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Diode effect in the Fraunhofer pattern of
disordered planar Josephson junctions
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The Josephson diode effect describes the property of a Josephson junction to have different values of
the critical current for different directions of applied bias current and it is the focus of intense research
thanks to the potential technological applications. The ubiquity of the experimentally

reported phenomenology calls for a study of the impact that disorder can have in the appearance of the
effect. We study the Fraunhofer pattern of planar Josephson junctions in presence of different kinds of
disorder and imperfections and we find that a junction that is mirror symmetric at zero-field forbids the
diode effect and that the diode effect is typically magnified at the nodal points of the Fraunhofer
pattern. The work presents a comprehensive treatment of the role of pure spatial inhomogeneity in the
emergence of a diode effect in planar junctions, with an extension to the multi-terminal case and to

systems of Josephson junctions connected in parallel.

Non-reciprocal effects in superconductors manifest with the magnitude of
the critical current acquiring a dependence on the direction of the applied
current. Such a feature results in the so-called Superconducting Diode
Effect (SDE), and ultimately yields supercurrent rectification. Motivated
both by fundamental questions about the underlying generating
mechanisms and by potential technological applications in dissipationless
nanoelectronics', a large amount of scientific work has recently focused on
the diode effect””. The latter has been observed in the critical current of two
classes of systems: i) in bulk materials, where it is a thermodynamic
property of the superconducting state, in which case the term SDE is more
appropriate, and ii) in Josephson junctions, where the switching to a dis-
sipative state involves mostly the junction and the bulky terminals main-
tain their superconducting properties. In this case, we refer to the
Josephson Diode Effect (JDE).

Nonreciprocal critical supercurrents have been measured in non-
centrosymmetric systems with Rashba spin-orbit coupling and in-plane
magnetic field*"’, in the fluctuation state of polar superconductors'’, in
nanopatterned devices'', non-centrosymmetric superconductor/ferro-
magnet multilayers'’, and in trilayer twisted graphene in zero magnetic
fields, where it points to a time-reversal symmetry breaking state'’. SDE
has been proposed and measured for finite-momentum Cooper
pairs"'°, and it has been measured in twisted high T, superconductors
junctions'”".

In Josephson systems, JDE has been proposed and measured in a
number of different devices, such as junctions with conventional

superconductors and central regions with spin-orbit interactions**'’,

Dayem bridges™ >, and interferometric setups featuring a high-harmonic
content”’. JDE has been observed in junctions hosting screening
currents™”, self-field effects induced by supercurrents””, and phase
reconfiguration induced by Josephson current and kinetic inductance”. It
has also been observed in multi-terminal devices™' gate-tunable
junctions”*”, and through the back-action mechanism™*.

It is widely accepted that the crucial conditions for the emergence of the
diode effect are time-reversal and spatial-inversion symmetry breaking,
together with high transparency in Josephson junction realizations. How-
ever, whether inversion and time-reversal symmetries are broken in a global
intrinsic way or at a local extrinsic level and how this impacts the experi-
mental phenomenology remains unclear. In particular, the role of disorder
in the junction, either via short-range impurities, or through geometric
asymmetries and applied gate voltages, is not yet evident. Within this
context, an analysis of the symmetries and their impact on the diode effect
motivates the present work, especially concerning the role of spatially
dependent phase patterns in determining a reciprocity symmetry breaking.
To this end, interferometry is a powerful investigation tool.

In this work, we investigate the Fraunhofer diffraction pattern in planar
Josephson junctions focusing on the role of spatial inhomogeneity in the
emergence of a diode effect at finite flux. In a planar Josephson junction,
schematically shown in Fig. 1a, two superconducting terminals are coupled
via a central normal region threaded by a magnetic flux that acts as a
diffraction center for Cooper pairs. In traversing the junction in the
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Fig. 1 | Schematics of a planar Josephson junction. A magnetic field yields a

position-dependent phase that induces a diffractive Fraunhofer pattern in the critical
current. The cross-product between the current and the magnetic field determines
the mirror symmetry plane. a Two-terminal junction and b four-terminal junction.
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direction of the phase bias ¢, Cooper pairs acquire a phase that spatially
depends on the transverse direction,

P(x) = ¢ — 21D(x)/ Dy, 1)

with ®(x) the flux of the field through the area to the left of x and ©y = h/2e
the quantum superconducting flux, which yields the typical interferometric
pattern in the critical current. It becomes clear that such a device is sus-
ceptible to spatial inhomogeneity, which locally affects the phase acquired
by the Cooper pairs and the resulting interferometric pattern. As one of the
most important results, we find that, in junctions that in absence of magnetic
field are symmetric under a specific mirror symmetry, a JDE can be ruled
out. In turn, in all the devices considered in which the relevant mirror
symmetry is broken a JDE always occurs.

By means of the rectification coefficient as a figure of merit, we analyze
the Fraunhofer pattern of different specific configurations that break mirror
symmetry, such as smoothly varying profiles, structures with short-range
disorder, and geometrically asymmetric devices. We report qualitatively
similar results, with spikes in correspondence of the nodes of the Fraunhofer
pattern, where JDE is magnified due to destructive interference, that sup-
presses the current in one direction more than in the opposite direction. A
statistical analysis of the rectification coefficient in disordered systems shows
a common trend of its root mean square, that can be ascribed to mesoscopic
critical current fluctuations and that suggests further investigation. The
analysis is extended to arrays of Josephson junctions connected in parallel
and to multiterminal junctions, where the phase at different terminals can be
used as a knob to modulate the Fraunhofer pattern and tune the diode effect
at finite magnetic flux, thus extending the results on multiterminal JDE**"*
to the case of the Fraunhofer interference pattern.

The present work offers a comprehensive analysis of the role of mirror
symmetry and of disorder in the emergence of the Josephson diode effect in
realistic devices.

Results

The Josephson diode effect in a junction is studied by assessing the equili-
brium current I(¢) as a function of phase bias ¢. The latter can be expressed
using the free energy of the system F(p) at temperature T as I(¢) = 2/
®0)9F(9)/0¢™. The critical currents for positive- and negative-bias currents

are defined as

It = maxI(9p), I7 = minI(y),

¢ = maxl(p) ¢ = minl(p) )
and a JDE occurs when IF#|I]|. The efficiency of the diode effect is
quantified by the rectification coefficient

It —|I7|
N TR ©
We are interested in the dependence of the critical currents on the external
flux @ produced by an orbital magnetic field that threads the junction. From
the Onsager reciprocity relations, it follows that, in general, we have
I (®) = —I7 (—®). In particular, we now demonstrate that for a system
that is mirror-symmetric in zero field we have I (®) = —I_ ().

Absence of JDE in mirror-symmetric junctions

We formalize this concept by focusing on the role of spatial mirror sym-
metry in the junction using a scattering matrix approach” *. The latter is
particularly suited to study mesoscopic coherent systems, allowing us to
make general statements, independently of the particular realization. By
knowing the scattering matrix s(e¢) describing the central normal region and
assuming its dependence on energy e can be neglected on the scale of the gap
A, we can obtain the Andreev spectrum by the singular values of the complex
matrix" (Supplementary Material: Sec. I - Scattering Matrix Formulation)

1
A= E(rAs+sTrA)7 (4)

with r, = diag(e~*#/21;,€'%/21 ;) and 15, are identity matrices with the
dimension of the number of open transport channels in the L(R) lead.

We consider a specific mirror symmetry of the junction. With refer-
ence to Fig, 1a, this is given by M,, such that M, xM ! = —x. For a general
scattering matrix s that is mirror-symmetric in the absence of the external
field, we can write

M, s(@M, " = s(—), )

with @ the total flux through the junction. Furthermore, by the Onsager
reciprocity relations we know that s"(®) = s(—®), from which it follows that
the matrix A transforms under mirror M, as

M A(p, D)M ' = r A(—g, D)r,. (6)

This results from the fact that the phase difference ¢ is unaltered by the mirror
symmetry M,. Since the singular values of A give the Andreev spectrum, a
similarity between A(p, @) and A( — ¢, @) guarantees that the free energy
satisfies F(¢, ®) = F( — ¢, @), from which it follows that the current satisfies
1(p,®) = —I(~9, D), @)
and from the Onsager reciprocity relations a diode effect cannot occur.
Without zero-field mirror symmetry, a diode effect cannot be ruled out, and
its features depend on the system microscopic or macroscopic spatial details.
It is crucial to appreciate how other choices of zero-field mirror
symmetry cannot yield conclusive statements about the absence of
JDE. For example, for a system whose scattering matrix satisfies
Mys((ID)M;1 = s(—®), we obtain MyA((p, d))M;1 = riA(p, ®)r}, so that
we cannot conclude anything regarding the presence or absence of JDE.
Furthermore, it is interesting to consider the inversion symmetry, or parity,
P, which maps r — — r. Inversion symmetry can be decomposed as the
product of three orthogonal mirror symmetries, P = M, M M. Assuming
that M, is broken implies breaking of the inversion symmetry. At the same
time, a zero-field mirror symmetry about M, rules out the JDE, showing
that, generally, inversion symmetry breaking is only a necessary condition.
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Fig. 2 | JDE in the Fraunhofer pattern for a planar Josephson junction with long-
wavelength spatial modulations. The junction is schematically depicted in (f), in
which two superconducting terminals kept at phase different ¢ are contacted to a normal
region of width W, length L, and pierced by a magnetic field B that induces a flux ® = BA,
with A = WL the area of the central normal region. a Critical currents I* as a function of
the external flux @ resulting from the local onsite potential

8U; = V,(tanh((x; — W/2)/W ) + 1)/2, for V;=0.1£,y =03t and W, =204,
shown in the top-left of the figure. b Rectification coefficient # for the critical currents
shown in (a). ¢ Dependence of the rectification coefficient # of b on the gate potential V,
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for different values of V. d Critical currents I* as a function of the external flux ®
resulting from the local onsite potential §U; = V(tanh((y; — L/2)/W,) + 1)/2,
shown in the top-right of the figure. e Rectification coefficient # for the critical currents
shown in (d). The residual value arises due to the discretization of the grid. f Schematics
of the wide Josephson junction and square lattice of lateral dimensions W = 100 a and
L =20 g, in terms of a microscopic unit length a, employed in the tight-binding model to
calculate the scattering matrix. Semi-infinite leads are attached to the scattering region’s
top and bottom. A potential barrier of strength Up,o; = 0.2 ¢ is added at the interface with
the leads.

Introducing n as the vector normal to the plane defining a given mirror
transformation M,,, we have that JDE appears when the system breaks the
mirror for which n is parallel to the cross product between the applied
external field B and the direction of the current bias j yielding the junction
phase difference ¢,

n |l jxB, ®)

already in absence of the magnetic field. With reference to Fig. 1a, we have
n = X. This result is general and, in particular, it can be extended to the case
of SDE and JDE in systems with Rashba spin-orbit interaction and in-plane
Zeeman field**”: in that case the magnetic field is in the plane of the junction,
orthogonal to the current bias, and the Rashba spin-orbit term appears due
to the breaking of the mirror symmetry about the plane of the junction. We
point out that a magnetic field alone is a source of mirror symmetry breaking
for any mirror plane containing the field, as can be seen by choosing a gauge
for the vector potential A(r) = (0, Bx, 0). At the same time, if the magnetic
field is the only source of mirror symmetry breaking and the field is uniform,
the junction spatial symmetry dictates how the scattering matrix transforms
under mirror symmetry.

Although a symmetry analysis cannot guarantee the onset of JDE, an
important point is that junctions that at zero-field break the M, symmetry
always show JDE. In the next sections, an analysis of several different kinds

of structures that break the mirror symmetry M, in the zero field will
corroborate such a statement.

Planar Josephson junctions
Wide Josephson junctions comprise an extended normal central region
connected to two wide superconducting leads, schematically depicted in
Fig. 1a. Here, we focus on two-terminal planar systems and consider three
instances of spatial inhomogeneity: i) a geometrically inversion symmetric
ballistic junction with a spatial potential in the central area that varies on a
long length scale, on order of the junction lateral sizes, ii) a clean ballistic
system with a trapezoidal geometric shape, iii) a geometrically inversion
symmetric, ballistic junction with a spatially varying potential that varies on
a short length scale, on order of the interatomic distances. The case i) is
compatible with the charge profile induced by the back and side gates, and
the case iii) is compatible with local disorder.

We model the central region using a generic tight-binding model on a
square lattice, as the one schematized in Fig. 2f of the main text, described by
the Hamiltonian

_E : i i6;; T
Hc - Uiciacia —t Z e Jciocjﬁ
i,0

<ij>o

+ H.C.7 (9)

where c;, describes electrons with spin o= 1, |, at position r;, and the index i
runs over all the lattice points of the central region. The square lattice has a

Communications Physics| (2025)8:483


www.nature.com/commsphys

https://doi.org/10.1038/s42005-025-02364-y

Article

(@) o7
0.6
05
0.4
0.3
0.2
0.1

I1./1

(b) 04

0.2

—0.2

—0.4

Fig. 3 | JDE in the Fraunhofer pattern of geometrically asymmetric junctions.
a Critical currents I* as a function of the external flux @ for the trapezoidal junction
shown in the top-right inset, with width W = 100 a and left and right lengths
L;=25a, L,=15 a.b Rectification coefficient # for the critical currents shown in (a).
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¢ Critical currents I as a function of the external flux @ for the trapezoidal junction
shown in the top-right inset, with bottom and top width W, =120 a, W, =80 4, and
length L = 20 a. d Rectification coefficient  for the critical currents shown in (c). For
all panels, we set y = 0.3 ¢, barrier 0.2 ¢, and 6U; = 0.

sublattice symmetry that yields a particle-hole symmetry in the spectrum.
Electrons have onsite energy U;=4t— u+ 6U, comprising a chemical
potential contribution ¢ and an additional onsite potential §U; = 6U(r;), and
can hop among nearest-neighboring sites with amplitude — te®/, where the
Peierls phase 0,; = £ f:f A(r) - ds is due to the external magnetic field
B =V x A. The central region is attached to the superconducting leads, and
potential barriers that shift local energy are added to the contact interface.
We consider transport at zero energy in the limit in which the energy
dependence of the scattering matrix can be neglected, which corresponds to
a system length L < &, with & the coherence length of the superconducting
leads, and numerically simulate several systems employing the KWANT
package” (Supplementary Material: Sec. II-Comparison with realistic
systems).

Asa general trend, we find that when the zero-field mirror symmetry of
the junction is broken, a JDE appears, which is highly enhanced at the nodes
of the Fraunhofer pattern, where the critical currents do not go to zero
simultaneously.

Smooth potentials. We first consider a central rectangular region of width
W =100 a and length L = 20 a, in terms of a microscopic discretization length
a, schematized in Fig. 2f. We set the chemical potential at 4 = 0.3 ¢ in both the
central region and in the leads and apply a non-uniform potential
8U(x,y) = V,(tanh((x — W/2)/L)+ 1)/2. The potential, which also
comprises a shift of the chemical potential, is not symmetric under M,, such
that M, 8U (x, y)M '#8U(—x, y), and it is shown in the upper right inset of
Fig. 2a for a value of V= 0.1 £, producing a smooth profile that changes on a
length L, = 20 a. Potential barriers, that shift the local energy by 0.2 ¢, are
added at the interface with the contacts. In Fig. 2a, we show the associated
Fraunhofer interference pattern for the critical currents I . We see that the
presence of a smooth potential breaking the mirror symmetry M, produces a
diode effect, as quantified by the rectification coefficient # shown in Fig. 2b,
reaching rectification 30%.

The fact that a smooth, long-wavelength potential can yield a diode
effect suggests that the latter can be tuned by applying a gate. The potential
shown in the inset of Fig. 2a well approximates the one produced by a back
gate that occupies the right side of the junction. In Fig. 2¢c, we plot the
rectification efficiency for few values of the gate potential, V/

t=0.02,0.04, 0.06, 0.08. In the first lobe, we clearly see a trend for which the
rectification increases with the gate potential. In turn, we see no clear sys-
tematic evolution of the curves for increasing gate strength. The rectifica-
tions show spikes in correspondence with the nodes of the Fraunhofer
pattern, which are due to destructive interference acting in different ways for
trajectories that go from one lead to the other and vice versa.

We then consider a potential that is even under M, but that is not
symmetric under M,, thus breaking the inversion symmetry P. Specifically,
we choose 8U(x,y) = Vtanh((y — L/2)/L,). The potential satisfies
M, 8U(x, y)M; ! = 8U(—x,y), My(SU(x,)/)M;l;«t(SU(x7 —y), and it is
shown in the top-right inset of Fig. 2d for a value of V, = 0.1¢, yielding a
smooth profile that changes on a length L, = 20 4. As clearly shown in
Fig. 2d, the two curves I * (®) cannot be distinguished and the rectification
coefficients are less than 0.4%, as shown in Fig. 2e. This result is significant,
as it corroborates the finding that breaking of inversion symmetry cannot
guarantee a JDE and that the presence of a symmetric profile under M,
guarantees no JDE.

Geometric asymmetry. In Fig. 3, we consider the case ii) of a clean
system with a trapezoidal shape. We consider two possible cases, one in
which the distance between the two leads varies with the lateral position,
shown in the upper left panel of Fig. 3a, and one in which the size of the
leads is different, shown in the upper right panel in Fig. 3c. We see that the
shape of the central region is sufficient to break the M, mirror symmetry
of the junction, producing a diode effect, as quantified by the rectification
coefficient 7 shown in Fig. 3b, d, reaching up to 40%. In Fig. 3a, we see that
the position-dependent distance between the leads for the entire structure
yields a phase average that suppresses destructive interference. In con-
trast, in Fig. 3¢, the phase averaging arises from additional trajectories on
the system’s right side. In the present case, the system is fully ballistic and
coherent, and the averaging effect is solely due to the geometry that
introduces paths with different lengths that add up to build the inter-
ference pattern.

Short-wavelength disorder. We then consider the case iii) of a potential
that varies on a shortlength scale, with local impurities of strength §U;
randomly distributed between — Uy/2 < 8U; < Uy/2, as shown in the
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Fig. 4 | Fraunhofer interference pattern of a planar Josephson junction with
short-range disorder. The junction structure is as in Fig. 2. a Critical currents I* asa
function of the external flux ® resulting from the local onsite potential 6U;, with
— Uy/2 < 8U; < Uy/2 randomly distributed for Uy = 0.1 ¢, shown in the top-right inset.
b Rectification coefficient # for the critical currents shown in (a). ¢ Critical currents
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I* asafunction of the external flux ® resulting from alocal onsite potential §U;, with
— Uy/2 < 8U; < Up/2 randomly distributed for Uy = 0.1 t and symmetrized
8U; — (8U; + M,8U;M;")/2, shown in the top-right inset. d Rectification coef-
ficient # for the critical currents shown in (c). The chemical potential is set
tou=03t

upper left panel of Fig. 4 for Uy =0.1 . This is a relatively weak short-
wavelength disorder of the Anderson type, that yields a long mean-free
path £, much larger than the Fermi wavelength. The resulting Fraun-
hofer interference pattern for the critical currents I is shown in Fig. 4a,
together with the rectification coefficient in Fig. 4b. Analogously to the
previous case, the broken mirror symmetry M, is sufficient to give a diode
effect in the Fraunhofer interference pattern, which is qualitatively very
similar to the case of a smooth uniform potential of Fig. 2a, b. In parti-
cular, spikes appear in the rectification in correspondence of the nodes of
the Fraunhofer pattern that are accompanied by sign changes of the
rectification. In addition, we check that by imposing symmetry under M,
the JDE disappears. To this end, we first generate a configuration with §U;
randomly distributed between —Uy/2 < §U; < Uy/2, and then symmetrize
it such that 8U; — (8U; + M, 8U;M;")/2. The resulting potential is
shown in the upper right panel of Fig. 4c and the associated currents I*
shown in Fig. 3¢ are not distinguishable with the naked eye, as can be
checked in Fig. 4d, where a maximal rectification of 0.4% appears.

Disorder and fluctuations
A clear result that appears in all the simulations is the strong fluctuation in
the rectification coefficient as we vary the magnetic field. By construction,
the rectification coefficient is sensitive to variation of the critical currents
and fluctuations in the latter are clearly amplified in the JDE. In Refs. 37-39,
fluctuations in the critical current have been assessed in Josephson junctions
characterized by a central disordered normal region, in analogy to universal
conductance fluctuations” ™. There, it was shown that for systems in the
regime ¢, L < & in which neglecting the energy dependence of the scat-
tering matrix is justified, fluctuations from sample to sample give a
rms I, = Iy, with I = eA/A. This result follows from the fact that the current is
alinear statistics* ™, sothatrms I /I, = (1) regardless of the number N of
open channels™, as long as £, < L << N&,,, and the lateral size is not much
larger than the longitudinal one. If the junction is much wider than longer, as
in the present case of a planar junction, we have rms /I, o /W/L.

We assessed the fluctuations in the rectification coefficient by simu-
lating random configurations of disorder of different strengths and as a
function of the magnetic field. We assume no barrier, so that in absence of

disorder the system responds with a given number of perfectly open
channels. In Fig. 5a, we show the magneto-fingerprint of 50 different dis-
order configurations for a disorder strength U, =0.12 ¢, together with the
statistical average over the 50 configurations in black. The latter gives a
negligible rectification, as it is clearly understood considering that the rec-
tification strongly varies with the disorder configurations, from positive to
negative values. In addition, we clearly see a fishbone structure in the
fluctuations, with a central bone with fluctuations of a given size and spikes
at values of the field corresponding to the nodes of the Fraunhofer pattern,
with a period that slightly increases with the flux, in agreement with the
clean case (not shown). In Fig. 5b, we plot the root mean square of #
averaged over different disorder configurations. We clearly see that rms #
starts from zero at zero field, as expected, and then saturates to a value that
depends on the strength of disorder. In addition, well-defined spikes appear
at multiples of the flux quantum. After the first spike, corresponding to the
first node of the Fraunhofer pattern, rms 7 shows a field-independent value,
that increases with the disorder strength. In Fig. 5¢, we show rms # rescaled
by the impurity strength, rms # x (#/Uj), and we see that the curves tend to
fall on top of each other in the lobes of the Fraunhofer pattern but not on the
nodes, although we point out that the number of configurations is very small
for a meaningful statistics. In addition, we notice that the fluctuations in rms
1 for low value of Uj also present regular jumps, as appreciated at low field,
that originate from the activation/deactivation of the channels with the field.

These signatures are clear manifestations of the fluctuations of the
critical current due to disorder and magnetic field. At the same time, we
recall that at finite magnetic field, the current cannot be expressed as a linear
statistics in the transmission eigenvalues. A common trend emerges in
Fig. 5¢, which points to a qualitatively universal behavior that requires
further study. We further notice that the spikes at the node of the Fraunhofer
pattern are a clear manifestation of the mirror symmetry breaking and can
help in distinguishing other intrinsic sources of JDE.

Multiple-loop SQUID

It is instructive at this point to consider a system that is expected to yield
similar results, but that presents peculiar differences. This is the case of a
system of N Josephson junctions connected in parallel, as shown in the inset
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Fig. 5 | Statistical analysis of disordered config-
urations. a Rectification coefficient # for 50 disorder
configurations and a given value of the strength

U, = 1.2 t. In black is the average rectification of the
50 random disorder configurations. b Root mean
square of the rectification coefficient,

rms# = +/(1?) — ()%, averaged over 50 different
pseudorandom disorder configurations, versus the
applied flux for different values of Uy. The curve
corresponding to Uy = 1.2 t is the square root of the

average of the square of the curves in (a). Ina, by =
0.3 ¢, L=20, W =100 and there is no barrier.
crms 1 X (t/Up) providing a scaling of the curves in
(b) with the impurity strength.

(b) 015 '

rms n

0.05

0.00 E_x

of Fig. 6(a), each described by a single Energy-Phase Relations (EPR) of the
form Eq. (S9) (Supplementary Material: Sec. I - Fraunhofer pattern of a
multi-loop SQUID) and enclosing N — 1 loops threaded by a magnetic flux,
that yields a Fraunhofer interference pattern. In ref. 21, this system was
engineered to give rise to a very high rectification diode effect by properly
choosing the transmissions of the junctions and the phases in the loops.
Here, we are interested in describing the system as a discretized version of
the wide planar Josephson junction so far discussed and to study the effect of
spatial inhomogeneity as a source of JDE. The total Josephson EPR
describing the system reads

N
E(p) = — > Ej(p — 210,/ D), (10)
j=1

where @; s the total magnetic flux enclosed in the loops before the j-th junction,
and we choose the gauge in which the phase ¢ drops at the first junction on the
left side. When expressed in terms of Fourier components (see Supplementary
Material: Sec. III - Fraunhofer pattern of a multi-loop SQUID), the current
reads

g =i, 3% nenﬁjei"("’*z“f“’k) +ec.

j=1 n=1

(11)

where €,,; are the Foruier component of the EPR of the j-th junction,
Iy = 2mA/®q and ¢; = 2nBA;/ D, is the flux through the area A; of the loop
between junctions j — 1 and j, in units of ®y/27r. The expression Eq. (11)
meets two fundamental conditions at the same time: i) it breaks time-
reversal symmetry, and ii) it generally breaks mirror symmetryj — N+ 1 —j,
thus allowing, in general, the appearance of a diode effect. This can be
accomplished in two ways, i) by considering different transparencies 7; and
same areas of the loops, for which ¢; = 271(j — 1)®/N®,, or ii) by keeping the
same transparency T for the junctions and considering different areas A; of
the loops, such that ¢; = 27>";.;A;B/®,. In addition, the transmissions T;
need to be sizable.

i). An example of a Fraunhofer interference pattern for a parallel of 20
junctions with the transmission randomly distributed between
0.85 < 7; < 0.95 is shown in Fig. 6a (the inset shows the particular config-
uration of transmissions). A nonreciprocal Fraunhofer interference pattern
appears, with rectifications up to 40% close to the nodes of the Fraunhofer
pattern, as shown in Fig. 6b and in agreement with the planar junction case.

ii). The results for the case of slightly random fluxes ¢; is shown in
Fig. 6¢, for the case of equal transparencies 7 = 0.9. We assume that
Aj=A(1 — €)/(N — 1) + 0A;, with ZJI\:II 6Aj = €A, inaway that we can
study different disorder configurations with the same total area A, and
choose € = 0.1. In Fig. 6d, we see that the rectification can reach 20% and, as
in the case of random transparencies, the most significant rectification
values are observed at the nodes of the Fraunhofer pattern.
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Fig. 6 | JDE in the interference pattern of a set of Josephson junctions connected
in parallel. Interference pattern of the critical currents I* (®) of a multi-loop

SQUID composed by N = 20 junctions as a function of the total flux ® through the
junction, as arising from the energy-phase relation Eq. (10). a Equal area junctions
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with random transparencies (shown in the inset). b Associated rectification coef-
ficient. ¢ Equal transmission 7 = 0.9 junctions with random areas (shown in the
inset). d Associated rectification coefficient.
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Fig. 7 | JDE in the Fraunhofer interference pattern of a four-terminal spatially

symmetric junction. a Critical currents I * asa function of the external flux ® for the
entire (6, ®)- dependence and b for four selected values of the phase 6 =0, +7/2, 7.
¢ Rectification coefficient # for the critical currents shown in (a). d Schematics of the
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junction, in which the bottom terminal serves as phase reference, and the top, left,
and right terminals are kept at phase ¢, 0, —0, respectively. The central normal region
has width W, length L, pierced by a magnetic field B that induces a flux ® = BLW.

Multi-terminal case
The analysis presented for a two-terminal wide Josephson junction can be
straightforwardly extended to the multiterminal case composed by
j = L ..., Njleads, each with phase ¢; (Supplementary Material:
Sec. I-Scattering Matrix Formulation). This configuration has been recently
realized in ref. 47, where two of the three phase-differences of a four-
terminal junction have been fixed and controlled by external fluxes in a two-
loop configuration. Assuming a geometry of the scattering region and lead
arrangements that yields a zero-field mirror symmetric multiterminal
scattering matrix s, such that M s(®)M,! = s(—®), together with the
Onsager reciprocity relations s(®) = s( — @), it follows that the current in
lead j satisfies

I](‘P? (D) = _Ij(_Pq’7 (D)a (12)
where Pg is a permutation of the phases ¢; that results from the mirror
transformation. It then follows that a diode effect can appear already at zero
field for values of the phases that are not invariant under mirror symmetry.
In addition, a finite field yields a difference between the positive and negative

critical current and a resulting diode effect in the Fraunhofer pattern for
values of the phases that are not invariant under mirror symmetry.

To observe a Fraunhofer pattern, we consider a four-terminal sym-
metric structure, schematized in Fig. 7d, with a wide bottom contact kept at
phase zero for reference, a top contact kept at phase ¢ with respect to the
bottom terminal, and the lateral terminals kept at phase difference +0 with
respect to the reference terminal. In a mirror-symmetric setup, the critical
currents between the top and bottom terminals satisfy

176, -0,0) = —I_(—6,0, D), (13)
where the mirror symmetry transformation maps 8 — —6. This is seen in
Fig. 7a, where we show the critical currents for the entire range 0<6 < 27. In
addition, in Fig. 7b we plot the critical currents I * four selected phase values
0=0, £ 71/2, m. As expected, for =0 the two critical currents perfectly
overlap. Care has to be taken in choosing a symmetric gauge for the vector
potential, in that the lateral superconducting contacts are sensitive to an
overall constant shift of the vector potential. For 6 = 7 we see that
It (m,—n,®) = —I_(—m,m,—®) and more generally we observe the
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behavior dictated by Eq. (13), as can be checked also in the entire (6, ®)-
dependence of the rectification coefficient shown in Fig. 7c. This setup
shows how the phases of the lateral superconducting contacts can be used as
knobs to control the diode effect also in a mirror-symmetric system.

Discussion

The presented analysis sheds light on the ubiquity of the diode effect in wide
planar Josephson junctions, showing how seemingly different spatially
nonuniform junctions yield qualitatively similar JDE. The spatial depen-
dence of the phase that Cooper pairs acquire in an orbital magnetic field fully
emerges in the Fraunhofer interference pattern in planar Josephson junc-
tions, which turn out to be particularly suitable to highlight the relevant
symmetries enabling the onset of JDE. In particular, the conditions of time-
reversal and inversion symmetry breaking are known to be necessary con-
ditions that do not guarantee the onset of a diode effect. In turn, casting the
analysis in terms of mirror symmetry breaking is more stringent. Although
it is only possible to demonstrate that junctions that do not break the
relevant mirror symmetry cannot show JDE, all the cases studied do indeed
show JDE.

The relevant mirror plane is defined by the cross product between the
orbital magnetic field and the direction of the phase bias (see Fig. 1).
Interestingly, the same occurs in junctions with Rashba spin-orbit interac-
tions and the Zeeman field in the plane®*’. Indeed, the cross product
between the direction of the phase bias and the Zeeman field defines the
plane of the junction as the relevant one for the mirror symmetry. The latter
is necessarily broken when a Rashba spin-orbit interaction is present in the
system.

We consider several cases of junctions that break the relevant mirror
symmetry already in absence of magnetic field, either through smooth
potentials compatible with back or side gates, or asymmetric junction shape,
or through short-range scattering centers, such as those describing disorder
at the atomic scale. All these conditions generally apply to physical devices,
making the present analysis highly relevant to experiments.

Our symmetry-based results can be compared with other systems
where JDE has been proposed, such as interacting quantum dots***’, systems
hosting helical phases™*’, multiband superconductors™, vortex-phase
textures™, and through magnetization gradients™. In all these systems, the
relevant mirror symmetry is broken.

The study of disorder averaging highlights interesting features of the
rectification coefficient that can be ascribed to mesoscopic critical current
fluctuations. In particular, the root mean square of the rectification
appears to scale with the impurity strength, apart from the nodal points of
the Fraunhofer pattern, where a strong magnification of the rectification
occurs. The analysis presented points to the JDE as an interesting tool for
studying mesoscopic critical current fluctuations, that calls for
further study.

Finally, we extend the result to a four-terminal device, showing how a
phase difference on the control leads yields rectification for finite external
magnetic fields, providing an additional knob for tuning the diode effect.
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