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Abstract

Underground magmatic processes and their effects on the Earth’s surface are

an issue that requires advanced models to be unrevealed. The comprehension

of the mutual link between magma and rock is crucial for the advancement in

understanding of the physics of volcanoes and the associated hazard. In this

thesis, a numerical method for magma-rock interaction (Fluid Structure Inter-

action, FSI) problem has been developed in order to understand the processes

of magma dynamics in magma chambers. A segregated algorithm by means

of finite elements method (FEM) is used to solve the FSI problem, where the

fluid and structure domains are interconnected by a standard sequence of

transfer of boundary conditions. Multicomponent single-phase flow dynamics

is governed by the equations for conservation of mass for each component,

and the equations of momentum and energy conservation for the mixture.

The thermodynamic variables are computed by a homogeneous mixture model.

The transport equations for the fluid are solved on structured and unstruc-

tured grids with the stabilised time discontinuous Galerkin least-squares

space-time finite element formulation. The numerical model treats both com-

pressible and incompressible flows simultaneously in a unified way. Differently,

from the standard FEM, space and time are dealt in a unified way allowing

an implicit consistent treatment of the mesh motion. For time marching

problems, constant in time and linear in time predictor-corrector iterative

methods of first and third orders are used to solve the non-linear algebraic

equations.

The structural model is based on the FEM Lagrangian viscoelastic standard

linear solid model formulation. The time-dependent response of a viscoelastic

material is included in the constitutive relationship between the stress and

the strain tensors. The stress tensor is split into elastic and viscous contribu-

tions. The non-linear system of equations obtained from the weak residual

formulation is linearised with the Newton method and further solved with a

Newmark time marching algorithm. The fluid mesh deformation is computed

with the elastic deformation method.



Various standard benchmarks cases for fluid flows on fixed and deforming

domains have been validated. The structural model is tested on three numer-

ical examples.

After validation, the numerical algorithm is applied to model the magma

flow in chambers. Magma is assumed to have a compressible/incompressible

multicomponent single-phase flow. Magma properties are computed as a

function of the local P-T-X conditions with the proper constitutive equations.

Three simulation cases of natural convection and magma mixing occurring

inside magma chambers are presented. The first case studies the Rayleigh-

Taylor instability arose between two stratified layers (hot and cold) of a

magma in an elliptical chamber. The second case examines the mixing

between two heterogeneous magmas placed in the shallower and deeper

reservoirs, connected through a vertical dike. The last case analyses the

magma mixing in the presence of a seismic excitation. All simulations include

the convection driven by buoyancy forces solely. The numerical results reveal

that the viscosity of magma plays a crucial role in magma mixing. Depending

on the magma viscosity, the time-scale of convection and mixing can vary

from a few hours to tens of hours. The simulation results show that the

magma mixing caused by the pure buoyant forces causes a decompression

in the shallower chamber. The results also illustrate that the impinge of a

seismic wave has no influence on the magma mixing, but, it is able to increase

the overpressure in the magmatic system.
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Preface

Motivation

The exceptionally fertile soil and the geothermal energy provided by volcanoes

have always been advantageous for the humans. On the other hand, volcanoes

are a permanent threat to the human life and the infrastructure necessary

for living. The ash injected into the atmosphere by an explosive volcanic

eruption can damage crops, industrial plants, transportation systems and

electrical grids. Moreover, volcanic eruptions can drastically alter land and

water for tens of kilometres around the vent, and the sulphur dioxide gas

erupted into the stratosphere can change the earth’s climate drastically. His-

torical records indicate that volcanoes have undergone catastrophic eruptions,

destroying villages and entire civilisations. Today, millions of people live

close to some of the most dangerous volcanoes in the world. Vesuvius and

Campi Flegrei (Italy) are among the most dangerous volcanoes in the world;

but also Popocatépetl (Mexico), Merapi (Indonesia), Sakurajima (Japan),

and many others are included in the list. It is of fundamental importance to

get a better knowledge of the current state and the evolution of a volcano.

Our ability to forecast volcanic hazard derives from the knowledge of the

physics governing the magmatic and volcanic processes. Volcanologists and

geophysicists are interested in predicting the behaviour of volcanoes by under-

standing the relationship between the observable variables. The constitutive

relations among variables allow us to understand the current state of activity,

possibly foreseen events and mitigate the volcanic risk. Volcano monitoring

for seismicity, ground deformation, gas emission, magnetic, electric and grav-

ity fields is a predominant tool used in eruption forecasting. A change of the

seismicity of a volcano may be directly linked to the internal dynamics of

the volcano. A volcano in the process of erupting produces strong seismic

ix



Preface

signals that serve as precursory indicators. Similarly, the ground movements,

changes in the electrical, magnetic and gravity fields, and a change in the

chemical signature of the gas emitted by fumaroles are good indications of

the unrest state of a volcano. The Earth’s surface of high inhabited volcanoes

is covered by a network of monitoring instruments to gain the precursory

indications about the ongoing changes in depth. Despite the fact that these

measures can provide invaluable information regarding the changes occurring

at the subsurface depth they can not reveal the physical processes behind

these. That is where experimental and numerical models serve the purpose.

Experimental studies play a significant role in studying the processes under

given conditions. The experiments provide an excellent opportunity to test

our hypothesis about a physical process in a controlled environment by us-

ing analogue material and natural samples. In engineering applications, a

full-scale experiment can provide all the physical characteristics, the relation

between the unknowns and clear-cut conclusions under a high level of control

with many variations in model parameters. Although recent advancements

in laboratory equipment allow us to perform larger scale experiments with

great precision, a full-scale experiment is obviously impossible for volcanoes.

Therefore, experiments are conducted on small-scale models, and the result-

ing information is extrapolated to the full scale. One big drawback of this

approach is that the small scale models partially loose information that can

be gained only with a full-scale system.

An alternative approach to understand the physical processes of a system is

to construct a mathematical model based on the fundamental physical laws

and then try to solve the model for a given set of conditions by solving the

resulting system of equations. The partial differential equations governed

by most of the mathematical models are inherently non-linear and time-

dependent and are often impossible to be analytically solved except a few

simple cases. Therefore, physical-mathematical models are often solved by

numerical techniques, where the differential equations governing the system

are converted to a set of algebraic equations at discrete points, and then

the solution is obtained using digital computers. The big advantage of nu-

merical techniques is to recognise all peculiarities of a physical process of

interest. Recent advancement in computing capabilities of computers from

the hardware point of view and the programming tools which allow us to
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run a computer code on multiple processors simultaneously (parallel pro-

gramming) have played a prominent role in solving complex time-consuming

geophysical problems in a short time. Fast processing of new generation

computers and the ability of numerical methods to tackle a broad range of

challenging problems make the computational modelling an interesting and

undoubted choice for volcanology. Nowadays numerical modelling and simu-

lations have become the best alternative tools to supplement experimental

study, providing very promising results in improving the understanding of

the volcanic processes. Usually, magma dynamics is studied by using the

method of computational fluid dynamics (CFD), and the deformation of rock

is analysed by the structural mechanics approach. Although the need of

computational models is of paramount importance, the numerical models

require validation using reliable experimental data before they can be put to

good use, which indicates that experimental methods will remain to play a

crucial role.

Mainly the numerical techniques are classified into finite difference, finite

element and finite volume methods. However, other new techniques such as

Lattice Boltzmann method and spectral element method have also gained

popularity in recent years. The software implementation of a numerical

method is a demanding task, and this is why most people do not write their

own programs. A number of commercial and open-source software programs

such as (COMSOL Multiphysics, ABAQUS, ANSYS, CodeAster, OpenFoam

etc.) are available. Given a particular problem, it is highly likely that one

can find open-source software to solve the problem, but it takes the time to

understand that before to put to good use. The commercial software pro-

grams are often user-friendly and applicable for a range of problems but do

not provide the access to the source code. Some software allow to implement

the user-specific equation of state but the numerical algorithm to solve the

equations is not accessible. In the case of limited time for software training

and need of software support, and lack of enough competencies to assess

the numerical quality of the results commercial software are recommended.

Nonetheless, due to the high cost of commercial software and the need to

develop user-specific optimised numerical algorithms motivates researchers

to write their own programs. It is useful in the sense that the user has the

full control and accessibility to the individual files of the code, which might

be modified and extended depending on the problem of interest.
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Preface

Volcanoes are made by an external structure and a variable number of under-

ground interconnected magmatic reservoirs. Often magma residing inside the

reservoirs evolve over a period which can vary from tens to hundreds of years.

During the life of a volcano, the magma can crystallise into plutonic rock or

can erupt to the surface leaving behind an empty or partially filled reservoir

and/or new fresh magma can refill the reservoir itself. Petrological studies

indicate that many volcanic eruptions are shortly preceded by injection of

new magma into a pre-existing, shallow magma chamber, causing convection

and mixing between the incoming and resident magmas. Magma dynamics

within the reservoirs generate pressure and deviatoric stress forces, which act

along the surrounding rock and might change the shape of a magma chamber.

The applied forces may lead to the deformation of rock and overcome the

yield strength, making it fail and triggering an eruption. The rock failure

and consequently an eruption triggering are determined by the difference

between the tensile strength of rock and magmatic forces. The deformation

generated at depth as a result of applied magma forces travels through the

rock in the form of elastic waves and is detectable at the Earth surface. Early

recognition of signals from monitoring networks and diagnosis of ongoing

magma dynamics in shallow magmatic systems is critical for developing

reliable early warning systems and forecasting of short-term volcanic hazard.

On one side, magmatic forces generated by the dynamics are responsible for

the deformation of rock; on the other hand, the dynamics of magma itself is

affected by the movement of surrounding rock due to the significant changes

in the reservoir domain. In this sense, this is a two-way coupled system, where

each part influences the other and is classified as a multi-physics problem and

termed in computational mechanics as magma-rock interaction problem. To

get the precise information and the understanding of the physics of a volcano,

it is of fundamental importance to shed light on the process of interaction

between the magma and the rock. A reliable modelling of magma-rock

interaction requires a fully two-way coupling. A model that is capable of

simulating at the same time the magma fluid-dynamics and rock dynamics

would be a substantial advancement in volcanological science. The possibility

to compute the mutual effect would be a powerful tool to understand the

physics of magma dynamics and to produce more realistic synthetic signals at

the Earth’s surface. The comparison between the realistic synthetic signals
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and recorded data from volcano monitoring networks would be helpful to

discern the complex magma dynamics precisely ongoing at depth and would

be a substantial improvement towards estimating hazard.

Objective of this work
As mentioned before, various commercial finite element software such as

COMSOL, ABAQUS and ANSYS are available today to simulate structure

analysis and fluid flow problems. In most of these software, the space-time

discretisation is performed in a semi-implicit way. In other words, space and

time are discretised separately (first space and then time). In this thesis,

a novel discontinuous Galerkin space-time finite element method for flow

problems is presented, which is accurate, versatile and can alleviate some of

the problems commonly encountered with existing methods. From a com-

putational point of view, whereas, most software are based on semi-implicit

discretisation approach, the numerical technique developed in the current

work discretises space and time simultaneously, providing a consistent and

robust tool to tackle various flow problems.

Often the limited access in commercial software restricts us to implement the

complex equation of state like the one is required in volcanological applica-

tions. In particular, in magma chamber dynamics which is primarily studied

in this thesis, magma needs to be modelled as a mixture of liquid melt, dis-

solved and exsolved volatiles and crystals. In this work, the thermodynamic

quantities in the fundamental physical laws are evaluated for the mixture.

The densities of individual components (liquid melt, dissolved and exsolved

volatiles) are computed by their appropriate equation of state and then after

the mixture density is obtained. While the viscosity is computed first for the

liquid phase and the effect of gas is added afterwards (details are provided in

Chapter 6). Different models have been used to compute the physical prop-

erties, which are not straight forward to implement in commercial software

programs. The numerical code developed in this work allows to model the

requisite user-specific constitutive equations for volcanic applications under a

controlled environment.

Over the last few decades, the scientific community dealing with computa-

tional geophysical problems has been divided into two parts. One is mainly
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focused on the rock mechanics, investigating the deformation of rock and stress

loading by considering the effects of crustal heterogeneity and anisotropy,

and the mechanical properties of faults and layers. Recent models include

the non-linear inverse analysis of interferometric synthetic aperture radar

(InSAR) data to describe the location of a pressurised magma chamber and

uses elastic and viscoelastic rheology of rock to determine the deformation as a

consequence of magmatic overpressure [181,182]. The work done in [8,91,143]

provides the idea behind the mechanics of large volcanic eruption in terms of

change of stress field and mechanical failure of rocks around magma chambers.

The other discipline is mainly focused on the dynamics of magma inside the

volcanic system. The research work includes the development of numerical

techniques to compute the physically accurate solution for magma transport

in the crust. The models have been classified by the physics related to magma

movement in chambers as well as in conduits [23,87,162,166]. A few attempts

have already been made to combine the dynamical behaviour of magma and

rock [84,149].

In line, the work presented in this thesis aims to set up a unified multidisci-

plinary volcano modelling system, based on forward modelling and simulations

constrained by geophysical and geochemical data, to relate the observations

from the monitoring systems to the dynamics of magma inside the volcano.

Such a unified multidisciplinary volcano model will constitute the reference

for early warning systems at volcanoes, and a formidable new instrument

for exploring the physics of volcanic systems. The research is focused on

constructing a two-way coupled numerical model for magma-rock interaction

problems, eventually to be embodied in a parallel C++ finite element code

to be applied for volcanological applications. The subject needs to develop

distinct numerical codes for fluid and structure dynamics and to couple them.

Magma is modelled as a fluid which can have compressible/incompressible

multicomponent single-phase flow. The dynamics of magma is characterised

by solving the Navier-Stokes equations from computational fluid dynamics.

Rock are considered to have elastic/viscoelastic rheology and are charac-

terised by solving the elastodynamics/viscoelastodynamics equations from

structure mechanics. Both fluid and structural problems are solved separately

to utilise the model for individual (fluid-only and structure-only) problems

too. A segregated algorithm is employed to solve both systems, and the

coupling is done through the boundary conditions at the fluid-structure inter-
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face. Considering the multidisciplinary (Geology, Mathematics, Physics and

Informatics) nature of this work, a substantial part of the thesis will cover

the mathematical formulation of the numerical method and the validation

of the employed technique on standard benchmarks. The application of the

developed model is not only limited to volcanology rather it covers a broad

range of other disciplines including engineering, biomedical and geological

sciences. From the point of view of volcanological applications, the principle

objectives of the study described in this thesis are as follows:

1. Modelling the natural convection and mixing process inside a magma

chamber induced by the difference in temperature of magma.

2. Modelling the magma replenishment from a deeper source to a shal-

low chamber, in particular, for a magmatic system composed of two

chambers (shallower and deeper) connected through a dike. Two dif-

ferent kinds of magmas are assumed to occupy the system and model

computes the induced dynamics due to the arrival of volatile-rich

magma (Shosonite/Andesite) into a shallow magma chamber (Phono-

lite/Dacite).

3. Modelling the magma replenishment in the presence of seismic excita-

tion.

All the numerical simulations are performed on two dimensional geometries.

The presented technique can be easily extended to 3D with minor changes.

The topography for 3D numerical simulation can be imported and modified

through a suitable script in order to read the mesh data for the code. The

work on numerical code for two-way coupling is nearly completed. Once the

code is ready and verified on a number of benchmarks, it will be put in public

domain for the use of scientific community.

Thesis outline

Fluid-structure interaction problems are considered among the most severe

problems of computational mechanics. Multicomponent nature of magma and

elastic/viscoelastic rheology of the rock make the interaction problem even

more complicated. The work presented in the thesis evolves through several
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sequential steps. As a first step, the fluid dynamics model for the stationary

domain is developed and validated over several benchmarks. In the second

step, the model is extended to deforming domains and tested on some selected

benchmark cases. In the third step, the structural model is developed and

validated. The final step completes the problem by doing coupling between

fluid and structure. All the steps are discussed in detail in the chapters of the

thesis. The numerical benchmarks validating the capability of the developed

code for fluid flow and structural mechanics problems have been presented in

various chapters. Although the theoretical model for two-way fluid-structure

interaction has been presented and described in the thesis there was not

enough time to implement that in the software program. Therefore, the

thesis work does not include any numerical simulations for fluid-structure

interaction (FSI) problem. The benchmarking of the two-way FSI problems

and its applications to the magma-rock interaction problem is left for the

future work. However, the one-way interaction of seismic wave and magma

reservoir is presented in Chapter 6 which demonstrates that how a seismic

excitation can affect the magma dynamics in a chamber. The thesis outline

is as follows.

Chapter 1 presents an introduction to physical-mathematical modelling of

magma flow and rock mechanics in volcanology. A general idea of a magma

chamber is presented. The role of physical variables which characterise and

contribute in any small to substantial changes in the dynamics of magma is

discussed. The chapter closes with a brief review of the numerical models for

magma flow, rock deformation and magma-rock interaction developed in the

past.

In Chapter 2, the physical model for the Fluid-Structure Interaction (FSI)

problem is presented. The partial differential equations that govern the

fluid and structure mechanics are presented. The fluid flow equations are

the Navier-Stokes equations for multicomponent, compressible flows, sup-

plemented with an equation of state. The mixture model is based on the

homogenised approach. The structure mechanics equations are for elastic

and viscoelastic materials. The mathematical form of FSI problem and the

coupling algorithm based on the partitioned approach are presented. Two

separate computer codes for fluid and structure have been written and vali-

dated, but the coupling between them has not been implemented in the code
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yet.

Chapter 3 is focused on the solution of fluid flow problem for the fixed domain.

The compressible fluid flow equations are written in a compact form and in

order to define the incompressibility the solution variable set is transformed

from conservation variables to pressure primitive variables. The numerical

approach to solve the flow problems is space-time Finite Element Method

(FEM). The chapter provides the weak formulation of the FEM, the mapping,

the numerical discretization and the evaluation of matrix and vector terms.

The numerical scheme is validated on some benchmarks cases at the end of

the chapter.

Chapter 4 deals with the flow problem in moving domains. The moving

domain problem is discussed in the context of interface tracking and interface

capturing techniques. The elastic deformation method for the mesh motion is

presented. The method is complemented with the Jacobian based stiffening

approach which restricts the excessive deformation of smaller elements. The

mesh quality criteria are introduced in order to check the quality of the

computational mesh. The mesh motion is tested by two numerical examples.

Finally, the mesh velocity is evaluated from the mesh deformation and an

algorithm is developed to couple the fluid flow and mesh motion problems.

The algorithm is validated on some standard benchmark cases.

Chapter 5 presents the numerical recipe to solve the structural mechanics

problems. The weak form is derived from the strong form of a boundary

value problem. The constitutive relation for the linear viscoelastic material

is derived. The structure structural mechanics problem is solved with the

semi-discrete FEM. The matrix-vector equation obtained after the spatial

discretization is solved by the generalised α time integration method. The

details of the predictor-corrector algorithm and the evaluation of terms at

the element level are provided. The numerical method is tested and validated

on three benchmark problems.

Chapter 6 presents the applications of the developed numerical technique in

volcanology. The numerical simulations are performed to study the natural

convection and mixing occurred in magma chambers. Mainly three different

cases are investigated: mixing due to temperature contrast, mixing due to
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different composition and influence of seismic shaking on magma dynamics.

The simulation results are discussed at the end of the chapter.

Chapter 7 summarises the contribution of the present work, concluding

remarks and avenues for future research.
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Chapter 1

Magma-rock dynamics modeling

in volcanology: state of the art

Introduction

The aim of this chapter is to introduce the numerical modelling in volcanology.

In section 1.1, the formation and shape of magma chambers, and rock failure

criteria for generating eruptions are discussed. Section 1.2 presents some

selected phyical variables and their influence on the dynamics. Sections 1.3,

1.4 and 1.5 cover the state-of-the-art of the existing numerical models for

computations of fluid dynamics, rock dynamics and their mutual interaction.

1.1 Magma chamber

A magma chamber is the engine of every active volcano. A magma chamber

forms by the accumulation of partially or totally molten rock located in the

crust and is often supplied with new fresh magma from a deeper source.

Magmas generated at the depth, ascend through the crust due to relatively

low density with respect to the surrounding rock until they reach a buoyancy

level where the average density of the overlying crust is equal to or less than

the density of the ascending melt. At this level, the magma finds a zone of

structural weakness where it can spread laterally. Magma chambers are not

directly observable. However, their existence is established by the indirect

geophysical observations, in particular, seismic tomography [55] or exposed

plutonic bodies that represent exhume magma chambers [38]. Also, large
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volume volcanic eruptions imply that integrated pools of eruptive magma are

periodically present in the crust. For an active volcano, a shallow magma

chamber acts as a source for dykes and sills into the crust. Most magma

chambers are assumed to develop from sills [7, 32, 52, 183]. The shape of

magma chamber can be both regular and irregular. In general, the chambers

with irregular shapes are thermally and mechanically unstable due to the

thermal gradient between magma and the hosting rock [103, 104]. If the

irregular parts of the chamber project into the host rock, those parts have a

comparatively large area of contact with the host rock. As normally the host

rock is cooler than the magma, heat is transferred rapidly from the magma

to the host rock. Consequently, the irregular parts of the chamber tend to

cool down quickly and solidify. Conversely, if an irregular part of the host

rock projects into the magma chamber, heat is transferred rapidly from the

magma into that part of the host rock which, thereby, tends to melt partially.

Eventually, the whole part of the host rock may melt when it breaks off from

the main part of the roof or the walls and subsides into the chamber. This

process gives the tendency of smoothing to the magma chambers. However,

in reality, there are many other complex geochemical and physical processes

which affect the magma dynamics as well as the domain geometry. Among

them, one of the most influential ones is the process of crystallisation. The

minerals that constitute igneous rock crystallise at different temperature and

liquidus-solidus intervals depending on the mineral phase, volatile content

and melt composition. The light crystals usually suspend with the melt while

heavier crystals tend to sink down and accumulate at the base of chamber

creating an irregular boundary. Magma exerts pressure at the walls of the

chamber. Since the rock is not homogeneous and can have irregular shape,

the pressure can be higher on the tips in comparison to the other parts. This

leads to a further increase in irregularity of the chamber shape. In general

for numerical studies, on a larger scales, the chambers are assumed to have a

regular shape. It is challenging to construct meshes for irregular geometries.

Chambers are presumed to adopt mainly three shapes: spherical, prolate

ellipsoidal and oblate ellipsoidal.

The eruption occurs when a magma chamber ruptures and a fracture prop-

agates from the chamber to the surface. In some cases such as Stromboli

(Italy) and Sakurajima (Japan), the conduit is continuously open. However,

this type of volcanoes is rare in comparison with those where a new fracture
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1.1 Magma chamber

magma
fluid-dynamicsdisplacement

of viscoelastic rocks

trasmission to the surface
of the signal

Figure 1.1: Schematic illustration of magma chamber and surrounding rock.

forms during each eruption. The rupture of the magma chamber and the

propagation of a dike depend primarily on the magma forces and the tensile

strength of rock surrounding the magma chamber. Due to the heat transfer

by magma, the surrounding rock behaves like a viscoelastic solid. However,

at greater distances, the temperature of magma has no impact on the rock

and rock behaves as an elastic material. It is most likely that the magmatic

forces applied on the chamber boundary first deform the viscoelastic layer

that surrounds it and then further this deformation is transmitted to the

elastic rock around, up to the Earth’s surface, producing the signals recorded

by the monitoring network. A sketch of the processes is shown in Figure (1.1).

As regards the viscoelastic shell, once displaced by the forces exerted by

magma, it adapts to the new shape and contributes to a change in the

magma-dynamics. In the figure, the orange colour represents the shell of the

viscoelastic layer of rock. Depending on the type of rock the thickness of

the viscoelastic layer can vary up to several meters. The tensile strength of

host rock at the boundary of the chamber is limited to 0.5−6MPa [9,30,159].
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1.2 Physical properties of magma

Magma is a multiphase system constituted by crystals and gas bubbles sus-

pended in a silicate melt. Generally, 99% of any given magma is made

up of 11 elements, including Silicon (Si), Titanium (Ti), Aluminum (Al),

Iron (Fe), Magnesium (Mg), Magnese (Mn), Calcium (Ca), Sodium (Na),

Potassium (K), Hydrogen (H) and Oxygen (O). Volatiles mainly H2O

and CO2 can be in liquid or gas phase depending on the system pressure,

temperature and composition of the melt. Crystals come from the magma

cooling. The way magma behaves in chambers is strongly dependent on

its physical properties. In this section, the physical properties of magma

and their dependence on pressure, temperature and composition are discussed.

Density

The density of magma is one of the most important factors controlling its

physical and chemical behaviour. Density plays a crucial role in controlling

the movement of magmas to shallower levels. Moreover, density contrast

between silicate melts and minerals plays a role in the differentiation of the

magma. Mafic minerals, rich in iron and magnesium such as pyroxenes,

olivines and opaque oxides are usually denser than the magma and have a

tendency to sink to the bottom of the chamber. Since these minerals are

formed in abundance during the first phases of the chemical evolution of

magma, their sinking and thus their separation depletes iron and magnesium,

contributing to the chemical evolution of magma by fractional crystallisation.

On the other hand, minerals like plagioclases and feldspathoids are less dense

than the magmatic liquid and usually float at the top. The velocity at which

a mineral sinks to the floor of a magma chamber can be estimated by the

Stoke’s law:

v =
2gr2(ρm − ρc)

9µ
(1.1)

Where v is the terminal velocity, r is the radius of the settling crystal

(assuming it has a spherical shape), g is the gravitational acceleration, (ρm−ρc)
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is the density contrast between the magma and the crystal, and µ is the

viscosity of the magma. For a crystal to sink, the gravitational force acting

on it must be able to exceed the yield strength of the magma. The density

of magma is determined by its temperature, pressure and compositions.

Increasing temperature causes magma to expand, which decreases its density

while increasing anhydrous pressure causes magma to compress and increase

its density. The melt composition plays a fundamental role in controlling

magma density. In general, iron, which is relatively abundant in basalts, has

a higher mass-to-radius ratio than elements like potassium and silicon, which

are enriched in evolved magmas. The density of most magmas ranges from

2.2 to 3.1 g/cm3, with basalts being densest and rhyolites being least dense.

The density of magma can be estimated by

ρ =

N∑
i=1

xiρi =

N∑
i=1

xiMi

Vi
(1.2)

Where xi and ρi are the mole fraction and the density of oxide component i.

Mi is the molecular mass (also called the molar mass) of oxide i and is usually

expressed in units of g/mol. Vi is the fractional volume of oxide i and is usu-

ally expressed in units of m3/mol. N is the total number of oxides in the melt.

Temperature

The temperatures of magmas can be inferred from the direct measurement of

the temperature of lavas using optical pyrometers or using thermocouples.

The temperature of magma also can be known by using the phase equilibria

experiments on crystals and the application of geothermometers. Direct

measurement methods yield temperatures in the range of 800− 1200◦C. The

lower temperatures represent those determined for acidic rock or partially

crystalline lavas, whereas the higher ones are for basalts. Because most solids

have positive slopes i.e. the melting temperature increases by ≈ 3◦C/km, the

original temperatures of a magma generated at a depth of ≈ 50km will be

150◦C higher than that determined for the corresponding lava at the surface.

In general, the temperature of various magmas is as follows:

� Basalt - 1000 to 1200 ◦C

� Andesite - 950 to 1200 ◦C
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� Dacite - 800 to 1100 ◦C

� Rhyolite - 700 to 900 ◦C

Viscosity

The viscosity is a measure of the resistance to the flow of any fluid substance.

As a first approximation, the style of the eruptive events depends on the

viscosity of the melt. A low-viscosity magma, like basalt, will allow the

exsolved gases to migrate rapidly through the magma and escape to the

surface. However, if the magma is viscous, like rhyolite, its high polymeriza-

tion will impede the upward mobility of the gas bubbles. As gas continues

to exsolve from the viscous melt, the bubbles will be prevented from rapid

escape, thus increasing the overall pressure of the magma column causing

fragmentation with the rapid acceleration of the continuous gas. Ultimately,

the gas ejects explosively from the volcano. As a general rule, therefore,

non-explosive eruptions are typical of basaltic-to-andesitic magmas which

have low viscosities and low gas contents, whereas explosive eruptions are

typical of andesitic-to-rhyolitic magmas which have high viscosities and high

gas contents. The viscosity of magma depends on the temperature, pressure,

composition and the amount of volatiles. Viscosity decreases with increasing

temperature of the magma thus lower temperature magmas have a higher

viscosity than higher temperature magmas. Anhydrous pressure has a small

effect on viscosity. Viscosity decreases with increase in pressure. Viscosity

depends primarily on the composition of the magma. Higher SiO2 (silica)

content magmas have higher viscosity than lower SiO2 content magmas.

This is simply a function of the percentage of network formers and network

modifiers. Acidic magmas are more viscous than basic ones. Thus, basaltic

magmas tend to be fairly fluid (low viscosity), but their viscosity is still

10,000 to 1 million times more viscous than water (≈ 1.e-3 Pas). Rhyolitic

magmas tend to have an even higher viscosity, ranging between 1 million and

100 million times more viscous than water. Solids also have a viscosity, but

it is very high, measured as trillions of times the viscosity of water. Amount

and nature of volatiles also affect the viscosity. This is a reflection of the

ability of volatile components to act as network modifiers or network formers.

The addition of a small amount of H2O to a magma drastically lowers its

viscosity, especially if this magma is acidic or intermediate. On the other

hand, the addition of H2O to an olivine-melt will only have a minor effect

on its viscosity. Experimental results demonstrate that viscosity varies on
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1.2 Physical properties of magma

logarithmic scale with respect to temperature and H2O [113].

Volatiles

Volcanoes release a high amount of H2O, CO2, H2S, SO2, HCl and HF .

In most cases, the volatiles dissolved in the magma play a dominant role in

controlling other physical properties of magmas, hence, the volcanic behaviour.

Generally, 95-99% of magma is liquid rock. However, the low percentage of

gas represents an enormous volume when it expands on reaching atmospheric

pressure. Pressure and composition are the most important parameters which

affect the dispersion of volatiles in magma. In comparison to other volatiles,

water and carbon dioxide are the most abundant volatiles in magma. Magma

loses water mainly when it rises to the surface. The solubility of water is

higher in rhyolite than basaltic magma. Due to solubility, it is possible

to observe the maximum amount of water that might dissolve in magma.

If the magma contains less water that it could, then it is undersaturated.

Usually, there are not enough water and carbon dioxide in deep crust and

mantle, so magma is often undersaturated in these conditions. Magma

becomes saturated when it contains the maximum amount of water that can

be dissolved in it. If the magma continues to rise to the surface and dissolves

more water, then, it becomes oversaturated. At that moment of the process,

if other water is dissolved in magma then that will be ejected as bubbles or

vapour water. This happens because pressure decreases in the process and

velocity increases and the process has to balance also between the decrease

of solubility and pressure. As regards the solubility of carbon dioxide in

magma, this is considerably less than water, and it tends to exsolve at greater

depth. The depth on which carbon dioxide and water are released affects

the behaviour of the magmatic system. Due to the low solubility of carbon

dioxide, it starts to release bubbles before reaching the magma chamber. The

magma at that point is already supersaturated. The magma accompanying

carbon dioxide bubbles rise to the roof of the chamber and carbon dioxide

tends to leak through cracks. The solubility of volatiles in magma has been

investigated by several experiments [47]. In most cases, Henry’s law is used

to compute the solubility of volatiles in magma. Papale et al. [147] developed

a model for H2O-CO2 partitioning/solubility in magmas depending on the

temperature, pressure, composition and the weight fraction of H2O and CO2.

The model is considered as the most advanced model to date and is widely

used.
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1.3 Modelling of magma dynamics: state of

the art

Several models have been developed in the past to study the magma dynamics

inside a chamber. Often models are applied with simplified assumptions based

on the process of interest. The most used simplifications are the steady state

flow, 2D or 1D domain, and the state of equilibrium. This section gives a brief

review of the models developed to compute the magma chamber dynamics.

Blake [164]

Blake modelled a magma chamber open to an inflow of material from below.

He derived a relationship giving the critical volume of added material required

to cause an eruption as a function of magma compressibility and the volume

by which the chamber expands. The necessary condition to satisfy for an

eruption was that the difference between magma pressure and the lithostatic

pressure must be greater than the tensile strength of the chamber walls

before the contents of the magma chamber reach the thermodynamic and

geochemical equilibrium.

Oldenburg et al. [42]

Oldenburg et al. developed a two-dimensional model that considers mixing

between incompressible homogeneous magmas induced mainly by the diffu-

sion and thermal-compositional convection. Magma mixing was quantified by

the linear scale of segregation corresponding to the length scale of a typical

compositional anomaly and the intensity of segregation. Magma chamber

walls were considered rigid and insulating. The mass, momentum and energy

conservation equations were solved using a Galerkin finite element method

with various geologically relevant boundary conditions. The results showed

that the mixing occurs quickly in equant bodies than the sill-like bodies

where the mixing is inhibited by the formation of multiple cells of different

composition in the horizontal direction. Results also showed that the flow

reversals cause significant temporal variation in the heat supplied to the roof

of the chamber which is important for the episodic phases of hydrothermal

alteration. The simulations showed that the dynamics of double-diffusive

convection can impart complex patterns of composition through time and

space in magma bodies. Bergantz [80] improved the model explicitly taking

into account the multiphase fluid dynamics of the magmatic mixture. The
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model was applied to study the mixing following magma chamber recharge.

This model allowed the study of the convection and mixing following the

intrusion of a crystal-bearing magma in a chamber hosting a crystal-free

magma. Three distinct flow regimes based on the Reynolds number (Re)

were investigated by examples; for Re ≈ 1, 10 < Re < 100 and Re > 100.

Spera et al. [68]

Spera et al. developed a two-dimensional model and applied to study the

origin of compositional and phase heterogeneity in magma bodies undergoing

simultaneous convection and phase change. The simulator was applied to

binary-component solidification of an initially superheated and homogeneous

batch of magma. The model accounted for solidified, mushy (two- or three-

phase), and all-liquid regions self-consistently, including latent heat effects, the

percolative flow of melt through mush, and the variation of system enthalpy

with composition, temperature, and the solid fraction. Phase Equilibria and

thermochemical and transport data for the system KAlSi2O6−CaMgSi2O6

were utilised to address the origin of compositional zonation in model per-

alkaline magmatic systems. The model equations were solved using a finite

difference method for an incompressible fluid with constant viscosity. The

simulations were performed over square and rectangular magma chambers

to assess the role of thermal boundary conditions, solidification rates, and

magma-body shape on the crystallisation history. The model predicted the

effect of magma body shape and different thermal boundary conditions on

the rate of crystallisation. Spera et al. [69] and Trial et al. [22] improved

the model by considering the compositional gradients within the chamber.

The magma was treated as an incompressible, single-phase Newtonian fluid

with variable properties, such as density and viscosity; the effect of tem-

perature on viscosity was neglected. The equations of conservation of mass

and momentum were solved using the Galerkin finite element formulation.

As an improvement of this model, Kuritani [178] modelled the magmatic

differentiation processes in a cooling magma reservoir using a numerical model

that computes crystallisation using multicomponent thermodynamic models.

Bower and Woods [165]

Bower and Woods developed a model for the mass erupted from a magma

chamber for a given decrease in chamber pressure, as a function of compress-

ibility of the mixture in the chamber. The erupted mass was modelled to
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be dependent on the chamber depth, vertical extent and the magma volatile

content. The magma chamber was assumed one-dimensional and isothermal.

The model considered a homogeneous mixture of liquid, crystals and gas

bubbles, accounting for the effect of crystallisation and gas exsolution on

mixture density and pressure. The crystal and bubble content were modelled

as a function of pressure, temperature and mixture composition. The model

implied that in eruptions producing 0.1-1 km3 of magma either the chamber

is shallow of size 1-100 km3 or the chamber is deep of size 100-10,000 km3.

Model was applied to estimate the volume of deep magma chamber associated

with the 1902 eruption of Soufriére and the vertical extent of the shallow

chamber associated with the eruption of Nisyros.

Folch et al. [4, 5]

Folch et al. developed an axisymmetrical numerical method to find the

temporal evolution of pressure, the position of the exsolution level, the ve-

locity field, the eruption rate, and the amount of erupted material of a

shallow, volatile-rich, felsic magma chamber during a Plinian central vent

eruption. The overpressure necessary to trigger the eruption was assumed

to result from crystallization-driven volatile oversaturation (second boiling).

Numerical model solves the Navier-Stokes equations using a finite element

method. The algorithm used a fractional step approach that allowed the use

of equal interpolation spaces for the pressure and velocity fields and could

be used to solve both compressible and incompressible flows. The model

considers magma as a homogeneous, incompressible, Newtonian fluid below

the exsolution level and as a compressible, homogeneous two-phase mixture

of liquid and gas bubbles above that level. The numerical model allowed to

solve the flow equations fully implicit, a semi-implicit or a fully explicit way.

The standard Galerkin method was used to discretize the space. Regarding

the mixture properties, the main assumptions were chemically homogeneous

composition of magma, presence of water as the only volatile, and perfect

behaviour of gas. The barotropic state law was used as the equation of state.

Further assumptions were a constant temperature, the fixed geometry of the

system and rigid and erosion-free domain walls. The results showed that

the pressure at the conduit entrance decreases exponentially as the eruption

proceeds and the shift in exsolution level results in volatile oversaturation in

the deeper parts of the magma chamber. The influence of chamber geometry

and the physical properties of the magma on the computed parameters was
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studied by several examples.

Degruyter and Huber [209]

Degruyter and Huber developed a model that computes the evolution of the

thermodynamic state of the chamber (pressure, temperature, gas and crystal

content) as new magma is injected into the chamber. The magma chamber

was considered to be a homogeneous sphere of volume V and was assumed

to remain spherical at all time. A mass was injected at a constant rate into

a spherical reservoir with a homogeneous magmatic mixture while it was

cooler by a colder, viscoelastic crustal shell. Crystallisation and exsolution

took place within the chamber with a variation of the relative quantities

of the melt, crystal, and gas phases. The authors followed the evolution of

the canonical variables pressure P , temperature T , and gas volume fraction

ξg, melt density ρm, crystal density ρY , and chamber volume V . All other

variables were derived from these. The eruption was assumed to occur when

overpressure reaches a critical value of 20 MPa and the crystal volume fraction

is below 0.5. The primary goal of authors was to investigate the dependence

of the frequency of eruptions on the time scale of injection, cooling, and vis-

cous relaxation to place various triggering mechanism such as second boiling

crystallisation induced exsolution, mass injection, and buoyancy. Three main

timescales were identified:

τin =
ρ0V0

Ṁin

τcool =
R2

0

κ
τrelax =

ηr0
(∆P )c

Where V0, ρ0 were the initial volume of the chamber and density of the

magmatic mixture respectively, and κ was the thermal diffusivity of the crust.

Two other analytical numbers were defined as

θ1 =
τcool

τin
θ2 =

τrelax

τin

The relevance of all the parameters was summarised by the regime dia-

gram (1.2).
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Figure 1.2: The regime diagram can be subdivided into 4 regions according

to the dominant timescales. These regions are associated to different eruption

triggering mechanism (Adapted from [209]).

1.4 Models for rock deformation: state of the

art

Changes to a volcano’s ground surface appear as swelling, decompression, or

cracking, which can be caused by magma, gas, or water moving underground

or by movements in the earth’s crust due to motion along faults. Often,

this deformation is tiny in magnitude a few centimetres or less and mainly

detected and monitored with very sensitive instruments. Precise monitoring

and the correct interpretation of the observed data give an insight into the

deep processes, and hence crucial for volcanic hazard. Nowadays, develop-

ment of numerical models to predict the ground deformation of volcanic

areas and their verification with the monitoring data has become an active

area of research. Over last few decades, many numerical models based on

the elastic and inelastic rheology of rock have been proposed. Most of the

models attempt to model the surface and rock deformation in response to

the magma forces. The majority of rock dynamics models compute the
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energy propagation and rock deformation within solid materials by solving

the equations of continuum mechanics. This section gives a review of some

selected models.

Mogi Model [109]

The Mogi model is one of the earliest models developed to infer the ground

displacement. Mogi did not derive nor was he the first to use the mathematical

expressions relating the surface displacements to hydrostatic inflation or

deflation of a small sphere (centre of dilatation) buried in an elastic half-

space. Anderson was the first person who solved this problem [60] and

applied to volcanoes. The main aim of the model is to understand surface

deformation during unrest periods considering the depth and pressure of a

magma chamber (modelled as a point source). The applications of Mogi

model to surface deformation, are discussed in [127], [148]. Model considers

a magma chamber of radius α at depth d under the assumption that α << d.

The displacements are evaluated as

u =
3∆pα3

4µ

x

R3
v =

3∆pα3

4µ

y

R3
w =

3∆pα3

4µ

d

R3

where u, v, w are the displacements at the point (x, y, 0), the centre of cavity

is at (0, 0,−d) and R =
√
x2 + y2 + d2 is the radial distance from the centre

of the cavity to a point on the free surface. ∆p and µ are the pressure change

in cavity and shear modulus respectively. The formulas are very easy and

straightforward, but the Mogi limit bears several limitations. To reproduce

the order of magnitude of the observed displacements, the model requires too

high pressures, greater than the rock strength to rupture. The model does

not provide any information about the stresses around the magma chamber

and is constrained to the assumption of the spherical shape of the chamber.

Despite these limitations to date, the model has been widely used by various

volcanologists. Davis [150] extended the Mogi model for an arbitrary oriented

triaxial ellipsoidal shape of the chamber. The surrounding rock was taken

as homogeneous, isotropic, elastic half-space, thus neglecting all mechanical

layering and heterogeneities. In [180] authors found significant differences

between depth estimates for magma chambers placed in homogeneous and

isotropic elastic half-spaces and those placed in layered crustal segments. The

numerical results indicated that the surface stress and deformation above
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magma chambers and dikes depend strongly on the mechanical layering of

the crustal segments hosting these structures.

Finite element model [105]

This model is focused on observing the differences between vertical and

horizontal ground surface deformations near active volcanoes. The authors

applied the method to Kilauea, Hawaii. The model computed the deforma-

tions for idealised magma reservoirs of various shapes: spheres, horizontal

lenses, vertical plugs, sills, and dikes of various inclinations. The model com-

puted the surface deformation of the reservoir with a vertical axis of symmetry

and two-dimensional structures that undergo plane strain deformation in a

transverse plane. The computations assumed uniform elasticity throughout,

the magma reservoir being represented as a cavity in the elastic body. The

boundary conditions for the reservoir consisted of stress boundary conditions

appropriate to a uniform change of pressure acting normal to the walls of

the cavity. The upper surface was assumed to be a planar free surface and

represented the surface of the Earth. The sides and bottom were normal and

parallel, respectively, to the free surface. The displacements were fixed at zero

on the surfaces, the boundaries of the model were placed at large distances

from the reservoir and did not affect the results. For the computations, the

sides and bottom of the model were kept at greater distances. The numerical

results showed a notable variation in the magnitude of stresses. The ori-

entation of the maximum principal compressional stress obtained was vertical.

Viscoelastic models

Bonafede et al. [119] modelled the inelastic rheology of rock. The authors

modelled the spherical magma chamber as a point source located at certain

depth. The rock surrounding the magma chamber were assumed to have

viscoelastic rheology and were modelled by standard linear solid. The defor-

mation of the rock was caused by an instantaneous dilation or the variation

in pressure of the magma chamber. The model computed the stress field

and static displacement field produced by this centre of dilatation and by

the pressure source in the viscoelastic half-space. The model is based on the

parameters K̃(s) and µ̃(s)

K̃(s) = λ+
3

2
µ µ̃(s) =

ηµ1s+ µ1µ2

ηs+ µ1µ2
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where s is the Laplace variable. µ1 and µ2 are the rigidities and η is the

viscosity. The relaxation time was modelled as

τ =
(3K + µ1)η

3K(µ1 + µ2) + µ1µ2

The model was applied to compute the surface deformation at Campi Flegrei

(Italy). In the centre of dilation model the initial elastic displacement was

noticed to be amplified by 20 percent. In the pressure source model, the

initial elastic displacement was noticed to be amplified by a factor of 2 which

required unrealistically high-pressure values. Results showed that for a sud-

den application of pressure, the vertical displacement at the surface grows

indefinitely in time, at a rate which approaches a constant value, after a

transient phase. The region of seismic signal grows with the applied pressure

on the magma chamber surface. The maximum distance from the centre of

which the seismogenic region expands was noticed to have the same order as

the depth of the magma chamber.

In [122] Dragoni et al. computed the analytical solution for a spherical magma

chamber, surrounded by a homogeneous viscoelastic shell (elastic dilatation

and Maxwell deviatoric). Outside the shell, the rock was assumed to have

elastic rheology. The model illustrated the effects of the pressurisation of

a magma chamber surrounded by a thermal metamorphic shell. Assuming

the shell as a Maxwell viscoelastic body with respect to deviatoric stresses,

displacement and stress fields in the medium were calculated as a function of

time. The presence of viscoelastic shell generated an increase in the amplitude

of displacements in the surrounding medium, relaxation of shear stress within

the shell and stress concentration just outside it. The model showed that

the presence of a viscoelastic shell alone is sufficient to avoid unreasonable

pressure values in the magma chamber. The presence of a shell with thickness

R2 −R1 amplifies the displacement in the surrounding medium by a factor

of
(
R2

R1

)3
with respect to the totally elastic model.

In [2] the numerical solutions for the extended axisymmetric source were

calculated by a finite element method and compared with analytical (point
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source). The model considered different parameters such as size, depth and

shape of the chamber, crustal rheology and topography. Rock was considered

to have viscoelastic rheology. Analytical solutions for a point source were

obtained using the dislocation theory and the propagator matrix technique.

The elastic solutions were used together with the correspondence principle of

linear viscoelasticity to obtain the solution in the Laplace transform domain.

Viscoelastic solutions in the time domain were derived inverting the Laplace

transform using the Prony series method. The obtained results showed that

neglecting the topographic effects may introduce an error greater than that

implicit in the point-source hypothesis. In [97] the authors provided the

use and implementation of finite element approach for the computation of

volcanic deformation using COMSOL Multiphysics software. Of course, there

are many other existing models for ground deformation [82,95,102].

1.5 Models for magma-rock dynamics: state

of the art

The coupling between the magma and rock is essential to predict the physical

processes occurring underneath. Many attempts have been made in the

past to join the fluid-dynamics in magma chambers and the rock response,

by the application of the magmatic pressure to the chamber walls and its

propagation to the ground. However, due to the complex non-linearity of

fluid-dynamics equations the models are based on simplifying assumptions.

The problems computed with the models include the caldera collapse with

rigid rock and magma-rock dynamics for closed and open magma chambers.

Folch et al. [6] Folch and Codina proposed a numerical model to compute

the dynamics of magma during caldera-forming eruptions within the frame

of fluid-structure interaction problem. This model overcame the assumption

of fixed domain considered in their previous models [2, 5]. Magma was mod-

elled as a Newtonian incompressible fluid below the exsolution level and as

a compressible gas-liquid mixture above this level. For simplicity, only a

single volatile phase was assumed. The gas phase was assumed to behave

as a perfect gas. The flow equations were solved by Arbitrary Lagrangian

Eulerian formulation in the context of finite element method. The host rock

was assumed to subside as a coherent rigid solid. The numerical methodology
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was based on a staggered algorithm in which the flow and the structural

equations were alternatively integrated in time by using separate solvers. The

procedure also involved the use of the quasi-Laplacian method to compute the

ALE mesh of the fluid. The model was applied to caldera-forming eruption

where a piece of rigid rock was subsiding into a magma chamber. Numerical

results showed that the velocity of caldera subsidence depends strongly on

the magma viscosity. The eruption rate was noticed to increase in beginning

and decreasing for later times. The results indicated that for low-viscosity

magmas there is a possibility of the formation of vortices beneath the ring

fault, which may allow mingling and mixing of parcels of magma initially

located at different depths in the chamber. The exsolution level deepened

with a velocity similar to that of the subsiding block and numerical results

confirmed the exsolution of volatiles as an efficient mechanism to sustain

explosive caldera-forming eruptions.

Nishimura and Chouet [185]

Conduit discontinuities play a central role in controlling flow disturbances

and also provide specific sites where pressure and momentum changes in the

fluid are effectively coupled to the Earth. The model studied the magma

dynamics and crustal deformation by finite difference method. The volcanic

system consisted of a cylindrical fluid-filled reservoir connected to the surface

by a narrow cylindrical conduit with a lid capping its exit. The system was

pressurised by the addition of new magma, and an eruption was triggered

by the instantaneous removal of the lid or the plug. The magmatic mixture

was modelled as a homogeneous, multiphase (liquid + gas), compressible

and inviscid fluid and its volume changes were taken into account. The

magma dynamics was expressed by the equations of mass and momentum

conservation in a compressible fluid, in which fluid expansion associated with

depressurization was accounted for by a constitutive law relating pressure and

density. The rock properties were assumed perfectly elastic and homogeneous,

and the free surface was accounted for through the stress-free condition. The

crustal motions were calculated from the equations of elastodynamics. The

fluid and solid were dynamically coupled by applying the continuity of wall

velocities and normal stresses across the conduit and reservoir boundaries.

The free slip was allowed at the fluid-solid boundary. The model predicted

the gradual depletion of the magma reservoir, which caused crustal deforma-

tion observed as a long-duration dilatational signal. Superimposed on this
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very-long-period (VLP) signal generated by mass transport were long-period

(LP) oscillations of the magma reservoir and conduit excited by the acoustic

resonance of the reservoir conduit system during the eruption. The volume of

the reservoir, vent size, and magma properties controlled the duration of VLP

waves and dominant periods of LP oscillations. The second model predicted

that when the magmatic fluid reaches the vent, a high-pressure pulse occurs

at this location in accordance with the basic theory of compressible fluid

dynamics. The model was applied to compute the shallow conduit dynamics

at Stromboli volcano (Italy) [27] and Kilauea Volcano (Hawaii) [28].

Longo [13]

In [13] the model is based on the one-way coupling between magma and

rock. The most recent reconstruction of the subsurface magmatic system at

Campi Flegrei (Italy) and Etna (Italy) was numerically simulated with a finite

element code. Common elements in the two domains were the presence of

one or more chambers as well as a feeding dike and the existence of an initial

gravitationally unstable interface between the two compositionally different

magmas. The denser magma was supposed to fill the swallower chamber, and

the lighter magma was set in the dike and lower chamber. The two domains

were substantially different in terms of their size, geometrical complexity,

depth/confining pressure, employed magma compositions and corresponding

physico-chemical properties, and for the resulting density contrast at the

interface between the two magma types.

Results showed the initial perturbation of the interface between the two

magma types, the formation of a plume that enters the upper chamber,

creating vortices and mixing with the resident magma, followed by further

plumes each one giving vortexes and mixing. Meanwhile, the dense magma

of the upper chamber sinks into the feeding dike with intense mixing between

the dense and the light magma filling the dike. This dynamics was associated

with an overall decrease of pressure inside the upper chamber, and ULP

oscillations (see Figure 1.3). The effect over the rock of this magma dynamics

was computed as a first order analysis with the Green’s functions. The walls of

the magmatic system were assumed fixed, and the stress and magma pressure

at the computational grid nodes located at the reservoir walls were considered

as point sources for the computation of the Green’s functions. The temporal
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evolution of magmatic forces due to the numerical simulation of magma

convection and mixing dynamics was computed at the boundary nodes. The

ground displacement resulting from the magmatic force disturbance at the

fixed reservoir walls and propagated through the homogeneous rock was

registered at the Earth’s surface (assumed horizontal) at a series of virtual

receivers. The Green’s function associated with all the individual source at

the reservoir walls were finally integrated. The results showed a trend of

displacement that correlates ULP pressure oscillation inside the magmatic

reservoir (see Figure 1.3). The model suffered from two main drawbacks: the

reservoir walls are fixed, and the magmatic forces were propagated to the

Earth’s surface with the Green’s function. A response of the reservoir walls

may significantly alter the magmatic pressure and thus the magma dynamics.

The rock surrounding the chamber up to the ground cannot be regarded as

homogeneous, instead, they are discontinuous and/or layered. The magmatic

forces may propagate along completely different paths in such environment.

From this observation stems the aim of this thesis to develop a full two-way

coupling of magma and rock, considering the possible motion of the reservoir

walls and the non-homogeneities of rock.

Figure 1.3: Ultra-Long-Period obtained at the Earth's surface (Adapted

from [13]).

19



Magma-rock dynamics modeling in volcanology: state of the art

20



Chapter 2

Governing equations

Introduction

In this chapter, the physical-mathematical model is presented. In section 2.1

the kinematics is discussed, which is applicable for both fluid and structure.

Section 2.2 presents the mass, momentum and energy conservation equations

for the compressible/incompressible multicomponent fluid flow followed by

the equation of state and the incompressibility of the flow which is determined

in terms of the compressibility coefficients. This section is closed with the

presentation of homogenised mixture model supplemented with the essential

thermodynamics identities. Section 2.3 presents the conservation equations

for the structure mechanics followed by the constitutive laws between stress

and strain for elastic and viscoelastic material. Elastic and viscoelastic

materials are modelled by the Hooke’s law and generalised Maxwell model

respectively. Finally, the section 2.4 presents the fluid-structure interaction

problem, its mathematical form and the algorithms for one-way and two-way

coupling.

2.1 Kinematics

In continuum mechanics, a material body is assumed to be completely filled

by the matter and the fact that matter is made of discrete atoms on a very

fine scale is ignored. Kinematics describes the transformation of a material

body from its undeformed to it’s deformed state without paying attention to

the cause of deformation. The undeformed or reference state is indicated at
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time t = 0. Let Ω0 be a material body in the reference configuration with

boundary Γ0 and Ωt be the corresponding domain of material body in the

current or deformed configuration with its boundary Γt. Let X ∈ Ω0 be a

material particle which is moved to a new position x after some time t and u

is the deformation of the particle X. The deformation is assumed to be time

dependent and defined by the continuous function

u(X, t) = x(X, t)−X (2.1)

This function maps the material points from undeformed to deformed con-

figuration (figure 2.1). In the Eulerian formulation, where observer is fixed

in space, all variables are determined in material points which are identified

in the deformed state with their current coordinates while, in Lagrangian

formulation, where observer follows the material, all variables are determined

in material points which are identified in the undeformed state with their

initial coordinates. From a theoretical point of view Lagrangian and Eule-

rian descriptions are equivalent and can be used interchangeably. Eulerian

descriptions are more convenient when the spatial distribution of properties

are more interested than the properties of a distinct particle. A prominent

case for this representation is grid-based fluid dynamics. Structures are often

modelled with Lagrangian description, where the dynamics of bodies are

studied by tracking position, velocity, and acceleration of the particles.

X

xu
Ω0

Ωt

O x1

x2

Figure 2.1: Deformation of a material particle X from reference to current

configuration.
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From the equation (2.1) the deformation gradient tensor is defined as

F = x,X = I +∇Xu (2.2)

To transform the volume of a body from reference to current configuration,

the following expression is used

dΩt = J dΩ0 (2.3)

where J = detF . For the transformation of the area, the Nanson’s relation

is used.

dΓt n = JF−T dΓ0 N (2.4)

where n and N are the outward normal vector in deformed and undeformed

configuration. The Lagrangian strain tensor is defined as

E =
1

2
(F TF − I) =

1

2

[(
∇Xu

)T
+∇Xu+

(
∇Xu

)T ·∇Xu
]

(2.5)

The strain tensor can be understood as measuring the deviation from orthog-

onality when going from material coordinates to referential coordinates. If no

deformation is present then F TF is I and the strain thus is zero. For small

gradient of the deformation (∇Xu << 1) the quadratic term
(
∇Xu

)T ·∇Xu

is neglected and the linear strain tensor is defined as

ε =
1

2
(F TF − I) =

1

2

[(
∇Xu

)T
+∇Xu

]
(2.6)
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2.2 Fluid Mechanics

Fluid dynamics deals with the calculation of various properties of the fluid

(fluid or gas), such as flow velocity, pressure, density and temperature, as func-

tions of space and time. The computations are performed over a domain in

the current configuration, considering the Eulerian frame. In fluid dynamics,

all the fields of interest like pressure, flow velocity, density and temperature

are assumed to be differentiable. Fluid can be composed of either one com-

ponent or a mixture of several components. The component of fluid can be

in either liquid phase or gas phase. The flow of a fluid mixture composed of

more than one components in which fluid components have different phases is

referred as multicomponent/multiphase fluid flow. The numerical modelling

and simulation of a multiphase and multicomponent flow is a very daunting

task as compared to a single component or single phase flow. The physical

mechanism underlying multiphase and multicomponent flows is very complex.

In multiphase and multicomponent flows the phases and/or components

can assume a large number of complicated configurations. The modelling

and numerical simulations of multiphase and multicomponent flows pose

far greater challenges than that of single-phase and single-component flows.

These challenges are due to interfaces between phases and large or discontin-

uous property variations across interfaces between phases and/or components.

Several numerical simulations of multiphase and multicomponent flow have

been conducted over the past few years with different modelling approaches.

It has been shown that each model and numerical method has limits to their

respective capabilities, and there has been a need for improving the technique

of modelling multiphase and multicomponent flows. Multicomponent/multi-

phase problems are mainly solved by two approaches. In the first approach,

each phase of the component is considered to occupy a distinct volume and

the interfaces between the phases are tracked explicitly by solving the equa-

tion of mass for each component and phase, and momentum and energy for

each phase [1, 94, 96, 163]. In the second approach, the phases are considered

to occupy the same volume leading to a homogeneous mixture [31,39,141].

Homogenized-mixture approach is advantageous to the interface-tracking

approach because it solves only one set of equations for the momentum, and

energy of the mixture, supplemented by equations for the mass of the mixture

constituents.
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In order to capture most of the physics underlying the flow of a fluid, the

model should be able to account the viscous and the transitional nature of

the flow. The flow of a fluid can be characterised from compressible to incom-

pressible depending on the flow Mach number. Generally, numerical methods

in fluid dynamics for compressible flows like for ideal gases are distinguished

from incompressible flows and different kind of solvers have been developed.

Sometimes, the inclusion of complex equation of state, necessary to describe

the physics of complicated fluids, stems difficulties, as in the case of compu-

tations where compressible and incompressible flows can coexist. A natural

approach to solve this problem is to start with Navier-Stokes equations for

compressible flow and define the variables and suitable conditions for the

incompressibility limit. For incompressible flows only mass and momentum

equations are solved; the energy conservation equation is of less importance,

however, if needed, can be solved separately and solution can be coupled in

an explicit way. Whereas, for compressible flows, it is necessary to solve the

energy conservation equation and is preferred to solve all the equations in a

coupled way.

The conservation equations are defined in the next section. The mathematical

model is based on the homogenised mixture approach. The model considers

the fluid mixture at mechanical, thermodynamic and chemical local equi-

librium. The phases are considered to occupy the same volume and having

identical pressure p, temperature T , and velocity v. In the description to

follow, the mixture is assumed to consist of two phases, namely liquid and

gas. The components can undergo an instantaneous phase change. Chemical

reactions resulting in component production or consumption are not consid-

ered. Variables without subscripts are applicable to the mixture only.

2.2.1 Flow equations

In this section the governing equations for the fluid flows are presented.

Let Ωt ∈ Rndim, ndim = 1, 2, 3 be the spatial fluid mechanics domain with

boundary Γt at time t ∈ (0, T ). The conservation equations are written on

Ωt, ∀ t ∈ (0, T ). Let φ(x, t) be any physical quantity in current configuration.

By Reynolds transport theorem the time derivative of integration of φ(x, t)

over Ωt is given as
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d

dt

∫
Ωt

φdΩ =

∫
Ωt

∂φ

∂t
dΩ +

∫
Ωt

∇ · (φv)dΩ (2.7)

=

∫
Ωt

∂φ

∂t
dΩ +

∫
Γt

φv · ndΓ (2.8)

where n is the unit outward normal vector, dΩ and dΓ are the volume and

surface elements. In above equation, the last term is obtained by using Gauss

divergence theorem. All the conservation laws such as conservation of mass,

momentum and energy, can be derived from Reynolds transport theorem.

Conservation of Mass

Mass can neither be created nor be destroyed, implies

d

dt

∫
Ωt

ρdΩ = 0 (2.9)

Using φ = ρ in equation (2.7) one gets

∫
Ωt

∂ρ

∂t
dΩ +∇ · (ρv)dΩ = 0 (2.10)

This holds for every volume Ωt. The integrand is assumed to be continuous

and equation of mass conservation can be concluded in every spatial point as

follows

∂ρ

∂t
+∇ · (ρv) = 0 (2.11)

For a multicomponent fluid mixture, the equations for conservation of species

mass are expressed as the continuity equations for each component
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∂(ρyk)

∂t
+∇ · (ρykv) = −∇ · Jk (2.12)

where index k runs from 1 to n (number of components) i.e. k = 1, 2, . . . , n,

and yk is the weight fraction of kth component. Jk is the mass diffusion

flux of kth component and is expressed by the generalized Fick’s law for

multicomponent fluids by the following expression

Jk = −ρD∇yk (2.13)

Here, D is the diffusion coefficient, ρ is the density of the mixture. If ρk
represents the density of component k, and yπk and ρπk represents the weight

fraction and density of component k in phase π, then the density ρ of the

whole mixture can be written as follows:

1

ρ
=
∑
k,π

yπk
ρπk

=
∑
k

yk
ρk

(2.14)

where the weight fractions yk satisfy the constraint

∑
k

yk =
∑
k,π

yπk = 1 (2.15)

Conservation of Momentum

The equation for conservation of momentum of the mixture is obtained from

the Newton’s second law which states that the net rate of outflow of momen-

tum is equal to the net force acting on the volume. This can be expressed as

d

dt

∫
Ωt

ρvdΩ =

∫
Ωt

(ρf +∇ · σ)dΩ (2.16)
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where f is the body force per unit mass and σ is the Cauchy stress tensor

which does not depend on the flow velocity, but on the spatial derivatives

of the flow velocity. Applying Reynolds theorem (2.7) with φ = ρv and

localizing the result at each point gives

∂(ρv)

∂t
+∇ · (ρvv) = ρf +∇ · σ (2.17)

Conservation of angular momentum implies the symmetry of stress tensor,

σ = σT . Cauchy stress tensor splits into pressure tensor pI and deviatoric

stress tensor τ . In mathematical expression it is written as:

σ = τ − pI (2.18)

where I is the identity matrix. For Newtonian isotropic fluid, the linear

material law assumes that stress depends on strain linearly. This gives gives

τ = 2µε̇+ λtr(ε̇)I (2.19)

where ε̇ is the strain rate tensor and is given by

ε̇ =
∇v + (∇v)T

2
(2.20)

λ and µ are the lamé coefficients. µ is called the dynamic viscosity. The

value of λ is taken as λ = − 2
3µ.

Conservation of Energy

According to the first law of thermodynamics, the rate of change of energy is

equal to the sum of the net flux of heat and the rate of change of work done
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due to forces. This can be written as

d

dt

∫
Ωt

ρetdΩ︸ ︷︷ ︸
Rate of change of energy

=

∫
Ωt

(
∇· (σv) + ρfv

)
dΩ︸ ︷︷ ︸

Work done due to forces

−
∫

Ωt

(
∇ · q + ρr

)
dΩ︸ ︷︷ ︸

Net flux of heat

(2.21)

d

dt

∫
Ωt

ρetdΩ =

∫
Ωt

(
∇· (σv)−∇ · q + ρ(fv + r)

)
dΩ (2.22)

In the above equation, et represents the total energy and can be written as

et = e+
v2

2
(2.23)

where e = cvT is the internal energy and v2/2 is kinetic energy. cv is the

specific heat at constant volume and T is the absolute temperature. q is

the heat flux vector and by Fourier's law can be expressed as q = −κ∇T .

Where κ is the coefficient of thermal conductivity. r is the heat supply per

unit mass. Applying Reynolds theorem (2.7) with φ = ρet and localizing at

each point, one obtains

∂(ρet)

∂t
+∇·(ρetv) =∇·(σv)−∇ · q + ρ(fv + r) (2.24)

2.2.2 Equation of state

In thermodynamics, an equation of state is a relation between state variables.

More specifically, an equation of state is a thermodynamic equation describing

the state of matter under a given set of physical conditions. It is a constitutive

equation F (ρ, p, T ) = 0 which provides a mathematical relationship between

two or more state functions associated with the matter, such as its temper-

ature, pressure, density, or internal energy. The most prominent use of an

29



Governing equations

equation of state is to correlate densities of gases and liquids to temperatures

and pressures. One of the simplest equations of state for this purpose is the

ideal gas law, which is accurate at low pressures and moderate temperatures.

However, the ideal gas equation becomes increasingly inaccurate at very high

pressures and lower temperatures and fails to predict condensation from a gas

to a liquid. The ideal gas law is the equation of state of a hypothetical ideal

gas. Since the ideal gas law neglects both molecular size and intermolecular

attractions, it is most accurate for monatomic gases at high temperatures and

low pressures. The neglection of molecular size becomes less important for

lower densities, i.e. for larger volumes at lower pressures, because the average

distance between adjacent molecules becomes much larger than the molecular

size. The relative importance of intermolecular attractions diminishes with

increasing thermal kinetic energy, i.e., with increasing temperatures. It is a

good approximation of the behaviour of many gases under many conditions.

The ideal gas law is often written as:

pv = nRT (2.25)

where p is the pressure, v is volume, n is amount of substance of gas, T is

temperature and R is universal gas constant. Ideal gas law can be written in

molar form as follows:

p = ρRT (2.26)

Where ρ is the density and R is the specific gas constant defined as the ratio

of n and molar mass M . For an ideal gas, the speed of sound is proportional

to the square root of the absolute temperature. For ideal gas, the speed of

sound can be expressed as

c =

√
γp

ρ
=
√
γRT (2.27)

γ = cp/cv. Here cp is the specific heat at constant pressure.
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2.2.3 Incompressible fluid flow

Incompressible fluid flow refers to a flow in which the material density is

constant within a fluid parcel-an infinitesimal volume that moves with the flow

velocity. Mathematically, this constraint implies that the material derivative

(discussed below) of the density must vanish to ensure incompressible flow.

This implies that the divergence of the flow velocity is zero. This comes

directly from the continuity equations (2.11). Incompressible flow does not

imply that the fluid itself is incompressible. Under suitable conditions, com-

pressible fluid flow can be approximated and modelled as an incompressible

flow. In order to define the incompressible limit of the flow governed by

compressible Navier-Stokes equations, two compressibility coefficients are

defined. These are the volume expansivity at constant pressure αp and the

isothermal compressibility at constant temperature βT , which are defined as

αp = −1

ρ

(
∂ρ

∂T

)
p

βT =
1

ρ

(
∂ρ

∂p

)
T

(2.28)

For incompressible flow the specific heats are equal

cp = cv (2.29)

By definition the compressibility of a flow is the change in density as a result

of the pressure and temperature variations. For incompressible flows the

compressibility is acceptably small, consequently both αp and βT → 0. From

equation (2.27) one obtains

c =

√
γp

ρ
=

√
1

ρβT
→∞ as βT → 0 (2.30)

This results in an infinite speed of sound for an incompressible flow of fluid.

The compressibility coefficients for ideal gases are defined as

αp =
1

T
βT =

1

p
(2.31)
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which result in cp − cv = R.

2.2.4 Homogeneous mixture model

The homogeneous mixture model is based on the notion that quantities

associated with a given phase and/or component are averaged to give the

corresponding mixture quantity. The mixture density is given by

1

ρ
=
∑
i

yi
ρi

=
∑
i,j

yji
ρji

(2.32)

In the above formulation, index i runs for mixture components and index j

runs for phase. yji and ρji are the mass fraction and density of ith component

in jth phase. The following constraint must be satisfied.∑
i,j

yji =
∑
i

yi = 1 (2.33)

Specific heat coefficients cp, cv, thermal conductivity k, compressibility coeffi-

cients α, β, sound velocity c, viscosity µ, internal energy e, specific enthalpy

h and Gibbs free energy g can be averaged as follows: any physical quantity

ψ can be written as

ψ =
∑
i

yiψi =
∑
i,j

yjiψ
j
i (2.34)

where ψi and yi are the values of ψ and mass fraction of ith component

respectively. ei and hi for individual components are defined as

ei = cviT hi = ei +
p

ρi
(2.35)
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The Gibbs free energy of ith component is defined as

gi = g0
i (T ) +RT ln (pxi) (2.36)

where g0
i (T ) is the reference value of Gibbs free energy at temperature T , R

is the gas constant, xi = ni/nt is the mole fraction of the ith component in

the total mixture, ni is the number of moles of ith component and nt is the

total number of moles in mixture.

Finally, the conservation equations governing the physics of multicomponent

single-phase fluid flow are given by

∂(ρyk)

∂t
+∇ · (ρykv) = −∇ · Jk k = 1, . . . , n (2.37)

∂(ρv)

∂t
+∇ · (ρvv) = ρf +∇ · σ (2.38)

∂(ρet)

∂t
+∇·(ρetv) =∇·(σv)−∇ · q + ρ(fv + r) (2.39)

The above system is closed with an equation of state F (ρ, y1, · · · , yn, p, T ) = 0.

The equation of state for the multicomponent flow is obtained from the n

equations of states for each component in the form F (ρk, p, T ) = 0 and

following two equations

1

ρ
=

n∑
k=1

yk
ρk

(2.40)

n∑
k=1

yk = 1 (2.41)

The applied boundary conditions are either Dirichlet or Neumann or a

combination of both referred as Robin boundary conditions.
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2.3 Structure Mechanics

In structure mechanics one is interested in knowing the deformation of a

material body under the influence of acting forces. The problems are solved

in Lagrangian frame of coordinates on undeformed configuration (see figure

2.1). The deformation u(X, t) of a material is given by equation (2.1). The

velocity v(X, t) is computed as

v(X, t) =
du(X, t)

dt
=
∂u(X, t)

∂t
(2.42)

The deformation is assumed as isothermal. However, if needed the energy con-

servation equation can be solved explicitly. In the undeformed configuration

the density ρ0, initial deformation u0 and initial velocity v0 are assumed to

be known. The physics of a structural body is governed by the conservation

of mass and momentum.

2.3.1 Conservation of Mass

The structural density ρ in the current configuration is not known a priori.

The structural mass m is defined as

m =

∫
Ωt

ρ dΩt (2.43)

The conservation of mass states that the mass of each finite, randomly chosen

volume of material points in the continuum body must remain the same

during the deformation process. This can be expressed as

d

dt

∫
Ωt

ρ dΩt = 0 (2.44)

This can be written as

d

dt

∫
Ωt

ρt dΩt =
d

dt

∫
Ω0

ρ0 dΩ0 =
d

dt

∫
Ωt

ρ0 J
−1dΩt (2.45)
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2.3 Structure Mechanics

Here, the relation (2.3) is used. Because Ωt is arbitrary, result can be localized

point-wise

ρ = J−1ρ0 (2.46)

Because ρ0 is known, for a given structural displacement, equation (2.46) may

be used to obtain the density at a material point in the current configuration.

2.3.2 Conservation of Momentum

The conservation of momentum can be expressed by

d

dt

∫
Ωt

ρtv dΩt =

∫
Ωt

(ρtf +∇ · σ) dΩt (2.47)

Using equation (2.3) and after simplification the above equation can be writ-

ten in reference configuration

∫
Ω0

ρ0a dΩ =

∫
Ω0

(ρ0f +∇ · P ) dΩ (2.48)

ρ0a = ρ0f +∇ · P (2.49)

where a =
dv

dt
is the acceleration. P is the non-symmetric first Piola-

Kirchhoff stress tensor which is related to symmetric Cauchy stress tensor

(in current configuration) by the following relation

P = JF−Tσ (2.50)

In structure mechanics, it is necessary only in finite strain theory (large

deformations) to specify whether the stresses are measured with respect

to the initial configuration (Lagrangian description) or with respect to the

deformed configuration (Eulerian description). In this work, the deformations

are assumed to be infinitesimal for which the deformed and undeformed

configurations coincide. This results in F = I and J = 1. In this case Cauchy

35



Governing equations

stress tensor and the first Piola-Kirchhoff tensor become identical, and the

density is not variable anymore and the equation for conservation of mass

can be skipped. Hence, the only equation required to solve is the equation

for conservation of momentum.

ρa = ρf +∇ · σ (2.51)

The above equations are called as linear elastodynamics equations. When the

inertial term is not important and neglected the above equation results in

ρf +∇ · σ = 0 (2.52)

These are known as linear elastostatic equations. In most of the cases, it is

usual to compute the displacements and stresses in a static way (independent

of time). However, for viscoelastic materials, the displacements are computed

by a quasi-static approach.

2.3.3 Constitutive Laws

Constitutive laws are the relationships between stress and strain. Gener-

ally, laws are usually formulated based on empirical observations, and they

are material dependent. Moreover, they must be independent of any refer-

ential coordinate system that is chosen. In this work, the material under

investigation is assumed as isotropic.

Linear Elasticity

Elasticity is the physical property of a material that when it deforms under

external force, it returns to its original shape when the force is removed. For

an elastic material, the stress-strain curve is the same for the loading and

unloading process, and the stress only depends on the current strain, not on

its history. A linear elastic material follows Hooke’s law, which states that

the stress is directly proportional to the strain in small deformations:

σ = Cε(u) (2.53)

36



2.3 Structure Mechanics

where C is the elasticity tensor. For isotropic material, the above equation

can be rewritten as

σ = λ tr(ε)I + 2µε (2.54)

where λ and µ are lamé coefficients and ε =
∇u+ (∇u)T

2

Linear Viscoelasticity

Viscoelastic materials show time-dependent behaviour. When during a tensile

test the stress/strain is prescribed stepwise, the strain/stress will not react

immediately, but show a delayed response. Viscoelastic material behaviour

is a combination of elastic (see figure 2.2) and viscous behaviour (see figure

2.3) when undergoing deformation. Part of the deformation energy will be

dissipated, while the rest is stored as reversible elastic energy. For viscoelastic

materials, the relationship between stress and strain depends on time. They

possess the following two important properties: stress relaxation (a step

constant strain results in decreasing stress) and creep (a step constant stress

results in increasing strain) figure 2.4.

σ

tt0 t1

ε

tt0 t1 ε

σ

Figure 2.2: Stress-strain curve for elastic material.

The characteristic feature of linear viscoelastic materials is that the stress

is linearly proportional to the strain history, and the property of linearity

of the response does not refer to the shape of any material response curve.

Linear viscoelasticity is usually applicable only for small deformations. Thus,

infinitesimal strain theory is employed for this case. Linear viscoelastic

materials are generally modelled by the Boltzmann superposition principle,

which states that if the origin for time is taken at the beginning of motion
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σ

tt0 t1

ε

tt0 t1

σ

ε

Figure 2.3: Stress-strain curve for viscous material.

and loading (i.e., σ(0) = 0 and ε(0) = 0), then the stress-strain law is given by

σ(t) =

∫ t

−∞
G(t− s)dε(s)

ds
ds (2.55)

where G(t) is the stress relaxation function. Inverse relations may be given

where the integral form of stress-strain constitutive relation can be written as

ε(t) =

∫ t

−∞
J(t− s)dσ(s)

ds
ds (2.56)

where J(t) is the creep compliance function. There are three main existing

mechanical models for viscoelasticity: Maxwell, Kelvin-Voigt and standard

solid element. These models are not always useful because the lack of

parameters prohibits a good fit of experimental data. In practice, generalised

Maxwell or generalised Kelvin-Voigt models are used. All these models

can be expressed in the Boltzmann formulation with the suitable choice of

parameters. In this work, the generalised Maxwell model is used, which

is a combination of springs and dashpots (fig. 2.5) in the one-dimensional

case. Experiments show that long past history has less impact on the current

stress than recent history. This fading memory property motivates the use

of Prony series for G(t) and J(t). The model is followed by computing the
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σ

tt0 t1

ε

tt0 t1

σ0 ε0

σ

tt0 t1

ε

t
t0 t1

σ0ε0

Figure 2.4: Stress-strain curve for linear viscoelastic material. Top figure

shows the creep and bottom figure shows the stress relaxation.

σ(t) because this is of importance in the finite element model. The stress

relaxation function G(t) can be written in the Prony series form:

G(t) = C∞ +

n∑
i=1

Cie

(−t
τi

)
(2.57)

where C∞ is the long term modulus once the material is totally relaxed,

τi = µi/Ei are the relaxation times; the higher their values, the longer it

takes for the stress to relax. Assuming the initial strain to be zero (ε(0) = 0)

and by substituting (2.57) in (2.55), the stress is split into elastic and inelastic

parts.
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E∞

E1

E2

En

μ1

μ2

μn

σ

Figure 2.5: Schematic representation of the generalized Maxwell model.

σ(t) = σe(t) + σi(t) (2.58)

=

∫ t

0

C∞
dε(s)

ds
ds+

∫ t

0

n∑
i=1

Cie

(s− t
τi

)
dε(s)

ds
ds (2.59)

= C∞ε(t) +

n∑
i=1

∫ t

0

Cie

(s− t
τi

)
dε(s)

ds
ds (2.60)

= C∞ε(t) +

n∑
i=1

σi(t) (2.61)

where

σi(t) =

∫ t

0

Cie

(s− t
τi

)
dε(s)

ds
ds (2.62)

σi(t) represents the inelastic stress which accounts for the strain at all

preceding times. Often the viscoelastic behaviour of the material is modelled

by the quasi-static approximation, in which the load and deformation are

time dependant but the inertia term is neglected. This is equivalent to solving

the elastostatic equations with variables depending on the time. However,

40



2.4 Fluid-Structure interaction

a complete formulation is provided in chapter 5 in which the generalised

alpha-time integration method is employed to solve both elastodynamics and

visco-elastodynamics equations.

2.4 Fluid-Structure interaction

Fluid-structure problems are characterised by the kind of coupling between

fluid and structure. Generally, the problems are distinguished by one-way

coupling and two-way coupling. In one-way coupling problem, there is no

feedback between fluid and structure. Furthermore, one-way FSI problems

are of two types, one in which the movement of the structure controls the

motion of the fluid but the fluid forces have no effect on the structure and the

other in which fluid motion affects the structure but structure movement has

no effect on fluid dynamics. In two-way coupling, there is a mutual depen-

dence between the fluid and structure mechanics parts. The flow behaviour

depends on the shape and the motion of the structure, and the motion and

deformation of the structure depend on the fluid mechanics forces acting on

the structure. Both one-way and two-way coupling problems are formulated

on moving domains. The total domain remains the same but the domains

for fluid and structure change with time. This is one of the main difficulties

connected with the modelling of FSI problems as well the design of numerical

methods for their solution.

In a typical FSI problem, the sets of differential equations and the boundary

conditions associated with the fluid and structure domains must be satisfied

simultaneously. The domains do not overlap, and the two systems are coupled

at the fluid-structure interface. The discretization in FSI can be done in two

ways. The first way is to discretize fluid and structure domains separately.

This results in non-matching interface meshes. In this case, the solution

from one subproblem (fluid or structure) is interpolated at the interface and

passed to the other in order to correctly couple the two systems. The another

way is to have matching discretization at the interface, which leads to the

satisfaction of coupling conditions without any problem. It is necessary to

have the compatibility of kinematics and traction boundary conditions at the

interface. The structural domain is usually modelled in the Lagrangian frame

of coordinates, and its motion follows the material particles. As the structure

moves through space, the shape of the fluid subdomain changes to conform
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to the motion of the structure. The motion of fluid domain is not known a

priori and is dependent on the structural displacement which is unknown. In

FSI problems the motion of fluid domain is computed as an unknown and

is accounted for in the equations and boundary conditions. Mesh updation

technique is used to update the fluid domain mesh in the response to changes

in the structural domain. In case of significant deformation, a new mesh is

generated, and solution is interpolated from the old mesh to the new mesh.

2.4.1 Mathematical form of FSI problem

In this section the coupled fluid-structure interaction problem is described. Let

Ω0 ⊂ Rn be the domain with boundary Γ0 in reference configuration at time

t = 0. The domain is split for fluid and structure parts Ω0 = (Ω0)f ∪ (Ω0)s,

where (Ω0)f and (Ω0)s are the subsets of Ω0 occupied by the fluid and

structure. Similarly the boundary is split as Γ0 = (Γ0)f ∪ (Γ0)s∪ (Γ0)I , where

(Γ0)f and (Γ0)s are the subsets of Γ0 occupied by the fluid and structure except

interface, and (Γ0)I is the interface between fluid and structure domains (see

figure 2.6). Let Ωt ⊂ Rn be the corresponding deformed domain at time t.

Analogously, Ωt = (Ωt)f ∪ (Ωt)s and Γt = (Γt)f ∪ (Γt)s ∪ (Γt)I are split. The

FSI problem is stated as: for fluid, solve the Navier-Stokes equations

(Ωf)t

(Ωs)t

(Γf)t

(Γs)t

(ΓI)t(Ωf)0
(Ωs)0

(Γs)0

(Γf)0 (ΓI)0

Figure 2.6: Spatial domain for FSI problem in reference and current configu-

ration.
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∂(ρfyk)

∂t
+∇ · (ρfykvf ) = −∇ · Jk (2.63)

∂(ρfvf )

∂t
+∇ · (ρfvfvf ) = ρfff +∇ · σf (2.64)

∂(ρfet)

∂t
+∇·(ρfetvf ) =∇·(σfvf )−∇ · q + ρ(ffvf + r) (2.65)

to find yk, p, vf and T , and for structure solve

ρsas = ρsfs +∇ · σs (2.66)

to compute us and vs and for the motion of fluid domain solve

∇ · σm = 0 (2.67)

to find out the deformation of fluid mesh nodes um. The above equations are

linear elastostatic equations with no body forces. The interaction of the fluid

with the solid is given by the continuity of the velocity and by a balance of

forces:

vf = vs and σsns = −σfnf on (Γt)I (2.68)

Furthermore, to prevent the fluid and structure meshes from separating at

the interface, the following must be satisfied.

um = us on (Γt)I (2.69)

FSI problems are solved mainly by two approaches: monolithic and staggered

which are also known as strongly-coupled and weakly-coupled respectively. In

43



Governing equations

monolithic approach, both subproblems, fluid and structure, are formulated

as one combined problem. A single mesh is generated for both fluid and

solid, thus, there is no issue of non-matching interface discretization. The

equation of fluid, structure and mesh motion are solved simultaneously on

the mesh at same time and solution is progressed in time. Examples of

monolithic approach can be found in [29,98,139]. The solution of the coupled

problem via a monolithic scheme is an expensive procedure. Moreover,

sometimes the coupling between both problems is in one-way which requires

a staggering of the solutions. The staggered approach, also referred as the

partitioned approach, is efficient to solve two-way coupling problems. In a

staggered algorithm, the fluid, structure and mesh motion problems are solved

sequentially with separate solvers. The interaction is taken into account

by the boundary conditions. This approach enables the use of existing

fluid and structure solvers. The convergence difficulty can be overcome

by increasing the number of iterations. For a given time step, a general

staggered algorithm computes the solution of fluid with the velocity boundary

conditions coming from the extrapolated structural velocities at the interface,

followed by the solution of structure with updated fluid traction computed

at interface and then followed by the evaluation of mesh motion with the

updated structural displacement at the interface. The staggered method has

been used in [85,86,93,145].

2.4.2 Algorithms for one-way coupling

As mentioned before in one-way coupling problems, only one problem (fluid

or structure) affects the other. One-way coupled problems in which structure

affects the fluid but fluid does not affect the structure can be solved by the

following general algorithm.

1. Set ∆t and initial conditions for fluid and structure at time t = 0.

2. Set boundary conditions for structure.

3. Solve the structural problem (2.66) for us and vs.

4. Set um = us on fluid-structure interface (Γt)I .

5. Solve fluid mesh motion problem (2.67) and update the fluid mesh.

6. Set vf = vs as boundary conditions at (Γt)I .
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7. Solve fluid flow problem (2.63)-(2.65) on the updated mesh.

8. Set t = t+ ∆t and go to step 2.

One-way coupled problems in which fluid affects the structure but structure

does not affect fluid can be solved by the following general algorithm. In this

case, it is preferable to start with the fluid flow problem.

1. Set ∆t and initial conditions for fluid and structure at time t = 0.

2. Set boundary conditions for fluid.

3. Solve fluid flow problem (2.63)-(2.65).

4. Compute the fluid traction forces (σn)f at (Γt)I .

5. Set (σn)s = −(σn)f at (Γt)I .

6. Solve the structural problem (2.66) for us and vs.

7. Set t = t+ ∆t and go to step 2.

2.4.3 Algorithm for two-way coupling

Two-way coupled problems in which both subsystems affect each other can

be solved by the following general algorithm.

1. Set ∆t and initial conditions for fluid and structure at time t = 0.

2. Set boundary conditions for fluid.

3. Solve fluid flow problem (2.63)-(2.65).

4. Compute the fluid traction forces (σn)f at (Γt)I .

5. Set (σn)s = −(σn)f at (Γt)I .

6. Solve the structural problem (2.66) for us and vs.

7. Set um = us on fluid-structure interface (Γt)I .

8. Solve fluid mesh motion problem (2.67) and update the fluid mesh.
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9. Set vf = vs as boundary conditions at (Γt)I .

10. Set t = t+ ∆t and go to step 2.

In all the above-defined algorithms every subproblem is solved only once per

time-step. This can create the problem that interface condition can not be

fulfilled exactly. To solve this, the coupling can be done more efficiently by

performing several iterations for each time step. The three subproblems can

be solved in an iterative manner until the solution does not change anymore.

The number of iteration can be determined by defining the convergence

criteria. A common convergence criterion is to compute interface residual

and bound it to machine double precision (1.e-16).
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Chapter 3

Fluid flow for fixed domain

Introduction

In this chapter, the numerical technique to solve the Navier-Stokes equations

for multicomponent single-phase fluid flows is provided. In section 3.1,

starting with the compact vector equation, the equations are transformed

into pressure primitive variables which have the advantage of the simultaneous

use for both compressible and incompressible flows. In section 3.2, a brief

review on the stabilisation operators is provided, which is necessary to

obtain a stable solution. In section 3.3, space-time finite element method,

interpolation functions and the associated mapping are introduced with a

particular emphasis on moving domain problems. The section also provides

the weak formulation of the equations and the discretization schemes along

with the detailed calculations of vectors and matrices at the element level.

The section is closed with the information on the numerical integration and

the discussion on the implementation of boundary conditions. Finally in

the section 3.4, the developed numerical technique is validated on several

standard benchmark test cases including compressible/incompressible single

component and multi-component fluid flows .

3.1 Unified approach for conservation equa-

tions

As defined in the chapter (2), the conservation equations for multicomponent

single-phase compressible fluid flows are given by
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(ρyk),t + (ρviyk),i = −Jki,i (3.1)

(ρvj),t + (ρvivj),i = (σji),i + ρfj (3.2)

(ρet),t + (ρviet + pvi),i =
(
τijvj − qi −

n∑
k=1

Jki hk
)
,i

+ ρ(bivi + r) (3.3)

As a first step, the above set of equations is written into a vector form as

given below

U ,t + F ai,i = F di,i +F (3.4)

Where U is the vector of conservation variables. F ai is the vector of advective

flux. F di is the vector of diffusive flux and F is the source vector. These

vectors are defined as

U = ρ


y1

...

yn
v

et

 F ai = ρvi


y1

...

yn
v + δip

et + vip

 (3.5)

F di =



−J1
i

...

−Jni
τi

τijvj − qi −
∑
k

Jki hk


F = ρ


0
...

0

b

b · v + r

 (3.6)

Each term in the above vectors is defined in the chapter(2). The above-

written equations for multicomponent fluid flows can be easily transformed

into the equations for single component flow. In order to achieve that, in

weight fraction terms the first component y1 is kept fixed to 1 and rest all
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weight fraction terms yk, 2 ≤ k ≤ n are set to 0. The equation (3.4) can be

rewritten in the quasi-linear form as

U ,t +Ai(U)U ,i = (Kij(U) U ,j),i +F (3.7)

where Ai(U) = F ai,U is the ith Euler Jacobian matrix and K(U) = [Kij ]

is the diffusivity matrix with Kij(U) U ,j = F di . Using the chain rule, a

standard routine of Mathematics, the equation (3.7) can be written for any

random independent set of variables, Y . The transformed equation can be

written as

A0(Y )Y ,t +Ai(Y )Y ,i = (Kij(Y ) Y ,j),i + SY (3.8)

where A0(Y ) = U,Y ; Ai(Y ) = F ai,Y ; KijY ,j = F di and F = SY . Here,

S is the source matrix. All these matrices are defined in appendix (A). In

the work of Hughes et al. [198,199] the physical entropy variables were used

as the independent set of variables for the computation of single component

fluid flows, which resulted in the symmetric positive definite A0, symmetric

Ai and symmetric positive semi-definite Kij matrices. The entropy variables

are denoted by V . The set of entropy variables V for single component fluid

is defined as

V =
1

T

g − |v|2/2v

−1

 (3.9)

Where, g is the Gibbs free energy per unit mass. The symmetry of the

transformed equation (3.8), written in entropy variables, satisfies the Clausius-

Duhem inequality which results in basic non-linear stability condition for

compressible Navier-Stokes equations. For details see [195], Shakib et al. [64]

and [137]. In [72] Hauke and Hughes demonstrated that both compressible

and incompressible fluid flows can be solved by the space-time finite ele-

ment method in a unified way by employing either entropy variables, V or

pressure primitive variables, Y = (p,v, T ). It was analysed in [74] that for

conservative variables, the flux Jacobian matrices were not well defined in the

incompressibility limit, i.e. when αp, βT → 0. Several terms in the flux matri-

ces got the value ∞ and 0/0. Incompressibility limit for entropy and pressure
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primitive variables was observed to be well defined. The pressure primitive

variables for simple fluid compressible-incompressible flows were proved to

be a reliable choice in terms of the accuracy, convergence, computational

costs and robustness of the numerical technique. Furthermore, it was verified

that the pressure primitive variables provide better results than entropy

variables for incompressible flows at high Reynolds number and are easier to

set in the boundary conditions. Based on the quality features of the pressure

primitive variables, in [11] Longo et al. extended the variables vectors to

compute the multicomponent/multiphase fluid flows. The vector of pressure

primitive variables (Y ) was extended by including the weight fractions of the

components and the entropy variables vector (V ) was extended by including

the specific Gibbs free energies of the components.

Y =



y1

...

yn−1

p

v

T


and V =

1

T



g1 − k
...

gn−1 − k
gn − k
v

−1


(3.10)

The numerical technique applied in [11] to solve the compressible/incom-

pressible multicomponent/multiphase fluid flows was based on the stabilised

space-time Galerkin least square finite element method for the fixed domains.

In the next sections, the numerical technique is extended to account for the

moving boundary problems. The spatial and time dependence Navier-Stokes

equations are needed to be discretized in both space and time. In the context

of finite element methods, there are mainly two approaches proposed in

the literature; semi-discrete and space-time method. In the semi-discrete

approach, the spatial domain is discretized by the Galerkin finite element

method and the solution is progressed in time by discretizing the time domain

by the finite difference method. While in the space-time finite element method

both space and time are discretized simultaneously generating the space-time

slabs. In the latter technique, time is considered as an extra dimension and

treated in the same way as space.

It has been studied and verified by many researchers in the past that the

discontinuous Galerkin finite element methods are better than continuous
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Galerkin finite element methods in terms of stability and consistency. Al-

though there is a requirement of more degrees of freedom in the discontinuous

discretization, it generally offers more flexibility and accuracy. The discon-

tinuity can be imposed in both space and time. Some of the earlier pub-

lished papers on the time-discontinuity are [35, 146]. The time-discontinuous

Galerkin method was studied in [40,212]. The space-time least square method

was proposed by Nguyen and Reynen [81]. In [78] Hulbert et al. applied the

space-time method for the second-order hyperbolic equation, in particular for

elastodynamics. Space-time discontinuous Galerkin/Least-squares algorithms

for fluid flow problems were developed by Shakib and Hughes [64].

3.2 Stabilisation operators

In the computational fluid dynamics, for several flow problems the stabil-

isation operators play a key role to acquire the best accurate solutions.

Specifically, in the case of the advection dominated flows the numerical

techniques require the additional stabilisation operators to attain a stable

solution. In last few decades, a number of stabilisation operators have been

developed for compressible and incompressible flows. For incompressible flows

see [128,129,133,137,177,187,192,193] and in the context of compressible

flows see [62, 76, 77, 112, 114, 172, 173]. The upwind scheme in the finite

elements was attempted in [108, 123, 124, 130, 138] to enhance the stability

in advection-dominated flow problems. The idea was to add the artificial

numerical diffusion corresponding to the upwind methods in the central finite

differences. In this section, some of the stabilisation operators are reviewed.

SUPG method. The SUPG method is a residual-based upwind technique,

which stabilises the Galerkin finite element method for equal-order interpola-

tions. The first stabilised method streamline upwind Petrov-Galerkin (SUPG)

was developed for the advection-diffusion equations and the incompressible

Navier-Stokes equations [24]. The method possesses the streamline upwind

to restrict the excessive crosswind diffusion and the Petrov-Galerkin weighted

residual formulation to remove the artificial diffusion. Hughes and Tezdu-

yar [201,202] generalised the SUPG operator to the Navier-Stokes equations

for the compressible flows. To review it, equation (3.7) is considered with
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zero diffusion i.e. F di = 0.

U ,t +Ai(U)U ,i −F = 0 (3.11)

The semi-discrete variational formulation of the above equation with the

SUPG method will result in∫
Ω

W h
(
Uh
,t +Ai(U

h)Uh
,i −F

)
+ SUPG(W h,Uh) = 0 (3.12)

With

SUPG(W h,Uh) =
∑
e

∫
Ωe

τeA
T
i (Uh) · ∇W h

(
Uh
,t +Ah

i (Uh)Uh
,i −F

)
(3.13)

Where, the spatial domain is discretized in elements with Ω = ∪ne=1Ωe and the

Dirichlet boundary conditions are embedded in the test and trial spaces. The

parameter τe was designed in according to a temporal or a spatial criterion.

The tested definitions are:

τe = α∆t (Temporal criteria) (3.14)

τe = αh/a (Spatial criteria 1) (3.15)

τe = αhi/ai (Spatial criteria 2) (3.16)

Where, ai is the spectral radius of Ai, and a = (aiai)
1/2. α is the algorithmic

constant and set to 1/2. hi and h are defined as

hi = 2
(
(xi,ξ)

2 + (xi,η)2
)

(3.17)

h = hi
ai
a

(3.18)

In [201] the authors presented a detailed analysis of SUPG stabilisation on

the stability and order of convergence for a class of predictor/multi-corrector
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3.2 Stabilisation operators

time integrators adopted in the computations. The numerical results showed

good performance of the method in the case of steady shocks and noisier

results in the case of transient shocks.

GLS method. In [197] Hughes et al. generalised the SUPG into Galerkin

least/squares (GLS) stabilisation method and applied to the advection-

diffusion problems. Shakib et al. [64] tested GLS on space-time formulation

of the compressible Navier-Stokes equations. The GLS stabilization term for

(3.8) in entropy variables can be written as

GLS(W h,V h) =
∑
e

∫
Ωe

L(W h)τV

(
L(V h)−F

)
(3.19)

Where the differential operator L is defined as

L = A0
∂

∂t
+Ai

∂

∂xi
− ∂

∂xi
(Kij

∂

∂xj
) (3.20)

For the compressible Navier-Stokes equations written in the pressure primitive

variables, the GLS stabilisation term is defined as

GLS(W h,Y h) =
∑
e

∫
Ωe

LT (W h)τY

(
L(Y h)−F

)
(3.21)

With

LT = AT
0

∂

∂t
+AT

i

∂

∂xi
− ∂

∂xi

(
KT
ij

∂

∂xj

)
(3.22)

τV and τY are the stabilization matrices for entropy and pressure primitive

variables, related by the relation τY = Y,V τV . The matrix τV is obtained as

the solution of an eigenvalue problem, which is complicated and CPU time

consuming. To remedy this problem, in [71] Hauke introduced two simplified

forms of the tau matrices τ d and τnd for pressure primitive variables defined

as

τ d = diag(τc, τm, τm, τe) in 2D (3.23)

with

τc = min

(
|v|he

2

)
(3.24)
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τm = min

(
∆t

2ρ
,

he

2ρ(|v|+ c)
,

(he)2

12µ

)
(3.25)

τe = min

(
∆t

2ρcv
,

he

2ρcv(|v|+ c)
,

(he)2

12κ

)
(3.26)

Where, |v| is the absolute value of velocity, c is the sound speed, [gij ] is

the element metric tensor, he is the element size in streamline direction and

computed as

(he)2 =
4vig

ijvj

|v|2
with gij =

∂xi
∂ξk

∂xj
∂ξk

(3.27)

τnd is defined as

τnd = Y,U τ̂ τ̂ = diag(τ̂c, τ̂m, τ̂m, τ̂e) (3.28)

with

τ̂c = min

(
∆t

2
,

1

λe

)
(3.29)

τ̂m = min

(
∆t

2
,

1

λe
,
ρ(hed)

2

12µ

)
(3.30)

τ̂e = min

(
∆t

2
,

1

λe
,
ρcv(h

e
d)

2

12κ

)
(3.31)

where,

(λe)2 =
4

∆t2
+ α1(v2 + c2) +

α2c
2

2
+
c
√
c2α2

2 + 16α2
1v

2

2
(3.32)

αi = nsil glmn
si
m and (hed)

2 = 4

(
1

α1
+

1

α2

)
(3.33)

After performing a number of test cases it was concluded that with both

τd and τnd the accuracy and stability of the method was good. Based on

the results of Hauke [71], in [11] Longo et al. constructed the stabilized

matrices for multicomponent fluid flows. In the extension authors proposed
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3.2 Stabilisation operators

a stabilization term for each component of the fluid mixture. The structure

of composed matrix is given as:

τndY = Y,UτU (3.34)

τU = diag(τρy1 , · · · , τρyk , τρv1 , τρv2 , τρet) in 2D (3.35)

with

τρyk = min

(
∆t

2
,

1

λe
+

hed
2|v| ,

(hed)
2

12dkk

)
(3.36)

τm = min

(
∆t

2
,

1

λe
+

hed
2|v| ,

ρ(hed)
2

12µ

)
(3.37)

τe = min

(
∆t

2
,

1

λe
+

hed
2|v| ,

ρcv(h
e
d)

2

12κ

)
(3.38)

Where dkk is the diffusion coefficient for component k and rest of the terms

are the same as defined in (3.32)-(3.33). The authors found that analogous

to the τ matrix for single component fluids, the extended tau matrix provide

the stable solutions.

DC operator. For compressible flows in the presence of shock waves, it

is necessary to add the discontinuity capturing operator as a dissipation

mechanism to remove the oscillations present near the sharp boundary layers

or internal interfaces. The shock waves can also exist in low-speed incompress-

ible fluid flows. One standard example is the water hammer phenomenon,

where both pressure and velocity changes very rapidly. The shock can be

detected by the exact calculation of Mach number. The shock waves are

generated for the flow with a Mach number greater than one. This can be

checked by computing the entropy generation in the flow. In the context of

compressible Navier-Stokes equations, shocks are termed as discontinuities.

Hughes et al. [200] developed a discontinuity capturing operator based on the

projector in the direction of solution gradient computed in entropy variables

for compressible Navier-Stokes equations. In [74] Hauke and Hughes used
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Fluid flow for fixed domain

the following simple discontinuity capturing term DC for the generalised set

of variables.

DC(W h,Y h) =

nel∑
e=1

∫
Ωe

νHMg
ijW h

,i ·A0Y
h
,j (3.39)

With

νHM = max

0,

(
(LY −F) · V,U (LY −F)

gijY,i · V,Y
TU,Y Y ,j

) 1
2

− (LY −F) · τV (LY −F)

gijY,i · V,Y
TU,Y Y ,j


(3.40)

Where, τV = V,UτU is the stabilization matrix for entropy variables. τU
is defined in (3.35). The same discontinuity capturing operator term was

used by Longo et al. [11] for the multicomponent flows. V,U and V,Y for the

multicomponent flows are defined in appendix (A).

3.3 Space-time finite element method

The space-time finite element method is very efficient in providing the nu-

merical discretization for problems with deforming meshes. For the moving

domain problems, discretization of equation (3.8) by FEM requires the move-

ment of mesh point at each instant of time in order to account for the

boundary movement. Generally at the new position data is not available

and requires the projection of the data from the old mesh to the new mesh.

This interpolation process is generally non-conservative and can introduce

substantial errors. The space-time finite element method is an alternative

to solve this problem. The discontinuous Galerkin space-time FEM has

been applied successfully for the inviscid compressible flows described by

the Euler equations of gas dynamics [83,107]. Extensions of the method to

the advection-diffusion equation are given in [106] and for the compressible

Navier-Stokes equations in [15,16,41]. In this section, the space-time Galerkin

least square finite element method is presented for moving domains to solve

the equation (3.8) in pressure primitive variables Y . The numerical technique

is time-discontinuous and uses the same interpolation functions for all solu-

tion variables. This method is well suited to deal with the time-dependent

flow domains with moving boundaries and dynamic meshes. The method
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3.3 Space-time finite element method

performs an implicit discretization using the space-time elements which is

globally conservative on deforming meshes and prevents the inaccuracies of

data interpolation between the various meshes. The next section begins with

the concept of space-time domain and defines the mapping from a space-time

reference element onto a space-time physical element. The weighted residual

formulation of the equation (3.8) is presented, supplemented with the GLS

and DC stabilisation operators. This is followed by the discretization schemes

and the algorithms to solve the system of algebraic equations.

Pn

∂Ω0

Figure 3.1: Illustration of two consecutive space-time slabs with unstructured

finite element meshes in space-time, adapted from [16].

In space-time finite element method both space and time are discretized

simultaneously by taking a tensor product of basis functions for the spatial

domain and one-dimensional basis function in time direction. A piecewise
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Fluid flow for fixed domain

continuous approximation in space and discontinuous approximation in time

is considered. Discontinuous approximation in time allows to solve inde-

pendently for each time slab instead of solving a global problem over the

whole time domain. A space-time domain is defined as Q = Ωt × (0, T ) with

boundary P = ∂Ωt × (0, T ), where Ωt is the spatial domain with boundary

∂Ωt. The space-time formulation requires the introduction of space-time slab

and elements. Let the time interval (0, T ) be subdivided into an ordered

series of time levels 0 = t0 < t1 < · · · < tn < tn+1 < · · · < tN = T . Denoting

the nth time interval as In = (tn, tn+1) with T = ∪nIn. The length of In
is defined as ∆tn = tn+1 − tn. Let Ωn is the spatial domain at time t = tn
then for time interval In a space-time slab is defined as Qn = Ωn × (tn, tn+1)

with boundary Pn = ∂Ωn × (tn, tn+1). Each space-time slab is divided into

(nel)n elements Qen having boundary P en with discontinuous basis functions

across the slab boundaries in time-direction. The space-time elements are

constructed by splitting the spatial domain Ωn into (nel)n spatial elements

at time tn and then mapping the vertices of elements to their new position

at time tn+1. Each space time element Qen is obtained by connecting the

spatial elements Ωen and Ωen+1 using linear interpolation in time. Figure (3.1)

illustrates the concept. Note that the mesh is unstructured in space. In a

typical space-time computation all the nodes of the space-time slab would be

on the time plane n or n+ 1 or in between, not necessarily on time planes

parallel to the n and n+ 1 but without requiring a space-time mesh that is

unstructured in time. It is usual to consider that the space-time slab would

simply be deformed versions of each other. The mesh on the upper surface

of the slab at tn+1 is obtained from the deformation of the mesh nodes at

the lower surface tn. Galerkin least/squares stabilized space-time method for

moving domain is named as deforming-spatial-domain/stabilized space-time

(DSD/SST) by Tezduyar and colleagues [111,190,191,213].

3.3.1 Space-time mapping

The geometry of a space-time element can be defined by introducing the

mapping φ. The mapping connects each space-time element Qen(x, y, t) in

the physical domain to a master element Q̂en in the reference domain with

coordinates (ξ, η, θ) ∈ [−1, 1]3. As defined in [191], the space-time shape

functions are defined as

Nα
a = Na(ξ, η)Tα(θ) a = 1, 2, . . . , nelnodes α = 1, 2 (3.41)
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3.3 Space-time finite element method

Here, nelnodes is the number of element nodes; 3 for a triangle and 4 for a

quadrangle. In this thesis, only 2D flow test cases are studied with quadrangle

elements. However, the extension from 2D to 3D is straightforward. Na(ξ, η)

is the bilinear spatial shape functions for node a of the element and Tα(θ)

are the temporal shape functions defined at lower part of slab corresponding

to α = 1 and at upper part of slab corresponding to α = 2. The spatial and

temporal shape functions are defined as

Na(ξ, η) =
1

4
(1− ξaξ)(1− ηaη) (3.42)

Tα(θ) =
1

2
(1 + (−1)αθ) (3.43)

Where (ξa, ηa) are the nodal coordinated of node a in the reference domain.

The space-time mapping φ is defined as φ : [−1, 1]3 → R2 × R. The figure

(3.2) displays the space time mapping from a reference element onto a physical

element. The right image in figure(3.2) is taken from [191] and represents

the geometry of a general space-time element in the physical domain. The

space-time mapping φ : (ξ, η, θ)→ (x, y, t) is defined as follows:

x =
∑
α

∑
a

Nα
a x

α
a (3.44)

y =
∑
α

∑
a

Nα
a y

α
a (3.45)

t =
∑
α

∑
a

Nα
a t
α
a =

∑
α

Tαtα (3.46)

Here, xαa and yαa are the spatial-coordinates of node a at time level α; tαa is

the temporal coordinate vector of mesh element nodes in the physical space-

time domain. The above defined mapping is sufficiently smooth, orientation

preserving and invertible. Therefore (x, y, t) are continuously differentiable

with respect to (ξ, η, θ). This gives
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𝜉

𝜂

𝜃
𝛷

x

y

t

a=1

a=4

a=2

a=3

a=3

a=2a=1

a=4

𝛂=1

𝛂=2

tn

tn+1

Figure 3.2: Space-time mapping


dx

dy

dt

 =


x,ξ x,η x,θ

y,ξ y,η y,θ

t,ξ t,η t,θ



dξ

dη

dθ

 = JST


dξ

dη

dθ

 (3.47)

The matrix JST of the space-time mapping is called the space-time Jacobian

matrix. Each component of the Jacobian matrix is computed by performing

the partial derivative on equations (3.44)-(3.46) as follows:

x,ξ =
∑
α

∑
a

Nα
a,ξ
xαa y,ξ =

∑
α

∑
a

Nα
a,ξ
yαa t,ξ =

∑
α

∑
a

Tα,ξt
α = 0

(3.48)

x,η =
∑
α

∑
a

Nα
a,ηx

α
a y,η =

∑
α

∑
a

Nα
a,ηy

α
a t,η =

∑
α

∑
a

Tα,ηt
α = 0

(3.49)

x,θ =
∑
α

∑
a

Nα
a,θ
xαa y,θ =

∑
α

∑
a

Nα
a,θ
yαa t,θ =

∑
α

∑
a

Tα,θt
α =

∆t

2

(3.50)
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3.3 Space-time finite element method

Since the temporal shape functions are independent of ξ and η, therefore

the partial derivative results zero. The spatial-coordinates x2
a and y2

a are

computed by adding the contribution coming from the mesh deformation to

the spatial-coordinates x1
a and y1

a. The values of x,θ and y,θ are evaluated as

x,θ =
∑
α

∑
a

Nα
a,θ
xαa =

∑
a

Na
(x2
a − x1

a)

2
=
∑
a

Na
umxa
2

=
∆t

2

∑
a

Nav
m
xa

(3.51)

y,θ =
∑
α

∑
a

Nα
a,θ
yαa =

∑
a

Na
(y2
a − y1

a)

2
=
∑
a

Na
umya
2

=
∆t

2

∑
a

Nav
m
ya

(3.52)

Where, for node a, umxa , umya and vmxa , vmya are the x and y component of mesh

deformation and mesh velocity respectively. In case of no mesh motion, these

values are set to zero. The spatial Jacobian matrix JS is defined as

JS =

x,ξ x,η

y,ξ y,η

 (3.53)

By substituting the above relations in space-time Jacobian matrix, the

determinant can be computed as

|JST | = ∆t

2
|JS| = ∆t

2
(x,ξy,η − y,ξx,η) (3.54)
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The inverse of space-time Jacobian matrix is computed as follows:

(JST )−1 =


ξ,x ξ,y ξ,t

η,x η,y η,t

θ,x θ,y θ,t

 =
1

|JS|



y,η −x,η
2(x,ηy,θ − y,ηx,θ)

∆t

−y,ξ x,ξ
2(y,ξx,θ − x,ξy,θ)

∆t

0 0
2

∆t


(3.55)

The spatial and temporal derivatives of shape functions in the physical domain

can be linked to the derivatives of shape functions in the reference domain as

follows: 
Na,x

Na,y

Na,t

 =


ξ,x η,x θ,x

ξ,y η,y θ,y

ξ,t η,t θ,t



Na,ξ

Na,η

Na,θ

 (3.56)

Where, the terms in matrix can be evaluated from relation (3.55). This can

be rewritten as 
Na,x

Na,y

Na,t

 = (JST )−T


Na,ξ

Na,η

Na,θ

 (3.57)

3.3.2 Weak formulation

The weighted residual formulation of equation (3.8) is derived by multiplying

with an arbitrary test function W h and integrate it over the space-time

domain, which is divided into the space-time slabs, and which are further

divided into the space-time elements. The numerical solution is computed
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3.3 Space-time finite element method

on only one slab at a time and taken as the initial conditions for the next

slab. The enforcement of initial conditions is done weakly as in discontinuous

Galerkin method, which is equivalent to maintain the continuity of the solution

between two consecutive slabs. Two functional spaces are defined, one for

trial functions and the other for weighting functions. The trial function space

in each space-time slab Qn is denoted by T h
n and the test function space

is denoted by W h
n . Within each space-time element, the trial solution and

weighting functions are approximated by kth order polynomials Pk. Since

the discontinuity is considered only in time, the functions are assumed C0

continuous within each space-time slab, and are discontinuous across the

interfaces of the slabs. The finite element spaces are defined as

T h
n =

{
Y h| Y h ∈ (C0(Qn))m, Y h

|Qen ∈ (Pk(Qn))m, g1(Y h) = g on Pn

}
(3.58)

W h
n =

{
W h| W h ∈ (C0(Qn))m, W h

|Qen ∈ (Pk(Qn))m, g2(W h) = 0 on Pn

}
(3.59)

Where m is the number of degrees of freedom. g1, g2 : Rm → Ri , are the

boundary condition transformation functions and g is the prescribed boundary

condition. It is possible that not all components of Y have imposed boundary

conditions, it depends on the case of interest. The continuity over Qn implies

the continuity in space but does not require a continuous interpolation

between the time slabs. Although, Pk indicates the space of polynomials

of total degree ≤ k the degree of the polynomials in space and time can

be chosen independently. The space-time finite element weighted residual

formulation of equation (3.8) is written as follows: Given a trial function space

T h
n and weighting function space W h

n , within each Qn, n = 0, 1, · · ·N − 1,

find Y h ∈ T h
n such that ∀ W h ∈ W h

n the following relation is satisfied

∫
Qn

(
W h·U ,t(Y

h)+W h·F ai,i(Y
h)−W h·F di,i(Y

h)−W h·SY h
)
dQn (3.60)

+

∫
Ω(t+n )

(
W h(t+n ) ·U

(
Y h(t+n )

)
−W h(t+n ) ·U

(
Y h(t−n )

))
dΩ (3.61)
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+

(nel)n∑
e=1

∫
Qen

LTW h ·τ
(
LY h − SY h

)
dQn+

(nel)n∑
e=1

∫
Qen

νgijW h
,i ·A0Y

h
,j dQn

(3.62)

= 0 (3.63)

In the above formulation, (3.61) is the jump term to weakly enforce the

continuity of the solution between consecutive slabs and is the mechanism

by which the information is propagated from one slab to another. The

discontinuity of finite element functions at the space-time slab interfaces

allows the possibility to change the spatial discretization from one space-time

slab to the next. This feature is very useful in the moving domain problems

where the mesh is deforming. In case, if the mesh distortion exceeds a

predetermined specific threshold then a new mesh can be generated and the

solution obtained from the mesh at previous space-time slab can be projected

to the new mesh. This process is facilitated by the jump term. In the

above formulation, the stabilisation operators are added to ensure the well

known Ladyz̆enskaja-Bebus̆ka-Brezzi (LBB) condition, which is necessary and

sufficient for the well-posedness of the discretization via Galerkin method. In

(3.62) the first integral is the least-square stabilization term where L is the

differential operator and LY h−S represents the residual of the equations. τ

is the stabilisation matrix for primitive variables. In this study, the following

diagonal tau matrix τ dY is used for multicomponent fluid flows.

τ dY = diag(τc1 , · · · , τck , τm, τm, τe) in 2D (3.64)

with

τck = |v|2min

(
∆t

2
,

1

λe
,
ρ(hed)

2

12dkk

)
(3.65)

τm = min

(
∆t

2ρ
,

1

ρλe
,

(hed)
2

12µ

)
(3.66)

τe = min

(
∆t

2ρcv
,

1

ρcvλe
,

(hed)
2

12κ

)
(3.67)
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3.3 Space-time finite element method

The notations are defined in (3.32)-(3.33). The second integral in (3.62)

denotes the discontinuity capturing operator. The discontinuity capturing

operator is defined in (3.39). The weak form of equations is obtained by

performing the integrating by parts in weighted residual formulation. The

integration by parts of the flux term of equation (3.60), gives

∫
Qn

W h ·U ,t(Y
h) dQn =

∫
Qn

(
W h ·U(Y h)

)
,t
dQn−

∫
Qn

W h
,t ·U(Y h) dQn

(3.68)

By applying the Gauss divergence theorem for time, one gets

∫
Qn

W h ·U ,t(Y
h) dQn =∫

Pn

W h ·U(Y h)n̂t dPn +

∫
Ω(t−n+1)

W h(t−n+1) ·U(Y h(t−n+1)) dΩ

−
∫

Ω(t+n )

W h(t+n ) ·U(Y h(t+n )) dΩ−
∫
Qn

W h
,t ·U(Y h) dQn (3.69)

Applying the Gauss divergence theorem on spatial flux terms and substituting

(3.69) in the weighted residual equation, results in

∫
Qn

(
−W h

,t ·U(Y h)−W h
,i ·F

a
i (Y h) +W h

,i ·F
d
i (Y

h)−W h ·SY h
)
dQn

+

∫
Ω(t−n+1)

W h(t−n+1) ·U(Y h(t−n+1)) dΩ−
∫

Ω(t+n )

W h(t+n ) ·U(Y h(t−n )) dΩ

+

(nel)n∑
e=1

∫
Qen

L TW h ·τ
(
LY h − SY h

)
dQn+

(nel)n∑
e=1

∫
Qen

νgijW h
,i ·A0Y

h
,jdQn

= −
∫
Pn

W h ·U(Y h)n̂t dPn +

∫
Pn

W h ·
(
F di (Y

h)− F ai (Y h)
)
n̂i dPn

(3.70)

In the above equation, the Neumann boundary conditions are imposed weakly

in the boundary integral terms. The Dirichlet boundary conditions are applied

65



Fluid flow for fixed domain

explicitly during the solution process of the system of algebraic equations,

resulted from the discretization schemes.

Computation of n̂t

In equation (3.70), in boundary integral terms the first term contains the time

unit vector n̂t, which must to be computed on Pn. For any point P (x, y, t)

on Pn the spatial coordinates x and y can be interpolated from the spatial

coordinates by the relations (3.44)-(3.45). Time t can be interpolated by

(3.46). The tangent vectors at point P (x, y, t) can be computed as

t1 = (x, y, t),ξ = (x,ξ, y,ξ, t,ξ) = (x,ξ, y,ξ, 0) (3.71)

t2 = (x, y, t),η = (x,η, y,η, t,η) = (x,η, y,η, 0) (3.72)

t3 = (x, y, t),θ = (x,θ, y,θ, t,θ) (3.73)

Let n̂(n̂x, n̂y, n̂t) be the space-time unit normal vector at point P (x, y, t).

Where, n̂x and n̂y are the spatial unit normal vectors and n̂t is the temporal

unit normal vector. By definition n̂ must be perpendicular to the tangent

vectors (3.71)-(3.73). n̂ · t1 = 0 and n̂ · t2 = 0 follow directly from the

definition of spatial unit normal vectors. n̂ · t3 = 0 implies

n̂xx,θ + n̂yy,θ + n̂tt,θ = 0 (3.74)

This results in

n̂t =
−n̂xx,θ − n̂yy,θ

t,θ
= −2

(n̂xx,θ + n̂yy,θ)

∆t
(3.75)

Where x,θ and y,θ are evaluated from equations (3.51) and (3.52). The above

equation can be rearranged as

n̂t = −n̂xvmx − n̂yvmy with vmx =
umx
∆t

and vmy =
umy
∆t

(3.76)
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3.3 Space-time finite element method

Here, vmx and vmy are the components of mesh velocity. In case of fixed

domain problems n̂t results zero. Consequently the first boundary integral in

equation (3.70) becomes zero.

3.3.3 Space-time discretization

This section presents the discretization schemes in the context of space-time

finite element method. There are two discretization schemes proposed by

Shakib et al. in [64]; constant in time and linear in time. In constant in

time the interpolation functions are considered piecewise linear in space and

constant in time, while in linear in time interpolation functions are linear in

space and time both. Being computationally less expensive and having good

stability properties constant in time is usually preferred for steady problems.

Linear in time is often used for the transonic problems. In linear in time

within the nth space-time slab Qn, the finite element trial solution Y h and

weighting function W h are defined as

Y h =

(nnp)(n)∑
A=1

N2
AY

2
A +N1

AY
1
A (3.77)

W h =

(nnp)(n)∑
A=1

NA
(
W 2

A + (T 1 − T 2)W 1
A

)
=

(nnp)(n)∑
A=1

NAW
2
A − θNAW

1
A

(3.78)

Where, Y 2
A and Y 1

A are the vectors of unknown at node A at time t−n+1

and t+n respectively. Analogously, W 2
A and W 1

A are the vectors of nodal

weighting function at time t−n+1 and t+n respectively. (nnp)(n) is the number

of nodal points in nth space-time slab. The structure of weighting function

is different from the trial solution due to the imposition of pre-conditioner.

The reason for this is to enhance the stability of predictor multi-corrector

method and has been discussed in [63]. The value of weighting function at

time t−n+1 and t+n is evaluated as

W h(t−n+1) =

(nnp)(n)∑
A=1

NA
(
W 2

A −W
1
A

)
(3.79)
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W h(t+n ) =

(nnp)(n)∑
A=1

NA
(
W 2

A +W 1
A

)
(3.80)

The temporal and spatial derivatives of weighting function are evaluated as

W h
,t =

(nnp)(n)∑
A=1

NA,tW
2
A−(θNA),tW

1
A =

(nnp)(n)∑
A=1

NA,tW
2
A−
(
θNA,t + θ,tNA

)
W 1

A

(3.81)

W h
,i =

(nnp)(n)∑
A=1

NA,iW
2
A − (θNA),iW

1
A =

(nnp)(n)∑
A=1

NA,iW
2
A − θNA,iW

1
A

(3.82)

To simplify the notations the subscript A is dropped. Substituting the

equations (3.78)-(3.82) into weighted residual formulation equation (3.70)

and assuming there are no essential boundary conditions, one gets two systems

of non-linear algebraic equations for variables vectors Y 2
A and Y 1

A.

G2

(
Y 2,Y 1,Y 2

(n)

)
= 0 (3.83)

G1

(
Y 2,Y 1,Y 2

(n)

)
= 0 (3.84)

To reduce the systems of non-linear algebraic equations into linear, an im-

plicit/explicit third order predictor multi-corrector algorithm was proposed

in [64]. In this work, implicit method is used. Let Y 2(i)

and Y 1(i)

be the ith

iterative approximation of Y 2 and Y 1 respectively. The residual vectors R
(i)
2 ,

R
(i)
1 and tangent matrix M (i) are defined as

R
(i)
2 = G2

(
Y 2(i)

,Y 1(i)

,Y 2
(n)

)
(3.85)

R
(i)
1 = G1

(
Y 2(i+1)

,Y 1(i)

,Y 2
(n)

)
(3.86)
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3.3 Space-time finite element method

M (i) =
∂G2

(
Y 2(i)

,Y 1(i)

,Y 2
(n)

)
∂Y 2(i)

(3.87)

The residual vectors and tangent matrix are computed locally element wise

and then assembled into global vectors and matrix. This process can be

written as follows:

R
(i)
2 =A

nel

e=1 R
e
2 , Re

2 = {Re
2a} , a = 1, 2, · · · , nen (3.88)

R
(i)
1 =A

nel

e=1 R
e
1 , Re

1 = {Re
1a} , a = 1, 2, · · · , nen (3.89)

M (i) =A
nel

e=1 M
e , M e = {M e

ab} , a, b = 1, 2, · · · , nen (3.90)

Here, nel denotes the number of elements and nen denotes the number of

element nodes. Re
2 and Re

1 are the residual vectors for element e. Similarly,

M e is the tangent matrix for element e. The finite element assembly operator

is denoted by A. In third order predictor multi-corrector algorithm, for each

iteration, the following systems of equations are solved.

M (i)∆Y 2(i)

= −R(i)
2 (3.91)

and

M (i)∆Y 1(i)

= −R(i)
1 (3.92)

Here, ∆Y 2(i)

and ∆Y 1(i)

are the correction factors for Y 2(i)

and Y 1(i)

respectively for the ith iteration. The systematic algorithm defined in [64] to

solve the above system of equations, is stated in the appendix (A). In the

predictor phase, for each time step the solution obtained from the previous

time slab is consider as the initial solution for the current slab. In the

corrector phase, the solution is updated with the correction factor computed

implicitly by setting several iterations per time step. In order to solve the

large sparse systems of linearised equations (3.91)-(3.92) for each iteration, a

preconditioned block GMRES solver is applied. The solution is approximated

by building a Krylov search space of 200 basis functions with 5 restarts. The
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total number of iterations are set to maximum, which is one less than the

number of degrees of freedom. The performance of GMRES iterative solver is

measured on how quickly the iterates converge within an acceptable tolerance.

The convergence rate of GMRES is strongly dependent on the condition

number of the assembled matrix. A suitable pre-conditioner effectively lowers

the condition number of the matrix and accelerate the convergence of the

solver. Therefore, an ILU preconditioner is employed, which is cheap, and

provides a good approximation to the exact system of equations and lead to

an efficient solution technique. The GMRES solver and the associated ILU

preconditioner are used from the Belos package of Trilinos software. Details

on the iterative solver and the pre-conditioner can be found in [56,134].

3.3.4 Evaluation of vectors and matrices

This section presents the individual terms of the residual vectors Re
2a and

Re
1a , and of the tangent matrix M e

ab. The finite element trial function Y h is

localized over an element and is denoted by Y e.

Y e =

nen∑
a=1

N2
aY

2
a +N1

aY
1
a (3.93)

Where, Y 2
a and Y 1

a are the vectors of unknown at node a of the element e

at time t−n+1 and t+n respectively. In this study, the quadrangle elements i.e.

nen = 4 are used. At time levels tn+1 and tn the values of θ are 1 and -1

respectively. Substituting the value of θ in temporal shape functions, the

value of Y e at time tn+1 and tn is evaluated as

Y e(t−n+1) =
∑
a

NaY
2
a (3.94)

Y e(t+n ) =
∑
a

NaY
1
a (3.95)

The temporal derivative of trial function is calculated as

Y e
,t =

∑
a

N2
a,tY

2
a +N1

a,tY
1
a

=
∑
a

(
Na,tT

2 +NaT
2
,t

)
Y 2
a +

(
Na,tT

1 +NaT
1
,t

)
Y 1
a (3.96)
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3.3 Space-time finite element method

The time derivative of temporal shape functions is obtained by using the

value of θ,t from the relation (3.55)

Tα,t =
(−1)αθ,t

2
=

(−1)α

∆t
(3.97)

By substituting (3.97) in (3.96), one yields

Y e
,t =

∑
a

Na,t
(
T 2Y 2

a + T 1Y 1
a

)
+
Na
∆t

(
Y 2
a − Y

1
a

)
(3.98)

The spatial derivatives of trial function are evaluated as

Y e
,i =

∑
a

N2
a,iY

2
a +N1

a,iY
1
a =

∑
a

Na,iT
2Y 2

a +Na,iT
1Y 1

a (3.99)

Temporal and spatial derivatives of spatial shape functions Na are computed

from the transformation from the reference to the physical coordinates,

equation (3.57).

Na,i = Na,ξξ,i +Na,ηη,i (3.100)

Na,t = Na,ξξ,t +Na,ηη,t +Na,θθ,t (3.101)

Where, the values can be directly substituted from (3.55). The integration

over the finite element domain is performed element-wise. Substitution of all

the above relations in weak form equation (3.70) gives the primary residual

vectors Re
2a and secondary residual vector Re

1a . The primary residual vectors

Re
2a is computed corresponding to the nodal weighting functions W 2

a and is

evaluated as

Re
2a =

∫
Qen

(
−Na,tU(Y e)−Na,iF

a
i (Y e) +Na,iF

d
i (Y

e)−NaSY e
)
dQn

+

∫
Ω(t−n+1)

NaU
(
Y e(t−n+1)

)
dΩ−

∫
Ω(t+n )

NaU
(
Y e(t+n )

)
dΩ

71



Fluid flow for fixed domain

+

∫
Qen

(
Na,tA

T
0 +Na,iA

T
i

)
· τ
(
A0Y

e
,t +AiY

e
,i − SY e

)
dQn

+

∫
Qen

νe
(
Na,ξA0Y

e
,ξ +Na,ηA0Y

e
,η

)
dQn +

∫
P en

NaU(Y a)n̂t dPn

+

∫
P en

Na

(
F ai (Y a)− F di (Y

a)
)
n̂i dPn (3.102)

The secondary residual vectors Re
1a is computed corresponding to nodal

weighting functions W 1
a and is evaluated as follows:

Re
1a =

∫
Qen

(
(θNa),tU(Y e)+θNa,iF

a
i (Y e)

)
−θNa,iF

d
i (Y

e)+θNaSY
e
)
dQn

−
∫

Ω(t−n+1)

NaU
(
Y e(t−n+1)

)
dΩ−

∫
Ω(t+n )

NaU
(
Y e(t+n )

)
dΩ

−
∫
Qen

(
(θNa),tA

T
0 + θNa,iA

T
i

)
· τ
(
A0Y

e
,t +AiY

e
,i − SY e

)
dQn

−
∫
Qen

νeθ
(
Na,ξA0Y

e
,ξ +Na,ηA0Y

e
,η

)
dQn −

∫
P en

θNaU(Y a)n̂t dPn

+

∫
P en

θNa

(
F di (Y

a)− F ai (Y a)
)
n̂i dPn

The tangent matrix is computed at time tn+1 and is written as

M e
ab =

∫
Qen

(
−Na,tA0Nb −Na,iAiNb +Na,iKijNb,j −NaSNb

)
dQn

+

∫
Qen

(
Na,tA

T
0 +Na,iA

T
i

)
· τ
(
Nb,tA0 +Nb,iAi −NbS

)
dQn
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+

∫
Ω(t−n+1)

NaA0Nb dΩ +

∫
Qen

νe
(
Na,ξA0Nb,ξ +Na,ηA0Nb,η

)
dQn

+

∫
P en

NaA0Nb n̂t dPn +

∫
P en

Na
(
AiNb −KijNb,j

)
n̂i dPn (3.103)

In finite elements, it is usual to perform the integration numerically. This

is done in two steps. In the first step, the variables are transformed from

a space-time element in physical domain to a master element in reference

domain and in the second step the integral over the master element Q̂en with

boundary P̂ en is computed by applying the Gaussian quadrature rule. For all

element integrals over Qen the following apply

∫
Qen

f(x, y, t) dQn =

∫
Q̃en

f
(
x(ξ, η, θ), y(ξ, η, θ), t(θ)

)
|JST (ξ, η, θ)| dQ̂n

=

∫ 1

−1

∫
Ω̂en

g (ξ, η, θ) |JST (ξ, η, θ)| dΩ̂ndθ

=

∫ 1

−1

∫ 1

−1

∫ 1

−1

g (ξ, η, θ) |JS(ξ, η, θ)|∆t
2
dξdηdθ

≈
2∑
i=1

2∑
j=1

2∑
k=1

g (ξi, ηj , θk) |JST (ξi, ηj , θk)| wiwjwk (3.104)

Where, ξi, , ηj and θk are the quadrature points. wi, wj and wk are the

quadrature weights. Here, two point quadrature rule is used which is exact up

to the cubic polynomials. The boundary integrals are computed by computing

the surface normal vector. The surface area is computed as a vector oriented

in the direction normal to the surface P en. At boundary surface one of the

coordinate (say η) is constant. Then, the surface normal vector is computed

as ∫
P en

f(x, y, t)n̂i dPn =

∫
P̃ en

f
(
x(ξ, θ), y(ξ, θ), t(θ)

)
dP n (3.105)
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Where dPn is given by the following cross product

dPn =

x,ξy,ξ
0

×
0

0

1

 ∆t

2
dξdθ (3.106)

For the jump term, the integrals are evaluated as

∫
Ω(t−n+1)

f(x, y, t) dΩ =

∫
Ω̃n+1

f
(
x(ξ, η, 1), y(ξ, η, 1), t(1)

)
|JS(ξ, η, 1)| dΩ̃

(3.107)

∫
Ω(t+n )

f(x, y, t) dΩ =

∫
Ω̃n

f
(
x(ξ, η,−1), y(ξ, η,−1), t(−1)

)
|JS(ξ, η,−1)| dΩ̃

(3.108)

In equations (3.107) and (3.108), the integrals are over the spatial domain

at specific times and the function is dependent on only ξ an η. To evaluate

these integrals the Gaussian quadrature is applied with ξi and ηj .

In linear in time the solution depends on the both time labels tn and tn+1.

Correspondingly, in the third order predictor multi-corrector algorithm, one

has to solve two discretized linear systems of equations for the solution

increments at both time labels. In [64] authors also proposed one another

discretisation scheme called as constant in time, in which the solution does

not vary along the time axis in space-time slab. This discretization scheme is

computationally less expensive in comparison to the linear in time approach

as it generates only one linear set of equations. In constant in time, within

an element the trial functions and weighting functions are taken as

Y e =

nen∑
a=1

NaY
2
a (3.109)

W e =

nen∑
a=1

NaW
2
a (3.110)

By substituting the above functions in weak form equation, and following

the similar procedure as defined in subsection 3.3.3, one gets only one set
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of linearised equations (3.91). Where, Re
2a and M e

ab are defined in (3.102)

and (3.103) respectively. In order to solve the non-linear discretized system

of equations, the proposed first order predictor multi-corrector algorithm is

summarized in appendix (A).

Like ordinary finite element method, it is easy to implement the boundary

conditions in ST-FEM. The Neumann boundary conditions are applied di-

rectly to the boundary integral terms of the weak formulation. Whereas, the

Dirichlet boundary conditions are applied strongly in the linear algebraic

system. The linear system was built by substituting the constrained degrees of

freedom (dof) in element vectors and matrices. In order to apply the Dirichlet

boundary conditions, in globally assembled matrix, the rows corresponding

to the constrained dofs are filled with zeros and value 1 on the main diagonal.

In parallel computing systems, the non-zero value is repeated as many times

as the dof is shared among the processors. Similarly, the corresponding value

on the right-hand side, in assembled residual vector, is set to zero. This way,

the constrained dof gets the zero correction value upon the solution of the

system and does not affect the solution of other dofs.

3.4 Numerical Examples

This section presents a series of benchmark cases and discusses the numerical

results obtained with the proposed formulation to verify and validate the

numerical code. The test cases covered in this section are for stationary

(non-moving) bodies. All the test cases are computed with the constant

in time discretization scheme and the first-order predictor multi-corrector

algorithm. In order to solve the fixed domain flow problems presented in this

section, the mesh velocity vm is set to zero. In this case Ω(t−n+1) is simply

equal to Ω(t+n ) for each space-time element. The benchmarks for moving

domain problems are discussed in the next chapter.

The presented benchmark cases can be divided into four different categories.

In the first category of problems, the accuracy and ability of the numerical

method are validated for compressible viscous fluid flows. For the purpose,

the code is tested on several standard benchmarks including the normal shock,

oblique shock, shock reflection, flat plate and the compression corner. Here
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the case of flow over a flat plate is presented. This test case is a classical

benchmark case for the shock generation along with a boundary layer. In the

second category, the numerical simulation benchmark cases are computed

for the natural convection. The buoyancy driven flow and Rayleigh-Benard

convection are tested at different Rayleigh numbers. Here, the buoyancy-

driven flow problem is presented. The third category of problems deals with

the incompressible fluid flows including driven cavity flow, the flow around

the fixed cylinder and the backward facing step problem. Here, the unsteady

lid driver cavity flow and the transient flow over backward facing step are

presented at various Reynolds number. Finally, the fourth category deals with

the multicomponent fluid flow. The simulations are performed for the mixing

of two different fluids, broken dam and driven cavity with stripes. Here,

broken dam and driven cavity with stripes of different fluids are presented.

The results obtained with the proposed technique are compared with the

pre-existing ones available in the literature.

Figure 3.3: Flat plate: domain and boundary conditions.

3.4.1 Flat plate

The problem consists of a Mach 3 (M = v/c = 3) viscous flow sliding over

a thin plate. The flow direction is parallel to the axis of the plate. Since
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the flow is viscous and there is a viscous boundary layer, the flow generates

a subsonic boundary layer, a transonic region and a curved induced shock

starting from the leading edge of the plate, which is a singular point. The

shock layer is the region between the plate surface and the boundary layer.

For this simulation, the Reynolds number, Re = vL/ν is fixed to 1000 and the

Sutherland viscosity law µ = 0.0906T 1.5/(T + 0.0001406) is employed. This

corresponds to the free stream temperature of 216.7 K. The computational

domain extends −0.2 ≤ x ≤ 1.2 and 0 ≤ y ≤ 0.8, with the leading edge of

the plate at x = 0. The problem statement and boundary conditions are

illustrated in figure (3.3). Ideal gas law is used as the equation of state.

The conservative variables ρ of the reference case is transformed through the

equation of state into the primitive variables p in order to prescribe initial

and boundary conditions. At inflow and top boundaries pressure, velocity

and temperature are assigned. On the symmetry line vertical velocity, tan-

gential viscous stress and heat flux are set to zero. The wall is no-slip and at

stagnation temperature. On the outlet, no boundary condition is assigned.

To solve this problem, an unstructured mesh is composed of 6993 elements

and 7168 nodes. For the time marching procedure the size of the time step

∆t = 0.001 is chosen.

1000 2000 3000 4000 5000 6000 7000 8000

0.5
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2

2.5
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m
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Figure 3.4: Flat plate: time history of GMRES iterations with ILU pre-

conditioner.
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At each predictor step, the linear system of algebraic equations is solved

using GMRES iterative solver. Convergence of the solver is defined if the

residual norm becomes less than 1.e-8. Residual norm is computed as the

difference of norm between the two consecutive iterations. The convergence

behaviour of the computation is shown in Figure (3.4). After around 1300

time steps there is a little increase in the normalised residual, which is due

to the change in time step. The time step was changed from ∆t = 0.001

to ∆t = 0.002 to obtain the result quickly. Steady state is achieved after

around 5000 time steps, which is corresponding to t = 5s when the residual

norm decreases below 1.e-8. Figure (3.5) shows the temporal development

of shock in density. Starting from time 0.001 the shock starts to develop

and by 5s the shock is completely developed. From the figure the boundary

layer is apparent. The accuracy of obtained results is tested by computing

the pressure coefficient Cp = p− p∞/ 1
2ρ∞u

2
∞ and the wall friction coefficient

Cf = τw/
1
2ρ∞u

2
∞. The coefficients are compared with [74] and are shown

in Figure (3.6). The contours of pressure and Mach number are shown in

Figure (3.7). The similarity of current computed results with [74] validates

the accuracy of the numerical technique for compressible viscous fluid flows.

3.4.2 Buoyancy Driven flow

This test case presents the fluid flow in a differentially heated closed square

cavity. The left and right wall of the cavity are isothermal and kept at

temperatures T2 and T1 respectively with T2 > T1. The horizontal walls are

considered adiabatic, meaning that there is no heat transfer through these

walls. The fluid inside the cavity is assumed to be incompressible, Newtonian

and Boussinesq-approximated. In the Boussinesq approximation, the density

differences are neglected from the Navier-Stokes equations, except in the

body force terms where they appear in terms multiplied with the acceleration

due to gravity. The density variations are assumed to have a fixed part and

another part that has a linear dependence on temperature

ρ = ρ0 − βρ0(T − T1) (3.111)

Where ρ0 and T1 are the reference density and temperature respectively. β

is the coefficient of expansion, defined in previous chapter. The body force is

defined as

b = ∆ρg = −βρ0g(T − T1) (3.112)
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Figure 3.5: Flat Plate: temporal evolution of shock in ρ (kg/m3). Row wise

from left, at time t = 0, 0.1, 0.4, 1, 1.3, 5 s.
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Figure 3.6: Flat plate: pressure coefficient Cp and friction coefficient Cf .

Solid line: present work, dashed line: Hauke et al. [74].
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Figure 3.7: Flat plate: pressure (Pa) and Mach contours.

The density variation is directly proportional to the thermal gradient. Conse-

quently, the body forces are largely affected by the increase or decrease in

temperature. In this test case, the behaviour of the systems depends on upon
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the magnitude of the buoyancy force, which is the only cause of motion. To

implement the Boussinesq-approximation in only the source matrix S need

to be changed. The source matrix with appropriate changes is defined in the

appendix (A). The geometry and boundary conditions for the problem are

depicted in figure (3.8). T2 and T1 are set to 2 and 1 K respectively. On all

the walls, no slip boundary condition is imposed and pressure is fixed to zero

at left bottom corner. As initial conditions, the fluid is set at temperature T1

with velocity 0.

q=0,

q=0,

T=T2 T=T1g
v=0

v=0

v=0

v=0

p=0

T=T1
v=0

Figure 3.8: Buoyancy driven flow: domain and boundary conditions.

This problem is characterized by three non-dimensional numbers: Prandtl

(Pr), Rayleigh (Ra) and Nusselt (Nu) defined as

Pr =
µcp
κ

Ra =
|g|β∆TL3

αν
Nu =

hL

κ
(3.113)

Where µ is the dynamic viscosity, cp is the specific heat at constant pressure,

κ is the thermal conductivity, g is the acceleration due to gravity, β is the

coefficient of expansion, ∆T = T2 − T1, L is the characteristic length, α is

the thermal diffusivity, ν is the kinematic viscosity and h is the coefficient of
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heat transfer. The Prandtl number represents the ratio of the momentum

diffusivity and thermal diffusivity. Rayleigh number is viewed as the ratio

of buoyancy and viscosity forces multiplied by the ratio of momentum and

thermal diffusivity. The Rayleigh number quantifies the coupling between

the momentum and energy equations. Nu is viewed as the ratio of convec-

tive to conductive heat transfer across the boundary. For constant Pr, the

convection-free source term becomes dominant as the Rayleigh number Ra

is increased, leading to a set of coupled stiff partial differential equations.

In the present study, the Pr is fixed to 1. The problem is solved over four

different values of Ra = 1.e3, 1.e4, 1.e5, 1.e6. For simulation, an unstructured

mesh made of quadrangles is generated consisting 5566 elements. ∆t is set

to 0.01.

At left hot wall the fluid receives the heat from the wall and due to the

increase in buoyancy forces the fluid tend to rise upwards. At right cold wall

fluid loses some of its heat and move downwards. Figures (3.9)-(3.11) show

the contours for v1, v2 and the absolute value of velocity, |v| for different

values of Ra number. In the v1-velocity contours there are two horizontal

eddies, one below the other, for Ra = 1.e3. For higher values of Rayleigh

number, these two eddies move closer to the two adiabatic walls. Similarly,

two dominant circulations are prominently visible in the vertical iso-velocity

contours (on the left and right zones of the cavity) for Ra = 1.e3. These two

eddies subsequently move closer to the hot wall and the cold wall with an

increase in the Rayleigh number. This illustrates that the boundary layer

gets thinner as a function of Rayleigh number. From the contours of velocity

norm, it is depicted that at Ra = 1.e3 the flow is completely symmetric.

With the increase in Rayleigh number, the symmetry of the flow is disturbed.

Figures (3.12)-(3.13) displays the streamlines and isothermal contours. In

the figures of streamlines, it is illustrated that only a single circulating eddy

persists for Ra=1.e3 and Ra = 1.e4. For Ra = 1.e5, the innermost zone of

the main recirculation splits into two smaller counter-rotating eddies in the

core region. These two small inner eddies are stretched toward the top left

and bottom right corners, retaining the dominance of the main circulation.

For Ra = 1.e3, the isotherm contours are almost vertical with a little bend.

With the increase in Ra the isotherms gradually achieve a horizontal pattern.

Nevertheless, the contours are normal to the horizontal adiabatic walls, which

demonstrate that there is no movement of heat flux through this boundary.
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Ra=1.e3 Ra=1.e4

Ra=1.e5 Ra=1.e6

Figure 3.9: Buoyancy driven flow: steady state iso-velocity contours of v1

(m/s) for different Rayleigh numbers.
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Ra=1.e3 Ra=1.e4

Ra=1.e5 Ra=1.e6

Figure 3.10: Buoyancy driven flow: steady state iso-velocity contours of v2

(m/s) for different Rayleigh numbers.
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Ra=1.e3 Ra=1.e4

Ra=1.e5 Ra=1.e6

Figure 3.11: Buoyancy driven flow: steady state iso-velocity contours of |v|
(m/s) for different Rayleigh numbers.
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Ra = 1.e3 Ra = 1.e4

Ra = 1.e5 Ra = 1.e6

Figure 3.12: Buoyancy driven flow: steady state streamlines (m2/s) patterns

for different Rayleigh numbers.
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Ra=1.e3 Ra=1.e4

Ra=1.e5 Ra=1.e6

Figure 3.13: Buoyancy driven flow: steady state isotherm contours (K) for

different Rayleigh numbers.
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Figure 3.14: Buoyancy driven flow: computed local Nusselt number for

different Rayleigh numbers. Left: hot wall; Right: cold wall

In the immediate neighbourhood of the hot and cold walls, the contours

remain parallel to the isothermal vertical walls. For high Ra number, a very

dense set of isothermal contour lines is seen near the vertical walls. In natural

convection case, it is valuable to compute the heat transfer coefficient along

the hot and cold walls. In order to compute that the local Nusselt number

Nul is defined as

Nul = −T,x (3.114)

The relation represents the local Nusselt number, which is defined at each

boundary element on the considered wall. The Nusselt number is non-zero

only on the isothermal walls. The interpretation of the local Nusselt number

is different for the hot and the cold wall. At the hot wall, the Nusselt number

represents the heat transfer from the wall to the fluid, and at the cold wall

from the fluid to the wall. Figure (3.14) shows the computed local Nusselt

number at the hot and the cold wall for various Rayleigh numbers. For

the higher Ra-range, where the effect of convection is more significant, the

Nusselt number is increasing with the Rayleigh number, as expected. There

is greater heat transfer from the lower part of the hot wall to the fluid and

from the fluid to the upper part of the cold wall. There is an anti-symmetric

distribution of the local Nusselt number between the hot and cold wall. This
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Ra Present [51] [50]

1.e3 1.1357 1.115 1.117

1.e4 2.2962 2.259 2.254

1.e5 4.6981 4.483 4.598

1.e6 8.9360 8.881 8.976

Table 3.1: Buoyancy driven flow: the average local Nusselt number for

different values of Ra.

is as expected due to the antisymmetric distribution of the steady fluid flow

and the isotherms. The average Nusselt number is computed by the following

expression

Nu =

∫ 1

0

Nul dy =
1

L

∑
i

Nui dyi (3.115)

Table (3.1) shows the average Nusselt numbers for different Rayleigh numbers

along with the results from [50,51] for comparison. A good correspondence

is obtained in the average Nusselt number values computed with the present

computation and with other available results. This validates the numerical

results.

3.4.3 Lid driven cavity

This test case computes the physics of an incompressible flow driven by the

lid movement in a cavity. The problem geometry is simple and applying

numerical method with boundary conditions is easy and straight forward.

The computational domain is a unit square with upper part of the boundary

sliding towards right direction at a constant velocity of 1m/s. The domain

geometry and boundary conditions are displayed in figure (3.15). At left,

bottom and right walls velocities are fixed to zero. At upper wall v1 and v2

are fixed to 1 and 0 respectively. Since only Dirichlet boundary conditions

are imposed on all parts of the domain, pressure is determined only up to an

arbitrary constant. in order to define the pressure uniquely, the pressure is

fixed at one point in the middle of the bottom part of the cavity. The upper

sliding part generates shear forces which cause the recirculation inside the

cavity. The main characteristic of the flow is the creation of a primary vortex
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at the centre of the cavity. Depending on the Re, other secondary vortices can

appear at the right bottom, left bottom and left upper corners of the cavity.

Upper corners, where the velocity field is discontinuous, are the singular points.

Here the flow problem is investigated for Re = 1, 100, 400, 1000, 2000, 3200,

5000, 7500 and 10000. In [57] Erturk et al. solved the stream functions and

vorticity equations separately to obtain the steady state solution for driven

cavity flow at high Re. In that paper, the authors used a 601× 601 fine grid

mesh to resolve the flow field. The mesh used in the present computations is

much coarser than the one used in [57].

Figure 3.15: Driven cavity: domain and boundary conditions.

To study the flow, a non-uniform grid is used. The mesh is more concentrated

at the corners of the cavity. Mesh composed of 9316 elements and 9563 nodes

is displayed in figure (3.16). The mesh is sharply refined at the upper corners

due to the singular points and at the bottom corners to capture the vortices.

To compute the solution up to the final value of Re = 10000, the steady

solution obtained from the previous Re is used as the initial conditions for

the next one.

The steady solution for Re = 1 is obtained by using the predictor-corrector

algorithm, and passed to Re = 100 as initial conditions. The same process
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Figure 3.16: Driven cavity: the computational mesh

is followed for the subsequent Reynolds numbers. A constant time step

∆t = 0.01s is set for all the test cases. Figures (3.17) and (3.18) show the

pressure and norm of velocity contours for various Reynolds numbers. Figure

(3.19) displays the streamlines plot for the various values of Re in whole

domain including corners. In all cases, within a few seconds, a primary vortex

forms next to the lid and start to grow. The shape and size of the vortex

depend on the value of Re.

As the Re increases, the primary vortex gradually moves towards the right

upper corner and continue to broaden until it achieves the steady state.

This tendency of movement of the primary vortex stems other recirculation

regions near the bottom corners. Starting from Re ≥ 400 a secondary vortex

appears in the lower right corner of the cavity, moving anticlockwise. For

Re ≥ 1000, one another eddy is seen in the left bottom corner of the cavity.

From Re ≥ 3200, a small eddy appears in the upper left corner. The size

of vortices continues to grow with an increase in Re. From Re = 7500

the flow momentum is sufficient to generate additional vortices. A small
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Re = 1 Re = 1.e2 Re = 4.e2

Re = 1.e3 Re = 2.e3 Re = 32.e2

Re = 5.e3 Re = 75.e2 Re = 1.e4

Figure 3.17: Driven cavity: pressure (Pa) contours at various Reynolds

number
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Re = 1 Re = 1.e2 Re = 4.e2

Re = 1.e3 Re = 2.e3 Re = 32.e2

Re = 5.e3 Re = 75.e2 Re = 1.e4

Figure 3.18: Driven cavity: absolute velocity (m/s) contours at various

Reynolds number
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Re = 1 Re = 1.e2 Re = 4.e2

Re = 1.e3 Re = 2.e3 Re = 32.e2

Re = 5.e3 Re = 75.e2 Re = 1.e4

Figure 3.19: Driven cavity: streamlines (m2/s) at various Reynolds number
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Re = 1 Re = 1.e2 Re = 4.e2

Re = 1.e3 Re = 2.e3 Re = 32.e2

Re = 5.e3 Re = 75.e2 Re = 1.e4

Figure 3.20: Driven cavity: comparison of v1 (m/s) and v2 (m/s) along the

vertical and horizontal centrelines. For Re 1 dashed lines are from Hauke [74],

in the other cases reference dots are from Ghia et al. [205]

96



3.4 Numerical Examples

eddy appears in the right bottom corner, immediately next to the secondary

vortex, moving in the clockwise direction, as does the primary vortex. The

computed results show good agreement with the aforementioned works in

terms of velocity, shape and the location of the vortices for all values of

Re. The computation results are validated by plotting the horizontal and

vertical profile of velocities along centre vertical and centre horizontal lines

respectively, and are shown in Figure (3.20). For Re = 2000 no reference

experimental data is available. Nevertheless, the accuracy of the flow can be

checked by interpolating the solution obtained at Re = 1000 and Re = 3200.

Computed profile for Re = 2000 does not differ much from Re = 1000. As

can be seen in figures with an increase in Re, both horizontal and vertical

velocity curves get steeper near the end points. For small Re numbers up to

Re ≤ 3200, computed results with current numerical model match perfectly

with the results obtained by Ghia et al. [205]. For Re > 3200 there is a small

difference between the current results and [205], which is primarily due to

the coarseness of the mesh. Overall, the present method provides adequate

results for Re up to 10000 using much coarser grid (9316 elements) compared

to that of 129× 129 up to 257× 257 used by Ghia et al. [205] and 601× 601

used by Erturk et al. [57].

3.4.4 Backward facing step

The backward-facing step flow is a popular benchmarking and validation test

for computational fluid dynamics simulations owing to its simple geometry

and the availability of a good number of quality experimental data [61]. The

schematic view of the case is shown in the Figure (3.21). The main character-

istic of the flow is the separation and the recirculation eddies. The unstable

shear layer carrying large vertical structures just behind the step splits at

the reattachment zone and a significant part of the flow is reversed to supply

the recirculation stream. The strong recirculation flow produces a small

counter-rotating corner eddy (X1) just behind the step. Depending on the Re

number, a secondary separation appears in the form of another recirculation

eddy in the vicinity of the upper surface. The secondary separation starts at

(X2) distance from the step and reattaches up to (X3). The length of vortices

grows almost linearly with the increase in Re number. In this case, flow is

strongly dependent upon the Re and the expansion ratio. The expansion

ratio is defined as the ratio of the outlet channel height to the inlet channel
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height. Based on the step height h, the Re is defined as Re = Ūh/ν, where

Ū is the inlet mean velocity and is given by two third of the maximum inlet

velocity. ν is the kinematic viscosity. In [151] authors concluded that the

flow remains laminar, stable and computable up to Re = 800. Keskar et

al. investigating the flow problem at Re = 800 with the spectral domain

decomposition method [99]. Barkley et al. [46] computed the flow problem

for an extended range of Re number demonstrating that even up to Re 1500

the flow remains stable, provided that the spatial mesh is sufficiently refined.

In the present study, the simulations are performed for Re in the range of

100-800 for a fixed expansion ratio 2.0 in order to directly compare the present

results with the numerical and experimental solutions found in the literature.

Inlet

Outlet

X1

10h 50h

h

h

X2

X3

Figure 3.21: Backward-facing step: sketch of the flow field.

In the simulations, the effect of Re variations is explored on the primary

and secondary reattachment lengths. The velocity profiles computed at the

different locations are compared with the laboratory data. The adopted

geometry for the simulation case is shown in Figure (3.21) with step height

h = 1m. The inlet length and the downstream length are set to 10h and 50h

respectively. The mesh consists of 156684 nodes composing 154614 quadrilat-

eral elements. At the inlet and outlet, a fully developed parabolic velocity

profile is assigned. The implemented boundary conditions are given as below:
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At Inlet v1 = − 4

h2
(y − h)(y − 2h), v2 = 0 (3.116)

At Outlet v1 = −y(y − 2h)

2h3
, v2 = 0 (3.117)

At all other parts of the boundary, no-slip boundary conditions are imposed.

A constant time step of 0.01 is used for all Re numbers.

2.55 3.57 4.18 4.8 5.41 6.12 7.76 12.04 16.3320.92 30.31 44.90 3.060 2.55 3.06 3.57 4.18 4.80 5.41 6.12 7.76 12.04 16.33 20.92 30.31 44.90

Figure 3.22: Backward-facing step: horizontal velocity (m/s) profile along

various locations for Re 100. Top: Armaly et al. [61], Bottom: Present

result.

Figure (3.22) shows a comparison of the stream-wise velocity profiles at vari-

ous locations downstream for Re 100. The top part of the figure shows the

experimental solutions of Armaly et al. [61] and the bottom part displays the
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Figure 3.23: Backward-facing step: steady state flow pressure (Pa) contours.

Top: Re=100 and Bottom: Re=800

results obtained from the present computation. The comparison results show

a good agreement between the current results and the experimental data.

Figure (3.23) shows the pressure contours at Re 100 and 800. Figure (3.24)

shows the v1 distribution in the whole domain. For small Re the viscous

forces are more dominant over the inertial forces, consequently, immediately

after the step the flow stream gradually bend downwards and then continue

horizontally straight-wards in downstream. With the increase in Re number

the inertial forces holds the tendency to keep the flow field horizontal up to

some distance after the step and then bend downwards sharply resulting in

the formation of vortices. In figures (3.25,3.26) the streamlines in the whole

including the recirculation area are plotted for various Re. Recirculation

point coordinates are calculated starting from x=0, beginning of the step. A

different scale in x and y directions is used to clearly identify the different

details present in the flow for the whole rank of Re. The streamline figures

illustrate that the local shear induced vortices are affected by the dissipative

nature of the fluid viscosity and convect downstream.

Bounded to the inlet high momentum flux depending on flow Re, the vortices

move downward in their subsequent evolution. Starting from the step, the

flow curves towards the upper part of the channel and forms convex stream-
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Figure 3.24: Backward-facing step: v1 (m/s) distribution (from top) at Re =

100, 150, 250, 350, 450, 550, 650, 750 and 800.
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Figure 3.25: Backward-facing step: streamlines (m2/s) along recirculation

regions (from top) at Re = 100, 150, 200, 250, 350
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Figure 3.26: Backward-facing step: streamlines (m2/s) along recirculation

regions (from top) at Re = 450, 550, 650, 750 and 800.
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Re X1 X∗1 [] X2 X∗2 [] X3 X∗3 []

100 2.920 2.922 - - - -

150 3.993 3.962 - - - -

200 4.998 4.982 - - - -

250 5.731 5.872 - - - -

350 7.512 7.507 - - - -

450 8.867 8.843 7.762 7.769 11.631 11.633

550 9.903 9.885 8.011 8.190 14.397 14.478

650 10.709 10.71 8.552 8.663 17.108 17.011

750 11.426 11.44 9.890 9.145 19.129 19.361

800 11.882 11.834 9.979 9.476 20.223 20.553

Table 3.2: Backward-facing step: locations of detachment and reattachment of

the flow. Present computation: X1, X2, X3 Rouizi et al. [214]: X∗1 , X
∗
2 , X

∗
3

lines. The bend in the flow generates a new separation zone. The direction of

the secondary vortex formed at the channel roof is anticlockwise, unlike the

primary one, which is just after the step in the clockwise direction. In current

computations, the separation-reattachment flow pattern is not observed for

Re < 450. With an increase in Re, at Re = 450, the recirculating region

attached to the channel roof becomes visible. As shown in Figure (3.26) for

Re ≥ 550, this eddy is clearly revealed. The results for the whole range of Re

are compared to numerical and experimental ones obtained by other authors.

Table 3.2 lists the length of recirculation regions in terms of X1, X2, X3.

Columns X1, X2, X3 show the results coming from the current study and

X∗1 , X
∗
2 , X

∗
3 show the results reported in [214]. The comparison between the

computed results and aforementioned in literature validates the accuracy of

the obtained solutions.

3.4.5 Driven cavity with stripes of different fluids

This simulation presents the test case for incompressible multicomponent

fluid flows. In this simulation, for simplicity, the multicomponent fluid is con-

sidered to consist of a mixture of two liquids with identical physical properties,

identified by two different colours. The physical problem description, domain
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Figure 3.27: Multicomponent driven cavity flow: initial conditions for weight

fractions.

geometry and initial and boundary conditions for pressure and velocity are

same as those for the single component driven cavity flow (3.4.3). The Re

number for the flow is 1. The initial condition for composition consists of four

stripes of two different liquids parallel to the vertical sides of the cavity, as

shown in figure (3.27). In order to set the total weight fraction equal to one,

the red stripes are set to contain the 90% weight of the whole mixture and

blue stripes are set to have 10% weight. The walls of the cavity are considered

impermeable. For simplicity, it is assumed that there is no diffusion between

red and blue liquids, and there is a very small value of diffusion among red

and blue liquids themselves. The value of diffusion coefficient in diffusion

matrix dkk, k = 1, 2 is set to 1.e-6. Due to this setting of diffusivity, the

components are able to maintain a sharp interface amongst each other when

the inertial forces are not dominant. In this case, the molecular forces do not

play a big role in mixing and the convective forces are the main forces those

are responsible for the mass transfer by utilising the bulk motion (bulk flow).

Figure (3.28) shows the temporal evolution of the mixing process. The

movement of the lid bends the upper part of the stripes towards right. This

is evident from the second image in the first row of the figure. In the second

row of the figure this is clearly visible that due to the strike with the right
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Figure 3.28: Multicomponent driven cavity flow: temporal evolution of

movement of stripes in the process of formation of homogeneous mixture.

Row wise from left, at time t = 0, 1, 5, 10, 30 and 1680s.
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Figure 3.29: Multicomponent driven cavity flow: (row wise from left) pressure

contours (Pa), streamlines, v1 (m/s) along centre vertical line and v2 (m/s)

along centre horizontal line.
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wall and in the process of formation of a primary vortex, the lower part

of the right stripes bends toward the left and start moving upwards. At

time t = 10s the stripes move along the primary vortex and form a spiral

shaped pattern. By time t = 30s the shape of stripes is almost lost and in

the last image of the figure at time t = 1680s the mixture proceeds towards

the uniform composition. Since the Reynold number of the flow is low, the

convection does not affect the fluid at bottom corners and they retain their

respective composition even after the uniform composition is reached in the

middle of the cavity. Figure (3.29) shows the steady state pressure contours,

streamlines pattern, the profile of horizontal velocity along the centre vertical

line and the profile of vertical velocity along the centre horizontal line. The

results are coincident with the case of single-component driven cavity flow

(3.4.3), demonstrating that the model works well for multicomponent fluid

flows.

2H

4H

17H

Gate to remove at t=0

g

H2O

Air

5H

Figure 3.30: Broken dam: problem definition and schematic.

3.4.6 Broken dam

This problem represents a test for the capability of simultaneous computation

of compressible-incompressible multicomponent flows. This case involves the

incompressible behaviour of the falling water and the subsonic compressible
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behaviour of the air, within the same computational domain. The test case

consists of the gravitational force and the advection of interface between

water and air. For this problem the initial flow configuration is simple and

the experimental data is available which will be used for the comparison.

Advancement of the waterfront and re-treatment of the free surface make this

problem very challenging and enables one to test the free surface-tracking

technique more thoroughly. The problem is defined and illustrated in figure

(3.30). A rectangular column of water in hydrostatic equilibrium is confined

between a vertical wall and the gate. The gate is suddenly removed at time t

= 0 and the water column starts to collapse under the influence of gravity,

forming an advancing water wave to the right. The dam is chosen to have

2H×4H rectangular column with H=0.03. At all walls the slip boundary

conditions (v · n̂ = 0, t̂ ·σn̂ = 0) are applied. Here n̂ and t̂ are unit normal

and tangential vectors respectively.

The velocities are set to zero as the initial condition. The initial pressure for

air is set to 1.e5 and for water, a hydrostatic pressure profile is assigned. The

gravity is assumed to act with a magnitude of 9.81. For water, the density

and the viscosity are fixed to 1.e3 and 1.e-3 respectively. For air, the viscosity

is set to 1.e-5, and density is computed from the ideal gas law with fixed

absolute temperature 298K. The diffusion coefficient for water and air is

set to 1.e-10. A mesh consist of 6037 elements is composed of quadrangle

elements. A constant time step of 1.e-4 is used for the simulation. As soon

as the gate is removed, the water column starts to collapse from the upper

right corner and the water wave accelerates rapidly along the floor as time

elapses. Figure (3.32) shows the temporal evolution of the water wavefront.

Figure (3.31) shows the pressure and |v| contours at various time levels. The

results are noticed to be smooth in overall domain demonstrating the good

stabilisation of the numerical technique. Figure (3.31) shows the comparison

of water wavefront of free surface with the numerical results obtained in [17]

and the experimental results. The non-dimensional length and time are

calculated as x/2H and t
√
g/H respectively. As seen the computed results

are in good agreement with the reported experimental and numerical ones.
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Figure 3.31: Broken dam problem: pressure (Pa) and |v| (m/s) contours on

left and right respectively.

110



3.4 Numerical Examples

Figure 3.32: Broken dam problem: the temporal evolution of the water front

(from top) at time t= 0, 0.05, 0.1, 0.2, 0.35, 0.45 and 0.55s.
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Chapter 4

Fluid flow for moving domain

Introduction

This chapter covers the numerical technique for the moving domain problems.

In section 4.1 the interface-capturing and interface-tracking methods are dis-

cussed for moving domain problems. In section 4.2, starting with an overview

of the mesh deformation methods, the details on the elastic deformation

method are given. The Jacobian based stiffening approach is presented in

order to control the rigidity of the mesh elements followed by the definitions

of mesh quality criteria. In section 4.3, two numerical examples are provided

to check the employed mesh deformation method. In section 4.4, the mesh

velocity is discussed and a segregated algorithm is presented to couple the

mesh deformation with the fluid flow problem. In section 4.5, the algorithm

is verified over four fluid flow problems with moving boundaries.

4.1 Numerical techniques for moving domain

problems

Moving domain problems can be solved with either interface-capturing or

interface-tracking techniques. Interface capturing methods do not define the

interface as a sharp boundary. A fixed grid extends beyond the moving surface

over which the computation is performed. In interface capturing methods,

the fraction of each cell near the moving boundary is computed. Usually,

an artificial scalar field is used for an implicit description of the interface.

The most common representatives of this class of approaches are the level
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set [101, 215] and the volume of fluid method [45, 155]. These approaches

are inherently able to consider the problems where the interface is subjected

to severe motion even topological changes can be considered. This flexible

interface description provides challenges regarding the mass conservation and

the treatment of discontinuities across the interface. Nonetheless, in many

cases, interface-capturing techniques, which do not normally require costly

mesh update steps, could be used with the understanding that the interface

will not be represented as accurately as it would be with an interface-tracking

technique. On the other hand, in interface tracking methods the moving

boundary is explicitly described by the computational mesh. Hence, the move-

ment of the interface has to be accounted for by adjusting the position of the

nodes on the interface. Generic front tracking [53], volume tracking [67, 184]

and immersed boundary method [135] fall in this category. These methods

have the tremendous advantage that the boundary conditions are treated

neatly and resolved very accurately because the moving boundary coincides

with one line of the numerical grid. Interface tracking approaches are known

to provide great accuracy, yet their applicability is limited in the case of

severe interface motion. In complex problems such as in the computation of

two-fluid flows, sometimes it becomes difficult to track the interface while

keeping the frequency of remeshing at an acceptable level. Not being able

to reduce the frequency of remeshing might introduce overwhelming mesh

generation and projection costs, making the computations with the interface-

tracking technique no longer feasible. Nevertheless, the interface tracking

methods are preferred over the interface capturing methods and widely used

for moving domain problems.

The deforming-spatial-domain/stabilised space-time (DSD/SST) formulation,

discussed in the previous chapter, is an interface-tracking method. In the

previous chapter, the finite element formulation was presented for Navier-

Stokes equations over the space-time domain. This automatically took into

account the motion of the boundaries and interfaces. At each time step of a

computation, the locations of the boundaries and interfaces were calculated as

part of the overall solution. In the previous chapter, the flow problems were

computed on fixed domain by setting the mesh velocity equal to zero, which

eventually removed all the terms associated with the movement of the mesh

elements from the formulation. However, in a typical moving domain problem

at each time step, the mesh velocity need to be evaluated to update the mesh.
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4.2 Mesh updation

Often the locations of the moving boundaries and interfaces are unknown

within the fluid mechanics problem and must be determined together with

the solution of the Navier-Stokes equations. In order to evaluate the new

location of mesh nodes, mesh updation technique is used.

4.2 Mesh updation

In general, the mesh updation has two components: moving the mesh as

long as it is possible, and perform remeshing by generating fully or partially

a new set of nodes and elements when the element distortion becomes too

high. Remeshing includes the projection of the solution from the old mesh to

the new mesh, which is computationally an expensive process and contains

the unavoidable projection errors. In mesh updation techniques the main

aim is always to reduce the frequency of remeshing, which can be done by

adopting a powerful mesh deformation technique. In general, the mesh can

be moved in any desirable way with only one requirement is to match the

normal velocity of the mesh with the normal velocity of the moving interface.

This is needed to prevent the fluid domain and the boundary from separating.

In certain cases, it is better to match both normal and tangential components

of velocities. It is common to use the automatic mesh moving methods which

automatically move the mesh nodes in order to keep the mesh elements in

good shape for accurate flow computations. The deformation of the mesh

depends on the overall domain geometry, the complexity of interface and the

starting mesh. Mesh deformation can be handled arbitrary in several ways.

Different methods typically compromise between the amount of boundary

deformation that can be tolerated and the computational expense of the

procedure.

In order to move the mesh, many methods have been proposed in the literature

including the Laplacian [154], the biharmonic [186], the spring [33,90,142,208],

transfinite interpolation [75] and the elastic deformation methods [54, 189,

194]. Laplacian and biharmonic method use the laplacian operator ∇2 and

biharmonic operator ∇4 respectively. The spring methods are divided into

tension spring and torsion spring methods. In tension spring method, each

edge of the mesh is represented by a spring whose stiffness is proportional

to the reciprocal of the length of the edge. By replacing the edges with
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springs, a deformation of the boundary translates into a deformation of

the spring network, which adjusts its shape to the equilibrium position of

the network. The displacements in each direction are decoupled and the

equation that updates the position of the nodes is relatively easy to solve. A

disadvantage of this method is that, for highly distorted meshes, collapsed

or negative volume cells may appear, especially on high-aspect-ratio cells

like the ones used for viscous flows. The torsion spring method consists of

adding a torsional spring to the tension spring technique. The stiffness of

the torsional spring is related to the angle between the edges. As the angle

tends to zero, the stiffness tends to infinity, thus preventing vertices from

crossing over edges and avoiding negative volume cells. The disadvantage of

this method is the higher complexity and computational cost, compared to

the tension spring analogy. The transfinite interpolation mesh deformation

technique is based on the linear interpolation of the boundary motion. The

motion of a node located between a moving and a fixed boundary is equal to

the motion of the moving boundary times a scale factor. This scale factor,

assigned to each node of the mesh, depends on the distances from the node

to the moving and the fixed surfaces. The scale factor is 1 for nodes on

the moving boundary and 0 for nodes on the fixed boundary. The method

guarantees a smooth transition between the moving boundaries and the fixed

boundaries. One disadvantage of this method is that it cannot guarantee the

mesh orthogonality at deforming surfaces, a condition that is important for

viscous flows. In mesh moving method based on the linear elasticity, the mesh

is modelled as an elastic solid using the equations of linear elasticity. The

deformed grid is obtained by solving the equilibrium equations for the stress

field subject to the Dirichlet boundary conditions imposed on the moving

boundaries. In this work, the elastic deformation method is applied to deform

the mesh nodes.

4.2.1 Elastic deformation method

The elastic deformation method was proposed by Tayfun Tezduyar and his

colleagues [19,188]. The elastic deformation method for mesh motion treats

the mesh as an elastic body and solves a simplified form of the standard linear

elastostatic equations to compute the displacements of the inner vertices

subject to the applied boundary conditions. The formal statement for the

standard linear elastostatic problem is as follows. Let Ω ⊂ <n be the

computational domain bounded by Γ, where n is the space dimension. Γ =
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Γg ∪Γh and Γg ∩Γh = φ, where Γg and Γh are the parts of boundary domain

corresponding to Dirichlet and Neumann type boundary conditions. The

governing equations of elastostatic are:

∇ · σ = f on Ω (4.1)

Where, f is the body force, and σ is the Cauchy stress tensor dependent upon

the strain tensor ε. The following Hooke’s law for isotropic homogeneous

medium expresses the stress tensor σ as a function of the strain tensor ε in

case of plane stresses:

σ = λ tr(ε)I + 2µε (4.2)

or

ε =
1 + ν

E
σ − ν

E
tr(σ)I (4.3)

Where, λ and µ are the Lamé coefficients, E is the Young’s modulus that

represents the stiffness of the material. Large values of E indicate more

rigidity. ν is the Poisson ratio representing the measure of how much the

material shrinks in the lateral direction as it expands in the axial direction.

The kinematic law relating the strain tensor ε and the displacements u is:

ε =
∇u +∇uT

2
(4.4)

and measures the change in length for elastic materials. The Dirichlet and

Neumann boundary conditions are written as:

u = g on Γg (4.5)

σ · n = h on Γh (4.6)

The trial and weighting function spaces for the Galerkin finite element

formulation are:

T h =
{
uh|uh ∈ Hh(Ω)n,uh = gh on Γg

}
(4.7)
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Vh =
{
wh|wh ∈ Hh(Ω)n,wh = 0 on Γg

}
(4.8)

Where, Hh(Ω) is a finite dimensional functional space on Ω. The finite

element problem can be written as: find uh ∈ T h such that ∀ wh ∈ Vh

∫
Ω

ε(wh) : σ(uh) dΩ =

∫
Ω

wh · fh dΩ +

∫
Γh

wh · hh dΓ (4.9)

Simplifications adopted for the elastic mesh deformation method consist in

neglecting the body forces and assigning only Dirichlet boundary conditions,

which can be enforced strongly on the linear system. The interface must satisfy

the kinematic boundary condition of equality of displacements (velocities).

Therefore, Neumann boundary conditions are not considered and only the

Dirichlet boundary conditions are imposed over the mesh boundary including

deforming and stationary parts. The finite element discretization of equation

(4.9) and the imposition of Dirichlet boundary conditions results in the

following matrix form

Ku = g (4.10)

Where, u and g are the vectors of unknowns and the given displacements on

boundary, and

K =

∫
Ω

BTCB dΩ (4.11)

Here, B and C are the strain-displacement and elastic tensor matrices and

defined as

B =



Na,1 0 0

0 Na,2 0

0 0 Na,3
0 Na,3 Na,2

Na,3 0 Na,1
Na,2 Na,1 0


C =



λ+ 2µ λ λ 0 0 0

λ λ+ 2µ λ 0 0 0

λ λ λ+ 2µ 0 0 0

0 0 0 µ 0 0

0 0 0 0 µ 0

0 0 0 0 0 µ


(4.12)
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Jacobian based stiffening

In mesh moving problems, the major issue is to maintain the appropriate

quality of the elements situated near the moving boundaries. In deforming

domain problems, the presence of moving boundaries requires high refinement

in their neighbourhood. As boundaries move, the consequent displacement

of these neighbourhood nodes may lead to severe distortion with vertices

getting closer with crossing edges and production of negative element areas.

These kind of elements are error prone to the exact fluid flow computations.

One solution to avoid this problem is to increase the rigidity of the smaller

elements in comparison to the bigger ones. This can be done by altering the

values of λ and µ in the elasticity matrix. In [19] the authors investigated

the effect of λ/µ on the changes of aspect ratio for the elements of the

domain of interest. In this direction, the Jacobian based stiffening method

was proposed in [19,189]. The Jacobian based stiffening is an extension of

elastic deformation technique relevant in finite element formulations for the

purpose of preserving mesh quality. It is based on a selective treatment of

the elements deformation based on their size which decreases mesh distortion

by increasing the rigidity of smaller elements with respect to the larger

ones. This is obtained by solving the simplified form of the standard linear

elasticity equation (4.1) with a change of the Jacobian of transformation

from reference to the current element. A stiffening power is introduced to set

the degree by which the smaller elements are rendered stiffer than the larger

ones. Starting from the standard weak formulation of the simplified linear

elasticity equations (4.9), the Jacobian is modified as:

∫
Ω

[..]dΩ =
∑
e

∫
E
[..]eJedE →

∑
e

∫
E
[..]eJe

(
J0

Je

)χ
dE (4.13)

Where, E is the finite element reference domain, [..] represents the quantity

to be integrated, Je is the Jacobian for element e, χ is the degree by which

the smaller elements are rendered stiffer than the larger ones, and J0 is

an arbitrary scaling parameter inserted into the formulation to make the

alteration dimensionally consistent and is set equal to one. This method

stiffens each element by the factor (Je)−χ. If the stiffening power is 0, the

method reduces back to an elasticity model with no Jacobian-based stiffening.

The stiffening increases with increasing χ. The Jacobian stiffening method is

a powerful automatic mesh motion technique that depends on a minimum
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number of arbitrarily adjustable parameters. The best values of the stiffening

factor have been discussed in [110].

4.2.2 Mesh quality criteria

A mesh with good element quality is necessary for obtaining a finite element

solution that converges to the analytical solution of the mathematical model.

A poor quality mesh can display results that are more mesh dependent than

the model itself. In extreme cases, when the elements are of very poor quality,

computations may not converge. Several geometrical measures are available

to evaluate the mesh quality. A good quality criterion should be neither too

restrictive nor too loose in detecting the state of mesh deterioration. Such

criteria should have an intermediate level of quality definition, in order to

avoid remeshing when the grid is still able to sustain further deformation

maintaining convergence and accuracy of the fluid solution. The quality

criteria considered are the angle, length ratio, the element area change and

the element shape change. The angle criterion fa considers the maximum

and minimum element’s angles that must belong to the interval [15◦ − 165◦].

The length ratio criterion is defined as:

fl = max
e

(
lemax

lemin

)
(4.14)

Where, lemax and lemin are the maximum and minimum edge lengths of the

element e. The best fl value is 1, in correspondence to a square element, and

the maximum threshold is assumed to be 7. The area change, fA, and the

shape change, fAR are defined as:

feA = max
e

∣∣∣∣log

(
Ae

Ae0

)∣∣∣∣ , feAR = max
e

∣∣∣∣log

(
ARe

ARe0

)∣∣∣∣ (4.15)

where the subscript “0” refers to the undeformed mesh and ARe is the element

aspect ratio, defined as

ARe =
(lemax)2

Ae
, (4.16)
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For both criteria the best value is 0, corresponding to no change either in

area or aspect ratio, the worst value is assumed to be 0.8, corresponding to a

change of ∼6.

4.3 Numerical Examples

In this section, the automatic mesh deformation method is tested on two

numerical examples: squeezing can and rotating circle. The test cases are

in 2D and cover the deformation of meshes, with bending, translational and

rotational motion. The pre-determined displacement functions are applied on

the moving parts to impose the Dirichlet boundary conditions. In order to

avoid the deformation of small mesh elements the Jacobian based stiffening

approach is used with χ = 0.8 and the quality of each mesh element is

determined by the quality criteria. The details of test cases are as follows.

YY

Figure 4.1: Squeezing can: on left the whole mesh and on right the zoomed

view of can mesh. The arrow show the direction of prescribed displacement

(m).
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4.3.1 Squeezing can

This numerical example regards a can with deformable geometry [140]. This

test case checks the capability of the mesh moving technique in case of

bending. A can is taken inside a large circular domain and the time-dependent

deformation function is applied on the vertical sides of the can. Subject to the

applied deformation on the boundary nodes the interior nodes move to keep

the mesh elements in good shape. The length and breadth of the cylinder are

set to 5 and 2 units respectively inside a circular domain of radius 10 units.

The can is placed at its centre with y as the longitudinal axis of the cylinder.

The domain is discretized with a structured mesh of 8780 nodes and 8699

elements. Figure (4.1) shows the zoomed view of the can mesh along with

the exterior elements. The simulation is carried out up to 1 s with 10 steps of

motion. On time dependant vertical sides of the can the following boundary

conditions are assigned.

if |y(0)| < 2 then x(t) =

{
y(t) = y(0)

x(t) = (α+ (1− α)(1− t2))x(0)
(4.17)

where

α =
1

2.2

(
1.2− cos

(π
2
|y(0)|

))
(4.18)

Figure 4.2: Squeezing can: temporal evolution of the mesh at various times.
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Figure 4.3: Squeezing can: quality criteria at t = 0.7 s.

Figure (4.2) shows the mesh at different times. At time 1 s the mesh elements

which are situated at the centre of the can, become completely distorted.

Figure (4.3) shows the quality of mesh elements at time t = 0.7 s with different

criteria. The mesh elements are noticed to remain in the acceptable quality

range up to t = 8 s. After this, the mesh becomes completely distorted and

there is the strict need of remeshing.
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4.3.2 Rotating circle

This simulation consists of an expanding and rotating circle inside another

circle with fixed external boundary, thus combining the translational and

rotational motions. The mesh is structured in a broad sense, composed of

3811 nodes and 3750 elements, with radial and orthogonally circular lines.

The inner circle rotates first anticlockwise upto angle π/4 and its radius

elongates sinusoidally of 0.5 m. Afterwards, the motion is inverted, with

clockwise rotation down to −π/4 and with a total radius contraction of 0.5

m, crossing the state corresponding to the initial set up. Finally the motion

is inverted again until the initial position is recovered. The total simulation

time is T = 4 s, and each rotation of π/4 is subdivided into 10 steps. The

function describing this motion written in polar coordinates (r, θ) is:

r(t) = r(t = 0) + r̂A sin
(π

2
t
)

for t = 0− 4 s (4.19)

θ(t) = θ(t = 0) +
π

4
t for t = 0− 1 s

θ(t) = θ(t = 0) +
π

4
− π

4
(t− 1) for t = 1.1− 3 s

θ(t) = θ(t = 0)− π

4
+
π

4
(t− 3) for t = 3.1− 4 s

(4.20)

Where, |r(t = 0)| = 1 m is the initial radius of the inner circle, and A = 0.5

m is the maximum radius expansion/contraction. In figure (4.4) the mesh is

shown at maximum expansion (t = 1s), with anticlockwise rotation of the

internal circle and the mesh at maximum contraction (t = 3s), with clockwise

rotation of the internal circle. During the compression and expansion phases,

the radial lines between the internal and external circles maintain a fixed

position on the external circle and rotate leftward and rightward, dragged

by the rotation of the internal circle. Figure (4.5) shows the quality of mesh

elements at time t = 3 s with different criteria. This case shows that with

elastic deformation method the mesh translates and rotates in a good way.

4.4 Mesh velocity

In the previous chapter, the detailed formulation of space-time finite element

method was written. The whole space-time domain was split into space-time
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4.4 Mesh velocity

Figure 4.4: Rotating circle: mesh at different times.
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126



4.4 Mesh velocity

slabs which were composed of space-time elements. A typical nth space-time

slab lies in time interval (tn, tn+1). In the case of moving domain problems,

the position of mesh nodes at time tn+1 is not known and need the mesh

velocity to be defined. This became clear with the definition of the mapping.

For each space-time element in the physical domain, a mapping was defined,

which mapped it onto a reference element. While defining the space-time

mapping, it was noticed that in the computation of x,θ and y,θ in equations

(3.51) and (3.52) the mesh velocity vm was needed to complete the space-time

mapping. Also in the weighted residual formulation in equation (3.70) to

compute the surface integral, the formulation of the temporal unit normal

vector n̂t was needed. In equation (3.76), the n̂t was formulated, which

ultimately, was computed in terms of mesh velocity. For moving domain

problems, within nth space-time slab the fluid mesh displacement is computed

by solving the equation (4.9) with Ω = Ω(tn). Fluid mesh velocity vm can be

obtained by differentiating the fluid mesh displacement with respect to time.

Once the mesh velocity is known the space-time slab can be constructed by

knowing the position of mesh nodes at time tn+1 with the following relation

(x, y)(tn+1) = (x, y)(tn) + (vmx , v
m
y ) ∆t (4.21)

Here, (x, y)(tn+1) and (x, y)(tn) are the node coordinates at time levels tn+1

and tn respectively, (vmx , v
m
y ) is the mesh velocity and ∆t = tn+1− tn. In the

context of the deforming domain, the problems are divided into two categories.

The first one deals with the problems in which the fluid domain movement is

affected by some solid object. Fluid-structure interaction problems fall in this

category. The second category deals with the free surface flow problems, in

which the movement of boundary nodes situated at the free surface is driven

by the internal dynamics of the fluid. A segregated algorithm is employed to

solve the fluid flow and the mesh deformation problems separately at each

time step. To begin the procedure, it is considered that for a general nth

space-time slab Qn, n = 0, 1, . . . , N − 1, the flow domain Ω(tn) and flow

variables are known at time tn. The following algorithm is followed.

Step 1. Calculate the mesh deformation at the moving boundaries. In case of

fluid-structure interaction, this comes directly from the structure (specified/

computed) and in case of free flows, it is computed from the fluid velocities.
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Step 2. Solve the elasticity equations for the mesh velocity vmn by specifying

the deformation, computed in step 1, as Dirichlet boundary conditions.

Step 3. Obtain the new domain Ω(tn+1) by transforming the vertices of the

domain Ω(tn) via equation (4.21) and generate the space-time slab.

Step 4. As explained in the previous chapter, solve the Navier-Stokes equa-

tions by space-time finite element method by substituting the value of vmn .

The computations are performed over the domain Ω(tn+1). Compute the

fluid flow variables pressure, velocity, temperature and composition (in case

of multicomponent fluid flows) at time tn+1.

Step 5. Check if n = N − 1, otherwise go to Step 1 with n = n+1.

The above-defined algorithm is valid for both single and multi-component

fluid flows. In the next section, the algorithm is tested on a number of

benchmark cases.

4.5 Numerical Examples

To show the accuracy and efficiency of the space-time finite element method

for deforming domain problems, three numerical benchmarks are presented.

The first numerical example, the horizontal moving cylinder is for rigid

translational motion. The next two numerical examples: broken dam and

solitary wave propagation present the free surface flows. For the finite element

basis functions, the bilinear functions in space and linear functions in time

are used. For all test cases, the spatial meshes are made of the unstructured

quadrilateral elements and time slabs are formed simply by moving the spatial

meshes in time. As pointed out earlier, the domain velocity is computed with

the elastic deformation method and the problems are solved with the above

defined segregated algorithm. The problems with detailed description are

given below.
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Figure 4.6: Horizontal moving cylinder: problem description and computation

mesh

4.5.1 Horizontal moving cylinder

In this problem, the algorithm is tested on a rigid moving object and compared

with the problem in which the mesh is stationary but subject to a uniform flow.

This test case represents one-way coupled fluid-structure interaction problem,

in which the fluid flow is affected by the movement of the solid object but

the fluid flow has no impact on the solid. This problem has been formulated

in [16,188,193]. In this test case, a circular rigid cylinder moving at Mach

0.01 and Reynolds number 40 is introduced in a stationary fluid domain at

time t = 0. The problem is displayed in figure (4.6). The Reynolds number is

based on the mean stream density of the fluid and the velocity and diameter

of the cylinder. The computational domain covers an area −4.5 ≤ x ≤ 15.5

and −4.5 ≤ y ≤ 4.5, with a unit diameter cylinder centred at x = 0 and y

= 0. An unstructured mesh comprising 5353 elements is generated to solve
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this problem, figure (4.6). In order to capture the accuracy and details of

the flow, the mesh is more refined in the vicinity of the boundary of the

cylinder. The mesh is being moved rigidly with the cylinder. At left and

horizontal walls, velocity is set to zero. At the surface of cylinder the no-slip

condition v1 = −1 and v2 = 0 is prescribed. At the right wall, zero pressure

is imposed. A constant time step of 1.e-2 is set for this simulation. Figure

(4.7) shows the temporal evolution of mesh deformation and the horizontal

component of velocity at time t = 0, 1 and 2s. Flow streamlines and v2 at

time t = 0, 1 and 2s are displayed in figure (4.8). To validate the results,

the numerical solution is compared with the steady-state flow past a fixed

cylinder at Reynolds number 40. In Figure (4.9) the pressure contours are

compared at time t = 1 and 2 s. It is evident that the two solutions are in

very close agreement.

Figure 4.7: Horizontal moving cylinder: the deforming mesh and v1 (m/s) at

time t = 0, 1 and 2s.
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Figure 4.8: Horizontal moving cylinder: streamlines and v2 (m/s) at time t

= 0, 1 and 2s.

4.5.2 Broken dam

This problem is solved in [66] using an Arbitrary Lagrangian Eulerian (ALE)

finite element method. In [144] authors used a characteristic -based split

algorithm and solved the flow problem in the Lagrangian coordinate system.

In [207] a splitting method for the time discretization is used and the tech-

nique is similar to the volume of fluid (VOF) method. In the last chapter,

this test case was discussed with a column of standing water and air inside a

container. The problem was solved with a multicomponent fluid flow model in

which the constitutive equations for the flow field were written in the Eulerian

form. The numerical solution was computed on a fixed mesh and the interface

between the water and air was tracked by solving the mass conservation

equations for both components. Here, the same problem is solved from ALE

point of view with moving mesh. In this problem, only water is considered

as a fluid with the free surface on two sides of the domain boundary. As

soon as the water column changes its shape and boundary nodes start to
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Figure 4.9: Horizontal moving cylinder: the pressure (Pa) contours (row wise)

at time t = 1 and 2 s. On left hand side the current results with moving

mesh and on right hand side the steady state solution of the fixed cylinder.

move, the respective changes are updated for the rest of the computational

mesh by employing the mesh updation technique. The boundary mesh nodes

are moved in the Lagrangian way while the interior mesh nodes follow an

arbitrary Eulerian fashion.

To begin with the problem, once again, a block of water is kept at rest in a

container in the initial stage using a thin paper film. In this case, both top

and right side walls of the container are removed to provide the infinite space

to the fluid flow. Instantaneously, at time t = 0, the paper film is removed

and the water spreads out under the influence of gravity. The geometry

of the solution domain is shown in figure (4.10). In the Figure, Γh and

Γv represent the horizontal and vertical walls of the container, where the

fluid is allowed to slip. Whereas, Γf represents the free surface boundary

of the water column. The base length and height of the block of water are

set to 3.5 m and 7 m respectively. The computational mesh used to solve

this problem consists 7004 elements and is displayed in figure (4.10). The

top-right and bottom-right corners are critical regions where mesh deforms

very rapidly. To keep the mesh in reasonable shape for later time steps and

to avoid remeshing, the initial mesh is constructed by refining the both right

corners. The density of water is taken to be ρ = 1 kg/m3, and the dynamic
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Figure 4.10: Broken dam: the problem description and computational mesh.

viscosity is µ = 0.01 kg/ms. The gravity is set to 1m/s2. For fluid as initial

conditions a gravitational pressure profile was set and velocity is set to zero.

The temperature is kept constant at 298 K throughout the simulation. For

the fluid flow, at Γh and Γv the slip boundary conditions are applied and at

free surface Γf the traction free conditions are prescribed. The latter may

be changed to the fixed pressure and zero normal gradients of the velocities.

For the elastostatic problem, the initial displacements are set to zero and at

Γf the domain velocity is set equal to the fluid velocity. At Γh the vertical

displacement and at Γv the horizontal displacement is set to zero. The time

step for the numerical simulation is set to 1.e-3.

The gravity causes the water column to the left of the reservoir to seek the

lowest possible level of potential energy. Thus, the column will collapse and

eventually come to rest. The initial stages of the flow are dominated by

inertia forces with viscous effects increasing as the water comes to rest. On

such a large scale, the effect of surface tension forces is unimportant and

therefore not considered in the model. Figure (4.11) shows the mesh and v2

at various time levels. It is clear from the figure that mesh is moving very

smoothly in response to the fluid velocity at the boundaries. No remeshing

was done during this simulation and computations were performed up to

133



Fluid flow for moving domain

5s. Despite a large distortion of mesh elements, the flow was accurately

computed. Figure (4.12) shows the pressure and horizontal component of the

velocity at various time levels.

Figure 4.11: Broken dam: mesh and v2 (m/s) at time t = 0, 1, 2, 3 and 4s.
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Figure 4.12: Broken dam: pressure and v1 (m/s) at time t = 0, 1, 2, 3 and

4s.

The numerical results are validated by the quantitative comparison with the

experimental measurements obtained for the early stages of this experiment.

The dimensionless position x/2H (where 2H = 3.5, is the initial length of

the dam) of the liquid front along the bottom of the cavity, versus the

dimensionless time t
√
g/H is compared in figure (4.13). The horizontal

position reached by the waterfront corresponds well with the experimental

measurements and the numerical results obtained by the multicomponent

fluid flow model.
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Figure 4.13: Broken dam: comparison of the numerical results.

Figure 4.14: Solitary wave propagation: problem description

4.5.3 Solitary wave propagation

This numerical problem is extensively studied by many authors in the past to

check the accuracy of the flow model for free surface problems [16,66,144,175].

The problem consists of the motion of a viscous incompressible fluid in a tank

with three fixed walls (bottom and both vertical walls). The upper surface is

free to deform. The gravitational force controls the motion of the wave. The

model problem is presented by the figure (4.14). To model this problem the

domain parameters are set as d = 10 and H = 2. The computational domain

for this problem covers −80 ≤ x ≤ 80 in horizontal direction and 0 ≤ y ≤ η.

Where η represents the initial profile of the wave at free surface and is given
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by

η = d+H sech2

(√
3H

4d3
x

)
(4.22)

The computational mesh consists 5276 unstructured quadrangle elements with

5560 nodes. The mesh is more refined near the free surface. Fluid density and

viscosity are assumed constant and set to 1 kg/m3 and 1 kg/ms respectively.

A gravitational acceleration of magnitude 9.8 m/s2 acts vertically in the

downward direction. The initial conditions for this problem are taken from the

approximations given by Laitone [58]. More precisely, the initial conditions

are given as

v1 =
√
gd

(
H

d

)
sech2

(√
3H

4d3
x

)
(4.23)

v2 =

√
3g

d

(
H

d

) 3
2

y sech2

(√
3H

4d3
x

)
tanh

(√
3H

4d3
x

)
(4.24)

At all walls of the container the free-slip boundary conditions are prescribed

and at the free surface, the traction free condition is imposed. As regards

the boundary conditions for mesh velocity, there are several options. Usually,

it is preferred to move the mesh only in the normal direction of the flow.

However, in this simulation, both the tangential and normal components of

the mesh velocity are assigned. The time step used to perform this simulation

is set to 0.001s.

Temporal evolution of the wave travelling is shown in the figure (4.15). The

wave reaches to the right vertical wall at t = 7.6 s and stops its motion

to the right and begins to move towards left. The simulation is continued

until the water wave reaches to its initial position at x=0. The reflected

wave takes approximately the same time to travel back to its initial position.

Figure (4.16) shows the horizontal component of velocity at various times.

The maximum run-up height of the right wall is 14.4 and can be computed

from the following analytical relation

Rmax
d

= 2

(
H

d

)
+

1

2

(
H

d

)2

+O

(
H

d

)
(4.25)
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Figure 4.15: Solitary wave propagation: temporal evolution of mesh (from

top) at time t = 0, 1, 3, 5, 7.6, 9, 12 and 15 s.
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Figure 4.16: Solitary wave propagation: the horizontal velocity (m/s) (from

top) at t = 0, 1, 3, 7.6, 9, 12 and 15 s.
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Analytical  
Present 

Figure 4.17: Solitary wave propagation: comparison of numerical results with

analytical one.

The computed maximum run-up height is compared with the analytical one in

figure (4.17). The numerical and analytic results are identical. Thus, verifying

that the numerical model works well for the free surface flow problems.
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Chapter 5

Structural mechanics

Introduction

This chapter covers the numerical technique to solve the structural mechanics

equations. Sections 5.1 and 5.2 present the strong and weak form of the

boundary value problem. In section 5.3 the linear viscoelastic model is

presented. Sections 5.4 and 5.5 describe the spatial and time discretization

of the problem respectively. Section 5.6 presents the linear elastodynamics as

the limiting case of linear visco-elastodynamics. In section 5.7, the numerical

scheme is verified on three problems.

5.1 Strong form

The strong form of structural mechanics equations is given by

ρü =∇ · σ + ρf in Ω× (0, T ) (5.1)

u = g on ΓD × (0, T )

σ · n = t on ΓN × (0, T )

u = u0 at t = 0

u̇ = u̇0 at t = 0
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where ΓD and ΓN are the Dirichlet and the Neumann parts of the boundary

domain respectively with Γ = ΓD ∪ΓN and ΓD ∩ΓN = φ. f is the body force.

g and t are prescribed boundary displacements and tractions on Dirichlet

and Neumann boundary parts respectively. u0 and u̇0 are the given initial

displacement and velocity respectively. ρ is the specified density.

5.2 Weak formulation

The trial space S and the weighting space V are defined as

St = {u(., t) | u(x, t) ∈H1(Ω), u(x, t)|ΓD = g(x, t)} (5.2)

and

V = {w | w ∈H1(Ω), w|ΓD = 0} (5.3)

The definition of trial function space varies as a function of time because

the boundary conditions can evolve in time. The variational formulation of

the problem is obtained by multiplying the equation (5.1) by a weighting

function and integrating over the domain: given f : Ω → R, g : ΓD → R
and t : ΓN → R find u ∈ S such that for all w ∈ V

∫
Ω

wρ ü dΩ−
∫

Ω

w∇ · σ −
∫

Ω

wρ f dΩ = 0 (5.4)

Integrating by parts the second term of the above expression and using the

Gauss theorem to transform the volume integral into a surface integral, we

obtain

∫
Ω

wρ ü dΩ +

∫
Ω

ε(w) : σ dΩ−
∫

Γ

w t dΓ−
∫

Ω

wρ f dΩ = 0 (5.5)
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5.3 Linear-viscoelastic model

As defined in (2.58) and (2.62) for linear viscoelastic model the stress is

modelled as the sum of instantaneous and historical contributions.

σ(t) = C∞ε(t) +

n∑
i=1

σi(t) (5.6)

σi(t) =

∫ t

0

Cie

(s− t
τi

)
dε(s)

ds
ds (5.7)

The solution of the viscoelastic model is performed on discretized time levels

tk. Assuming that all solutions are available up to time tn, the aim is to

compute the solution for time tn+1. A solution of the general form requires

the summation over all previous time steps for each new time. By using

the generalised Maxwell model the solution can be written in the form of a

recursion formula in which each new solution is computed by a simple update

of the previous solution. If tn+1 and tn are the current and previous time

steps and step size is defined as ∆t = tn+1 − tn.

σi(tn+1) =

∫ tn+1

0

Cie

(s− tn+1

τi

)
∂ε(s)

∂s
ds (5.8)

= e
−
(∆t

τi

) ∫ tn

0

Cie

(s− tn
τi

)
∂ε(s)

∂s
ds+

∫ tn+1

tn

Cie

(s− tn+1

τi

)
∂ε(s)

∂s
ds

(5.9)

= e
−
(∆t

τi

)
σi(tn) +

∫ tn+1

tn

Cie

(s− tn+1

τi

)
∂ε(s)

∂s
ds (5.10)

= e
−
(∆t

τi

)
σi(tn) + Ci

(
1− e−

(
∆t
τi

)
1
τj

)(
ε(tn+1)− ε(tn)

∆t

)
(5.11)
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Substituting (5.11) in (5.6) the stress at time tn+1 is given by

σ(tn+1) = C∞ε(tn+1)+

n∑
i=1

[
e
−
(∆t

τj

)
σi(tn)+Ci

(
1− e−

(
∆t
τj

)
1
τj

)(
ε(tn+1)− ε(tn)

∆t

)]
(5.12)

C is the elastic tensor matrix. For isotropic material, it has the form

C =
E

(1 + ν)(1− 2ν)



1− ν 1 1 0 0 0

1 1− ν 1 0 0 0

1 1 1− ν 0 0 0

0 0 0
1− 2ν

2
0 0

0 0 0 0
1− 2ν

2
0

0 0 0 0 0
1− 2ν

2


(5.13)

Here E is the elastic modulus and ν is the Poisson’s ratio. The strain vector

ε(u) and weighted strain vector ε(w) are defined as

ε(u) =



u1,1

u2,2

u3,3

u2,3 + u3,2

u3,1 + u1,3

u1,2 + u2,1


ε(w) =



w1,1

w2,2

w3,3

w2,3 + w3,2

w3,1 + w1,3

w1,2 + w2,1


(5.14)
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5.4 Space discretization

To write the weak formulation of the problem into a system of algebraic

equations, the Galerkin’s method is used. The semi-discrete approach has

been followed. Let Sh ⊂ S and Vh ⊂ V be the finite dimensional subspaces.

The trial function uh ∈ Sh and weighting function wh ∈ Vh are defined as

uh =
∑
a

Naua wh =
∑
a

Nawa (5.15)

The above can be written in matrix notations

uh = Nu wh = Nw (5.16)

Where

N =

Na 0 0

0 Na 0

0 0 Na

 (5.17)

The strain vector ε(uh) and weighted strain vector ε(wh) can be written in

the form

ε(uh) = Bu (5.18)

ε(wh) = Bw (5.19)
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where

B =



Na,1 0 0

0 Na,2 0

0 0 Na,3
0 Na,3 Na,2

Na,3 0 Na,1
Na,2 Na,1 0


(5.20)

Substitution of uh and wh in equation (5.5) results in the semi-discrete

Galerkin formulation: find uh ∈ Sh such that for all wh ∈ Vh

∫
Ω

whρ üh dΩ+

∫
Ω

ε(wh) : σ dΩ−
∫

Γ

wh th dΓ−
∫

Ω

whρ fh dΩ = 0 (5.21)

Substituting (5.12), (5.18) and (5.19) in (5.21) one obtains

σ(tn+1) = CBu(tn+1) +

n∑
i=1

[
e
−
(∆t

τi

)
σi(tn) + aiCB

(
u(tn+1)− u(tn)

)]
(5.22)

=
(

1 +

n∑
i=1

ai

)
CBu(tn+1)−

( n∑
i=1

ai

)
CBu(tn) +

n∑
i=1

e
−
(∆t

τi

)
σi(tn) (5.23)

where

ai =
1− e

−
(∆t

τi

)
∆t

τi

= 1− 1

2!

(
∆t

τi

)
+

1

3!

(
∆t

τi

)2

− 1

4!

(
∆t

τi

)3

. . . (5.24)
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The matrix form of Galerkin formulation given by equation (5.21) is

Mü(tn+1) +M2u(tn+1)−M1u(tn) + V h(tn+1)− F (tn+1) = 0 (5.25)

Where u(tn+1) and u(tn) are the vectors of nodal displacements at current

and previous time steps. M is the mass matrix and defined as

M =

∫
Ω

NT ρNdΩ (5.26)

M2 is the tangent stiffness matrix and defined as

M2 = K +M1 (5.27)

where

K =

∫
Ω

BTCBdΩ (5.28)

M1 =

∫
Ω

(
n∑
i=1

ai

)
BTCBdΩ (5.29)

Here M1 is the history stiffness matrix. V h is the history vector at current

time step and defined as

V h =

∫
Ω

BT

[
n∑
i=1

e
−
(∆t

τi

)
σi(tn)

]
dΩ (5.30)
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σi(tn) can be computed in terms of previous history and deformations as

follow

σi(tn) = e
−
(

∆t
τi

)
σi(tn−1) + aiCB

(
u(tn)− u(tn−1)

)
(5.31)

F is the external force vector and defined as the sum of body forces and

boundary tractions.

F =

∫
Ω

NT ρfhdΩ +

∫
Γ

NT thdΓ (5.32)

5.5 Generalized α time integration method

The semi discrete system of equations (5.25) can be solved with variety of

techniques [196]. For linear and nonlinear transient dynamics, a variant of the

Newmark-Beta time integrator is used. The method is known as the general-

ized alpha method and is proposed by Chung and Hulbert [92]. Let the time

interval [0, T ] is partitioned into subintervals. A time step ∆t = tn+1 − tn is

defined. Denoting an ≈ ü(tn), vn ≈ u̇(tn) and un ≈ u(tn), The iterations

are performed within each time step, n, in order to find (un+1,vn+1,an+1).

At the beginning of each time step the iterative counter i is set to 0 and

the unknowns are initialized by the predictors. Two general choices of the

predictor are:

Constant velocity predictor

v0
n+1 = vn (5.33)

a0
n+1 =

γ − 1

γ
an (5.34)

u0
n+1 = un + ∆t vn +

(∆t)2

2

[
(1− 2β)an + 2βa0

n+1

]
(5.35)
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Zero acceleration predictor

a0
n+1 = 0 (5.36)

v0
n+1 = vn + (1− γ)∆t an (5.37)

u0
n+1 = un + ∆t vn + (1− 2β)

(∆t)2

2
an (5.38)

The constant velocity predictor is preferred for fluid-structure interaction

problems and the zero acceleration predictor is preferred for linear analysis.

There are also other possibilities. For any choice, un+1, vn+1 and an+1 must

satisfy the Newmark formulas

un+1 = un + ∆t vn +
(∆t)2

2

[
(1− 2β)an + 2βan+1

]
(5.39)

vn+1 = vn + ∆t
[
(1− γ)an + γan+1

]
(5.40)

where ∆t is the time step. In multi-corrector phase, for iterates i =

0, 1, . . . , imax the nodal solution is defined at the intermediate time lev-

els as

uin+αf
= un + αf

(
uin+1 − un

)
(5.41)

vin+αf
= vn + αf

(
vin+1 − vn

)
(5.42)

ain+αm = an + αm
(
ain+1 − an

)
(5.43)

where αf , αm, β and γ are real-valued parameters that define the method

and chosen based on the stability and accuracy. Chung and Hulbert [92]
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showed that the second-order accuracy in time is attained if

γ =
1

2
− αf + αm and β =

1

4
(1− αf + αm)2 (5.44)

while unconditional stability can be attained if

αm ≥ αf ≥
1

2
(5.45)

This work sets αf = αm = γ = 1
2 and β = 1

4 . The intermediate values defined

in equations (5.41)-(5.43) are used to compute the residual of the equation

(5.25)

Ri
n+1 = Main+αm +M2u

i
n+αf

−M1u
i
n + V h(tn+1)− F (tn+1) (5.46)

The residual is used to calculate a correction to the acceleration term by

solving

M∗∆a = −Ri
n+1 (5.47)

where M∗ can be chosen in an implicit/explicit way. Explicitly M∗ can be

considered as lumped mass matrix and implicitly M∗ is defined as

M∗ =
dRi

n+1

dain+1

(5.48)
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From equation(5.46) one obtains

dRi
n+1

dain+1

=
∂Ri

n+1

∂ain+αm

∂ain+αm

∂ain+1

+
∂Ri

n+1

∂uin+αf

∂uin+αf

∂uin+1

∂uin+1

∂ain+1

(5.49)

This can be written as

M∗ = αmM + αfβ(∆t)2M2 (5.50)

After solving the linear system (5.47), in corrector, the iterates are updated as

ai+1
n+1 = ain+1 + ∆a (5.51)

vi+1
n+1 = vin+1 + γ∆t∆a (5.52)

ui+1
n+1 = uin+1 + β(∆t)2∆a (5.53)

After each iteration, the residual is checked for convergence. If ‖Ri
n+1‖ ≤

ε‖R0
n+1‖ for some predetermined tolerance ε, the solution is moved to the

next time step. If not, then the exit iteration is performed. For implicit

M∗, usually, the convergence is reached in just one iteration. However, if

the precision of the solution is approximate then additional iterations are

performed.

5.6 Linear-elastodynamics

For linear-elastodynamics the solution is computed with only the current

state of stress and strain.

σ(t) = σ0(t) (5.54)
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The space discretization of displacement leads to the following matrix equation

Mü(tn+1) +Ku(tn+1)− F = 0 (5.55)

In the above equation, M and K are the mass and stiffness matrices defined

in equations (5.26) and (5.28) respectively. In structural dynamics one often

needs to consider the structural damping effects and work with the following

system

Mü(tn+1) +Cu̇(tn+1) +Ku(tn+1) = F (5.56)

Where C is the viscous damping matrix. The damping is often assumed

to have one part proportional to the mass and another proportional to the

stiffness. In the Rayleigh hypothesis, the damping matrix C is assumed to be

C = aM + bK (5.57)

where a and b are constants that depend on the material and are known

as the Rayleigh damping parameters. The equation (5.56) can be solved by

generalized-α time integration method with residual Ri
n+1 and matrix M∗

defined as

Ri
n+1 = Muin+1 +Cuin+1 +Kuin+1 − F (5.58)

M∗ = αmM + αfγ∆tC + αfβ(∆t)2K (5.59)
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5.7 Numerical examples

In this section the numerical examples for linear elastodynamics are presented

and are solved using generalized alpha method.

5.7.1 1-D impact of an elastic bar against a rigid wall

This benchmark illustrates the basic properties of the numerical solution

obtained using the employed technique for problems of linear elastodynamics.

Due to spurious high-frequency oscillations, 1-D impact linear elastodynamics

problem is of particular interest. The problem is solved by the generalised

alpha method. The impact of an elastic bar of the length L = 4 and the

cross-section A = 1 is considered against a rigid wall (see Fig. 5.1). The

Young’s modulus and density are set to E = 1, and ρ = 1. As initial condi-

tions, the u and v are set to zero. As boundary conditions on the left-hand

side of the bar the displacement is set to u = t, this corresponds to v = 1.

On the right-hand side, the displacement is set to zero, which corresponds

to zero velocity. Due to boundary conditions, an elastic wave is generated

and travels from left to right. After striking with the right end of the bar the

wave is reflected back and move leftwards. For this simulation, a mesh is con-

structed of 100 elements. The time step is set to 0.001. Figure (5.2) shows the

displacement of the propagating elastic wave through the bar at various times.

u = 0
v = 0

u = t
v = 1

4

Figure 5.1: 1D impact of an elastic bar: Domain and boundary conditions.

The analytic solution of the problem for time 0 ≤ t ≤ Lρ/E is given as

u = t − x for t ≥ x and u = 0 for t ≤ x; and v = 1 for t ≥ x and v = 0

for t ≤ x. At the interface x = 2, a jump in velocity occurs. For time

4 ≤ t ≤ 8 the solution is similar to that for 0 ≤ t ≤ 4 with the difference that

the elastic wave reflects from the right end and propagates to the left. For

time 8 ≤ t ≤ 12 the solution is the same as for time 0 ≤ t ≤ 4 and so on.

Figure (5.3) compares the numerical solution with the analytic one. A little
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Figure 5.2: 1D impact of an elastic bar: Temporal evolution of displacement

(m) in the bar.

divergence of velocity can be noticed from the velocity plot. The numerical

results are without any filtering [26].

5.7.2 Uniaxial bar

In this test case a uniaxial bar, which is clamped at one end (fixed), and

subjected to a traction at the other end is studied for an interval of time.

The bar is depicted in figure 5.4. It is assumed that the bar is rigid with

respect to bending (bending stiffness EI → ∞) and only the longitudinal

deformation u(x,t) is considered.

The length and width of the bar are 1.0 m and 0.01m respectively. The

density is set to 1.0 kg/m3 and elastic modulus is set to 1.0 Pa. The bar is

discretized into 200 elements. On the left end of the bar the displacement

is set to zero as the Dirichlet boundary condition and on the right end, the

time-dependent load F(t) is set as Neumann boundary condition. F(t) is a
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Analytical
Numerical

Analytical
Numerical

u

v

Figure 5.3: 1D impact of an elastic bar: The comparison of analytical and

numerical solution of u (m) and v (m/s) at time t = 2s.

F(t)

t0 t1 t2

F0

t

F(t)

Figure 5.4: 1D uniaxial bar: The problem set up.
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Figure 5.5: 1D uniaxial bar: The comparison of displacement (m) at the

right end. The black and red colors are corresponding to the reference and

current numerical simulation respectively.

triangular impulse, with a duration t2 = 1.75.

F (t) =


t

0.875
for 0 ≤ t < 0.875

2− t

0.875
for 0.875 ≤ t ≤ 1.75

0 for t > 1.75

(5.60)

The total time span of observation is t = 20 s. The time step for the simula-

tion is set to 0.005 s. A reference solution is computed using modal analysis

and the Duhamel integral [176]. Figure (5.5) depicts the comparison of the

transient displacement at the right end of the bar with the reference solution.

Figure (5.6) shows the displacement at time t = 5.875 along the bar and

compares it with the reference solution. As can be seen from the figures the

numerical solution obtained from the current simulation well agrees with the

reference solution.
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ux

x

Figure 5.6: 1D uniaxial bar: The comparison of displacement (m) at time t

= 5.875. The black and red colors are corresponding to the reference and

current numerical simulation respectively.

5.7.3 2-D impact of an elastic bar against a rigid wall

This problem is a two dimensional version of the 1-D impact problem dis-

cussed in section 5.7.1. In contrast to the 1-D impact problem, compressional

and shear elastic waves propagate in the 2-D case. The problem set up is

taken from [10] in the following way. A bar of length 4 m and height 1 m

is considered. Due to symmetry, the problem is solved for a half of the bar

ABCD where AD is the axis of symmetry. Young’s modulus is chosen to be

E = 1, the density to be ρ = 1 and Poisson’s ratio to be ν = 0.3. The following

boundary conditions are applied: along boundary AB, un = t (it corresponds

to velocity vn = v0 = 1) and τn = 0; along boundaries BC and CD σn = 0

and τn = 0; along boundary AD un = 0 and τn = 0, where un, vn and σn
are the normal displacements, velocities and the tractive forces, respectively;

τn are the tangential tractive forces. Initial displacements and velocities

are zero; i.e., u(x, y, 0) = v(x, y, 0) = 0. The observation time is chosen to

be t = 13. During this time the velocity pulse travels within the bar with

multiple reflections from the ends of the bar and from the external surface BC.
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4

1

A

B C

D

Figure 5.7: Impact 2D: The geometry of the domain.

The mesh is discretized into 6400 quadrilateral elements. The time step for

the simulation is set to 0.001 s. The figure (5.8) shows the velocity distribution

along the axis of symmetry AD at observation time t = 13. The comparison

shows that the obtained results are very similar to the one reported in [10].

It is worth mentioning that the results are without any filtering and damping

coefficients. The suitable choice of damping coefficients can effectively reduce

the fluctuation in velocity.

vx

Figure 5.8: Impact 2D: The comparison of velocity (m/s) at time t = 13 s

along the axis of symmetry AD. Left panel show the velocity distribution

obtained from the current simulation and the right panel shows the velocity

obtained in [10].
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Chapter 6

Volcanic applications

Introduction

This chapter presents numerical simulations for magma dynamics occurring in

magma chambers. First of all, the model assumptions are discussed, followed

by a description of the constitutive equations of the models employed to

compute the physical properties of magma in section 6.1. Section 6.2 presents

a case of natural convection driven by temperature contrast in magma. In

section 6.3, two simulations are performed over different magmas to model

the magma replenishment and mixing dynamics. Section 6.4 studies a case

of magma replenishment and mixing dynamics during and after a seismic

excitation. Finally, all results are discussed in section 6.5.
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Magma chamber dynamics is characterised by highly non-linear and strongly

time-dependent physical properties involving a large number of variables.

The behaviour of the magma inside a chamber is strongly affected by pressure,

temperature, volatile contents, physical properties of the melt, amount of

crystals and bubbles suspending in the liquid melt. The domain size in

particular the length of a chamber may vary from tens of meters to hun-

dreds of kilometres. The magmatic system may be composed of several

shallow magma chambers connected to a deeper reservoir or to each other

through dikes. Geochemical and petrological studies suggest that in many

cases magma residing in shallow chambers is recharged by the deeper source

through dikes. Magma coming from depth can be of same composition and

physical properties as the resident magma or different.

Magma ascent through volcanic dikes can be driven by buoyancy and/or

overpressure [59]. In literature often magma replenishment is considered to

be driven by the combination of buoyancy and pressure forces with pressure

playing a dominant role. Such a refilling adds an excess mass in the shallow

chamber which increases the overall overpressure and progresses towards an

eruption. Nevertheless, there can also be the cases where magma ascent is

driven by only buoyancy force without any overpressure. Understanding the

physics of magma mixing arise due to pure buoyancy forces is interesting

and has not been explored well in the literature. It is important to know

the outcomes of such a magma mixing driven by only buoyancy forces. The

present work focuses on the numerical experimentation of magma dynamics

solely due to buoyancy forces also known as natural convection. In the cases

of natural convection the driving mechanism is density contrast which can

be due to a difference in temperature and/or composition. However, both of

these factors are interlinked. The thermal evolution of the magma determines

how crystallisation proceeds, which in turn determines how composition and

temperature evolve. In this study for simplicity the crystallisation process is

not taken into account and the density contrast is set up by using different

temperatures and magma compositions.

In this chapter three different cases of natural convection occurring inside

a magma chamber are investigated. The first case investigates that what

happens when a fresh hot magma enters from the bottom of the chamber.

The resident and refilling magma are assumed to have the same composition
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but different temperature. The difference in temperature determines a density

gradient, driving the convection. The second case studies the magma mixing

and convection process between two chemically heterogeneous magmas. Two

different kinds of magmas are placed in two chambers connected through a

dike. In this case, the temperature of magmas are kept the same and partic-

ular emphasis is given on the convection driven by differences in composition.

The third case investigates the resulting magma dynamics when a near-field

seismic wave strikes with the chamber and shakes it. The duration of the

interacting wave is 60 s. The flow dynamics during and after this period

is studied. In this case the simulation setup is the same as in the second

case with the addition of an external disturbance. This test case requires the

movement of the magma chamber domain and associated changes in magma

dynamics. The algorithm described in chapter 4 has been employed to couple

magma dynamics and mesh motion.

In general model complexity involves a trade-off between simplicity and accu-

racy of the model. While added complexity usually improves the realism of a

model, it can make the model difficult to understand and analyse, and can

also pose computational problems including numerical instability. The compu-

tational cost of adding a huge amount of details effectively inhibits the usage

of a model. Additionally, the uncertainty increases due to an overly complex

system. It is therefore usually appropriate to make some approximations

for the model. The model developed in this thesis and applied to simulate

the chamber dynamics is based on some simplifying assumptions. Magma is

assumed to have a Newtonian rheology. At low strain rate magma stresses

are linearly proportional to the strain rate [174] but with an increase in strain

rate the flow behaviour approaches a non-Newtonian behaviour. For the cases

under consideration of this study the strain rate is quite low, this justifies the

choice of a Newtonian rheology. For a large amount of crystals (> 30 vol%) the

non-Newtonian behaviour occurs even at lower strain rates. To overcome this

problem, magma is assumed to have no crystals. The magma is assumed to be

in superliquidus conditions at the temperatures set up in the simulation cases.

The multicomponent flow mixture model used for the simulations is homoge-

neous. The phase transition of components is controlled by the local physical

properties of the mixture. Liquid and gas phase are assumed to move with

same velocity (i.e. mechanical equilibrium). The model takes into account

161



Volcanic applications

only the mechanical mixing and the chemical reaction between different mag-

mas is not considered. In the literature, mixing without chemical reaction

among components is referred as mingling. However, here the word mixing is

used throughout the text. The detailed study of the mixing of two magmas

at chemical level is not under the scope of the current work. The present

model is in 2-D. The bi-dimensionality of the present model assume that

the thickness of the chamber is negligible in comparison to the length and

the breadth. Though this is a major assumption in the modelling of magma

dynamics inside an ellipsoidal chamber, which can not be represented by an

ellipse on a plane in 2-D, the general idea of the overall dynamics can be well

attained. A 3-D simulation increases the number of grid elements and hence

the computation time. In order to keep the computational efforts affordable

the choice of numerical computation in 2-D are justified.

6.1 Constitutive model equations

For all the simulation cases studied in this chapter, magma is assumed as

a fluid mixture of liquid oxides and volatiles. The velocity of magma inside

the chambers may vary from 2 to 10 m/s. The sound speed of magma-gas

mixtures may range from as low as 10 m/s for bubbly foam at shallow depths,

up to 2500 m/s for magma below the CO2 nucleation depth [126]. This

determines a variable Mach number (M = v/c). Where v is the magma flow

velocity and c is the local speed of sound in magma. Depending on the Mach

number the flow regime can vary from incompressible to compressible. In

general the flow of magma inside a chamber is incompressible (M < 0.3),

however, the flow can be compressible if M > 0.3. Therefore, this variable

regime is modelled by the Navier-Stokes equations for compressible flows. The

compressible model is able to switch to incompressible if the change in density

with respect to temperature and pressure in negligible. This is determined

by the compressibility coefficients. The details are given in chapter 2 and

chapter 3.

Only H2O and CO2 are considered as volatiles which can exsolve or dissolve in

the melt according to local pressure, temperature and composition of magma.

For the exsolution and dissolution of H2O and CO2 in the magmatic mixture,

a saturation model [147] is used. The model is based on the thermodynamics
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6.1 Constitutive model equations

equilibrium between gaseous and liquid volatile components. The following

equilibrium equations are used in the model

pG = pL = p TG = TL = T

φH2OyH2Op = γH2OxH2Of
0l
H2O φCO2

yCO2
p = γCO2

xCO2
f0l
CO2

yH2O + yCO2 = 1

xtH2O
− yH2O

yH2O − xH2O
=
xtCO2

− yCO2

yCO2
− xCO2

where p is pressure, T is temperature, φ is the fugacity coefficient in gas

phase, f0L is the fugacity in liquid phase in reference state, γ is the activity

coefficient in liquid phase, y and x are mole fractions in gas and liquid phases

respectively, and the superscripts G, L and t refer to gas phase, liquid phase

and total mole fraction respectively.

The density of dissolved H2O and CO2 is computed as a function of pressure

and temperature by the model of Burnham et al. [44]. The molar volume

of H2O and CO2 are evaluated as a polynomial function of pressure p and

temperature T in the following form.

MV = a0 + a1T + a2T
2 + a3T

3 + p(a4 + a5T + a6T
2) + p2(a7 + a8T ) + a9p

3

where MV is the molar volume, a0, a1, . . . are the fitting parameters of the

experimental data. The density is computed by dividing the molar mass by

molar volume. The density of H2O and CO2 gas is computed by the ideal

gas law.

p = ρRT
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where p is pressure, ρ is density, R is specific gas constant and T is temperature.

For the range of pressure and temperature used in the simulations the ideal

gas law best approximates the density of H2O and CO2 gas [171]. The density

of the silicate melt is computed with the model given by Lange [158]. The

molar mass and molar volume of silicate melt is computed as follows

1

M
=
∑
i

yi
Mi

MV =
∑
i

xiMVi

where index i runs for the number of oxides, M is molar mass, MV is molar

volume, x is mole fraction and y is the mass fraction. The density of the

magma mixture containing liquid oxides and volatiles (dissolved and exsolved)

is computed by the homogeneous mixture model 2.32.

Unlike density for which first the densities of silicate melt and volatiles

(dissolved and exsolved) are computed separately and after the density of

the mixture is obtained, the viscosity is computed for the mixture of liquid

oxides and dissolved volatiles by the model of Giordano et al. [48]. The

non-Arrhenian viscosity ηl is modelled as

logηl = A+
B

T − C

where A, B and C are adjustable parameters, including the pre-exponential

factor, pseudo-activation energy, and the temperature, respectively. Assuming

the Newtonian behaviour of magma, the effect of non-deformable gas bubbles

is accounted by the simplified form of Ishii and Zuber’s model [125].

η = ηl/(1− φg)

where φg is the volume fraction of the gas. The above equation considers the

fact that the viscosity of the gas phase is negligible with respect to the liquid
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phase at magmatic conditions. For the mixture of two or more magmas the

overall viscosity of the mixture is computed with the homogeneous mixture

model [161]. Sound speed, compressibility coefficients, chemical diffusivities,

specific heats, thermal conductivity, internal energy and enthalpy are mod-

elled by homogeneous mixture model 2.32. The chemical reactions between

the components are neglected.

6.2 Case 1: Natural convection due to tem-

perature contrast

The characteristic features of many lavas are that they are rich in crystals

and display a range of disequilibrium features. Petrological observations

indicate a wide diversity of mineral textures, mineral compositions, apparent

temperatures and disequilibrium observed in orogenic igneous rocks [166].

This fact is interpreted as the evidence of the mixing of magmas of con-

trasting composition and origin [73, 131]. However, this can also be due

to the convection within a magma body with a single composition. The

mechanism of self-mixing in a convecting magma body heated from below

explains this phenomenon. Different types of zoned plagioclase phenocrysts

in basalt samples have been analysed for major and trace elements from

near East Pacific Rise 13 degree N [79]. Different extents of MgO have been

found in the evolved basalt magma. High MgO basalts are explained due to

self-mixing crystallization. Larger plagioclase xenocrysts are found to be in

textural disequilibrium with the Felsic microgranular enclave groundmass in

the Mauá Pluton, SE Brazil [21]. The plagioclase xenocrysts show complex

zoning patterns with partially resorbed An-rich cores (locally with patchy

textures) surrounded by more sodic rims. A combination of trace element and

Sr isotope data suggests a self-mixing. Differences in crystal abundance and

glass composition of pumices have been identified from the 1991 Pinatubo

eruption [100]. The samples show a stable bulk composition and the presence

of crystals in crystal-poor dacite shows evidence of breakage, resorption and

crystal dissolution. These features were interpreted as forming in response

to pre-heating of the dacite magma by underlying, freshly intruded basaltic

magma. The evidence for thermal disequilibrium for dacite has also been

observed [167] which can be explained by self-mixing.
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The numerical simulation presented in this section shows a case when an

elliptical magma chamber is fed by fresh hot magma through a dike from

some deeper source. The resident and the injected magma are assumed to

have same chemical composition. The resulting system is a closed chamber

which has two layers of stratified magma. The upper layer of resident magma

is assumed to be cold with respect to the lower layer of fresh hot magma.

The objective of this simulation is to study the self mixing which occurs

with such setup and is relevant for magma chambers dynamics. The lighter

(hotter) magma interpenetrates the cold (heavier) magma. In this dynamic

process both magmas seek to reduce their combined potential energy. Flow

is described in terms of a non-dimensionless parameter the Atwood number A.

A =
ρ2 − ρ1

ρ2 + ρ1
(6.1)

The Atwood number characterises the instabilities in density stratified flows.

In the above expression of Atwood number, ρ2 and ρ1 are the densities of

heavier and lighter magmas.

6.2.1 Simulation set up

The geometry of the simulated system is an oblate elliptical chamber filled

with basalt magma as shown in figure (6.2). The length of semi-major and

semi-minor axes are 400 m and 100 m, respectively. The central point of

the chamber is considered at the depth of 4100 m from the surface level. A

computational mesh composed of 11227 unstructured elements is constructed

for the elliptical chamber (Figure 6.1). The mesh resolution is good to capture

all aspects of flow variables during the dynamical evolution.
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6.2 Case 1: Natural convection due to temperature contrast

Figure 6.1: The computation mesh for the simulated case.

A slow injection of fresh hotter magma spreading at the base of the chamber

is assumed. For the sake of simplicity, it is assumed that the upper 3/4-th of

the chamber is filled with cool resident magma and the lower 1/4-th with the

fresh hotter one. The interface between hot and cold magmas is set at a depth

of 4150 m. Below the interface, the magma is assumed to have a temperature

of 1320 K and above 1270 K. The density gradient between colder and hotter

magma at the interface is 10, leading to a low value of the Atwood number

A = 0.003. The interface is perturbed and set in the form of a sinusoidal wave.

yinterface = −4150 + a0 sin
( π

100
x
)

(6.2)

Where the amplitude a0 of the sinusoidal wave is set to 10 m. As initial

condition for pressure, a magma-static profile (hydrostatic profile for magma)

is set. The composition of the basalt magma adopted in the simulation is

reported in table 6.1. Magma is assumed to have 2 wt% of total H2O and 0.5

wt% of total CO2. As initial conditions, velocity is set to zero. No-slip and

zero heat flux boundary conditions are applied on the chamber walls. Since

there is the equation of state there is no need to fix the pressure at any point in

the domain. The simulation is carried out for 1500 s with a time step of 0.01 s.

167



Volcanic applications

T = 1320K

T = 1270K

Figure 6.2: Schematic description of the domain geometry and the initial

conditions set up for temperature. The red and blue colours represent the

hot and cold magmas.

Major oxides

SiO2 TiO2 Al2O3 Fe2O3 FeO MnO MgO CaO Na2O K2O

48.40 1.67 17.80 1.86 8.36 0.18 5.53 10.20 3.87 2.11

Table 6.1: Basalt composition

6.2.2 Results

Figure (6.3) shows temporal evolution of temperature. Due to density contrast

between hotter and colder magmas, the lighter magma pushes the heavier one

up. Since this equilibrium is unstable to any disturbance or perturbation at

the interface, the movement between hotter and colder magmas releases the

gravitational potential energy, which is converted into kinetic energy. Within

the first 50 seconds hotter and lighter magma start forming the spirals with a

slightly upward velocity. Simultaneously, an equal volume of heavier magma

is displaced downward. The temporal development of the flow leads to an

instability of the interface, well known in the literature as Rayleigh-Taylor

(RT) instability [136]. As the instability develops, downward-moving dimples

are quickly magnified into sets of inter-penetrating RT fingers or plumes.

During the initial stages of the Rayleigh-Taylor instability the perturbation

amplitude is significantly smaller than the wavelength of the interface.

168



6.2 Case 1: Natural convection due to temperature contrast

Figure 6.3: The temporal evolution of temperature (K) at various times.
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 t = 0 s t = 50 s

 t = 80 s  t = 130 s

t = 220 s t = 300 s

t = 500 s t = 800 s

t = 1000 s t = 1500 s

Figure 6.4: The temporal evolution of velocity (m/s) at various times

For subsequent times, the perturbation of the interface grows exponentially

as

h(t) = h0e
√
Agkt
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Where h0, k, g, A and t are the initial amplitude of the interface, wave

number, gravitational acceleration, Atwood number and time, respectively.

Beyond time t = 130 s the expanding spirals collide with each other and

merge together. Due to initial interface profile which has four crests, the

merged spirals evolve forming four big plumes (Figure 6.3 at t = 130, 170).

The lighter magma continues to mix with the heavier magma through its

rise and generates several counter-rotating vortices. After striking with the

roof of the chamber the lighter magma spreads laterally. By time t = 550 s,

the mixing of hotter and colder magmas gains a homogeneous texture. The

simulation was run up to 1500 s.

LeftCentre

Roof
Right

Figure 6.5: The temporal evolution of the overpressure (Pa) at the reference

locations (centre, left, roof and right).
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Figure (6.4) shows the absolute velocity of convecting magma at different

times. Maximum velocity of the convective rolls reaches 2.426 m/s. At time

t = 1500 s the maximum velocity reduces to 1.43 m/s. Figure (6.5) shows

the temporal evolution of the overpressure. To analyse the pressure four

locations have been chosen: the centre, the left, the right and the roof point

of the chamber. The overpressure at the roof of the chamber reaches up to

6300 Pa. On left, right and centre of the chamber the maximum value of

overpressure reaches 2200, 2940 and 2900 Pa respectively.

In order to see the effect of domain geometry on flow evolution, an irregular

domain geometry (Figure 6.6) is used in the simulation with same setup.

The results are similar to the elliptical chamber case. Figure (6.7) shows

the temporal evolution of overpressure at specific locations (see points A,

B, C and D in figure 6.6). At A, B, C and D the maximum value of the

overpressure reaches to 3400, 4300, 6300 and 3200 Pa, respectively.

T = 1270 K

T = 1320 K

AB

C

D

Figure 6.6: Schematic description of the irregular domain geometry, The

points A, B, C and D are the reference points where the overpressure is

computed.
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A B

C D

Figure 6.7: The temporal evolution of the overpressure (Pa) at the reference

locations (A, B, C and D) of the irregular chamber.

6.3 Case 2: Magma chamber replenishment

dynamics

There are evidences of feeding of shallow chamber by volatile-rich, less

differentiated magma from the deeper system [34, 88] leading to an erup-

tion [3, 49, 153, 164]. This section studies two simulation cases of natural

convection in magma chambers. The simulations have been performed with

the aim of understanding the dynamics of mixing and convection in the

magma chamber caused by the density contrast between two heterogeneous

magmas. The convection is driven by buoyancy. For both cases same domain

set up is used. The simulated system is composed of a shallow magma
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chamber connected to a deeper chamber through a vertical dike (Figure 6.8).

Thus, the system is an extended version of the setup used in the previous

simulation. The shallow chamber is assumed to be much smaller in com-

parison to the deeper chamber. The density contrast is determined by the

different compositions of magmas. Two simulations are performed. In the

first simulation, the lower chamber and the dike are filled with shoshonite

magma and the upper chamber is filled with phonolitic magma; in the second

case the lower chamber and dike are filled with andesitic magma and the

upper chamber is filled with dacitic magma. The geological setting of the first

case is analogous of Campi Flegrei volcanic field and the second case is typical

of a tectonic region of arc magmatism. The two systems are characterised

by magmas with strongly different properties. A case similar to the first

one has been modelled in [13]. In this work, the same domain and physical

setup of [13] have been used. The evolution of mixing dynamics between

shoshonite/phonolite and andesite/dacite magmas is compared.

Composition

Shoshonite/Andesite

Phonolite/Dacite

Figure 6.8: Sketch of the total geometry of the systems under consideration

with composition.
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6.3.1 Simulation set up

The domain geometry for the simulation is constructed in accordance to the

recent available information on Campi Flegrei caldera. The seismic imaging

and attenuation tomography indicate a shallow elliptical magma chamber

at 3 km depth [89, 206]. Geophysical and geochemical studies indicate a

deeper magma chamber at the depth of 8 km [18, 115]. In simulations the

length of major and minor axis of the shallow chamber are set to 800 m and

400 m, respectively. The length of the major and minor axis of the deeper

chamber are set to 8 km and 1 km, respectively. A vertical dike of width 20

m connects the upper chamber with the lower chamber. The temperature of

both magmas is kept constant throughout the simulations, thus, excluding

the effect of temperature on the convection process and considering that the

energy is conserved. The assumption of isothermal system stems from the

melt inclusion data of interacting magmas of Campi Flegrei, which have very

similar composition [14]. The temperature difference between two magmas

involved has often been found to be smaller than 10 % [156]. The isother-

mal assumption reduces the computational challenges. Density depends on

pressure, temperature and composition. In order to set the initial value of

density, the temperature is set to 1300 K for the Campi Flegrei case and 1180

K for the arc magmatism case.

Major oxides

SiO2 TiO2 Al2O3 Fe2O3 FeO MnO MgO CaO Na2O K2O

S 52.40 0.85 17.60 1.88 5.74 0.12 3.60 7.93 3.43 4.28

P 53.52 0.60 19.84 1.60 3.20 0.14 1.76 6.76 4.66 7.91

A 58.70 0.88 17.24 3.31 4.09 0.14 3.37 6.88 3.53 1.64

D 65.98 0.59 16.15 2.47 2.33 0.09 1.81 4.38 3.85 2.20

Table 6.2: Composition of magmas: Shoshonite (S), Phonolite (P), Andesite

(A) and Dacite (D)

The initial conditions for magma consist of a magma-static pressure profile

and zero velocities everywhere. The magma-static pressure derives from the

assumption of equilibrium state with the lithostatic pressure of rock. As

mentioned before, the two cases differ for the magma contained in the deeper
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and shallower reservoirs and in the connecting dike. In the Campi Flegrei

case (shoshonite/phonolite) the deeper chamber and the dike contain gas-rich

shoshonite with a total of 2 wt% of H2O and a total of 1 wt% CO2, and

the shallower chamber contains degassed phonolite with a total of 1 wt% of

H2O and a total of 0.1 wt% of CO2 [12,14]. In the case of arc magmatism

(andesite/dacite) the deeper chamber and the dike contain gas-rich andesite

with a total of 4 wt% of H2O and a total of 1 wt% CO2, and the shallower

chamber contains degassed dacite with a total of 3 wt% of H2O and a total

of 0.3 wt% CO2. The compositions of magmas are reported in table 6.2. The

interface between the two magmas is set at the depth of 20 m below the inlet

of the shallow chamber [13]. Due to different compositions of magmas, a

gravitationally unstable density difference appears at the level of interface. In

Campi Flegrei case the density contrast is 160 kg/m3, while in the volcanic

arc case it is 210 kg/m3 (Figure 6.9). The initial physical properties of two

cases along the whole system are summarised in Table 6.3. On all boundaries

no-slip boundary conditions are imposed.

Interface zoom

Δρ ~ 160 kg/m3
Δρ ~ 210 kg/m3

ρ = 2260 kg/m3 ρ = 1900 kg/m3

ρ = 2420 kg/m3

ρ = 2110 kg/m3

Figure 6.9: Initial conditions at the gravitationally unstable interface for

shoshonite/phonolite in left panel, and andesite/dacite in right panel.

176



6.3 Case 2: Magma chamber replenishment dynamics

Shoshonite-Phonolite Andesite-Dacite

Density (kg/m3) 2260 - 2420 1900 - 2310

Viscosity (Pas) 507 - 2800 3180 - 3.3×104

Compressibility (1/Pa) (2.7 - 16) ×10−10 (5.5 - 46) ×10−10

CO2 wt % in gas 0.81 - 0.909 0.34 - 0.62

Dissolved volatiles (wt %) 0.011 - 0.0192 0.0242 - 0.0346

Table 6.3: Comparison of initial physical properties of the Campi Flegrei and

the volcanic arc cases.

Figure 6.10: The computational mesh for the simulations.

The domain is discretized with unstructured quadrilateral elements and is

shown in figure 6.10. Since in most cases the dikes reaching to the surface

originate from the shallow chamber, more emphasis is given to the under-

standing of shallow magma chamber dynamics. The mesh is more refined

in the shallower chamber and the dike. The average length of the side of an

element in the shallow chamber is 12 m and in the dike is 3 m. In the deeper

chamber, the mesh is coarser with an average element length of 30 m. For
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both cases, the simulation is carried out for 1100 s with a fixed time step of

0.01 s.

6.3.2 Results

The results for the simulation of shoshonite and phonolite magmas are shown

in figures (6.11)-(6.17). Figure (6.11) illustrates the zoomed view of evolu-

tion of the composition for the earlier times. The system is gravitationally

unstable because the shoshonite is lighter than the phonolite magma. Further-

more, in the simulation setup we consider that the shoshonite contains more

gas content than the phonolite magma, which results in a further density

contrast. This gravitationally unstable situation induces natural buoyancy

due to which the lighter magma tends to move upwards. The interface

sustains its equilibrium position only for few seconds. Starting from 10 s the

interface starts destabilising and some part of phonolite magma pushes the

interface level down. To compensate this change at the same time an equal

amount of shoshonite move in upward direction. This movement is evident

in figure (6.11) at time t = 30 s. Within 30-50 s the slow rising shoshonite

magma acquires the form of a plume and reaches up to the base of the upper

chamber penetrating through the phonolite magma. The heavier phonolite

magma which was just above the interface continues to sink down in the

dike and reaches up to 20 m below the level of the interface by the end of

the simulation at time t = 1000 s. The outer layers of rising and sinking

magmas interact and mix with the resident magmas. When plume enters in

the upper chamber, its shape is similar to a blob. Soon after, as plume rises

up along the chamber axis, the central part of the blob moves more rapidly

than the sides leading to a significant deformation in the shape of the blob.

The ascent of plume leaves a low-pressure area behind the plume, which is

accumulated by the surrounding magma. In this region the mixing between

magmas generates vortices and eventually plume acquires an ellipsoidal cap

shape (Figure 6.12 at time t = 130 s). With further ascent, the shape becomes

more and more convex and the resulting pattern is a thin film of plume head

with two counter-rotating vortices on the sides. After around 120 s a second

plume enters the chamber and joins the first plume in the middle, thickening

the plume head and growing its size.
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6.3 Case 2: Magma chamber replenishment dynamics

Figure 6.11: Initial phases of evolution of composition (phonolite wf) for the

shoshonite-phonolite case.
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Figure 6.12: Intermediate phases of evolution of composition (phonolite wf)

for the shoshonite-phonolite case.
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Figure 6.13: Final (up to 1000 s) phases of evolution of composition (phonolite

wf) for the shoshonite-phonolite case.
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t = 0 s

t = 100 s

t = 294 s

t = 65 s

t = 200 s

t = 633 s

Figure 6.14: The temporal evolution of velocity (m/s) for shoshonite-phonolite

case.
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6.3 Case 2: Magma chamber replenishment dynamics

As plume ascends pressure decreases which results in an increase of exsolution

of volatiles. The decrease in pressure supports the expansion of gases and

therefore the plume expands more as it rises towards the roof of the chamber,

resulting in a decrease of density of the plume. But at the same time the

density of the outer layer of the plume increases due to mixing with the

heavier phonolite. This results in a lower density in the central part of the

plume and relatively higher density in the outer layer. The lower density

of the rising plume with respect to the higher density of the surrounding

magma supports the further rise.

The plume reaches the chamber roof at around 270 s and after that spreads

laterally (Figure 6.12 at time t = 300 s). During the subsequent times a

number of plumes enter the chamber and follows a similar chaotic path as the

first plume. Resulting convection enhances the size of both primary vortices.

The vortices continue to spread and move along the chamber walls due to

gained momentum. The continuous supply of later plumes forms other two

vortices near the chamber top at around t = 500 s. By time t = 1000 s

almost 80 % of magma present in the chamber is involved in mixing (Figure

6.13). The sinking magma reaches up to 3.8 km depth. At this level phonolite

magma loses its identity due to intense mixing. This implies that for later

times magma entering in the upper chamber is not fresh any more.

Figure (6.14) shows the temporal evolution of the absolute velocity. The

maximum velocity of sinking magma is about 1.5 m/s at t = 65 s. The rising

plume gains more velocity as it enters and ascends in the upper chamber. This

is due to pressure decrease and exsolution of volatiles, which has the tendency

to move more rapidly than the pure melt. It is important to differentiate

the velocity of the plume front and the central part of the plume. It is the

central part of the plume which gains rapid growth of velocity rather than the

front. The host magma continuously interacts with the plume front and try

to oppose its motion. As a result the plume front moves much slower than the

central part. Though the velocity of the central part of the plume increases

significantly and reaches up to 9 m/s, there is a very little increment in the

velocity of the plume front. It is observed that after a large perturbation of

the interface at time t = 20 s, The rising magma moves with 1.5 m/s in the

dike and reaches at the base of upper chamber at t = 50 s. After entering the

upper chamber the plume front covers next 100 m (3400-3300 m depth) in 85
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s. For the next 100 m (3300-3200 m depth) the vertical velocity of the plume

front is 2.2 m/s and for next 100 m (3200-3100 m depth) the vertical velocity

of the plume front reaches to 3 m/s. As plume approaches the chamber

roof the expansion of vortices and the mixing with the surrounding magma

reduces the rising motion. Consequently, to cover next 100 m (3100-3000

m depth) the plume front takes 60 s. As regards the velocity of the central

part of the plume, it consistently increases through the rise of the plume and

acquires its maximum value of 9 m/s at time t = 294 s (Figure 6.14).

Upper chamber centre Upper chamber roof

Lower chamber centre Lower chamber left

Figure 6.15: The temporal evolution of overpressure (Pa) at various locations

for shoshonite-phonolite case.

Pressure is the most important variable in overall dynamics. From the
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very first moment the lighter magma in the process of rising generates a

decompression wave which travels at the speed of about 800 m/s in the dike

downwards and leaves the high-pressure area behind. The wave reaches the

bottom chamber and reverses, moving upward in the dike. This is related

to the starting of disturbance of the equilibrium. However, as magma starts

moving the wave is stabilised and decompression is localised at the interface

region. Four locations are chosen to analyse the pressure of overall system:

the centre of the shallow chamber, the top point of the upper chamber, and,

the centre and the left point of the bottom chamber. Figure (6.15) reports

the temporal evolution of overpressure. From the beginning of the simulation

the overpressure in the upper chamber shows a decreasing trend which is due

to the decreasing density of the magma. Figure (6.16) shows the mass of

the upper chamber and the dike. The mass of the upper chamber decreases

with time whereas the dike gains additional mass. At the upper chamber

roof, there is a slight increase in the overpressure during 250-320 s, which

is due to the arrival of the plume. During this interval the rising plume

tries to compress the magma along the chamber top, therefore, a hike in

overpressure is seen for a short duration. The maximum value of overpressure

reached on the roof of the upper chamber is 1 × 104 Pa. Every little hike in

the profile of overpressure for the upper chamber corresponds to the arrival

of new shoshonite magma batches. On the other hand the overpressure in

the lower chamber continuously increases due to the sinking of the dense

magma. Figure(6.17) shows the temporal evolution of overpressure (Pa),

density (Kg/m3), Gas vol fraction, wt of CO2 gas in total gas, compressibility

(1/Pa) and viscosity (Pas) along the system axis. Overall, the pressure in

upper chamber decreases with the time which supports the exsolution of the

volatiles. There is an increase of 0.01 vol % of the gas, mostly H2O. Due

to an increase in gas content the compressibility of magma increases in the

upper chamber and decreases in the dike. The viscosity shows a decreasing

trend in the upper chamber.

185



Volcanic applications

Figure 6.16: The temporal evolution of mass (Kg/m) in upper chamber and

dike for shoshonite-phonolite case.
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Overpressure Density

Gas vol % CO2 wt % in gas

Compressibility Viscosity

Figure 6.17: The temporal evolution of overpressure(Pa), density(Kg/m3),

Gas vol %, CO2 wt % in gas, compressibility(1/Pa) and viscosity(Pas) along

the system axis (3-5 km depth) for shoshonite-phonolite case.
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The results for andesite/dacite simulation are shown in figures(6.18) - (6.20).

The evolution is similar to the shoshonite/phonolite case, but due to the much

higher viscosity of the upper chamber magma, the fluid-dynamics evolution

is delayed. The high viscosity of the magma tries to restrain any kind of

motion. As a result, the lighter magma takes 60 s to destabilise the interface.

Figures (6.18)-(6.20) report the evolution of the interface from the initial

interface destabilization, the upward rising of the lighter plume in the upper

chamber, and its spreading and mixing with the resident magma. The strong

effect of the high viscosity in preventing the rising and mixing of the plume

in the upper chamber is clearly visible. The plume takes 170 s to reach the

base of the upper chamber. As it was in the previous case, the dense magma

sinks in the dike and lighter magma tends to rise up. In this case the host

magma restricts the formation of vortices. As a result the andesite magma

penetrates the dacite magma along a straight vertical line with extremely less

mixing. As plume rises up the decrease in pressure causes the gas expansion

and plume expands. Plume takes approximately 550 s to reach the top of

the chamber. On the other hand the dacite magma sinks at a much slower

rate and retains its signature in the dike. After 1000 s only 20-30 % of the

magma in the upper chamber is involved in the mixing. In comparison to

the previous simulation, in this case only a few number of small plumes enter

in the upper chamber. The second large plume enters in the upper chamber

around at t = 750 s and reaches the roof at t = 1020 s.

Again, in this case the velocity of the centre of the plume is higher than the

front. The velocity increases as plume rises in the chamber. The maximum

velocity of the central part of the rising plume reaches to 4.3 m/s with

front moving at 1m/s. Similar to the previous case, the initial disturbance

generates a decompression wave which travels downwards through the dike.

The speed of the wave is 300 m/s, which is relatively low to the previous case.

Figure(6.21) shows the overpressure at specific spots in upper and bottom

chambers. The overpressure increases for first 170 s and then after shows a

decreasing trend. In the overpressure profile of upper chamber centre there

is a little spike at around t = 390 s. This is corresponding to the arrival of

the plume. The plume front in the process of rising up try to compress the

magma on its way makes a little hike in overpressure.
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Dacite Dacite

Dacite Dacite

Dacite Dacite

Figure 6.18: Initial phases of evolution of composition (dacite wf) for the

andesite-dacite.
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Dacite Dacite

Dacite Dacite

Dacite Dacite

Figure 6.19: Intermediate phases of evolution of composition (dacite wf) for

the andesite-dacite case.
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Dacite Dacite

Dacite Dacite

Dacite Dacite

Figure 6.20: Final (up to 1000 s) phases of evolution of composition (dacite

wf) for the andesite-dacite case.
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Upper chamber centre Upper chamber roof

Lower chamber centre
Lower chamber left

Figure 6.21: The temporal evolution of overpressure (Pa) at various locations

for the andesite-dacite case.

Figure 6.22: The temporal evolution of mass (Kg/m) in upper chamber and

dike for the andesite-dacite case.
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Overpressure Density

Compressibility Viscosity

CO2 wt % in gasGas vol %

Figure 6.23: The temporal evolution of overpressure(Pa), density(Kg/m3),

Gas vol %, CO2 wt % in gas, compressibility(1/Pa) and viscosity(Pas) along

the system axis (3-5 km depth) for the andesite-dacite case.
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Similar to the centre of the upper chamber on the roof there is an increase of

overpressure for the first 170 s. The maximum value of overpressure at the

roof of the upper chamber reaches to 1.7 × 104 Pa which is very close to the

previous case. At time t = 1020 s there is a tiny increase of overpressure at

the roof which is caused by the arrival of the second plume. The overpressure

in lower chamber shows a general increasing trend which is due to the sinking

of the dense magma in the dike. Figure(6.22) displays the mass of the upper

chamber and the dike. Similar to the other case the mass of the upper

chamber decreases and the mass of dike increases with time. Figure(6.23)

reports the temporal evolution of overpressure (Pa), density (Kg/m3), gas

vol %, CO2 wt % in gas, compressibility (1/Pa) and viscosity (Pas) along the

system axis. The density of magma in upper chamber decreases with time as

the lighter magma accommodate the place of denser magma. The average

density of the magma in the upper chamber decreases by 150 Kg/m3. The

decrease in pressure cause the exsolution of the volatiles. As a result, almost

30 % of the magma has 0.05 vol % increment of the gas. The CO2 increases

by 0.01 wt %. Similar to the last case the compressibility increases and the

viscosity decreases in the upper chamber.

6.4 Case 3: Influence of a near-field seismic

wave on magma chamber dynamics

Earthquakes and volcanic eruptions usually occur at the meeting boundary of

converging tectonic plates. Many people proposed correlations between large

earthquakes and eruptions [25,117]. Seismic swarms are often observed in the

proximity of active volcanoes. This indicates that the seismic signals observed

by monitoring networks at the surface of volcanoes can be directly related

to the motion of magma taking place somewhere underneath. The magma

intrusion may change the stress at active faults and trigger earthquakes [211].

Several models have been developed in the recent past to study the defor-

mation induced by the magma dynamics [70,118]. Further studies and the

development of new models aimed at depicting the accurate deformation and

strain as a result of applied magmatic forces are still an ongoing research field.

On the other hand, the earthquakes may influence the magma dynamics

and the eruptive scenario [152]. Many studies suggest that the earthquakes

preceded a large-scale change in magma dynamics and in some cases even
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eruptions [204, 210]. During his journey in Chile when an 8.5 magnitude

earthquake struck in 1835, Charles Darwin reported that at least three volca-

noes erupted there in the aftermath of the quake [36]. Eruptions also followed

earthquakes in Chile in 1906 [169]. The most unambiguous case of triggering

is the Kalapana, Hawai earthquake of November 29, 1975, with a magnitude

of 7.2, which was immediately followed by a small and short-lived eruption at

Kilauea volcano [160]. Another example of possible triggering occurred after

the 9.5 magnitude earthquake on May 22, 1960, in Chile. Puyehue-Cordn

Caulle in Central Chile, an inactive volcano for more than 25 years, erupted

violently about 38 hours after the main shock [116]. On the contrary, there

are also a number of cases where no eruption was recorded after a proximal

earthquake. Chile 2010 is one among these examples in which no activity

was observed after a magnitude of 8.8 earthquake struck [179]. Another case

occurred in Japan where a magnitude 9.0 earthquake struck in 2011 and did

not result in any eruption [170]. Although there are many evidences that

the two phenomena can interact each other, the impact of the earthquake on

magma dynamics has not been understood completely.

It is important to understand the triggering mechanisms quantitatively not

only for the scientific interests but also for the mitigation of volcanic risks.

Since a volcanic eruption requires a change in stress for permitting the migra-

tion of magma to the surface, the static stress change induced by an earthquake

is considered to be a key issue of the triggering mechanism [65, 121, 203].

Understanding the internal dynamics preceded by an earthquake is crucial for

hazard evaluation. High amplitude seismic waves passing through a magma

reservoir may destabilise the system which was in a state of a semi-equilibrium

prior to the arrival of seismic wave. The destabilisation can affect the mixing

of meta-stable layers of magmas, with different composition, and can result

in providing momentum to magma chamber dynamics.

The simulation cases presented in this section explore what can happen when

a near-field earthquake strikes with a magmatic reservoir. The two simulation

cases performed in the previous section are modelled under the condition of

the passage of an earthquake. The main objective is to study the scenario

of development of dynamics of magma in case if the magmatic system is

shaken by some near-field earthquake. This work does not study the change

in stress field induced by the seismic wave. In order to simplify the things,
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the rock dynamics is not accounted in the simulation cases. The seismic wave

is not propagated from the source, rather the instantaneous displacements

and velocities of the seismic wave are taken and applied to the magmatic

system in order to shake it. The simulation results obtained after the strike

of a near-field seismic wave are compared with the results of the simulations

performed without an earthquake.

6.4.1 Simulation set up

The domain geometry and magma model are the same as were in the last

two simulations. Two magma chambers filled with different magmas are

connected by a dike. The same initial conditions are set. Since the aim

of this study is to investigate the magma dynamics induced by a near-field

seismic wave, the distance between the source of the earthquake and the

magmatic system is assumed 15.5 km. The seismic wave data is taken from

Petrolia/Cape Mendocino earthquake, 25-26 April 1992, of 7.2 magnitude

of the Richter scale [20]. The setting of the hypocenter with respect to

the system is reported in Figure (6.24). The distance between the source

of the earthquake and the magmatic system is assumed 15.5 km. The Up

and North-South components of the seismic wave are depicted in Figure (6.25).

Hypocenter View
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Figure 6.24: Position of the hypocenter with respect to the system.
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Figure 6.25: Up and North-South components of the seismic wave.

The simulations are performed over the same geometry and physical set up of

magmas as were employed in the previous simulation. Magma static pressure

and zero velocities are set as the initial conditions for the magma problem.

For the simulation case, the magma chamber is assumed to be surrounded by

an elastic thin (1 m) layer of rock. The absorption of the seismic wave by the

rock between the source and the magmatic system is not considered in this

study. This simulation requires coupling with the surrounding layer of rock.

In order to do the coupling, the following initial and boundary conditions are

applied. The initial conditions for the elastostatic mesh problem are set as

zero deformation. The boundary conditions for the magma problem are set

in the following way. Along the domain boundary where seismic wave strikes

(boundary in red colour in Figure 6.24), the fluid velocity is set equal to the

velocity of the seismic wave. On the remaining part of the domain boundary

(boundary in blue colour in Figure 6.24), the fluid velocity is set equal to the

velocity of deforming rock layer which is evaluated from the solution of the

elastostatic problem. For the elastostatic problem, the boundary conditions

are the seismic deformation on the boundary where seismic wave strikes

(boundary in red colour in Figure 6.24) and the magma traction forces on

the remaining part (boundary in blue colour in Figure 6.24).
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6.4.2 Results

At time t = 0 s, the seismic wave strikes on the magmatic system boundary

shown in red colour in Figure 6.24. The seismic wave interacts with the

system for 60 s. The behaviour of the mixing of magma is similar to the

shoshonite-phonolite case discussed in the previous section. The interface

starts getting perturbed around at 12 s and at 50 s a plume of buoyant

shoshonite reaches at the top of the dike and enters inside the upper cham-

ber. From the base to the top of the upper chamber plume covers 70 m

between 50-110 s, 110 m between 110-170 s, 120 m between 170-230 s and

100 m between 230-270 s. Thus, it takes approximately 220 s to reach from

the bottom to the top of the upper chamber, covering a total distance of 400 m.

Figure 6.26: The comparison of the inclination of the rising plumes at time t

= 100s. The left panel shows the case of shoshonite-phonolite discussed in

the previous section and the right panel shows the present case (shoshonite-

phonolite shaken by the seismic wave).

The only minor difference between the cases with and without the seismic

wave is the inclination of the rising plumes. In the case of seismic wave,

the rising plume is more deflected (see Figure 6.26). Whilst the plume of

shoshonite invades the upper chamber, phonolite makes a passage in the dike

and mix with the surrounding magma. The vertical motion of the rising and

sinking magma is accompanied by the formation of a number of vortices which

contribute further to magma mixing. In this case, the velocities fluctuate
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for the first 150 s. However, the magnitude of the velocity is the same as it

was without seismic wave case. The plume reaches its maximum velocity of 8

m/s when it is near the roof of the upper chamber.

The sudden arrival of the wave generates a longitudinal overpressure wave

which travels through the system from left to right and top to bottom. The

speed of the generated wave is observed in the range of 750-1000 m/s. Figure

(6.27) shows the temporal evolution of overpressure wave at the various

locations in the domain.

Lower chamber leftLower chamber centre

Upper chamber roof
Upper chamber centre

Figure 6.27: Overpressure (Pa) in the system at various locations for

shoshonite-phonilte seismic wave case.
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The seismic wave causes the fluctuation of overpressure in the domain. In

the upper chamber, the maximum value of overpressure reaches to 3.5 × 105

(Figure 6.28). The wave lasts in the system for a longer time. The system is

simulated up to 1100 s and observed that the wave is still present (see Figure

6.29). The amplitude of the wave decreases with time due to the viscosity of

the magma. Since the seismic wave shakes the system only for first 60 s, the

wave loses its energy proceeding in time. Eventually, after 500 s the wave

almost dampens and there are minor fluctuations of overpressure, showing

a decreasing trend. On the other hand, at the centre and on the left of the

bottom chamber the maximum values of overpressure reaches to 6.3 × 105

Pa and 2.2 MPa respectively. Similar to the upper chamber, the wave lasts in

the bottom chamber until the end of the simulation. The overpressure in the

bottom chamber shows a general increasing trend. Figure (6.30) compares the

overpressure along the system axis for seismically shaken case and without

seismic wave case. In comparison to the upper and bottom chambers, there

is a significant hike of overpressure in the dike. The maximum value of

overpressure in the dike reaches 2.2 Mpa. However, for later times the wave

continues to dampen and in the end, attains a similar profile of no seismic

wave case.

Upper chamber roof lower chamber centre

Figure 6.28: Zoom view of overpressure (Pa) at the upper chamber roof and

at the centre of bottom chamber for first 150 s for shoshonite-phonilte seismic

wave case.
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lower chamber centreUpper chamber roof

Figure 6.29: Zoom view of overpressure (Pa) at the upper chamber roof

and at the centre of bottom chamber for 400-1100 s for shoshonite-phonilte

seismic wave case.

OverpressureOverpressure

Figure 6.30: The comparison of overpressure (Pa) along the system axis. The

left panel shows the case of shoshonite-phonolite discussed in the previous

section and the right panel shows the present case (shoshonite-phonolite

shaken by the seismic wave). The horizontal axis displays the time and the

vertical axis displays the depth of the magmatic system along the central

line.
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Figure (6.31) reports the temporal evolution of the mass of the upper chamber

and the dike. There is a disturbance in the mass for first few seconds whilst

the seismic wave is striking with the system. In the upper chamber, this

disturbance continues up to first 170 s while in the dike it lasts longer, up

to 360 s. The general trend for the mass is similar to the case of no seismic

wave. The upper chamber loses the mass and the dike gains proceeding in

time.

Figure 6.31: The temporal evolution of mass (Kg/m) in upper chamber and

dike for the shoshonite-phonolite seismically shaken case.

The results of the andesite-dacite magmatic system shaken by a seismic wave

are similar to the ones discussed in the previous section (the case without

seismic wave) in the sense of mixing, magma motion as well as the physical

variables such as density, viscosity etc. The only difference is the formation

of pressure wave due to the seismic wave. The results for the overpressure

are shown in Fig (6.32). In this case, due to a much higher viscosity of the

magma, the pressure wave dampens quickly. The maximum overpressure

at the roof of the chamber is reached to 6.2 × 105 Pa, while on the left

part of the bottom chamber the maximum overpressure reaches to 2.9 MPa.

Figure (6.33) compares the overpressure in the dike. The maximum value of

overpressure in the dike reaches to 2.3 MPa.
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dynamics

The interaction of seismic wave with the system causes changes at the mi-

croscopic level, which is mainly seen only in the generation of overpressure

wave. Macroscopically the evolution of the overall dynamics is similar to

the case of no seismic wave. The density, gas vol fraction, CO2 gas mass

fraction, compressibility and the viscosity show exactly similar behaviour as

was discussed in the previous section.

Upper chamber centre Upper chamber roof

Lower chamber centre
Lower chamber left

Figure 6.32: Overpressure (Pa) in the system at various locations for andesite-

dacite seismic wave case.
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Overpressure Overpressure

Figure 6.33: The comparison of overpressure (Pa) along the system axis.

The left panel shows the case of andesite-dacite discussed in the previous

section (3000 to 5000 m depth) and the right panel shows the present case

(andesite-dacite shaken by a seismic wave). The horizontal axis displays the

time and the vertical axis displays the depth of the magmatic system along

the central line.

6.5 Discussion

The time scale of the processes occurring in a magma chamber can vary from

a range of minutes to years. The occurrence of convection inside the magma

chamber is a fundamental process. The convection can be either natural or

forced. Hereby, natural convection is referred as the mechanism by which

the magma motion is generated by density differences in magmas. It can be

either due to different compositions of two magmas or due to temperature

gradients. The forced convection can be caused by the excess forces of the

bottom magmatic system which try to push the magma upwards. A numerical

study is performed on natural convection cases taking place because of buoy-

ancy forces. The model accounts in the most realistic conditions of magma

mixing dynamics, in terms of local compressible/incompressible behaviour

of the magma. The density and viscosity are modelled as a function of the

composition of magma, temperature and pressure. The simulation results

illustrate many interesting processes that occur during magma replenishment.
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A number of forces come into play and the resulting scenario is a consequence

of all the factors. Two principal forces acting and influencing the dynamics

are viscosity and buoyancy. The viscosity opposes the motion while buoyancy

supports. The simulation results show that the evolution of magma properties

is non-linear and magmatic properties vary in space and time corresponding

to the local conditions.

The time-scale of convection and mixing largely depends on the viscosity of

the magma. Three different combinations are employed in the simulations;

basalt-hot/basalt-cold, shoshonite/phonolite and andesite/dacite. Among

these, basalt and shoshonite/phonolite are less viscous in comparison to an-

desite/dacite. The simulation results show that the mixing is faster and more

efficient for the basalt and shoshonite/phonolite cases than the andesite/dacite

case. In the case of basalt and shoshonite/phonolite, the convection starts

around 30 s and mixing time scale is in the range of a few hours. In the case of

andesite/dacite, the starting time of the convection is 60 s and by the end of

20 minutes, only a minor part of the magma is involved in the mixing process.

This suggests that the mixing time scale for the andesite/dacite case can be

in the range of tens of hours. In shoshonite/phonolite and andesite/dacite

cases, denser magma continuously sinks in the dike and interact with the

lighter one. As a result, after few minutes, the plumes coming from the dike

are not of fresh magma. The density of the magmas in the shallow chamber

decreases due to mixing with the lighter magmas of the plumes. This leads

to a decrease in the density contrast between incoming and host magmas,

and hence slows the mixing process. Also, due to viscous dissipation, the

mixing slows down for the later times. It is important to notice that the

present results are with the assumption that the magma has no crystals and

the crystallisation does not occur. In contrast, often in magma chambers, the

crystallisation occurs due to the loss of heat to the surrounding chamber rock,

which results in an increase in viscosity of magma by orders of magnitude.

In such cases, the magma can not be modelled as a Newtonian fluid and the

non-Newtonian rheology must be considered. The ascent speed of a high

viscous magma (106 − 107 Pas) can be as low as 5-20 m/day [166] and the

mixing time scale can be of hundreds of years. The simulation cases studied

here are with the assumption of the Newtonian rheology of the magma which

restricts us to neglect the crystallisation. The results obtained in the current

work are in agreement with [12,13,43].
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In the first case of natural convection driven by the temperature contrast, the

self-mixing between the hot and cold basalt magma is studied for 1500 s. The

aim was to see the dynamical evolution during a self mixing event. According

to the simulation set up, the value of Atwood number, A = (ρh−ρl)/(ρh+ρl)

at time t = 0 is 0.003, which indicates the hydrodynamic instabilities between

density stratified magmas. The simulation is a particular situation in the

closed domain when the magma is injected into a chamber and the Rayleigh-

Taylor instability develops due to the density contrast. The cases in which

the magma injection continues for a long time, the resulting scenario can be

different. The current simulation results show that the diffusion among the

hot and cold magmas generate the vortices, which tend to slow down at later

times due to the viscous forces and approach to a stable equilibrium state.

The velocity of the rotating vortices depends on the viscosity of the magma.

The maximum velocity in the current simulation reached to 2.426 m/s which

decreased to 1.43 m/s for the later time. As expected, the overpressure

increases in the chamber by a magnitude of few kPa. The maximum hike in

the overpressure is observed at the roof of the chamber by a magnitude of 6

kPa. The same simulation setup is applied to an irregular chamber to study

the effect of the domain irregularities. The obtained results are found to be

in a close resemblance to the elliptical case. This indicates that for such kind

of self-mixing, the domain geometry does not have an effective influence on

the dynamics.

In the second case, the magma mixing has been studied to track the dynami-

cal evolution when magma coming from deeper source reaches a shallower

chamber. It is important to note that here the only driving force is buoyancy.

Two simulations are performed over two different magma combinations. The

first one with shoshonite/phonolite magma took as reference the most recent

reconstruction of a possible magmatic reservoir at Campi Flegrei (Italy) while

the second one with andesite/dacite represented a case of arc magmatism. In

both simulations, the same domain was used. The two simulations shared

a common setup, a smaller shallower magma chamber containing degassed

and more evolved magma, connected through a dike with a bigger deeper

magma chamber filled with volatile-rich less evolved magma. The different

compositions of magma determined a density contrast. The initial values of

Atwood number for the shoshonite/phonolite and the andesite/dacite were
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0.034 and 0.05 respectively. Even though the values of Atwood number were

small as in the first case, they were still large enough to infer the instability

between the two magmas at the interface. Infact, this is evident also from

the values of Froude number.

Fr = v/
√
gl (6.3)

which were approximately equal to 0.565 and 0.282 corresponding to maximum

velocity reached for shoshonite/phonolite and andesite/dacite case respectively.

In the above formula, v is the characteristic velocity, g is the gravity and

l is the characteristic length. For the earlier times, the values of Froude

number were even smaller representing that the small surface waves will

move upstream with time. Note that the Froude number is analogous to

the Mach number. A greater value of the Froude number indicates a greater

resistance. In the simulation cases considered here, the density ratio ρl/ρg
for shoshonite/phonolite and andesite/dacite magmas are low. Here, ρl and

ρg are the densities of the liquid melt and the gas. As the density ratio are

low for the small values of Atwood number, the relative velocity between the

phases is very small and can be neglected. This justifies that the assumption

of homogeneous multicomponent flow model is valid. The value of Archimedes

Number has also been examined.

Ar = ρL3g∆ρ/µ2 (6.4)

For shoshonite/phonolite and andesite/dacite cases the values of Ar are 80355

and 498 respectively. The value of Ar which is greater than 1 for both cases

indicates that the buoyancy forces are dominating over the viscous forces.

However, for shoshonite/phonolite case a larger value of Ar suggests that the

flow will be more rapid than the andesite/dacite case. This is evident from

the simulation results that in the case of andesite/dacite the viscous forces

play a crucial role in restraining the flow. As a result, a much less efficient

convection dynamics emerges from the andesite/dacite case in comparison to

the shoshonite/phonolite case.

The density contrast between the two magmas generates a destabilisation

at the interface. The movement of the interface produced a decompression

pressure wave travelling first downwards and then upwards. This was due

to the response of the magmatic system towards the disturbance of equilib-

rium. The wave stabilised as the system got ready for its further dynamical
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evolution. As the plume of lighter magma entered from the dike into the

upper chamber, two main features of the rising plume are observed. The

plume accelerated during its rise in the upper chamber. The decompression

caused the expansion of volatiles, which increased the rising velocity of the

plume. The second interesting feature is the cap shape of the plume, which

contributes to the formation of vortices. The two ends of the cap shape of

the plume generate two small vortices which continue to broaden due to

convection with the hosting magma. After striking the chamber roof the

vortices spread along the walls of the chamber and interact with more magma,

mixing and trying to equilibrate the density. The mixing between the magmas

is strengthened with the arrival of subsequent fresh plumes which enter the

shallow chamber after the primary one. Viscosity played a crucial role in

restriction of convection as well as the entering of the subsequent plumes. For

andesite/dacite case only a countable number of plumes enter in the upper

chamber in comparison to the shoshonite/phonolite case. The maximum

rising velocity is reached to a few meters per second.

In both simulation cases, pressure in the upper chamber decreases. This makes

sense because low-density magma was entering into the chamber which makes

the host dense magma to sink in the dike. In the upper chamber the mixing

between the magmas of different densities lowers the overall density locally

as well as globally. This in a result reduces the thermodynamic pressure

which is the sum of magma static pressure and the dynamic pressure due to

the motion of magma. As plume is rising up the magma static pressure is

decreasing which induces the exsolution of volatiles and decreases the density.

On one hand the increment in velocity due to the exsolved gas increases the

dynamic pressure, whereas, on the other hand the decrease in density tends

to decrease. The dynamic pressure increases during the rise of the plume

but soon after as the plume strikes with the roof and spreads along the walls

of the chamber, the velocity decreases as well as the density of the mixing

magma, which overall reduces the thermodynamic pressure. In this model

the thermodynamic pressure coincides with the mechanical pressure. The

mechanical pressure for any parcel of the fluid can be written as

pmech = pther −
(
λ+

2

3
µ
)
∇ · v (6.5)
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here, pmech and pther are the mechanical and thermodynamic pressure re-

spectively. λ+ 2
3µ is the bulk viscosity. Although, ∇ · v 6= 0 but by setting

λ = −2/3µ according to Stoke’s hypothesis, the bulk viscosity is set equal to

zero in the model and hence the small difference between the thermodynamic

and mechanical pressure is neglected. For the upper chamber, a general

decreasing trend of the overpressure is attained. However, at the roof of the

chamber, there is some increment in the overpressure, which is associated

with the arrival of the plume. In both shoshonite/phonolite and andesite/-

dacite cases, the maximum value of overpressure at the roof of the chamber

is reached to ≈ 104 Pa, which is not sufficient to rupture the wall rock. On

the other hand, in the dike as well as in bottom chamber there is a profile

of increasing overpressure. The rise of overpressure is little higher along the

boundaries than the centre which is reasonable as the boundaries have less

space to distribute the force in comparison to the centre. On the other hand,

the sinking of dense magma increases the mass and the overpressure in the

dike as well as in the bottom chamber. According to the simulation results,

with such type of geometry and physical set up the influx of magma in the

upper chamber is lower than the outflux, which is the main reason for the

decrease of overpressure. However, a general hypothesis can not be set on

the basis of the simulations performed here. It requires a large number of

simulations and the parametric study, which was not in the scope of the

current research work. It is very much likely that the different setup and

domain geometry can lead to different results. The aim of these simulations

was to understand the physics behind the processes with specified domain

and model assumptions. The interesting point emerged from this study is

the role of viscosity, which not only delays but also significantly affects the

mixing and the convection.

Products of eruptions may be representative of the magma chamber state

just prior to the eruptive event, despite the ejection processes can strongly in-

fluence the magmatic conditions of the chamber itself. However, petrological

and chemical investigations show several cases where magma conditions in

the chamber are clearly preserved [132,157,168]. The eruptive sequences of

the 1915 Lassen Peak (California) [132], the AD 1640 and 1694 of Hokkaido-

Komagatake Volcano (Japan) [157], and the Akagi Volcano (Japan) [168] show

that mafic products were erupted at first, followed by mixed/mingled mafic

to silic magma, ending with the silicic end-member. This could be interpreted
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as a stratified magma chamber with upper mafic and lower silicic regions,

and an intermediate zone of mixed/mingled magma. This is in accordance

with the simulations of the shoshonite/phonolite and andesite/dacite cases

where the plume of less evolved magma rising from the feeding dike reached

and accumulated at the top of the shallower magma chamber, giving rise to

convection inside the chamber promoting mixing/mingling between the more

evolved residing magma and the less evolved injected one.

In the third case, the effect of a near-field seismic wave on the evolution of

magma chamber replenishment dynamics has been studied. Contrary to the

previous case, where the dynamics was solely driven by the density contrast

between two heterogeneous magmas, here an external disturbance is passed

to the system in the form of a seismic wave. This study is of particular impor-

tance because there are ample pieces of evidence which reflect a correlation

between the earthquakes and change in magma dynamics. The later could

eventually culminate into an eruption. Much of the research on this topic has

been focused on the stress change around the walls of the magma chamber,

which can further be distinguished as the static stress change and the dynamic

stress change. Possible effects of the seismic waves on volcanic behaviour have

been proposed in the literature. Nevertheless, most of these are based on

logical reasoning of the authors. The current simulations model the scenario

numerically which allows examining the detailed features of the evolution of

the magma dynamics. The real earthquake data of Petrolia/Cape Mendocino,

25-26 April 1992 has been used in the simulation. The hypocenter of the

earthquake was assumed close to the magmatic system. This allowed us to

neglect the attenuation of the seismic wave. The propagation of the seismic

wave through the surrounding rock can be successfully computed by the

viscoelastodynamics equations (see chapter2 and chapter5). But, since this

step is not implemented in the computer code yet and the prime objective

is to focus on the magma dynamics, the absorption of the seismic wave by

rock is neglected. The wave data was applied to the magmatic system by

the boundary conditions. The domain setup for the magmatic system was

the same as the second case. The seismic wave impinged with the system

at time t = 0. Though the strike of the wave produced some disturbance of

velocities near the boundaries, the evolution of plume rise and convection

was similar to the second case (without external excitation). The velocities

were observed to fluctuate for the earlier times whilst the wave was shaking
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the chamber.

The impressive result obtained from the simulation is the appearance of

the overpressure wave, which is generated due to disturbance caused by the

seismic wave. Though the seismic wave shakes the chamber for 60 s, the

longitudinal overpressure wave is still there even at 1500 s. The amplitude

of the overpressure wave is observed to decrease in time due to the viscous

dissipation and eventually seems to attain a smoother profile for later times.

Nevertheless, the overpressure in the system is increased. In the upper cham-

ber, it is one order of magnitude higher, whereas, in the dike and in the

bottom chamber, it is two order of magnitude higher than the second case

(without external excitation). The wave is more effective in the dike and on

the left of the bottom chamber with an increase in overpressure up to 2.2

MPa. The seismic wave has negligible effect on other flow variables (density,

viscosity etc.) These are the results when the seismic wave shook the system

at the very early stage of mixing and convection. However, if there were

already ongoing mixing which would increase the overpressure in the dike

as well as in the bottom chamber (as was seen in the case without external

excitation), the impinge of a seismic wave might increase the overpressure

beyond a critical value. If there was a crack, for such overpressure it could

be very likely to propagate further.

In [120] authors suggested that the small lateral distance and mechanical

interaction between dike and fault could have triggered the slip observed

on the fault during the North Mono-Inyo eruption sequence of 1350 A.D.

after a series of strong earthquakes. The slip, in turn, could have reduced

the horizontal confining pressure in a region near the southern tip of the

fault. The presence of the main Inyo vents in this region suggests that the

reduction in confining stress was sufficient to allow magma to propagate to the

surface. Two volcanic eruptions in the Sumatra-Andaman arc were followed

the disastrous M 9.3 earthquake of 26 December 2004. In [203] authors

suggested that earthquake-induced decompression of the volcano magma

systems leads to such eruptions. The earthquakes can promote eruptions

by compressing the magma body at depth and opening suitably oriented

near-surface conduits. Voiding the magma body in turns brings these same

normal faults closer to Coulomb failure, promoting earthquakes. Such a

coupling is strongest if the magma reservoir is a dike oriented normal to
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the regional extension axis, parallel to the Apennines, and the near-surface

conduits and fissures are oriented normal to the Apennines. This preferred

orientation suggests that the eruptions issuing from such fissures should be

most closely linked in time to Apennine earthquake [37].

212



Chapter 7

Conclusion

7.1 Summary of contribution

The thesis presented a numerical algorithm to solve magma-rock interac-

tion (fluid-structure interaction, FSI) problem. Magma was modelled as a

multicomponent singe-phase compressible/incompressible fluid flow and rock

was modelled as an elastic/viscoelastic structure. Governing Navier-Stokes

equations for compressible fluid flow consist of mass conservation equation

for each component and momentum and energy equations for the mixture

of components. In order to obtain the incompressibility of the flow, two

compressibility coefficients, volume expansivity, αp and isothermal compress-

ibility, βT were defined and set equal to zero. A homogeneous mixture model

was used in the algorithm. The mixture model evaluated the weighted average

value of thermodynamic variables, where weights were respectively the mass

fractions of the components in a given phase. The structural model for rock

was based on the linear elastic/viscoelastic behaviour undergoing a small

deformation. Elasticity and viscoelasticity respectively were modelled by the

Hooke’s law and the generalised Maxwell’s model. The later wrote the stress

relaxation function for elastic and inelastic parts in the form of a Prony series.

Based on the numerical techniques, two separate software programs have been

developed for fluid and structure. The programs are written in C++ template

metaprogramming language. The parallelization of the code is done by Open

MPI library, allowing the code to run on multiple processors simultaneously.

The meshes are generated by Gmsh software and are partitioned into a num-
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ber of specified processes by pmetis software. The meshes are transformed

into required format by a Matlab script. Sparse vectors and matrices arise

from the assembly of elements are defined by the Epetra package from trilinos

libraries. Linear set of equations is solved by an iterative block GMRES

solver from BELOS package of trilinos. The postprocessing of the results is

done with Matlab and ParaView.

The Navier-Stokes equations for the fluid flow were solved by the space-time

Galerkin least square method. The proposed method was continuous in

space and discontinuous in time. This allowed solving the flow problem

independently for each time slab instead of solving a global problem over

the whole time domain. The compressible flow equations were written in a

vector form and transformed from conservative to pressure primitive vari-

ables. The transformed equations allowed to compute both compressible

and incompressible flow in a unified way. Two stabilisation operators, least

square and discontinuity capturing were defined to stabilise the numerical

solution. The details of space-time finite element method were provided

including the mapping, the weak formulation and the computation of unit

time normal vector. Two discretization schemes, linear in time and constant

in time were discussed and the computation of vectors and matrices were

provided at the element level. The method was successfully validated on

fixed domain single/multicomponent compressible and incompressible fluid

flow benchmarks.

The numerical method was developed to deal with the moving domain

problems which required the updation of the fluid mesh in response to the

movement of the boundaries and the associated changes in the fluid flow.

In moving domain problems, the space-time slab required the computation

of the fluid mesh velocity. For this purpose, an elastic mesh deformation

method was presented which computed the displacement and velocity of the

fluid mesh nodes. In order to deal with the large distortion of the fluid mesh

elements, Jacobian based stiffening approach was proposed. It increased

the rigidity of the smaller elements than the larger ones, which allowed to

move the mesh for larger deformation of the boundary as well as decreased

the frequency of remeshing. The quality of the mesh was qualified by angle,

length ratio, element area change and element shape change criteria. After

testing the elastic mesh deformation method on two test cases, a segregated
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algorithm was developed to couple the mesh deformation with the fluid flow

problem. The algorithm was validated on deforming body and free surface

problems for both single and multicomponent fluid flows.

The structure mechanics equations were solved on the undeformed configura-

tion by the semi-discrete finite element method. The spatial discretization

was done by standard Galerkin method and time was discretised by the

generalised α time integration method. Two different type of predictors were

proposed: constant velocity and zero acceleration. The tangent matrix was

computed in an implicit way. Linear elastodynamics was presented as a

special case of viscoelastodynamics with only the elastic part and neglecting

the inelastic part. The numerical scheme was tested on three benchmarks.

Segregated algorithms were proposed for one-way and two-way coupling. In

two-way coupling algorithm, in the first step, the Navier-Stokes equations for

multicomponent fluid flow were solved. From the fluid solution the traction

forces were computed and applied to the structure problem as Neumann

boundary conditions at the interface. In the second step, the structure equa-

tions were solved and displacement and velocity were computed. In the third

step, the structural displacement was passed as Dirichlet boundary condition

to the fluid mesh motion problem at the interface. The mesh motion problem

was solved for the displacement and velocity of the fluid mesh nodes. Once

the fluid mesh displacement was known, the space-time slab was formed and

computations were performed for the next time step by passing the structural

velocity to the fluid at the interface as Dirichlet boundary condition.

The developed algorithm was applied to study the natural convection occur-

ring inside a magma chamber. The proposed model was based on some nec-

essary assumptions including the Newtonian behaviour of magma, neglection

of crystallisation and chemical reactions, and single phase and bi-dimensional

flow of the magma. The physical models were discussed to compute the

exsolution and dissolution of the volatiles, the density of volatiles and silicate

melt, and the viscosity for the magma. A mixture model was used to compute

the thermodynamic variables. Three different type of cases were investigated

with magma combinations.

The first case investigated the Rayleigh-Taylor (RT) instability arise inside
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an elliptical chamber due to the mixing of hot and cold basalt magma. Nu-

merical results showed that the RT fingers grow exponentially with time

and the mixing time scale was in the range of a few hours. During mixing

several convective cells appeared, moving at ≈ 2.4 m/s. The velocity of the

convective cells decreased with time which indicated the slowing down of

mixing. The overpressure increased due to mixing. The maximum value of

overpressure 6300 Pa was reached at the top of the chamber. It was tested

by a simulation that the irregular geometry does not influence the dynamics.

In the second case, two numerical simulations were performed to study the

magma replenishment from a deeper source to a shallower magma chamber.

The first simulation was done with the volatile rich shoshonite and degassed

phonolite magmas, and the second simulation was performed over volatile rich

andesite and degassed dacite magmas. The simulation results showed that

the viscosity has a major influence on the convection and mixing efficiency. In

Shoshonite/Phonolite (SP) case a large number of plumes entered inside the

shallower chamber, while in Andesite/Dacite (AD) case very small number

of the plumes arrived. Like basalt, the mixing time scale for SP was in the

range of a few hours, whereas, for AD it was in the range of tens of hours.

For SP the maximum velocity of the rising plumes reached up to 9 m/s while

for AD it reached only 4.3 m/s. For SP and AD respectively, the maximum

value of the overpressure reached at the top of the upper chamber was up

to 1 × 104 and 1.7 × 104; in the dike up to 5 × 104 and 2.2 × 104; at the

centre of the bottom chamber up to 3.4 × 104 and 1.9 × 104. In both cases

the replenishment and mixing of the magmas decreased the overpressure

in the shallow chamber and increased in the dike and the bottom chamber.

The current results show that the replenishment driven by only buoyancy

forces can produce a decompression in the shallower chamber. This can be

an important factor in formation and collapse of a caldera.

The third case explored the influence of a near-field seismic wave on magma

dynamics. The impact of a seismic wave was applied to the magma com-

binations employed in the second case. The simulation results showed a

fluctuation of velocity for first 150 s, localised next to the boundary where

the wave was striking. Though the wave impinged with the chamber only for

first 60 s, the effect on the velocity lasted up to 150 s. The dynamics of plume

rising, convection and mixing were not affected by the impact of seismic
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wave. The strike of seismic wave generated a longitudinal overpressure wave

in the system which travelled with the magma sound speed. For SP and

AD respectively, the maximum value of the overpressure, at the top of the

upper chamber, was up to 3.5 × 105 and 6.2 × 105; in the dike up to 2.2

× 106 and 2.3 × 106; at the centre of the bottom chamber up to 6.3 × 105

and 1 ×106. In this case, the overpressure, in the upper chamber was about

one order of magnitude higher than no seismic wave cases, while in the dike

and in the bottom chamber it was about two order of magnitude higher.

The overpressure wave damped with time due to viscous dissipation. Similar

to the second case, the overpressure decreased in the shallow chamber and

increased in the dike and bottom chamber.

7.2 Directions for future work

� In the current work, the details about the coupling between magma

and rock have been provided. Two separate software programs for

magma flow and rock dynamics have been developed and validated.

The coupling between the two problems was not yet implemented in

the software. This is the prime objective of the future work. The fully

coupled code would be extremely important as well as useful. It would

allow computing the synthetic signals for rock deformation subject to

the magmatic forces applicable on the chamber walls. The comparison

between the computed synthetic signals and recorded monitoring signals

would help to understand the subsurface magma activity and the

physical processes behind that.

� In the present work, in near-field seismic wave impact simulation, a

smooth vertical dike was taken as the domain geometry. Following the

results, which indicate that the seismic wave is more effective in the

dike, the irregular geometry of a dike can cause a high overpressure,

large enough to rupture the rock and propagate the cracks. Also, in the

simulation, the seismic wave was hit to the system at the beginning of

the convection. The shaking of an already ongoing magma mixing might

produce completely different results. The effect of the irregular dike and

the shaking of the chamber when the mixing has already started are

two interesting factors that should be addressed in the future research.
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� All the results presented in this thesis were based on 2D numerical

simulations. For a realistic scenario of the magma dynamics, a 3D

model is necessary. The extension of the present model into a 3D model

has already been done and has been validated, but is not presented

in the current thesis work. In future, it would be nice to explore that

whether there is any difference in magma dynamics between a 2D and

3D computations.

� The present model is in general applicable to any kind of magma flow

simulations but it will not be suitable for modelling the volcanic conduit

dynamics in which the gas phase can rise through the moving liquid,

generating slug flow as in Strombolian eruptions. In conduits, the

exsolved gas can move much faster than the melt, in particular during

the transient phase of an eruptive event. It requires a multiphase model

to capture the accurate dynamics. However, once the slug is formed

the current model can be applied to simulate the slug rising to the

conduit. A global model which link the magma chambers with the

conduit should be able to compute the multiphase multicomponent

fluid flows. The future research should consider the development of

multiphase multicomponent fluid flow model applicable to simulate the

chamber and conduit flow dynamics simultaneously.

� Current work focused on the natural convection cases, in which the

results showed a decrease of overpressure in the shallow chamber. This

was associated to the mass outflux of the magma. There can be

situations when the overpressure in the bottom system can cause more

mass influx than outflux in the shallow chamber. In such cases, the

dynamics will be driven by forced convection. In such cases, the

overpressure in the shallow chamber can overcome the tensile strength

of host rock and lead to an eruption. A further research is required to

model the forced convection cases.

� As it was pointed out in the discussion that the crystallisation increases

the viscosity, which ultimately strongly influences the dynamics. There-

fore, the inclusion of crystallisation in the current model remains for

the future work.

� Current developed model was based on the finite element method

(FEM) that can be easily modified into extended finite element method
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7.2 Directions for future work

(XFEM). The XFEM is in particularly useful for the crack propagation

modelling. The implementation of XFEM into the current model would

be useful to model the dike propagation from magma chamber to the

surrounding rock.

� From the numerical point of view, there is always a need of stabilised

techniques so that the numerical method should be used for larger time

steps. Further research is required to develop the optimised stabilisation

operators for multicomponent fluid flows.
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Appendix A

A.1 Definitions of vectors

Denoting

[
Yn−1

]
(n−1)×1

=



y1

y2

...

yn−1


[
Vn−1

]
(n−1)×1

=



(g1 − k)/T

(g2 − k)/T

...

(gn−1 − k)/T



[
v
]
3×1

=

v1

v2

v3

 [
τi
]
3×1

=

τ1iτ2i
τ3i

 [
b
]
3×1

=

b1b2
b3



[
J i
n−1

]
(n−1)×1

=


J i1
J i1
...

J in−1
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The vectors are given by

[
U
]
(n+4)×1

= ρ


Yn−1

yn
v

et

 [
Y
]
(n+4)×1

=


Yn−1

p

v

T

 (A.1)

[
V
]
(n+4)×1

=


Vn−1

(gn − k)/T

v/T

−1/T

 [
F ai
]
(n+4)×1

=


ρviYn−1

ρviyn
ρviv + δip

ρviet + vip


(A.2)

[
F di
]
(n+4)×1

=


−Jn−1

i

−Jni
τi

τijvj − qi −
∑
k

Jki hk

 [
F
]
(n+4)×1

= ρ


0n−1

0

b

b · v + r


(A.3)
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A.2 Definitions of matrices

A.2 Definitions of matrices

The matrix of partial derivatives of conservation variables U with respect to

Y is defined as

A0(Y ) =



∂ρY n−1

∂Y n−1

∂ρY n−1

∂p

∂ρY n−1

∂v

∂ρY n−1

∂T

∂ρyn
∂Y n−1

∂ρyn
∂p

∂ρyn
∂v

∂ρyn
∂T

∂ρv

∂Y n−1

∂ρv

∂p

∂ρv

∂v

∂ρv

∂T

∂ρet
∂Y n−1

∂ρet
∂p

∂ρet
∂v

∂ρet
∂T



Individual terms in above matrix are defined as

[
∂ρY n−1

∂Y n−1

]
(n−1)×(n−1)

=



y1C1 + ρ y1C2 . . . y1Cn−1

y2C1 y2C2 + ρ . . . y2Cn−1

...
...

. . .
...

yn−1C1 yn−1C2 . . . yn−1Cn−1 + ρ



[
∂ρY n−1

∂p

]
(n−1)×1

= ρβY n−1

[
∂ρY n−1

∂v

]
(n−1)×3

= 0
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[
∂ρY n−1

∂T

]
(n−1)×1

= −ραY n−1
∂ρyn
∂T

= −ραyn

[
∂ρyn
∂Y n−1

]
1×(n−1)

=
[
ynC1 − ρ ynC2 − ρ . . . ynCn−1 − ρ

]

∂ρyn
∂p

= ρβyn

[
∂ρyn
∂v

]
1×3

= 0T

[
∂ρv

∂Y n−1

]
3×(n−1)

= v
[
C1 C2 . . . Cn−1

]

[
∂ρv

∂p

]
3×1

= ρβv

[
∂ρv

∂v

]
3×3

= ρI3

[
∂ρv

∂T

]
3×1

= −ραv ∂ρet
∂T

= ep4

[
∂ρet
∂Y n−1

]
1×(n−1)

=
[
etC1 + ρen1 etC2 + ρen2 . . . etCn−1 + ρenn−1

]
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A.2 Definitions of matrices

∂ρet
∂p

= ep1

[
∂ρet
∂v

]
1×3

= ρvT

Where

Ck = ρ2

(
1

ρn
− 1

ρk

)
enk = ek − en

ep1 = ρβ(h+ k)− αT ep4 = −ρα(h+ k) + ρcp

Here, α and β are the coefficients of isobaric expansion and isothermal

compressibility. I3 is identity matrix.

The advective flux matrices Ai,Y are defined as

Ai(Y ) =



∂ρviY n−1

∂Y n−1

∂ρviY n−1

∂p

∂ρviY n−1

∂v

∂ρviY n−1

∂T

∂ρviYn
∂Y n−1

∂ρviYn
∂p

∂ρviYn
∂v

∂ρviYn
∂T

∂Pi
∂Y n−1

∂Pi
∂p

∂Pi
∂v

∂Pi
∂T

∂Qi
∂Y n−1

∂Qi
∂p

∂Qi
∂v

∂Qi
∂T
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Where Pi = ρvi(v + δip) and Qi = ρvi(et + vip). The individual terms

in matrix are evaluated as

[
∂ρviY n−1

∂Y n−1

]
(n−1)×(n−1)

= vi

[
∂ρY n−1

∂Y n−1

]

[
∂ρviY n−1

∂p

]
(n−1)×1

= vi

[
∂ρY n−1

∂p

]

[
∂ρv1Y n−1

∂v

]
(n−1)×3

= ρY n−1

[
1 0 0

]
[
∂ρv2Y n−1

∂v

]
(n−1)×3

= ρY n−1

[
0 1 0

]
[
∂ρv3Y n−1

∂v

]
(n−1)×3

= ρY n−1

[
0 0 1

]
[
∂ρviY n−1

∂T

]
(n−1)×1

= vi

[
∂ρY n−1

∂T

]

[
∂ρviyn
∂Y n−1

]
1×(n−1)

= vi

[
∂ρyn
∂Y n−1

]
∂ρviyn
∂p

= vi
∂ρyn
∂p

[
∂ρv1yn
∂v

]
1×3

= ρyn
[
1 0 0

]
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A.2 Definitions of matrices

[
∂ρv2yn
∂v

]
1×3

= ρyn
[
0 1 0

] [
∂ρv3yn
∂v

]
1×3

= ρyn
[
0 0 1

]

∂ρviyn
∂T

= vi
∂ρyn
∂T

[
∂Pi

∂Y n−1

]
3×(n−1)

= vi

[
∂ρv

∂Y n−1

]

[
∂P1

∂p

]
3×1

=

ρβv2
1 + 1

ρβv1v2

ρβv1v3

 [
∂P2

∂p

]
3×1

=

 ρβv1v2

ρβv2
2 + 1

ρβv1v3



[
∂P3

∂p

]
3×1

=

 ρβv1v3

ρβv1v2

ρβv2
3 + 1

 [
∂P1

∂v

]
3×3

=

2ρv1 0 0

ρv2 ρv1 0

ρv3 0 ρv1



[
∂P2

∂v

]
3×3

=

ρv2 ρv1 0

0 2ρv2 0

0 ρv3 ρv2

 [
∂P3

∂v

]
3×3

=

ρv3 0 ρv1

0 ρv3 ρv2

0 0 2ρv3



[
∂Pi
∂T

]
3×1

= vi

[
∂ρv

∂T

] [
∂Qi

∂Y n−1

]
1×(n−1)

= vi

[
∂ρet
∂Y n−1

]

∂Qi
∂p

= vie
p
2

[
∂Q1

∂v

]
1×3

=
[
ep3 + ρv2

1 ρv1v2 ρv1v3

]
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[
∂Q2

∂v

]
1×3

=
[
ρv1v2 ep3 + ρv2

2 ρv2v3

]

[
∂Q3

∂v

]
1×3

=
[
ρv1v3 ρv2v3 ep3 + ρv2

3

]

[
∂Qi
∂T

]
3×1

= vi

[
∂ρet
∂T

]

Where ep2 = ep1 + 1 and ep3 = ρet + p

The diffusivity matrices Kij are defined as



[
Dij

]
(n−1)×(n−1)

[0](n−1)×5[
d
]
1×(n−1)

[0]3×(n−1)

[hd]1×(n−1)

[kij ]5×5



Where [
Dij

]
(n−1)×(n−1)

= 0 if i 6= j
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A.2 Definitions of matrices

For i = j
[
Dij

]
(n−1)×(n−1)

= ρ



d11 d12 . . . d(1)(n−1)

d21 d22 . . . d(2)(n−1)

...
...

. . .
...

d(n−1)(1) d(n−1)(2) . . . d(n−1)(n−1)



[
d
]
1×(n−1)

=
[
dn1 dn2 . . . d(n)(n−1)

]

[
hd
]
1×(n−1)

= hd(i) =

n∑
j=1

hjdji i = 1, 2, . . . , n− 1

Where dji is the diffusion coefficient between component j and i; hj is the

specific enthalpy of jth component.

k11 =


0 0 0 0 0

0 χ 0 0 0

0 0 µ 0 0

0 0 0 µ 0

0 χv1 µv2 µv3 κ

 k12 =


0 0 0 0 0

0 0 λ 0 0

0 µ 0 0 0

0 0 0 0 0

0 µv2 λv1 0 0



k13 =


0 0 0 0 0

0 0 0 λ 0

0 0 0 0 0

0 µ 0 0 0

0 µv3 0 λv1 0

 k21 =


0 0 0 0 0

0 0 µ 0 0

0 λ 0 0 0

0 0 0 0 0

0 λv2 µv1 0 0
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k22 =


0 0 0 0 0

0 µ 0 0 0

0 0 χ 0 0

0 0 0 µ 0

0 µv1 χv2 µv3 κ

 k23 =


0 0 0 0 0

0 0 0 0 0

0 0 0 λ 0

0 0 µ 0 0

0 0 µv3 λv2 0



k31 =


0 0 0 0 0

0 0 0 µ 0

0 0 0 0 0

0 λ 0 0 0

0 λv3 0 µv1 0

 k32 =


0 0 0 0 0

0 0 0 0 0

0 0 0 µ 0

0 0 λ 0 0

0 0 λv3 µv2 0



k33 =


0 0 0 0 0

0 µ 0 0 0

0 0 µ 0 0

0 0 0 χ 0

0 µv1 µv2 χv3 κ



Where, χ = λ+ 2µ.

The source matrix S is defined as

S =



[0](n−1)×(n−1) [0](n−1)×1 [0](n−1)×3 [0](n−1)×1

0 0 0 0

[0]3×(n−1) [0]3×1 [0]3×3

[ρb
T

]
3×1

[0]1×(n−1) 0 [ρbT ]1×3
ρr

T


230



A.2 Definitions of matrices

The source matrix with Boussinesq-approximation is defined as

S =



[0](n−1)×(n−1) [0](n−1)×1 [0](n−1)×3 [0](n−1)×1

0 0 0 0

[0]3×(n−1) [0]3×1 [0]3×3

[
−ρbα(T − T0)

T

]
3×1

[0]1×(n−1) 0 [0]1×3 0



V,Y is evaluated as

V,Y ==



∂V n−1

∂Y n−1

∂V n−1

∂p

∂V n−1

∂v

∂V n−1

∂T

∂Vn
∂Y n−1

∂Vn
∂p

∂Vn
∂v

∂Vn
∂T

∂(v/T )

∂Y n−1

∂(v/T )

∂p

∂(v/T )

∂v

∂(v/T )

∂T

∂(−1/T )

∂Y n−1

∂(−1/T )

∂p

∂(−1/T )

∂v

∂(−1/T )

∂T



Where Vn =
gn − k
T

. The individual terms of the matrix are as follows:
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[
∂V n−1

∂Y n−1

]
i,j

= RMt

(
1

Mn
− 1

Mj

)
+
R

yi
δij i, j = 1, 2, . . . , n− 1

[
∂V n−1

∂p

]
(n−1)×1

=
R

p
(1, 1, . . . , 1)T

[
∂V n−1

∂v

]
(n−1)×3

=
−1

T


v1 v2 v3

v1 v2 v3

...
...

...

v1 v2 v3



[
∂V n−1

∂T

]
(n−1)×1

=
|v|2

2T 2
(1, 1, . . . , 1)T

[
∂Vn

∂Y n−1

]
1,j

= RMt

(
1

Mn
− 1

Mj

)
− R

yn
j = 1, 2, . . . , n− 1

∂Vn
∂p

=
R

p

[
∂Vn
∂v

]
1×3

=
−1

T
vT

∂Vn
∂T

=
|v|2

2T 2
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A.2 Definitions of matrices

[
∂(v/T )

∂Y n−1

]
3×(n−1)

= 0

[
∂(v/T )

∂p

]
3×1

= 0

[
∂(v/T )

∂v

]
3×3

=
1

T
I3

[
∂(v/T )

∂T

]
3×1

=
−1

T 2
v

[
∂(−1/T )

∂Y n−1

]
1×(n−1)

= 0
∂(−1/T )

∂p
= 0

[
∂(−1/T )

∂v

]
1×3

= 0
∂(−1/T )

∂T
=

1

T 2

Where, Mi is the molar mass of ith component and Mt is the total molar

mass. V,U is defined as V,U = V,Y Y,U ; where, Y,U= U,Y
−1.
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A.3 Third order predictor multi-corrector al-

gorithm

Third order predictor multi-corrector algorithm used to solve the non-linear

systems of equations is given as below:

Given nstep and imax
(Initialize)

set Y 2
(0)

(Time steps)

For n = 0, 1, . . . , nstep − 1

(Predictor)

Y 2(0)
= Y 1(0)

= Y 2
(0)

Set ∆t

(Multi-corrector loop)

For i = 0, 1, . . . , imax − 1

Form R2(i)
(
Y 2(i)

,Y 1(i)
,Y 2

(n)

)
Form M (i)

(
Y 2(i)

,Y 1(i)
)

Solve for ∆Y 2(i)
:

M (i)∆Y 2(i)
= −R2(i)

update Y 2(i+1)
= Y 2(i)

+ ∆Y 2(i)

If i = imax, Exit the loop

Form R1(i)
(
Y 2(i+1)

,Y 1(i)
,Y 2

(n)

)
Form M (i)

(
Y 2(i+1)

,Y 1(i)
)

Solve for ∆Y 1(i)
:

M (i)∆Y 1(i)
= −R1(i)

update Y 1(i+1)
= Y 1(i)

+ ∆Y 1(i)

(end multi-corrector loop)
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A.3 Third order predictor multi-corrector algorithm

Y 2
(n+1) = Y 2(i+1)

(end time steps)

Exit
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A.4 First order predictor multi-corrector al-

gorithm

First order predictor multi-corrector algorithm used to solve the non-linear

systems of equations is given as below:

Given nstep and imax
(Initialize)

set Y 2
(0)

(Time steps)

For n = 0, 1, . . . , nstep − 1

(Predictor)

Y 2(0)
= Y 2

(0)

Set ∆t

(Multi-corrector loop)

For i = 0, 1, . . . , imax − 1

Form R2(i)
(
Y 2(i)

,Y 1(i)
,Y 2

(n)

)
Form M (i)

(
Y 2(i)

,Y 1(i)
)

Solve for ∆Y 2(i)
:

M (i)∆Y 2(i)
= −R2(i)

update Y 2(i+1)
= Y 2(i)

+ ∆Y 2(i)

If i = imax, Exit the loop

(end multi-corrector loop)

Y 2
(n+1) = Y 2(i+1)

(end time steps)

Exit
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