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Abstract

Let T = (T,w) be a weighted finite tree with leaves 1,...,n. For any I := {i1,...,ip} C
{1,...,n}, let Dr(T) be the weight of the minimal subtree of T' connecting i1, ..., ig; the Dr(T)
are called k-weights of 7. Given a family of real numbers parametrized by the k-subsets of

,,,,,

of positive real numbers, then there exists at most one positive-weighted essential tree T with
leaves 1,...,n that realizes the family (where “essential” means that there are no vertices of
degree 2). We say that a tree P is a pseudostar of kind (n, k) if the cardinality of the leaf
set is n and any edge of P divides the leaf set into two sets such that at least one of them
of real numbers realized by some weighted tree, then there is exactly one weighted essential
pseudostar P = (P, w) of kind (n, k) with leaves 1,...,n and without internal edges of weight 0,
that realizes the family; moreover we describe how any other weighted tree realizing the family
can be obtained from P. Finally we examine the range of the total weight of the weighted trees
realizing a fixed family.

1 Introduction

For any graph G, let E(G), V(G) and L(G) be respectively the set of the edges, the set of the vertices
and the set of the leaves of G. A weighted graph G = (G, w) is a graph G endowed with a function
w : E(G) — R. For any edge e, the real number w(e) is called the weight of the edge. If all the
weights are nonnegative (respectively positive), we say that the graph is nonnegative-weighted
(respectively positive-weighted); if the weights of the internal edges are nonzero, we say that the
graph is internal-nonzero-weighted and, if all the weights are nonnegative and the ones of the

2010 Mathematical Subject Classification: 05C05, 05C12, 05C22
Key words: weighted trees, dissimilarity families



internal edges are positive, we say that the graph is internal-positive-weighted. For any finite
subgraph G’ of G, we define w(G") to be the sum of the weights of the edges of G’. In this paper we
will deal only with weighted finite trees.

Definition 1. Let T = (T,w) be a weighted tree. For any distinct iq,.....,ix € V(T), we define
Dyi....., ik}(T) to be the weight of the minimal subtree containing iy, ....,1x. We call this subtree “the
subtree realizing Dy, . 53(T)”. More simply, we denote Dy, . 53(T) by Dy, . 3. (T) for any order
of i1, ...,ix. We call the D;, . ;, (T) the k-weights of T and we call a k-weight of T for some k a
multiweight of T .

If S is a subset of V(T'), the k-weights give a vector in R(Z). This vector is called k-dissimilarity
vector of (7,5). Equivalently, we can speak of the family of the k-weights of (T, .5).

If S is a finite set, £ € N and k < #S5, we say that a family of real numbers {D]}IG(S) is treelike

k
(respectively p-treelike, nn-treelike, inz-treelike, ip-treelike) if there exist a weighted (respectively

positive-weighted, nonnegative-weighted, internal-nonzero-weighted, internal-positive-weighted) tree
T = (T,w) and a subset S of the set of its vertices such that D;(7) = D, for any k-subset I of S.
If in addition S C L(T), we say that the family is I-treelike (respectively p-l-treelike, nn-1-treelike,
inz-l-treelike, ip-l-treelike).

Graphs and in particular weighted graphs may have applications in several disciplines, such as bi-
ology, psychology, archeology, engineering. Phylogenetic trees are positive-weighted trees whose
vertices represent species and the weight of an edge is given by how much the DNA sequences of the
species represented by the vertices of the edge differ. There is a wide literature concerning graphlike
dissimilarity families and treelike dissimilarity families, in particular concerning methods to recon-
struct positive-weighted trees from their dissimilarity families; these methods are used by biologists
to reconstruct phylogenetic trees (see for example [13], [19] and [7], [17] for overviews); also archeol-
ogists represent evolutions of manuscripts by positive-weighted trees. See the introduction in [6] for
some applications to psychology. Also the case of general weighted graphs can be interesting. For
example, consider a web of pipes such that, when a particle or a material goes from a vertex of an
edge to the other vertex, it gets or looses some quantity of a particular substance; call this quantity
weight of the edge, so that the web becomes a weighted graph G; making a material run from a
vertex i of the graph to another j, we get a value for D; ;(G); analogously, the numbers D;, _;, (G)
can represent how much a material, by going from the leaf i, to the leaves iy, ...., T gets or
loses of a certain substance. So weighted graphs can represent hydraulic webs or webs in the human
body; moreover they can represent also railway webs where for some lines the difference between
the earnings and the cost of the line is positive and for the other lines is zero or negative. If we
know “how much we get or lose” by going from a leaf of a weighted tree to other leaves (the values
Dy, ..i.), we can try to reconstruct the weighted tree. It can be interesting, given a family of real
numbers, {D;, i, }ir..ip, to wonder if there exists a weighted tree with it as family of k-weights,
if it is unique and, if it is not unique, which is the tree realizing the given family and with maxi-
mum/minimum total weight (if there exists); for instance, for “railway trees” where for some lines
the difference between the earnings and the cost of the line is postive and for the other lines is zero
or negative, we can be interested in searching the trees with maximum total weight. Moreover, in
research fields where only positive-weighted trees are studied, if from experimental data we get a



family of k-weights, for some k, which is treelike but not positive-treelike, this can suggest that there
is a systematic underestimate of the weights.

One of the first results on weighted trees is a criterion for a metric on a finite set to be nn-l-treelike,
see [B], [18], [20]:

It is p-treelike (or nn-l-treelike) if and only if, for all distinct a,b,c,d € {1,...,n}, the maximum of
{Da,b + Dc,d; Da,c + Db,d; Da,d + Db,c}
15 attained at least twice.

As we have already said, also the study of general weighted trees can be interesting and, obviously,
it cannot be deduced from the study of positive-weighted trees; in [3], Bandelt and Steel proved a
result, analogous to Theorem [2], for general weighted trees:

.....

tree T with leaves 1,...,n such that D;(T) = Dy for any I € ({1"'2""}) if and only if, for any
a,b,c,d € {1,...,n}, at least two among Doy + Deg, Dac+ Dpa, Daa+ Dy are equal.

In [§] some results on graphs with minimal total weight among the ones realizing a given metric
space were established.

For higher k the literature is more recent, see [1], [4], [9], [10], [11], [12], [14], [I5], [L6]. Three of the
most important results for higher k are the following:

Theorem 4. (Herrmann, Huber, Moulton, Spillner, [9]). If n > 2k, a family of positive real

ip-l-treelike.

Theorem 5. (Levy-Yoshida-Pachter, [11]) Let T = (T,w) be a positive-weighted tree with
L(T)=A{1,...,n}. Foranyi,j € {1,...,n}, define

S(i, j) = > . Di iy (T).

Then there exists a positive-weighted tree T' = (T',w") such that D, ;(T") = S(i,7) for all i,j €
{1,...,n}, the quartet system of T' is contained in the quartet system of T and, defined T<s the
subforest of T whose edge set consists of edges whose remouval results in one of the components
having size at most s, we have T<,,_, = T. _,.

Theorem 6. (Pachter-Speyer, [1]]]). Let k,n € N with 3 < k < (n+1)/2. A positive-weighted
tree T with leaves 1,...,n and no vertices of degree 2 is determined by the values D;(T), where I
varies in ({1"1‘;’”}).



Pachter-Speyer Theorem raises naturally some questions. It is natural to ask what happens if & >
(n+ 1)/2: Pachter and Speyer showed that in this case the statement does not hold, but is there a
class of trees such that at most one tree in this class realizes a given family {D;} Te(ty n})?

k

Furthermore we can wonder what happens if we consider general weighted trees instead of positive-
weighted ones.

say something about the ones, among the weighted trees realizing the family, that have maxi-
mum/minimum total weight (if they exist)?
To state our results we need the following definition.

Definition 7. Let k € N — {0}. We say that a tree P is a pseudostar of kind (n,k) if L(P)=mn
and any edge of P divides L(P) into two sets such that at least one of them has cardinality greater
than or equal to k.

Figure 1: A pseudostar of kind (10, 8)

exactly one internal-nonzero-weighted pseudostar P of kind (n, k) with leaves 1, ,'r}; and no vertices
of degree 2 such that D;(P) = D; for any I; it is positive-weighted if the family is p-l-treelike.
Moreover, any other tree realizing the family {D;}; and without vertices of degree 2 is obtained from
the pseudostar by a certain kind of operations we call “OI operations” and by inserting some internal
edges of weight 0 (see Definition and Theorem . In particular we get that the statement of
Pachter-Speyer Theorem holds also for general weighted trees.

the range of the total weight of the trees realizing it and we show that the pseudostar of kind (n, k)
realizing it has maximum total weight (see Theorem ; then we study the analogous problem for
I-treelike families in R (see Theorem [19)).

2 Notation and some remarks
Notation 8. e Let R, = {z € R| z > 0}.

e For anyn € N withn > 1, let [n] = {1,...,n}.
e For any set S and k € N, let (2) be the set of the k-subsets of S.
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o Throughout the paper, the word “tree” will denote a finite tree.

e We say that a vertex of a tree is a node if its degree is greater than 2.

o Let F be a leaf of a tree T'. Let N be the node such that the path p between N and F does not
contain any node apart from N. We say that p is the twig associated to F'. We say that an edge is
internal if it is not an edge of a twig.

o We say that a tree is essential if it has no vertices of degree 2.

o Let T be a tree and let {i,j} € E(T). We say that a tree T is obtained from T' by contracting
{i,j} if there exists a map ¢ : V(T) — V(T") such that:

(i) = ¢(5),
0 (y) is a set with only one element for any y # ¢(i),
E(T") = {{p(a), p(b)}| {a,b} € E(T) with ¢(a) # ¢(b) }.

We say also that T is obtained from T' by inserting an edge.

o Let T be a tree and let S be a subset of L(T). We denote by T|g the minimal subtree of T whose
set of vertices contains S. If T = (T,w) is a weighted tree, we denote by T|g the tree T'|g with the
weight induced by w.

o Let T = (T,w) be a weighted tree. We denote w(T) by Diot(T) and we call it total weight of T.
o letnk €N, n>3and 1 < k <n. Given a family of real numbers {DI}IG([Z])’ we say that a

weighted tree T = (T, w) with L(T) = [n] realizes the family {D;}; if D;(T) = D; for any
re(%).

Definition 9. Let T be a tree.

We say that two leaves i and j of T are neighbours if in the path from i to j there is only one node;
furthermore, we say that C C L(T) is a cherry if any i,j € C are neighbours.

We say that a cherry is complete if it is not strictly contained in another cherry.

The stalk of a cherry is the unique node in the path with endpoints any two elements of the cherry.
Leti,j,l,m € L(T). We say that (i, j|l,m) holds if in T'|f; jim} we have that i and j are neighbours,
and m are neighbours, and i andl are not neighbours; in this case we denote by ; ;i.m the path between
the stalk of {i,j} and the stalk of {l,m} in T\ j1my- The symbol (i, j|l,m) is called Buneman’s
index of i, 7,1, m.

Remark 10. (i) A pseudostar of kind (n,n — 1) is a star, that is, a tree with only one node.
(ii) Let k,n € N—{0}. If & > k, then every tree with n leaves is a pseudostar of kind (n, k), in fact
if we divide a set with n elements into two parts, at least one of them has cardinality greater than or

2 which is greater than or equal to k.

equal to 3,

Definition 11. Let k,n € N—{0}. Let T = (T, w) be a weighted tree with L(T') = [n]. Let e be an
edge of T with weight y and dividing [n] into two sets such that each of them has strictly less than k
elements. Contract e and add y/k to the weight of every twig of the tree. We call this operation a
k-10 operation on T and we call the inverse operation a k-OI operation.

Remark 12. [t is easy to check that, if T = (T,w) and T = (T',w') are weighted trees with
L(T) = L(T") = [n] and T is obtained from T by a k-10 operation on an edge e of weight y, we



have that T and T’ have the same k-dissimilarity vector. Furthermore, if T is positive-weighted we
have that Dy (T") > Dyot(T), precisely

n—=k
k

Example. Let k =5, n = 8. Consider the weighted trees in Figure 2] where the labelled vertices are
the numbers in bold and the other numbers are the weights. The tree on the left is not a pseudostar
of kind (8,5) because of the edge e; the tree on the right is obtained from the one on the left by a
5-10 operation on e. The 5-weights of the two trees are the same.

Dtot(T/) = Dtot(T) + Y.

Figure 2: a 5-10 operation

3 Existence and uniqueness of a pseudostar realizing a tree-
like family

The following proposition is useful for the proof of Theorem [L6| but it can be interesting on its own;
it shows that Buneman indices of weighted pseudostars can be recovered from their k-weights. The
result was known only for positive-weighted trees.

Proposition 13. Let k,n € N with2 < k <n—2. Let P = (P,w) be a weighted tree with L(P) = [n].
1) Leti,l € [n].

(1.1) If i,l are neighbours, then D; x(P) — D; x(P) does not depend on X € ([”],;_{i’l}).

(1.2) If P is an internal-nonzero-weighted essential pseudostar of kind (n, k), then also the converse
18 true.

2) Let i,j,l,m € [n].
(2.1) If (i, j|l,m) holds or P|; jim is a star, then

for any R € (["]_iﬁjél’m}).

(2.2) Let k > 4 and P be an internal-nonzero-weighted essential pseudostar of kind (n, k). We have
that (i, j|l,m) holds if and only if at least one of the following conditions holds:

(a) {i,5} and {l,m} are complete cherries in P,



(b) there exist S, R € ([”]_g_’gl’m}) such that
D; js(P) + Dim,s(P) # Di1,s(P) + Djm,s(P), (1)
D; j r(P) + Dim,r(P) # Dimr(P)+ Djir(P). (2)

Proof. (1.1) Obvious.

(1.2) Let P be as in the assumptions and suppose that D; x(P) — D, x(P) does not depend on
X € (["}k__{i’l}). For every 0 € [n], let 6 be the node on the path from 7 to [ such that

path(i,1) N path(i, §) = path(i,d).

Suppose, contrary to our claim, that ¢ and [ are not neighbours. Therefore, on the path between i
and [ there are at least two nodes. For any a, b nodes in the path between ¢ and [, we say that a < b
if and only if path(i,a) C path(i,b). Let z,y be two nodes on the path between i and [ such that
there is no node in the path between x and y apart from x and y; thus in the path between z and y
there is only one edge since P is essential. Suppose =z < y, see Figure . We can divide [n] into two
disjoint subsets:

X={6¢cn]|0<ua},

Y={5c[n]|d0>y}

Since P is a pseudostar of kind (n, k), then either #X > k or #Y > k; suppose #X > k (we argue
analogously in the other case); let v, ..., 741 be distinct elements of X — {i} with 77 = z. Up to
interchanging the names of 71, .., vx_» (and correspondingly the names of 77, ..., 7% _z2), we can suppose
M<A < < Ak—1. Let n € Y — {l} such that 77 = y.

R

Figure 3: Neighbours in pseudostars

If k£ > 3, we have:
Di»’Yl,-w’kal - Dl,’Yl,m-,’kal = w(path(z',ﬂ)) - w(path(l, ")/k*l))

Div'}’17~--~77k72»7l - Dl?’Yl:"":’Yk:*?/’] = U)(pCLth(Z,%)) - w(pa/th(l7ﬁ>)'

Since the first members of the equalities above are equal by assumption, we have that
w(path(l, =) = w(path(l,mn)),
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that is
w(path(l,z)) = w(path(l,y)),

thus the weight of the edge {z,y} must be 0, which contradicts the assumption.
If £ =2, we have:

Dl}’Yl, - Dl,’n = w(path(ivﬂ)) - w(path(l’ﬂ)) = w(path(iv ZL‘)) - w(path(lv ZU))

Dy — Dy = w(path(i,n)) — w(path(l, 7)) = w(path(i,y)) — w(path(l,y)).

Since the first members of the equalities above are equal, we must have that the weight of the edge
{z,y} must be 0, which contradicts the assumption.

(2.1) Let R € (["]*]{j_’gl’m}), A = Pljimnr and A" = P|; ;i m. Suppose (i,j|l,m) holds. Call z the
stalk of the cherry {i,j} and y the stalk of the cherry {l,m} in A’. Let us denote the set of the
connected components of A — A" by Cs_ 4. For any H € C4_ 4/, let vy be the vertex that is both a
vertex of H and a vertex of A’. Then D, ,, r(P) is equal to

D;m(P) + Z w(H)+w U path(vy,z) | +w U path(vy,y)
HeCs_ar HeG, 4 8.t Heg, 4 8.t
v eV (path(j,x)) v €V (path(ly))

Analogous formulas hold for D;; g(P), Djm.r(P), D;ir(P) and we can easily prove our statement.
If A’ is a star, we argue analogously.

(2.2) <= Obviously (a) implies (4, j|{,m). Suppose (b) holds; then, if P|; ;;,, were a star or (7,|j, m)
or (i,m|j,{) held, from (2.1) we would get a contradiction of the assumptions. Thus (i, j|I, m) holds.
= Let us consider the path between i and [. We use the same notation as in (1.2). By assumption
j <m. Let m’ € [n] be such that m’ is the maximum node strictly less than m and let j' € [n] be
such that j’ is the minimum node strictly greater than j. We could possibly have j' = m and m’ = j
or 7 =m/. In Figure {4 we sketch the situation in case j' < m/'.

T

Figure 4: 4" and m/

Since P is a pseudostar of kind (n, k), we have:

and



e First suppose that there exists s € [n] — {4,7} such that 5 < j and there exists ¢t € [n] — {I,m}
such that ¢ > m. From and we get

#Hrehllz<m'} >k or #{zeh]z>7}>k

Suppose #{z € [n]| T < m/} > k (the other case is analogous). Let R be a (k — 2)-subset of
{x € [n] — {i,j}| T < m'} such that, if m’ # j, then R contains s and m/. Then

D, ;r(P)— Dy r(P) w(path(i, mm@u R))) — w(path(l, maz(j U R)))
w(path(i,min(R))) — w(path(l,m’)),
w(path(i,min(m U R))) — w(path(l, max(m U R)))

w(path(i,min(R))) — w(path(l,m))

So we get that D, ; r(P) — Dijr(P) — Dim.r(P) + Dimr(P) = —w({m',m}), which is nonzero by
assumption. Thus D; ; r(P) + Dim.r(P) # Dy r(P) + Dimr(P); hence holds.

e Now suppose that there exists s € [n]—{i, j} such that 5 < j and there does not exist t € [n]—{l,m}
such that £ > m (analogously if the converse holds). Then #{x € [n]| T < m/} > k. By taking R to
be a (k — 2)-subset of {x € [n] — {i,j}| T < m/} such that, if m’ # j, then R contains s and m/, we
conclude as above that holds.

e Finally, if there does not exist s € [n]—{,j} such that 5 < j and there does not exist t € [n]—{l,m}
such that ¢ > mm, then (a) holds.

By considering the path between ¢+ and m, we get analogously that either holds or (a) holds. [

Di,m,R(P> - Dl,m,R(P)

The following proposition characterizes Buneman indices in terms of k-weights in the case k = 3.

Proposition 14. Let n > 5. Let P = (P,w) be an essential and internal-nonzero-weighted tree with
L(P) = [n] (so it is a pseudostar of kind (n,3)). Let i,j,l,m € [n].

We have that (i, j|l, m) holds if and only if at least one of the following conditions holds:

(a) there exists r € [n] — {i,7,1,m} such that the inequality

D; ji(P) + Dpyi(P) # Dii(P) + Dy ji(P)

holds and the inequalities obtained from this by swapping i with j and/or | with m hold.
(b) for any r € [n] — {i,j,1,m}, the following inequalities hold:

Di,jﬂ“(p) + Dm,l,T(P) 7£ Di,m,r(P) + Dj,lJ(P)v
D; ;+(P)+ Dipir(P) # Diyyr(P) + Djmr(P).

Proof. = Let x be the stalk of the cherry {i,j} in PJ;;;.m» and let y be the stalk of the cherry
{l,m} in PJ; j;m . Suppose first that in V' (7, j;m) there are some nodes of P different form z and
y; call ¢ the node of P in V(v;,1m) — {x,y} such that path(z,c) C path(x,c’) for any ¢ node of
P in V(vi1m) — {z,y} (that is c is the node in 7; ., “nearest” to z). Let r € [n] be such that
path(x,y) N path(xz,r) = path(z,c). For such an r, we have the inequalities in (a), in fact the edge
{z, ¢} has nonzero weight by assumption. Thus, if (a) does not hold, then there are no nodes of P
in V(vi1m) — {z,y}, hence v; j ., is an edge; by assumption w(7; ;.m) 7 0 and we can prove easily
that (b) holds.

< We can easily prove that, if (a) holds or (b) holds, then PJ; ;;, is not a star and (i, m|j,1) and
(1,1]j,m) do not hold. O



Corollary 15. Letn,k € Nwith3 <k <n—2. Let {DI}IG([H]) be a family of real numbers. The Dy
k

for I € ([Z]) determine the Buneman’s indices of an internal-nonzero-weighted essential pseudostar

P = (P,w) of kind (n,k) with L(P) = [n] and realizing the family {Dy}.

In fact, by part 1 of Proposition , the Dy for I € ([Z]) determine the complete cherries of an internal-
nonzero-weighted essential pseudostar P = (P,w) of kind (n, k) with L(P) = [n| and realizing the
family {D;};; so, by part 2 for k > 4 they determine its Buneman’s indices. For k = 3 we can use
Proposition [14]

Theorem 16. Let n,k € N with 3 <k <n—1. Let {DI}IG([n]) be a family of real numbers. If it is
k

I-treelike, then there exists exactly one internal-nonzero-weighted essential pseudostar P of kind (n, k)
realizing the family. Any other weighted essential tree realizing the family { Dy} can be obtained from
P by k-OI operations and by inserting internal edges of weight 0.

If the family {DI}IG([Z]) 1s p-l-treelike, then P is positive-weighted and any other positive-weighted

essential tree realizing the family {D;}; can be obtained from P by k-OI operations.

Proof. Let T = (T,w) be a weighted tree with L(T) = [n| and realizing the family {DI}IG([Z])'
Obviously we can suppose that it is essential. By k-IO operations and contracting the internal
edges of weight 0 we can change 7 into an internal-nonzero-weighted essential pseudostar P of kind
(n,k); it realizes the family {D;}; by Remark [12] If T is positive-weighted, obviously also P is
positive-weighted.

If Kk =n —1, it is easy to see that there exists at most a weighted essential star with leaves 1,....n
realizing the family {D;};.

Suppose k < n—2. By Corollary , the Dy for I € ([Z]) determine determine the Buneman’s indices,
and then they determine P, in fact it is well known that the Buneman’s indices of a tree determine
the tree (see for instance [7]). We have to show that the D; determine also the weights of the edges
of P. The argument is completely analogous to the proof of the theorem in [I4]; we sketch it for the
convenience of the reader. Let e be an edge of P which is not a twig. Then there exist ¢, j, [, m € [n]
such that e = ; j;.m (see Definition (9| for the meaning of v; ;;.,); since P is a pseudostar of kind
(n, k), there exists R € (["]7]{:7’7'2’1’"1}) such that e is not an edge of P|g. Then

2w(e) = D@m’R(P) + DjJﬂ(P) - Di’j,R(P) - Dl’m’R('P),
so w(e) is determined by the D;. For any I € ([Z]) we have that

Di(P)= > wle)+> wle), (5)

ee€ E(T|r) =
e not twig

where e; denotes the twig associated to i.
So, for any 4,7 € [n| and for any S € (["],;‘{’1’]}), we have:

wie) —wley) = > wle)— Y wie) = (Dis _ w(e)) — (Djs _ w(e)).
I€(i5) 1€(4S) e € E(T);s) e € E(T;s)
e not twig e not twig
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Hence the difference of the weights of the twigs is determined by the D;. From the formula (5)) we
get the weight of every twig. m

Corollary 17. The statement of Pachter-Speyer Theorem holds also for general weighted trees.

We point out that the unicity statement of Theorem [16|in the case of positive-weighted trees can be
deduced also from Theorem ; anyway it was not stated there (the definition of pseudostar is new).
Observe that the complexity of an IO-operation on a tree with n leaves is O(n) and the internal
edges of an essential tree with n leaves are at most n, so changing an essential tree into a pseudostar
of kind (n, k) requires not more than O(n?) elementary operations.

Finally we want to mention that in [2], by using also the idea of pseudostar introduced in this paper,
we give a characterization of treeelike families of real numbers parametrized by k-subsets of a finite set
and that the website http://web.math.unifi.it /users/baldisser /Downloads.html contains a program
(which uses the ideas of [2]) whose aim is to establish if a family of real numbers is treelike and, if
so, to compute the unique internal-nonzero-weighted essential pseudostar realizing the family.

4 The range of the total weight

Let {DI}]E(W) be a p-l-treelike family in R;. If 2 < k < (n+1)/2 we know that there exists a unique
k

positive-weighted essential tree 7 = (T, w) with L(7) = [n] and realizing the family (see Theorem
6). On the other hand, for k > (n + 1)/2 this statement no longer holds and, if we call U the set of
all positive-weighted trees realizing the family {D;};, we can wonder which is the range of the total
weight of the weighted trees in U.

Theorem 18. Let k,n € N with 3 < k <n —1. Let {DI}Ie(["]) be a p-l-treelike family of positive
k

real numbers and let U be the set of the positive-weighted trees with [n] as set of leaves and realizing
the family {D;};. Call P the unique essential pseudostar of kind (n,k) in U (see Theorem[16]). The
following statements hold:
(i)

sup { Dot (T)} = Dior(P)

TeU

and the supremum is attained only by P;
(ii) if #U > 1, then
nf { Dior(T)} = Diot(P) = (n = k) -m

where m s the minimum among the weights of the twigs of P; the infimum is not attained.

Proof. (i) Let T = (T, w) be a weighted tree in U. Without changing the dissimilarity family and the
total weight we can suppose that it is essential. By using several k-10 operations, we can transform
it into a pseudostar of kind (n, k). By Remark [12| the dissimilarity family does not change, so, by
Theorem , the pseudostar of kind (n, k) we have obtained must be the unique essential pseudostar
of kind (n, k) in U, that is P. By Remark [12| we have that Dy (T) < Do (P); furthermore, if 7 is
different from P, then Dy (T) < Do (P).

11



(ii) Suppose #U > 1. Then we can make a k-OI operation on P: we add an edge of weight kz,
where z < m, in such a way that the edge divides the tree in two trees each with less than k leaves,
and we subtract x from the weight of every twig of P. Let T be the tree we have obtained. We have

Diot(T) = Dyot(P) + k-2 —n- -2 = Diy(P) — (n— k) - x

Obviously, the limit of D, (T), as x approaches m, is Dy (P) — (n — k) - m.

Finally, let A € U. Without changing the dissimilarity family and the total weight we can suppose
that it is essential. We can transform A into P by several k-10 operations, contracting edges with
weights y1, 4o, ...ys and adding w to the weight of every twig. Then we get:

n —

k

Furthermore, since, to obtain P from A, we have added 42T 6 the weight of every twig, we
have that

Du(P) = Duarl )+ g 4y + o). (6)

Thus, from @ and we get:

k
Dian(A) = Dior(P) = === (1 + 92 + . + 4) > Deo(P) = (n = k) - .

The following theorem answers the analogous problem for general weighted trees.

Theorem 19. Let k,n € N with3 <k <n-—1. Let {D]}E([n}) be a I-treelike family of real numbers
k
and let U be the set of weighted trees with [n] as set of leaves and realizing the family {Dy};.

(i) If in U there are only weighted pseudostars of kind (n, k) (for instance if k < %), then Dy (P) =
Diot(P") for any P, P" € U, in particular

Anf { Dear(P)} = sup { Diot(P)}-
(i1) If in U there are weighted trees that are not pseudostars of kind (n, k), then

%relg{Dtot(T)} = =00, ,Srlég{Dtot(T)} = 100,

Proof. (i) Let P and P’ be in U. Denote by P and P’ the weighted trees obtained respectively from
P and P’ by contracting the internal edges of weight 0. Let P and P’ be the weighted essential
trees equivalent respectively to P and P'. Obviously both P and P’ pseudostars of kind (n, k) and
realize the family {D;};; so, by Theorem |16 ., they are equal. Thus Dy (P) = Dyt (P’), therefore
Dtot(P) = Dtot(P/)-

(ii) Let 7 = (T, w) be an element of U that is not a pseudostar of kind (n, k); then there is an edge €
dividing the tree into two trees such that each of them has less than k leaves. Let z € R. We define
on T a new weight w' as follows:

w'(€) = w(e) + z;

12



for every twig t,
1
k

for any edge e different from € and not contained in a twig, we define w’(e) = w(e).
Let 7' = (T, w'). We have that D;(7") = Dy for any I € (1), so 7" € U. Furthermore

w'(t) = w(t) —

n n—=k
Dyoi(T") = Dion(T) + 2 — EZ = Dyoi(T) — 2 z.
Hence hmz—)—oo Dtot(T/) - +OO, while hmz—)—i—oo Dt0t<T/) = —0OQ. ]
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