, one has to vary
not only all cosmological and nuisance parameters but
also all amplitudes and phases of the initial density field.
This is clearly a formidable task, despite the recent progress
in efficient sampling of large-dimensional parameter space
[37-41]. However, setting these important technical chal-
lenges aside, forward modeling is argued to have a number
of advantages. Most importantly, it includes all available
information from the nonlinear density field, which corre-
sponds to the information from all n-point correlation
functions combined. It also allows for much easier combi-
nation of various types of data, as well as inclusion of all
observational effects such as masks and selection functions,
or various systematic effects, all of which can be forward
modeled. In a nutshell, forward modeling is guaranteed to
give the optimal constraints on cosmological parameters with
an optimal combination of different datasets, assuming
technical difficulties related to sampling can be overcome.

The full nonlinear forward modeling, which aims at
describing distribution and properties of galaxies on very

© 2024 American Physical Society
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small scales, needs very advanced hydrodynamical cos-
mological simulations with realistic subgrid models that
have to be run for each point in the immense parameter
space. While this may be the ultimate way to interpret
cosmological observations in the future, such data analysis
is not feasible at present. A more modest but doable
alternative is perturbative forward modeling. In this
approach, given some realization of the initial conditions,
the nonlinear density field is calculated in perturbation
theory. Using the standard effective field theory methods
applied to a large-scale structure [42-59], this can be done
for the dark matter field and biased tracers in real or redshift
space [60-70].> One important advantage of perturbative
forward modeling is that it allows for rigorous definition of
the field-level likelihood [71-74], which can be made
arbitrarily precise on large enough scales. A lot of recent
effort was dedicated to clarifying all technical aspects of
this approach [75-77] and making first applications to
mock data from simulations [78-83], leading to encour-
aging proof-of-principle results. On the other hand, per-
turbative forward modeling has a major limitation—it is
applicable only on large scales, where perturbation theory
provides a good description of the nonlinear density field.
Since the importance of nonlinearities in the perturbative
regime is expected to be small by construction, it is
interesting to ask whether perturbative forward modeling
is different from analyses based on a few leading n-point
correlation functions (for some earlier work on this,
see Ref. [71]).

A sharp answer can be given in a simple, Eulerian-like
perturbative setup in which the only relevant parameter is
the nonlinear scale ky;, and the variance of the density field
approximated by a positive power of k/ky;, controls the
nonlinear expansion. At a given order in perturbation
theory the same nonlinear terms are used to make pre-
dictions both at the field level and for the n-point functions.
It is then easy to argue that the exact same information is
contained in both, provided that they are calculated at the
same order. We will confirm this basic expectation using
explicit calculations. However, the true nonlinear evolution
in our universe is more complicated and there are effects
that can change this simple picture. For example, loops in
perturbation theory can lead to the appearance of new,
potentially large parameters, not controlled by the variance
of the density field. Such large parameters usually appear
due to the averaging over the couplings of long-wavelength
and short-wavelength modes, and it is in such cases that the

Note that even some hybrid forward models which rely on
N-body simulations are essentially perturbative, as long as the
expansion in density fluctuations is assumed in any one of the
steps of producing the final galaxy density field. One typical
example is models where the usual bias expansion is applied to
the full nonlinear matter fields obtained from simulations; see for
example [68]. All the conclusions of this work apply to such
models as well.

field-level inference can be superior to the analysis based
on correlation functions.

The most well-known example are large displacements
generated by the long-wavelength density fluctuations,
where the large parameter is the velocity dispersion.
The long modes in this example displace the short-scale
fluctuations by a large amount from their initial Lagrangian
positions, significantly affecting the nonlinear density field.
Averaging over these large displacements when computing
the two-point function famously leads to the broadening of
the baryon acoustic oscillations (BAO) peak [84-86]. This
can substantially degrade the measurement of the BAO
scale, one of the most important cosmological parameters
inferred from galaxy surveys. On the other hand, assuming
that the effects of large displacements are properly taken
into account, the forward modeling can recover the full
linear theory information about the position of the BAO
peak, as demonstrated in [80]. This is not a surprise, since
the same knowledge of the long-short couplings at the map
level is exploited in the BAO reconstruction algorithms,
used in practice to sharpen the BAO peak and improve
measurement of its position [85,87,88].

In this paper we explore less-known examples of a
different type where averaging over the long-short inter-
actions leads to degradation of errors rather than dilution of
signal. Also in such cases the field-level inference can be
more optimal than the conventional analysis based on
the n-point functions. We identify new large parameters
associated with each of these examples and show that they
are related to the variance of powers of the density contrast
0. For instance, depending on the shape of the linear power
spectrum, the variance of 6> on large scales can be very
large, even if the variance of ¢ is small. In the analyses
using n-point functions, these large parameters can lead to
sizable contributions to the covariance matrices, impacting
the inference of all cosmological parameters. For example,
long modes can modulate the short-scale fluctuations,
which can lead to a large scatter in the power spectrum
on small scales once the average over the long modes is
taken [2,89-92]. As we will see, this contribution to the
small-scale covariance matrix is exactly controlled by
the variance of &°. The long-short couplings can impact
the covariance on large scales as well. The short modes can
couple (through the nonlinear bias) to produce the long-
wavelength field of biased tracers’ with flat power spec-
trum. Once the short modes are averaged over, their
contribution to the power spectrum and the covariance
matrix (controlled again by the parameter related to the

3Note that this is not true for dark matter, since the mass and
momentum conservation imply that the long modes produced by
interactions of the short modes are suppressed by k%/q?, where k
is a wave number of the long mode and ¢ a typical wave number
of the short modes. This can be checked explicitly in perturbation
theory. For instance, in the limit ¢, =~ —¢q, the F,(q,,q,) kernels
scale as k*/q2, where k = q, + q,.
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variance of §%) is indistinguishable from the shot noise.
However, depending on the observed sample, the amplitude
of this noise can be much larger than the Poisson pre-
diction, producing larger error bars than expected. Unlike
in the standard analyses, none of these issues impact
cosmological inference at the field level, where all relevant
long-short couplings are automatically computed and taken
into account.

One important feature of these examples is that unex-
pectedly large contributions to the covariance do not come
from the fully nonlinear regime, but rather from couplings
of long and short modes. Such interactions are usually
easier to compute in perturbation theory or measure in
simulations. Given this, instead of doing the full forward
modeling, one can look for simple modified estimators for
cosmological parameters which have nearly optimal vari-
ance. This is similar to the case of local primordial non-
Gaussianity in the cosmic microwave background (CMB)
where the optimal estimators for f1o¢d have to take into
account the realization of the long modes in the survey [93].
In many aspects we follow the logic of [93] and adopt it to
relevant cases in a large-scale structure. One important
result of our analysis is that the perturbatively calculated
posterior can be used to motivate the form of optimal
estimators, and we will show a couple of examples that
illustrate this point.

The paper is structured as follows: in Sec. II we
derive perturbative expressions for errors on cosmological
parameters at the field level (with and without marginali-
zation over linear bias); in Sec. III we compare the power
spectrum plus bispectrum to forward modeling; in Sec. [V
we discuss three cases where additional parameters beside
the variance of the density field are present in the game, and
consequently the field-level analysis can be different from
standard ones; we conclude in Sec. V. Appendix A collects
some nonperturbative results beyond what we derive in
Sec. II; Appendix B shows how to perturbatively include a
finite shot noise at the field level.

II. FROM LIKELIHOOD TO POSTERIOR-
PERTURBATIVE INVERSION

In this section we show how to arrive at the expression
for the full posterior and the Fisher matrix for cosmological
parameters at the field level, in the limit of small noise. We
apply this formula to the case where the only parameter in
the theory is the nonlinear scale kyp, and derive explicit
expressions for the posterior and the Fisher matrix at the
one-loop order.

A. Posterior in the limit of small noise

Let us imagine that the forward model for the nonlinear
galaxy field 6, is known in terms of the linear density
field 5. We collect cosmological and bias parameters in 6.
The forward model is then given by

5,=0,06.0)+e, (1)

for a given noise field ¢, On large scales we can
approximate the likelihood of the galaxy density field as
a Gaussian

L[5,]8,6] = normalization

cop(-) [BOBANEY

where P, is the noise power spectrum. This form of the
likelihood can be rigorously justified in the perturbative
framework that we are going to use throughout the paper.

The fiducial galaxy field 39 is given in terms of fiducial

values of the initial field 3, fiducial values of parameters 9,
and a fiducial noise realization &, by

N

5, =5,06,0)+¢,. (3)

Note that ¢ is an independent variable that does not depend
on @, even though it is drawn from a Gaussian distribution
with the variance P(k,@). The normalization in Eq. (2) is
such that

/ D5,L[5,5,0] = 1. (4)

Ultimately, we are interested in the posterior for cos-
mological parameters given some realization of the
observed galaxy density field. This posterior is obtained
by integrating the likelihood multiplied by the prior on
initial conditions 6. We will assume that 6 has a Gaussian
distribution with the variance given by the linear power
spectrum P(k). Defining p(@) to be the prior on cosmo-
logical parameters, the posterior is expressed as

2
P[9|3g] = normalization X /Déexp <_%/%
| k

‘%l 15, (k) —%[5,0](k)| ) « p(0), (5)

where we have now included the normalization of the prior
in the overall factor. In what follows we will set p(8) = 1
for simplicity and having in mind situations in which
constraints on cosmological parameters are dominated by
the data. This choice does not change any of our con-
clusions, and if needed the effect of the prior p(@) can be
straightforwardly included in all our equations. Note that,
contrary to our starting point, the power spectrum P(k)
does not depend on 0. It is easy to see why there is no loss
of generality in making this assumption. Indeed, consider
the case in which P = P(k, @), which is the case of interest
in cosmology. It is then possible to perform the following
change of variables 6(k) — 6(k)/P'/?(k, ). In terms of the
new integration variables the prior is a normalized Gaussian
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with unit power spectrum, and all dependence of param-
eters is in the forward model. In the rest of the paper we
will not need such a drastic change of variables. It is enough
to use

5(k) - 7(k.0)8(k), with 7(k,0) =

where M (k, ) is the linear transfer function which relates
the primordial potential to ¢ [for the amplitude of the linear
field A, we simply have 7(k,0) = A/A]. In this way the
prior for the new ¢ field is a normalized Gaussian with a
power spectrum equal to the fiducial linear power spec-
trum, which exactly agrees with Eq. (5).

The main difficulty in calculating the posterior is to carry
out the integral in Eq. (5). In general, this cannot be done
analytically, and one has to rely on numerical sampling of
the likelihood.* In most of the paper we will focus on the
limit of small noise, relevant for dense spectroscopic
samples on large scales. In this case one can expand the
posterior in P, which simplifies calculations significantly.
For the time being we focus only on the leading order in the
P, — 0 limit, in which the posterior becomes

2
P[0|Sq] = normalization X / Déexp <—% / |(;(€2)| )
k

x 557 (8, — 5,[5.6)), (7)

where the normalization is now only that of the prior and, in
the same way as P(k), it does not depend on @ (hence, we
will drop it from now on to keep the notation as contained
as possible). We leave the discussion of higher orders in P,
for Sec. IV B. In order to exploit the delta function in the
integrand of the posterior, we can do the following change
of variables 6 — 6,. The posterior can then be written as

PlOI5,) = / D5, % | ex <__ /léégﬂ )
(

oo)(Sg _ 5(]) =e Tr an[ri(, 0)— 2anor[5. 0] (8)

where the two terms in the final result, one coming from the
prior and the other one coming from the Jacobian, are
denoted by ;(grim and J, respectively. More explicitly

‘A simple analytical solution exists only if the forward model
is linear in the initial conditions. In this case the integrand
is Gaussian in 6 and the integral can be solved to obtain a well-
known expression for the posterior in linear theory. We also
refer to [32] for a discussion of how to carry out the path inte-
gral by expanding around a saddle point found numerically.
Reference [94] instead discusses the saddle point in the high
noise limit.

/'5 9 and
)(prlor g’ ( s

95(5,, 6]
95,

~

Jis

g

0]_‘

©)

5y=0,

As expected, the final result depends on the realization of
the galaxy density field Sg and parameters 6. The key
ingredient needed to find the posterior 73[0|3g} is the inverse
of the forward model 5[59, 0], which allows us to compute
Xprior and J. Finding 6[5,,0] is in general a very difficult
task. However, in perturbative forward modeling the
inverse model is also perturbative and can be calculated
analytically. The full posterior can then be consistently
computed up to a given power of the variance of the density
field, which resembles the more familiar loop expansion for
correlation functions. Such a posterior can be used to do
cosmological inference without the need to run Markov
chain Monte Carlo, and on large scales it is guaranteed to
lead to optimal constraints on cosmological parameters. We
will show a few explicit perturbative examples throughout
the paper.

Before proceeding, let us add two more comments about
Eq. (8). First, we are assuming that the change of variables
is one-to-one: in other words, we consider only the saddle
point in the likelihood connected to linear theory. Other
solutions will be present if the forward model is pushed to
short scales (e.g. due to shell crossing; see Ref. [95] for a
discussion), but on large scales the assumption of a single
solution is correct. The second observation regards the
change of variables itself: we invert § =§;'(5,,0] for
varying 6. Indeed, the Dirac delta in Eq. (7) is a Dirac
delta in a space of dimension equal to the number of Fourier
modes of the linear field (as is clear from the expression of
the Gaussian likelihood, which involves an integral in d*k).

Hence, even if §, = 3g we do not obtain & = &: we do so

only if @ = 0. The procedure is the same as that done in
Ref. [93], in which similar calculations were carried out in
the context of constraints on local primordial non-
Gaussianity from higher-order statistics of the CMB.

B. Posterior in the perturbative forward model

In order to derive an explicit expression for the posterior
P[6)6,], we will assume that the perturbative forward model
can be written as

—+00

5= [ Capate-p, X,
n=1YP1s---Pn
x(0;p1,....p.)(p1) 25 (k). (10)

where X, are perturbation theory kernels. Note that the
whole dependence on cosmological parameters is in the
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kernels X,,. For example, this is the form of the nonlinear
density field in Eulerian perturbation theory and for biased
tracers. Since we assume that the only parameter in the
theory is the variance of the density field, there are no large
displacements in this ansatz. This can be achieved in
practice by the appropriate choice of the power spectrum
for which the velocity dispersion is small.

With our assumptions the forward model can be inverted
perturbatively on large scales, i.e.

(2,;)35 (k=p1.)Yy

X (0:p1,...Pn)3y(P1) - 6,(py) ZA

(11)

where the Y, kernels can be calculated in term of the
original nonlinearities X,. Up to cubic order, they are
given by

Y1(0) = X7'(0). (12a)

—-X72(0)X,(0;p1.p2), (12b)

Y,(0:p1.p2) =

2
Y3(0:p1.p2.p3) = §X1‘5 9) [Xz (0:p1.p> +p3)X2(0:p2.p3)

2(0;py.p3)
2(0;py.p2)

3
=5 (0)X5(0;p, ,pz,ps)] :

+X5(0:p2.p1 +p3)X
+X,(0:p3.p1 +p2)X

(12¢)

Notice that in all the examples discussed in this paper we
will consider only multiplicative parameters, for which the
transfer functions, and hence, the kernels X, and Y, are
scale-independent. In more general cases, one has to keep
track of the ratio of transfer functions as in Eq. (6) when
deriving the inverse kernels Y,,. The inverse model defines
simple operations on the galaxy density field (order by
order in 6,) which ensures the optimal combination of the
data in order to recover the linear modes. At the few leading
orders they are explicitly given by

Al (k) = v,(0)5,(k), (13a)
AP () = / Y(0:k - p.p)3,(p)3,(k —p).  (13b)
)4
AP (k) = / Y3(0:k —py —p2.p1.P2)5,(P1)
P1.P2
X 8y(p2)6,(k —py —p2). (13¢)

and they are simple convolutions of the data. Let us stress
again that the whole dependence on parameters @ is in the
kernels Y,,.

It is important to point out that in order to apply these
formulas we will assume that the inverse model is valid up
to the similar scale as the forward model. This is not a
trivial assumption. To get some intuition about possible
differences between these two scales, we can focus on a
simple model of spherical collapse. In this case the
perturbative forward model can be written as’

= ivné;, (14)
n=1

where v, are spherically averaged perturbation theory
kernels and 6, is the size of the spherical linear overdensity
or underdensity in real space evolved to the present time.
It is well-known that this series converges to the exact
solution for |5,| < 8., ~ 1.68. While for 0 < 6, < &, the
nonlinear overdensities §,, can be arbitrarily large, for
0, < 0 this series converges to the true answer only for
voids with 8,.[—6,] = —0.7. Let us now turn to the inverse

~

perturbative model, which can be written as

5=y, (15)
n=1

where the coefficients ¢, can be derived from v,,. This series
converges to the true linear solution for |5,.| < 1, which
corresponds to any d, < 0.5. Note that the inverse perturba-
tive solution correctly predicts §, even for very empty voids,
which the forward model cannot describe. We can see that the
convergence properties for the forward and the inverse
models in this simple example are rather different.
However, in practice we are interested in the nonlinear
model which has only a small number of terms in the
perturbative expansion. The validity of such a model is
even more restricted compared to the full perturbative
series, by the requirement that the variance of the density
field is small and of order (62) < O(0.1). Using the
spherical collapse as a toy example, we can explicitly
check that with this requirement the forward and inverse
models perform similarly. Up to cubic order we can write

B3] 17 , 341 4

O =6 —5 — 0. 16

sc ¢+ + 567 (16)
Note that this is just the spherical average of our cubic
forward model in Eq. (10), assuming the standard dark
matter perturbation theory kernels instead of X,. The
inverse model is then given by

>The usual perturbative expansion of the exact spherical collapse
solution is in powers of the growth factor. We convert it here into
the expansion in the linear density field evaluated at late times,
such that 6, = ad;ya- At the time of collapse, the critical linear
overdensity is approximately &, (Gcoliapse) = e ~ 1.68.
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3 s 17 52 4 2815 5 (17) With the forward and inverse models at hand, we can
¢ ¢ 91 7%¢ 3969 se compute the prior and Jacobian contributions to the full
posterior. In this paper we want to work at an order
equivalent to the one-loop calculations of the two-point
function, and therefore we have to keep all nonlinearities up
to cubic order. Note that this is equivalent to working with
the one-loop power spectrum and the tree-level bispectrum
in the conventional correlation functions approach.
Let us start from the prior term )(Izmor. Using the

It can be verified explicitly that both forward and inverse
models reproduce the correct answer to better than 5%, for
|6,] < 0.4 and |6, < 0.4, respectively. We use this as an
indication that the inversion is valid to the similar scale as
the forward model. The full check of this claim with the
realistic three-dimensional (3D) fields can be done only
using numerical simulations. While the details can be ) ' ) .
different due to the mode coupling, we do not expect follows that Xprior €aN be written as the integral over various
the conclusions to change dramatically, as long as the field-  cross spectra of Aé"]. Up to cubic order in the observed
level analysis is performed on scales kp,, < 0.1 h/Mpc. galaxy density field we get
|

definitions from the previous section, it immediately

(18)

s AV )AY (<k) + 20 (k) ALY (—k) + AP () AT (k) + 240 (k) A (k)
)(prior_/ P( ) .

As expected, this is a function of the data Sg and parameters @ through the kernels Y. In order to calculate the Jacobian

we have to take the derivative of the inverse model with respect to J,, first and then set 5, = 3g. In our setup this is simply
given by

(e k') = Y,(0)(27)8) (k= )

=JO (k k')

+oo
+3 (n+1) / (2785 (k=K =py = =) Y01 (0:p1. P KNS, (p1) - 8,(p).  (19)
=1 p

Note that in the expression for le)rior [cf. Eq. (18)], we have P(k) in the denominator. This tells us that we have to keep only

terms up to second order in 35 in the Jacobian to have correct expressions at one-loop order. Ultimately, we are interested in
Tr In J since this quantity appears in the log-posterior. Taking the logarithm and keeping all terms at second order, we find

[In J (k, k)]0 = In J©) (k, k') 4 2 / (27)%65) (k =K' —p)YT(0)Y,(0:p.K)5,(p)

+3 / (27)6) (k= k' = py = p2) Y7 (0)Y5(6:p1.p2. k)8, (p1)3,(p2)
Pi1.P2

_2/ k”(27[)35 kK - )(2”)35 (k” K —p2)YT2(0)Y5(0:p1. k") Y2 (0:p2. k')5,(p1)5,(p2).-
(20)

We use the convention in which the “one-loop” label indicates that all terms up to one-loop order are taken into account.
Finally, taking the trace leads to

[TI’ ln‘l[sg’ GH Iloop — plx In Y, (0) + 3Y1_l (0) l Y3 (0;17’ D, k)sq(p)sq(_p)
~207°0) [ Y00k =p)2(6: 0.5, 0)5, (D). (1)
D

where we have defined the number of pixels6 as Npix =V Ji-

®Notice that this is not exactly equal to k3, /k> . as it would be in a box: we have Nyix = (47/3) (kjnax/ ki) = 4k / K2

min min*
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In summary, we have derived the negative log-posterior
for the perturbative forward model, in the limit of small
noise and analytically marginalizing over the initial field .
This can be written as

—log P[0o,] = % Xirior 09,01 = Tr InJ[5,,6],  (22)
where the prior and the Jacobian terms are given by
Eq. (18) and Eq. (21), respectively. Our final result depends
only on the observed galaxy density field 39, convolved
with the kernels of the inverse model Y,,. In our convention,
these kernels contain the entire dependence on cosmologi-
cal and nuisance parameters @, as well as the nonlinear
dynamics. This posterior can be used for data analysis or to
derive optimal estimators for a given cosmological param-
eter, and we will show several examples of this in the rest
of the paper. Finally, one can also calculate the averaged

|

log-posterior and the corresponding Fisher matrix, given
some fiducial galaxy density field 39. We turn to that in the
next section.

C. Fisher matrix in the perturbative forward model

In order to derive the Fisher matrix for the perturbative
forward modeling, we first have to compute the averaged
negative log-posterior

L [5,.6]) — (Tr InJ[5,.0]), (23)

<_ 1HP{0|35]> = 5 prior

where the average is done over the fiducial initial con-
ditions. We average the log-posterior assuming that the
error on cosmological parameters does not vary a lot
between realizations of the initial conditions. In the
language of statistics, we are looking at the “Cramér-
Rao” bound. The average of Zgrior can be written as

2y V/ Y%(O)ﬁg(k) + Py 12(0:k) + Pyon(0: k) + P, 15(0; k)’
k

prior/ T

P(k) (24)

where we have used V = (271)351()3 )(0), P, (k) is the measured galaxy power spectrum, and P, 1,(0; k), P,,,(0; k), and
P, 13(0; k) are defined in terms of higher-order correlation functions in the following way:

Py12(0;k) =2Y,(0) / Y>(0:p.k —p)(3,(p)3,(K)5,(k — p))"

p

Pg,22<0; k) E/

Pip2

Pg.l3(0; k) = 2Y1(0)/ Y3(0;p1.p2.k —p, —P2)<Sg(P1)Sg(P2)Sg(k —Pi _pZ)Sg(k/»/'
PP

In these expressions, the prime on the n-point functions of the
observed galaxy density field <Sg e 39>’ indicates that the

overall factor of (27r)35533 )(k + k') should be removed from
the final result. Note that these correlation functions include
the disconnected pieces. In the Fisher matrix calculation we
will assume that the observed galaxy n-point functions
are evaluated at the fiducial initial conditions and the
fiducial parameters 0. Already from this part of the averaged

|

Y2(0:p1.k —p1)Y2(0:p2. —k — p2)(5,(p1)5,(k — p1)3,(p2)d,(K —p))'.

(25a)

(25b)

(25¢)

log-posterior we can see that the Fisher matrix will depend on
the higher-order n-point functions, appropriately combined
with the kernels of the inverse model.

It is instructive to write down explicitly contributions to

the prior at leading order in perturbation theory, which is
sufficient for the one-loop forward model. Keeping the tree-
level bispectrum and disconnected parts of the four-point
function and using kernels for the forward model, we get

Py (k) = X}()P(k) + 2 / X3(0:p.k = p)P(p)P(|k - p|) + 6X,(8)P(k) / X;5(0:;p, —p.k)P(p), (26a)
PP (9; k) = 4, (0)X3() / Y2(0:p,k = p)(2X,(8:p, —k)P(p)P(k) + Xo(0:p.k —p)P(p)P(k —p|),  (26b)
p
P (0; k) = 2X4(8) / Y2(0:p.k —p)P(p)P(k - p]). (26¢)
y4
PLR(0:0) = 6%, 0)XO)P(K) [ V:(0:. . 0P(p) (264)
)4
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Note that we do not include those contractions that lead to

the results proportional to (27[)351()3 )(k), which contribute
only to the unobservable zero mode. At leading order in
perturbation theory the fiducial galaxy power spectrum was
evaluated as P, (k) = X3 (0)P(k). We are going to use these

|

equations to evaluate the Fisher matrix for the forward
model for biased tracers in real space, up to one-loop
order in perturbation theory. We next turn to evaluating
(IndetJ) = (Tr InJ). Using results of the previous section,
we get

(T Ind) % = Ny In¥,(6) + 3VGO)F'(0) [ ¥a(0:ppP(p)

-2vxi)re) |
k,

This completes our derivation of the averaged log-
posterior at one-loop, and one can proceed by calculating
the Fisher matrix. Before we do that, let us make two
comments. First, note that a nontrivial check of the previous

|

kp

Y,(0;p.k —p)Y>(0;-p.k)P(p). (27)

|

equations is unbiasedness. If the formulas are correct, then
the derivative of the averaged log-posterior at the fiducial
values of parameters must be zero. Calculating this deriva-
tive explicitly and using Eq. (12a) to Eq. (12c), we find

J 2V N 0 ) 9
— (= 1nP)!Hoop = / <Y O:;pk—p)—Y,(0,—p,k)—Y,(0;,—p,k)—Y,(0;p. k — > P(pn). 8
A @ oo 20:pk =p) 35 V2(0:p k) = Vo0 p k) g VaOip ki =p) )| P(p). (28)

After a simple change of variables k — p — —k in one of the
terms under the integral, the right-hand side vanishes. This
implies that the estimate of the cosmological parameters at
the field level is indeed unbiased. Note that in order be able
to do the change of variables, it is crucial that both integrals
run over all possible values of the momenta. On the other
hand, we always have some maximum wave number up to
which we can trust perturbation theory. In order to preserve
the unbiasedness and implement this cutoff in practice,
one can always apply the window function on the power
spectrum, rather than changing the limits of integration.
The second comment is about higher orders in perturba-
tion theory. So far we have discussed only the leading
nonlinearities, but it is important to stress how a clear loop
expansion in (—InP) arises if one wants to go further. The
negative log-posterior is expressed in terms of the fiducial
initial conditions via a combination of Eq. (10) and Eq. (11).
Schematically, the solution of § = &[5, 6] can be written in

terms of the fiducial linear field & as follows:
+o0 4o \m I L

5= _Y,(0) (Z Xn(0)5"> = Z,(6.0)5. (29)
m=1 n=1 k=1

where, by construction, the new kernels Z, (0, §) satisfy the
following properties:

Z,(0.0)=1 and Z,.,(6.0)=0. (30)

In other words, evaluated at the fiducial values of parameters,
the linear field in the inverse model must be equal to the

|
fiducial linear field. One can explicitly check that this is
indeed the case for the inverse kernels derived above (at one-
loop order). Using Eq. (19), a similar expression in terms
of & can be found for the Jacobian as well. Therefore, the
negative log-posterior is naturally organized as a perturbative
series in the fiducial linear density field &. It follows that the
expectation value (—InP) has a clear loop expansion, the
same one as in the standard perturbation theory. To evaluate
the averaged log-posterior at the given order in the loop
expansion, only a finite number of terms in the forward and
inverse models have to be kept. Note, however, that due to the
linear power spectrum in the denominator in the expression
for (7o) and the functional derivative in the Jacobian, the
leading order term in (— InP) starts at zeroth order in P(k).
This is expected, since in the linear theory, as we will see
shortly, the posterior depends only on the number of pixels.
With all these results at hand, it is straightforward to
calculate the Fisher matrix F, given some fiducial galaxy
density field Sg. In practice, we evaluate

Fl-loop: 0 1 2 [3 0]>1»100p
ap aeaaeﬁ o Mpriorl”g

— (Tr InJ[5,, 0]>1'1°°p> (31)

0=0

where the first term is given by Eq. (24) and the second
term by Eq. (27), both evaluated up to one-loop order, and
the expectation value refers to averaging over fiducial initial
conditions as discussed under Eq. (23). It is important to
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point out that this formula makes the connection between
perturbative forward modeling and the standard analyses
manifest. As long as the variance of the density field is the
only relevant parameter, the two approaches are equivalent,
order by order in perturbation theory. Before considering
more interesting situations in which new, potentially large
parameters play an important role, we show how the
field-level Fisher matrix works in practice in several
examples of interest.

III. APPLICATIONS OF THE FIELD-LEVEL
POSTERIOR AND FISHER MATRIX

In this section we apply Eq. (22) and Eq. (31) and show
explicitly in some simple setups that the field-level analysis
leads to the same errors on cosmological parameters as the
standard analysis based on the n-point correlation func-
tions, as long as the only relevant parameter in the theory is
the nonlinear scale ky;, and the only expansion parameter is
the variance of the density field.

A. Simple examples of the field-level Fisher matrix:
Linear and nonlinear dark matter

Let us begin with two very simple examples: linear
theory and nonlinear dark matter field. In order to keep
expressions as clear as possible, we will focus on the
amplitude of the linear density field A as the only
cosmological parameter of interest.

Let us first consider the simplest possible scenario, in
which the evolution of density fluctuations is linear. In this
example the kernels of the forward model are trivial

X] = A and Xl’l>1 = 0, (32)
which implies

Y,=1/A and Y, ,=0. (33)
This simplifies the form of the posterior significantly, and
we can write (note that we keep using J, for the nonlinear
field even though we are not considering galaxies here)

1 /{Sg<kl))Ag(_k>+N

—In P[A|Sg] = (k) pix

Finding the maximum of the posterior, we get the optimal
estimator for A,

_ 1 [8,(K)8, (k)
_Npix k P(k)

£ (35)

Not surprisingly, the optimal estimator for the amplitude of
fluctuations in linear theory coincides with the estimator of
the power spectrum. The averaged negative log-posterior is
given by

N..
(=InP) =L+ N

A2 InA, (36)

pix

where we have used Pg(k) = A?P(k) and the fiducial value

of the amplitude is set to one, A = 1. In the absence of
the nonlinear evolution, (—InP) depends only on the
number of pixels N;,. Using this equation one can
explicitly show that the estimate of the amplitude is
unbiased and that the error is given by the well-known
formula for the linear theory’

2
iz - Lhzlm —IN.. (38)
0 0A A=A

A slightly more nontrivial example is the nonlinear
evolution, where the amplitude of the linear field A is still
the only unknown parameter. It is easy to see that in this
case the kernels are given by

A n

X, (A) = ﬁXn(A) and Y,(A) = _Yn(A)' (39)

| >

Note that all inverse kernels scale as 1/A. This has two
important consequences. One is that xgrior in Eq. (18) scales

exactly as 1/A2. The other is that only the first term in
Eq. (21) depends on A. The full posterior can then be
written as (setting A = 1)

. 1 [16[6,,A =

+ (A-independent terms). (40)

(k)2

+ NpyxInA

pix

The optimal estimator for the amplitude of density
fluctuations is

1 [l A = P

We can see that in this case the estimator for the amplitude
does not depend only on the nonlinear power spectrum, but
also various other combinations of data which enter the
numerator and which are explicitly written in Eq. (18).
However, by definition of the inverse model, when evalu-
ated at the fiducial values of parameters, it gives the initial
Fourier modes of & given the observed nonlinear density

"The reader is perhaps more familiar with the formula for the
error of the amplitude of the power spectrum Ag. Changing
variables from A to A, = A% we find

o = (37)

as expected.

043526-9



CABASS, SIMONOVIC, and ZALDARRIAGA

PHYS. REV. D 109, 043526 (2024)

field. This means that the amplitude of the matter fluctua-
tions can still be optimally measured from the power
spectrum only, but also of the initial field reconstructed
from Sg. Given this, we expect the error on A to be the same
as in the linear theory. Indeed, the averaged log-posterior is
given by

Nplx .
(—InP) = + Npix In A + (A-independent terms),

A2
(42)
which implies the same error as before
1 0% -1
= <7r2’7)> = 2N, (43)
04 0A A=A

Such a result makes sense since for a fixed nonlinear
model, and in the absence of noise the field-level posterior
should contain all available information on cosmological
parameters from the data optimally combined. In such an
ideal setup, this amount of information saturates the bound
given by the linear theory. While it is difficult to prove this
statement for generic cosmological parameters following
the approach of this section, this can be done using the
nonperturbative formulation of the posterior at the field
level. We defer this general analysis to Appendix A.

Let us make a comment about the derivation above. In
the case of an imperfect inverse model, we can imagine that
the Y, kernels are different from their expression of
Eq. (12), but with the same overall scaling with A intact.
The argument leading to Eq. (40) behaving as 1/A? still
holds, with the crucial difference that now all the nonlinear
terms in the numerator under the integral will not combine
to the reconstruction of the linear field. As a consequence,
the momentum integral in Eq. (24) multiplied by the
volume will not lead to N, and the error bar on A would
be different than in the linear theory, as expected if the
inversion is wrong.8

5
9
2 pr10r A

2

+A2/ Ysi(k—pi —p2.p1.P>)
kpip>

1
AZ/ Y,(k —P17P1)Y2(—k - P2.P2)
kpi.p>

B. Including the linear bias

Going beyond these idealized examples, things become
more complicated. In the real universe, our ability to measure
cosmological parameters depends on their degeneracies in
the linear power spectrum, peculiarities of the nonlinear
evolution, and complexity of galaxy formation which is on
large scales encoded in a number of nuisance parameters one
must marginalize over. It is interesting to show how the field-
level inference boils down to the conventional analysis with
n-point functions even in this case.

In the simplest and observationally most relevant setup in
which one can still gain some intuition in an analytically
tractable way, we allow two parameters: the amplitude A of
the linear density field and the linear bias b;. We keep the
product Ab, fixed (for simplicity, we assume that A and 131
are both equal to 1). This is inspired by the fact that the
overall amplitude of the power spectrum of biased tracers is
usually very well measured on large scales and such an
assumption does not affect our conclusions. As it is well-
known, since this particular combination multiplies the
linear power spectrum, all information on the amplitude A
in this example must come from the nonlinearities. Here we
compute the posterior and the Fisher matrix for A in
forward modeling. For Ab; = 1, perturbation theory ker-
nels scale as

Xi(A)=1 and X,(A;pi,....p,) =A"X,(p1,....Pn),
(44)

and

Yi(A)=1 and Y,(A;py,....p,) =AY, (pi.....p,).

(45)

Note that here (and the rest of the paper) the kernels without
the explicit dependence on A are evaluated at the fiducial
value A = 1. The explicit form of the posterior for A is
a bit more complicated in this example. The prior part is
given by

P(k)
Sg(Pl)S (k- P1)5 (I’z) (—k—Pz)
P(k)
Sg<—k)3g(171)3g(1’2)3g(k -p1—p2) '

(46)

8Interestingly, things are different for the Jacobian part of (—In P). Even if the Y, kernels are wrong but their overall scaling with A is

correct, —=Tr InJ = N,

In A + (A-independent terms) will continue to hold. This is a coincidence for the amplitude of the density

fluctuations, and it is not true in general for other cosmological parameters.
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The Jacobian term is simpler, and it has the following form:

Tr 1nJ=3A2l Y3(p,—p,k)3g(p)3g(—p)—2A2A Yy(p.k —p)Y2(—p.k)3,(p)3,(-p). (47)
P P

Note that the leading terms that correspond to the linear
theory do not depend on A, in agreement with the expect-
ation that all information on the amplitude of § comes from
the nonlinearities. Given the simple dependence of the log-
posterior on A, it is possible to explicitly write down the
optimal estimator

1

=- Y,(p.k—
¢ 2quadr£,p 2(p.k=p)

Sg(p)sg(k _p)sy(_k)
P(k)

(48)

The numerator is the only term in the log-posterior linear in
A, while in the denominator we collect all other quadratic
and quartic combinations of data 39 which are all propor-
tional to A%. More precisely, we write

(—1HP) = (—1n73)(0) +A(—1n77)(]) +A2(—1HP)(2) +--
d
=quadr

(49)

Given the realization of data both the numerator and the
denominator can be computed easily since they are just
numbers. This means that in practice one can use the
exact posterior to find the constraints on cosmological
parameters.

However, in order to get a better understanding of the
optimal estimator and simplify equations, it is convenient to
replace the denominator by its average, assuming that it
does not vary significantly between the different realiza-
tions of data. The modified estimator is given by

3g(p)39(k _p)$g<_k)
P(k)

1

€= _2<quadr) l,p Ya(p.k —p)

(50)

From now on, we will use the tilde to denote such
“simplified” estimators. In our example, the explicit form
of the denominator evaluated at leading order in perturba-
tion theory is

_ 2 P(p)P(k —pl)
(quadr) = Vl’p [Yz(p,k —p)T
+2Y,(p.k —p)Y2(-p.k)P(p)|. (51)

Note that the contributions to prior and Jacobian with cubic
kernels Y5 exactly cancel when taking the average. It is then
easy to explicitly check that the estimator is unbiased,

(€) =1, calculating the tree-level galaxy bispectrum and

[
remembering that X, = —Y, in this example. Finally,
computing the variance of & or using the one-loop
expression for the Fisher matrix from the previous section,
we find that the error on A is given by

_ P(p)P(lk —p|)

1
o
+2X,(p.k —p)Xs(-p.k)P(p)|. (52)

Note that 1/6% = 2(quadr). This is expected since (quadr)
is the expectation value of all the terms in the negative log-
posterior which are proportional to A% and therefore equal
to the Fisher matrix for the amplitude A.

Three comments are in order. First, it is clear from the
expression for the error that the degeneracy between b; and
A is broken only by nonlinearities. The right hand side of
Eq. (52) has the typical size of V [, P11°°P(k)/P(k). This is
an explicit example in which we can see that the loop
counting in forward modeling works the same way as in the
conventional analyses, as discussed above. Since we are
always working at the one-loop order, we expect ¢4 to be
exactly the same as the error in the standard joint one-loop
power spectrum and tree-level bispectrum analysis, as we
will demonstrate soon.

Second, the X, kernel in this setup is equal to the F, kernel
of standard perturbation theory. It follows that the first of the
two terms in Eq. (52) is nothing but the usual P,, (k) diagram
[divided by P(k) and integrated in d*k/(27)3]. It is well-
known that P,,(k) has very large contributions from soft
loops at high k. This is due to the shifts in F,, whose variance
is large in a ACDM-like cosmology. However, the same
shifts would be present even in a more generic example,
where other cosmological or biased parameters are consid-
ered, and the conclusion below would not change in such
more general setup. Naively, large contributions to P, from
soft loops would lead to a very small error bar on A. In the
standard calculation of the one-loop power spectrum these
large contributions are usually canceled by the P53 diagram.
For the field-level posterior we expect similar cancellation to
happen. In our case, this is ensured by the second term in
Eq. (52). To see this explicitly, let us remember that the
two infrared contributions (p — 0 and |k —p| — 0) from
Py (k) give

P(p)P(k=p)) 0K,

p <k

(53)
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The only infrared contribution from the Jacobian part in
Eq. (52), instead, is

2F;(p.k —p)X,(—p.k)P(p)

p-k)(=p-k)

2 P(p) = —
=25 Ty (p)

p <k,
(54)

which exactly cancels Eq. (53). One important lesson that we
learn from this result is that one cannot use large displace-
ments to break degeneracies between cosmological and
nuisance parameters, e.g. linear bias and A, even though
at the map level large displacements produce a large effect
and by the equivalence principle they are proportional only to
the amplitude of the fluctuations for any type of tracer. The
reason is that the posterior is expressed as a combination of
data which on average are equal to the summary statistics of
the observed nonlinear field. Therefore, the effects off the
displacements cancel in the final result for the error on
cosmological parameters in the same way they do in equal-
time correlators [96—101]. On the other hand, if the initial
conditions are fixed and known, as is the case in simulations,
the amplitude of the linear density field can be indeed
measured from the displacements [72]. Note that this is
not only the consequence of the cosmic variance cancellation
for the known initial conditions. Even if the biases are
unknown, the nontrivial dynamics involving large shifts is
what allows one to measure A.

The third comment regards the positivity of 1/65. In
Fig. 1 we show that the square bracket in Eq. (52) is very
similar to the one-loop matter power spectrum, P o0, (k).
This quantity is negative at low k, so one might worry that
this affects the sign of 1/6%. However, we must recall

10°
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FIG. 1. Integrand in the square brackets of Eq. (52)

(“Prield 1evel”) compared with the one-loop standard perturbation
theory power spectrum for a standard ACDM cosmology.

that all our derivations in the previous section assume
integration over all the modes. Therefore, we only need to
show that the large-k limit of the square bracket in Eq. (52)
is positive, whatever the form of the power spectrum. If
this is true, then 1/6% is positive-definite. The discussion
about infrared safety helps us to confirm this. Let us
expand the square bracket at next-to-leading order in
1/k, since the leading order vanishes. More precisely, let
us consider only the (angle-averaged) expansion of the
kernels. We have

2K 1138 2
4/d,uF§(p,k—p) +—+O<q>,

T34 735 K2
(55a)

262 152 e
4 | duFy(p.k —p)Fy(—p.k) = —== + 22 L o L),
(55b)

where y = k- p. Hence, we see that the contribution to the
square bracket at large k takes the form

2
P(k) / PP p(p). (56)

which is manifestly positive for any cosmology.

In practice, one always has to use some finite cutoff &, .
However, in that case the expression in square brackets in
Eq. (52) is also modified, since the same cutoff has to be
applied in each integration over momenta. One can show
that the error remains positive for any choice of &, as long
as the cutoff is implemented consistently.

1898
735

C. Comparison to the joint power spectrum
and bispectrum analysis

It is instructive to compare results of the previous section
with the conventional joint power spectrum and bispectrum
analysis and show explicitly that the likelihood and the
Fisher matrix for cosmological parameters are the same.
To that end, we can compute the posterior and the Fisher
matrix for the standard analysis and compare it with the
field-level results in Eq. (50) and Eq. (52). Let us begin
with the power spectrum. In the setup where Ab; = 1, the
galaxy power spectrum at leading order in perturbation
theory can be schematically written as

P[/(k) = P(k) +A2P1—100p(k)- (57)

As expected, the only information on the amplitude of the
density fluctuations comes from the nonlinearities. How
well can we measure A this way? We can estimate this
using the Fisher matrix. Using the Gaussian covariance, it is
given by the well-known expression
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@), ()

This result is rather different from the error in Eq. (52),
which schematically looks like

1 ~ Pl-loop<k)
g~2V/k7P(k) . (59)

Clearly, the signal in the power spectrum analysis is
suppressed by the variance of the density field compared
to the field-level result. In the perturbative setup this means
that the one-loop power spectrum does not carry significant
information about the amplitude of the density fluctuations
once we marginalize over b;. This can be checked numeri-
cally choosing k., to be in the mildly nonlinear regime
and computing the Fisher matrix. As a consequence, the
leading information in this setup is expected to be only in
the bispectrum.

In order to confirm this expectation, we can explicitly
calculate the bispectrum likelihood. Using the Gaussian
covariance we can write’

P :K/ [B,(a1:92:—41 = 02) = By(41.02.~41 = 02))?
P76 )40, P(q1)P(q2)P(la1 +42)) ’
(62)

where the bispectrum estimator is

A 14 A A
Bg(QlJIz’ —q —qz) = ‘75g(‘11>5g(‘12)5g(—41 —42)a (63)
and the theoretical model (remembering that Ab; = 1) is

B,(q1.92.93) = 2AX>(q1.42)P(q,)P(q2) + 2 perms.
(64)

Note that introducing the finite size bins of width Ak and
replacing the integrals with the sum over triangles, we can rewrite
the likelihood in a more familiar form

o5 B =BT

G (60)

T

where the sum runs over all triangles 7' = {k;, k,, k3 } such that
ky > ky > ks. The Gaussian covariance for the bispectrum is

(2”)6Sshape

Cpki, ky kz) = Vi
1

P(k;)P(ky)P(k3),  (61)

where Vp; = 872k kok3 Ak and Sg,pe = 6, 2, 1 for equilateral,
isosceles and scalene triangles, respectively.

Note that the bispectrum likelihood is Gaussian in A, with
the variance

1\ v B(4:.9>.—41 — q2)
| == . (65)
o3/ 6.Jaq P(@)P(q2)P(lq + q2)
Using the explicit form of the theoretical model and
keeping all the permutations, it is easy to show that

() o fros-n e

+2X5(p.k —p)Xs(-p.k)P(p)|. (66)

This precisely agrees with Eq. (52), confirming the expect-
ation that the error bar in the field analysis is the same as in
the (power spectrum and) bispectrum analysis at leading
order in perturbation theory. Furthermore, this equivalence
can be checked for the value of the best fit parameter as
well. Using the bispectrum likelihood we get

e V/ By(q1.9>.—41 —42) - By(q1.92.—q1 — 4»)
=02~

16 919 P(q,)P(q2)P(la: +q2|)

Sg(p)gg(k _p)sg(_k)

P(k) '

I
DBN

: A Xalp k=) (67)

which is again identical to the field-level result for the
modified estimator & in Eq. (50). In conclusion, we have
shown that the perturbative forward modeling recovers the
same information about the amplitude of density fluctua-
tions as the few leading correlation functions, computed at
the same order in perturbation theory.

Even though this result was derived in a simple and
analytically tractable case of Ab; = 1, our conclusions hold
more generally. If the variance of the density field is the
only expansion parameter in the theory, one can show,
order by order in perturbation theory, that the field-level
and the n-point function based inferences of cosmological
parameters are equivalent for any cosmological parameter,
although the explicit demonstration is more involved. If
other, potentially large parameters are present in the theory,
this simple picture can change. We turn to these more
interesting situations next.

IV. BEYOND THE SIMPLE
PERTURBATIVE MODEL

So far we have focused on a universe in which the only
relevant scale for the nonlinear evolution is the nonlinear
scale kyp, and the only small expansion parameter is the
variance of the density field. However, the real universe can
be more complicated, and depending on the shape of the
linear power spectrum other scales can play an important
role in the nonlinear dynamics. The most well-known
example is the parameter related to the velocity dispersion
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which is responsible for the broadening of the BAO peak.
This parameter is given by [102,103]

1

2=
67>

Akm dgP(q)[1 = jo(gBa0) + 2/2(q€BA0)]:
(68)

where Zpao is the BAO scale. Note that the combination
of spherical Bessel functions in the square brackets is such
that it scales as ¢ in the limit g < ¢gho. Therefore,
neglecting the contribution given by the variance of the
density field on the BAO scale, we can approximate the
previous expression as

) 1 kne
) z—/ dgP(q). (69)

The integral is dominated by the peak of the power
spectrum, which in a ACDM-like cosmology is at the
equality scale k.q. However, given that for our universe
CEno ® keg» we will keep the BAO scale as the lower
boundary of the integral, having in mind a more general
power spectrum for which the maximum in principle can be
at much smaller k. Approximating the linear power spec-
trum as a power law such that P(k) =~ P(kny)(k/knp) ™",
we can estimate X2 as

¥ 23 (knpfBAO)" - (70)

NL
Depending on the slope of the power spectrum and position
of the BAO peak, the enhancement (ky;Z5a0)"~"' can be
large. In ACDM this is not dramatic, since we have n ~ 1.8
and therefore = ~ 2k at redshift zero. However, note that

D2(2)\ =
D2(0)>

(knpZBa0)"™ %4< ) (71)

W | =

such that £ compared to kyl grows at larger redshifts
for 1 <n<3.

The existence of a large parameter controlled by some
infrared scale implies a possible breakdown of the
simple Eulerian-like forward model that we discussed
in the previous section. Indeed, a simple one-loop calcu-
lation is known to poorly describe the shape of the BAO
peak in the nonlinear two-point correlation function. It is
well-understood that in order to circumvent this issue
one has to either employ Lagrangian perturbation theory
[45,53,55,60,104] or modify predictions of the Eulerian
perturbation theory through the so-called infrared resum-
mation [102,103,105-108]. Therefore, the measurement of
the BAO scale is a well-known counterexample to our
statement in the previous section. The field-level inference
of g0 1s indeed more optimal compared to the measure-
ment from the two-point correlation function [80].

However, we will not further discuss this example here
for two reasons. First, it is rather special, since large
displacements affect only features in the two-point corre-
lation function and the only parameter that is impacted is
Cgao- All other cosmological parameters are unaffected
and our general conclusions still apply. More explicitly, the
average log-posterior is expressed in terms of the n-point
functions of the data, whose smooth part is not impacted by
the large displacements [96—101]. The second reason is that
the simple BAO reconstruction schemes [85,87,88] recover
almost optimal information on £psg, making the full
forward modeling unnecessary. One may still do the
forward modeling of the reconstructed field, but since in
this case the significant fraction of large displacements is
canceled, this is much closer to the regime that we
discussed in the previous section and our conclusions
remain valid. It would be interesting to check this explicitly
in numerical simulations, and we leave it for future work.

For the rest of this section we will focus instead on
different types of situations in which forward modeling can
be more optimal. Unlike the BAO where the long-short
interactions dilute the signal, in these examples these
interactions increase the error. More precisely, they lead
to large covariance matrices for the n-point functions,
making the standard analyses suboptimal. Importantly, this
affects all cosmological parameters. We will show how
these situations arise and what are the new large parameters
associated with them.

A. Large covariance matrix
from long-wavelength fluctuations

In order to see how the standard analysis can be
suboptimal, we can already use the simplest example of
nonlinear dark matter field. We have shown in the previous
section that in this case the optimal estimator for A is

A

1 16[5,. A = 1](k)[?
E_Nmﬂ P(k) ’ (72

where the numerator has various combinations of the data

Sg dictated by the inverse model. In order to highlight new
relevant parameters, in this section we will assume that the
nonlinearities controlled by the variance of the density field
are very small. In this limit the inverse model is well
approximated by the linear term 6 = Y6, and the higher-
order loop contributions are expected to be small. The
approximate estimator valid in such a regime is given by

- 1[5, k)P
EZNWA P(k) (73)

assuming Y| = 1. Such a result is not surprising. This is the
estimator of the nonlinear power spectrum, which in the
limit of small nonlinearities gives the correct estimate of A.
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While such a simplified estimator (which we will inter-
changeably call “naive” and “simplified” in the following)
may lead to correct amplitude of the linear power spectrum,
its variance may be large. We can easily compute that

_ 2V [Pik) VvV T,(k,—k,k',—k")
= |zt | ,
var (&) N2 lpz(k) +N;2)ix A’k, P(k)P(K')

pix
(74)

where T, is a connected four-point function of the data (in
the following, we will drop the hat on correlation functions
of the data for simplicity of notation). Going beyond the
leading result given by the linear theory, a simple estimate
of the one-loop power spectrum in the first term and tree-
level trispectrum in the second term both lead to

var(€) = N2
pix

[1+ O(A2 (kinax ) )] (75)

where A2 (k) is the variance of the density field at ki,
used in the analysis. As one may expect, corrections
to the linear theory error bars are small at leading order
in perturbation theory. However, going to the one-loop
trispectrum in var(£) something unexpected happens. Due
to the particular momentum configuration there are one-
loop contributions that schematically look like

T,(k,—k.k'.~k') > P(k)P(K')
X /Pz(q) in the limit ¢ < k, k'.
q

(76)

This is a well-known result that can be explicitly derived in
perturbation theory [2,89-92] and holds even in the non-
linear regime if one uses nonlinear responses to compute
the covariance matrix [92,109]. Importantly, such contri-
butions to the covariance matrix are not controlled by the
variance of the density field as one may naively expect.
Instead, they are proportional to the new parameter—the
variance of &%. In general, we can define the following
dimensionless quantity:

AN
a=(3%)" [ r@. o
7 g<kn

such that the ratio of the one-loop and the tree-level
trispectrum contributions to the covariance is given by

1-loop
Tg
tree
Tg

~ 6%__, (78)

for k ~ky.. The minus sign in our notation for o2 _
indicates that momenta which P"(k) is integrated over
are smaller than some scale, which we chose to be kyj..
The existence of a new parameter that controls the loop
expansion is indeed surprising, but it is the consequence of

a specific momentum configuration of the trispectrum that
contributes to the covariance matrix. If all momenta in an n-
point function are different, these parameters never appear.
Importantly, o%._ can be very large, even when the variance
of the density field is small. To see this explicitly, let us
consider a power-law universe with the IR cutoff &, which
can be given by the size of the survey or can mimic the
equality scale in a ACDM-like universe. In this simplified
setup, the power spectrum is given by

P(k) = 223 —n) < £ >_n9(k — k),

R \k

with 3/2 <n <3. (79)

Note that the slope of the power spectrum in the ACDM
cosmology at the nonlinear scale is approximately n = 2,
which is in the range we consider. The variance of the
density field is given by

27*(3—-n) 1 [k g \™" k \3
s [ ar(E) ()
NL T Kenin NL NL

(80)

where for 3/2 < n < 3 we have neglected the lower bound
of the integral. As usual, the power spectrum is normalized
such that A?(ky; ) = 1. Also, the variance is smaller than 1
on perturbative scales, and it is growing with k for our
choice of n. We can now explicitly compute a%’_ and find

L G=n? [k \
= — . 81
02,— n—3 <kNL ( )

Note that for our choice 3/2 < n < 3 the integral in ag._ is
dominated in the infrared, and in this estimate we negleéted
the upper bound. For n ~ 2 we have 63 _ & kyi./k., which
can be much larger than 1. This large parameter can
significantly modify the variance of the estimator for A.
Following Eq. (74) we have

.2 Now [
var(&) _Npix (1 + 2V /qP (q))

2 N
— (1 + m? == ag_). (82)
Npix Vige =
Using Ny, = Vi, /677, we can estimate the correction to

the linear theory error as
N, N,; 1 (kmax \°
pix b 2 f¥pix o max 2
P = = — . 83
2v /q (@) == Vidy 776 (kNL> - (83)

For a ACDM-like cosmology where k, ~ k., ~0.02 h/Mpc
and kyp ~ 0.3 h/Mpc, this number at redshift zero is
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N ix kmax 3
v /qu(q) =01 x <0.3 h/Mpc> - (84)

assuming n = 2. We can see that for a ACDM-like universe
the correction is not large on perturbative scales and in a
realistic data analysis would be subdominant to other
sources of error, such as marginalization over nuisance
parameters [110]. However, it is easy to imagine a universe
where the situation is very different. For instance, setting k.,
to be the fundamental mode of the survey, we can write the
correction to the linear theory errors as

N ix 3—- 2 k 6-2n (3N ix 2._n_1

| /Pz(q)=—( Ji b ) (8s)
2V q 6(27[ - 3) kNL 4
If the power-law power spectrum extends to arbitrarily
large scales, for any k,, there is a volume big enough
when the number of Fourier modes makes this number

bigger than one. Setting n ~ 2 and k., % 0.1 h/Mpc and
knt, & 0.3 h/Mpc we find

var(£) = N2

(1+0(0.01) x N}JJ). (86)
pix

For a hypothetical survey with more than one million pixels,
the second term would dominate the covariance. The errors
|

would then scale only as N?.In the extreme case of the

pix *
nearly scale-invariant power spectrum with n &~ 3, the error
bars would improve only logarithmically as in the case of
local non-Gaussianities [93]. This clearly indicates that the
naive estimator is suboptimal. Let us point out that correcting
the naive estimator is not necessary in order to get a detection
of A: for n ~ 2, the variance of & is much less than one for the
typical number of pixels in modern galaxy surveys. However,
we see that by using & instead of € we could be paying a very
high price on the error bars. In contrast, as we have shown in
the previous section, the full field-level analysis leads to the
expected optimal result.

The appearance of large parameters o> _ in the variance
of “naive” estimators, where one takes a simplified version
of the optimal estimators, is quite generic. For example, let
us consider a case of a linearly biased tracer with unknown
linear bias b; discussed in Sec. III B. The simplified
estimator is given by Eq. (50):
5g<p) g(_k _p)5g(k)

P(k) ’

E==di | Valpk-p) (87)
kp

where we have used Eqgs. (51) and (52) and the simple

relation between Y, and X,. Computing (€2 — 1), we see

that the variance of £ contains a piece

var(£) D (ai)le’k/p %Tg(k,k’, —k—p,—k' +p)X,(—k —p,p)X, (k' +p, -p). (88)
The two relevant contributions in the trispectrum are
Ty(k.k',—k —p, =K' +p) > P(lk +p|)P([K' —p|)P(p)Xs(k +p.p)X> (k' = p.p) (89)
and
Ty(k. k', ~k —p. =K' +p) > P(k)P(K')P(p)X;(~k, —p)X(=K'.p). (90)

We see that both, in the limit p < k, k/, give rise to the large parameter (7%._, which can make the variance of the naive

estimator much larger than expected.

It is instructive to discuss another possible contribution to the variance of the naive estimator, i.e. the one coming from the

fully connected six-point function

var(€) D (0124)2/
kK pp

For a particular momentum configuration where the pairs
of momenta are opposite (p' = —p and k' = —k), we
expect that the one-loop contribution to the six-point

function is controlled by 63,—' In the universe where large

parameters o2 _ are infrared-dominated, we expect that

03_ > 03 _ and this would be the leading contribution to

the variance. This expectation is, however, wrong since

V(6y(p)5y(p")5,(—k = )b, (=K' = P')5, (K)o, (k)"

P(k)P(k) Ol

0%’_ appears only for special arrangements of momenta,

unlike in the case of the estimator in Eq. (73) where the
large parameter 6%._ exists for all momentum configura-
tions of the four-point function. We can check this by
explicitly evaluating the six-point function. Taking
X, =1 for simplicity (this does not change our con-
clusions), we get
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2 (03)? (27)%6p (k +K)(22)*55 (p +p')
Var(g) > [c,k’.p,p’ P(k)P(k/)

z(fffx)z/ P(P)P(k+P|)/P3(q)
kp q

% P(k)

R~

Vo

219

where we have isolated the part of the six-point function
that can give rise to (7%._ with two Dirac delta functions
2r)362) (k +¥)/V and (27)%65) (p +p')/V. Crucially,
the presence of the factor 1/V? from these two Dirac
deltas guarantees that even in the worst-case scenario of a
scale-invariant power spectrum with n = —3, this contri-
bution to the variance is never large: indeed, we would have

03 _ ~ V? so that the variance would scale as 1/N,, i.e.

much faster than the 63 _ contribution discussed above; see
e.g. Eq. (85).

While this argument shows that o%,_ does not produce
the leading contribution to the variance of &, it also
suggests to us that it will enter its skewness, where the
connected six-point function automatically appears in the
configuration where all momenta are “pinched” two-by-
two. We can see this already for the simple estimator of
Eq. (73) for the nonlinear dark matter, i.e.

5 1[5,k
Npix k P(k>
The skewness of the estimator is given by
. E-1)
skewness(&) = «73” (94)
04
where
~ 8 1
E-1))=—5 /
E= 0=t [

(B0, (<k)B, ()3, (~k)3, (K")5, (k"))
P(k)P(K')P(K") .

(95)

Note that in the second term we have to keep only the
connected six-point function. Naively, this contribution is
suppressed by A*(ky.), but similar to the case of the
variance, there is a one-loop contribution to the connected
six-point function which is much bigger and can be
estimated as

P(p)P(k + p|)P(K) / P(q)

q

7 [ P ©2)

(E-1))

8 1
(A [0
Nﬁm( 8 Jrw Jq @
8 1 [k 6
- ° (1 o max 2 )
Nﬁm( " <kNL) 63’_> ©0)

This is the analog of Eq. (82) for the variance of . We can
see that the new large parameter

< k* )3—3n
ki

appears, making the second contribution potentially much
bigger than the first one. Assuming the perfect power-law

power spectrum and setting k, to be the fundamental mode
of the survey, we can estimate the skewness as

- 22

skewness(&) =

2 7(3_”)3
%3-773,.3

97)

(1+0(107%) x Npix).  (98)

pix

for typical numbers we used before: n~2 and k,, =~
0.1 h/Mpc and kyp = 0.3 A/Mpc. In this hypothetical
universe, even for O(10%) pixels, corrections to the naive
result become significant. For steeper power spectra, the
corrections are even more pronounced. However, as before,
in ACDM-like cosmology, these effects are never large on
perturbative scales.

It is worth emphasizing that so far we have considered
the case where kp,, < knp, such that for ACDM-like
cosmologies the impact of 63 _ or 63 _ is not dramatic.
However, if k., > kni, even in ACDM there can be large
contributions to the variance of the power spectrum
estimator. Weak lensing is the natural place where we
would expect this effect to show up.10 In that case it is
worth exploring alternative, more optimal estimators. We
will come back to this in Sec. IV C.

B. Large noise from mildly nonlinear scales

In the previous section we have shown how long-
wavelength fluctuations can lead to a possibly large
variance of naive estimators on small scales. It is interesting

""Notice that here we are disregarding other effects that could
prove to dominate the error budget in realistic scenarios, e.g. the
supersample covariance.
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to ask whether the opposite can happen. For dark matter
the answer is no, since due to momentum conservation
the impact of small-scale fluctuations on large scales is
strongly suppressed. However, for biased tracers the sit-
uation is different. Let us consider a galaxy density field
where nonlinearities induced by biasing and the shot noise
P, are very small. In this limit the variance of the naive
estimator of Eq. (74) for the amplitude of the linear power
spectrum can be written as

- 2V [ Pi(k)
var(&) :N—Iz,,-xAPz—(k)’ (99)

where we are neglecting the trispectrum contribution
assuming that the power spectrum is such that a%q_ is
not a large number. The galaxy power spectrum is given by
(assuming fiducial values of the amplitude and b; to be 1)

P = PO) + Pt 2 [ P@POR =g+, (100

where the ellipses denote the other one-loop terms that are
all suppressed by A?(kpma)- Even in the limit P, — 0 that
we consider in this paper, there is an effective noise at large
scales given by the third term in the previous equation.
Defining

Typ(k) =2 / P@P(k-q).  (101)

q
we can see that the large-scale limit of the effective noise is
given by the variance of &°. It is important to stress that
this term can dominate the total noise even in a vanilla
ACDM-like cosmology. Some well-known examples are
small-mass dark matter halos [62,111] or neutral hydrogen
[66,70,112]. In these examples the amplitude of the noise
on large scales can be even 10 times larger than the naive
Poisson expectation, and using the field-level methods
one can show that this noise comes exactly from the
quadratic bias nonlinearities we discuss here [62,66,70].
In a conventional analysis such a large noise contributes to
the covariance matrix, and it can lead to larger errors. On
the other hand, the field-level analysis remains optimal.

While it is possible to have a tracer such that Z 5 (k) >
P, on all scales of interest, this does not automatically
imply a dramatic difference in the errors between conven-
tional analyses and forward modeling. The reason is that
the errors can still be dominated by the cosmic variance. To
see this explicitly, we can write

Typ(k) = 2P(K) / _Plo)+2 / Pa)

q
o3, (k)
:2P(k)/ P(q) + 2]’; ,
q<k NL

where we have defined

(102)

P(q). (103)

03 (k) =2k /

q>k

This new parameter is similar to o-%_ but with some very

important differences. For instance, it is important to note
that this parameter depends on scale. While the integral is
still infrared dominated, the range of integration has a
natural IR cutoff at the scale of interest k. This is a
consequence of the fact that for each k we are considering
the effects of shorter modes that combine to produce the
effective noise on larger scales. The + sign in the definition
indicates that one has to calculate the contribution to the
variance of 6> coming only from modes larger than k. In a
simple power-law universe, we can estimate

2 3 3—n (k™ 3 2
62’+<k) = 2kNLP(k) —_— ~ ZkNLP(k)A (k)

2n -3 k_NL
(104)
Note that this implies that
o3 (k
Ies(k)= 2P(k)/ P(q) + zkt( )z4P(k)A2(k),
q<k NL
(105)

While 63 _ (k) can be much bigger than one, its contribution

to the variance of the estimator is controlled by the ratio of
T ss (k) and P(k), which is small. More precisely

~ 2V
var(?) zN—zi (1+ B2A2(k))2.
pix

(106)

Depending on the value of b,, the linear theory variance can
be increased by O(1) for k. ~ knp. While these effects
are not parametrically large, it would be worth exploring
the possibility to reduce the effective noise using the field-
level analysis in the future.

One might wonder whether higher-order terms in the
bias expansion can contribute with new large parameters to
the effective noise. For example, including (b3/6) x & in
the forward model leads to the following two-loop con-
tribution to the shot noise:

2
2 Pk-p-abrirta. (o7
6 Jpg
However, we see that in the low-k limit this contribution is
suppressed with respect to Z p5 (k) by the variance of the
density field on large scales, which is a small parameter.
This is generically true for higher-order contributions.
Let us finish this section by pointing out one interesting
result that follows from this discussion. Given that at the
field level we can predict the realization of the long-
wavelength fluctuations that lead to the effective noise,
we can also use these fluctuations in the data to infer
cosmological and nuisance parameters. In particular, we
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can measure b, from the amplitude of the effective noise.
We show this explicitly in Appendix B. Note that this is
very different from the conventional power spectrum
analysis. There, following the standard prescription for
renormalized bias, b, can be measured only from a shape of
loop corrections which is different from the flat power
spectrum of the noise. This suggest that there is a different,
potentially more optimal renormalization scheme, in which
information on bias parameters can be obtained from the
amplitude of the effective noise even in the power spectrum
analysis. We leave exploration of this interesting possibility
for future work.

C. Simple nearly optimal estimators

We have seen in previous sections how in different
situations standard power spectrum and bispectrum estima-
tors can have large variances due to various large param-
eters which emerge from averaging over interactions of
long-wavelength and short-wavelength modes. On the
other hand, in forward modeling, all such interactions
are explicitly taken into account and the analysis is always
optimal. We have shown that for the simple perturbative
model and in the limit of small noise, the posterior can be
calculated analytically, and for any cosmological parameter
of interest, one can find the optimal estimator in terms of
simple operations on the data Sg. However, our equations
do not apply in all regimes of interest. One example where
the variance of naive estimators can be large due to 6%’_ and
where one would benefit from doing the full field-level
analysis is measurement of A from small scales beyond
kni- Since our perturbative equations do not apply there,
one would have to do the full forward modeling which is
technically challenging. In this section we would like to
show that it is possible to find a middle ground and keep the
simplicity of the conventional analyses by using modified,
forward-model-inspired estimators that are nearly optimal.

In order to see how to construct these nearly optimal
estimators, we will first take a closer look at how the large
parameters cancel in the field-level analysis. We will focus
on o3 _ since it can have the largest impact in practice. First,
in the case of the nonlinear dark matter, the variance of the
optimal estimator of Eq. (72) scales as

2
var(€) = N
pix

[1+ O(A* (kax))]- (108)

i.e. without ag’_ appearing. This is manifest by the virtue of
the inverse model which is correct at one-loop order. We
emphasize that including Y5 in the inverse model is crucial:
6%,_ can appear in the one-loop trispectrum also from
diagrams involving the X5 kernel of the forward model.
A similar cancellation of a%’_ must happen in the case of
a linearly biased tracer discussed in Sec. III B, even though
it is a bit more difficult to show it explicitly. For simplicity,

we focus on the contribution of Eq. (89) to the variance of

the simplified estimator var(&) for the amplitude of the
power spectrum. Let us recall that this contribution makes
the variance of the estimator behave as (for a power-law
universe with the spectral index n ~ 2)

(1+0(0.01) x N}JJ).

var(&) = N2

pix

(109)

That is, while it is always a perturbative correction [var(&)
remains < 1 for a sufficiently large number of pixels], this
contribution can make the variance suboptimal and scale as

1/N fn/f if Npix 2 10°. To understand better this contribution
and how it is canceled when using the optimal estimator, it

is useful to expand the simplified estimator in terms of
the realization of the initial conditions & from which the
observed tracer field 6, is generated [93]:

~ ~ 1~ a
EdE+En =0 A —5(k)8 (k)

P(k)
165 (k)2
+ 03 / L 110
A Je P(k) (110)
where we have used the relation Y, = —X, and by the D

symbol we mean that we work at leading and next-to-
leading order in 5, but consider only terms that come from
expanding &,(k) in Eq. (87) at second order. The term that
gives rise to o3 _ in the variance of the estimator is <g%2>>.
More precisely, we have

DGR P(p)P(lk +p|)P(K' —p)
ar</ P(K) ) ‘4%/,,, PR)P(K)

2,,
xX,(k+p.p)X>(k'—p.p)
x X,(—k—p.p)X,(—k' +p.—p)

2 —%(3+n)
NNpiprix ’ (111)

where by the subscript we indicate that we are focusing
only on the contribution that gives rise to a%’_. In the last
line we have used the assumption of an exact power-law
universe without the IR cutoff k, to estimate the scaling of
the variance with the number of pixels. On the other hand,
the full field-level estimator of Eq. (48) is given by

£

€:1+55’

(112)
where we have defined

__quadr — (quadr)

5 = Tqaadr) (113)

and used Eqgs. (51) and (52). It is now straightforward to see
that in the variance of the full estimator £ the contribution
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from var(€(,)) is canceled; i.e. there is no appearance of
a%q_. Indeed, 6€ has zero mean so its typical value is given
by its variance. The contribution to its variance that
contains the parameter 0'%7_ comes from the second line

of Eq. (46), and is precisely given by

5(2) (1) 2
o (k)| 33+n)
8) 2 = (03)? / 1% ~NGTT
var(6€) ;= (o) Var< PR )y "N
(114)

Hence, we see that for large N,
small, and we can approximate

the typical value of 6€ is

& L
En————xE—E+/var(8E).
1 + /var(6€) (6€)

Let us stress again that the smallness of 6 does not imply
that the estimators & and & are the same. As we saw above,
the naive estimator can have the suboptimal variance, even
though all contributions decay with the number of pixels
Npix. Computing the variance of & in this approximation is
easy. First, it is straightforward to see that at leading order

(115)

var(€(;)) = o3. (116)

Then, using this leading order result var(&) = var(&(y)),
we see that the part of the variance of & (2) that contains the
large parameter ag,_ cancels with the contribution coming
from the variance of 6. We can treat the contribution
from Eq. (90) in a similar way. This time it cancels with the
part of “quadr” that contains the cubic interactions Y;.
More precisely, the cancellation comes from the terms
Y; ~ X, X,. In conclusion, the approximation to the true
estimator given by Eq. (115) is good enough to ensure that
the estimator is nearly optimal. This is the analog of the
estimator for local primordial non-Gaussianities derived
in [93].

We can also construct a simple estimator for the case where
A, is measured from nonlinear modes where our formulas do
not apply. This is particularly relevant for weak lensing
surveys where most of the signal comes from k > ky. In
order to do so, we can start from the observation that the large
covariance matrix for the naive estimator in Eq. (73) was
coming from two long modes modulating the short-scale
power spectrum. Indeed, the leading contribution to the
covariance matrix even in the nonlinear regime can be
expressed through the so-called response of P (k) to the
two long modes [109]."" This response is defined as

"More generally, responses can be defined and measured for
the nonlinear field rather than the power spectrum [113].

11 0*P (k)
R k’ ) == g )
2P1-P2) = 5 ) 3500060 o

(117)

where p; < k, and it can be in principle measured in
simulations [109]. What we want to achieve is to “remove”
this modulation of the power spectrum by the long modes.
We can define the following modified estimator for the power
spectrum:

Prv(k) = Py (k) - Y2 / Ra(k.p.—p)3,(p)3,(=p) P, (k).

where we have used 6(p) = Y,6,(p) onvery large scales. Itis
easy to show that large covariance of the standard power
spectrum estimator f’g(k) is exactly canceled by the second
term. For this reason we expect this new estimator to be
nearly optimal. Some indirect evidence for this can be found
for instance in Ref. [2] where it is shown that constraints on
cosmological parameters for a joint power spectrum and
bispectrum analysis improve once the cross covariance
between the two is taken into account. The reason is that
the bispectrum partially takes into account the effects of the
long modes on the small-scale power spectrum that we
discussed here. To include the whole information at leading
order one would also have to include the trispectrum. Itis also
important to note that 1326“’ (k) is not unbiased. However, the
bias is proportional to the variance of the field on large scales,
and therefore it can easily be computed in either perturbation
theory or simulations. In its essence, the proposed new
estimator is a version of reconstruction where the scatter in
IBg(k) induced by two long modes is reduced by using
the knowledge of realization of large-scale galaxy density
field. This is in spirit very similar to the standard BAO
reconstruction, but with the aim of undoing real gravitational
nonlinearities rather than displacements. It would be inter-
esting to explore this strategy in more detail and test it on
simulations or real data. We leave this interesting inves-
tigation for future work.

Finally, let us briefly comment on the case of large noise
from mildly nonlinear scales that we discussed in the
previous section. There too we can define

Hnew > b 6 s S
Pew == [ s k-p). (119)
k<q<knp

and check again that the second term cancels the large
contribution to the effective noise in P (k). Even though we
have argued that the noise contribution coming from a
quadratic galaxy does not lead to parametrically large error
bars, it would be interesting to explore this in more detail
and check if even a moderate improvement of cosmological
constraints is possible for very dense tracers such as neutral
hydrogen. We leave this for future work.
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In summary, we have shown in this section a few
examples of new simple estimators for the power spectrum
and bispectrum. Their form is inspired by computing
the full perturbative posterior and identifying relevant
long-short interactions that can make the standard analyses
suboptimal. The variance of new estimators does not suffer
from large parameters such as 0%_ or 6%. +(k). Therefore,
these estimators are nearly optimal, but still much simpler
to implement in practice than the full forward modeling.
This is particularly true in regimes where the simple
perturbative model does not hold, such as the nonlinear
regime.

V. CONCLUSIONS

In this work we have studied how well perturbative
forward modeling can constrain cosmological parameters
compared to conventional analyses based on n-point func-
tions. We have focused on the case where cosmic variance
dominates the error budget. In this limit it is easy to derive the
field-level posterior for cosmological parameters. We have
shown that perturbative forward modeling is equivalent to
conventional analyses: once the field is predicted at a given
order in perturbation theory, an analysis with all the corre-
lation functions one can correctly predict at that order will
achieve the same errors on cosmological parameters.

As all theorems, our result relies on several assumptions,
the main one being that the only relevant parameter for the
nonlinear evolution is the nonlinear scale. While this is true
in most situations of interest, even in ACDM-like cosmol-
ogies we know that there are other relevant parameters that
change this simplified picture. In the conventional analyses
these parameters can lead to either a depletion of the signal
or an increase of errors, making them suboptimal. We
discussed some examples, such as broadening of the BAO
peak or large contributions to the covariance matrix due to
the long modes. On the other hand, in all such cases the
field-level analysis remains optimal. Given these counter-
examples to our general claim, one may argue that the field-
level inference is the only way to harvest all cosmological
information. However, we have argued that in all relevant
cases one can do a simple reconstruction and use simple
modified estimators that are nearly optimal.

Do the results of this work mean that perturbative forward
modeling should not be pursued further? We think itis still an
interesting direction to follow. However, we argue that one
should carry out forward modeling fully perturbatively; i.e.
the marginalization over the initial conditions should also be
carried out in perturbation theory. It is only at this level that:
(1) the non-Gaussianity of the likelihood and the modulation
of the noise by matter fluctuations can be consistently
included; (2) the correct comparison to analyses based on
correlation functions can be carried out; and (3) one can have
a systematic understanding of how to implement the theo-
retical error [114,115] at the field level. In such a setup the
usefulness of perturbative forward modeling over standard

analyses would not come from obtaining better constraints
on cosmology, but from having an alternative way to include
information from higher-order correlation functions.
Importantly, we believe that if this direction is pursued
further and perturbative forward modeling is to be success-
fully applied to data, a full understanding of renormalization
at the field level and how it compares with renormalization of
correlation functions must be achieved. While here we have
not discussed this topic in detail, it being far from the scope of
this work, an interesting application of the formalism we used
in this work is presented in Appendix B, where we extend our
formulas beyond the zero-noise, cosmic-variance-limited
case discussed in the main text and apply them to show that
the “effective noise” discussed in Sec. IV B carries informa-
tion on the amplitude of the quadratic bias b, of the tracer
under consideration, even if the amplitude of the shot noise
P, is marginalized over. This goes against the usual lore,
where it is assumed that the low-k limit of Z p 4 (k) is fully
degenerate with P,, and hence, it is reabsorbed by it after
renormalization. We leave a more detailed investigation to
future work.

There are many other aspects of our work that require
further investigation. For example, a key ingredient in
building the posterior was the inverse model. It would be
very important to test the inverse model in simulations and
check its range of validity. Related to this, it would also be
interesting to evaluate our perturbative posterior given
some data Sg and compare it to the full forward modeling.
As we have explained, constraints on the BAO scale are the
only ones we expect to differ significantly. Therefore, it
would also be interesting to apply our methods to the
reconstructed galaxy field, where the large displacements
are largely removed and the agreement with the optimal
analysis is expected to be much better. Along the same
lines, one could try to implement our new nearly optimal
estimators in practice and check if they lead to tightening of
the error bars, particularly in the case of weak lensing. All
our results can be straightforwardly generalized to redshift
space. Finally, it would be interesting to do it explicitly, test
the inverse model in redshift space and develop a pipeline
for a realistic spectroscopy survey.

We conclude with some words on primordial non-
Gaussianity. Reference [116] discussed constraints on
primordial non-Gaussianity of the equilateral type at the
field level. The results of this work can be straightforwardly
applied to the case of non-Gaussian initial conditions'%: the
only difference in the formulas of Sec. II will be that
the prior is not anymore a Gaussian but depends on the
primordial bispectrum. The posterior at the field level will
still be a combination of suitably weighted correlation
functions of the data: hence, we expect that, for non-
Gaussianity of the equilateral and orthogonal type, working

"For recent constraints on primordial non-Gaussianity from
BOSS data see Refs. [117-119].
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at a given loop order at the field level will give the same
constraints on fy; as the correlation functions that we
correctly capture at that order. It is interesting that local-
type primordial non-Gaussianities are enhanced in the
infrared: however, unlike the case of CMB anisotropies
discussed in Ref. [93], the presence of the transfer function
never allows one to achieve scale invariance, and con-
sequently the effects discussed in Sec. IV A will never be
dramatic.
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APPENDIX A: FROM LIKELIHOOD
TO POSTERIOR-NONPERTURBATIVE
INVERSION

In this appendix we show how we can extend the results
of Sec. II to all orders in perturbation theory. The difficulty
of the calculation lies in how to treat the Dirac delta
functional to which the likelihood reduces in the limit of
small noise. For this purpose we introduce the following
compact notation:

(i) We use Greek indices to denote functionals of
momentum k. The initial conditions §(k) become
the “coordinates” ¢*. Similarly, the fiducial initial
conditions 6(k) become &. We will need to take
functional derivatives with respect to (k), and not
with respect to §(k): since there is no possibility of
confusion we denote these simply by d,, without any
superscript.

(i) Latin indices are used for the remaining parameters,
i.e. . We use 0; to denote derivatives with respect to
these parameters. These derivatives are always

evaluated at the fiducial values @ of these parame-
ters: hence, we do not need to use any further
symbol.

(iii) We define the following quantities (we use the letter
“F” as in “forward model”):

F* = 5,[5,0](k), (Ala)
F* = F[5,0)(k), (Al1b)
" = F[5,0)(k). (Alc)

XH = f# — fr, (Ald)
D, = o, F*, (Ale)
Dty =0,0, -0, FF. (A1f)

Then, we define f"y as the matrix inverse of
Eq. (Ale). That is,

D, =8, =5/=DT1", (A2

(iv) Similar definitions hold for the derivatives of F*.
That is, we have

D4, =0, etc. (A3)

(v) The remaining definitions we need are those for the
prior. We have

A N

P =P[3). (A4)

Moreover, we also define the symmetric matrices

P(k)(27)365) (k+K') = P*,  (A5a)
P (k)(27)%65 (k + k') = P,,,  (ASD)

so that
d,InP=-P,5 and 9,0,InP=-P,. (A6)

After cleaning up we will arrive at expressions involving
only P together with its derivatives oy In P and 0,0, 1n P,
the derivatives of F* with respect to the parameters 0 at
their fiducial values 9, the matrix ’:7",,, and the matrices
D, ..., with their derivatives 9,0, , _, . At the end of
Sec. A 3 we will drop out all “hat” superscripts to make the
notation as compact as possible. We will also need to take
averages of various expressions over 5: we denote these

simply by (---).

1. Marginalization over initial conditions

As discussed in Sec. II A, in the cosmic-variance-limited
case the conditional likelihood becomes a Dirac delta
functional. We recall Eq. (7), i.e.

P50 = / D) (F = F)P[3). (A7)

In Sec. II we carried out this integral by solving perturba-
tively the delta functional for 6 in terms of 5,. Now we
will see how to carry out this integral at all orders in &.
Before proceeding notice that we have only considered a
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dependence of the forward model, and not of the prior, on
0. As discussed in Sec. II there is no loss of generality in
doing this.
Back to Eq. (A7). We do the change of variables
H =4 Ar. (A8)
The advantage is that we expect that the integrand peaks at
A# =0, so it pays to write

N ~ 1 -
Fr— = DA 4 2 D A = X (A9)

=G[A]F

and after changing variables from A* to Y# = G[A]* we get

~InP[5,/0) = —In P[5+ G'[X]] = In (A10)

| 0G~1[X]
5
It is important to emphasize that here we consider only
the solution of Y# = G[AJ* connected to linear theory, as
we have done throughout the rest of the paper. If the
forward model is built from a filtered field, and is itself cut
at a finite momentum (or if equivalently we are working
with a coarse enough lattice in real space), this is a good
assumption.

What we need to do now is to compute derivatives

0;, -+ 0; : the key point that comes to our help is that X

vanishes if @ = 6. Let us first check that the average of the
first derivative vanishes once we average over the fiducial
initial conditions (Sec. A 2), and then obtain expressions
for the second derivatives (Sec. A 3).

i "

2. Unbiasedness
Showing unbiasedness is now straightforward irrespec-
tive of what kind of parameter we are looking at. First, we
need an expression for G™'[X]#. Luckily we only need this
as a power series in X*. Given the definition of Eq. (A9), it
is easy to see that

~ 1~ ~ ~ =

Gl[X]F =1+ X" — EI”ﬂI"pI”aD/’MX“X/j +---. (A1)
To obtain this equation we have used the relation

01, =-1"D,1°, (A12)
and the tensor multiplying X?X? is symmetric in a < f
because D’,, = D”,,. Notice that we need the expansion
up to second order because of the Jacobian in Eq. (A10).
Being careful about the sign in the definition of X* in

Eq. (Ald), we obtain

—0;InP[5,|0] = (9, nP)I*,0,F* + 9,{1%,0,F*}. (A13)

It is easy to see that the average of Eq. (A13) over the
fiducial initial conditions vanishes. We can—somewhat
suggestively—rewrite it as

—0,InP[5,0) = (0, InP)I*,0,F* +0,{1* ,0,F"} =V, V.,
’ N—— ——

(A14)

where averaging over 5 is equivalent to integrating over 5
with a measure given by a diagonal metric with determinant
equal to P. Using Stokes’ theorem, and the fact that the
measure vanishes exponentially fast on the “boundary,”
we get

(—0;InP[5,)8]) = 0. (A15)

3. Second derivatives of log-posterior

When looking at second derivatives the algebra becomes
more complicated. It is helpful to define the matrix Z¥, as

_ G~ [x)

2y oxv

(A16)

with (Z7')* as its matrix inverse. Then, we have that
—0,0;InP[5,|0] contains four terms: two come from the
prior and two come from the Jacobian. More precisely, we

have

—0,0;InP[5,)6]
=—(0,0,InP)9,G"'[X]#9;G ' [X]* - (9, InP)0,0,G X}

+ (Z_l )Up(Z_l )Gyaizﬂlzajzf)o‘ - (Z_l )yﬂaiajzyw (A17)
= +I%
where we have used the relation
—1 _ —1 n —-1\o
al(z )ﬂa - _(Z )”/)(aizl ()’)(Z ) a (AIS)

In order to compute the last term in Eq. (A17) we need to
extend Eq. (A11) to third order. We get

GHX = 9 X0 = LT, 1,1 XX
+ T M gy XOXPXT (A19)
where
Loy 22051 Lz 2 50 %0 5 5
M oy, = _ED poiil? o L%3L", + ED PO T APy D APy K
(A20)

We then have all the ingredients to compute all four terms
of Eq. (A17). From now on we drop all “hat” superscripts:

all quantities are intended as evaluated at 0.
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(1) The first prior term, involving the first derivative
squared of the forward model, is given by
0,G7'X|F0,G7 [ X]Y =TI+, 1%,0,FP0,F°.  (A2l)

(i) The second prior term, which instead involves the
second derivative of the forward model, is given by

0,0;G™"[X] = ~T#,0,0;F* +2T*,I7 ,0,F*0; D"
—T¥4TH 1, D", 0, F0; FF.  (A22)

(iii) The first of the two Jacobian terms is

JI =1¥,7°,0,D° 0,1,
- 27,0, 1°,27 ,0,F*0, D,

+I7,D°, DH 7 T T 10, F 0, FF. (A23)

(iv) Unsurprisingly, —(27")40;0;Z*, is by far the most
complicated term. We have

J? = 10,0,0,D% — 21°,17 0,17 ,0,D% + 417 , 17, D, T 10, F°9; D",
+ 17,27, D, TP 0, F°0, D, + T7 D5, TP 7,0, F0, D,
— 277, 1#,0,F°0; D%, — I? , I/ ;D5,0,0,;F° + D, 7%, T7  T° 40, FF 0, F*

— D, D, TH T T, T° 40, FP0,F — 210, D¥, T TV T, T° ,0,FP0, F*.

In the next sections we use these expressions to show that,
if one knows the full matrix Z*,, the field level reproduces
the linear-theory errors for parameters that appear only in
the linear power spectrum.

Before proceeding, we emphasize that there is actually a
great simplification in Eq. (A17). By direct calculation one
can show that —(d,, In?)9,0,G~'[X]* and —(Z~')" ,0,0,Z",
combine to give

—(0, InP)0;0,G [X)* — (271)¥,0,0;2",

= VM{(),-()]G‘I [X]"}, (A25)
where the “covariant derivative” V, is defined in the same
way as in Eq. (Al14).

Also, notice that a relation of the sort of Eq. (A25)
should have been expected. It essentially shows that,
on average, the error is controlled by “first derivatives
squared” of the forward model, and not second derivatives.
This is in line with the “standard” Fisher matrix expressions
for marginalization over parameters; see e.g. Eq. (62) of
Ref. [120] for a review.

4. Reproducing linear theory

Let us now show that, for parameters appearing in the
linear matter power spectrum, the forward model reproduces
linear theory if the inverse matrix Z*, is known exactly.
Recall the discussion in Sec. II A: whatever the parameter we
are looking at, we can make the change of variables

5(k) — z(k.0)5(k), with z(k,8) =

(A24)

The prior for the new ¢ is a Gaussian with a power spec-
trum equal to the fiducial linear power spectrum at that
redshift, and all the dependence on the parameters 6 is
now in the forward model. We can then use the results of
Sec. A 3.

For simplicity of notation we denote derivatives with
respect to the single cosmological parameter we are
focusing on (evaluated at their fiducial) via ' and 9, . It
then proves useful to define the field y(k) and the matrix
I'(k, k') as

10 =175 0
Tk, K) = gg(i‘)) _ j((:”é)) s (k—K).  (A27)

Then, the key result is that derivatives with respect to any
parameter can be rewritten in terms of derivatives with
respect to the initial conditions. For example, it is easy to
see that

, . '(K,0) . OF(k,0)
0, F* =D, ie. F'(k,0 :/T( sk .
o k0=, (K .0) ( )05(k’)
(A28)

One can see why this formula works by expanding the
forward model in a power series in 7(k, 0)5(k): Eq. (A28) is
a consequence of the fact that 7(k, @) and 5(k) enter always
in this particular combination in this power series.

With the chain rule, and the fact that 9; d, = 9,,0;, we can
obtain similar formulas for other derivatives appearing in
Eq. (A23). More precisely, we have
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aiUDMV = al/aioFﬂ = av(prﬂp) = vaD”p + 7pDﬂpv

(A29)

We can then use Egs. (A28), (A29) in Eq. (A17). Recalling
Eq. (A6), all terms combine to give

_0120 In P[Sg\é] = P,r"y* +T%I7, + total divergence.

(A30)
Using the relations

p=Tr8 and (&)= Pw, (A31)

we see that the average error per d*k/(2z)* and per unit

volume is
2(7/(](’?))2,
7(k,6)
i.e. the same as in linear theory.
We also emphasize that, while to arrive at Eq. (A30) we
have dropped the total divergence, we have explicitly

checked that if we consider also all the terms coming from
Egs. (A22), (A24) we obtain"?

(A32)

—32 InP[5,|0] = 3P, p'y —T%07,,

o

(A33)

whose average is clearly the same as Eq. (A30).

APPENDIX B: INCLUDING FINITE SHOT NOISE
(AND SHOT NOISE RENORMALIZATION)

In this appendix we want to address the following
question. In Sec. IV B we have seen how it is the “effective
noise”

2
P+ ﬁiil’[(l)z'ézéz (k) (B])
and not only the shot noise P, that controls the variance of
the naive estimator for the amplitude of the linear power
spectrum. There we were focusing on the scenario where
P, < P(k), the quadratic bias b, is fixed, and we want to
measure A,. But what if we instead want to measure b,?
And what if we do not know what P, is, and want to
marginalize over it? Is there some information on b,
contained in the effective noise?

To answer this question we need to include a finite P, in
our calculation of the posterior. It is sufficient, however, to
assume the following: (1) the limit P, < P(k); (2) that the

BNotice that, in order to derive this result, one needs also
quantities such as 62 F* and 0; D*,,. These are straightforwardly
obtained from Eqgs. (A28) (A29)

fiducial noise is zero. In this case, we can derive a
. . . . 14
perturbative expansion of the posterior via

P, @
0= (1 +7/k 05, (k)05 (k)

N P’ il
8 kp dgg(k)d

L[5,

5,(—k)35, ()05, () | )
x 65°)(8, — 5,[5.6)). (B3)

At this point it is straightforward to compute the
posterior at each order in P./P(k) by bringing the series
of derivatives out of the functional integral of Eq. (5).
We obtain

~InP[o]5,) = [5,,

1 N
§X§ﬁor 6] — Tr InJ[5,, 0]

=-InP[0)3,)

_/( 1n770|5 1o

5,095, (-4
1n7>[ 3]) < lnP[0|5]>>

|
( ) g(_k)

+ee (B4)

where the higher orders in P,
obtained from Eq. (B3) using

are straightforwardly

aP1015,), .

o= PlOI5,)o)
R

36, (k) (B)

After averaging over the fiducial initial conditions, we
see that the leading order in this expansion is still given by
the formulas of Sec. II. More precisely, we find

14, . . . .
There are many ways to derive this expansion, e.g. via the
Fourier transform. For one-dimensional integrals in dx one can
write

i7ld—f(x)]

1 _la=r)? +00 22
e 2 = dJeFe

0

+oo +oo (—])”0'2",]2” .
[d=f(x)]
/_ dJ(Z i )el g

o0 n=0
+oo +oo o 92
/_go o (Z 2"n!> a2

+oo 62n 0211

=2 g (€= ). (B2)

[d—f(x)]

where the Dirac delta is normalized such that [©2° dxél()l> (x)=1.
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w3 =22y [ EORIER) g
kp

4 P(k)

which is a one-loop term. Notice that here we have
already expanded up to second order in 60 = 6b,. The
first order in 6b, vanishes, consistently with unbiasedness.
For the same reason, also the linear order in P, vanishes
(one can use the formalism of Appendix A to provide a
nonperturbative proof of this). One can then derive, in a
straightforward albeit tedious way, the orders 60, x P, and
P2, both at tree level and at one-loop order. Let us, however,
discuss the expression for the error on b, after marginali-
zation over P,. By inverting the matrix of second deriv-
atives of minus the log-posterior with respect to b, and P,,
we find

1 *(=InPB5,)) (P (-nPBI5,)\2
o}, ob3 0b,0P,

2(_ 5 -1
sy -
oP;
This error can be expanded in loops, i.e. in powers of
A?(k). The leading-order (LO) contribution will be a one-
loop term, the next-to-leading-order contribution (NLO) a
two-loop term, and so on. From this expression we can now
see that the explicit form of minus the log-posterior at
orders 6b, x P, and P? is not important. What is crucial is

that at tree level only the order P? is not vanishing, being
equal to

?(—=InP[05,]) V/
k

1
5 = ——— at tree level.
oP; 2

P*(k) (B8)

This leads to

) <a2<—1n7>[0|8g1>>2(az<—1n7>w|3g1>
0b,0P, oP?

) " _NLO, (BY)

and consequently

_ P (=InPBl5)) V/ P(p)P(lk—p|)
kp P(k) .

1

2
sz

ob3 2

LO B
(B10)

This tells us that at the field level not only can we still
constrain b, after marginalizing over P, and that there is
information on b, in the amplitude of the effective noise,
but also that the error on b, becomes smaller the larger the
low-k limit of Z 2 (k) is. This suggests that one should not
let P, absorb after renormalization the full lim_o Z 55 (k),
but only the part of the loop integral in lim;_y Z 55 (k) from
~kyp, to very UV modes. This would be similar to what
happens with the speed of sound and the low-k limit of P
for the nonlinear dark matter. A more detailed investigation
of this is left to future work.
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