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Diode effect in the Fraunhofer pattern of
disordered planar Josephson junctions
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The Josephson diode effect describes the property of a Josephson junction to have different values of
the critical current for different directions of applied bias current and it is the focus of intense research
thanks to the potential technological applications. The ubiquity of the experimentally
reportedphenomenology calls for a studyof the impact that disorder canhave in the appearanceof the
effect.We study the Fraunhofer pattern of planar Josephson junctions in presence of different kinds of
disorder and imperfections andwe find that a junction that ismirror symmetric at zero-field forbids the
diode effect and that the diode effect is typically magnified at the nodal points of the Fraunhofer
pattern. Thework presents a comprehensive treatment of the role of pure spatial inhomogeneity in the
emergence of a diode effect in planar junctions, with an extension to the multi-terminal case and to
systems of Josephson junctions connected in parallel.

Non-reciprocal effects in superconductorsmanifest with themagnitude of
the critical current acquiring a dependence on the direction of the applied
current. Such a feature results in the so-called Superconducting Diode
Effect (SDE), and ultimately yields supercurrent rectification. Motivated
both by fundamental questions about the underlying generating
mechanisms and by potential technological applications in dissipationless
nanoelectronics1, a large amount of scientific work has recently focused on
the diode effect2–7. The latter has beenobserved in the critical current of two
classes of systems: i) in bulk materials, where it is a thermodynamic
property of the superconducting state, in which case the term SDE is more
appropriate, and ii) in Josephson junctions, where the switching to a dis-
sipative state involves mostly the junction and the bulky terminals main-
tain their superconducting properties. In this case, we refer to the
Josephson Diode Effect (JDE).

Nonreciprocal critical supercurrents have been measured in non-
centrosymmetric systems with Rashba spin-orbit coupling and in-plane
magnetic field2,8,9, in the fluctuation state of polar superconductors10, in
nanopatterned devices11, non-centrosymmetric superconductor/ferro-
magnet multilayers12, and in trilayer twisted graphene in zero magnetic
fields, where it points to a time-reversal symmetry breaking state13. SDE
has been proposed and measured for finite-momentum Cooper
pairs13–16, and it has been measured in twisted high Tc superconductors
junctions17,18.

In Josephson systems, JDE has been proposed and measured in a
number of different devices, such as junctions with conventional

superconductors and central regions with spin-orbit interactions3,6,19,
Dayem bridges20–22, and interferometric setups featuring a high-harmonic
content23,24. JDE has been observed in junctions hosting screening
currents25,26, self-field effects induced by supercurrents27,28, and phase
reconfiguration induced by Josephson current and kinetic inductance29. It
has also been observed in multi-terminal devices30,31 gate-tunable
junctions30,32, and through the back-action mechanism33,34.

It iswidely accepted that the crucial conditions for the emergenceof the
diode effect are time-reversal and spatial-inversion symmetry breaking,
together with high transparency in Josephson junction realizations. How-
ever, whether inversion and time-reversal symmetries are broken in a global
intrinsic way or at a local extrinsic level and how this impacts the experi-
mental phenomenology remains unclear. In particular, the role of disorder
in the junction, either via short-range impurities, or through geometric
asymmetries and applied gate voltages, is not yet evident. Within this
context, an analysis of the symmetries and their impact on the diode effect
motivates the present work, especially concerning the role of spatially
dependent phase patterns in determining a reciprocity symmetry breaking.
To this end, interferometry is a powerful investigation tool.

In thiswork,we investigate theFraunhofer diffractionpattern inplanar
Josephson junctions focusing on the role of spatial inhomogeneity in the
emergence of a diode effect at finite flux. In a planar Josephson junction,
schematically shown in Fig. 1a, two superconducting terminals are coupled
via a central normal region threaded by a magnetic flux that acts as a
diffraction center for Cooper pairs. In traversing the junction in the
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direction of the phase bias φ, Cooper pairs acquire a phase that spatially
depends on the transverse direction,

φðxÞ ¼ φ� 2πΦðxÞ=Φ0; ð1Þ

withΦ(x) the flux of the field through the area to the left of x andΦ0 = h/2e
the quantum superconducting flux, which yields the typical interferometric
pattern in the critical current. It becomes clear that such a device is sus-
ceptible to spatial inhomogeneity, which locally affects the phase acquired
by the Cooper pairs and the resulting interferometric pattern. As one of the
most important results,wefind that, in junctions that in absenceofmagnetic
field are symmetric under a specific mirror symmetry, a JDE can be ruled
out. In turn, in all the devices considered in which the relevant mirror
symmetry is broken a JDE always occurs.

Bymeans of the rectification coefficient as a figure ofmerit, we analyze
the Fraunhofer pattern of different specific configurations that breakmirror
symmetry, such as smoothly varying profiles, structures with short-range
disorder, and geometrically asymmetric devices. We report qualitatively
similar results,with spikes in correspondenceof the nodes of the Fraunhofer
pattern, where JDE is magnified due to destructive interference, that sup-
presses the current in one direction more than in the opposite direction. A
statistical analysis of the rectification coefficient indisordered systems shows
a common trend of its rootmean square, that can be ascribed tomesoscopic
critical current fluctuations and that suggests further investigation. The
analysis is extended to arrays of Josephson junctions connected in parallel
and tomultiterminal junctions,where thephase at different terminals canbe
used as a knob tomodulate the Fraunhofer pattern and tune the diode effect
at finitemagneticflux, thus extending the results onmultiterminal JDE30,31,35

to the case of the Fraunhofer interference pattern.
The present work offers a comprehensive analysis of the role of mirror

symmetry and of disorder in the emergence of the Josephson diode effect in
realistic devices.

Results
The Josephson diode effect in a junction is studied by assessing the equili-
brium current I(φ) as a function of phase bias φ. The latter can be expressed
using the free energy of the system F(φ) at temperature T as I(φ) = (2π/
Φ0)∂F(φ)/∂φ

36. The critical currents for positive- and negative-bias currents

are defined as

Iþc ¼ max
φ

IðφÞ; I�c ¼ min
φ

IðφÞ; ð2Þ

and a JDE occurs when Iþc ≠jI�c j. The efficiency of the diode effect is
quantified by the rectification coefficient

η ¼ Iþc � jI�c j
Iþc þ jI�c j

: ð3Þ

We are interested in the dependence of the critical currents on the external
fluxΦproduced by anorbitalmagneticfield that threads the junction. From
the Onsager reciprocity relations, it follows that, in general, we have
Iþc ðΦÞ ¼ �I�c ð�ΦÞ. In particular, we now demonstrate that for a system
that is mirror-symmetric in zero field we have Iþc ðΦÞ ¼ �I�c ðΦÞ.

Absence of JDE in mirror-symmetric junctions
We formalize this concept by focusing on the role of spatial mirror sym-
metry in the junction using a scattering matrix approach37–40. The latter is
particularly suited to study mesoscopic coherent systems, allowing us to
make general statements, independently of the particular realization. By
knowing the scatteringmatrix s(ϵ) describing the central normal region and
assuming its dependence on energy ϵ canbeneglected on the scale of the gap
Δ,we canobtain theAndreev spectrumby the singular values of the complex
matrix40 (Supplementary Material: Sec. I - Scattering Matrix Formulation)

A ¼ 1
2
ðrAsþ sTrAÞ; ð4Þ

with rA ¼ diagðe�iφ=21L; e
iφ=21RÞ and 1LðRÞ are identity matrices with the

dimension of the number of open transport channels in the L(R) lead.
We consider a specific mirror symmetry of the junction. With refer-

ence to Fig. 1a, this is given byMx, such thatMxxM
�1
x ¼ �x. For a general

scattering matrix s that is mirror-symmetric in the absence of the external
field, we can write

MxsðΦÞM�1
x ¼ sð�ΦÞ; ð5Þ

with Φ the total flux through the junction. Furthermore, by the Onsager
reciprocity relationswe know that sT(Φ) = s(−Φ), fromwhich it follows that
the matrix A transforms under mirrorMx as

MxAðφ;ΦÞM�1
x ¼ rAAð�φ;ΦÞrA: ð6Þ

This results fromthe fact that thephasedifferenceφ is unalteredby themirror
symmetry Mx. Since the singular values of A give the Andreev spectrum, a
similarity between A(φ, Φ) and A( − φ, Φ) guarantees that the free energy
satisfies F(φ,Φ) = F(− φ,Φ), fromwhich it follows that the current satisfies

Iðφ;ΦÞ ¼ �Ið�φ;ΦÞ; ð7Þ

and from the Onsager reciprocity relations a diode effect cannot occur.
Without zero-fieldmirror symmetry, a diode effect cannot be ruled out, and
its featuresdependon the systemmicroscopic ormacroscopic spatial details.

It is crucial to appreciate how other choices of zero-field mirror
symmetry cannot yield conclusive statements about the absence of
JDE. For example, for a system whose scattering matrix satisfies
MysðΦÞM�1

y ¼ sð�ΦÞ, we obtainMyAðφ;ΦÞM�1
y ¼ r�AAðφ;ΦÞr�A, so that

we cannot conclude anything regarding the presence or absence of JDE.
Furthermore, it is interesting to consider the inversion symmetry, or parity,
P̂, which maps r → − r. Inversion symmetry can be decomposed as the
product of three orthogonal mirror symmetries, P̂ ¼ MxMyMz . Assuming
thatMy is broken implies breaking of the inversion symmetry. At the same
time, a zero-field mirror symmetry about Mx rules out the JDE, showing
that, generally, inversion symmetry breaking is only a necessary condition.

Fig. 1 | Schematics of a planar Josephson junction. A magnetic field yields a
position-dependent phase that induces a diffractive Fraunhofer pattern in the critical
current. The cross-product between the current and the magnetic field determines
the mirror symmetry plane. a Two-terminal junction and b four-terminal junction.
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Introducingn as the vector normal to the plane defining a givenmirror
transformationMn, we have that JDE appears when the system breaks the
mirror for which n is parallel to the cross product between the applied
external field B and the direction of the current bias j yielding the junction
phase difference φ,

n k j×B; ð8Þ

already in absence of the magnetic field. With reference to Fig. 1a, we have
n ¼ x̂. This result is general and, in particular, it can be extended to the case
of SDE and JDE in systems with Rashba spin-orbit interaction and in-plane
Zeemanfield3,6,7: in that case themagneticfield is in theplane of the junction,
orthogonal to the current bias, and the Rashba spin-orbit term appears due
to the breaking of themirror symmetry about the plane of the junction.We
point out that amagneticfield alone is a sourceofmirror symmetrybreaking
for anymirror plane containing the field, as can be seen by choosing a gauge
for the vector potential A(r) = (0, Bx, 0). At the same time, if the magnetic
field is the only sourceofmirror symmetry breaking and thefield is uniform,
the junction spatial symmetry dictates how the scatteringmatrix transforms
under mirror symmetry.

Although a symmetry analysis cannot guarantee the onset of JDE, an
important point is that junctions that at zero-field break theMx symmetry
always show JDE. In the next sections, an analysis of several different kinds

of structures that break the mirror symmetry Mx in the zero field will
corroborate such a statement.

Planar Josephson junctions
Wide Josephson junctions comprise an extended normal central region
connected to two wide superconducting leads, schematically depicted in
Fig. 1a. Here, we focus on two-terminal planar systems and consider three
instances of spatial inhomogeneity: i) a geometrically inversion symmetric
ballistic junction with a spatial potential in the central area that varies on a
long length scale, on order of the junction lateral sizes, ii) a clean ballistic
system with a trapezoidal geometric shape, iii) a geometrically inversion
symmetric, ballistic junction with a spatially varying potential that varies on
a short length scale, on order of the interatomic distances. The case i) is
compatible with the charge profile induced by the back and side gates, and
the case iii) is compatible with local disorder.

We model the central region using a generic tight-binding model on a
square lattice, as the one schematized in Fig. 2f of themain text, described by
the Hamiltonian

Hc ¼
X
i;σ

Uic
y
iσciσ � t

X
< i;j > σ

eiθi;j cyiσcjσ þH:c:; ð9Þ

where ciσ describes electrons with spin σ = ↑, ↓ at position ri, and the index i
runs over all the lattice points of the central region. The square lattice has a

Fig. 2 | JDE in the Fraunhofer pattern for a planar Josephson junction with long-
wavelength spatial modulations. The junction is schematically depicted in (f), in
which two superconducting terminals kept atphasedifferentφ are contacted to anormal
regionofwidthW, lengthL, andpiercedby amagneticfieldB that induces afluxΦ=BA,
withA=WL the area of the central normal region. aCritical currents I ±c as a function of
the external flux Φ resulting from the local onsite potential
δUi ¼ Vg ðtanhððxi �W=2Þ=WcÞ þ 1Þ=2, for Vg = 0.1 t, μ = 0.3 t, andWc = 20 a,
shown in the top-left of the figure. b Rectification coefficient η for the critical currents
shown in (a). cDependence of the rectification coefficient η ofb on the gate potentialVg,

for different values of Vg. d Critical currents I ±c as a function of the external flux Φ
resulting from the local onsite potential δUi ¼ Vðtanhððyi � L=2Þ=WcÞ þ 1Þ=2,
shown in the top-right of the figure. e Rectification coefficient η for the critical currents
shown in (d). The residual value arises due to the discretization of the grid. f Schematics
of the wide Josephson junction and square lattice of lateral dimensionsW = 100 a and
L=20 a, in termsof amicroscopic unit lengtha, employed in the tight-bindingmodel to
calculate the scatteringmatrix. Semi-infinite leads are attached to the scattering region’s
top and bottom. A potential barrier of strengthUpot = 0.2 t is added at the interface with
the leads.
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sublattice symmetry that yields a particle-hole symmetry in the spectrum.
Electrons have onsite energy Ui = 4t− μ+ δUi, comprising a chemical
potential contribution μ and an additional onsite potential δUi≡ δU(ri), and
can hop among nearest-neighboring sites with amplitude�teiθi;j , where the
Peierls phase θi;j ¼ e

ℏ

R rj
ri
AðrÞ � ds is due to the external magnetic field

B =∇ ×A. The central region is attached to the superconducting leads, and
potential barriers that shift local energy are added to the contact interface.
We consider transport at zero energy in the limit in which the energy
dependence of the scatteringmatrix can be neglected, which corresponds to
a system length L < ξ, with ξ the coherence length of the superconducting
leads, and numerically simulate several systems employing the KWANT
package41 (Supplementary Material: Sec. II–Comparison with realistic
systems).

As a general trend,wefind thatwhen the zero-fieldmirror symmetryof
the junction is broken, a JDE appears, which is highly enhanced at the nodes
of the Fraunhofer pattern, where the critical currents do not go to zero
simultaneously.

Smooth potentials. We first consider a central rectangular region of width
W=100 a and lengthL=20 a, in terms of amicroscopic discretization length
a, schematized in Fig. 2f.We set the chemical potential at μ= 0.3 t in both the
central region and in the leads and apply a non-uniform potential
δUðx; yÞ ¼ Vg ðtanhððx �W=2Þ=LsÞ þ 1Þ=2. The potential, which also
comprises a shift of the chemical potential, is not symmetric underMx, such
thatMxδUðx; yÞM�1

x ≠δUð�x; yÞ, and it is shown in the upper right inset of
Fig. 2a for a value ofVg = 0.1 t, producing a smooth profile that changes on a
length Ls = 20 a. Potential barriers, that shift the local energy by 0.2 t, are
added at the interface with the contacts. In Fig. 2a, we show the associated
Fraunhofer interference pattern for the critical currents I ±c . We see that the
presence of a smooth potential breaking themirror symmetryMx produces a
diode effect, as quantified by the rectification coefficient η shown in Fig. 2b,
reaching rectification 30%.

The fact that a smooth, long-wavelength potential can yield a diode
effect suggests that the latter can be tuned by applying a gate. The potential
shown in the inset of Fig. 2a well approximates the one produced by a back
gate that occupies the right side of the junction. In Fig. 2c, we plot the
rectification efficiency for few values of the gate potential, Vg/

t = 0.02, 0.04, 0.06, 0.08. In the first lobe, we clearly see a trend for which the
rectification increases with the gate potential. In turn, we see no clear sys-
tematic evolution of the curves for increasing gate strength. The rectifica-
tions show spikes in correspondence with the nodes of the Fraunhofer
pattern,which are due to destructive interferenceacting indifferentways for
trajectories that go from one lead to the other and vice versa.

We then consider a potential that is even under Mx but that is not
symmetric underMy, thus breaking the inversion symmetry P̂. Specifically,
we choose δUðx; yÞ ¼ V tanhððy � L=2Þ=LsÞ. The potential satisfies
MxδUðx; yÞM�1

x ¼ δUð�x; yÞ, MyδUðx; yÞM�1
y ≠δUðx;�yÞ, and it is

shown in the top-right inset of Fig. 2d for a value of Vg = 0.1 t, yielding a
smooth profile that changes on a length Ls = 20 a. As clearly shown in
Fig. 2d, the two curves I ±c ðΦÞ cannot be distinguished and the rectification
coefficients are less than 0.4%, as shown in Fig. 2e. This result is significant,
as it corroborates the finding that breaking of inversion symmetry cannot
guarantee a JDE and that the presence of a symmetric profile under Mx

guarantees no JDE.

Geometric asymmetry. In Fig. 3, we consider the case ii) of a clean
system with a trapezoidal shape. We consider two possible cases, one in
which the distance between the two leads varies with the lateral position,
shown in the upper left panel of Fig. 3a, and one in which the size of the
leads is different, shown in the upper right panel in Fig. 3c.We see that the
shape of the central region is sufficient to break theMxmirror symmetry
of the junction, producing a diode effect, as quantified by the rectification
coefficient η shown in Fig. 3b, d, reaching up to 40%. In Fig. 3a, we see that
the position-dependent distance between the leads for the entire structure
yields a phase average that suppresses destructive interference. In con-
trast, in Fig. 3c, the phase averaging arises from additional trajectories on
the system’s right side. In the present case, the system is fully ballistic and
coherent, and the averaging effect is solely due to the geometry that
introduces paths with different lengths that add up to build the inter-
ference pattern.

Short-wavelength disorder.We then consider the case iii) of a potential
that varies on a shortlength scale, with local impurities of strength δUi

randomly distributed between − U0/2 < δUi < U0/2, as shown in the

Fig. 3 | JDE in the Fraunhofer pattern of geometrically asymmetric junctions.
aCritical currents I ±c as a function of the external fluxΦ for the trapezoidal junction
shown in the top-right inset, with width W = 100 a and left and right lengths
Ll = 25 a, Lr = 15 a. b Rectification coefficient η for the critical currents shown in (a).

cCritical currents I ±c as a function of the external fluxΦ for the trapezoidal junction
shown in the top-right inset, with bottom and top widthWb = 120 a,Wt = 80 a, and
length L = 20 a. dRectification coefficient η for the critical currents shown in (c). For
all panels, we set μ = 0.3 t, barrier 0.2 t, and δUi = 0.
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upper left panel of Fig. 4 for U0 = 0.1 t. This is a relatively weak short-
wavelength disorder of the Anderson type, that yields a long mean-free
path ℓmf, much larger than the Fermi wavelength. The resulting Fraun-
hofer interference pattern for the critical currents I ±c is shown in Fig. 4a,
together with the rectification coefficient in Fig. 4b. Analogously to the
previous case, the brokenmirror symmetryMx is sufficient to give a diode
effect in the Fraunhofer interference pattern, which is qualitatively very
similar to the case of a smooth uniform potential of Fig. 2a, b. In parti-
cular, spikes appear in the rectification in correspondence of the nodes of
the Fraunhofer pattern that are accompanied by sign changes of the
rectification. In addition, we check that by imposing symmetry underMx

the JDE disappears. To this end, wefirst generate a configurationwith δUi

randomly distributed between −U0/2 < δUi <U0/2, and then symmetrize
it such that δUi ! ðδUi þMxδUiM

�1
x Þ=2. The resulting potential is

shown in the upper right panel of Fig. 4c and the associated currents I ±c
shown in Fig. 3c are not distinguishable with the naked eye, as can be
checked in Fig. 4d, where a maximal rectification of 0.4% appears.

Disorder and fluctuations
A clear result that appears in all the simulations is the strong fluctuation in
the rectification coefficient as we vary the magnetic field. By construction,
the rectification coefficient is sensitive to variation of the critical currents
and fluctuations in the latter are clearly amplified in the JDE. In Refs. 37–39,
fluctuations in the critical current have been assessed in Josephson junctions
characterized by a central disordered normal region, in analogy to universal
conductance fluctuations42–44. There, it was shown that for systems in the
regime ℓmf, L < ξ, in which neglecting the energy dependence of the scat-
tering matrix is justified, fluctuations from sample to sample give a
rms Ic= I0, with I0 = eΔ/ℏ. This result follows from the fact that the current is
a linear statistics44–46, so that rms Ic=I0 ¼ Oð1Þ regardlessof thenumberNof
open channels38, as long as ℓmf≪ L≪Nℓmf, and the lateral size is notmuch
larger than the longitudinal one. If the junction ismuchwider than longer, as
in the present case of a planar junction, we have rms I=I0 /

ffiffiffiffiffiffiffiffiffiffi
W=L

p
.

We assessed the fluctuations in the rectification coefficient by simu-
lating random configurations of disorder of different strengths and as a
function of the magnetic field. We assume no barrier, so that in absence of

disorder the system responds with a given number of perfectly open
channels. In Fig. 5a, we show the magneto-fingerprint of 50 different dis-
order configurations for a disorder strength U0 = 0.12 t, together with the
statistical average over the 50 configurations in black. The latter gives a
negligible rectification, as it is clearly understood considering that the rec-
tification strongly varies with the disorder configurations, from positive to
negative values. In addition, we clearly see a fishbone structure in the
fluctuations, with a central bone with fluctuations of a given size and spikes
at values of the field corresponding to the nodes of the Fraunhofer pattern,
with a period that slightly increases with the flux, in agreement with the
clean case (not shown). In Fig. 5b, we plot the root mean square of η
averaged over different disorder configurations. We clearly see that rms η
starts from zero at zero field, as expected, and then saturates to a value that
depends on the strength of disorder. In addition, well-defined spikes appear
at multiples of the flux quantum. After the first spike, corresponding to the
first node of the Fraunhofer pattern, rms η shows a field-independent value,
that increases with the disorder strength. In Fig. 5c, we show rms η rescaled
by the impurity strength, rms η × (t/U0), and we see that the curves tend to
fall on top of each other in the lobes of the Fraunhofer pattern but not on the
nodes, althoughwepoint out that the numberof configurations is very small
for ameaningful statistics. In addition, we notice that thefluctuations in rms
η for low value ofU0 also present regular jumps, as appreciated at low field,
that originate from the activation/deactivation of the channelswith thefield.

These signatures are clear manifestations of the fluctuations of the
critical current due to disorder and magnetic field. At the same time, we
recall that at finitemagneticfield, the current cannot be expressed as a linear
statistics in the transmission eigenvalues. A common trend emerges in
Fig. 5c, which points to a qualitatively universal behavior that requires
further study.We furthernotice that the spikes at thenodeof theFraunhofer
pattern are a clear manifestation of the mirror symmetry breaking and can
help in distinguishing other intrinsic sources of JDE.

Multiple-loop SQUID
It is instructive at this point to consider a system that is expected to yield
similar results, but that presents peculiar differences. This is the case of a
system ofN Josephson junctions connected in parallel, as shown in the inset

Fig. 4 | Fraunhofer interference pattern of a planar Josephson junction with
short-range disorder.The junction structure is as in Fig. 2. aCritical currents I ±c as a
function of the external flux Φ resulting from the local onsite potential δUi, with
−U0/2 < δUi<U0/2 randomly distributed forU0 = 0.1 t, shown in the top-right inset.
b Rectification coefficient η for the critical currents shown in (a). c Critical currents

I ±c as a function of the external fluxΦ resulting from a local onsite potential δUi, with
− U0/2 < δUi < U0/2 randomly distributed for U0 = 0.1 t and symmetrized
δUi ! ðδUi þMxδUiM

�1
x Þ=2, shown in the top-right inset. d Rectification coef-

ficient η for the critical currents shown in (c). The chemical potential is set
to μ = 0.3 t.
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of Fig. 6(a), each described by a single Energy-Phase Relations (EPR) of the
form Eq. (S9) (Supplementary Material: Sec. III - Fraunhofer pattern of a
multi-loop SQUID) and enclosingN− 1 loops threaded by amagnetic flux,
that yields a Fraunhofer interference pattern. In ref. 21, this system was
engineered to give rise to a very high rectification diode effect by properly
choosing the transmissions of the junctions and the phases in the loops.
Here, we are interested in describing the system as a discretized version of
thewide planar Josephson junction so far discussed and to study the effect of
spatial inhomogeneity as a source of JDE. The total Josephson EPR
describing the system reads

EðφÞ ¼ �
XN
j¼1

Ejðφ� 2πΦj=Φ0Þ; ð10Þ

whereΦj is the totalmagneticfluxenclosed in the loopsbefore the j-th junction,
andwe choose the gauge inwhich the phaseφdrops at thefirst junctionon the
left side.When expressed in terms of Fourier components (see Supplementary
Material: Sec. III - Fraunhofer pattern of a multi-loop SQUID), the current
reads

IðφÞ ¼ �iI0
XN
j¼1

X1
n¼1

nϵn;je
in φ�

P
k < j

φk

� �
þ c:c:; ð11Þ

where ϵn,j are the Foruier component of the EPR of the j-th junction,
I0 = 2πΔ/Φ0 and φj = 2πBAj/Φ0 is the flux through the area Aj of the loop
between junctions j − 1 and j, in units of Φ0/2π. The expression Eq. (11)
meets two fundamental conditions at the same time: i) it breaks time-
reversal symmetry, and ii) it generallybreaksmirror symmetry j→N+1− j,
thus allowing, in general, the appearance of a diode effect. This can be
accomplished in two ways, i) by considering different transparencies τj and
same areas of the loops, forwhichφj= 2π(j− 1)Φ/NΦ0, or ii) by keeping the
same transparency τ for the junctions and considering different areas Aj of
the loops, such that φj = 2π∑i≤jAjB/Φ0. In addition, the transmissions τj
need to be sizable.

i). An example of a Fraunhofer interference pattern for a parallel of 20
junctions with the transmission randomly distributed between
0.85 < τj < 0.95 is shown in Fig. 6a (the inset shows the particular config-
uration of transmissions). A nonreciprocal Fraunhofer interference pattern
appears, with rectifications up to 40% close to the nodes of the Fraunhofer
pattern, as shown in Fig. 6b and in agreement with the planar junction case.

ii). The results for the case of slightly random fluxes φj is shown in
Fig. 6c, for the case of equal transparencies τ = 0.9. We assume that
Aj=Atot(1− ϵ)/(N−1)+ δAj, with

PN�1
j¼1 δAj ¼ ϵAtot, in away thatwe can

study different disorder configurations with the same total area Atot, and
choose ϵ = 0.1. In Fig. 6d, we see that the rectification can reach 20% and, as
in the case of random transparencies, the most significant rectification
values are observed at the nodes of the Fraunhofer pattern.

Fig. 5 | Statistical analysis of disordered config-
urations. aRectification coefficient η for 50 disorder
configurations and a given value of the strength
U0 = 1.2 t. In black is the average rectification of the
50 random disorder configurations. b Root mean
square of the rectification coefficient,
rms η �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hη2i � hηi2

p
, averaged over 50 different

pseudorandom disorder configurations, versus the
applied flux for different values of U0. The curve
corresponding to U0 = 1.2 t is the square root of the
average of the square of the curves in (a). In a, b μ =
0.3 t, L = 20, W = 100 and there is no barrier.
c rms η × (t/U0) providing a scaling of the curves in
(b) with the impurity strength.

https://doi.org/10.1038/s42005-025-02364-y Article

Communications Physics |           (2025) 8:483 6

www.nature.com/commsphys


Multi-terminal case
The analysis presented for a two-terminal wide Josephson junction can be
straightforwardly extended to the multiterminal case composed by
j = 1, …, Nl leads, each with phase φj (Supplementary Material:
Sec. I–ScatteringMatrix Formulation). This configuration has been recently
realized in ref. 47, where two of the three phase-differences of a four-
terminal junction have beenfixed and controlled by externalfluxes in a two-
loop configuration. Assuming a geometry of the scattering region and lead
arrangements that yields a zero-field mirror symmetric multiterminal
scattering matrix s, such that MxsðΦÞM�1

x ¼ sð�ΦÞ, together with the
Onsager reciprocity relations sT(Φ) = s(−Φ), it follows that the current in
lead j satisfies

Ijðφ;ΦÞ ¼ �Ijð�Pφ;ΦÞ; ð12Þ

where Pφ is a permutation of the phases φj that results from the mirror
transformation. It then follows that a diode effect can appear already at zero
field for values of the phases that are not invariant under mirror symmetry.
In addition, afinitefield yields a difference between thepositive andnegative

critical current and a resulting diode effect in the Fraunhofer pattern for
values of the phases that are not invariant under mirror symmetry.

To observe a Fraunhofer pattern, we consider a four-terminal sym-
metric structure, schematized in Fig. 7d, with a wide bottom contact kept at
phase zero for reference, a top contact kept at phase φ with respect to the
bottom terminal, and the lateral terminals kept at phase difference ±θwith
respect to the reference terminal. In a mirror-symmetric setup, the critical
currents between the top and bottom terminals satisfy

Iþc ðθ;�θ;ΦÞ ¼ �I�c ð�θ; θ;ΦÞ; ð13Þ

where the mirror symmetry transformation maps θ→−θ. This is seen in
Fig. 7a, where we show the critical currents for the entire range 0≤θ < 2π. In
addition, in Fig. 7bwe plot the critical currents I ±c four selected phase values
θ = 0, ± π/2, π. As expected, for θ = 0 the two critical currents perfectly
overlap. Care has to be taken in choosing a symmetric gauge for the vector
potential, in that the lateral superconducting contacts are sensitive to an
overall constant shift of the vector potential. For θ = π we see that
Iþc ðπ;�π;ΦÞ ¼ �I�c ð�π; π;�ΦÞ and more generally we observe the

φ /2

−φ /2

B

Fig. 6 | JDE in the interference pattern of a set of Josephson junctions connected
in parallel. Interference pattern of the critical currents I ±c ðΦÞ of a multi-loop
SQUID composed by N = 20 junctions as a function of the total fluxΦ through the
junction, as arising from the energy-phase relation Eq. (10). a Equal area junctions

with random transparencies (shown in the inset). b Associated rectification coef-
ficient. c Equal transmission τ = 0.9 junctions with random areas (shown in the
inset). d Associated rectification coefficient.

Fig. 7 | JDE in the Fraunhofer interference pattern of a four-terminal spatially
symmetric junction. aCritical currents I ±c as a function of the externalfluxΦ for the
entire (θ, Φ)- dependence and b for four selected values of the phase θ = 0, ±π/2, π.
cRectification coefficient η for the critical currents shown in (a). d Schematics of the

junction, in which the bottom terminal serves as phase reference, and the top, left,
and right terminals are kept at phaseφ, θ,−θ, respectively. The central normal region
has width W, length L, pierced by a magnetic field B that induces a flux Φ = BLW.
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behavior dictated by Eq. (13), as can be checked also in the entire (θ, Φ)-
dependence of the rectification coefficient shown in Fig. 7c. This setup
shows how the phases of the lateral superconducting contacts can be used as
knobs to control the diode effect also in a mirror-symmetric system.

Discussion
The presented analysis sheds light on the ubiquity of the diode effect in wide
planar Josephson junctions, showing how seemingly different spatially
nonuniform junctions yield qualitatively similar JDE. The spatial depen-
denceof thephase thatCooperpairs acquire in anorbitalmagneticfield fully
emerges in the Fraunhofer interference pattern in planar Josephson junc-
tions, which turn out to be particularly suitable to highlight the relevant
symmetries enabling the onset of JDE. In particular, the conditions of time-
reversal and inversion symmetry breaking are known to be necessary con-
ditions that do not guarantee the onset of a diode effect. In turn, casting the
analysis in terms of mirror symmetry breaking is more stringent. Although
it is only possible to demonstrate that junctions that do not break the
relevant mirror symmetry cannot show JDE, all the cases studied do indeed
show JDE.

The relevant mirror plane is defined by the cross product between the
orbital magnetic field and the direction of the phase bias (see Fig. 1).
Interestingly, the same occurs in junctions with Rashba spin-orbit interac-
tions and the Zeeman field in the plane3,6,7. Indeed, the cross product
between the direction of the phase bias and the Zeeman field defines the
plane of the junction as the relevant one for themirror symmetry. The latter
is necessarily broken when a Rashba spin-orbit interaction is present in the
system.

We consider several cases of junctions that break the relevant mirror
symmetry already in absence of magnetic field, either through smooth
potentials compatiblewith backor side gates, or asymmetric junction shape,
or through short-range scattering centers, such as those describing disorder
at the atomic scale. All these conditions generally apply to physical devices,
making the present analysis highly relevant to experiments.

Our symmetry-based results can be compared with other systems
where JDEhasbeenproposed, such as interactingquantumdots48,49, systems
hosting helical phases50–53, multiband superconductors54, vortex-phase
textures55, and through magnetization gradients56. In all these systems, the
relevant mirror symmetry is broken.

The study of disorder averaging highlights interesting features of the
rectification coefficient that can be ascribed tomesoscopic critical current
fluctuations. In particular, the root mean square of the rectification
appears to scale with the impurity strength, apart from the nodal points of
the Fraunhofer pattern, where a strong magnification of the rectification
occurs. The analysis presented points to the JDE as an interesting tool for
studying mesoscopic critical current fluctuations, that calls for
further study.

Finally, we extend the result to a four-terminal device, showing how a
phase difference on the control leads yields rectification for finite external
magnetic fields, providing an additional knob for tuning the diode effect.
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