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New Approach to the Stability of Chemical
Reaction Networks: Piecewise Linear in Rates
Lyapunov Functions

M. Ali Al-Radhawi, Student Member, IEEEand David AngeliFellow, IEEE

Abstract—Piecewise-Linear in Rates (PWLR) Lyapunov func-
tions are introduced for a class of Chemical Reaction Netwdes
(CRNSs). In addition to their simple structure, these functions
are robust with respect to arbitrary monotone reaction rates,

of which Mass-Action is a special case. The existence of such
functions ensures the convergence of trajectories towardsqui-
libria, and can be used to establish their asymptotic stabity with
respect to the corresponding stoichiometric compatibiliy class.

We give the definition of these Lyapunov functions, prove thie
basic properties, and provide algorithms for constructingthem.
Examples are provided, relationship with consensus dynarog are
discussed, and future directions are elaborated.

. . Fig. 1. Bipartit h tation of th le CBN (1
Index Terms—Robust Stability, Lyapunov Methods, Chemical 9 ipartite graph representation of the example CRIN (

Reaction Networks, Biochemical Networks.

networks for which important dynamical properties such as
|. INTRODUCTION stability, monotonicity, persistence, etc can be checkaskd
The study of the dynamic behavior of Chemical (or consn structural information only regardless of the paranseter
plex) Reaction Networks (CRNSs) finds its roots in Boltzmanninvolved. In this work, we follow this line of research by
H-theorem[[1] and the subsequent chemical engineering litémvestigating stability properties for a wide class of cheah
ature [2], [3], [2]. Recently, this area has sparked a grgwirreaction networks.
interest in the control and systems community [5], [6], [7], Earlier work regarding asymptotic stability has concetetla
[8]. This is especially in the light of the challenges posedn the concepts of detailed and complex balanding [2]. It was
by the emerging field of molecular systems biology. In thishown afterwards that Mass-Action networks, which satisfy
respect, one of the main goals is to understand the c#ike graphical condition of being weakly reversible with eefi
behavior and function at the level of chemical interactiorency zero, are complex-balancéd [4]. Therefore, thergt®ex
and, in particular, the characterization of qualitativatéees a unique equilibrium in the interior of each class which is
of dynamical behavior (stability, periodic orbits, chaes;.) locally asymptotically stable for complex-balanced natgo
resulting from such interactions. This theorem is remarkable since asymptotic stability was
However, a major difficulty in this field is the very largeestablished independently of the kinetic constants iradlv
degree of uncertainty inherent in the models of cellular bidt was shown later that if there are no equilibria on the
chemical networks. Thus, it is imperative to develop toolsoundary of the class, then global asymptotic stabilityhaf t
that are “robust” in the sense of being able to providaterior equilibrium holds([6]. However, the question obbél
useful conclusions based only upon information regardireg tasymptotic stability for complex-balanced CRNs remainsrop
qualitative features of the network, and not the preciseesl in general.
of parameters or even the specific form of reaction kinetics. The subclass of unimolecular CRNs that have a com-
Of course, this goal is often unachievable, since the dyealmipartmental matrix can be shown to be stallel [11]. Another
behavior may be subject to bifurcation phenomena which approach is based on the notion of monotone systénis [10].
critically dependent on parameter values. Once monotonicity is established, convergence theorems fo
Nevertheless, research by many [2], [4], [3]} [6] [9].[10monotone systems can be applied.
has resulted in the identification of classes of chemicaitiea Despite the wide range of results available, they only cover
This work was partially supported by Leverhulme Trust unaleard titled a small subset of CRNs which are in practice observed to

“Structural conditions for oscillation in chemical reacti networks”. be stable. For instance, consider the following CRN which is
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The corresponding ODE system is: The inequalitiest > 0, z > 0, z > 0 denote elementwise
1 0 1 nonnegativity, elementwise nonnegativity with at lease on

_1 9 1 Ri(x1) positive element, and elementwise positivity, respebtivest
T = 1 0 —1 Ro(z2) |, (2) A e R™*¥, thenker(A) denotes the kernel or null-space of
0 1 Rs(x3,x4) A, while Im(A) denotes the image space 4f The all-ones

vector is denoted byl, where its dimension can be inferred
x € R* and Ry, R», R; are the reaction rate functionsfrom the context. Lel : D — R, then the kernel of is
where the species appearing in the argument correspondk¢e(V) = V~1(0).
the reactants.

Despite its simplicity, its stability can not be establidhea Il. BACKGROUND ONREACTION NETWORKS

previous results in the literaturel [4], [10].1[6], [11] evéor The field of CRN dynamics has an established literafure [2],
the Mass-Action case. However, consider the following:  [3], [4], [8]. In this section, we review the relevant notats

V(x) = max{|Ry(z) — Ro(2)|,|Ra(z) — Rs()], and definitions.

|[B3(@) = Fa(@)l}. () p Ordinary Differential Equations Formulation

It can be verified that” is decreasing along all trajectories for A Complex (or Chemical) Reaction Network (CRN) is
any choiceof monotone reaction rate functions, where exaglefined by a set of specieg’ = {X1,..,X,,}, and a set of
conditions are to be detailed in §2. Using this, asymptotigactions#Z = {R., ..., R, }. Each reaction is denoted as:
stability of the equilibrium set can be established. In fact n n
this case global asymptotic stability can be shown. R, : ZO‘UXZ' N ZBini, j=1,..v, (4)

In this work, we consider the problem of stability of CRNs ' Pl -
by invoking Lyapunov functions of the forrfal(3), which we call, j,ore ay;, B;; are nonnegative integers callstbichiometry
Piecewise Linear in Rates (PWLR) Lyapunov functidist ., ficients The expression on the left-hand side is called

Only they have simple structure, these_fun_ctions are robyst reqctant complexwhile the one on the right-hand side
with .resp_ect to arbl'Frary positive th? k|n.et|c. constarjtsi s called theproduct complexThe forward arrow refers to the
require mild assumptions on the reaction kinetics. Mastefc idea that the transformation of reactants into productslg o

k|r?et|cs IS a sp:ceu_?l case of the e_ldm|s§|blei_ kmet:ccs. _occurring in the direction of the arrow. If the transfornoatiis
The concept of utilizing convex piecewise linear funCti@ss .., rring also in the opposite direction, the reaction id &

Lyapunov functions to establish the stability is not a newe.ony,q e\ ersibleand its reverse is listed as a separate reaction. For
For instance, it has been used for special nonlinear systefas, anience. the reverse reactionRf is denoted aR _;

[12], linear systems[13] []:4]’ ar!d CONSensus Qyngnlic]; [1yote that we allow reactant or product complex to be émpty,
Maeda et al.[[11] used a piecewise linear function in term gf, ;41 not simultaneously. This is used to model external
the time derivative of the states. inflows and outflows of the CRN

In this Work_, we extend this_approach to clas_ses 9f _nonlinearA nonnegative concentratiar) is associated to each species
systems which have a graphical structure. By identifyinde® v gacp chemical reactiolR; takes place continuously in
which are represented by nonlinear functions, we can aoCistryi .« 4t 4 rateR

. : . - : ; + R” — R;. We assume that the reaction
Lyapunov functions which are piecewise linear in terms ef tr}ate satisfies the following:
node functions. This approach is used for reaction networlfas\ it is a 2! function. i.e. continuously differentiable:
where node functions are reaction rates. The existence gﬁ o y ’

. . z; =0= R;(z) =0, for all i andj such thato;; > 0;
such PWLR Lyapunov functions ensures the convergence A3, itis nondecreasing with respect to its reactants, i.e
trajectories toward the equilibria. They can be used tdtista ' T
the asymptotic stability of the equilibria with respect teeir OR,; () { 20 a5 >0

stoichiometric class. Ox; =0 a4 =0

The paper is organized as follows. In Section 2, we presems. The inequality in[() holds strictly for alt € R™.
the main definitions and assumptions. Section 3 includes the

definition of PWLR Lyapunov function, and the algorithmdtémark 1. Although there exist special biochemical models
for checking candidate functions, while section 4 preserifs Which monotonicity does not apply [16], this assumption
their properties. Various constructions of PWLR functiongonforms to the mostly used and popular reaction rate models

are introduced in Section 5. In Section 6, we present sorf¢!uding Mass-Action, Michaelis-Menten, and Hill kiresti
illustrative examples, and Section 7 contains the conatusi Furthermore, monotonic dependence of the reaction rate on

The proofs are presented in the Appendix. the concentration of its reactants captures the basic fiani

Notation: Let A C R” be a set, themd®, 4,94, coA about the na’_[ure of a reacthn since, as the_ goncentratlon
o ) of reactants increases, the likelihood of collision betwee

denote its interior, closure, boundary, and convex huH, re : .
. . molecules increases, and hence the rate of the reaction.

spectively. The tangent cone td at x € A is denoted by

T,A. Let x € R™ be a vector, then it§-norm is ||z||c = Remark 2. It can be noted that if the Jacobian matr%'%7

maxi<i<n |2;|, and thefy-norm is ||z|jy = Y., |z;|. The satisfieg®), then A3 is also satisfied for all Jacobian matrices

support ofz is defined as sugp) = {i € {1,..,n}|x; # 0}. that have the same sign pattern, i.e. the same sign class.

(®)



Considering a microscopic setup and the associated statitat 3,; > 0. That is, (R;,X;) € E whenevers,;; > 0,
cal thermodynamics considerations, the following widebed and we say in this case th&; is an input reaction for
expression for the reaction rate function can be derived: X;. Notice that there can not be edges connecting two
n reactions or two species. Finallyv : E — N is the weight
Rj(z) = /ngxZ?‘if, (6) function which associates to each edge a positive integer
=1 asW(X;,R;) = «;;, and W(R;, X;) = 3;;. Hence, the
(the so called Mass-Action kinetics), with the conventioftCichiometry matrixI” becomes thencidence matrixof the
09 = 1, wherek;, j = 1, .., m are positive constants known agrah. Figuré 1L depicts such a representation. _
the reaction constants. A reaction R;, is called an ancestor of R; Iif
The stoichiometry coefficients are arranged iniany matrix  there exists a directed sequence of edd#;,, Xj,),

I' = [11 .7a]7 called thestoichiometry matrix which is (Xki»Rei); -, (Xk,,R;,) connecting them. The set of
defined element-wise as: ancestors oR; is denoteds” (R ;). Denote the set of indices

of reactants ofR; by M; = {i|(X;,R;) € E,1 < i < n},
Lij = Bij — ouj. and let the set of indices of inflows le= {j|M,; = @,1 <

Therefore, the dynamics of a CRN with species and g vk

reactions are described by a system of ordinary differtent%hiS](__e)t OL ?Wl:)tli)grtnretacstg;s oifa issetcglflesdpzcsjiéﬁso :ir]?Oti?d
equations (ODEs) as: y A(P). Pty C Vs phon[17]

each input reaction associated fois also an output reaction
z(t) =TR(x(t)), z(0) € Ri (7) associated toP. A siphon is adeadlockif A(P) = Vg.

A siphon or a deadlock is said to hozitical if it does not
contain a set of species corresponding to the support of a
' conservation law.

where z(t) is the concentration vector evolving in the non
negative orthanR”, I' € R"*¥ is the stoichiometry matrix
R(z(t)) = [Ri(z(t)), Ra(x(t)), ..., R (z(1))]" € RY is the
reaction rates vector.

Note that [7) belongs to the class abnnegative sys- Il. PWLR LYAPUNOV FUNCTIONS
tems i.e, Ri is forward invariant. In addition, the manifold A. Definition
Cro = ({x(0)} + Im(T")) N R is forward invariant, and it
is calledthe stoichiometric compatibility classsociated with
zo. Therefore, all stability results in this paper are rekatio
the stoichiometry compatibility class.
A left null vectord € R*,d”T = 0 with d > 0 is said to
be aconservation laywor a P-semiflow in petri-net literature
terminology. If there exists a conservation laiv> 0, the
network is said to beonservative

Furthermore, the graph is assumed to satisfy: Wp={reR": X Hr >0}. (8)

AGL. There are no autocatalytic reactions, i;f;; =0for yy, can pe seen as the intersection of half-spaces given

ali=1,..,nj=1.,v. _ . by the inequalitiesox;hfr > 0,i = 1,...,p, where H =
AG2. There existw € kerI" such thatv > 0. This condition CQ{T
r

. . Lo 2O T hIT 8y, = diagog:...onp]. Note that these cones
1 P 4

is necessary for the existence of equilibria in the interi e not pointed as all of them contain the nontriiat /

of stoichiometric compatibility classes.

As some of the intersections may have empty interiors, i.e.,
The set of reaction rate functions, i.e. kinetics, satiefyAl- conflicting inequalities, we reorder the cones’ indiceshsuc
A4 for a givenT' satisfying AG1-AG2 is denoted by/r. A that the firstm cones are the nonempty-interior cones, i.e.
network family is the triple(.”’, %, 1) which is denoted by We £ & iff k € {1,..,m}. Note thatm < 2”, where equality
7. is achieved iff no left null vector off exists. Otherwise, the
value ofm will depend on the number of left null vectors and
their supports.

Thus, we can state the following proposition which ensures

A CRN can be represented via a bipartite weighteghe well-posedness of our subsequent definitions:
directed graph given by the quadrup®'s,Vg,E, W), N )
whereV is a set of nodes associated with species, ind Proposition 1. Let H, and {W;};, be defined as above,
is associated with reactions. The set of all nodes is denot8gn:

Consider a continuous Piecewise Linear (PWL) functién
defined over a polyhedral conic partition &f. The partition
is generated by a matri¥ € RP*¥, which is assumed to have
some vectop, € ker H with x> 0, and does not have zero
rows. Let>q, ..., 39 be the set ofp x p signature matrices,
i.e. all possible{+1}-diagonal matrices of sizg x p. Define
conesWy, ..., Ws» as:

B. Graphical Representation

by V=VsUVg. 1) Partitioning: We haveR” = [Ji; Wk, ey Wk =
The edge seE C V x V is defined as follows. Whenever ker H, and W, N W; = 0W}, N oW, for all j, k =

a certain reactiorR; given by [4) belongs taZ we draw 1,..,m.

an edge fromX; € Vg to R; € Vp for all X;'s such that 2) Positivity: All the cones intersect the positive orthant
ag;; > 0. That is, (X;,R;) € E iff a;; > 0, and we say nontrivially, i.e., Wy NRY # @,k = 1,...,m. Hence,
in this case thaR; is an output reactionfor X;. Similarly, R, = Ui, (Wr NRY) is a partition to non-empty-

we draw an edge frorR; € Vi to every X; € Vg such interior cones.



3) SymmetryFor eachl < k; < m, there existd < ko < the system’s trajectories. However, since PWLR functiaes a

m such thatt,, = —X,. Hence,n is always even and non-differentiable on regions’ boundaries, we will use the
we can reorder the cones so that, = —W,,,_x11,k = following expression of the time derivative df along the
1,..,m/2. trajectories of[{7):
After defining the partition, we are ready to define the V(z) := max cf R(z), (11)
function: ke Ko

where K, = {k : cfR(z) = V(2),1 < k < m},

o = —Cmpi—k,k = 1,., 2, and R(z) = 22T R(z). The
justification for defining the time-derivative as above vk
ear in the proof of Theorem 2.

We define PWLR Lyapunov functions as follows:

Definition 1. Let H withker H = ker I', and{W; }}; be de-
fined as above, and assume tiiat= [cf .. ¢}, ,]" € R™/2xv
be thecoefficients matrix Then,V : R — R is said to be
a Piecewise Linear in Rates (PWLR) function if it admits th@
representationV (z) = V(R(z)), whereV : R — R is a
continuous PWL function given as Definition 3. Given (@) with initial condition =, := z(0) €
V(r)=lcfr], r € We N =Wi,k=1,..,m/2. (9) R%?.LetV:R" — R, be given as¥ (z) = V(R(z)), where

V is the associated PWL function. Théhis said to be a
PWLR Lyapunov Functiornif it satisfies the following for all
R e Jr,

1) Positive-Definite V(z) > 0 for all z, and V(x) = 0 if

and only if R(z) € kerT.

2) NonincreasingV (z) < 0 for all z.
Definition 2. LetC' = [¢f .. ¢} | € R™/2%v pe given such The set of networks for which there exists a PWLR Lyapunov
that there exista) € ker C with v > 0. Then,V : R® — R function is denoted by?.
is said to be a convex PWLR function if it admits th
representationV (z) = V(R(z)), whereV : R — R is a
convex PWL given by

Note that by definition, ifi’(r) = ¢'r, then the function
is defined over the regioW, and iff/(r) = —cl'r, then the
corresponding region i8V_j := Wi, _kr1 = —Whk.

Within the class of PWLR functions, the subclassofivex
PWLR functions admits a simpler representation:

Befinition 4. A PWLR Lyapunov function farit is said to
satisfythe LaSalle’s conditioffor x, if for all solutionsz(¢) of
(@) with Z(t) € ker VN%,, forall t > 0, we havei(t) € E,,
V(r)= max |cfr] =Cr| (10) for all ¢t > 0, whereE,, C ¢, be the set of equilibria for
1<k<m/2 @)
Remark 3. Although we name our proposed class of functions
“piecewise linear in rates functions”, the set of function
which are described by Definitiong @] 2 is a proper subs
of the former. Therefore, note that we use this name becaddegorem 2 (Lyapunov's Second Method)Given (7) with
of convenience. initial condition z, € R, and let%,, as the associated sto-

. o . ichiometric compatibility class. Assume there exists a RWL
Remark 4. The matricedH, C are crucial in the construction L P Y

: i : apunov function. and suppose thgt) is bounded,
pf the Lyap_unov fl_mctlon. Methods for choosing them will bgl) then the equilibrium seE,_ is Lyapunov stable.
introduced in section IV.

2) If, in addition, V' satisfies the LaSalle’s Condition, then
Remark 5. It can be shown that any convex PWL function  z(t) = E,, ast — oo (meaning that the point to set

The following theorem adapts Lyapunov’s second method
]f9] to our context.

which satisfies[d) can be represented usin@Q) [18], and distance ofz(t) to E,_ tends to0). Furthermore, any
vice versa. Furthermore, given a function represente ), isolated equilibrium relative to#,, is asymptotically
the partition regions{W;};-, and the matrix i can be stable.

determined.

Remark 7. For a givenI’, the existence of a PWLR Lyapunov
Remark 6. The assumptions imposed d&ar H are useful function establishes the stability of each system withi th
to simplify some Theorems and Algorithms. This will be latéetwork family41-. Therefore, the Lyapunov function is robust
justified in Theorerl6 where it will be shown that the existenwith respect to all kinetic details of the network, and degsen
of a Lyapunov function induced by a generic PWLR continuo@8ly on its graphical structure. It might seem that it is
function, i.e without assumptions dii, implies the existence difficult for such function to exist, however, we will deberi
of a corresponding convex PWL function. THeassociated construction algorithms that are valid for wide classes of
with this convex function will satisfy the outlined conuiits networks.

automatically. Remark 8. Note that the PWLR Lyapunov function considered

can not be used to establish boundedness, as it may fail to
B. Lyapunov Functions and Stability be proper. Therefore, we need to resort to other methods to

. . . . arantee boundedness a priori. For instance, if the neftwor
The main theme of this paper is to introduce a new class %lflconservative, i.e the exists e R such thatw”T = 0, this

Lyapunov functions for CRN$J7) which are piecewise linear
in terms of the reaction rates (PWLR). Therefore, the flomgi ensures the compactnessay,

introduced in Definition§]1 and 2 will be candidate LyapunoRemark 9. The LaSalle’s condition in Theorefd 2 can be
functions. Such functions need to be non-increasing alomgrified via a graphical algorithm to be described in_gIll-F.



If the boundedness of solution was known a priori, therC4.

Theoren P can be strengthened to the following:

Corollary 3 (Global Stability) Consider a CRN inZ? that

satisfies the LaSalle condition with a given Assume that all
the trajectories are bounded. If there exists € E,_, which

is isolated relative t06,., then it is unique, i.e.F,, = {z*}.

Furthermore, it is globally asymptotically stable equilitm

relative to %, .

Remark 10. Corollary [3 implies that the existence of two

or more isolated equilibria, even if the interior's equilibm

is unique, excludes the possibility of the existence of a RW

Lyapunov function which satisfies the LaSalle’s conditidris

Nonincreasingnes®oth the following holds:

a) For all k¥ = 1,..,m/2, i € I, we require

sgn(ckj, ) Sgn(ckj,) > 0 for every ji,jo € Ji.
Thus, denotey,; = sgn(cx;),j € Jii-

b) There exists\(¥) ¢ R?, with \(¥)) > 0 such that

R L e

—Vki; (14)

where ¢, := —cpp1-k for j = 14+ m/2,..,m
Furthermore, if (I4) is satisfied, we shall choose
AF) so that suppA(F)) C s (Ng).

,yloreover,f/ is convex if and only ifj;'s can be chosen so
that MhjOhksy; = 0.

is to be contrasted with deficiency-zero theorem [4] wheRemark 11. Note that C2 amounts to linear system solving,
boundary equilibria can be accommodated. This remark wihile C1,C3-C4 are equivalent to linear programming feasi-

be revisited in 8IV-A.

C. Checking candidate PWLR functions

The first problem we shall tackle is that of checking whether
a PWLR function is a Lyapunov function for a network
In this subsection, we
are given a candidat® which is represented by the pair

family A1 given by I' € R"*”,

C € R™/2Xv [ ¢ RP*" as in [9).

We need further notation. Fik € {1,..,m/2}. We claim

bility problems.

D. Checking candidate convex PWLR functions

The conditions in the previous subsection will be simplified
in the case of convex PWLR functions, as it can be noted that
C1, C3 are satisfied automatically. Considémwith V given

by (I0) withT € R**¥, andC € R™/2*¥ pe given.

Theorem 5. LetT" € R™*¥, andC' € R™/2%¥ be given. Then,

that for proving the continuity of//, it is enough to test it V(z) = ||CR(z)|«~ is @ PWLR Lyapunov function for the

betweenneighbors which we define next. Consided, and
for any pair of linearly dependent rows , hl eliminateh] .
Denote the resulting matrix bﬁ € RPXV, and IetZl, . Em

network family_4¢- if and only if the following two conditions
hold:

C2'. Positive-Definitenesser C = kerI'.

the corresponding signature matrices. Note that (8) can p&’. Nonincreasingnes®oth the following holds:

written equivalently a3V, = {r|X, Hr > 0}. Thedistanced,
between two region3Vy, W; is defined to be thédamming

distancebetweenX;, ¥;. Hence, the set of neighbors of a

region Wy, and the set of neighbor pairs are defined as:

Nk = {]|dT(WJ7Wk) = 17.] = 17 "7m}7
N = {(ja k)|dr(W7"Wk) =1,1<jk< m}

Equivalently, a neighboring region %/, is one which differs

only by the switching of one inequality. Denote the index of

the switched inequality by the maq.(.) : NV — {1,..,p}.
For simplicity, we use the notatios),, := s (¢).
Letc! = [ck1 - ek, @and letJy, = supfcx) C {1,..,v} be

a) For all £k = 1,..m/2, i € I. We require
sgn(ckj, ) sgn(ckj,) > 0 for every ji,jo € Jii.
Thus, denoter,; = sgn(ck;),j € Jki-

b) There exist\(*) ¢ R™, with \(¥) > 0 such that

Z/\

where ¢, := —cpp1-k for j = 14+ m/2,..,m
Furthermore, if (I14) is satisfied, we shall choose
A*9) with minimal support.

—VkiYi = Ck — Cr), (15)

the set of indices of reactions appearing:in Define the set E. Existence of convex PWLR functions

of indices of reactants aof;, as follows

Iy ={1 <i<n|3j € Jpsuch thatX;,R;) € E.} (12)

Also, for all i € I, defineJy; = {j € Jx|(X;,R;) € E}.
We are now ready to state the following theorem:

Theorem 4. LetI’ € R"*¥, andC' € R™/2%¥ pe given, and

let V be given by(@). Then,V(z) = V(R(z)) is a PWLR

Lyapunov function for the network familyt if and only if

the following conditions hold:

C1. Nonnegativity:For all 1 < k < m/2, there exists;, €
R? with &, > 0 such thate] = ¢I'S H.

C2. Positive-Definitenesser C' = ker I'.

C3. Continuity: For all (k,j) € N, 3nx; € R such that

Ck — Cj = Mijlsy, - (13)

It can be noted that convex PWLR Lyapunov functions are
easier to check and have stronger properties, therefore it i
natural to ask whether the use of nonconvex counterparts is
less conservative. In the case of linear systems, it is known
that the existence of a nonconvex Lyapunov function implies
existence of a convex counterpart[20]. Despite the noatine
nature of our problem, next theorem shows that a similadtresu
holds in our context:

Theorem 6. Let I" and () be given, with the corresponding
kinetics 7. If there exists a continuous PWLR Lyapunov
function, then there exists a convex counterpart of the form

9.

Remark 12. The restrictions imposed on the kernel ifin
Definition[2 are not needed to prove Theorem 6.



F. Checking the LaSalle’s Condition independent stoichiometric compatibility classes, wesater
In this section, we provide graphical algorithms for chec only Cm_'(?al S|phons. Lett pe a given network,_ "?“?‘Pf
e a critical siphon. We define the correspondunriical

ing the LaSalle’s condition stated in Theordth 2. Assu . a
that a PWLR Lyapunov function exists. We use the sanyiPnetwork-/t, as network withVy, = V\A(%), and
(0) = 0 for X; € P,. Furthermore, critical subnetworks of

notation used in the previous two sections. Considel (1% ; "
with (5D chosen so tr?at SUBD)) C sp(Ni). Let Ly — ( J?/F,_; are considered to be critical subnetworks &f.

s (supA*")), which is nonempty since the LHS iﬂ14)We are now ready to state the LaSalle’s condition:

is nonzero. Letl; = Uielk Ly, I}go) = Iy, andLECO) := Li. Proposition 7. Let 41 be a network, with a given PWLR Lya-

Define the following nested sets iteratively: punov functionl/. The network satisfies the LaSalle condition
G) G stated in Definitio ¥4 for all non-negative, if the following
)= U InandLy= (J L. condition holds:
repG—D rerG—1 . . Lo . -
k k C5. The condition C5i (or Gi if V is convex) is satisfied
The iteration terminates whebgj*) _ L;:*H). Denotel}, := for At and all its critical subnetworks.
I,EZ ), Using this notation, we state the following condition
which we call the LaSalle’s interior condition: IV. NECESSARYCONDITIONS FOR THEEXISTENCE OF
C5i. For all k € {1,..,m}, the following shall hold:I;, = PWLR FUNCTIONS
{1,..,n}. As it is difficult to characterize exactly?, i.e. the class of

In a nutshell the iterative process can be explained asidsllo CRNs which admit a PWLR Lyapunov function, it is desirable
for every k, our aim is to show that: = 0 follows from to derive conditions which are necessary for a network to
the equalityc] R(z) = 0. Starting from the later equality, we belong to.Z. In this section, we will derive two conditions.
get that the time derivative of species Ip vanish. Using

(13),(13), this implies that! R(x) = 0 for all £ € L. Using )

this procedure iteratively, we (c;n expand the set of restaft- Property of the Jacobian o Networks

whose derivative need to vanish. If the final sgis the whole ~ We have shown in Corollary] 3 that networks i# with

set of species then this ensures that I'R(x) = 0. bounded trajectories and satisfying the LaSalle’s coouliti

If the functionV is also convex, then the LaSalle’s interiocan not have multiple isolated stoichiometrically comiplati

condition can be relaxed to: equilibria. In this subsection, we present a result alorggeh

C5'i. Forallk,cy, € 'm(rzrk)'Whereka =& '711;k]Tj’“ = lines by showing that the Jacobian matrix of networks be-
{i1,..,i0, } for someoy. longing to & satisfies a property that has strong implications

_ _ - on uniqueness of equilibria and the injectivity of the map
Remark 13. As will be shown in the proof of Propositigh 7.F(z) = TR(x).
conditions C5i and C5 guarantee the LaSalle condition onlyjn order to introduce it, we need to define some notation. A
providedz(0) € R'}, which explains the name. The LaSalle’matrix is said to be & matrix if all its principal minors are
interior condition alone can only establish the asymptotigositive, and is said to bé&, if all its principal minors are
Stab|||ty of isolated equilibria in the relative interiorf(%zo. nonnegative_ In particu'ar, it encompas%matrices as a

In this case, COI’O”arEB will not hOId, since solutions cdin subclass. We state our next theorem as follows:
principle approach the boundary. However, if the persisten

of the network can be verified a priori, for example by thghe@o}gem 8. Given I'. If 4 C 2, then the Jacobian
absence of critical siphons [17], then the LaSalle’s interi —L'; () is @ Py matrix for all z, and for all networks in
condition is enough to establish the result of Corollaty 3. .

Remark 14. C5i does not follow from C2and c4. For Remark 15. Itis known that a map is injective if its Jacobian

example consider the following CRN matrix is P [21]. In our case, the Jacobian matrix being,
. " . implies that the network can not admit multiple nondegeteera
X1 +Xo 5023 X,0= X, (16) positive equilibria, where no assumption on boundedness is

thenV (z) = |Ri (x) — Ra(a)| + | Rs(x) — Ro(x)| + |Ru(z) — ced€d!22, Appendix B].

Rs(x)| satisfies C2and C4, but not C5. It can be shown

that there does not exist arfy satisfying the three conditionsB. Constraints on the Possible Sign Patterns

simultaneously, nor any paift, €') satisfying C1-5. It is known that algorithms for checking that a given matrix

In order to strengthen the LaSalle’s interior condition s P are exponential in time [23], therefore we provide in this
that it applies to the boundary of stoichiometric comptitibi subsection a weaker necessary condition which can be cast as
class, we use the notion afitical siphonsdefined in EI-B. a linear program.

It has been shown il [17] that a fade of a stoichiometric As mentioned in the proof of Theordm 4, the nonpositivity of
compatibility class is invariant if and only if there exists every term in the expansion df is needed, and the sign of
siphon P such that? = {z € €, |X; € P = x; = 0}. Since the derivative depends on the signafHence, we partition
invariant faces arising from noncritical siphons corrggpto R” into sign regionswithin which & has a constant term-wise



sign. By AG2, we can define sign regions in an analogous wée form H = [FTHT]T, with corresponding sign matrices
to §2.1, where we self =T'. Thus, we may write Y = diag[Z,(f) Z,(Ch)]. Note that we can considgiV, }7
L, as a refined partition of S;.}**,, hence we define the map
= : > =1,..,m. . k=1 . .
S ={r eR": %ylr >0}, k=1,.,m (17) q(.) : k — £ if W, C S, and the notatiog(k) = gy, is used.
Note that the signature matri; specifies the sign of in the Thus, we present the following:

regionS;. As a result, any linear-in-rates componefit?(z) Theorem 11. Consider the systerff), with H — [FTI;[T]T

operating onS; must satisfy the term-wise sign constrain $oym g, 1me iven as above. Consider the followin
noted in [2h). To encode this, we need further notation. @efi né;fz}égrgri?zl’ % g ' g

the diagonal matrice®;, = diagbg1 ... bg.], k = 1,..,m/2,

where: Find i ks G ERY iy ER k=1, 55 € N,
1, itM,=o subject to ¢f = ¢/ H,
br; = 0, if 3i1,i2 € M such thaby;, oxi, <0, ek = C;CTB%,
—0ji-, Otherwise, for any* € M;. Ch — €5 = DiOhsn e
(18) J J Skj ' "Skj>
Therefore, a linear program can be used to test the following & > 0,17¢, >0,
necessary condition: Cej > 0,7 €{1,..,v\Z.

Theorem 9. GivenI'. Consider the network family/-, with  Then there exists a PWLR Lyapunov function with partitignin
{Bi}7, defined as above, and |éf be a matrix whose matrix H if and only if there exist feasible solution to the
columns form a basis fokerI'. If .41 admits a PWLR Lya- above linear program with C2 satisfied. Furthermore, the
punov function, then there exidis# (, € RV, k =1,..,m/2 PWLR function can be made convex by adding the constraints
such that¢] B,U = 0, with ¢; > 0,5 € {1,..,v}\T. Ny > 0.

Remark 16. As can be noted from the proofs, the necessaRemark 17. A natural candidate for the partition matrix is
condition given by Theore 8 is a consequence of the exesteiit = I'. Hence, we can write
of a functionV” that satisfies C1, C2, C4, i.e. it does not assu T

_ _ (T i ,
continuity. On the other hand, Theordmh 9 only assumes t at?) = o R(z) = & Bl R(w) = || diag(&r) 1, R(z) € Sk

V exists satisfying conditions C2 and C4. If we have additional constraint that for alt, &, = 1, then

Using Theoren9, a simple graphical test for the nonexid1e Lyapunov function considered in [11],

tence of a PWLR Lyapunov function can be derived. It can V() = |1,
be stated as follows:
) ) ] can be recovered as a special case. However, there are slasse
Corollary 10. Gllv_enl“. Consider the network family/t. If ot networks for whichZ = T does not induce a PWLR
there exists a critical deadlock, then./r ¢ &. Lyapunov function, while there exists a partitioning matk
which does. Understanding when this happens is a challgngin
V. CONSTRUCTION OFPWLR LYAPUNOV FUNCTIONS open question.
It is known that constructing convex PWL Lyapunov func- ) _ )
tions even in the case of systems evolving according totinda: Iterative Algorithm for Convex PWLR functions
equations is not an easy task, and no simple necessary ankh this subsection, we present an iterative algorithm for
sufficient conditions are availablé [24]. In this section weonstructing convex PWLR Lyapunov functions. The idea is to
propose several constructions of PWLR Lyapunov functionstart with an initial PWLR function, and aim for restrictitige
Thus, we propose methods to fiGf, C') using the represen- active region of each linear functim{R(:c(t)) to the region
tation [9), andC using the convex representatidn](10). Théor which it is nonincreasing on it, i.el R(z(t)) < 0. This is
main difficulty, however, is thaf (13)_(1L4], (15) are bilaxdn accomplished by adding extra linear components that sstisfi
the variables. certain properties.
Let Cy = [e1 ... cmy)T € R™o*¥ with the associated PWLR

A. Construction of PWLR Lyapunov function over a giveiynction. Define thective regionof a vectorcy, k = 1, .., m,
partition as:

Assume that the partition generatdf is fixed, hence Woler) :={r e RV : cFr > c?r, —mgy < k <mg, k # 0},
{Wi} i, is determined. Then, conditions C1,C3 are linear ' ) o
in C. Furthermore, the inclusioker C' C ker T is implied by Wheréc—x = —c. Assume that the associated CRN is given

C1. The constrainf{14), however, is nonconvex. Nevertisele?Y (). We defingoermissible regiorof a linear component,
we shall rewrite it as a linear constraint. to be the region for which it is nonincreasing. Hence,

Consider the sign region§Sy};'s, defined in [(IF). If we Pler) = {r e R : vrTr < 0,i € I,}
intersect the two partitiong W}y, {Sk}7, with the . v . ToR

=~ - M = - <
corresponding;’s inherited from{W;}. The matrix gener- CAFER": 7 = R(), o 5y (@)T'R(z) < 0}, (19)
ating the new partition will bedr = [T HT]T. Therefore, wherev,; = sgn(cx;). Note that in generalVy(ci) ¢ P(cx).
we may consider, w.l.0.g, partitions induced by matrices dherefore, we need to define a new PWL function with matrix



C4 so thatW; (ex) C P(cx). To achieve this, we augment newTheorem 14. Consider the network4t with the associated

rows toCy. The new rows are of the form graph (Vs, Vg, E, W) that satisfies the conditions of Theo-
. rem13. LefVr C V be the set of reactiornR, that satisfy:
Cmo+i #= Ck + VEi%Yir @ € I (20) (R;,S;) € E and (Rg, S;) € E thenj = k. Equivalently,
Thus,Ci = [CT cimgt1 - Cmgtn]T- Finally, C; is defined R; € Vi if it is the only input reaction for all of its product
by eliminating linearly dependent pairs of rows fr(ﬁé, species, i.e. the corresponding columi'idoes not have more
Hence, Algorithm 1 can be described as: than one positive element. Le¥’, #) be the CRN constructed
1) GivenCo = [c1 ... cmg|T € R™0/2X7 | =1, .. mg/2, by adding reverse reactilon.s for reactions belongingVig,
andkerT' C ker Cy. Setk = 1. and letI" be the new st0|ch|c_)metry matrix. o
2) Define €, = [CT | cmis1 - Cmpsn]Ts Where Then, the cla|ms of the. previous theorem are satisfied fpr
Conpti = Ch + Vki¥iyi = 1, ooy with the following function:
3) D_efi_neC’k asC,, with linearly dependent pairs of rows V(z) = max L(Rj(z) — x;R—j(z))— (22)
eliminated. l<jsv ™
4) If Cp = Cjy_y or k> N, stop. min = (R;(x) — x;R_;(x)),

1<j<v Y

5) Setk:=k+ 1, and go to step 2, 5
where N is the maximum number of iterations allowed. ~ Wherex; = 1 if R; € Z\#, and x; = 0 otherwise.

If Algorithm 1 terminates then we state the following: V1. DISCUSSION ANDEXAMPLES

Theorem 12. Consider (). If Algorithm 1 terminates after o Relationship to Consensus Dynamics
finite number of iterations with C2with satisfied, then the
resulting function is a PWLR Lyapunov function for th
network family/7.

Consider a closed, i.e. without inflows or outflows, CRN
for which there is a unigue reactant for every reaction, and a
unigue output reaction for every species. In such netwabik, t
Remark 18. The formula(20) is not the unique way for bipartite graph representing this network can be repladéd w
constructing new vectors. Indeed, one can replace the @mlequa digraphG = (V, E, W) representing the species, reactions
ity vy < 0 with any system of inequalities covering thend weights respectively. The stoichiometry mafrixvill be
same region. For instance, the region defined by the inetyualihe negative transpose of thaplacianof the digraph. Hence,
R1 — 2Ry + R3 < 0 is a subset of the region defined by th€RN can be described by the ODE:
pair Ry — Ry < 0,—Rs + R3 < 0. Therefore, thestandard

. _ _gT

settingof Algorithm 1 means usin@0) with C =T & = ~L"R(z). (23)
) ) If the graph is strongly connected, theris a conservation law,

C. Special Constructions i.e,17LT = 0. Using Perron-Frobenius theoiy [2%r L7 is

It is possible to construct PWLR Lyapunov functions fospanned by a unique vectors 0. Hence,[(2l) is a Lyapunov
CRNs with specific structure. We state the following resuftinction for the network family4” ;+ by Theoreni 113. Note
which enjoys having easy-to-check graphical condition:  that this is very similar to a consensus algorithm in a nekwor
of agents[[2b] where they consider algorithm of the foim:
—Lz. Indeed, we can derive from Theorém 14 the following
result for consensus algorithms:

Theorem 13. Consider the network familysr-. Suppose the
following properties are satisfied:
1) dim(kerT) =1, _ .
2) VX; € Vg, there exists a unique output reaction, i.€corollary 15. Consider a network ofx integrator agents

every row inI" has a unique negative element, with a strongly connected digrapi = (V,E, W), and let
L = [¢;;] be the associated Laplacian. Consider applying the

Then, . :
1) the following is a PWLR function for the network fam”)}‘ollowmg consensus algorithm:
A7 & =—LF(z), (24)
V(z) = max iRj (z) — min iRj (r), (21) WhereF =[F, .., F;,]" is any function that satisfies: there ex-
lsjsv vj 1<j=v v; iStsET, F~ e X _pwithF =Ft—F—, andF;” = 0if there
wherev = [v ... v,]7 € ker(T'), v > 0. exists more than one positive element in ffecolumn of—_L._ _
2) LaSalle’s interior condition holds it (R;) N (Ry) # Then,E-consensus is asymptotically reached for all initial
@, forall 1<j,¢<uv. states, i.elim; oo F(z1(t)) = .. = limy_ o0 F(x, (1)) < 00.

3) If the network is conservative, then it is persistent, i.©xemark 19. Note that a mix-min type Lyapunov functi@i)
w(zo)NIRY = 0 for all .. Furthermore, if there exists has been already used for linear consensus algoritims [15].
an isolated equilibrium, then it is a unique globallyTherefore, Corollary 15 generalize the results bfI[15], [25
asymptotically stable equilibrium with respect®..  to nonlinear consensus algorithms. It is worth noting the t

TheoreniIB can be extended to allow the addition of tifynamics of a detailed balanced network has also been linked
reverse of certain reactions. Note that adding the revdraa o With consensus dynamids [26, §4.4].
irreversible reaction increases the dimension of the keshe B. lllustrative Examples
T" so that the original result would not normally apply. We present several examples to illustrate the results:



1) Consider the network (1),(2) introduced in the introduc

2)

tion. As indicated before, this network does not satist
the conditions of([4] as it has deficiency 1, and violate
the conditions of[[11],[[10]. Hence, its stability can no
be established by methods in the literature.

The network has two conservation laws. Thus, the st
ichiometric class is a two dimensional polytope of th
form (gzo = {ZZT S R4|:Z?1 +x3 = Mi,x1 + 22 + 204 =
My, 0 < 21 < M,0 < 27 + 22 < Mg}, where
My = To1 + Zo3, Mo = Zo1 + Too + 2104 are the
conserved quantities.

In order to apply Theorerm 11, let us chooBe= T.
Then, there are six non-empty-interior partition region
of the reaction spacR?, which are:

Wi = {r| = hir <0,—h3r < 0,hir < 0,hir <0},
Wa = {r| —hir <0,hgr <0,hzr <0,—hjr <0},
Wy = {r| = hTr <0,hdr <0,hir <0,nTr <0},
Wi = -Ws, W5 = -Wo, Ws = —Wi,

where hy = [—1,0, 1]T, hy = [1, -2, 1]T, hs
(1,0, =17, hy = [0,1, —1]7".

We need to find the coefficients, .., ¢, wherec, =
—c3,c5 = —co,¢6 = —ci. Although we have twelve
neighboring pairs, only three constraints are needed,
because of the symmetries involved, which age—

c1 = m3rtha,c3 — ca = m3ohg,co + 1 = —narhy.
The sign-constraints vectors abg = [1,1, —1]7 by =
[1,-1,0]7, b3 = [1, -1, 1]7, by = —b3, b5 = —bo, bg =

—b;1. Hence, the linear program can be solved and one
of its solutions isV (z) = V(R(x)), whereV is:

V(r):max{|r1+3r2—4r3|, 3|r1—ra|, [3r1—r2—2r3|}.

Alternatively, applying Algorithm 1 with the standard
setting yields a PWLR Lyapunov function given by:

V(r) =
max{|r; — r3l,|r1 — 2ra + r3|,2|re — r3],2|ra — 1|}

Finally, Theorem_1I3 gives[13). Therefore, our three
constructions were successful and have produced three
different functions. It can be verified that the LaSalle’s
condition is fulfilled. Since the network is conserva-

tive and injective relative the stoichiometric class|[27] 4)

there exists a unique equilibrium in each stoichiometric
compatibility class. Therefore, Corollaky 3 implies that
the unique equilibrium is globally asymptotically stable.
In order to illustrate the dynamics, we consider the
stoichiometric class corresponding 4é¢; = 8, My = 7.
Figure[2 depicts the level sets of Lyapunov function
@) and the phase portrait with"Rorder Hill kinetics
which are given byR(z) = [k122/(1 4+ 22), ko3 /(1 +
23)%, ksx323/((1 + 23)(1 + 23))]T where the rate con-
stants aré: = [1,0.5,0.25].

Consider the following network given ial[4]:

X1 =2X9, X1+ X3 = Xg — Xo+ X5 — X1+ X35

The network violates both necessary conditions given by

3)

Sl

i
R
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l\\‘\

LTS
. [T
.- il
'//;i/’;

hane=

0.8 .

Fig. 2. Lyapunov function level sets and phase portrait @tfrorder Hill
kinetics.

Theorem§H.19, therefore it does not admit a PWLR Lya-
punov function. However, the deficiency-zero theorem
[4] can be applied with Mass-Action kinetics to show
that the interior equilibrium is asymptotically stable
despite the existence of boundary equilibria, a situation
which is not allowed by Theorefd 8.

We gave an example of a zero deficiency network which
is not 2. Now, consider the following CRN for a given
integern > 1:

X1+ F — E X —Xo+F, Xo— X3
X2+E2—>E2X2—>X3+E2,X3—)X2

X, +E, — EX, — Xon+E, Xnr1 — X,

which has deficiencyn. For every n, a PWLR
Lyapunov function is given byV(x) | D||1
where D = diaglz,+1,Oy,], with species ordered as
X1,..,E1 X4, .., E4, .., E,. This shows that there is no
simple relationship between our results and the notion
of deficiency.

The following CRN illustrates the fact that the mere
existence of the PWLR Lyapunov function does not
guarantee the boundedness of the trajectories:

X35 X0, 052 Xy, Xy 4+ Xy 2 X,

The three constructions presented yield a Lyapunov
function, in particular [(21) is a valid one. However,
consider the network with Mass-Action Kinetics, and let
A = z1(0)+z3(0) be the parameter corresponding to the
stoichiometric compatibility class. 1A > :—i then the
system trajectories are bounded and the unique equilib-

rium (ks’“j’jf‘k2,A ko @) is globally asymptotically

T ks ks
stable by Theorer] 2. However, wheh< 2—2 there are
no equilibria in the nonnegative orthant, solutions are
unbounded and approach the boundary.



10

5) Consider the following network: E, F,

X1 Xy, X5 M Xy Xo o Xu 22 X B X 4 X

The linear program in Theorem]11 wiffi = I is infea- EoXo

sible, however, Theorefld 4 and Theorem 13 give rise to

the PWLR function[(211) withy = 1. Close examination X
. . L. . . 0 2
indicates a partitioning matri¥x/ = [100 —1] renders E1X,

the linear program feasible.
6) Consider the following network:

2X1+3X3 55 022 3X, + Xo+2X5, X1+X2 -2 X3
E F,
Theorem[IB does not apply. Algorithm 1 with stan- ! !

dard setting does not terminate. However, Theoregy 3. pouble Futile Cycle with distinct enzymes.
01 with H = T gives the following convex PWLR
Lyapunov function:V (z) = max{|6R;(z) + Ra(z) —

TR3(x)|, [3R2(z) — 3R3(x)|, [6R1(x) — 6R3(w)|}. %5
—Xo ||
C. Biochemical Example a0l X
Within the class of structurally persistent, i.e. critical R
siphon-free, CRNs which haveR, Jacobian matrix, our pro- Ml 7?&1
posed algorithms were reasonably successful. As an exam — B
consider the following CRN which represents a double futil :f{)
cycle with distinct enzymes [9]: 201 i
k /
Xo+ Eo k‘:zl FEo Xy & X, + Ey, 15,‘( T
—1 | J///,,,/———*""”

ks l7

X1—|—E1 ’:,Eleﬁ)Xo—FEl, 10““‘
k_s i

kS ks
X1+ Fy k—% X, — Xo + Iy,
-5

k7 kS
Xo + Fy k‘:, X, — X1+ Iy,
-7

where the associated graph is depicted in Figlire 3. L)

The network is conservative with five conservation laws,
hence the stoichiometric space is a 6-dimensional Compﬁf@t. 4. Sample trajectories for the biochemical examplehwitichaelis-
polyhedron. Menten kinetics.

Both Theorem§11,12 are applicable. For example, a valid
PWLR Lyapunov function constructed can be represented
V(z) = | diag§)z|1, where§ = [22211111111] and
species are ordered a§y, X1, Xo, ..., F1 Xs. The network
is injective by the work of([2[7], hence it can not have mor
than a single equilibrium state in the interior of each gtime

metric class. Furthermore, it has deficiency 2, hence the Zef:irst, further properties of the class 6P-networks, specifi-

deficiency theorem will not apply. Also, the results[ofl[1@hc cally the persistence property, are currently being inigaged.

not be applied sincd’; is adjacent to more than two reaCtIOr'SSec:ond, a more general class of robust Lyapunov functidns, o

However, Theorerfl]2 implies that a Lyapunov function eX'SQI\S/hiCh PWLR functions are a special case, are being studied.

and that the unique equilibrium is globally asymptotically., . . ;
stable. Figuré14 depicts a sample trajectory with Michaeli):j:-hlrd’ the potential use of PWLR Lyapunov functions as

Menten kinetics of the formR,(z) — k; ][, (x:/(as; + control Lyapunov functions is being researched.
x;))*9, with a;; = 1, and kinetic constants=[33.2, 83.97,

37.17, 82.82, 17.65, 12.95, 87.99, 4.41, 68.67, 73.38,243.7 N _
37.98] and initial conditionz,=[5.88, 8.78, 4.69, 4.37, 7.46, Proof of Proposition[lL: &) By construction, we have

fiRear and possibly convex in terms of monotone reactiogstat
We have provided methods for checking candidate PWLR
Lyapunov functions. Several theorems were introduced for
fheir construction.

Concerning potential future directions, we mention few.

APPENDIX. PROOFS

4.68, 8.61, 4.67, 4.98, 4.87, 2.29]. R = Uip:l W;. To prove the claim it is sufficient to show
that if Wy = @, then3j € {1,..,m} such thatty,, C W;.
VIl. CONCLUSIONS By definition, W, = N!_,{r|ox:hlr > 0}. We construct
. 1
A new type of Lyapunov functions have been introduced féhe setW; as follows: Let W;” = {rloxih{r > 0}

a wide class of CRNs. The Lyapunov functions are piecewisghich has nonempty interior. Let > 1, we setWJ(.i) =
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W;i_l) N {rlox:hIr > 0} if it has nonempty interior. Oth- Lyapunov function,R(z) € ker . Thus,ker C C kerT.
erwise W'Y 1 {(rlowhTr > 0} = W7(.1'71) N {r|loghTr = TO show the converse direction, notzi trrllat C1 implies that
i—1) T “Ia(3) ker H C ker C. However, we assumed thatr H = ker I’
C : h; r < = ; -
0y €W N Arlowhir < 0 ;7 and the latter and we have shown in above thiatr C C kerI’ . Hence,
ker C' = kerT". Hence, the statemenV{z) = 0 iff « is an

' equilibrium” is equivalent tcker C' = ker I

will have nonempty interior. Thereforg); = Wj(.p) will
have nonempty interior and will includ®V. Furthermore
it is evident from the definitions thaf),_, Wi = ker H, o - ] )
W OWy, = OWe NOW;, j # k € {1,..,2P}. C_3: Contlnuny:SupppseV IS conthuous, and letk, j) €

b) Let r* € Wy and letu € ker H, i > 0. Then there exists N, i.e. Wi, W; are neighboring regions. Therfr = cjr

¢ > 0 sufficiently large such that-* +¢u) € R Furthermore, Wheneverr € W, N ow; = {r|h{,,r = 0}. Hence,(c, —
H(r +tp) — Hr*, hence(r + tu) € We. ¢;) € Im(hs,,), which implies [IB).

c) Assume that™ € Wy, then—r* € —Wp, which implies  Assume now that the converse is true. We need to show
that the latter is nonempty and there exists {1,..,m} such thatc]r = ¢cI'r wheneven € OW;, N W;. The statement is
that W; = —W;. B true whend, (W, W;) = 1 by (I3). Thus, we show it when

Proof of Theorenf]2: Take the Dini derivative along 4, (W,, ;) > 1. We need to introduce the following lemma:
solutions of [[¥) to get

Lemma 1. Let H, and {W,,}7*, be as above. Assume that
. V(z(t+h)) —V(x(t k=1
DTV (x(t)) := limsup (a( )f)L ((t)) d Wi, W;) = N > 1, thenWy,1 < £ < m, ¢ # k,j such
h—0t ~ that d,, (Wi, Wy) + d,(We, W;) = N.
s VB 1) = V(RG(0) ]
hs0+ h Proof. We use mathematical induction. Assume that= 2.
.. V(R(z(£) + hR(z(t —V(R(z(t))) We can represenwj,Wk,AW.IA.o.g, by the matricedd, =
) h=0 of contradiction, assume there does not eXistsatisfying the
< max ol R(z(t) = V(z(t)), claim. This implies that the regions represented by theioestr
kEKo () [(SkH)T hey —hey )T (SR H)T —he, hey]T have empty interi-
. ; DDh—2
where R(z) = 61;—55”)1“}3(:1:), and the equality(x) follows ©': By Farkas Lemma, there exigls &2 € RY 7, &1, S, €

from Taylor's expansion of(z(t)) with respect to time and X+ With: fit, = & + &ty he, = —(E2H — &1, he,). Hence,
considering thati/(r) is a Lipschitz function. Furthermore, (&1 T &)H = (&1, — &, )h2. If &1iy # &1y, then either
by Danskin's Theoreni [28](+) will be an equality ifi” was 11 ~fit.] OF [ A, ] correspond to a region with empty interior,
CONVEX. which is not. Thus¢y;, = £14,, which implies(&;+&)H = 0.
Therefore, the claims of Theordrh 2 follow from the Lyapuno§Ince Wi, Wi 7é @, then 5_1 =& =0 Thus, we get
Second’s Method and Krasovskii-LaSalle’s principle [lie /1 = &1t, b, Which contradicts our assumption thit does
by assumption, the solutian(t) is bounded, so the-limit set not have linearly dependent row pairs. Therefore, the rst@ie

w(z(0)) is non-empty and compact, hence a subseteofi/. IS trué for NV = 2. _ N
m Assume now that the statement is true for= N — 1, and let

Proof of Corollary[3: Since z* is isolated, then it is IV = IV. We can representV;, W, w.l.0.g, by the matrices
asymptotically stable as well a8, \{z*}. Let B, be its k= [(CcH)" he, - hey |7 Hy = (S H)T oo —hey —hey |7
basin of attraction, and leB. be the basin of attraction L€t W,V be the regions corresponding to the matrices
of E, \{z*}. The standard arguments can be replicated #, = [(SxH)" hy, .. huy_ |7 Hy = [(SeH)" .. —hyy —
show thatB,- and E,_\{z*} are open relative t&,, [29]. h:,_,]*. By the induction hypothesisj\y, satisfying the
However, as all trajectories starting i converge to the claim. Moreover, eitheW, N {r|hyr > 0}, W, N{r|hnr <

equilibrium set, this implies that,, = B, U B.. Hence, the 0} or both have a nonempty interior. L&/, be a nonempty

connected open sé&f,, "R’} is a union of two disjoint open one. Thus)V, satisfies the claim. [
sets; a contradiction. Thereforg,, = {z*} andB,- = €.
[ ]

Proof of Theorenil]4::We show that each condition is

equivalent to a rgquired p_roperty_ for the Lyapunov f_unction We are ready to prove continuity now. We can wiie/; N
Cl_: N;)nnegatlwty:The inequalityV (x) > 0 holds if and oW, = {r|[hY . hL]r > 0}. By Lemmald, it can been seen
only if ¢, > 0 whenevery, Hr = 0,r > 0. By the Farkas a¢ for anyW,,, Wi, with d(Wi,, Wi, ) = N there exists a
Lemma [30], this is equivalent to the existence&@fe, € sequence of regiondy, , .., Wy, _, so thatd, Wx,, Wh,,,) =
R, [¢F el] > 0,k = 1,..,m/2 so thate, = {f' S H + e} . 1 and sy, (kesr) = he,. Hence:
We show thak;, = 0. Note that by symmetry we havec;, =
co = —€0, Sk H + e, with [¢7,,eT,] > 0. Since there & & )
existsv € kerI' = ker H with v > 0, we havecl v = el v > Chn = Ok = Z(C’WH — ) = an’-’ﬂk’f tes
0, andc} v = —e”, v < 0. This impliese;, = 0. =1 =1
C2: Positive-Definitenesd:et R(x) € kerC be arbitrary, which implies(cx, — cx,)Tr = 0 whenr € OWy, N Wy, .
we see thal/(z) = 0 and therefore, by definition of PWLR C4: NonincreasingnesaVhen R(z) € W, we can write:



V(x) = cf R(x)
OR; .

DD kit

i€ JE Tni ’

We claim that this is equivalent to the statemeat;t; < 0
wheneverR(z) € Wy, for all j € Jy;,i € I,k =1,..,m/2".

(25)
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Lemma 3. Given a polyhedral set¢ C R”. The induced
PWLR functionV = V(R(z)) with V as in (26) satisfies C4
if and only if 2% (2)['R(z) € Tr(,)G for all R € .

Proof. Note that the conditionZ(z)I'R(z) € Tg(,)G is
equivalent to the requirement thag‘g—f(x)FR(x) < 0 for
all £ € Kp(,), and all Jacobian matrices corresponding to

Since the sufficiency is clear, we just show necessity: assufgaction rates in#; . This is equivalent to C4 as can be

that there existg* € Ji;,i* € I,1 < k* < m/2 so that
cgj+&f > 0. Then, we can choos®R;-/0x;+)(x) large

noted in the proof of Theorefd 4 and {25). [

enough so that the corresponding system in the networkyamjl Consider a possibly nonconvex PWLR functignand let(-

At will have V(z) > 0.

be defined as above. We need the following lemma to proceed:

Now we show equivalence with conditions a)-b). Conside[-emma 4. Let r,,r, € G,a € [0,1]. Denoter = ar, +
ing the statement above and sinkds monotone, this entails (1 _ o)r, € co(G). Then,T,,G & T,,G C T, co(G), where

that sgricy, ) sQn(ck;,) > 0 for every ji,ja € Ji;, which
shows condition a). Thus, we defing = sgn(ck;- ), j* € Jki.

@ denotes conic addition of sets.

To show b), By Farkas Lemma, the condition is equivalent fo/0of. Let z1 € T;.,, z5 € T;,, andh,, \ 0. By the definition

the existence (¥ € R%, i € I,k = 1,..,m/2 so that

(TI4) holds.

of Clarke’s tangent coné [28], there exisis, — 21, 22, — 22
such thaty +hy, 215, ro+hnzon € G. Letz = az1+(1—a) 22,

It remains to be shown that we can choose the coefficie@dzn = @z1in + (1 — )22, — 2. Then, we have + hy,z, €

so that supp\(*)) C s,(\,). This follows directly from the CO(G)- Letrn = 7+ hnzy — 7. Thus, 7-(rs

following lemma:

Lemma 2. Let H, and {W}}., be as above, then the rows

of Hy = [UkSktzl hskll -

Tksir,, hsu%]T form a conic basis
of Wi, whereoy, = |Nj|

Proof. By definition, each row vector offf; is conically

independent of the rows af;H. It remains to be shown
the rows of ¥y H belong to the conic span of the row:

of Hy. Assume, w.l.o.g, thab,H = [HT hy, hy,]T, where

S

—r) = 2.
Hence,z € T\” co(G), where B denotes the Bouligand’s
tangent cone [28]. However, as the two cones are identical fo
convex sets, thena € T, co(G). The argument can be applied
to any nonnegative combination with appropriate scaling of
hin, hon. [

Now, let R(x) € co(G). Hence, there exist;,z2 anda €
[0,1] such thatR(z) = aR(x1) + (1 — a)R(z2). Therefore,
we can write:

ht, , ht, are not conically independent, and we need to show”a—f(x)FR(x) = a%(x}FR(wl) +(1— a)%—f(x)PR(xg),

that they belong to the conic span the rqwsfdif Then by
Farkas Lemmad¢y, & € R €y, &ar, € Ry with: g,

(27)
By LemmalB, 22 (2)I'R(21) € Tr(:)G, SE(2)I'R(z2) €

§1H + &1ty by ho = EoH + &1, hy,. By substitution, we get Tx(,,)G for all x. Therefore, Lemmal[]4 implies that

(1= &1, &1e )ho = (&2 + Eau ) H. If 1— €34, €14, < 0, then this
contradicts thavV,, has nonempty interior. If —&14, &1, = 0,

then this contradicts € ker H for v > 0. Therefore, the only

28 (3)I'R(z) € Trex)co(G) for all z. Therefore,V(z) =
infg(2)erco(@) 7y IS @ convex PWLR function. |

Proof of Propositior I7: Let #(¢) denote any solution of

possibility is1 — &4, &14, > 0, which proves the claim for two (@) which is contained irker(V (x)). Consider first the case
vectors. In general, this procedure can be applied to efiteinwhenz(0) € R;. Let T, = {t > 0: ¢ R(2(t)) = V(i(1))},

all conically dependent rows. |

Proof of Theoreni]5:The converse direction of CZan
be shown directly since it/ R = 0, convexity implies that
c’R = 0,k = 1,..,m. HencekerI' C kerC. C4 can be
shown via a similar argument to the previous proof.

Proof of Theorenlil6:Let V (z) = V(R(z)) be a PWLR
function, and denote its polyhedral level set 8y= {r €
R”|V (r) < 1}. By homogeneity and nonnegativity &f we
can write

V(r) = inf (26)

recG

Note thatV will be a Minkowski functional ifG was convex.

k =1,..,m, thenT; are closed relative to some maximally
defined interval where the solutian exists, and(J, 7r =
(0,7.,). The existence of an open s@t and k* such that
V(z(t)) = cL R(i(t)) for all t € T follows by the Baire
Category Theoreni [31] . By C4, R(i(t)) = 0 identically
for t € T implies R;(i(t)) = 0, for all t € T andj €
Ji=. Then, by A4, we hava?l-(t) = 0 identically fort € T
and alli € I-. Using [14),h R(%(t)) = 0 for t € T and
all i € supgA*"). By (3), ¢] R(Z(t)) = ¢f. R(Z(t)) and
(t) € W forall j € Ly-; and allt € T. Hencer[ R(z(t))
0,j € Ly-. Iterating this procedure, we gef R(Z(t)) = 0
forall j € L,(j*) and accordinglyz;(t) = 0 for all i € I}» =

As the level set; characterize¥ fully, we want to express C4 {1, ..,n}. Hencei(t) is a constant solution and belongs to

for the set(7. To that end, we use the notion ofangent cong
which we define as follows for a polyhedral segtinduced by
a PWL functionV’ at pointr: .G := (. {z € R”|c] z <

0}, where K, = {k € {1,..,m}|r € Wi}. In fact, our
definition of 7,.G coincides withClarke’s Tangent Con{28].

We state now the following Lemma:

the set of equilibria. Additional comment is needed foriC5
If ¢, € Im(I'] ), thencf R(i(t)) = 0. By convexity, this
implies thatV (z(¢)) = 0, and hencei(t) € E.

Assume now thatz(0) belongs to non-invariant face of
¢, thenz(t) € R% for t > 0 and hence the argument of
the previous case still applies. Finally, #(0) belongs to a
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closed invariant faca » we may regard the solutiof(t) as Sk,1 < k < m, with a signature matrix; that satisfies

a solution of the subnetwork obtained by deleting all specie,; = ... = o = 1. To prove the claim, assume the contrary.
that are zeroed i » and removing all their associated outpuThis implies thatn!_, {R|v] R > 0} N N, {R|oi{ R >
reactions. 0} = 0 for all pOSSIb|e choices of signs; = +1. However,

Then, with a recursive argument, three cases arise, eitfiércan be partitioned into a union of all possible half-spaces
#(0) belongs to the interior of the stoichiometry class a®f the formn?_,.,{R|o;y/ R > 0}. Therefore, this implies
sociated to the subnetwork, or it belongs to one of its nothatn!_, {R|y/ R > 0} = (. By Farkas Lemma, this implies
invariant face or it belongs to an invariant face. Since wibat there exists\ € R? satisfyingA > 0 such thafA\70]T =
assumed that C5i applies to each critical subnetwork anddnTherefore,P contains the support of the conservation law
turn subnetworks of subnetworks are regarded as subneswdpk’ 0]”; a contradiction.
themselves, we can continue this recursive procedure t@ shi§ow considerS;, with o = ... = o3 = 1. SinceA(P) =
that z(¢t) € E,, for any initial conditionz(0) € %, B Vg, this impliesb,; < 0 for all j = 1,..,v. However, this
Proof of Theoreni]8:Consider the ODE[]?) Assumeis not allowable by Theorein 9 sma;e,gBkv <0 forallve
that there exists a PWLR Lyapunov function. As explainelger I' N R’ and for any choice of admissiblg . u
in §/A] the PWL functionV can be considered to be

defined over a partition generated by a matrix of the form
H =T HT|T, with (Wi}, Proof of Theoreni11:Note that C1,C3 are represented

Fix k € {1,.,m}, and et cx be the corresponding by first and third constraints in the linear program. It remsai
coefficient vector. E;y C1, we havel — ¢Ix,[f — 1o be shown that C4is equivalent to the second constraint. In
T diagx® SN\ ITT gTIT with 0. B the fact, using the same arggment in th_e proof of Them 9, this
¢ 9=y, 2 )l ) & > y @ is equivalent to the coefficients, being compatible with the
sign regionS,, , which is equivalent to the second constraint.

()i < 0. o

following hold overW:
rOR
ox

However, R(x) € W, implies that: € S, , i.e. the sign o

pattern of i is identical to E(S) Furthermore, as noted in _ Proof of Theoreni T2\We need to show that’ satisfies
the proof of condition C4 of Theorefd 4, every term in th&4- Thus, itis sufficient to show tha’nle(ck) CTP(Ck)' note
expansion of left-side of the above inequality is nonpusiti that B € Wi(cy) implies (¢ + vkivi)” R < ¢y R, for i =

impli T _
Hence, the following holds over the regiof), for all x: , -+ 1. This in turn impliesviy; R < 0,1 = 1,..,n. Hence,
R € P(ck). Therefore, by iterating this procedure through

& Sk[0THT)

IS, {F] @(95)2;(:) (28) the rows ofC,, we getWy(cx) C ... C Wi(ex) C P(ck)-
H| Ox If the algorithm terminates after finite humber of iterason
J then a nonincreasing convex PWL function is constructed.
—_—~
r nE 28 (z) 0 e Furthermore, to ensure thatr C' C kerI' then we assume
=& | F (h) I k | 0. thatker ' C ker Cj. [
0 S| HS(@) 0f| o %
Now, consider the casé € {m + 1,..,2P}. By definition,
We = @. By Farkas Lemma, there ex|5t5 {1,.,p},& >0 Proof of Theoreri 13The PWLR function is convex by
with &, = 1 such thatoghy = — Y., &ionihi. Therefore, construction, wher€' € R%*~1*¥_ We can writeCR(z) =
T T HTIT — : [T R(x)]ql“ = [2Ry(x) — L R.(2)2 L7 Note that
I'sp[TTHT]T = 0. Hence, the inequality((28) is satis-l+s s,q=1 o v s,q=1"

fied with equality. Therefore, we have shown that for aWV (R(z)) = ¢l JR(x)is equalent tanax;<p<, — o Be(2) =

signature matriceg¥,}2- |, there exists(, > 0 such that R,(z) andmin;<i<, U—Rk( x) = Ry(x).

—¢I'S,JE, > 0. Indeed, this is a characterization & Using the first assumpuon we hakerI' = ker C', and hence

matrices [[28, p. 149]. Hence;J is a Py matrix for all z. CZ2 is satisfied.

In particular, this implies that—F%(:z:) is P forallz. B We show C4 using a directly. By assumption 2, we can
Proof of Theoremi]9:Assume that there exists a pairc  perform the following computation:

R™»/2xv [ € RPX¥ such thatV (@) is PWLR Lyapunov 1 OR
function, and let{ By}, be as defined in Theorem. Since Rq(z) = — 5= TR(x) (30)
{8k}, is a partition, therwk € {1,..,m},3¢ € {1,..,mp} ?
such thatVy NSy # @. As in the proof of Theorerl4, C4 is 1 OR,
equivalent to requiring,;&; < 0 wheneverR(z) € W,, for = v_q } o; —igRq(x) + Zﬁw
all j € Jy,i€ Iy, 0 =1, ..,mh/2. Hence,qj = |ng|bkj,j S ferig>0 i#q
{1,..,v} Z. Therefore 3¢, € R” such thatc, = ¢} By, with | 8R
Ck #0,Ck > 0,5 € {1,..,v} Z. Furthermore, sincker C = Ri(z) = ——=TR(x)
ker T, then¢? B,V = 0. | vs Ox
Proof of Corollary[10:: Without loss of generality, let 1 OR,
{1,...,t} be the indices of the species . We claim that . D; —ais s (z) + ZBZ'J'RJ ()

this implies that there exists a nonempty-interior signiaeg s >0 i#s
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- 1 OR
Rya) = — 3 F | o (R () D)+ Y BuelRe(w) = Roe(a))
a* iiigx >0 ¢ L#£q*
1 OR_ 4
= Y o P (B (@) = Ry (@) + D cuie(Roe(x) = Re(w)) | (29)
T §Bigr >0 v (#q*
Sincev € ker[', then—a;q = 37, 74f;. Hence, write CR(z) = [cT, \R(x)]? L} = [%(Rq(z) —R_4(z)) —
L(Ry(x) — R_4(x))]9 1. For simplicity, denoteR, =
— . v NS s s,q=1 ! q
gty () + ;ﬂ”Rl t R,—R_,, Rs = R, — R_;. Hence, we canlwritd:(zg), and
7 o an analogous expression can be written foy(z). Having
Z Bﬂ () + Zﬂjiv_qu(w) = a single negative coefficient in every bracket follows from
J#q J#4q

the additional assumption in the statement of the theorem.

By a similar argument for the second term and by (5), weherefore, using a similar argument to the one in the proof of

get Ry(z) < 0 and R,(z) > 0 and as a consequenceTheoreni1B it can be seen thAt(z) < 0, and R,(z) > 0.

V(x) maxger, cf R(z) < 0. Hence,V is a PWLR Hence,V(z(t)) < 0.

Lyapunov function. A similar argument to the one in proof of Theorém 13 can
We show the LaSalle’s interior condition. Let(t) C be carried out to show the LaSalle’s Interior condition. The

ker V(). Using the same argument in the proof of Theorembsence of critical siphons follows from TheorEm 13 and that

[, there existsg* and s* and an open subset dR, 7,
such thatV (x) Ry (2(1)) — 7Ry (2(1)) for all
t € 7. However, as both terms are nonincreasing, we have
Ry (#(t)) = Ry (2(t)) = 0. By (30) and assumption 4 in §2
we get?ci(t) = 0 for all ¢ such thatv;q» > 0, a5« > 0 and alll
t € T. Thereforew;p Ry (T) = Z#q Bi;R;(Z), and since
o Ri(2(t) < Ry (3(1)), Rg(f(t)) = Rg-(2(1)) 2]
for all j such that there i3 with BZ, > 0, aiig~ > 0 and all
t € 7. A similar argument can be carried out fﬂ( (t ))

By induction, it follows that--R;(Z(t)) = ( (t)) if
R, € (R,.) for t € T. Similarly, - L Re(@(t) = Ra(i(t )) [
if Ry € ,Q/( s+ ). Since o (Ry+) N ( <) # (b we g

Ry (%(t)) = Ry (2(t)) for all t € T and smceT is an open 5]
set this implies thag(¢) € kerT'.

Assume the network is conservative. We claim that there are;
no critical siphons, and hence no critical subnetworks. For
the sake of contradiction, assume thiatis a critical siphon.
Hence, the associated fader is an invariant, compact and [7]
convex set. Applying the Brouwer fixed point theorem|[31]
for the associated flow, there exists an equilibrizine ¥ p
such thal"R(z*) = 0. Sincedim(ker I') = 1, this implies that
R(z*) = tv for somet > 0. Consider the case = 0. This
implies R(z*) = 0. Then, P ¢ P := {1,..,n}\ supgz* ).
Observe thatP is a critical deadlock, however, this is notqj
allowed by CorollaryID0. If > 0, this implies thatP = 0; a
contradiction.

The persistence of the network follows directly from thell]
absence of critical siphons by the results(of|[17]. Sinceehe
exists a conservation law, the common ancestor condition(33l
satisfied. Hence, the LaSalle’s condition is satisfied. &ré¢h 13]
exists an isolated equilibrium, uniqueness and globalilitab
follows for from Corollary[3. |

Proof of Theorerqi 14:Without loss of generality, assume
Vgz = Vg. As in the proof of Theoreni 13, we cans;

(8]
El

[14]

1Equality is in the sense of the bijection betwegh ..,n} and Vg.

critical siphons are not created by adding reverse reagtion
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