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LIPSCHITZ ESTIMATES FOR SYSTEMS WITH ELLIPTICITY
CONDITIONS AT INFINITY

MICHELA ELEUTERI - PAOLO MARCELLINI - ELVIRA MASCOLO

ABSTRACT. In the general vector-valued case N > 1 we prove the Lipschitz-continuity of
local minimizers to some integrals of the Calculus of Variations of the form [, g(x, |Dul) dz,
with some p, ¢ growth conditions only for |Du| — +o0o and without further structure condi-

tions on the integrand g = g(x, |Du|). We apply the regularity results to weak solutions to

nonlinear elliptic systems of the form >1 82 *(z,Du)=0,a=1,2,...,N.

1. ASSUMPTIONS AND STATEMENT OF THE MAIN RESULT

Let Q be an open bounded subset of R”, for n > 2. Let u : @ — RY (N > 1), u €
I/Vl1 '(©; RN) and consider the following functional of the Calculus of Variations

OC o= [ e .

We say that u is a local minimizer of F in (1.1) if f(z, Du) € L*(Q2) and

/ f(z, Du)dx < / f(z, Du+ Dw) dx, (1.2)

supp w
for w € WHH(Q; RY) with suppw CC Q. We assume that f: Q x RM — [0, +00) and its

derivatives fee, fe, are Carathéodory functions and f is represented in the form f(z,§) =
g(z,|&]) for a given function g : Q x [0,+00) — [0,+00). Moreover, there exist positive

constants tg, A, A such that, for all u, & € RN p=pud € =£%i=1,2,. ,a=1,2,...N,
for |£] > tp and for a.e. z € ()
MEP2 Ul < D7 Feoer (@, )i, (1.3)
.50,
[feaen (2, O < AJEJ", (1.4)
|feo (2, )] < R() [€]", (1.5)

for some exponents 1 < p < ¢ and h € L"(Q2) for some r > n. We observe that g;(z,0) =0
since f(z,€) = g(x,|¢|) is a smooth function. We also assume g(z,0) = 0. Throughout
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2 M. ELEUTERI - P. MARCELLINI - E. MASCOLO

the paper we will denote by B, and By balls of radii, respectively, p and R (with p < R)
compactly contained in 2 and with the same center, let us say, xy € 2.

Theorem 1.1. Let u € W (Q;RY) be a local minimizer of the integral functional (1.1),

loc

whose integrand f satisfies (1.3), (1.4), (1.5) with exponents p,q fulfilling

1
g<1—|—g with £ =2~
P n non

(1.6)

S|

Then w is locally Lipschitz continuous and for all 0 < p < R the following estimate holds

n B
| Dl e 5,80y < C ((1+||h||i7-(m>2a / {1+f<x,Du>}dx) , (L.7)

Br
with C = C(n,r,p,q, \,\, R, p) and = f(n,p,q, N\, \, R, p).

As consequence of Theorem 1.1, under the stated assumptions the Lavrentiev phenomenon
for the integral functional (1.1) cannot occur.

A further relevant consequence is the following regularity result for weak solutions to
elliptic systems. In order to state it, we consider a nonlinear elliptic system of PDE’s of the
form

"
®(z, Du) = 0 —1,2,...,N 1.8
;axl a’[ (‘CI:? u) ) « Y Y ) Y ( )

where af (z,€) = feo (z,€) and f (z,€) = g (v, [¢]). Under the assumptions (1.3), (1.4), (1.5),

a solution in the sense of distributions to the elliptic system (1.8) is a map u € Wlijf (Q; RN)
such that

n a o
/Za?(x,Du) Y _0, a=12... N, (1.9)
Q=1 Oz;

for every ¢ = (SOO‘)QZLQ,,,,, ~ €Cp (Q;]RN ) Note that, in general, for differential problems
under p, g—growth conditions (if p, ¢ are not close enough, precisely, if (1.6) is not satisfied)
the notion of solution to the elliptic system (1.8) in the sense of distributions may differ from
the notion of weak solution, the difference being in the class of the allowed test functions

¢, which in this second case is W, (2;RY) (as necessary to treat variations). Le., a weak

solution to the elliptic (1.8) is a map u € VVI})’Q (Q; RN) which satisfies the integral condition

C

(1.9) for every test function p = (¢%),_1, y € wlka (Q;RN). By Theorem 1.1 we have

loc

Corollary 1.2. Every weak solution to system (1.8) is locally Lipschitz continuous in Q.

In general the elliptic system (1.8) may even lack a weak solution. Nevertheless, under the
assumptions (1.3), (1.4), (1.5) the associated Dirichlet problem can be solved and the two
notions of weak solution and solution in the sense of distributions turn out to be equivalent.
We have in fact the following regularity results for systems. We consider below a Dirichlet
problem, but a similar result could be stated for Neumann conditions, or for more general
variational boundary value problems.
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Corollary 1.3. Let uy € WP (Q;RN) be a map such that [, f (x, Dug) dz < +oo, with f
satisfying the assumptions of Theorem 1.1. Then the Dirichlet problem

"0

Z af (z,Du) =0 «a=1,2,... N, in €,

-l (1.10)
U = Ug on 0€),

has a weak solution v € WP (Q;RN). Moreover u € Wf)’coo (Q;RN), that is u s locally
Lipschitz continuous in 2.

Corollary 1.4. Let f € C? (Q X ]RN") with f(x,&) = g(x,|&]) satisfying the assumptions of
Theorem 1.1. Assume that there exist two positive constants m, M such that, for 0 <t <1,
for a.e. x € Q)

bp— t b—
m (P2 + 42T < gt(“:’ )< M2+ ) (1.11)
m(p? + )T < gu(z,t) < M (2 +12)"7, (1.12)
lgia (e, )] < M (1* + )7, (1.13)

for some i € [0,1]. Then every weak solution u € W' (;RN) to (1.8) is of class Co7 (Q, RN™),
for some 0 < 8 < 1.

Further regularity of solutions to linear elliptic systems with continuous coefficients applies
when we know that the gradient Du is locally in C%# for some 0 < 8 < 1. Indeed we state
the following result.

Corollary 1.5. Assume that f € C* VA (Q;RY) with f(x,€) = g(x, |€|) for some k > 2 and
gu(x,t) > m >0 for a.e. x € Q, for allt > 0. Then every weak solution to elliptic system
(1.8) is of class CLP (4 RN).

Finally we would like to focus on the fact that our assumptions allow us to consider a
class of integrals of the Calculus of Variations with variable exponent, which can be typified
by the model integral

I(u) = /Qa(x) | DulP® dz. (1.14)

Theorem 1.6. Let u € W' (1 RY) be a local minimizer of the integral functional (1.14)

loc

with a(x), p(z) satisfying
a(x) > a >0, p(z) >p>1, a,p € W (Q), with r > n. (1.15)
Then wu is locally Lipschitz continuous in Q.

The model integral in (1.14) has been already studied by Coscia and Mingione in [8],
where the Holder continuity of the exponent p(z) is assumed. However we emphasis that
the integral in (1.14), in our context, is just a model example and our techniques permit to
consider more general integrands as in (?77?).

The Lipschitz regularity for the case f(x,Du) = a(z)h(|Du|)?® is considered by the
authors in [13].
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2. A PRIORI ESTIMATES

Let u be a local minimizer of functional (1.1) under the assumptions (1.3), (1.4), (1.5) for
a given tg > 0. We can transform f(z, ) into f(z, o), which satisfies the same assumptions
(1.3), (1.4), (1.5) for |¢| > 1 (with different constants depending on (). Then it is sufficient
to obtain the a priori bound and the regularity results for v = %u Therefore, for clarity of
exposition and without loss of generality, we can assume ¢, = 1.

-CORREZIONI ELVIRA—-
In this section we make some supplementary assumption on f.

Assumption 2.1. Assume that f € C\Q.R™ and there exist two positive constant K and
H such that, for ¢ € R™ and a.e. v € Q

EOHIERD) T 0P € D7 fongs @, Ot (2.1)
i,j,0,8 '

feoer (2.6 < K (14 €))7, (2.2)

feal,€)] < K (1+]€)"7, (2.3)

The previous assumption permit to consider regular minimizer v Indeed,in the next theo-
rem we obtain an a priori estimate for the L>-norm of the gradient of u, which are indipen-
dent of K and H.

Proposition 2.2. Let u be a local minimizer of the integral functional (1.1), whose integrand
f satisfies Assumption (2.1) and (1.3), (1.4), (1.5), with ezponents p,q fulfilling (1.6).
Then there ezist constants C' = C(n,r,p,q,\,A) and 8 = B(n,r,p,q, A\, \) such that

(1+ 113 @)
(R—p)

| D] oo, mnmy <

/B{Hf(a:,Du)}dx L (24)

Proof. Let u € WHP(Q; RY) be a local minimizer of (1.1). We observe that Df has p — 1
growth, then u satisfies the Euler’s first variation

/ S oo, D)l (1) do =0 Vi = (6o, .y € WoP(Q;RY).
QT

Since by Assumption (2.1)D?f has p — 2 growth, standard difference quotient technique(see
[19], Cap.8, sect.2) we have that

w e W2 (. RN) and (1 + |Dul?)"2 |D*u| € L (9). (2.5)

loc

and moreover the second variation system (see also [19], [22], see also [9, Proposition 3.1])[14])

/Q{ Z fgaéﬂ z, Du)pg, xsx —l—nga x, Du)p? } dr =0 (2.6)

i,5,0,0
Vs=1,...,n, Vo= (0ar..n € WeP(QRY).

.....
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ATTENZIONE DOBBIAMO TOGLIERE IL TEOREMA DI REGOLARITA
(TEOREMA 4.4)

FINE-CORREZIONI-ELVIRA
Let n € C}(Q). For any fixed s € {1,...,n}, we choose

" = 'ug, ((|Dul — 1))
for @ : [0,400) — [0, +00) locally Lipschitz continuous function, with ® and @’ increasing
and bounded on [0, +00), such that ®(0) = 0 and

P'(s)s < co D(s) (2.7)

for a suitable constant ¢y > 0. Here (a) denotes the positive part of a € R; in the following
we denote ®((|Du| — 1)4) = &(|Dul — 1);. We compute then

%, = 2mna,ug, ®(|Dul — 1) +1°ug o, (| Dul — 1)1 + n*ug, @ (|Dul — 1), [(I1Du] — 1)1 ],.
Plugging this expression in (2.6) we obtain:

0 = /277<I>(|Du]—1)+ Z fé%g(:c',Du)nxiugsufswdx
Q 5 !

Z‘?j?aMB

+/ 772(1)(|DU| —1); Z f&“ﬁf(iju)ugsﬂciugsxj dz
Q 7

/[:7.j7a75

W (|Dul = 1)4 ) Fengr (@ Duyug ugl, [(1Du] = 1)1 ], do

i7j7a75

2n®(|Duf — 1)+ Z Jeoa, (z, Du)ngug, dx

i,Q

(| Dul = 1)1 ) ferw. (. Duu,,, du

7,00

+ / 2 (1Du] = 1)5 3 fera (2, [Dul)u2, [(|Du] = 1) 12, da

+

+

+

S— S S

= ]1+Ig+[3+]4+]5+]6. (28)

In the following, constants will be denoted by C', regardless of their actual value.
We now sum the previous equation with respect to s from 1 to n and we denote by I — I
the corresponding integrals.
Let us start with the estimate of the integral I;. By the Cauchy-Schwartz inequality, the
Young inequality and (1.4), we have
Al = | [ 200000 =102 Y fge Dy, da

i7j787a7/8

(2.9)

1

2
</ 277<I>(|DUI—1)+{ 3 fgqg(x,Du)nmu:smjui}
Q v

,5,5,a,0
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1
2
x{ Z ffgéf(x,Du)ugsmiuixj} dx

1,3,8,,3

< O/|Dn|2(I>(]Du|—1)+|Du|qu
Q

1
—1—5/9 O(|Du| — 1) Z fgagg z, Du)ug . xsw dx.

1,5,8,0,3

Let us consider fg. First of all we have that

gu(,[€])  gi(z, [§]) a (|§|)
ff?ff(x’g):( €2 kP )Mf T e

At this point
Z fgggf (:C, Du)ugsugsxj [(|Du’ - 1)+]xi

©,4,8,0,3
g (2, |Dul) z, |Dul)
= — “[(|Du| = 1)4],,
( ‘Du|2 |DU|3 Z]gﬂuxs TsTj x]uxz[(’ u‘ )Jr]%
ge(x, |Dul)
|Du| Zu Uy o [([Duf = 1) 4], (2.10)

sza

2
+ ge(@, | Dul)|D(| Dul = 1)1,

(T, | Du (x, | Du N
(g (|D|uy ’ (|D|u|2 D) Xa: [Zi:uxi(lDu\)zz

where we used the fact that

[(1Du] = 1)1 ]a; = (I1Dul)a, = Du |Z i Ua,  [Dul = 1.

Thus, coming back to the estimate of I3 from (2.10) we deduce

Iy = /QUWHDU' - 1)+{ (gtt(’a:lsli‘?ul) i gt(ﬁsﬁu\)) 3 [ZU%UD“W]

+g:(x, [ Du|)| D(| Du| — 1)+I2} da.

Now we argue as in the proof of Lemma 4.1 of [29]. Using the inequality
ID(Dul — 1), < [D%f,  |Dul > 1 (2.11)

we conclude that

2
7 25/ gu(x, | Dul
132/5217<I>(|Du\—1)+W; Zu (|Du| = 1)4]s, | dz >0,
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where we used the fact that g, (z, |Du|) > 0 and ®'(|Du| — 1); > 0. By (1.3), we have that

1 1- ~
§/n2<1>(|Du| VDD dr < L+ T
Q

< |+ 15 + 1l +C / DyP®(|Dul — 1) | Dul? de.
Q

We now deal with |I,]. We have

L =

/ 20 Dul = 1)1 3 feve, (2, Due ul, da
Q

2,8,00

(1.5)
< / 2®(| Dul — 1) h(w)| Dt s,
Q

2,8,00

dx

< / (n + |DyPYh()®(|Du| — 1)+ | Dul? do.
Q
Consider |I5|, we have

| =

/Q PO Dul = 1)y 3 feon, (3, Du)us,, do

,8,00

—
IN o
)

/772<I>(\Du] 1), h(x)| Du| | D%l da
Q

1/2 dr

IN

_ 1/2 —
/QW‘P(IDUI — 1) |Du 2 D*ul’] " [p?®(|Dul - 1) |h(x) | Dul*]

< 5/ n’®(|Du| — 1) | DulP~2|D?*ul?* dx + C. / 7’ ®(|Du| — 1), |h(2)|?| Dul|?*? da,
0 Q

where in the last line we used the Young inequality. Finally, for any 0 < § < 1

Il =

/Q 23" fer (2, Duyul ' (|Dul — 1), [(|Du| — 1), )., de

1,8,

(1.5)
< / 720! (| Dul — 1) h(z)| Dul*™| Dul| D(|Du| — 1), | dz
Q

(2.11)

< /n2(1>’(|Du| 1), h(x)| Dul? | D] da
Q

= [ PEAD = Duh@I(Du] = 1)+ 8 (1Dul = Vs + 87 1Dul? Dl do

1, ) 1/2
< /9772{£<D (|Du| — 1) [(|Du| — 1)4 + d]| Dul? 2’D2u|2}

x {ca®(1Du] — 1), h(a) PDuP P2 Dul — 1), + 6} da
< | e (Dul = )L(1Du] = 1) 48] Dup = Do d
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+Cco / 7@ (|Du| — 1) |h(@)]*| Du[**"*2[(| Du| — 1); + 0] da.
Q

We concentrate our attention on the first term in the last inequality. We split the set 2 as
Q={z:|Du(z)| >2}U{x: |Du(z)| < 2} and we observe that in the set {x : |Du(z)| > 2}
we also have (|Du| — 1), > 1 which in turn implies

(1Dul — 1) +6 < 2(Dul — 1), (2.12)
as long as we have chosen ¢ < 1.

—CORREZIONI-Elvira

Therefore we have, using (2.7) and the fact that @’ is increasing

/ 728 (|Du| — 1), [(|Du] — 1) + )| Dul*?| D?ul? da

QO

< /| DU = (1D = 1.+ 5] DD o
Du|>2

+ / 728 (|Dul — 1), [(|Du] — 1) + 6)| Dul?2| Duf? de
1<|Du|<2

(2.12)
< / 728 (|Dul — 1), (|Du| — 1) |Dul??| D?ul? dx
| Du|>2

+ / 720 (| Dul — 1) (|Dul — 1) | DulP2| Duf? dz
1<|Du|<2

+9 n°®'(|Du| — 1)4 | DulP~?|D*ul? dx
1<| Du|<2

@2.7)
2 9 /n2<1>(|Du| 1), | DulP2 D2l da + 5/ 20 (|Dul — 1), | DulP~2| D?ul? dz.
Q 1

<|Du|<2

Now, choosing ¢ sufficiently small and putting together all the estimates obtained for | Iy, | 5|, | Is|,
we deduce

/ ’®(|Du| — 1) | DulP~?|D?ul? dx (2.13)
Q

< Cea [ (4 DoP)(1+ B (@) Dufr?
Q
x [@(|Du| = 1)+ | Du**? + @'(| Du| = 1) [Dul*[(|Du| — 1)1 + 0] '] dx
+5/ *®'(|Du| — 1)4 |DulP~?|D*ul? dz. ,
1<|Du|<2
with a constant C' depending on n,r, p, q.
Now we define
®(s) := (14 5)72%s? v >0 (2.14)

we have
'(s) = (s +2)s(1 +5) 7. (2.15)



LIPSCHITZ ESTIMATES FOR SYSTEMS WITH ELLIPTICITY CONDITIONS AT INFINITY 9

This function satisfies (2.7) with cp = 2(1 4 7).

We now approximate this function ® by a sequence of functions ®;, each of them being
equal to @ in the interval [0, k], and then extended to [h,+o0) with the constant value
®(h).Moreover ®;, and ¢} converge monotonically to ® and &’ respectively. The expression
of ®5,) can be inserted in (2.13) and then it is possible to pass to the limit as h — 400 by
the monotone convergence theorem. Therefore we obtain for every 0 < § < 1

/Q 721+ (|Du] — 1),)~2(|Dul — 1)2 | DufP2| D?uf? da
< CLtn) / (72 + (Do) (1 + h(x)?) (1 + (| Du| — 1), da

L5C(y) / 72| Dul?2| Dl de,

1<|Du|<2

where we used the fact that

(|Dul — 1)+
< .
Du—1), 401 70>0

and ®'(t — 1), < C(v) when 1 <t < 2. Moreover, by the following Lemma 2.3, (2.5) implies

/ n?| Dul|P~?| D*ul* dz < C (1 + |Du|2)p772|D2u| dx < +00
1<|Dul<2

1<|Du|<2

so we can pass to the limit for 6 — 0 and the last term in the previous inequality vanishes.

—FINE-CORREZIONI-ELVIRA——
Since h € L"(Q2), by the Holder inequality and by denoting

m = (g)/: ri2, (2.16)

we have, using (2.11)

/9772(1 + (|Dul = 1)) *(|Du| = D Dul”"*| D((| Du| — 1)) dx

3|

< C(1+7)2HUQ (7 + |DnPy" (L + (1Du] — 1) )02 Pmae| (@)

by denoting, from now on
H = (14 [h]3 ) (2.18)

and where C' now depends also on r and || (and so on n).
Let us introduce

¢ ¢
Gt =1 +/ VEE) (1 +8)F ds = 1 +/ (14 5)3 525 ds (2.19)
0 0
and we obtain the following upper bound for [G(t)]?
GO < 4(1+ )P < 4(1 4 t)H20P, (2.20)
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where we used the fact that p < g < 2g — p. On the other hand

2 (2.14
g2 (219

Gy(t) = /®(t) (1 +t) (14+1)2727% (2.21)

which in turn allows us to give the following estimate for the gradient of the function w =
nG((|1Duf —1)4)
[ PaGDd - D)) do (222
< 2 [ IDPIGWID ~ )P e

+2 / 72[Go((1Dul = 1) )P[D((|Du] — 1)) de

3=

(2.17),(2.20),(2.21)
<

C(l + "Y)QH |:/ (772 + ’Dm2>m[1 + (|Du| . 1)S:y+2qu)m] de
Q

Now, let 2* = % for n > 2, while 2* equal to any fixed real number greater than 2, if n = 2.
By Sobolev’s inequality there exists a constant C' such that

{ / [nG<<|Du|—1>+>]2*dx}2* < c / D(G((|Dul - 1)2)2de.  (2.23)
Q Q

Moreover, since r > n, we have

1<m = 7’—2<n—225' (2.24)
Observe that
(2¢ = p)m = 2(q — p)m + pm; (2.25)
moreover, in view of the strict inequality in (1.6), we infer the existence of 0 < € < 1 such
that
1 1 1 1
(q—p)+e(ﬁ—;)§p(ﬁ—;). (2.26)
We also set
M :=2(q—p)m+pim—1)+e N:=p—e (2.27)

We remark that M > 0 because ¢ > p, m > 1, ¢ > 0 and N > 0 since € < 1 < p; moreover
we observe that

M+ N = (2¢ — p)m (2.28)
and

M > (2¢ —p)m —p. (2.29)
Now we prove that
2 2

s [ 0o -0 CE ] T <o (([weon o)
(2.30)



LIPSCHITZ ESTIMATES FOR SYSTEMS WITH ELLIPTICITY CONDITIONS AT INFINITY 11

In view of (2.19), by setting ¢ := (|Du| — 1), (2.30) is proved if
L apErEE) < (1+
YEP

Now, if t < 1, then easily

t
(1+s)3+’2’—2sds>. (2.31)
0

. - t
L) o 2 oo 2<1+/ (1+s)3+’2’—2sds>
v+p Y+p 0

so that (2.31) is achieved. Let now ¢ > 1, then (2.31) becomes, after differentiation

T4 M N
2 tom T o

e (14 8)3+am+d -1 < 9(1 4+ 1)3+52, (2.32)
TP
If we are able to show that R 5
M N »p
IR g 2.
2m + 2 — 2’ ( 33)

then we would have
Y4 M N -
275 0m Ty gy i
Y +p
and so also (2.32) is satisfied.
Thus all is reduced to prove (2.33), which is equivalent to

p p e
_ c_ £, - 2 - Z
G=P)+5 -5 tonte 553

=

. t>1 .
1+0)7 (1+1) < (1+t)7¢

*|
AN
N —
—~
—_
+
~
S~—

Since
1 1 r—2 n—-2 nlr—=2)—-rn—2) r—n

2m 2% 2r 2n 2nr nr

then, by (2.26), the claim (2.30) is satisfied.
By collecting (2.22), (2.23) and (2.30), we obtain

o* 2%

[ [ 4ou = 0,00 % 14 (Dul - 1)+]Ndx]

1
m

< CH(y+2—p) [/ (n2+|Dn|2)m[1+(|DUI—1)+](”+2q‘p)mdx] (230

where the constant C' only depends on n, 7, p, g, A\, A but is independent of ~.
Now, let 7 to be equal to 1 in B,, with suppn C By and such that |Dn| < Wl—p)‘ Let us
denote by

/ﬁ::’ym—i—M(zig) (y+2q — p)m — N.
We notice that £ > M since y > 0; moreover 2 > 1 due to (2.24). Therefore, from (2.34)

we now have
{

2m
%

1+ (|Dul = 1), "3 [1 + (| Du| - 1)+]Ndfﬁ} (2.35)

P
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< CH™ (%) /BR[l + (|Du| = 1)4]"[1 + (| Du| — 1)+]N dx,

where the constant C' only depends on n,r,p,q, A, A.

Fixed R and p, with R > p, we define the decreasing sequence of radii {p;}i>o
R—p
9i
We observe that pg = R > p; > piy1 > p. We also define the increasing sequence of exponents

{Ki}i>0 such that

pi =p+ Vi > 0.

. 9

Ro = M Ri+1 = K; 7 > 0.

2m -
We notice that ko > 0 because M > 0. We rewrite (2.35) with R = p;, p = piv1, kK = Ki;
then, after observing that

R—p
R—Pizpz’—PiH:W

we obtain for every ¢ > 0

I |

< CUT”<QE%¥?§§:> (Lmu+<um«-nAmu+0Dureu4NmJ57

1

[1 + (‘DU’ — 1>+]m+1[1 + (’Du\ B 1)+]Nd$} Kit1

Pit1

The last inequality can be rewritten as
having set
-
A; = (/ 1+ (|Du| — 1)]%[1 + (|Du| — 1)+]Nda:)
By,
1
~ 3 . 2m | w;
Ki +N)22z+1>

(
i = Hm
c = |C ( o

By iteration of (2.36), we deduce

om \it+1
)

x o\ i+1 N (
{én+me—n4“@J H+UDM—D4NM}

< C | [+ (|Du| —1)4]@Pmdy, (2.37)

Bg
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where, by taking into account that m > 1, we have

~ [ 2okt 2" ()
¢ < [[|cH" <(“k+N)22 )
k=0 | R—=p
i R . .3 2m (QTTY
= [0 (£)" + 5] 20
=[] |cE" _
k=0 R—p
. 2m |k
< 1 2CHm[(2q—p)m]3m}< ?)
T (R —p)*m
1
o 1)
(R—p)==
with a constant C' = C(n,r,p,q). Let us denote
22* 1
T = o ; (2.38)

2 —om L1
n T

thus (2.37) implies

N CO T
s \i+1 H
/ 14 (|Du| — 1)+]“0(§W> dx <C }/__ / [1+ (|Du| —1),]®=Pm dy.
Bs (R - p) Bp
(2.39)
At this point we pass to the limit as ¢ — 400, obtaining
om \i+1
Y ~ o* \it+1 (27)
sup {[1 +(|Dul - 1) )"z € Bﬁ} ~ lim / 1+ (|Du| — 1), (%)
1—r+00 Bﬁ
H T
< C _\/_7 / [1+ (|Du| — 1)4]®=P™ qg, (2.40)
(R—p) Bg
Let us now set
V(z) =14 (|Dul|(z) — 1)+ and  s:= (29 —p)m; (2.41)
then estimate (2.40) becomes
VA |’ 5
sup |[V(z)| < C — Vs 2.42
xegpl (z)] < R—7) IV llLo(Br) (2.42)

for every p, R such that 0 < p < R < p+ 1 and where C' = C(n,r,p,q).
We now use the classical interpolation inequality

P 1-2
VI < IV VI, (2.43)
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which permits to estimate the essential supremum of |Du| in terms of its LP—norm. In fact
(2.42) and (2.43) give
0

" VE |*
1-2 s
% s, < C s VHLP(Bp) R—7) 1V I|Ls(BR) (2.44)
where
s P 1 (241) 1 (2.29)

0::—~<1——):Ts— 2D 12— pm—p < 1. 9.45
_ I . M( p) M[( q —p)m — p (2.45)

For 0 < p < R and for every k > 0, let us define

Pk = R - (R - ﬁ)Z_k Bk = HV LS(Bpk)'

By inserting in (2.44) p = pr and R = pgy1 (so that R — p = (R — p)2~**V) we have for
every k > 0

_e B z \/H :
B, <O 5|V 0By 95 (k+1) "7 Bry1 | - (2.46)
By iteration of (2.46), we deduce for k& > 0
JH T Yot
_p H ° b T k41 i 1
By < | O EB=)) HVHEP(BR) 2+ 2o (Bk+1>0k+ : (2.47)

By (2.45), the series appearing in (2.47) are convergent.
Since By is bounded independently of k, i.e.

Biy1 < |\V|zsg),

we can pass to the limit as £ — +oo and we obtain for every 0 < p < R with a constant
C = C(n,r,p,q) independent of k

_1
o 1—6

vl . (2.48)

LP(BR)

VH

IV (R —p)

L*(By) <C

Combining (2.42) and (2.48), by setting p' = @ we have

s
T -

r i M

vVH |’
WVllgew,) < C = IVILs(s,)
s 1
- 1I(1-0 9 R
_ C \/ﬁ g( ) \/ﬁ s HV b M 0 .
=\ =) R=p| o]
now, since
R—p
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this implies

B
VH ( ’
Dul|pep,) < C | 75— / (1+ |Dul? dx) )
[ Dul| Lo (B,) R—p) . | Dul?)
with
1 . 1 1 . 27 1
§ o= = 245 _ - — B2U20 2 1 (2.49)
— s y4 — €
0 W(igig) Mo
~ Ts 1 (@2s38),49 1 1 nl
_ T3 i 1_nl 2.50
p sM1—46 % — % € «e€ (2.50)
Since f(x,&) > C|EP for every €] > 1, (2.4) follows. O

We need in the proof above the following elementary result:
In the following we need of the elementary lemma:

Lemma 2.3. For everyt € R, witht > tq > 0 for some tqg > 0 then for all p > 1 we have:

o = 2\ 52 2 s = 2\ 52
1 1 1+t9) 2z <P~ < 1 1+t°) 2 2.51
min (t%—Fl) , (1+1t7) < < max <t3+1) , (1+1t7) ( )

with C' > 0 depending on t.

Per la dimostrazione, vedi lo scanner che ti ho inviato
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