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REGULARITY OF MINIMIZERS UNDER LIMIT GROWTH
CONDITIONS

GIOVANNI CUPINI, PAOLO MARCELLINI, AND ELVIRA MASCOLO

This paper is dedicated to Nicola Fusco on the occasion of his 60th birthday. Nicola is expert and master
in reqularity; we like here to give a small contribution to this field.

ABSTRACT. It is well known that an integral of the Calculus of Variations satisfying
anisotropic growth conditions may have unbounded minimizers if the growth exponents
are too far apart. Under sharp assumptions on the exponents we prove the local bounded-
ness of minimizers of functionals with anisotropic p, g-growth, via the De Giorgi method.
As a by-product, regularity of minimizers of some non coercive functionals is obtained
by reduction to coercive ones.

1. INTRODUCTION

An unusual point of view for the following integrals of the Calculus of Variations
Flu) = / 2| Duf dz, G(u) = / R (1.1)
B1(0) B1(0)

with r > 1 and a > 0, is to include them in the class of functionals satisfying some p, ¢-
growth conditions. In fact, for F(u) in (1.1) we have that for every exponent p € [1,7),

IDup = (el |Dul")¥ (o] ~)F < Zlale|Dal” + —Lla| =+

and |z|¥|Du|” < |Du|" for every x € B1(0); so ¢ = r. Hence F, not coercive in VV&)’Z(Bl(O)),
is coercive in W,"?(B1(0)). We claim that every local minimizer in W,.?(B;(0)) of the
integral F is locally bounded whenever

{ O<a<r—1 ifl<r< o

1.2
O<a< = if 25 <r<n. (1.2)

2
n—+r
This result is a particular case of our Theorem 2.5, that we now state not in its full
generality.

Theorem 1.1. Let f(z,u,&) be a Carathéodory function convex with respect to (u,§) €
R x R™ and such that

§1P —a(z) < fz,u,§) < L{[S|* + [u|? + a(z)},

for a.e. = € Q, Q open bounded set in R™, uw € R, & € R", for some L > 0 and
a € L (). Then, if 1 < p < q < p* and s > max{%,l}, every local minimizer of
F(u) = [ f(x,u, Du) dzx in the class VVlz’f(Q) is locally bounded in €.

1



2 G. CUPINI, P. MARCELLINI AND E. MASCOLO

Indeed, if 0 < a < r — p, the function a(z) := \x|7% is in L*(B1(0)) for some s > 2.

P
Since we need r < p*, if r > %7 the largest upper bound on « is obtained for p = 7=, so
. 2 . .
obtaining a < n’;r. When r < 5, the largest upper bound on « is obtained for p = 1.

Similarly, we can deal with the integral G in (1.1). In fact, for ¢ > r we have

q—r1, o
x|

|| Dul” < S| Du)? +
q

moreover, |z|~%* Du|" > |Du|", for a.e. x € B1(0). Again, by Theorem 1.1, applied with
p=rand q € (r,, %] (if r < n) or any ¢ > r (if r = n), we obtain that every local
minimizer of the integral G(u) in (1.1) is locally bounded if

2

O<a<% if 7 < n. (1.3)

The functionals F and G described above are particular cases of the more general integral
Fu) = /Qa (x) |Du|" dx (1.4)

with r > 1, a(z) > 0 a.e. in Q, a € LT (Q) and L € L] (Q), with o,7 > 1. In Theorem

6.1 we prove that, under suitable conditions o, T related to n and r, see (6.2), there exist
p and ¢, with 1 <p <r < g < p*, such that the integrand f(z, Du) = a (z) |Du|" satisfies
the assumptions of Theorem 1.1 and therefore every local minimizer in VVlif () is locally
bounded.

Non-uniformly elliptic equations and integrals of the Calculus of Variations of the type
(1.4) with » = 2 have been studied by Trudinger [29] in 1971; in particular Section 3
in [29] is devoted to the study of the local boundedness of weak solutions to the Euler’s
equation of integrals of the type in (1.1). Higher integrability has been considered in a
similar context by [5]. See also [25], [26], [32], [8], [27], and recently [22].

In this paper we consider a more general framework. In Section 2 we state our main reg-
ularity results, in particular the local boundedness of minimizers (and of quasi-minimizers
too) of general integrals of the Calculus of Variations of the type

F(u; Q) :—/Qf(x,u,Du(x))da;.

More precisely, let f : QX RXxR™ — R be Carathéodory function, convex in (u,£) € RxR"
for |¢| large enough and satisfying the following anisotropic growth condition

n

> lg(&Dl < fla,u,€) < L{a(@) + [g(lu)]? + [g(I€)]7} (1.5)
i=1
for a.e. x € Q, every v € R and £ € R™; for L > 0 and a € L; () for some s > 1 and
1<p;<qi=1,...,n Finally g: R, — R, is a function of class C, increasing and
convex, g(0) =0, g # 0, satisfying g (At) < Mg (t) for some p > 1 and every A > 1.

1 11
Let p be the harmonic average of {p;}; i.e., = := — Z —; and p* is the usual Sobolev
p n = Pbi

exponent of p, that is p* = nL?ﬁ if p < n otherwise p* is any t > p.
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By assuming ¢ < p*, every local minimizer or quasi-minimizer is locally bounded, see
Theorem 2.2. Note that the equality ¢ = p* is a limit growth condition, due to the well
known counterexamples in [18], [23], [24] and the results in [4], [16], [17].

We observe that anisotropic functionals as in (1.5) appear in several branches of applied
analysis, in particular in models where the derivatives have different weights along distinct
directions. Moreover, the presence of the convex function g permits to consider some
particular variational model with logarithmic behavior, as it happens in the theory of
plasticity.

In [14] De Giorgi developed an original geometric method for the boundedness and reg-
ularity of solutions to elliptic equation with discontinuous coefficients. The fundamental
ideas of this technique have been successfully applied to get regularity for local minimiz-
ers of Calculus of Variations with standard p-growth (for an exhaustive overview on the
subject, see [19]). The proofs of our results are based on this method. Although the
strategy for establishing regularity goes as in the standard p-growth, we had to overcome
some difficulties for the presence of p, g-growth and the anisotropy of the functionals. In
particular, we obtain a special unbalanced Caccioppoli inequality, without the use of a
p-growth coercivity from below, which allows us to carry out the De Giorgi procedure for
the local boundedness of minimizers.

It is noteworthy that Trudinger, in the quoted paper [29], pointed out that in this
context of non-uniformly elliptic problems it is possible to give conditions to establish
the local boundedness of weak solutions, but in general, due to the lack of the uniform
ellipticity, it is not clear if they are Holder continuous too.

In this paper we also study a class of variational integrals with linear growth from
below; i.e., min {p;} = 1 in (1.5). Because of the lack of coercivity we consider the relaxed
functional in the class of bounded variation functions BV (2), see Theorem 2.7; see also
[3] for related results.

In recent years the study of integrals and equations with p, g-growth has undergone a
remarkable development, also under the impulse of some applications, as in the study of
strongly anisotropic materials, see [30] and [31]. The bibliography on the regularity under
p, g-growth is large; we recall some recent papers on the subject: [2], [6], [7], [22] and, by
the authors, [9], [12]; in the vector-valued case [10], [11]; we refer to [27] for a detailed
survey on the subject.

The paper is organized as follows: in Section 2 we give the statement of the main
regularity results; in Section 3 we collect some preliminary and technical properties; in
Section 4 we establish an inequality of Caccioppoli type; Section 5 is devoted to the proofs
of our main theorems; finally, Section 6 contains the applications of Theorem 2.5 to the
functionals (1.4).

2. ASSUMPTIONS AND STATEMENT OF THE MAIN RESULTS

Consider the integral functional of the type

F(u; Q) ::/Qf(a:,u,Du(aj))dx, (2.1)

where €2 is an open and bounded subset of R", n > 2, and f : Q@ Xx RxR" - R is a
Carathéodory function.
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We recall the definition of quasi-minimizers of (2.1).

Definition 2.1. A function u € VVlicl(Q) is a quasi-minimizer of (2.1) if f(x,u,Du) €
Ll () and there exists @ > 1 such that

F (u; supp ) < QF (u + @;supp ¢),
for all ¢ € WH(Q) with suppy € Q. If Q = 1, then u is a local minimizer of (2.1).

We assume the following growth condition: there exist L > 0 and 1 < p; < ¢q, 7 =

1,...,n, such that

n

> g€ < flw,u, &) < L{[g(1€N])" + [9(|u))]? + a(x)} (2.2)

i=1
for a.e. x and for every u € R and £ € R™. Here a € Lj (), s € (1,00], and g : [0, 00) —
[0,00) is a N-function of As-class; precisely, we assume that g is of class C', convex,
non-decreasing, g(0) = 0, g # 0, satisfying, for some pu > 1,

g(At) < Mg(t) forevery A >1 andevery t>t (2.3)

for some tg > O.

We now require a convexity assumption at infinity on f. Precisely, Let us denote
QxR xR"™ — R the convex envelope of f(x,u,§) with respect to (u, ). We assume
that

f($7'7') :f**(xv'a') in (RX Bto(o))c' (24)
From now on, without any loss of generality, we assume ¢ty = 1 and g(t) > 1 for all
t > 1. We observe that if s = +00 then % has to be read as 0.

1 1&1
We denote by p the harmonic average of {p;}; i.e., — := — Z —; moreover, p* is the
p n = pi

Sobolev exponent of p:

Lﬁ -
7= { n—p’ ifp <m, (2.5)

Let us now state our results. First, we deal with the case ¢ < p*.

Theorem 2.2. Assume (2.2)-(2.4) with 1 < p; <gq,
Tj*
P-p
Then any quasi-minimizer u of (2.1) is locally bounded. Moreover, for every Br(xo) € €2,
there exists a positive constant ¢, depending on q,p;, s, 4, Q, L, R, such that

X
ugouwum%mnsc{1+< /. )gqouwdx) } 2.7

where v = %.

g<p" and s>

(2.6)

As far as the limit case ¢ = p* is concerned, we have the following result.
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Theorem 2.3. Assume (2.2)-(2.4) with 1 < p; < q=7p*, and
either max{p;} <p* or g(|lu]) € Lﬁ;(Q)-

If s > %, then any quasi-minimizer u of (2.1) is locally bounded.

Remark 2.4. As far as the assumption on s is concerned, we notice that if p < n we have

p* 1 n
s>,*p — & <1—> —-p>0&s5>—.
p =D S p
If, instead p > n, due to the arbitrariness of 7*, we can replace (2.6) with s > 1.
Note that, if the p;’s are equal, we obtain the straightforward consequence of the above
results.

Theorem 2.5. Assume (2.4) and that there exists L > 0, such that
P < fl@,u, &) < L{IEI" + [ul! +a(z)}, 1<p<qg<p’
for a.e. x, for every u € R and £ € R", with a € Lj (), with s > max{%, 1}. Then the
quasi-minimizers of F are locally bounded.
Now, we deal with a minimization problem in a Dirichlet class.

We here consider ¢(t) := t; precisely, we assume that there exist L > 0 and 1 < p; < g,
i=1,...,n,a€ Ly (Q),s>1,such that

loc

> I&lP < fla,u,€) < L{IE + [ul? + a(2)} (2.8)
i=1
for a.e. x, for every u € R and every £ € R™.
A first result, with min{p;} > 1, is the following.

Theorem 2.6. Assume (2.4) and (2.8), with 1 < p; < q <p*,i=1,...,n. Let up €
whiQ)n Lﬁ;(Q) be such that F(up; Q) < +oo. If u is a minimizer of F(-;) in uo +
Wol’(pl"“’p")(Q), and s > 2 (ifp<n) ors> 1’% (if D > n) then w is locally bounded.

Let us consider the case min{p;} = 1. Fix ug € WH(Q), such that F(ug;Q) < +oo.
Since min{p;} = 1, then WHP1Pr)(Q) is a non-reflexive space and the direct method

generally fails. So, minimizers of F in ug + VVO1 (PP ”)(Q) may not exist. Consider

F(u) := inf {lkiminf}"(uk) Dy — uin LY, ug, € up + W&’(pl""’p”)(ﬂ)} , (2.9)
—+00

the relaxed functional of F(-; Q) in BV (Q2). We prove that minimizers of F exist in BV (2)

and are locally bounded.

Theorem 2.7. Assume (2.4) and (2.8), with 1 < p; < ¢ < p*, min{p;} = 1.
Fized ug € WH(Q), such that F(ug;Q) < +oo, there exists a minimizer 4 € BV (Q) of
F, such that u € L°.(Q) and, for all Br(zo) € Q,

loc

pr(1-1/s)=p

5T =) and c is depending on q,p;, s, L, R.

where 7y :=
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3. PRELIMINARY RESULTS

We consider the following anisotropic Sobolev space:
WhEL-pn) () = {ue WHH(Q) : uy, € LP(Q), foralli=1,...,n},

endowed with the norm

Let us denote Wol’(pl’“”p”)(ﬂ) = Wol’l(Q) N WhE1-pn) ().
We recall the following embedding results for anisotropic Sobolev spaces. We refer to
[28].

Theorem 3.1. Let p; > 1,4 =1,...,n, and p* be as in (2.5). Let u € Wol’(pl"“’p”)(ﬂ)
and 2 be an open bounded set in R™. Then there exists ¢, depending on n,p; and, only in
the case D > n, also on p* and on the measure of the support of u, such that

1
[ull = ) < € (I0 flwa, | 1ri ) ™ - (3.1)
Remark 3.2. In general if n > 2, the inclusion Wh®1Pe)(Q) ¢ LP"(Q) may not hold,
even if () is a rectangular domain. See [20] and [21].
We also need the following result; see Proposition 1 in [9] for the proof.

Proposition 3.3. Let g be a Ay and N-function of C' class (see Section 2) and u €
WENQ). Suppose that g(|ug,|) € LFi (), with 1 < p; < p* for every i = 1,...,n. Then

loc - loc
9(lul) € Lioe(€2)-
Moreover we need of some properties of the Ag-functions; see [9] for the proof.

Lemma 3.4. Consider g : [0,00) — [0,00) of class C, convex, non-decreasing and satis-
fying (2.3), with to = 1. Then

g(At) < M(g(t) +9(1)) and ¢'(t)t < u(g(t) +g(1)),
for allt >0 and all X > 1. Moreover, for every (t1,...,tx) € [0, oo)k, we have:
k

k k
EY glti) <g (Z u) < k¥ {9(1) + Zg(ti)} :
i 1 =1

=1 i=
The following is a well known classical result; see, e.g., [19].

Lemma 3.5. Let ¢(t) be a non-negative and bounded function, defined in [1o,T1]. Suppose
that, for all s,t, such that 0 < s <t < 71, ¢ satisfies

A
8(s) < 00(0) +

where A, B, a are non-negative constants and 0 < 0 < 1. Then, for all p and R, such that

70 < p < R <1, we have
A
st s}
W=\ wm= e

+ B,
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4. CACCIOPPOLI INEQUALITY
For u € WI})CI(Q) and Br(zo) C Q, we define the super-level sets:
Ap g :={x € Br(xo) : u(z) > k}, keR.
For a quasi-minimizer of F the following Caccioppoli inequality holds.
Proposition 4.1. Assume (2.4) and
0 < f(w,u, &) < L{[g(I€D]? + [9(lul)]* + a(x)}, (4.1)
with ¢ > 1 and a € L¥(Q), s > 1. Let u € W21 (Q) be a quasi-minimizer of F, such that

loc

g(|ul) € LL (). Then for any Br(zo) € Q, 0 < p < R, and for any k,d e R, d >k > 1,

loc
1
/A {g%u — ) + g(d)} da + cllall ezl Arrl .
kR
(4.2)

c
f(z,u, Du)der < ———
Arp (R — p)ra
with ¢ depending on n,q, u, Q, L.

Proof. Let Br(zo) € €. Let p,s,t be such that 0 < p < s <t < R. Let n € C3°(B) be a
cut-off function, satisfying the following assumptions:

0<n<1, n=1in Bs(xg), |Dnl< ; . (4.3)
-5
Fixed k£ > 1, define
w:=max(u—k,0) and ¢:=—n"w.
Consider a number d, such that d > k. By the quasi-minimality of u, we get
f(x,u,Du)de/ f(z,u, Du)dx < Q f(z,u+ ¢, Du+ Do) dx
Ap,s Ap tNsuppn Ap tNsuppn
=Q f (@, (L= 0"+ 0"k, (1 — 9" Du + pgn"4~ (k —u) Dn) da.
Ay tNsuppn
Denote

Qe ={zeQ: (1 —9"u+n"%k, (1 —n")Du+ ugn*? ' (k —u)Dn) € R x B1(0)}.
By (2.4), for a.e. x € (Ap; Nsuppn) \ Qu,
f (2, (L= n"Du + 0"k, (1 = %) Du + pgn®~* (k — u) Dn)
= f* (2, (1 = n")u+ "%k, (1 — 9"*) Du + pgi"*" (k — u) Dn)
< (L= 1) f** (&, u, Du) + 0" f** (a, k, pgn ™" (k —u) D)

< (L= ) f (z,u, Du) + " f (2, k, pgn~" (k — u)Dn) . (4.4)
By the growth assumption (4.1)
F ki e~ 0Dn) < 2{ato) + ol EDa) + 7@} @9

Lemma 3.4 and (4.3) imply

u—k (2uq)H

Dnl) < W{gq(luf/’fl)+gq(1)}- (4.6)

9(lng
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Therefore, by (4.4), (4.5), (4.6) and 1 < d, for a.e. x € (A Nsuppn) \ Qi

f (ac, (1 — *u + n"k, (1 — n"9) Du + pgn™ = (k — u)Dn)
(2ug)"
(& — s)ragna {9%(lu — k) + g%(d)}.  (4.7)
Let us now consider the case x € Ay Nsuppn M. Since g is increasing and convex,
by Lemma 3.4 we have

g((1 =" Du+n"k) < (1= n"")g(u) + 1" (k) < c(g(u— k) + g(d)).
Therefore, again by (4.1), for a.e x € Ay, Nsuppn N Qy, and for (4.6)

f (2, (1= "Yu + 0"k, (1 = n"9) Du + pgn"~" (k — u)Dn) < c(a(z) + ¢%(u — k) + gq((j)g))~

< (=" f (@, u, Du) + Ln*a(x) + Ly

Taking into account that supp(1 — n*?) C B; \ Bs, nta—1) < 1, we have

(1 =" f(x,u, Du)dx < / f(z,u, Du) dx.

/Ak,tﬁsupp N\ Qg Ap i\ Ak s

By (4.7) and (4.8) we obtain

/ f (:U, (1 — " + "k, (1 — n*) Du + pgntd(k — u)Dn) dz
Ag,tNsuppn

: /Ak’t\Ak’S fl@,u, Du)dz + C/ (a(z) + g% (u — k) + ¢4(d)) dx

AR

(2uq)H /
+c— 91 (u — k) + ¢%(d)} dx. 4.9
g WRCICRRNAC) (1.9

Therefore
f(z,u, Du)dr < Q f(z,u, Du) dx

Ag s Ap i\ Ak s
c

1-1
+ QellallenlAnrl ™ + T

/A {07 (u—k) +g'(d)} dz (4.10)

with ¢ = ¢(n, u,q,Q, L).

CONCLUSION.
By (4.10), adding to both sides @ times the left hand side, we get:
Q Qc

flz,u, Du) de <—— f(x,u, Du)dz +

Ay, ( ) Q+1Ja,, ( ) Q+1

Q+1)(t—s)ma /Am {g%(u — k) + ¢%(d)} dx.

Thus, by Lemma 3.5, with 79 := p, 71 := R, ¢(t) := fAm f(x,u, Du) dz, and
Qc

A= gl(u — k) + g4(d)} dux, B =
IR o
we get (4.2). O

_1
lallzs ()| Ar,rl

M

_1
lallzs (5l Akl ">,



REGULARITY OF MINIMIZERS UNDER LIMIT GROWTH CONDITIONS 9

5. PROOF OF THEOREMS 2.2, 2.3 AND 2.6

Assume that g satisfies the assumptions in Section 2. Let u € I/Vlicl (©2) be such that
g(Ju]) € LL (). Consider Bg,(xo) € 2, such that

loc

/ %(|u)) dz < 1. (5.1)
BR0($0)
For any 0 < R < Ry, define the decreasing sequences
R R R 1 _ pn+ pry1 R 3
= — _— = — —_ = = — 1 .

Fixed a positive constant d > 2, to be chosen later, define the increasing sequence of
positive real numbers

1
Define the sequence (Jy),

Ty = /A G%(u — k) da. (5.3)

kpsph

Notice that, by (5.1), J, <1 for every h and that J, is a decreasing sequence, because

Jhi1 < /
A

The following lemma is the common root to prove Theorems 2.2 and 2.3.

9l (u — kpyq) de < / 94 (u — kp) dx < Jp. (5.4)

A

kn41:Ph kpy1:pn

Lemma 5.1. Let u € VVI})CI(Q) be a quasi-minimizer of F. Assume (2.2)-(2.4), with ¢ <
p*, and a € L{ (), s > 1. Moreover assume that g(|u]) € LL (Q) and let Bg,(zo) € Q

loc loc

be such that fBR (z0) 94(Jul)dz < 1. Let Jy, be as in (5.3).
0
Then there exists a constant C > 0, depending on HCLHLS(BRO); such that, for all h €
Nu {0},

2
_ s _ 1
where/\—4pand04—%(1—g)—p%.

Proof. Since u is a quasi-minimizer of F and (2.2) holds, then g(|u,,|) € L (£2).

AL loc
If ¢ < p*, then max{p;} < p* and, by Proposition 3.3, g(|u|) € L} (Q).

If ¢ = p*, we have, by assumption, that g(|u|) € LP"(Bg,). Thus, J is finite for all A.
Let, now, define a sequence ((;) of cut-off functions, satisfying the following properties:

h+4

. 2
Ch € CF(Bp, (x0)), (=1 in B, ,, and |Dg|< =
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Denoting (u — kp41)+ := max{u — kp11,0}, by the Holder inequality we get

1-%
JIht1 < ‘Akthlyﬁh P /
A
1-%
= |Akh+lvﬁh| P (/
B

To apply the Sobolev embedding Theorem 3.1 to the function g((u — kp41)+)Ch, we need
to prove that g((u — kns1)+)Ch € Wy PP (By, (20)) ie. that (Chg((u — knt1)+))a, €

LPi(Bp, (x0))-
Taking into account that

a
*

(9(u — kn+1)Cn)P dw)
khy1:Pn

F

P

(Chg((u — Eps1)4))" dx) - (5.5)

Ph

(9((u(@) = k1) 4 ) = ¢' (@) = k1), (T)X Ay, 5, (€)  for ae. x € By, (x0),

(here x4, . . is, as usual, the characteristic function of the set Ay, 5,), noting that,
h+1:Ph +1:Ph
by the monotonicity of g and ¢, ¢'(t1)t2 < ¢'(t1)t1 + ¢'(t2)t2, and using Lemma 3.4 we get

|(Crg (v = k1) ))e,| < g((w = En1) ) 1(Ch )| + Cug'(u — Bnga) e X4y, | 5,
<g((u = kps1) )| DG| + Cu {9 (w = kng1) (w = k1) + ¢ (1w, DI, |} XAy, 5,
<g(u— ks )IDG X, 5y + Cutt (90— K1) + 9((uar]) +20(0) Xt
Since g(d) > g(1), we have, for a.e. x € By, (o),

[(Chg((u — kny1)+))a:|

2h
< )% (9(u k) + 9(@) v, + 00D (5.6)

Since g(|u|) and g(|ug,|) are in LV (), we have (Chg((u — kny1)+))z € LPI(Bp, (x0)).
Thus, by (5.5) and the embedding Theorem 3.1,

1- n
Jh+1 < C|Akzh+1,ﬁh| P i=1 (/
P

Ph,

1

[(Chg((u = kng1)4))e: [ dfv) b (5.7)

1
Let us estimate the integrals in the right hand side. By (5.6), since (a + b)?i < a?i 4+ b»i,
aPi < a?+ 1 for every a > 0, pp, < pp, and since (5.4) holds, then

(/

1

|(Chg((u — kpg1) 4 )z, P dx) ; <nu (/

+C2h/
R \Ja

1

) Pi coh 1
ol P dr )+ T (e (D] Ay ]) (58)

(9((ua, )] daz)

{9%(u — kpy1) + g7(d)} dw) )

Ph kp+t1:Pn

Kh+1Ph

<(},

khy1:Pn
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where we used that g(d) > g(1) > 1. By (2.2), the Caccioppoli inequality (4.2) and (5.4),
we obtain, for any ¢ = 1,...,n,

/Akh+17/’h

2h nq 1
<e(%) [ 1o b @ o+ el A

Kh+1:Ph

9P (Jug,|) dz < / f(z,u, Du) dz

Akh+175h

oh\ M L
<c (||a||L5(BR) + 1) <R> (Jh + gq(d)|Akh+1,Ph| + |Ak§h+lvph| _;> : (5'9)

Collecting (5.8) and (5.9), we have

(/

Hq 1
<{ellallwn +1) (%) (870 + A5 }

1

|(Chg(w — Kpy1))a, [P dﬂ?) i

Kh+15Ph
1

Py

Using the above inequality to estimate (5.7), it follows that

h\ M5 1 %
1--4 n 2 Pi q 1-1\p;
Jh+1 < C’Akthl,ﬁh‘ P Hi:l E <Jh +9g (d)|Akh+1,Ph’ + |Akh+1’Ph’ S) )
(5.10)
with ¢ depending on ||al[1s(p, ). Note that
Jp > / g% (u — kp) dx > g% (kpi1 — kh)|Akh+17Ph‘
Akh+17ph
d g4(d)

= 9" (G Aknsaon| 2 W' Fnnon

therefore
9(h+2)pg 9hug
|Akh+17ﬁh| < |Akh+17ph| < W‘]h < ijh' (5'11)
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1

By (5.10) and (5.11), recalling that J, < 1 for every h, so J, < J}t_;, we obtain

1y
ohug 1-g% 9h\ o7 L 9(h+2)pq AN
Jhi1 < c| ——=J = J] 20K, J]
h+1c<gq(d) h) ”<R> PSR ey
S (AN S I
() () o)
q
B 2huqJ 1-2% oh uqzhqul i v |
~ @™ R "
huq 1-2% h /‘é 4
(2 0) T (R T (2t
~ @ R "
NP a1y g
B
R'7 (g(d))' 7"
with C' depending on ||al|s(p,,)- The conclusion follows. O

To prove Theorems 2.2 and 2.3 we will use the following classical result; see, e.g., [19].
Lemma 5.2. Let a > 0 and (Jy) a sequence of real positive numbers, such that

T < AN

1
with A>0 and A > 1. If Jo < A=aX\"a2, then J, < A\ «Jo and limy_e Jp = 0.
We are now ready to prove the regularity result under the assumption ¢ < p*.

Proof of Theorem 2.2. Let d be a positive constant, d > 2, to be chosen later.

We notice that by (2.2) and since ¢ < p*, it follows that g(|u|) € Lf:C(Q) (see Proposition
3.3). Therefore, fixed z¢ € €2, there exists Ry > 0 small enough, such that Bg,(xo) €
and fBRO(a:o) g2(|u|) dz < 1. By Lemma 5.1, we have that, for all A,

2

C 1\"F

Jh+1 S 7{]2 <> : )\hJ}IL"'O‘7
(g(d)™»

2
Vil C
with A= 4"% and o = 1 (1- %)—ﬁ% > 0. Using Lemma 5.2, with A := — =
RS (gla))F
we have that, if
1
B(F*—q) C R
Jo < K[g(d)]Fa-1775,  with K := { - } AT, (5.12)
RMF

then limy, 4o Jp, = 0.
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JO::/
A R

a
2

Since

- Lydr < / ¢(|u]) da,
2 B

R

it is easy to check that (5.12) is satisfied, if we choose d such that

p*(1-1/5)—p

)=o)+ {5 [ oupas} (5.13

Indeed we get d > 2 and

pr(1-1/8)-P

1 P —q)

so (5.12) follows. Therefore, we have lim J, = / g%(u — d)dz = 0. This implies
A

h—+o00
d,

&=

|A, r| = 0 and we conclude that Br C {u < d}.
’2 2
On the other hand, since —u is a quasi-minimizer of the functional

Z(v):= /f(z:,u, Du) dz,
where f(z,u,€) == f(z, —u, —&), which satisfies the same assumptions of f, we obtain that
Br C {u > —d}. Therefore, by (5.13) and the monotonicity of g,
2

P*(1-1/s)-p
p(P*—q)

1

c \° .2

g(lul) < g(2) + ( ) AR / g (|ul) dx ac.in By,
R/‘? BR

that is

pr(1-1/8)-P

c p(P*—q)
o) o gy < 02) + = ([ g#(lua)
2 RM5G—a Br

By a covering argument, we can obtain estimate (2.7).

We now turn to the proof of our boundedness result, under the assumption ¢ = p*.

Proof of Theorem 2.3. If max{p;} = p*, we know, by assumption, that g(|u|) € LgC(Q).
The same conclusion holds if max{p;} < p*. Indeed, (2.2) implies g(|us,|) € L}’ (£2); so, by
Proposition 3.3, g(|u|) € L?(:C(Q). Consider Bg,(zo) € 2 such that fBRO (o) g7 (Ju]) dz < 1.
With Jj,, defined as at the beginning of this section and using Lemma 5.1, with ¢ = p*, we
get

@92

1
Jhy1 <C (R> ’ At gte
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7*2

where A = 4" %

limp 100 Jp = 0, if

and a = % (1 — %) — 1. Therefore, by Lemma 5.2 we have that

w2 2\ “a oy — L
Jcas) a2
4 . (5.14)
u —

By definition, Jy = fAd g7 ( % dz. Since g7 (|u|) € L'(Bgr) we can choose d large,

such that (5.14) holds; in fact

* d D*
Jo = / g <u - > dzr < / 9" (Ju]) dz —4—100 0.
A%,R 2 Ag,R

With this choice of d, we get

hm Jh = / g7 (u—d)dz =0.
h—o0 Ad,

vl

Therefore, u < d a.e. in Br(xp). To get a bound from below, we proceed as in the
2

previous Theorem 2.2. O

We conclude the section with the proof of Theorems 2.6 and 2.7.

Proof of Theorem 2.6. If ¢ < p*, then we get the thesis by Theorem 2.2. Assume ¢ = p*.
By F(up) < +oo and (2.8), we get ug € WhPL--P)(Q). Theorem 3.1 implies u — ug €
LP"(Q). Thus, u € L (). The conclusion follows by Theorem 2.3. O

Proof of Theorem 2.7. We proceed similarly to Theorem 2.5 in [12]. However, for the sake

of completeness we give a sketch of the proof.
Assume (2.8) with min{p;} = 1 and define F as in (2.9). By Rellich’s Theorem in BV,

every minimizing sequence for F in ug + WO1 (Poep ”)(Q) has a L'-convergent subsequence.
The lower semicontinuity of F gives the existence of a minimizer u in BV, such that

F(u) = min F(u) = inf F(u). (5.15)
ueBV u€uO+W()1;(P1 ----- pTL)(Q)

By the minimality of @ and (5.15), there exists a sequence (uy) in ug + VV1 (PL- ’p")(Q),
such that, for all k,

and  Up —pqoeo @ in L1(Q). (5.16)

By the Ekeland’s variational principle, see [15], for every k there exists a function v, €
up + Wol’(pl’""p")(Q), such that

n 1
1 P
F(op) < Fu) + —= E </ (v — 1)a, |7 dx) Yu € ug + Wol’(pl""’p")(Q), (5.17)
Q

k i=1
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and

n

; (/Q (v — ug) g, [P dm) g < \}E Vk. (5.18)

Since up — vi € Wol’(pl’”"p")(ﬂ), then (5.16) and (5.18) imply that vy — @ in L.
Note that a'/?* < a + 1 for every a > 0 and every i = 1,...,n. Thus, using (5.17) and

(2.8), we get that, for all u € ug + Wol’(pl’””p")(Q),
n 1/pi
([ o)
=1 W&

Fu) < Flu) + = {Z ( AR d:c> "y _

7

that implies
(1 - \}E> Flop) < (1 4 %) Flu)+ j%

Therefore, we have that vy is a quasi-minimizer of the functional

Z(u) := /Q (f(x,u, Du) + 1) dx,

with @ independent of k. Since (x,s,£) — f(x,s,£) + 1 satisfies properties analogous to
f, we can apply Theorem 2.2 and then v, € LS. (). Fixed z¢ € , consider Qr(zo) € Q,

cube centered at xg, with edges, of length 2R, parallel to the coordinate axes, by the
estimate (2.7) on the cubes, there exist v > 0 and ¢ > 0, independent of k, but depending

on R, such that
v
”Uk”Loo(QE(xo)) < C(R) {1 =+ </ ”l}k’q dx) } . (5.19)
2 Qr(wo)

Since F(ug) < oo, then ug € WhFPL-P)(Q). By the embedding theorem for anisotropic
Sobolev spaces on rectangular sets (see for example Lemma 2.1 in [1]), we have that
ug € LP" (Qr(wo)) and

luoll z7* (gr) < € {HUOHLl(QR) + Z H(Uo)xiHLPi(QR)} (5.20)

=1

for some ¢ > 0. On the other hand, by applying the inequality (3.1) of Theorem 3.1 to
the function v, — ug € Wol’(pl’””p")(Q) and by taking into account (5.20), we get

1

1

q n 7
/ otz b <y ( / |(vk—u0)mi]pidx> T I I——
Qr(wo) =1 W&
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Using the growth assumption (2.8), we have that

; (/Q (v = wo)e, [ dw) " <c{F(u)+1}+ ; { /Q [(u0)a, " dx}pl"

< c{F (o) + 1+ [uolyr.on. ey | (5.21)

qy
. 2
H'Uk;”Loo(QR(xO)) <c {1 + ( inf F+ E + HU()||W1,(p1 ,,,,, pn)(Q)> } .
2 Q)

So, up to subsequences, v, converges to to u in the x-weak topology of L and by the
lower semicontinuity of the L°°-norm, we conclude. O

6. APPLICATIONS

In this section we discuss some applications of the local boundedness result Theorem
2.5. Let us consider

Z(u) = /Qa(x)\Du]T dx, 1<r<n, (6.1)

a(z) >0,a € LY () and a=t € LT (Q), 0,7 > 1. An application of Theorem 2.5 gives

loc loc
the following result.

Theorem 6.1. If 0,7 satisfy

y<r—2, (6.2)

then the local minimizers of I belongs to VVI})Cp(Q) for some p > 1 and they are locally
bounded.

The idea of the proof is to observe that for every 1 < p < r < ¢ < p* we have, by the
Young inequality, that there exist c1,co > 0 such that

c1|DulP < a(z)|Dul” + a(z) 77 < co {|Dul? + b(z)},
with
9 __Dpb
b:=aes" +a rr.

Taking into account that Z and

T(u) = /Q (a@|Dul" + a(a)" ™) d, (6.3)

S

have the same local minimizers, if we show that b € Lj

conclude by applying Theorem 2.5 to J.

(€2) for some s > 7, than we can
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Proof of Theorem 6.1. Asremarked above, it is enough to show that it is possible to choose
P, q in such a way that

q

l<p<r<gqg<p* and b::aqj-l-af%eLfoc(Q)

for some s > 2.
By (6.2) there exists p such that

max{1, — - <p<r-——
{ o n—+r } b
Then, in particular, pc > n. We note that

n n+or N

= <per< < p*.

o n—+r po—n

. rpo .
Thus, there exists g € (pg_n,p*] Since
rpo n
q> P = ¢ - <o
po—n q—1r D
and
p
p<T— — & L=<,
r—p p
there exists s > % such that
s<o s< T
q—r r—p

This implies that b € Lj () for s > %. This allows to apply Theorem 2.5 to 7, with our
choice of p and gq. O

We observe that the functionals (1.1) in the Introduction are particular cases of (6.1).
Let

Flu) = / 2| Dul" de,
B1(0)

with @ > 0 and 1 < r < n. Assume that (1.2) holds. Then the local minimizers of F are
locally bounded. In fact a(z) := |z|* € L™ and a~! € L7 for every 7 < 2. Since ¢ in
(6.2) can be arbitrarily chosen it is easy to check that (6.2) can be formulated as

max{1, L_:} <r-—a,
n+r

which is equivalent to (1.2).
Let us consider

G(u) = / 2|~ D" d,
B1(0)

witha>0andl <r<n If0<a< %, then the local minimizers of G are locally

bounded. In fact, a(x) := |z|~* € L for every ¢ < 2 and a~' € L7 for every 7 > 1. Since
7 in (6.2) can be arbitrarily chosen it is easy to check that (6.2) becomes
n
17 < )
max{1, (a + r)n—l—r} r

which is equivalent to a < %2
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