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LIPSCHITZ CONTINUITY FOR ENERGY INTEGRALS
WITH VARIABLE EXPONENTS

MICHELA ELEUTERI - PAOLO MARCELLINI - ELVIRA MASCOLO

ABSTRACT. A regularity result for integrals of the Calculus of Variations with variable
exponents is presented. Precisely, we prove that any vector-valued minimizer of an energy
integral over an open set Q C R”, with variable exponent p(z) in the Sobolev class W\ (Q)
for some r > n, is locally Lipschitz continuous in ) and an a priori estimate holds.

1. INTRODUCTION

In the past few years the study of energy integrals with variable exponent received a large
interest. We refer for instance to the integral functional

Flu) = /Q a(2)h(| Du|" da, (1.1)

where a(z) > 0 and p(z) > 1 are continuous functions in 2, h is an increasing convex function
and wu is a vector-valued map. The variational integral (1.1) exhibits p(x)—growth, which
is a particular case of the so-called nonstandard growth, with an extensive literature on
the subject. While existence of minimizers follows from the direct methods of the Calculus
of Variations, the regularity problem is not yet completely settled. We stress that in the
vector-valued case, as suggested by the well known counterexamples by De Giorgi [10], Giusti-
Miranda [18] and more recently by Sverak-Yan [33], Mooney-Savin [30], some structure
conditions on the integrand are required for everywhere regularity.

Here we consider an open bounded set Q € R”, n > 2, a coefficient a € W,2"(Q) and an
exponent p € VVI})Z(Q) for some r > n, an increasing convex function h = h(t), h : [0,00) —
[0,00) and a vector-valued map u : Q C R*™ — RY with N > 1. We deal with the local
Lipschitz continuity of minimizers, without a prescribed bound on the oscillation of p(x),
assuming instead the summability of the weak derivatives of a and p. Precisely we will prove
the following result.

Theorem 1.1. Let u € W2 (Q;RN) be a local minimizer of the energy integral (1.1). Let

h :[0,400) — [0,4+00) be an increasing convex function, not identically zero, such that for
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2 M. ELEUTERI - P. MARCELLINI - E. MASCOLO

some My >0,tg>1and0< 6 <+ —1

W (t
W(t) < Myt R'(t) < My i ), Vt > to, (1.2)

with a,p € VV;)CT(Q) forr>mn. Then u is a locally Lipschitz continuous map and there exist

constants C' > 0 and > 1 such that, for 0 < p < R,
B

1
1+ [|az||zr + 1pall 2 T
[ Dul| oo, mvmy < C ( 19|z + 1Pz (BR)>

t a(z u)P@Y dr
(R—7) {1+ a(z) h(|Du|)"™}d

Br
As usual B, and Bp, are balls in 2 of radii p and R with the same center. In particular the
constants C' > 0 and 8 > 1 depend on n,r, My, ty and on the infimum and the supremum of
a and p in the ball Bg.
Examples of h functions which satisfy the assumptions of Theorem 1.1 are, of course
h(t) =t or

h(t) = tlog(1+t), >0,

more generally h(t) = tlog” t for large values of t and for some 3 > 0 and also

t o0
h(t) = / ds,  t>t,.
1 logs

As in [9], [16], [23], [34], a different example of a convex function h(t) satisfying the above
conditions is given, for large ¢, by

h (t) _ ta—',—bsinloglogt7 (13)

when a > 1 and b > 0 is sufficiently small (see Section 3). The function h has p, g—growth,
in the sense that t* < h(t) < t? for large values of t, with p =a — b and ¢ = a + b.

The proof of Theorem 1.1 will follow through several steps, the main one being a reduction
of the given energy functional in (1.1) to the framework considered by the authors in [13].

The energy variable exponent is nowadays a classical topic in the Calculus of Variations,
PDEs and Nonlinear Analysis. The large number of papers studying energies involving
variable exponents is motivated by the fact that this type of functionals can be considered
as a model in the theory of strongly anisotropic materials (see e.g. Zhikov [35] and Zhikov et
al. [36]) and in the theory of electrorheological fluids (see e.g. Rajagopal-Ruzicka [31] and
Ruzicka [32]). More recently, functionals as in (1.1) were considered also in the study of image
denoising (see e.g. Chen et al. [4]) and in some models for growth of heterogeneous sandpiles
(see e.g. Bocea et al. [2]). The regularity of minimizers has been studied by many authors.
For the case h(t) = t we mention: Chiado-Piat-Coscia [5], Coscia-Mingione [7], Acerbi-
Mingione [1], Esposito-Leonetti-Mingione [15]. The case h(t) ~ e, m > 0, was considered
by Mascolo-Migliorini [26] and with the z,u dependence by Eleuteri [12]. A further list
of references can be found in Harjulehto-Hasto-Nuortio [20] and Diening-Harjulehto-Hasto-
Nuortio [11]. Energies with variable exponents are also studied in the framework of the
p, g—growth; indeed if p(z) is a continuous function, on a small ball its minimum and its
maximum values behave as p, g, with ¢ arbitrarily close to p. We refer to Marcellini [21],
[22], [23], [24] and to Mingione [27] for a survey on this subject. Variable exponents were
also considered under different aspects in Nonlinear Analysis, for istance with respect to
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eigenvalue problems and to the multiplicity of solutions (see e.g. Pucci, Radulescu et al. [3],
[28], [29] and, more recently, Colasuonno-Squassina [6]).

2. PROOF OF THEOREM 1.1
The proof of Theorem 1.1 follows in several steps:

2.1. Step 1: localization. For every z( € €, there exists Ry > 0 such that the ball Bg,(x¢)
is contained in ) and, if we set

p:=inf{p(z) : x € Br,(x0)} > 1 q :=sup{p(z) : x € Bry(xo)}(1 +)+ T (2.1)

for some
1 1 1
<—\-—=-=9 2.2
! 1+(5<n r )’ (22)
then . )
A (2.3)
P n o

Indeed, for any ¢( there exists Ry > 0 such that
sup{p(z) : ¥ € Br,(z0)} — inf{p(z) : v € Bp,(20)} < €0.

_L (11,
T T\ T T

This is possible due to the smallness assumptions on § and 7 we required. At this point

sup{p(z) : © € Br,(z0)} 1 /1 1 1
( r 5) inf{p(z) : © € Br,(z0)}

inf{p(z) : x € Bg,(x0)}

We set

inf{p(z) : © € Bp,(20)} 1+46

1 1 1 5 T
1+6\n r inf{p(x) : v € Bg,(x0)}
as long as p(z) > 1. This finally entails, taking into account (2.1)

q [sup{p(z) : x € Bg,(x0)} + 7](1 +0) 1 1 B 1 1
» < int{p(2) - = € Bry(10)} <ltof -l oo=le -

r noor
It is obvious that sup{p(z) : * € Br,(z0)} < q.

2.2. Step 2: consequences from the assumptions. Before starting, we need the follow-
ing elementary properties of convex functions.

Let h : [0,00) — [0,00) be an increasing convex function fulfilling (1.2). The functions
h(t) and h'(t) are not identically equal to zero, thus there exists to > 1 such that (1.2) holds
and

h(to) >0 h,(to) > 0.
Let us set
h(to)

0

it} (2.0

Mg := min {
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Then we have
and moreover by convexity and (2.5)
h(t) > h(to) + W (to)(t — to) > h(to) + mo(t — to) > moto + mo(t — to) = mot. (2.6)

On the other hand, we can also show that

L < vy < cor o, (2.7)
Co
where
~ / o h(t())
CO = max{]\/[o + 1, h (to)to} CO =1 -+ h’(t ) (28)
0

Indeed from the Mean Value Theorem and the fact that h is increasing
h(t) < h(0)+ KW' (t)t < h(ty) + h'(t)t.
But h is convex, so also b’ is increasing; this entails, for all t > t5 > 1

h(to) _ h(to) h(to)

h(to) = I (to) 1 (o) W(to) R (to)

h'(to)to < h(t)t, (2.9)

<

thus we get the desired inequality

ht) < (1 + Z%) e % con(e.

We prove now the other inequality in (2.7). Indeed, by the second inequality in (1.2), we
have

/t W (r)rdr < My /t W(r) dr

to to

and by integration by parts

t t
h'(t)t — W' (to)to —/ h'(7)dr < MO/ B () dr
to to
that is
W ()t < (Mo + 1)(h(t) — h(te)) + ' (to)te < Cohl(t).
Observe that (2.6) and (2.7) imply
mot < h(t) < CoMot'™ Vit > t,. (2.10)

In the sequel it is not restrictive to assume that

mo < 1< M,y inf a(x) >my >0 sup a(x) < M.
'TEBRO ZEEBRO
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2.3. Step 3: ellipticity and growth assumptions. Let us denote
g(x, | Dul) = a(w)h(| Dul)*' g(x,t) = a(@)h(t)"™).

In this step we show that g(z,t) satisfies the following growth conditions, for all ¢ > ¢, and
a.e. T € Bp,

P2 < gt(»’;‘»t) < AfOHOR)-2 (2.11)
)\tp(a:)fQ < gtt(mat) < At(1+5)p(x)*2 (212)
|gia (2, 1)) < A L(z) tAHOP@ -1 (2.13)

for A\, A defined as

-1 -1 ~ 2
A ;= min {1, %} pmdt, A= MCS M C2? + — max{log(Co M), 8 + 1},
0

mo mo
(2.14)
with ¢ and 7 as in (1.2) and (2.1) respectively and
U(x) = a,(x) + p(x) for a.e. x € Bp,. (2.15)
Indeed
(2, 1) = () p(x) (PO 1A ()
so that
gt(f:ﬂ _ a(x)p(x)h(t)p(x)fl h/(t> (1'2)%2‘10) qM(t)z-i-l Cg—l t(1+5)p(x)72 (2%4) At(l+6)p(z)72.

(2.16)

Consider now
gu(z,t) = a(z) p(x) (p(x) — DA [R ()] + a(x) p(a)h ()P h" (1)
We deal first with the second term. We have

(1.2) e
a(@)p(x)h(tPOIR(E) < My a(x)p(a:)h(t)p(x)—l—i )
(2%6) A pH0)p()-2
On the other hand
p(x)=27p7 (Y12 27) h(t)p(w) ~
(o) p(e) (pa) = DROPO WP < alap(a) () — )= g—C
£ Ce M q (g — 1) C2How@)-2
(2.14)

< A2,

We deal now with the lower bounds. First of all we have

+ K (1) (25),(2:6) (2.14)
gt(i7) _ a(x)p(x)h(t)p(x)—l i) > CL(I)p(l’)[mot]p(x)_l? > )\tp(r)—2‘
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We also have, using (2.5)
gu(w,t) > a(z)p(x)(p(x) = DA 20 (@)
t

2. p(x) (2.10 2.14

E CLSP@ —1)mg i t)z B Cigmgﬂp (p— D=2 > oz,
where we used the fact that mg < 1.
Finally

Ga(1) = an(@)p(@)hEPO IR () + ale)ps (2 h(HP L (1)

a(@)p(@) ()P (D) () log(h(1))
so that
ulnt) < 2P0+ L a0 )
Ta(@)p(@) (P (D)pa () log(h(1))
s%wmmww,

with £ as in (2.15). At this point we observe that, for ¢ > t,

log(h

(2.10)
() < log(CoMot®™) = log(CoMy) + (5 4+ 1)logt < C't”
where 7 is as in (2.

2) and C := max{log(CyMy),0 + 1} > 1. This allows us to conclude that

l(x) (2.14),(2.16)

|gie(,1)] < gi(z,t) 2max{log(CoMy), s + 1}7 < Al(x) tdtop(@)+r—1

mo
2.4. Step 4: Approximation. We construct a sequence of smooth functions g*(z,t),
related to g(x, |Du|) = a(z)h(|Du|)P®). We will deal with this approximation procedure in
two steps. First let us define, for a.e. © € Bp,

a(z)p(z)h(t)PD LR (1) 0<t<k
D atwpomr ) « A e ez 4
and .
g (x,t) = /o g¥(x,s)ds + g(x,0). (2.18)

Arguing in a similar way as in [13], it is possible to show that the sequence of functions
defined by (2.18) satisfies, for k sufficiently large, the conditions

gF(x,t) < g(x,1t) (2.19)
g"(x,t) < g"(z, 1) (2.20)

for all t > 0, a.e. in Bp,.
At this point, let us denote with p., and a., the regularization of the functions p and a
respectively

P, () = /B p(y)p(r +eny)dy  ac,(z) = /B p(y)a(z + eny) dy, (2.21)
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where B denotes the unit ball, p is a positive symmetric mollifier such that f p = 1 and
where ¢, is an infinitesimal sequence of positive numbers. With an abuse of notation in the
sequel we denote with ¢ = ¢, and with p. = p. , a. = a.,. It is well known that p. and a.
converge in the strong topology of W (Bpg,) and uniformly in Bg, to the functions p and
a respectively. Now let us define

ac(z)pe(z)h(t)P=@-1H (1) 0<t<k
9 (x,t) = 0o () () B ()P () + pi e . (2.22)
and .
G (x,t) = / Gre(w, s) ds + g(x,0).
Finally consider 0
g (z,t) =gz, t) +e (1 + tQ)g : Vt > 0, a.e. in Bg,. (2.23)

By the properties of function g(x,t) given in the previous step, since p < p.(z) < g in Bg,
and by proceeding as in Lemmas 4.2 and Lemma 4.3 of [13]|, we have that the sequence
g*(z,t) satisfies the following inequalities a.e. in Bg, and for all ¢ > 0, the lower bound in
(2.25) and (2.26) ensured by (2.23)

g (x,t) < C(k) (1+12)2 (2.24)
2 ke Y

e(1+13)= < %“"’t) < Ck)(1+12)"2 (2.25)

min{p — 1,1} (1 + )2 < gis(a,t) < Ck)(1+ 1) (2.26)

g5 (2, 1) < C(k,e,wp) (1 +12)"T  Vwy CC Ba,. (2.27)

Moreover the functions ¢g* fulfill for a.e. © € Bg, and t > t,

ke t
P2 < w < At (2.28)
MP72 < ghe(g,t) < At72 (2.29)
985 (2,0)] < () (1), (2.30)

where (. € C*(Bg,) is the regularized function of ¢ is defined as in (2.15) and A\, A are as in
(2.11), (2.12).

In the sequel, for simplicity of notations, we assume that t, = 1.
2.5. Step 5: a priori estimates. Let w € VVJ)C”(Q, RY) be a local minimizer of the func-
tional (1.1); moreover let us take B CC Bpg, to be a ball of radius R compactly contained
in Bpr,. Consider the following variational problem

inf{ F*(v) : v € w + Wy P(Bg; RY)}. (2.31)
where

F*(v) = /B g™ (x,|Dv|) dz. (2.32)
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Since F'*¢ is lower semicontinuous, there exists v* € w+ VVO1 ?(Bg,; RY) solution to Problem
(2.31). The purpose of this Step is to prove an a priori estimate for the L>-norm of Dvke
independent of k,e. We claim that, for 0 < p < R < Ry

1

(1410 5)°
(R —p)

[/BR“ + 9% (x, |Dv*))) du ’ . (2.33)

||ka€HL°°(BP;RN") S C

with constants C, 5 independent of k,e. Once (2.33) is obtained, we observe that, by con-
volution properties
[lellr(Bry) < ellr(Bry):

thus we deduce
B

_1
r

1

(1 1603 )
<C
(B—p)

3l

B

[ avortaimemal . oo

Hl)/l]kE HLOO(BP;RN”)

The proof of estimate (2.33) turns to be quite similar to the proof of Proposition 3.1 of [13];
here, for sake of clarity, we list the main arguments, referring to [13] for more details. For
simplicity of notations, from now on we set

f@,6) = f*(2,6) = ¢"(z,[¢]), v =u, Li=1
Observe that, by (2.28), (2.29), (2.30), we have that, for |{| > 1 and a.e. = € Bg,

MEP2 Rl < D7 feagr (@, O], (2.35)
i,5,2,8

|f5g§f(x7£)| < A|£‘q72= (2'36>

| fea(, )] < L(2) €], (2.37)

hold, where p and ¢ have been introduced in (2.1). The minimizer u satisfies the Euler’s first
variation

/ D felw, Du)gl (w) de =0 Vo = (¢)azr,. v € WP (Bry; RY),
By i,
and, by using the technique of the different quotients (see for example [14], [17], [19]) we
have that _ »
w e W (B RY), (14 [Duf') = |Dul’ € Liyo(Br,) (2.38)

and the second variation

/ { > feagp (@, Du)gul +Zf£?xs($aDU)80gi} dr=0  (2.39)
Bg, v

1,7,,3,8 i,00,8
Vs=1,...,n, Vo = (6")act,..N € WQI,min(ZP)(BRO;RN)_

.....

Let n € CA(Bg,). For any fixed s € {1,...,n}, we choose
0 = n*ug ((|Dul - 1))
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for @ : [0,400) — [0,400) an increasing, locally Lipschitz continuous function, with ® and
®’ bounded on [0, 4+00), such that (0) = 0 and satisfying

P'(s)s < cp D(s) (2.40)

for a suitable value of ¢g. In the following (a), denotes the positive part of a € R and we
write ®((|Du| — 1)) = ®(|Du| — 1),. Let us compute

%, = 2mne,ug, ®(|Dul — 1)y +1°ug o, (| Dul — 1)1 + n*ug, @' (|Dul — 1)1 [(I1Du] — 1)1 ],

Here we used the fact that u € WL™(Bg,; RY), see Proposition 3.1 of [8]. Plugging this
expression in (2.39) we obtain

0 = / 2n®(|Dul — 1) Z fgaga x, Du)ng, ug. xz dx
B

Ro 1,7,0,8,8
[ re(Dul =1 3 fggle Dujus i, do
Br, 1,7,0,3,8 o
+/ PO (|Dul = 1)y Y feaeo (@, Duyus ufl , [(I1Du] = 1) ], do
Bry 1,7,0,3,8 n
4 [ 200000 = 102 Y S o, D, do
Bry 1,Q,8
+ [ Pe(DU = 12 Y fer (o D, o
Bry 1,00,8

4 /B 72 (1Dl = 1)4 3 fesa (o, [ Dul)2, [(|Du] = 1)1, d
Ro

1,00,8

= L +L+Is+1,+ I + I (2.41)
In the following, constants will be denoted by C, regardless of their actual value. We have
that
L+L+1I3=—(14+ I+ I).
Consider I;; by the Cauchy-Schwartz inequality, the Young inequality and (2.36), we have

L] = (2.42)

| miDul =10 Y fgp (o Dun il d
BRO

1,7,8,a,3

1

2

< / 2n®(|Dul — 1)+ { > Feags (@, Dz uz me;u x}
B,

1,5,8,0,3

1
2
x{ Z fﬁggf(x,Du)ug‘sxiugsxj} dx

i?j’s7a7/g

IN

c / DyP®(|Dul — 1) |Dul? da
B,



10 M. ELEUTERI - P. MARCELLINI - E. MASCOLO

1
BRO

zysa,@

Therefore
1

Br,

By proceding as in [13], (see also Lemma 4.1 of [25]), we have that

2
2/ gu(z, | Dul
thﬂ“'“"”*Wg SZu (P = 1.1, ) de 20

and (2.35) implies
I 2/ 7’ ®(|Du| — 1), | DulP~2|D*ul? dz.
Br,

We now deal with |I|. We have, by (2.30)

L] =

/ 20 Dul = 1)y 3 fesa, (2, Due 2, d
B,

1,8,Q

< / 2®(|Dul = 1) 4| gua(, [ Du)] S 2| d
Br,

< /B (1 + | Dnl2)0(2) (| D] — 1), | Dul? do.
Ro

Consider now |I5|. We have, again by (2.30)

[Is| =

| (Dl = 1) gl [DuD| Dl d
B,

< [ pe(Dul - 1)t Dul D% do
BRO

1/2

_ 1/2 _
< /B [72®(|Dul — 1) | Dul"2| D?uf) " [12®(| Du| — 1), |(x) ]2 Duf* )" d
Ro

< < [ qa(Dul DU DR dr +C [ (D] = 1)) P Du
BRO BRO

where in the last line we used the Young inequality. The estimate of I is more delicate. For
any 0 < § < 1 (please, excuse the abuse of notation: the ¢ used here is different from the
one in (1.2))

\Is] =

/B 0" |geo(x, [ Du)||Dul @' (| Du| — 1)+ [(|1Dul — 1), dx
Ro

< / 728 (|Du| — 1), €(x)| Dult | D] da
B,
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= /B 7@ (|Du| — 1) L(2)[(|Du| — 1)+ + 0] [(|Du| — 1) + 0] [Dul | D*u| dx

1 1/2
< [ o { o - 00000 - 1+ D00
BRO ®
x {ca® (|Dul — 1) 4 |(x)[?| Du* P*2[(|Du| — 1), + 6]} d
< = [ 2®(Du| - 1),[(|Dul — 1), + 6)|DulP2|D?u? dx
Cop BRO

+Cco / 720 (|Du| — 1), 1¢(x) | DuP+2](| Du| — 1) + 8]~ da.
Br,

To estimate the first term in the last inequality we split Br, = {z : |[Du(x)| > 2} U {z :
|Du(z)| < 2} and we observe that in the set {z : |Du(x)| > 2} we have (|[Du| —1); > 1,
since § < 1

(|Du| — 1)s + 6 < 2(|Du| — 1).. (2.43)
Therefore we have, using (2.40)

/ &(|Dul — 1), [(|Dul — 1), + 8)| Dufr | D?uf? d
/ (| Dul = 1), [(|Dul — 1), + 8]\ Dulr| D?uf? da
1<|Du|<2

< 2 [ (DU~ 1)4(|Dul - D4DuP D da
\Du|z2

# [ PE(D - )2 (Dul - 1) DU D da
1<|Dul<2
) / n*® (| Du| — 1), | DulP~?|D*ul? dx

1<|Dul<2
< 2cq / B(|Du| — 1), | DulP=2| D?ul? dz

+4 / n*® (| Du| — 1)4 | DulP~2| D?ul? dz.
1<|Du|<2
Now, for e sufficiently small, by collecting the previous estimates, we deduce

/ 7’ ®(|Du| — 1), | DulP~2| D*u|? dx (2.44)
Br,

< Ceo [P+ D)1+ )| Du
B,
< [@(Du| = 1)+ |DuPT + @(Du| = 1) | DuP((|Dal = 1y +3] ] da
+9 n*®' (|Du| — 1), | DulP~?| D?ul? dx,

1<|Du|<2
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with a constant C' depending on n,r, p, q.
Let define the function
®(s) := (14 5)72s? v >0 (2.45)
which satisfies (2.40) with cg = 2(1 + ). We can approximate ® in (2.45) by a sequence
of functions ®,., each of them being equal to ® in the interval [0, 7], and then extended to
[r, +00) with the constant value ®(r). Then we insert ®, in (2.44) and, passing to the limit
as r — +oo by the Monotone Convergence Theorem, we obtain for every 0 < § < 1

/ﬁ (14 (|1Dul — 1)3)72(|Dul — 12| DufP2| D?uf* dx
BRO

< Cn)? [ DRI+ )L+ (1Da] = 1)) da

Br,
+dc(y) / n?| Du|P~2| D%ul? du, (2.46)
1<|Dul<2
as
Dul —1
(| Dul )+ <1 Vo > 0.
(DU - 1), +9
By the elementary inequality (for the proof see [13])
Cil+ g < P2 < G+, [€ >,

with C, Cy depending on tq (here tg = 1), we have
/ n?| Du|P~?| D*ul? dz < C / n*(1+ |Du|2)p%2|D2u|2 dr < 400
1<|Du|<2 1<|Du|<2

and, due to (2.38), the last integral is finite. As § — 0, the last term in (2.46) vanishes.
Now, let us define

™\’ r
=|z) = . 24
m (2) r—2 (247)
Since ¢ € L"(Bg,), by the Holder inequality

/B n*(1+ (|1Dul = 1)) *(|Dul = D3 DulP~*|D((|Dul — 1)) dz

1
m

< C(+9)’H [/ (7 + [ D)™ (1 + (| Dul — 1)+)('y“”)mdw] ;o (248)
where C' depends also on r and |Bg,| (and so on n) and
H =1+ 2 (5,,))- (2.49)
Let us introduce
t t
G(t) =1 +/ VO(s)(145)7 ds=1 +/ (14 s)275 2 5ds; (2.50)
0 0

since p < g < 2g — p we get
GO < 4(1+ )P < 4(1 4 t)7H20P, (2.51)
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Moreover
Gu(t) = VOR) (1 + 1) P2 (14 p3+h2, (2.52)
Set w =nG((|Du| — 1)), we have
/B ID(G((|Dul - 1),)) de (2.53)

<9 / DyPIG((1Du] — 1))[2 da
Ro

+2 / P1G(1Du] — 1) )PID((|1Dul — 1)) da

m

< C(1+7)?*H [ / (% + | D21 + (| Du| — 1) 277" dg
Bk,

Now, let 2* = % for n > 2, while 2* equal to any fixed real number larger than 2, if n = 2.
By Sobolev’s inequality there exists a constant C' such that

2

{/B [nG((IDUI—lm]Q*daI} < O/B [DG((|Dul = 1)1))[* da. (2.54)

Moreover, since r > n, we have

r n 2%
1< = = —. 2.
R S S (2.55)

Observe that

(2¢ — p)m = 2(q — p)m + pm; (2.56)
and in view of the strict inequality in (2.3), we infer the existence of 0 < € < 1 such that
1 1 1 1
(q—p)—l—E(ﬁ—;)Sp(ﬁ—;). (2.57)
Set now
0<M:=2(q—p)m+pm—1)+e 0<N:=p—e (2.58)
We have
M+ N=(2¢—p)m and M > (2¢—p)m — p. (2.59)

By the assumptions on p, ¢ and the definition of M and N, we claim that

/B n2*[1+<|Du\—1)4““925%4 §4</B [nG<<|Du|—1>+>J2*>
’ i (2.60)

2
¥

1
(v + p)?

By the definition of G, if we set t := (|Du| — 1), (2.60) is proved once we get

1 1 M N t -
—1 +t)(2+2m+2*) < 2G(t) =2 <1 +/ (1+ s)2+223ds) . (2.61)
Y +p 0
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If t <1; (2.61) holds, in fact
. - t
L(l +t)(%+%+2ﬂ*) < 2 << (1 +/ (14 s)3+’z’—2sds) .
Y+Pp Y+p 0
Let now ¢ > 1; then (2.61) becomes, after differentiation

T4 M N
> tom T o

(1 1) 3Tl < (1 4 ¢)3HE Y (2.62)
v+p
Since
11 11
om 2 n o7
we have that » » . » . »
_ rg_ £, - 42 = F
G=P+5 -5 Yot e 2 =35

M N p
We then have
14 M N i s 1 1 _ t>1 _
%(1“)%% < 5(1+t)§:§(1+t)p72(1+t) < (1+4nTt

and so (2.62) is satisfied.
By collecting (2.53), (2.54) and (2.60), we obtain

2
2* 2

[/B o 1+ (1Dul = 1) 0 14 (1Duf - 1),]7 dl‘]

m

< CH(y+2¢—p)! / (n* + |Dn*)™[1 + (|Du| — 1), ]0+2e7p)m dx] , (2.64)
Br,

where the constant C' only depends on n, 7, p, g, A, A.
Now, let us choose 0 < p < R < Ry and let i to be equal to 1 in B,, with suppn C Bg
and such that |Dn| < ﬁ. Let us denote by
ki=~ym+ M = (y+2q—p)m — N.
From (2.64) it follows

2m

{ /B 1+ (|Du| = 1)4]%% [1 + (| Du| - me} (2.65)

~ 2m

+ N)? g

< CH"™ (rt N)” / [1+ (|Du| — 1)4)[1 + (|Du| — 1), ] d.
R—p Br

Fixed R and p, with R > p, we define the decreasing sequence of radii {p; }i>0

R—[) . R—ﬁ
9i 7 Vi >0, R—Pizpi—pzﬂ:w

pi=p+
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with pg = R > p; > pis1 > p and the increasing sequence {; }i>o
5 9%

Ro = M Ri+1 = K; 7 2 0.
2m
We rewrite (2.65) and we obtain for every i > 0
A1 < Ci Ay, (2.66)

where
1

Kq

u+-0Du|—1»Amu+—00u|—1»Aﬁdx)

Pi

R—p

Ai = /
B

o

/ii—i-]\?)g?“) '

C;:=|CH™ ((

By iteration of (2.66), we deduce

2m i+1
)

* \ i+l N (
{éu+me—n4%@0 u+0Dm—n4Nm}

< C / (14 (|Du| — 1)4])% ™ dg, (2.67)
Bg
where
k
-~ 2m (22721) %
= Fyigee g6
c<I[|ca" (wk% )i ) Scj—ma (2.68)
k=0 - P (R — ﬁ) 2F —2m
with a constant C' = C(n,r,p,q). Let us denote
22* 1
T = o ; (2.69)

2% —om L_1
n T

thus (2.67) implies

. (227,:?)1'4»1 -
* \i+1 H
/ 1+ (|Du| — 1), )°Gx)  de <C 3/__ / [1+ (|Du| — 1), ]@Pm gy
B; (R—p) Bp
(2.70)
At this point we pass to the limit as ¢ — 400, obtaining
()"
_ . W (2)141 2
mmU+G&M@—DAM=Jm1{/[LHMMFJM]2m }
wEBp t—+00 Bﬁ
H T
< C 3/__ / (14 (|Du| — 1) )%™ dg., (2.71)
(R - p) By
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Set
V(z): =1+ (|Dul(x) — 1)+ and s:= (2q — p)m; (2.72)
the estimate (2.71) becomes, for any p < R < Ry
vE |’ !
sup |V(z)| < C Vs . 2.73
xegpl (2)] < e IVl 2o Br) (2.73)

Our aim is to estimate the essential supremum of |Du/| in terms of its LP—norm. By classical
interpolation inequalities

P 1-2
VIl < IV 1V I 1is,): (2.74)
and (2.73) and (2.74) give
va |’ 9
P e H °
Vs < CVS V|8 —_— Vs 2.75
H L#(By) = Lr(B,) [(R . ﬁ) ” L#(Br) ( )
where
S D 1 1
0:27(1——)273— = —[(2¢—p)m —p| < 1. 2.76
i )= P [(2¢ — p)m — p] (2.76)
For 0 < p < R and for every k > 0, let us define
pri=R—(R—=p)27"  Bi:=|V|Lis,,)-

By inserting in (2.75) p = pr and R = pry1, (so that R — p = (R — p)2-**V), we have for
every k> 0
0

B, < C' 3|V EP(BR) 25 (k+1) % Bii | - (2.77)
By iteration of (2.77), we deduce for & > 0
24 Yot
Bo < ﬂ*(gi> (g 25250 (B) ™ (278)

By (2.76), the series appearing in (2.78) are convergent. Since By, is bounded independently
of k, i.e.

Biy < ||V

we can pass to the limit as £k — +oo and we obtain for every 0 < p < R with a constant
C = C(n,r,p,q) independent of k

Ls(Bg)»

o 1—6

vH |’ 2
VI 2o ) : (2.79)

(R—p)

v

Ls(Bp) <C
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Combining (2.73) and (2.79), by setting p’ = @ we have

s 1
T (1-0) 79 N0
vE 17O va 1
VLo, < C =7 R= ) IVIiosr) : (2.80)
which implies
B
VH g
HDUHLOO(BP;RN'”) S HVHLOO(BP) S C R _ (/ (1 + ’Du‘p) dm) 9
( p) Br
with
1 1 ~ 1 1 1
Since
1tp < g"(x,t) = a.(z)h(t)P<@ Vi>1 a.e. in Bp,,
p R

the estimate (2.33) follows.

2.6. Step 6: comparison and conclusion. We go back to Problem (2.31) and we observe
that, since

< C(1+ g™ (z,1)) Vt >0, for a.e. x € Bg,,

by the minimality of v*¢, we have

/ |Dv*é|Pdx < C / [1+ g™ (x, |Dv™|)]dx < C / [1+ ¢"(x, |Dw|)] dz. (2.82)
Br Br Bgr
Moreover, by the convolution properties, as € — 0
g (z, |Dw|) — ¢*(z, |Dw|) a.e. in Bpg,,
and
9" (z,|Dw|) < C(k)(1+ [Dw]*)% € L'(Bg,).
The Lebesgue Dominated Convergence Theorem and (2.19) imply

(2.19)
lim [ ¢*(x, |Dwl|)dz :/ g"(x,|Dw|)dx < / a(z)h(|Dw|)P® dz. (2.83)
€ BR BR BR
By collecting (2.82) and (2.83)
sup/ | Dvke [P dx < C’/ [1 4 a(z)h(|Dw|)P®)] dz. (2.84)
€ Br Br

Therefore there exists v* € w + W, ?(Bg; RY) such that
vPe ok weakly in WP (Bg; RY).
Moreover, by (2.82) and (2.83) we get, for all B, CC Bpg

ohe 5P weakly star in W (B,; RY).
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By the semicontinuity of the norm and (2.84), we obtain

/ |DUHP dz < lim inf / Depdr < ¢ [ [1+a(@)h(Dw)P®)de.  (2.85)
Bpr € Br

Br

On the other hand, (2.34) and (2.83) imply

B
HDUkHLoo(BP;RN") S hn’lglnf HD’UkEHLoo(BP;RNn) S C |:/B; [1 -+ a(l’)h(‘Dpr(x)] dx = M,
R

where we set for brevity

1

(1160 5y) |
(R —p)

Thus we can deduce that, up to subsequences, there exist v € w + VVO1 P(Bg; RY) such that
o = weakly in W' (Bp; RY)
oF Sy weakly star in W (B,; RY) for all B, CC Bp.

Let us show that v is a solution to the problem
inf {/ a(z)h(|Dv)P@ de - v e w+ W(}’p(BR,RN)} . (2.87)
Br

To this end, using the semicontinuity of the functional | B, g* (x, |Dw|) dx and (see (2.20))

g (x,t) < g"(x,t) Vk > ko,
we get
/ g™ (z, |Dv*|) dx < liminf/ g™ (x, | Dv*e|) da < liminf/ g"(x, |Dv*e|) dz.  (2.88)
B, € B, € B,

Since, up to subsequences, g (x,t) converges as € — 0, a.e. in Bp, x [0, +0) to ¢*(z,t), by
Egorov theorem, fixed K = {£ € RN" : |¢| < M + 1}, for every 6 > 0 there exists A5 with
|As] < & such that g** converges to g uniformly in (B, \ 4s5) x K. Thus

lim Sup/ g"(x,|Dv*|) dz = lim sup/ g™ (x, |Dv™|) dx
By\As Bp\As

3 3

and due to (2.86)
fimsup [ g, (D)) de < O A (14 219)
€ BpﬁA(;
with C'(k) independent of §. Thus, putting together the previous inequalities, (2.88) gives

[ #@ipeds < tmsp [ g Do de+ OO0 45| (14 07
B, €

Br
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so that, letting 6 — 0, by (2.83)
/ g™ (x, |Dv*|) dx < limsup/ g™ (x, |Dwl|) dx = / g"(x,|Dwl) dz.
B, € Br Br
At this point, by the lower semicontinuity of the functional |[ B, g* (x,|Dw|) dx, and the

Lebesgue Dominated Convergence Theorem applied to the sequence of functions g*(z, | Dw|),
we obtain

/ g™ (x,|Dv|) dx < liminf/ g™ (x, |Dv*|) dz < / g(x, | Dw|) dx.
B, k B, Br
Finally, letting kg — +o00 and p — R

/B a(2)h(| Do) d < / a(2)h(| D] da, (2.89)

Br

and passing to the limit in (2.86), we get

HDUHLO"(BP;RN") S C |:/
Br

Then w and v are two solutions to Problem (2.87), but since g is not strictly convex for all
t > 0, we may not conclude that w = v in Bg. Let us define

B
[1 4 a(x)h(|Dw|)*@)] daz] . (2.90)

D D
Ey:=<x€ By w(z) + Du(z) > 1 and w::erU.
2 2
If Ey has positive measure, then from the convexity of g(z,-) we have
1 1
| swipahar<g [ gwlpuhdos g [ glalDdds o1
Br\Eo 2 Br\Ey 2 Br\Ejy
Now, by the strict convexity of g(z,t) for ¢ > 1, we have
1 1
/ g(z,|Dw|) dx < —/ g(z, | Dwl|) dx + —/ g(x,|Dvl) dx. (2.92)
BrNEp 2 BrnNEg 2 BrnNEy

Adding (2.91) and (2.92), we get a contradiction with the minimality of w and v. Therefore
the set Ey has zero measure, which implies that

sup [ Dw(z)| < sup |Dw(z) + Dv(z)] +S;1p|Dv(93)| < 2+Sgp|Dv(w)|

P B,

and the main estimate follows by (2.90).

3. AN EXAMPLE
In this section we show that h(t), defined in (1.3) with ¢y to be chosen later,
h (t) — taersin loglogt __ e(aersin log log t) logt’ it > t()a (31>

satisfies the assumptions of Theorem 1.1. First let us notice that h satisfies, for large ¢, the
growth condition
P <ht)<t, >t
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with p=a —b and ¢ = a + 0.
Moreover, the first derivative, when ¢ > tg, is

: 1 1
B (t) = totbsinloglost | p o5 loglogt - Tog ! - = -logt+ (a+ bsinloglogt) - n

= (o ttbsinloglogt 1 o5 log log ¢ + (a + bsinloglogt)].

Then A’ (t) > 0 for t > tg if a > V2b (since sin a + cos v > —/2 for all a € R).
The second derivative, when ¢t > t, similarly is
h// (t) — ta—2+bsin loglogt

-[bcosloglogt + (a — 1 + bsinloglogt)] - [bcosloglogt + (a + bsinloglogt)]

g’ 1 1
o itbsinloglogt |, (cogloglogt — sinloglogt) - —— - —
logt t

ta—2+bsinloglogt .

{ [beosloglogt + (a — 1 + bsinloglogt)] - [bcosloglogt + (a + bsinloglogt)]

1
+b (cosloglogt — sinloglogt) - @};

since the last addendum converges to zero at t — +oo0, if a — 1 > v/2b, for large values of ¢
R (t) > 0 and we also have

W'(t)-t  a—14+/2b
W) — a—-v2b
Therefore the function h (¢) satisfies (1.2) for a given § > 0, with a,b > 0 such that
l+V2h<a<a+b<1l+3,
with ¢ > 0 large in dependence of a,b. This is possible if 1 < a < 1+ ¢ and b is sufficiently

0<

a—1

small, sayb<min{ﬁ,1+5—a}.
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