UNIVERSITA
DEGLI STUDI

FIRENZE

FLORE
Repository istituzionale dell'Universita degli Studi
di Firenze

Bergman kernel and projection on the unbounded Diederich-Fornaess
worm domain

Questa ¢ la Versione finale referata (Post print/Accepted manuscript) della seguente pubblicazione:

Original Citation:

Bergman kernel and projection on the unbounded Diederich-Fornaess worm domain / Krantz, Steven G.;
Peloso, Marco M.; Stoppato, Caterina. - In: ANNALI DELLA SCUOLA NORMALE SUPERIORE DI PISA. CLASSE
DI SCIENZE. - ISSN 0391-173X. - STAMPA. - 16:(2016), pp. 1153-1183. [10.2422/2036-2145.201503_012]

Availability:
The webpage https://hdl.handle.net/2158/1085204 of the repository was last updated on 2021-03-
12T7T19:11:16Z

Published version:
DOI: 10.2422/2036-2145.201503 012

Terms of use:
Open Access

La pubblicazione & resa disponibile sotto le norme e i termini della licenza di deposito, secondo quanto
stabilito dalla Policy per I'accesso aperto dell'Universita degli Studi di Firenze
(https://www.sba.unifi.it/upload/policy-0a-2016-1.pdf)

Publisher copyright claim:

La data sopra indicata si riferisce all'ultimo aggiornamento della scheda del Repository FlIoRe - The above-
mentioned date refers to the last update of the record in the Institutional Repository FIoRe

(Article begins on next page)

06 May 2026


https://hdl.handle.net/2158/1085204

1410.8490v3 [math.CV] 7 Sep 2020

arxXiv

BERGMAN KERNEL AND PROJECTION ON THE UNBOUNDED
DIEDERICH-FORNASS WORM DOMAIN

STEVEN G. KRANTZ, MARCO M. PELOSO, AND CATERINA STOPPATO

ABSTRACT. In this paper we study the Bergman kernel and projection on the unbounded worm domain
. 2,9
Woo = {(s1,22) € €2 : |21 — 198122 < 1, 25 £ 0}

We first show that the Bergman space of We is infinite dimensional. Then we study Bergman kernel
K and Bergman projection P for Woo. We prove that K(z,w) extends holomorphically in z (and
antiholomorphically in w) near each point of the boundary except for a specific subset that we study in
detail. By means of an appropriate asymptotic expansion for K, we prove that the Bergman projection
P:Ws A WsSifs>0and P: LP 4 LP if p # 2, where W* denotes the classic Sobolev space, and LP
the Lebesgue space, respectively, on Weo.

INTRODUCTION

In this paper we study the Bergman kernel and projection on the unbounded domain

Wooz{(zl,zz)e(c2: ‘zl—eilog‘zz‘2‘2<1, 227&0} (1)

(see Figure 1). Recall that, for u > 0, the Diederich-Fornsess worm domain W, is defined by
W, = {(21,22) eC?: ‘21 — e“og\zzF‘ <1- n(10g|22|2)} , (2)
where 7 is a smooth, even, convex, non-negative function on the real line, chosen so that 77 1(0) = [—u, ]

and so that W, is bounded, smooth, and pseudoconvex. Its boundary is strongly pseudoconvex except at
the points {(0,22) : |log|22|?| < pu}. The worm domain W, was introduced in [DE77a] by K. Diederich
and J. E. Fornass and turned out to be of great interest as it provides (counter-)examples for many
important phenomena.

Diederich and Fornaess showed that the worm is the first example of a smoothly bounded domain with
nontrivial Nebenhiille. Moreover, it gives an example of a smoothly bounded, pseudoconvex domain which
lacks a global plurisubharmonic defining function. Furthermore, nearly 15 years after its introduction,
the worm domain showed another feature that is of great interest. In order to describe this feature of
W,, and to motivate our present work on Wy, = |J >0 W,,, let us first recall some preliminary material
concerning the Bergman space of a complex domain and the associated Bergman projection, as well as
its role in the study of the geometry of the domain.

If Q) is a given domain in C", denote by A?(Q) the space of holomorphic functions on ) that are square
integrable with respect to Lebesgue measure. Then, A2(£2) is a closed subspace of L?(Q2) and the Hilbert
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FIGURE 1. A portrait in C x R of a section of W . The first variable z1 spans in the horizontal plane
C, while log |22|? spans along the vertical line R (drawn in black).

space projection
P: L*(Q) — A%(Q)
can be represented by an integration formula

Pf(z) = | K(zOf(C)dV(C).

Q

The kernel K(z,{) = Kq(z,() is called the Bergman kernel. There exists a vast literature on the
Bergman kernel and projection, and their role in geometric analysis in one and several variables; here we
only mention [CS01], [Kra01] and [Str10] for the basic ideas and a general overview.

Clearly the Bergman projection P is bounded on L?(Q). Its regularity, or irregularity, in other norms
or more general topologies is of great interest.

When € is assumed to be smooth, bounded and pseudoconvex, S. R. Bell formulated the notion
of Condition R, that is the requirement that P : C*°(Q) — C*°(Q) is bounded. The work of Bell and that
of Bell and E. Ligocka [BL80] led to the following fundamental result: if ® : Q1 — Q5 is a biholomorphic
mapping between smoothly bounded, pseudoconvex domains of C™, one of which satisfies Condition R,
then ® extends to be a C* diffeomorphism of Q; to Q.

Many different classes of domains are known to satisfy Condition R: e.g., strongly pseudoconvex
domains and domains of finite type, domains with real-analytic boundary, complete Hartogs domains
in C2, domains that admit a defining function that is plurisubharmonic on the boundary, see [Cat83],
[Cat&7], [DF77D], [BS]9] and [BSI1], respectively. On the other hand, considerable effort has been put
into the search for examples of domains that do not satisfy Condition R. Among the first works on
this matter we might mention [Bar84], where D. Barrett showed that there exists a smoothly bounded,
non-pseudoconvex domain  in C? on which Condition R fails. In particular, Barrett’s work provides
some insight on the problem caused by rapidly varying normals to the boundary; see also [Barg6).

Clearly, one way to try to measure whether a domain 2 satisfy or not Condition R is to determine
the Sobolev regularity of P; namely, whether or not, for s > 0, the projection P preserves the Sobolev
space W*(Q) (see, e.g. [Hor63|, [Kra92]). In this direction, J. J. Kohn [Koh99] and B. Berndtsson and
P. Charpentier [BCO0] proved (independently and with completely different approaches) that for each
smooth bounded pseudoconvex domain € in C™ there exists sq > 0 such that P : W*(Q) — W*(Q) is
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bounded for 0 < s < sq. In [BCOQ] is it shown that sq > DF(Q)/2, where DF denotes the Diederich-
Fornaess exponent of the given domain €2

DF(Q) = sup{0 < § < 1 : 3 defining function p for €, —(—0)° plurisubharmonic on o9}. (3)
The lower bound obtained in [Koh99] is not explicit; one way to obtain such a lower bound is described

in [PZ14].

An alternative method to establish regularity is via the Neumann operator N, that is, the solution
operator of the complex Laplacian O = 99* + 9*0 on square-integrable (0, 1)-forms. In fact H. P. Boas
and E. J. Straube [BS90] established a connection between regularity of N and P; see also [Str10] and
the references therein.

Another interesting result in this context is [HMS14] where A.-K. Herbig, J. D. McNeal and Straube
address the problem of studying on which subspace of C°°(2) the Bergman projection is bounded as a
map into C°°(Q).

Consider now the worm domain W,,. Let P, denote the Bergman projection on W, and set v = 7/(2p).
Boas and Straube [BS92] showed that the Bergman projection on ¥/, maps Wk into itself if k is an integer
and k > v, or if k = }. Furthermore, the result of [BCO0] applies to W, so that W* must be preserved
by P, for all s < DF(W,,)/2. We point out, though, that in [DE77a] Diederich and Forneess showed that
DF(W,)) < v, (see also [KPOSD| for details).

In the direction of understanding irregularity of the Bergman projection, it was C. O. Kiselman
who established an important connection between the worm domain and Condition R. He proved that,
for a certain non-smooth version of the worm, a form of Condition R fails.

Stemming from the ideas developed in [Kis91], in [Bar92] Barrett proved the ground-breaking fact that

(i) Pu:Ws(W,) A W*OW,) when s > v;

where W#(W,,) denotes the standard Sobolev space. By the same proof, see also [KPO8D], it also follows
that

(ii) Py : LPWy) A LP(W,) for |2 — 1] > v/2.

p

Based on Barrett’s result on the irregularity of P,, the work of M. Christ [Chr96] showed that the
worm domain is a counterexample to Condition R. After decomposing the space of square-integrable
(0, 1)-forms as L?o,l)(wu) = @jezM}, where H} = {u € L%OJ)(W#) t u(wy, ePwsy) = e%u(wy, ws)}, he
showed that for all s > 0 (apart from a discrete set of exceptions) the Neumann operator A satisfies an
a priori estimate ||[Nu|lws < Cs j]|ullws valid for every u € Hj N C>*(W,,) such that Nu € C*(W,). If

N :C®W,) — C>°(W,) were bounded, such estimates would contradict the irregularity of P,.

The peculiar properties of the worm domain W, have already earned it considerable attention as a
counterexample to many important phenomena and they motivate a deeper study of the Bergman space
of W,,. This study is extremely challenging: for instance, writing down a basis or even a complete system
for A%2(W,,) is still an open problem. As a step towards the study of W, in this paper we study the
unbounded worm domain Ws, defined in (), which can be thought of as the limit of the smoothly
bounded worm domains W, as u — +oc. This makes it an easier domain to study than the original W,
as we are about to see. We will explain in our Concluding Remarks how the technique applied here may
shed some light on the study of the original smoothly bounded worm domains. For simplicity of notation,
we are going to write W instead of W, and P for P, in the remainder of this paper.

The domain W is clearly unbounded. Denote by OW its boundary. It is well-known (see [FG02], [CSO1],
and the next section for details) that
« W is pseudoconvex;
« OW is smooth except at the points N := {(21,0) : |21| < 2};
« W has nontrivial Nebenhiille;
o the smooth part of W is strongly pseudoconvex except at the points of the critical annulus

A= {0} x C*.
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Here, and in what follows, C* = C\ {0}.

In this work we first show that the Bergman space of W is not trivial, showing in particular that
it is infinite dimensional. Then we consider a biholomorphically equivalent domain U that we call the
unwound worm, which is also unbounded, but has the property that the fibers in the second component,
that is the sets {z2 € C: (21,22) € W}, are connected. This allows us to reduce our study to a family
of weighted Bergman spaces {A*(U, aj)} ez on the upper half-plane U and to the corresponding kernels
{K;}jez. At each point of U x U, we compute the value of K; as g/b\)\(j + 1), where: X is a number in the

right half-plane H, associated to the given point of U x U; and ¢, denotes the Fourier transform of the
function

1 1 — _
dr(s) = 77 ot [(2 log(cosh s) + \) g 4(2log(cosh s) + \) 3] :

Altogether, we express the Bergman kernel K of W as a series of functions, each of which is explicitly
computed in terms of the aforementioned K.

By means of this machinery, we prove that K (z,w) extends holomorphically in z (and antiholomor-
phically in w) near each point of the boundary except for a specific subset, which includes the critical set
(Ax W)U (W x A). We then find an asymptotic expansion for K near the critical set that allows us to
prove that

Theorem 1. For all s > 0, the Bergman projection P does not map the Sobolev space W*(W) into itself;
nor does it map LP(W) into itself for any p other than 2.

We point out again that the domain is unbounded and non-smooth. However, the analysis of the
singularities of the Bergman kernel shows that the irregularity of the projection is caused by the patho-
logical behavior of K (-, w) near each point of the critical annulus A, where the boundary of the domain
is smooth.
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1. BASIC FACTS ABOUT W AND U

We begin with the following well-known result,—see e.g. [FG02].

Proposition 1.1. The domain WV is pseudoconvex and has nontrivial Nebenhiille. Moreover, the bound-
ary OW is smooth except at the points N' = {(z1,0) : |z1| < 2} and the smooth part of OV is strongly
pseudoconvex except at the points of the critical annulus A = {0} x C*.

We write A((,r) to denote the disk of center ¢ and radius r in C and H to denote the right half-plane
in the complex plane. Observe that

w= |J A= 1) x {2}
zo€C*

In particular, the projection of W onto the first variable is A(0,2) \ {0}.
We denote by log ¢ the principal branch of logarithm for ¢ € C\ (—o0,0] and use it to define some
useful functions on W.



BERGMAN KERNEL ON THE UNBOUNDED WORM 5

Lemma 1.2. Setting
L(z) =log (zle_“‘)g IZ?P) +ilog | 2o|? (4)

defines a complex-valued holomorphic function in the variable z = (z1,22) € C? on the domain D =
Uzzec*{e“og|z2|2H} x {29} C C2. The same is true for

E,(z) = e (2) — (216_“0g|Z2|2)n6in10glzzl2 (5)
for each n € C.

Proof. Tt is elementary to check that L(z) is well defined on D O W and that it is annihilated by 9. [

We point out that the fiber of W over each z; € A(0,2)\ {0} is not connected and that L(z) is locally
constant in zo, but not constant. The same happens with E, () for n € C\ Z (while Ej(z) = zf for all
keZ,zeW).

We can next explicitly construct elements of the Bergman space A?(W), proving in particular that it
is infinite dimensional.
Proposition 1.3. Let p € (0,+00),n € C,c>1log2,j € Z,m € R. Then:
(i) the function E,(z)z} belongs to A2(W,) if and only if Ren > —1;
(ii) the function
(L(z) — c)m
belongs to A*(W,,) if and only if Ren > —1, for any m € R, or Ren = —1, form > 1.
Finally,
(iii) if Ren > —1,Imn = % and m > %, then Fy . € A2(W), and if n = —1+ z# and m > 1,
then F, . jm € A2(W).

Fn-,cﬂjym(z) =

Proof. We write dV to denote the Lebesgue measure both in C and in C? and arg ¢ to denote the principal
branch of the argument of ¢ € C\ (—o0,0]. We have

Ea—i—zb
[Farinesmlioony = | ]7\ av(s
J W) W, (L(z)
2a 25 — 9 —ilog \Z2\2 + 1 2
:/ / |21]2%]z|*7 exp { [arg(zl_e ) Og|222|]£dv(z1)dv(zz)
<log [za|?<p (e 12217 1) [(log |21] — ¢)2 + (arg(z1e~ 18 |22") 4 log |25|?) 7]

1% 22 exp { — 2b(arg(¢) + log |22}
B Av(¢)dV (=
L s otron s Tios T Tt + g™ 2 47
eH/2

Z  p2cosf T2a+1p2j+1672b(0+10g %)
= 27T/ / / — dr df dp
e [(logr — ¢)? + (6 + log p?)?]
5 0+n plog(2cos0) 2(a+1)s,(t—6)(j+1) o —2bt
=7 / / / ©  dsdtdd
0 [(s — )2 + 2]

9+ log(2cos 6 2 a+1)s
_W/ / M/Og s i g ot g,
0 s —c)? 4 t2]

For p € (0,+00), the above integral converges if and only if

0+p log(2 cos 0) (a+1)
/ / / ds dt df
0 —c)?+t ]
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+H 2(a+1)s
/ / dsdt
+ 52 + tQ]

is finite, where e = ¢ —log2 > 0. Now, assermons (i) and (ii) follow at once.
Next, if p is taken to be 400 and b = J+1

log 2 2(a+1)s
Foiiveim < dtds
Fasincamllioon <€ [~ [ e

is finite, that is, if and only if

, we have

and again (iii) follows easily. ]
In order to study the Bergman space it is convenient to “unwind” the domain W as follows.
Proposition 1.4. For z = (21,22) € W set
P(z) = (—i(L(z) —log2),22) . (6)

Moreover, let
U= {(u +iv,ws) € C* 1 v > 0, |u —log |ws|?| < arccos(e™), wy # 0} . (7)

Then, U is pseudoconver, ® : W — U is a biholomorphism with ®~1(wy,ws) = (2e™1, ws), (w1, wz) € U
and A%(U) is infinite dimensional.
Proof. 1t is easily checked that ® is holomorphic and injective. Moreover, we observe that
W = { 21,22 ) : Re (zlef“og|zzl2) > |21[%/2, 22 # 0}
= {(re : 1 < 2,0 —log|z2|?| < arccos(r/2), z2 # 0} .

The conclusion ®(W) = U now follows easily. Hence, U is pseudoconvex. Additionally, ®(2e"1, wy) =
(w1, ws) by direct computation.
Finally, setting T f (w1, ws) = 2ie®™* f(2e™1,wsy), then we obtain an isometric isomorphism

T:A*W) — A*(U),
so that A2(U) is nontrivial by Proposition [3l O
It is interesting to compare W with the domain
Dy = {(21,22) € C?:Re (zle_log‘z#) > 0,29 # O} , (8)
and U with the domain
D, ={(21,22) € C*: [Im 21 — log |22]?| < g,za #0},

biholomorphic to Dy, via the mapping DL > (z1,22) — (€', 22) € Doo. We can think of Dy, and D/
as the limits as u — 400 of the domains

Dy = {(21,22) € C?: Re (21¢7 %8 1%2") > 0, |log|22[?| < i}

and
D), = {(z1,22) € C*: [Im 21 — log|2|? |< ,|log|22|?| < p},

studied in [Kis91lBar92Krad2, [KP08a,[KPOSH).
Proposition 1.5. The spaces A%(Dwo) and A%(D’.) are trivial.

We postpone the proof to the end of the next section.
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2. REDUCTION TO ONE VARIABLE

If © denotes either W or U, the Bergman space A2%(§)) decomposes as Dz HI(Q) where

HI(Q) = {F € A%(Q) : F(wi,ews) = ¥ F(wy,ws), for 6 € R}
={FeA*Q): F(wy,wa)wy? is locally constant in ws} .
Proposition [L3] shows that, for every j € Z, H7(W) is nontrivial. Furthermore, T(H/(W)) = H?(U) and

the restriction 7' : H/ (W) — HI(U) is an isometric isomorphism.
We recall that the projection @; : A%(2) — H7 () is given by

1 27 ) g
QjF(Zl, 2’2) = 2— / F(Zl, 61022)6_U0 do .
0

™

For more details, see [Bar92)].

Let 7 : U — C be the projection map onto the first variable. Then 71 (i) equals the upper half-plane
U={w =u+iv:v>0}.

The fiber over each point w; € U is connected (contrary to the case of W). Indeed, the fiber over
w1 = u ~+ v, v > 0, is the annulus

7w+ iv) = {wy € C: |u—log|ws|?| < arccos(e™")}
_ {w2 eC: e[ufarccos(efu)]/Q < |’LU2| < e[quarccos(e*“)]/Q}'
Hence F € H7(U) if and only if (F is square integrable and) F'(w1, wy) = f (w1 )w? for some holomorphic

function f : U — C. In the next lemma, and in the rest of the paper, we denote by A%(£), ) the weighted
Bergman space on the domain €2 with respect to the continuous, positive weight «.

Lemma 2.1. For F € H/(U) set L;F(wy,wy) = F(wy,wy)w,”. Then Lj is an isometric isomorphism
from HI(U) to the weighted Bergman space A*(U,w;), where the weight w; defined as

w_1(u+iv) = 2w arccos(e”"?) 9)
for j =—1 and as
2 4
wj(u+iv) = T7T16(]+1)“ sinh [(j + 1) arccos(e )] (10)
J

for all other j € 7Z.

Proof. Let F,G € H7, and let f, g be holomorphic on U such that F(wy,ws) = f(w:)w) and G(wy,ws) =
g(wr)w), wy € U. We have

#.6) = | sonigln) [ sl v )iy e)

= / fwr)g(wi)w;(wr) dV (wy)
19)

where
e[u+arccos(c*“)]/2
wj(u+iv) = 27r/ P dp.

elu—arccos(e=v)]/2

The conclusion now follows. O
Taking into account that eU+D% = |e%w1 }2 for all wy = u + v € U, if we set
it

M;f(¢) = f(Qe =, (11)

we obtain an isometric isomorphism M; : A?(U,w;) — A%(U, ;). Here

a(u+iv) = - " sinh [(j + 1) arccos(e )] (12)

+1
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if j # —1, and a_1(u + iv) = 2mwarccos(e™?).
Hence we have the following.

Corollary 2.2. The mapping M; f(¢) = f(¢)elUTV¢/2 defines an isometric isomorphism M; : A?(U,w;) —
A2 (U, Oéj).

Notice that «;(u+iv) is independent of v and that, with an abuse of notation, we may write «; (u+iv) =
a;(v), v > 0. Moreover,

2
Jj+1
for all v > 0. This implies that A%(U,«;) contains the unweighted Bergman space A?(U). However,
a;(v) is asymptotic to \/v as v — 0T, so the reverse inclusion does not hold.

We also point out that the mapping j — «; is even in j 4 1, that is, a; = a_y_; for all j € Z.

0< Oéj('U) <

sinh [(j + 1)7/2]

We conclude this section with a proof of Proposition L5l

Proof of Prop. [[3. By holomorphic invariance, it suffices to show that A%(D. ) = {0}. Arguing as we
did for A*(U), we obtain that A*(D.,) = @, H’ (D), where

HI(DL,) ={F € A*(D..): F(z1,22) = f(z0)2, f entire} .
For F e A%(D’) with F(z1,2) = f(21)2}, we have

—+00 )
1Pl =27 [ f £GP AV (a2)
0 |Im z; —log r2|< %

:W/|f(21)|2/ VDS dsdV (1)
C | Im 21 —s|<m/2

__2w$nh[g-+])w/ﬂ./’e30+an(ﬁ)deXzﬂ,
J+1 C

if j # —1, and with the obvious modification otherwise. Thus, F' € A%(D’,) forces the entire function
e~ 30D f(21) to be identically zero; hence the conclusion. O

3. THE BERGMAN KERNEL OF A%(U,«;)

We now study the kernel of A%(U, ;). In order to do so, we adapt the technique of [Bar92]. For
each f € A%(U,q;), owing to the fact that a; is bounded and that it depends only on v, and since
f(- +iv) € L*(R) for every v fixed, we can consider the partial Fourier transform and set

J?(f,v):/Rf(uﬂLiv)e*i“Edu.

For our current purposes, we need the following simple version of the Paley—Wiener theorem for
weighted Bergman spaces. The equality

+oo
a;(—2i) = /0 e 2 a;(v) dv

is clearly well defined for any & > 0, and it is the Fourier transform of «;, defined to be zero on the
negative reals, extended to the lower half-plane and computed at —2i&.

~ ~

Proposition 3.1. (1) Let f € A?(U,«;). Then, for all v > 0, supp f(-,v) € (0,+00), f(,v) €
L2((0,+00), a;(—2i&)dE), and there exists g € L?((0,+00), a;(—2i€)d€) such that

Fv) =g in L2((0, +00), @;(—2i€)d€) (13)
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as v — 0T. Moreover,
[t

f(w) e"eg(€) de . (14)

= % ;
and )

flla2(U,a;) = %Hg”L2((0,+oo),aj(—2i£)d£) : (15)
(2) Conversely, if g € L*((0, +00), a;(—2i&)d) then [Id) defines a function f € A*(U, ;) such that (IF)
holds.

Proof. For simplicity we write a;; = a. Let f € A?(U, ). For every € > 0 the function U 3 ¢ > f((+ie)
is in the Hardy space H%(U). By the Paley-Wiener theorem, there exists a function g. € L?(0,+00)
such that

+oo
ferie =g [ equeae. (16)

Moreover, the Fourier transform F(f (- + i¢)) is supported in (0, +00) and it coincides with g.. Now

27
1 [fTee

[t /
flutie' +ie) = — / et g (&) d¢
0
=5 | e ds,
0

so that e g (£) = e ¢ g (€) for every ,¢’ > 0. We are thus able to set g(&) = ¢ g. () without ambiguity.
For every u 4 iv € U, observing that the integrals below converge absolutely, we have

—1 . 1 e iuf  —v€ _ 1 e i(u+iv)é
Fladw = [ ety g = o [ emeg(e)ag
T Jo T Jo
1 e
— % ; eZ(M+lv—z€)fga(§) dé‘ — f(u + 1w — e+ 7,5)
— f(u+w)

~

by ([@G). This proves both ([[4) and the equality f(-,v) = gy, from which (3] immediately follows.
Moreover, by Plancherel’s theorem,

2 *i e e v 2 a(v) dv
e =32 [ [ 9 dtat)d
= [t [ e ot dude
0 0

+oo
= [ leorac-2ie ac.

This proves ([IH)). The proof of part (2) follows the same lines. O

Notice that in particular we have that, for w € U,

+oo )
flw) = o ]g F(6,0) e de

T o

The previous lemma allows us to prove the following result, where B and I" denote the classical beta
function and gamma function.

Proposition 3.2. The kernel K; of A%(U, ;) can be computed as

1 [T cilz—w)€
Kj(zuw) = %/0 mdfa (17)
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for z,w € U, where for £ > 0 we have

1 | 22%FE(2¢6 4+ 1) , Jj+1
AT S B(§+1+z Levioi T) (18)
1 2% j+1
= 57ag ‘F({“—I—l—i—z - )‘ . (19)

Proof. Fix vo > 0 and let K*(z) = K;(z,w). Then, for f € A*(U,q;) and w € U, we have
—+o0
flw) = {1, K;ﬂ>aj -/ / fla+ i) Ko+ iy) dw o (y) dy
+oo
= | P Ry € oy
+oo

_ / e~ (€, 0)K (€, 0)dE oy (y) dy

- L / Fe. 0 Ry (E0) / e, (y) dy dt
- —/f € 0)R (€ 0 (—2i€) de
Coupling this with (I4]), we conclude that, on the support of I?T”(-, 0),
et = K¥(8,0)a,(—2i¢) = K (€, y)e¥ @, (—2if)
for all y > 0. Therefore
ei(iy_m)f

IA{}’U(&Z/): m7

which gives

" 1 +oo z(z w)E
K0 =5 [ fomm

27 a,;(—2i€)
provided the integral converges absolutely. Let us compute @;(—2i£). We have
2m oo —2y€ . _
a,;(—2i€) = 1 e *“sinh [(j + 1) arccos(e™¥)| dy
J
2 dt
:j—i——ﬂ-l ; t25 sinh [(j + 1) arccos(t)] "
27T 71'/2
= (coss)*!sinh [(j + 1)s] sinsds
J 0

/2
:g / (cos 5)% cosh [(j+1)s] ds.
0

Since cosh [(j + 1)s] = cos(fs) with 6 :=i(j + 1) and since 7 := 2 > 0, we may use formula 3.631(9)
n [GRI6] to obtain
2_7T 71'/2 7T2 1

i 0s)ds =
i Y vy

2 (1)

2" p (2T (‘r+§+§) '

Formulas (I8) and (I3) now follow.
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We are now in a position to prove the absolute convergence of the integral in (I7]) by means of estimates
for the weight function [a;(—2ig)] ' We set

e e
n="75— and B¢ = ora, (—2if) r2¢+1)

According to Stirling’s formula,

ID(€ +1+in)|° = [V2mexp {(€ + 1/2 + in) log( + 1 + in) — <£+1+in>}\2[1+0(ﬁ)}

<cexp{2(£+1/2)log | 4+ 1 +in| — 2narg(+ 1 +in) —2(§+ 1)}, (20)
for some constant ¢, independent of £ and 7. Also

22¢

Toc 1) =P {(2l0g2)¢ — (26 +1/2)log(26 + 1) + (26 + 1)}

=cexp{— (26+1/2)log(§+1/2)+ (26 +1)}. (21)

Putting together ([20) and (2II) we obtain that

3, < céexp {206 + 1/2)1og (S5 — 2mang(e 1+ in) + 172100026 + 1))
< ?exp {2(5 +1/2)lo (%) —2narg(E+ 1+ zn)}

In| +1/2

< c§3/Qexp{2(§+ 1/2)log (1 + £+12

) —2narg(§+1+i77)}.

Observing that narg(§ + 14 4n) > 0 for £ > 0 and that Re(i(z — w)) < 0, the absolute convergence of
the integral in (7)) follows. Moreover, for any fixed £ > 0, the absolute convergence of the integral is
uniform for Re(i(z —w)) < —e. O

We now show that for fixed (z,w) all the values K;(z,w) can be obtained by evaluating a single
function at the integer points. This further representation allows us to describe the behavior of K;(z, w)
as Re(i(z —w)) = 0.

Recall that we denote by H the right half-plane in C.

Proposition 3.3. The kernel K; of A*(U, «;) is given by K;(z,w) = (EA(j—I—l), where A .= —i(z—w) € H
and

BE
213 cosh? s

oa(s) = [(2 log(cosh s) + \) 2y 4(2log(cosh s) + \) _3} . (22)
The mapping A — ¢, is ho]omorphic 1'n H and it takes its values in the Schwartz space S(R). The same
is true for the Fourier transform ¢y ( = [pe 5 pa(s

Moreover, for every j € Z,
Kj :UxU—->C

extends holomorphically in z and anti-holomorphically in w to U x U\ A, where A denotes the boundary
diagonal and the “bar” the topological closure.
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Proof. From (IT7) and (I8]), having set A = —i(z — W), we have that

+oo
Kj(z,w) = % /O 2% e (26 + 1)3(5 FLl+i(+1)/2,6+1—i( + 1)/2)d§

Y
1 +00 4E+i(j+1)/2

e 28 —XE

7T3 0

1 +oo +oo 22£e—>\£t5

_ i(j+1)/2 = - -

= ; t /O i t)2£+2§(2§ + 1)dé dt

3

1 [t piG+1)/2 ptoo
—;/0 m/o €26+ 1) exp {£(log x(t) — A) } d€ dt

where x(t) = 4t/(1 +t)?. Therefore

+00 4i(j+1)/2 B B
Kj(z,w) = %/0 t(l np [(logx(t) - 1) - 4(log x(t) — \) 3} dt

dt

+o00
= T;/() 0112y (1) [(logx(t) B )\)72 — 4(log x(t) — )\)73} &

Setting ¢ = ¢?* and observing that x(e**) = (2¢*/(1 + 625))2 = cosh™? s, we have

i(j+1)s
K(z w):L ﬂ (21o coshs+)\)72+4(210 coshs + \) 7| ds
7 273 Jp cosh? s & &

= +1),

as claimed, taking into account that ¢, is even.

Finally, it is clear that ¢ (s) is a Schwartz function in s when A is bounded away from the set (—oo, 0].
It is also easy to see that the mapping A — ¢, € S(R) is holomorphic in A in the slit plane C\ (—oo, 0].
Therefore K;(z,w) extends holomorphically in z and anti-holomorphically in w in a neighborhood of
each point (z,w) of U x U except those for which A = —i(z —w) = 0, that is, z — w = 0. This last
implies that z = w € 9U so that K;(z,w) extends holomorphically in z and anti-holomorphically in w
to a neighborhood of each point (z,w) in U x U \ A. O

We now study the dependence of K; on the index j. Recall that we have set A = —i(z — w).

Corollary 3.4. Let

by = max { arccos (e~ *° ’\/2), min {|Im A|/2, w/2}}. (23)
Then, for 0 < b < by and for (z,w) € U x U\ A we have
lim K (z,w)|e?P T =0, (24)
j—+oo

As a consequence, for (z,w) € U x U\ A,

limsup | K (z,w)|V/ I < o7, (25)
Jj—too
Proof. We set Sy = {s+it : [t| < b}, and I, =i (F,7), I- =i(—m,—%) to denote two intervals on the
imaginary axis.

The function log cosh s extends holomorphically to S \ (I} UI_), since the function cosh(s + it) =
cosh s cost+i sinh ssint maps S \ (I3 U I_) to C\ (—o0,0]. For each A € H\ {0}, the functions s — ¢, (s)
and s — soy(s) = QNS,\(S), extend holomorphically to Sy /2. We still denote by ¢, and q~5,\ such extensions.

We claim that ¢, and QZA belong to the Hardy space H?(Sy), for every b < by. Assuming the claim,
we complete the proof.
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By the classical Paley-Wiener theorem for H2(S,), e ¢, (¢) and eibgd%(% (¢) belong to L3(R). If
we set f4(£) = e (€), then fi € WL(R). By the Sobolev embedding theorem it follows that fu is a

continuous function vanishing at infinity. Hence

5&5&0 EANGEI)

which gives (24)).
It only remains to prove the claim. Notice that, assuming |t| < 7/2, we have that
| Re (2log cosh(s + it) + \) | = log (sinh2 s+cos’t) + Re A > g
if |cost| > e®0/2e~ReA2 and that
| Im (2log cosh(s +it) + A)| > |Im A| — 2| arctan(tanh s tant)| > |Im A| — 2| > &0,

for some o > 0, if |¢t| < |Im A|/2. The claim now follows easily by Plancherel’s theorem and the last two
inequalities. O

We conclude this section by describing the behavior of K; near the extended boundary of U x U.
In order to do so, we first expand at infinity and then restrict to a special case that allows explicit
computations. Recall that we denote by H the right half-plane and we write A = —i(z — ).

Lemma 3.5. Let K; be the Bergman kernel for A?(U,a;). Let N > 2 and € > 0 be fixed. Then there
exist:

(i) Schwartz functions 1, ..., 9¥N;
(ii) a Schwartz function Wy 5 holomorphic in A € H and converging to ¢n in S(R) as A\ — oo within
the half-plane H. = {)\ : Re(\) > ¢} C H;

such that
N n(G+1)  Uya(+1
Ky(ew) = Y D) Bl l), (26)
n=2

for z,w € U. Explicitly,

(=1)"(n—1)

273

Pn() =

aal€) =20 =Dl of6)], where 1) = [ ROy

R cosh? s

Proof. For s € R set Dy = (2sinh s)flag. We use ([22) and the expansion (1 +z)~! = Zg;ol(—:zr)" +
s

(—2)N (1 + 2)~! to obtain that

1 _
oa(s) = —3Df (2logcosh s + \) !
T

1, 2log cosh s\ —1
= (1 =5
N
an(s) | An+1.a(8)
:ZQ o T TN (27)
where
(=nmt n—1
an(s) = TDS [(2 log cosh s) ]

(=1)*(n—1) [ n—2 n—3
=———~—— ~1(2logcoshs —2(n —2)(2logcosh s ,
273 cosh? s ( & ) ( )( s )
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and

Aniia(s) = ;\T_];’DS [( 210gcosh5)N(1 N 2logcosh5) 1

D

3

21 h
(210gcoshs N(1—|— ogcos S) ]

Py (1 + [2log cosh s] /)\)

cosh? s (1 + [2log cosh s]/)\)

Here Py1(¢) is a polynomial of degree 2 with coefficients integral powers of log cosh s such that

(_1)N+1N

PN+1(1) - 273

[(2 log cosh S)Nfl —2(N — 1)(2log cosh s)NﬁQ} :

For N > 1, we have Axy1.) — an41 in S(R) as A — oo within the closed half-plane H..
Therefore, taking the Fourier transform in (27)) and recalling ([22]), we obtain (26]), where

0u(© = () = CLEZD 1) 20 - 21 4(0)].

i = [ e Zoseo)”

cosh? s

Moreover, Uy \ = iN/AlNyA are again Schwartz functions such that, for each N > 2, ¥y \ — ¢n in S(R)
as A — oo within a half-plane H.. O

Theorem 3.6. Let K, be the Bergman kernel for A*(U,«;). There exists a holomorphic function
f; : H — C such that

K (o) = # (25)
and
1 F%
L e 22 29)

for all e > 0. Moreover, f; extends holomorphically to a neighborhood of each point of H \ {0}. The
product \/ij (\) is bounded near 0 in H and limg+5y_,0 VA f_1(\) < 0.
As a consequence:

(1) the function (z,w) — K;(z,W) extends holomorphically to a neighborhood of each point (z,w) €
0U x 0U with z # w;

(2) the product ( —i(z — E))S/QKj(z,w) remains bounded as z — W — 0 in U and, for j = —1, its
limit as z — w — 0 in iR™ is a strictly positive real number;

(3) for all w € U, limys,—00 Kj(z,w) =0 and, for all w € OU and € > 0, limy_ 5,00 K (2, w) = 0;
similar considerations apply to the limits as w — oo with z € U fixed.

Remark. Statement (1) above was already obtained in Proposition B3] and we repeated it here for the

sake of completeness. Statement (2) shows that K_; is singular as z and w tend to the same point on the
boundary of U and that for each j the (possible) singularity of K;(z,w) is not worse that (—i(z—ﬁ)) 82

Finally, (3) describes the behavior of K;(z,w) as U > z — oo.
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Proof. Owing to Lemma[33] in order to prove the first statement it suffices to set fj(A) = Yo 2(j+1) and
to compute ¥2(&) = —(1/[27%])Io(€). We observe that I(0) = [, 1/[cosh® s] ds = 2. For all £ € R other
than 0, we make use of the fact that the integrand in I (5) extends to C except the points {ik%}kez.
If we integrate along the rectangle through —R, R, R+ im,—R + iw and we let R — +o0 in R we may

conclude that
e is 27 e i€s
1 = ds = Res; .
o(&) /R cosh? s 1—efm /2 (cosh2 s)

Taking into account that cosh(z 4 %) = isinh z and that 1/ sinh? z — 1/2? is holomorphic near z = 0, we
obtain that

—i€s —ifz —it2
Resir /2 ( ¢ - > = _¢fm/2 Resg < (.3 5 > = —e5™/2 Resy <€Z2 > _ eEW/Qif,

cosh” s sinh” 2z
Therefore
1 1 mes™/2¢ 1 &n/2
= ——I = —— =
v2(8) 273 (&) w3 edm —1 3 sinh(&m/2)
for all £ € R. R
As for the behavior of f;(X) = Uy x(j + 1) = —Az x(j + 1) near the finite boundary, we observe that
1 2logcoshs\—2 4 2logcosh s\ —3
Ao = o [(14 ooz 4 2logeoshay
2(8) 2713 cosh? s [ A A A

admits a transform even if Re A = 0,Im A\ # 0. Moreover, we shall prove that \/XA\Q A(€) stays bounded
as A — 0 and that limg+ 550 VA A2.1(0) > 0. As A\ — 0, the only relevant part in v/X Az 5 (€) is

2 e s ( 210gcosh5)*3
7r3\/— r cosh? s A

20 cos(Es) 2log cosh s\ =3
1+ ) ds
7r3\/_ / cosh? s ( A

/ cos( arctanh t) (1 —log(1 — t2)/)\) 73dt.
0

:/]T?)\/X

Now —log(1 — %) =3 -, t%" > t? implies that

2 Re A Im A\ 4
1 —log(1 — ¢ /\‘ > (1442 2 >14
1~ tos(1 =%/ —(+ MP>+<IW SRR

for all ¢ € (0,1). Hence, for appropriate positive constants,
_3
\/XA\Q )\ / ’ dt
’ R RV |)\|2

S%AM II/M MP%@%)
SC’—}-%/; 1+7’) %dT

<C.

3
dt

Moreover, for A € R* sufficiently small and ¢ € (0,/A), the function

1 t2n
2 — E E
1—10g(1—t)//\—1+X 7§1+

n>1 n>1

An—l
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takes values in an interval (0,¢) with € > 0, so that

‘\/XA\z,,\(O)‘ = W;i/x /01 (1 —log(1 — tz)/)\)igdt +o0(VA)

> %\/X /Oﬁ (1 —log(1 — t2)/)\) ity o(V\)
>C,

for an appropriate positive constant C. O

4. BACK TO THE WORM DOMAIN

We can now express the Bergman kernel of the “unwound” worm U as a series. In this part of the
paper we write z = (21, 22), w = (w1, w2) to denote points in C?. This change of notation with respect
to the previous sections should cause no confusion. Recall that ¢/ is defined in (7).

Proposition 4.1. The Bergman kernel of U is given by

Ku(z,w) =

_ Jj+1
— ZKj(Zl,wl)(67%<Z1+w1)2’2W2) ; (30)
Z2W2 «
JEZ

for z = (21, 22), w = (w1, w2) in U, where for each w € U fixed (or z € U fixed) the series converges in
the L?(U)-norm, absolutely and uniformly on compact subsets of U.

Proof. Considering the decomposition A%(U) = Dz H7 (U) and the isometry M;L; : HI(U) — A%(U, ;)
given by

ML F(wy,ws) = F(wy,wy)wy? elUT1wil/2
we obtain that the Bergman kernel of H7 (i) is given by
Uj (Z, ’LU) = Kj (zl, wl)e*[(jJrl)/Q](szEl) (ZQEQ)j .

We are going to show that the sum ., U;(-,w) converges to Ky (-, w) in L2(U) for any w € U fixed.
This will imply that the series converges also absolutely and uniformly on compact subsets.
It is easy to see that }°, —, U;(-,w) weakly converges to Ky(-,w), as n — 400, for w € U fixed. For

let Py denote the Bergman projection on U and let f € L?(U). Then its projection on A2(U) is given by

Puf(w) = (f, Ky(,w) =Y f;(w)

JEZ
with f; € H7. Now
(£ Uiw)y = > (f.U =Y fi(w) = Puf(w)
ljl<n lil<n li|<n

as n — 400. Hence there exists C' > 0 independent of n such that

D2 M5 w)lEaeny = I D2 Uiy < €

[71<n [7]<n

Therefore > ; ., U;(-, w) converges in L2(U), necessarily to Ky(-, w). O
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We now study the pointwise regularity of K, at the boundary. In the statement, U, = {¢ : Im({ > ¢}
with € > 0. Moreover, we set

Z:{(z,w)é@blx@bl:ﬂvZOs.t. Imz; = Imw; = v,

Rez; — log|z|? = Rew; — log |ws|* = +arccos(e™), |log |z2|* — log |wa|?| < 2arccos(e_”)} . (31)

Remark. The set ¥ contains the diagonal A of OU x OU; but also by other points (z,w) of OU x U,
e.g., those such that z; = wy € U and |z2| = |wa|. See Figure 2 for other cases.

T T
2 2
log |z,| log |w,|

FIGURE 2. The set ¥ is defined to include (z,w) if and only if: z1,w; € U lie on the same

horizontal line; z1,w; belong both to the left arcs (or both to the right arcs) of the boundaries of
Wl(wgl(zg)),ﬂl(ﬂgl(wz)); w1 belongs to Wl(wgl(zg)) or z1 € Wl(W;I(WQ)).

Theorem 4.2. (1) The kernel function Ky(z,w) extends holomorphically in z and antiholomorphically
in w near each point (z,w) in U x U\ 2.

(2) There exist a holomorphic function G : U x U — C with

G(z, w)
Ky(z,w) = —F————, 32
u(z,w) e — T2 (32)
and a holomorphic function g on A :={(:e /2 < |¢| < e™/?} such that:
(a) G(z,w) stays bounded as either z1 or wy tends to co;

(b) if z1 — W, — oo within a half-plane U, and if e~ 2™ 2005, — ¢ € A then G(z,w) — g(C);
(c) 9(¢) = [e7™2¢)/[m*(1 — e7™/2¢)?] = [e™/3¢] /[m*(1 —

e”/QQQ] extends holomorphically to a neigh-
borhood of A.

As a consequence, Ky tends to 0 near each point (z,w) or (w,z) with z1 = 00,29 € C* U {oo},w € U.
Proof. We wish to study the behavior of

— j+1
Z Kj(zlvwl)(efé(zlwl)zz@z)]

jez

as z and w in U approach the boundary. It follows from Corollary B.4] that for all (z;,w;) € U x U\ A

lim sup |Kj (21, wq) Y17 < ety
j—Foo
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where A = —i(z; —w;) and by is as in (23)). We will now complete the study of convergence, proving that

e~ < ez (ztwn)

zmg’ < et (33)

for all (z,w) €U x U\ ¥. For (z,w) € U x U we have that

e~ 34T L o= (1) o (log |2 *log [wa ) 2202
| 22702
1 2 2 i Z2W2
= exp{§(10g|2’2| — Rez; + log |ws| —Rewl) — 5(Imzl —Imwl)}|z Tl
2W2

where |log |z2|> — Re z1| < arccos(e™™#1) and |log |ws|* — Rew:| < arccos(e™™®1). Hence, using the
concavity of the function r +— arccos(e”) we obtain

L(z1+w1)

e 2 2’2@2} < exp {3 (arccos(e” Im=1y 1 arccos(e™ ™ “1))}

< €xXp { arccos (6 2 (Imzl+1m wl))}

= exp { arccos (e 2 Re)‘)}

<eh (34)

and similarly ’e’%(“*m)zng} > exp { — arccos (e’% ReX)b > =0 for all (z,w) €U x U.

The first inequality in the display above remains strict as either z or w tends to OU and if either z; or
w1 tends to infinity.

Now let us consider z and w in 9U. The equality

‘67%(‘21“”1)22102‘ = exp { 4 arccos (e p RC)‘)}

holds if and only if there exists v > 0 such that

Imz =Imw; =v and log|z|* — Rez; = log|ws|? — Rew; = +arccos(e ™). (35)
According to formula (Z3), arccos (e~/21ReX) = b, if and only if Im |A|/2 < arccos (e~[1/2ReA) which
is equivalent in the special case (BH) to ’ log |22]? — log |w2|2’ < 2arccos (e7¥). This proves ([B3) and also

part (1) of the statement.
In order to prove (2) we further study the points at infinity by means of the expansion

(z,w) Z fi(= ))( 71/2(z1+ml)22m2)j+1,
21 — w1 Zz’wg
JEZ
where f;(\) — [km/2]/[x®sinh(km/2)] as A — oo within a half-plane H.. If we set G(z,w) = 29Wa (21 —
w1)% Ky (2, w), then
lim Z fj 2’1 - wl))Cj+1
ei%(zl+ﬁl)zzm2—)<' ]EZ

for
exp { — arccos (e*(lmzlﬂmwl)ﬂ)} < [¢| < exp { arccos (e *(Imzlﬂmwl)ﬂ)}

Moreover, 3, f;(A)¢7* tends to g(¢) = L > ez Suﬁf(,f )Qk as A — oo within a half-plane H.. We
have that

km/2 1 -
> sinh(km/2) ¢ = ”Cag > PR} et = mC5e Z = /20)k

k>0 k>0 k>0
9 —km (=72 K L
=msz Y e (e :”C_ZW
8<k>0m>0 aszol_e( AT

—(m+1/2)7 7Te—7r/2<

- 7T< Z —e (m+1/2)ﬂ'<) (1 _ 6771'/2<>2 + f(C) ’

m>0
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where all the series converge absolutely and uniformly on compact sets in the annulus A and f is holo-
morphic in a neighborhood of A. Thus

_ e "/%¢ [, 1 e 2! f¢h)
9(¢) = 72(1 — e—7/2()2 T T T 72(1— e—m/2(-1)2 R
I e S i SR A (O 2 3 ()
T w1 —em/20)2 T m2(1 = en/2()2 3 ’
which concludes the proof. 0

Now we turn back to the unbounded worm domain W via the biholomorphism ®(z) = (¢(z), z2), where
0(z) = —i(L(z) —log2) and L(z) is given by (), and via the isometric isomorphism

T A2(U) — A2(W)
_ 1
T (2) = —f((2), 22) -
121
Recall also that we set F,(z) = e"(2) in ([@B). The next result follows at once from Proposition Bl

Theorem 4.3. The Bergman kernel K of A2(W) can be computed at each (z,w) € W x W as
NG X5 |
K(z,w) = (21 202) ! Z K;(0(z), £(w)) (Ei/z(z)ngi/g(w)wg) . (36)
JEL

In particular, when (z,w) € Wy o X Wy s, the kernel function takes the form

e e\ Jt1
K(z,w) = (21 20T2) "~ * Z K; ( —ilogz/2,—i 1ogw1/2) (zi/222w11/2w2) )
JEZ
As in the case of U we study the boundary behavior of K.
Proposition 4.4. The Bergman kernel K(z,w) of A*(W) extends holomorphically in z and antiholo-
morphically in w near each point (z,w) of the boundary of W x W except:

(i) when z1 =0 or w; = 0;
(ii) when z2 =0 or wy =0;
(ili) when, for some r € (0,2], we have

ilog |z2|?+i arccos(r/2) ilog |we|?+i arccos(r/2)
3

z1=re wy =re and | log|z2|* — log |ws|?| < 2arccos(r/2).

For case (i), we note that there exist a holomorphic function H : W x W — C with
H(z,w)

le122m2 (é(Z) — m)z

K(z,w) = (37)

and a holomorphic function g on A = {(:e"™/? < |¢| < €™/} such that:
(a) H(z,w) stays bounded as either z; or wy tends to 0;
(b) if 21 = 0 orwy — 0 and if E;j2(2)z2E;j2(w)we — ¢ € A then H(z,w) — g(();
(e) g(¢) — [e7™/2¢]/[m%(1 — e77/2¢)2] — [e7/2¢]/[7%(1 — €™/%¢)?] extends holomorphically to a neigh-
borhood of A.

As a consequence, K is singular at all points (z,w) of the boundary with zy = 0,29 € C orw; = 0,ws € C.

Remark. Case (iii) of Proposition 4] comprises all points (z, z) of the diagonal of OW x OW; but also
other points (z,w) of AW x OW, e.g., those such that z; = wy € IA(0,2) and |z2| = |ws|. See Figure 3
for other cases.
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. 2
2 ilog |zz\

E 2
2 e| log \w2|

FIGURE 3. Case (iii) of Prop. B4l regards those points (z,w) such that: (1) the points z1,w; €

A(0,2)\ {0} both lie on some circle ¢ = {¢ € C: |(| = r} (dashed) and, respectively, on the boundaries
€2y, Gwy of the discs 1 (W;l(zz)),ﬂl(ﬂgl(u&)) (solid); (2) when circling along % from point r with
an orientation such that z; is the first point of ¥., encountered, then w; is the first point of €y,
encountered; (3) |log|z2|? — log |wz|?| < 2arccos(r/2) (which implies that, but is not equivalent to,

w1 € Wl(wgl(zg)) or z1 € ﬂl(ﬂgl(wg))).

Proof of Proposition [} The first and second statements are direct consequences of Theorem .2} taking
into account that ¢ extends holomorphically to a neighborhood of each point z of W except for those
with vanishing 21 or z».

As for the last statement, we begin by noting that the function 2, 20Ws(£(2) — £(w))? tends to 0
as z1W; approaches 0 while 209 stays bounded; and that |21W;20wW||¢(2) — ¢(w)|? tends to +oo as
29W9 — 0.

Furthermore, since g extends to a meromorphic function on a neighborhood of A, it can only have
finitely many zeros in A. Let t € (—7/2,7/2) be such that the circle |¢| = e’ does not include any zero
of g. For every (z,w) with z; = 0 or w; = 0, one can easily construct a sequence of points tending to
(z,w) such that the corresponding values of H tend to ¢g(¢) with || = e’ (hence with g({) # 0). O

Corollary 4.5. For p € (0,00] and fixed w € W, the following properties hold:
(1) K(-,w) ¢ LP(W,,) for any p > 2;

(2) K(-,w) € W*(W,) for any s > 0.

Proof. We begin by refining our remarks concerning the function g that appears in the previous proposi-
tion. As we mentioned in the previous proof, g can only have finitely many zeros in A. Fix w € W and
set a := B;5(w)wy. For some —7/2 < a < 8 < m/2, the function z — |g(E;/2(2)22a)| is bounded from
below by a constant for 2 in the sector S(ef!081%2I* ¢) = {peilttlosl2l*) . o < t < 8,0 <7 < £} for all €
small enough that S(e'lgl=l" &) c A(eilosl=l" 1),

Now, for fixed p € (0,400), let us consider the smooth worm W,. We recall that a defining function
for Wy, is p(2) = |21 — ¢ilog |=2f* ’2 —1+n,(log |22]?) = |21|*> — 2Re (z1e 7108 =217 + 1, (log |22|%), where 7,
is an appropriately chosen function such that 77;1(0) = [—u, n]. As a consequence, W, always includes
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U i<tog 222 < A(e'os1221* 1), Notice that
0(z) — {(w)|? = |L(z) + L(w) — 21og 2/?
— (10g(|21|/2) + log(|w1|/2))2 + (arg (Zle—ilog\zz\2) +log |20]? — arg (wle—ilog|w2|2) g |w2|2)2
< (log(|z11/2) + C1)2 +c2,

where ¢; = log(Jw;]/2) < 0 and ¢y < (7 + 2p)%.
Owing to formula [B1), there exist €, C' > 0 so that, for all z € U_M<log‘z2‘2<u S(e“og|z2|2,a) x {za2},

K (2,w)] > ___> < SR
|21 [€(2) = Lw)2 |2l (log(|21]/2) + e1)” + €2
Therefore
ol
1K, > [ / AV (2)dV (z2)
Lr(OWa) —u<log|z2|2<p JS(eiler 12217 ¢) |Zl|p [(IOg(|Zl|/2) + 61)2 + Cz]p
cP
:/ / —— dV(Q)dV (=)
—p<log|z22<pu J5(1,e) |C|P [(10g(|§|/2) + 01) + 02}

€ 1
= CH _1 2 p
o 7P [(1og(r/2)+cl) +02}
where the inner integral diverges when p > 2.
The last statement will be proved for all s > 0 if we can prove it for all s € (0,3). In the latter
case, according to |Lig86], the function K(-,w) belongs to the Sobolev space W*(W,,) if and only if
p(-)*K(-,w) is in L*(W,). But

lp() K )20,

dr,

CQ
—p<log|z|2<pu JS(etox 12212 ¢) |[21]2 — 2 Re(zre~ 181221 |°| 2|2 [ (log(|21] /2) + 01) + ¢z
C2

-/ [ — e AV(Q)V (22)

n<log|z2|?<u J5(1.e) [|C]* — 2Re(Q)[7[¢]2[ (log(C]/2) + e1)” + c2]

1

= C/ / . 5 5 drdt

o Jo |r—2cost|r1+5[(log(r/2) + c1)” + c2]
where the inner integral diverges when s > 0, for all t € (a, ). 0

Proof of Theorem [ We saw in the previous theorem that K,, = K(-,w) does not belong to W?*(W) nor
to LP(W) for any s > 0 or p > 2. Since K, can be obtained as the projection P(x, ) of a smooth cut-off
function y,, € C§° supported in a compact neighborhood of w (see [Ker72]), the inclusion P(W*(W)) C
W# (W) implies s < 0 and P(LP(W)) C LP(W) implies p < 2.

We complete the proof by showing that P(LP(W)) C LP(W ( ) implies p > 2. This part of the proof

makes use of the duality between L? and L with 1 i p, . We observe that, since P f(w) = (f, Ky)
1Kl = sup | / Ku(2)dV(z)| = sup [Pf(w)|
Flapet £l Lp=1
< swp —/ Pi(=)dV(s)| <C sup [|Pfllus <C',
IfllLr=1 |V(B) | £l =1

which implies p’ < 2, hence that p > 2 as desired.
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5. CONCLUDING REMARKS

We have studied the worm now for several years and met with some success in analyzing the unbounded
(sometimes non-smooth) worm. See for instance [KP(O7], [KP08a], [KP08L]. Our ultimate goal, however,
is to study the original worm domain W, of Diederich and Forneess [DE77a.

The approach used in the present paper allows, even in the case of W,, to reduce the study of the
Bergman space of to a family of weighted Bergman spaces on a planar domain. In this case the planar
domain is not a half-plane anymore and the weight depends on both real variables, two facts which prevent
from computing the kernel with the technique used for WW. However, the reduction to a planar domain
may shed some light on the challenging problem of writing down a complete system for the Bergman
space of W,,. We intend to explore these matters in a forthcoming paper.

We also intend to apply the approach used in the present paper to the higher-dimensional version of
the worm domain introduced and studied by Barrett and S. Sahutoglu in [BS12]. Namely, for n > 3 they
defined the domain

Qap = {(21,7",20) € C" : 7(21,2',2) <0} (38)
where
r(21,2', 2n) = |21 — e P 12 214 (|22 B) + 01— [2a?),

21,2n €C, 2/ € C" 2 a >0, >1and o(t) = Mx(01+oo)(t)e_l/t, for some M > 0. They proved
that the Bergman projection on Q4p is irregular on the Sobolev space W*P(€,3) when 1 < p < oo and
11

§ > 5t T (3 — 3). Here W*P(Qqp) denotes the space of functions whose derivatives up to order s

are LP-integrable. In particular, our approach may apply to study the unbounded domain obtained from
Qap by letting 8 — +o00.
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