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STRUCTURAL STABILITY OF BANG–BANG TRAJECTORIES1

WITH A DOUBLE SWITCHING TIME IN THE MINIMUM TIME2

PROBLEM∗3

LAURA POGGIOLINI†4

Abstract. In this paper we consider the problem of structural stability of strong local optimisers5
for the minimum time problem in the case when the nominal problem has a bang-bang strongly local6
optimal control which exhibits a double switch.7

Key words. Hamiltonian methods, bang-bang controls, sufficient second order conditions8

AMS subject classifications. 49K15, 49J15, 93C109

1. Introduction. An important issue in optimal control problem where the op-10

timal control is bang-bang is the stability of the switching structure under small11

perturbations of the data. This problem may arise either in practical optimal con-12

trol problems, where the data are not known exactly, or in numerical approximation13

techniques of the optimal control.14

In this paper we address such issue for the minimum time problem between two15

submanifolds of a finite dimensional manifold M in the case when the dynamics is16

affine with respect to the control and the control takes values in a box of Rm. Namely,17

the following optimal control is studied:18

T → min,(1a)19

ξ̇(t) = f0(ξ(t)) +

m∑
s=1

us(t)fs(ξ(t)) a.e. t ∈ [0, T ],(1b)20

ξ(0) ∈ N0, ξ(T ) ∈ Nf ,(1c)21

u(t) = (u1(t), . . . , um(t)) ∈ [−1, 1]m a.e. t ∈ [0, T ].(1d)2223

For such a problem, the triple (T, ξ, u) is said to be an admissible triple for problem24

(1) if T > 0 and the couple (ξ, u) ∈ W 1,∞([0, T ],M) × L∞([0, T ],Rm) satisfies (1b),25

(1c) and (1d). We are going to consider a triple (T̂ , ξ̂, û), that satisfies the necessary26

conditions for optimality (i.e. Pontryagin Maximum Principle), where the control is27

bang-bang with multiple switching.28

We recall that for a control affine system where the control set is a compact convex29

polyhedron ∆, a control function û is said to be bang-bang if it is piecewise constant30

with values in the vertexes of ∆, i.e. there exist 0 = τ̂0 < τ̂1 < τ̂2 . . . < τ̂r < τ̂r+1 = T31

such that û|(τ̂i−1,τ̂i)
is a vertex of ∆ for any i = 1, . . . , r+1 and û|(τ̂i−1,τ̂i)

6= û|(τ̂i,τ̂i+1)
32

for any i = 1, . . . , r. The times τ̂1, . . . , τ̂r are called switching times of û. For each33

switching time τ̂i, the multiplicity of τ̂i is defined as the dimension of the face of34

∆ containing the vertexes û|(τ̂i−1,τ̂i)
and û|(τ̂i,τ̂i+1)

. Thus, if ∆ = [−1, 1]m is the35

standard box of Rm, the multiplicity of the switching time τ̂i is given by the number36

of components that change sign at time τ̂i.37

The literature on bang-bang controls is by now very rich for the case of simple38

switches, i.e. for the case when all the switching times have multiplicity one. See, for39
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2 LAURA POGGIOLINI

example, [1, 10, 9, 15] for local optimality results and [5, 2] for structural stability40

results. On the other hand, at least to the author’s knowledge, the literature on41

bang-bang controls with multiple switches is much more scarce than the one with42

simple switches only. L1-local optimality results for bang-bang controls with multiple43

switches in the minimum time problem between two fixed end points were given in44

[18].45

The problems of strong local optimality and structural stability of bang-bang46

extremals with a double switch, and a finite number of simple switches, in a Mayer47

problem were addressed in [13] and [3], respectively. The minimum time problem was48

studied in [14] where the authors consider the case when a double switch occurs and all49

the other switches are simple. They prove that under suitable regularity conditions,50

and assuming the coercivity of the second order approximation of a certain finite-51

dimensional subproblem of the given one, the triple (T̂ , ξ̂, û) is in fact a state-local52

minimiser of the problem. See Definition 1 for a precise definition of this kind of53

strong local optimality.54

Here we consider the same case as in [14] and we study the structural stability of55

the locally optimal control û under smooth perturbations of the data of the problem:56

the drift f0, the controlled vector fields f1, f2, . . . , fm and the submanifolds of the57

initial and final constraints.58

In particular we are interested in understanding how the existence of the double59

switch and the bang-bang structure of the locally optimal control are affected by60

small perturbations of the data. Such a situation is in fact not generic and we are61

going to show that under the same assumptions that ensure state-local optimality of62

the reference triple plus a full rank condition, the bang-bang structure of the locally63

optimal control is stable under small perturbations, even though the double switching64

time may decouple into two simple switching times, i.e. the number of bang arcs may65

increase of one unit as the double switch may decouple in two simple switches but the66

number of switches of each control component and the sequence of values it takes are67

stable under small perturbations of the data.68

The proof is carried out by Hamiltonian methods, which were also used in [14] to69

prove the state local optimality result for the nominal problem. The same methods70

were also used in [16] and [17] to prove state local optimality and structural stability71

of a bang-singular-bang extremal in the minimum time problem between two fixed72

end points.73

As in [14], for the sake of notational simplicity we shall confine ourselves to the74

case when M = Rn, m = 2 and only the double switch occurs. However, as all the75

results are invariant under a change of coordinates, they can be easily generalised to76

the case when the state space is a smooth finite dimensional manifold. Moreover, the77

presence of a finite number of simple switches occuring either before and/or after the78

double one can be treated at the expenses of a much heavier notation, see for example79

[12, 13]. Thus the nominal problem (1) simplifies to80

T → min,(P0)81

ξ̇(t) = f0(ξ(t)) + u1(t)f1(ξ(t)) + u2(t)f2(ξ(t)) a.e. t ∈ [0, T ],82

ξ(0) ∈ N0, ξ(T ) ∈ Nf ,83

|us(t)| ≤ 1 s = 1, 2 a.e. t ∈ [0, T ].8485
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STRUCTURAL STABILITY OF BANG–BANG TRAJECTORIES 3

Without loss of generality we can assume that û is given by86

û(t) = (û1(t), û2(t)) =

{
(−1,−1) t ∈ [0, τ̂),

(1, 1) t ∈ (τ̂ , T̂ ].
87

We assume that (P0) is the problem we obtain when r = 0 in the following parameter88

dependent problem (Pr):89

T → min,(Pr)90

ξ̇(t) = fr0 (ξ(t)) + u1(t)fr1 (ξ(t)) + u2(t)fr2 (ξ(t)) a.e. t ∈ [0, T ],91

ξ(0) ∈ Nr
0 , ξ(T ) ∈ Nr

f ,92

|us(t)| ≤ 1 s = 1, 2 a.e. t ∈ [0, T ].9394

The parameter r belongs to some ball BR centered at the origin of Rk and radius95

R > 0. For notational simplicity we choose Rn as state–space; all the data are96

assumed to be smooth, more precisely the maps97

(r, x) ∈ BR × Rn 7→ fri (x) ∈ Rn, i = 0, 1, 298

are assumed to be C2 and the submanifolds of the initial and final constraints are99

given as regular intersections of zero-level sets of C2 maps from BR × Rn to R, i.e.100

Nr
0 =

n0⋂
i=1

(
Φ0,r
i

)−1
(0),

DΦ0,r
i (x) are linearly independent at x ∀(r, x) ∈ BR × Rn.

101

and102

Nr
f =

nf⋂
j=1

(
Φf,rj

)−1
(0),

DΦf,rj (x) are linearly independent at x ∀(r, x) ∈ BR × Rn.
103

We are interested in state-local optimisers according to the following definition:104

Definition 1 (state-local optimality). The trajectory ξ of an admissible triple105

(T, ξ, u) for problem (Pr) is a state-local minimiser of such problem if there are neigh-106

bourhoods U of its range ξ([0, T ]), U0 of ξ(0) and Uf of ξ(T ) such that ξ is a minimum107

time trajectory among the admissible trajectories of (Pr) whose range is in U , whose108

initial point is in Nr
0 ∩ U0 and whose final point is in Nr

f ∩ Uf .109

Remark 1.1. Notice that state-local optimality is a kind of strong local optimality,110

in the sense that there is no localisation with respect to the control, but only with respect111

to the trajectories. Moreover state-local optimality is stronger than the classical notion112

of strong-local optimality where one considers the C0 distance between trajectories,113

i.e. one considers only triples (T, ξ, u) where the graph of the trajectory ξ is close to114

the graph of the reference trajectory ξ̂, and T is close to T̂ , see e.g. [10].115

Assuming that
(
T̂ , ξ̂, û

)
satisfies normal PMP with adjoint covector λ̂, the sufficient116

conditions for state-local optimality as stated in [14] plus a full rank condition which117

ensures the uniqueness of the adjoint covector, we prove that for small R each problem118

This manuscript is for review purposes only.



4 LAURA POGGIOLINI

(Pr), r ∈ BR has a state-local optimal trajectory (T r, ξr, ur) (with adjoint covector119

λr) where ur componentwise preserves the bang-bang structure of û and T r is close to120

T̂ . Moreover the switching times and the final time depend smoothly on the parameter121

r and λr is the only Pontryagin extremal of (Pr) whose graph is close to the graph122

of λ̂.123

We would like to recall that this set of assumptions (which concern the nominal124

problem only) is the same set of assumptions that is required in the classical regular125

case for the stability of weak local optimisers, see [6, 7, 8].126

2. Notation. We are going to use some basic notions from symplectic geometry.127

For any manifold N ⊂ Rn and any x ∈ N , the tangent space and the cotangent space128

to N in x are denoted as TxN and T ∗xN , respectively. We recall that the cotangent129

bundle T ∗Rn to Rn can be identified with the Cartesian product (Rn)
∗ × Rn =130

T ∗xRn × TxRn for any x ∈ Rn. The projection from T ∗Rn onto Rn is denoted as131

π : ` ∈ T ∗Rn 7→ π` ∈ Rn. We shall write TxRn instead of Rn, to emphasize the fact132

that we are dealing with tangent vectors.133

The canonical Liouville one–form s on T ∗Rn and the associated canonical sym-134

plectic two-form σ = ds allow to associate to any, possibly time-dependent, smooth135

Hamiltonian Ft : T
∗Rn → R, the unique Hamiltonian vector field

−→
Ft such that136

σ(v,
−→
Ft(`)) = 〈dFt(`) , v〉, ∀v ∈ T`T ∗Rn.137

Choosing coordinates ` = (p, x) ∈ (Rn)
∗ × Rn, we have138

−→
Ft(p, x) =

(
− ∂Ft
∂x

,
∂Ft
∂p

)
(p, x).139

To any vector field f : Rn → Rn we associate the Hamiltonian function F140

F : ` ∈ T ∗Rn 7→ 〈` , f(π`)〉 ∈ R,141

so that
−→
F (p, x) =

(
− p df(x), f(x)

)
.142

We denote by f̂t the piecewisely time-dependent vector field associated to the143

reference control:144

f̂t := f0 + û1(t)f1 + û2(t)f2145

and by h1, h2 its restrictions to the time intervals [0, τ̂) and (τ̂ , T̂ ], respectively:146

h1 := f̂t

∣∣∣
[0,τ̂)

= f0 − f1 − f2, h2 := f̂t

∣∣∣
(τ̂ ,T̂ ]

= f0 + f1 + f2.147

In what follows we shall also need the vector fields148

k1 := f0 + f1 − f2 = h1 + 2f1 = h2 − 2f2,

k2 := f0 − f1 + f2 = h1 + 2f2 = h2 − 2f1.
149

The associated Hamiltonian functions are denoted by the same letter, but capitalized.150

Namely151

H1(`) := 〈` , h1(π`)〉, H2(`) := 〈` , h2(π`)〉,152

K1(`) := 〈` , k1(π`)〉, K2(`) := 〈` , k2(π`)〉.153154
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STRUCTURAL STABILITY OF BANG–BANG TRAJECTORIES 5

Analougously we define the parameter dependent vector fields155

hr1 := fr0 − fr1 − fr2 , hr2 := fr0 + fr1 + fr2 ,156

kr1 := fr0 + fr1 − fr2 , kr2 := fr0 − fr1 + fr2 ,157158

and the associated parameter dependent Hamiltonians159

Hr
1 := F r0 − F r1 − F r2 , Hr

2 := F r0 + F r1 + F r2 ,160

Kr
1 := F r0 + F r1 − F r2 , Kr

2 := F r0 − F r1 + F r2 .161162

The maximised Hamiltonian of the nominal control system (P0) is well defined163

in the whole cotangent bundle T ∗Rn and is denoted by Hmax:164

Hmax(`) := max
{
F0(`) + u1F1(`) + u2F2(`) : (u1, u2) ∈ [−1, 1]2

}
=F0(`) + |F1(`)|+ |F2(`)| .165

Throughout the paper, the symbol O(x) denotes a neighborhood of x in its ambient166

space. The flow starting at time t = 0 of the time-dependent vector field f̂t is defined167

in a neighborhood O(x̂0) for any t ∈ [0, T̂ ] and is denoted by Ŝt : O(x̂0)→ Rn, i.e.168

d

dt
Ŝt(x) = f̂t ◦ Ŝt(x) a.e. t ∈ [0, T̂ ], Ŝ0(x) = x.169

We denote by x̂0 := ξ̂(0) and by x̂f := ξ̂(T̂ ) = ŜT (x̂0) the end points of the reference170

trajectory and by x̂d := ξ̂(τ̂) = Ŝτ̂ (x̂0) the point corresponding to the switching time.171

Analougously, the flow starting at time t = 0 of the time-dependent Hamiltonian172

vector field associated to F̂t(`) := 〈` , f̂t(π`)〉 is defined in a neighborhood O(̂̀0) of173 ̂̀
0 := λ̂(0) for any t ∈ [0, T̂ ] and is denoted by F̂t : O(̂̀0)→ T ∗Rn:174

d

dt
F̂t(`) =

−→
F̂t ◦ F̂t(`) a.e. t ∈ [0, T̂ ], F̂0(`) = `.175

Given a smooth function γ : O(x) ⊂ Rn → R and a vector δx ∈ TxRn, the Lie176

derivative of γ with respect to the vector δx at the point x is denoted by δx · γ (x),177

i.e. δx · γ (x) = 〈Dγ(x) , δx〉. If f : O(x) → Rn is a smooth vector field, then f ·178

γ (x) is the Lie derivative of γ at x with respect to the vector f(x), i.e. f · γ (x) :=179

〈Dγ(x) , f(x)〉. Given two smooth vector fields f, g : Rn → Rn, then the Lie bracket180

[f, g] is given by the vector field (Dg)f − (Df)g.181

We identify any bilinear form Q on a vector space V with a linear form Q : V →182

V ∗: Q(v, w) = 〈Qv , w〉. Given W , linear subspace of V we thus say that a vector183

v ∈ V is in W⊥Q if Q(v, w) = 0 for any w ∈ W . We denote the associate quadratic184

form with the same letter but calligraphic: Q[v]2 = Q(v, v).185

Finally, given an interval [t1, t2] and a function ϕ : (t1, t2)→ Rn we use the symbol186 ffl t2
t1
ϕ(s) ds to denote the mean value of ϕ in (t1, t2):187

 t2

t1

ϕ(s) ds :=
1

t2 − t1

ˆ t2

t1

ϕ(s) ds.188

3. Assumptions. We now state the assumptions on the nominal extremal triple189 (
T̂ , ξ̂, û

)
of (P0). Besides the necessary conditions for optimality, namely Pontryagin190

Maximum Principle (PMP) –which we assume to hold in its normal form– we require191
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6 LAURA POGGIOLINI

that the triple
(
T̂ , ξ̂, û

)
satisfies the conditions that ensure state-local optimality, as192

stated in [14]: regularity along the bang arcs, regularity at the switching time and193

the coercivity of the second order variation associated to some finite-dimensional194

subproblem of the given one. Moreover we assume the uniqueness of the adjoint195

covector associated to the reference triple
(
T̂ , ξ̂, û

)
in Pontryagin Maximum Principle196

for (P0).197

Assumption 1 (Normal PMP). There exists an absolutely continuous curve198

λ̂ : [0, T̂ ]→ T ∗Rn satisfying the following properties199

πλ̂(t) = ξ̂(t), ∀t ∈ [0, T̂ ],(2a)

˙̂
λ(t) =

−→
F̂ t(λ̂(t)), a.e. t ∈ [0, T̂ ],(2b)

F̂t(λ̂(t)) = Hmax(λ̂(t)) = 1, a.e. t ∈ [0, T̂ ],(2c)

λ̂(0)
∣∣∣
Tx̂0N0

= 0, λ̂(T̂ )
∣∣∣
Tx̂fNf

= 0.(2d)200

201

In coordinates we put λ̂(t) :=
(
µ̂(t), ξ̂(t)

)
where µ̂(t) ∈ T ∗

ξ̂(t)
Rn ∀t ∈ [0, T̂ ].202

Here and in what follows we shall use the following notation:203 ̂̀
0 := λ̂(0), ̂̀d := λ̂(τ̂), ̂̀f := λ̂(T̂ ), p̂0 := µ̂(0), p̂d := µ̂(τ̂), p̂f := µ̂(T̂ ).204

205

Remark 3.1. The adjoint covector µ̂ is a solution to the ODE206

µ̇(t) =
− ∂Ft
∂x

(
µ(t), ξ̂(t)

)
= −〈µ(t) , df̂t(ξ̂(t))〉207

so that µ̂(t) = p̂0Ŝ
−1
t ∗ ∀t ∈ [0, T̂ ] and the transversality conditions (2d) read208

p̂0 =

n−n0∑
i=1

âi DΦ0,0
i (x̂0), p̂f =

n−nf∑
j=1

b̂j DΦf,0i (x̂f ),209

for some â =
(
â1, . . . , ân−n0

)
∈ Rn−n0 , b̂ =

(
b̂1, . . . , b̂n−nf

)
∈ Rn−nf .210

Remark 3.2. As λ̂ is a normal extremal then the transversality conditions (2d)211

together with the maximality condition (2c) yield h1(x̂0) /∈ Tx̂0
N0 and h2(x̂f ) /∈212

Tx̂fNf .213

Maximality condition (2c) implies, for any i = 1, 2 and for almost every t ∈ [0, T̂ ],214

ûi(t)Fi(λ̂(t)) = ûi(t)〈λ̂(t) , fi(ξ̂(t))〉 ≥ 0.215

We assume that the bang arcs of λ̂ are regular, i.e., we assume that at each point λ̂(t),216

t 6= τ̂ , the maximum of the Hamiltonian is achieved only by u = û(t) = (û1(t), û2(t)),217

i.e.,218

219

F0(λ̂(t)) + u1F1(λ̂(t)) + u2F2(λ̂(t)) < Hmax(λ̂(t)) = 1220

∀(u1, u2) ∈ [−1, 1]2 \ {(û1(t), û2(t))}.221222

In terms of the controlled Hamiltonians F1 and F2 this can be stated as follows:223
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STRUCTURAL STABILITY OF BANG–BANG TRAJECTORIES 7

Assumption 2 (Regularity along the bang arcs). Let i = 1, 2. If t 6= τ̂ , then224

(3) ûi(t)Fi(λ̂(t)) = ûi(t)〈λ̂(t) , fi(ξ̂(t))〉 > 0.225

Remark 3.3. Because of the normality condition in PMP, it holds F0(λ̂(t))−1 =226

−û1(t)F1(λ̂(t)) − û2(t)F2(λ̂(t)) for all t ∈ [0, T̂ ]. By continuity, from (3), we get227

F1(̂̀d) = F2(̂̀d) = 0 so that F0(̂̀d) = 1. Therefore f0(x̂d) /∈ span{f1(x̂d), f2(x̂d)}.228

From the necessary maximality condition (2c) we get229

d

dt
2Fi ◦ λ̂(t)

∣∣∣∣
t=τ̂−

=
d

dt
(Ki −H1) ◦ λ̂(t)

∣∣∣∣
t=τ̂−
≥ 0,

d

dt
2Fi ◦ λ̂(t)

∣∣∣∣
t=τ̂+

=
d

dt
(H2 −Kj) ◦ λ̂(t)

∣∣∣∣
t=τ̂+

≥ 0,

i, j ∈ {1, 2}, i 6= j.230

We assume that the above inequalities are strict:231

Assumption 3 (Regularity at the double switching time).232

d

dt
(Kν −H1) ◦ λ̂(t)

∣∣∣∣
t=τ̂−

> 0,
d

dt
(H2 −Kν) ◦ λ̂(t)

∣∣∣∣
t=τ̂+

> 0, ν = 1, 2.233

Assumption 3 is called the Strong bang-bang Legendre condition for the234

double switching time. Equivalently, this assumption can be expressed in terms235

of the Lie brackets of vector fields or in terms of the canonical symplectic structure236

σ (·, ·) on T ∗Rn.237

Proposition 2. Assumption 3 is equivalent to238

〈̂̀d , [h1, kν ] (x̂d)〉 = σ
(−→
H1,
−→
Kν

)
(̂̀d) > 0,

〈̂̀d , [kν , h2] (x̂d)〉 = σ
(−→
Kν ,
−→
H2

)
(̂̀d) > 0,

ν = 1, 2.239

An easy computation proves the following equivalent condition240

Proposition 3. Assumption 3 is equivalent to241

(4) 〈̂̀d , [f0, fi] (x̂d)〉 >
∣∣∣〈̂̀d , [f1, f2] (x̂d)〉

∣∣∣ , i = 1, 2,242

i.e.243

σ
(−→
F0,
−→
Fi

)
(̂̀d) > ∣∣∣σ (−→F1,

−→
F2

)
(̂̀d)∣∣∣ , i = 1, 2.244

In what follows we shall also need to reformulate Assumption 3 in terms of the pull-245

backs of the vector fields hν and kν along the reference flow Ŝt . Define246

(5) gν(x) := Ŝ−1τ̂ ∗hν ◦ Ŝτ̂ (x), jν(x) := Ŝ−1τ̂ ∗kν ◦ Ŝτ̂ (x), ν = 1, 2247

and let Gν , Jν be the associated Hamiltonians. Then a straightforward computation248

yields.249

Proposition 4. Assumption 3 is equivalent to250

〈̂̀0 , [g1, jν ] (x̂0)〉 = σ
(−→
G1,
−→
Jν

)
(̂̀0) > 0,

〈̂̀0 , [jν , g2] (x̂0)〉 = σ
(−→
Jν ,
−→
G2

)
(̂̀0) > 0,

ν = 1, 2.(6)251

Also, we assume that ξ̂ has no self-intersection:252

Assumption 4. The reference trajectory ξ̂ : [0, T̂ ]→ Rn is injective.253
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8 LAURA POGGIOLINI

4. The second order variation. The second order variation is the second order254

approximation of a finite-dimensional subproblem of (P0) obtained by keeping the255

same endpoint constraints and restricting the set of admissible controls. Namely, we256

allow for independent variations of the switching times of each of the two reference257

control components û1 and û2. This subproblem is then extended by allowing for258

variations of the initial points of trajectories on a neighborhood of x̂0 in Rn. We259

penalise the latter variations with a smooth cost α that vanishes on N0.260

We allow for perturbations of the final time, of the initial point of trajectories261

on N0, of the final point on Nf and of the switching time of either component of the262

reference control: let τ1 := τ̂ + ε1 and τ2 := τ̂ + ε2 be the perturbed switching times263

of the first and of the second component of û, respectively, and let τ3 := T̂ + ε3 be264

the perturbation of the final time T̂ .265

Let α : Rn → R be a smooth nonnegative function vanishing on N0. We remove266

the constraint on the initial point ξ(0) introducing the penalty cost α on such point.267

We thus obtain the following problem in the unknowns x, ε1, ε2, ε3:268

α(x) + T̂ + δ3 → min,(7a)269

ξ̇ =


h1(ξ(t)) t ∈ (0, τ̂ + δ1),

kν(ξ(t)) t ∈ (τ̂ + δ1, τ̂ + δ2),

h2(ξ(t)) t ∈ (τ̂ + δ2, T̂ + δ3),

(7b)270

ξ(0) = x ∈ Rn, ξ(T̂ + δ3) ∈ Nf ,(7c)271

δ1 := min{ε1, ε2}, δ2 := max{ε1, ε2}, δ3 := ε3,(7d)272

ν =

{
1 if ε1 ≤ ε2,
2 if ε1 > ε2.

(7e)273

274

Let gν , jν , ν = 1, 2 be the pullbacks along the reference flow of the vector fields hν275

and kν , as defined in equation (5). Let N̂f be the pullback of Nf to time t = 0 along276

the reference flow:277

N̂f := Ŝ−1
T̂

(Nf )278

and let Tx̂0
N̂f = Ŝ−1

T̂ ∗
(Tx̂fNf ) be its tangent space at x̂0.279

By the transversality condition (2d) at the reference final time T̂ , there exists a smooth280

function β : Rn → R that vanishes on Nf and such that dβ(x̂f ) = −̂̀f . Also let β̂ be281

the pull-back of β along the reference flow, β̂ := β ◦ ŜT̂ so that, by Remark 3.1,282

β̂ : O(x̂0)→ R, β̂
∣∣∣
O(x̂0)∩N̂f

≡ 0, dβ̂(x̂0) = −p̂0.283

Let us set284

a1 := δ1, b := δ2 − δ1 = |ε2 − ε1| , a2 := δ3 − δ2;285

then the second order approximations of problem (7), for ν = 1, 2, are defined on the286

closed half-spaces287
288

V +
ν :=

{
(δx, a1, b, a2) ∈ Tx̂0

Rn × R× R+ × R :289

δx+ a1g1(x̂0) + b jν(x̂0) + a2g2(x̂0) ∈ Tx̂0
N̂f

}
290
291
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and are given by292

Qν [δx, a1, b, a2]2 = D2(α+ β̂)(x̂0)[δx]2 + 2 δx · (a1g1 + b jν + a2g2) · β̂(x̂0)

+ (a1g1 + b jν + a2g2)2 · β̂(x̂0)

+ a1b [g1, jν ] · β̂(x̂0) + a1a2 [g1, g2] · β̂(x̂0) + b a2 [jν , g2] · β̂(x̂0),

(8)293

see [13] for the construction. The restrictions of Qν to the sets294

295

V +
0, ν :=

{
(δx, a1, b, a2) ∈ Tx̂0

N0 × R× R+ × R :296

δx+ a1g1(x̂0) + b jν(x̂0) + a2g2(x̂0) ∈ Tx̂0
N̂f

}
, ν = 1, 2,297

298

are indeed the second order approximation of (P0).299

We are now in a position to state our assumption on the second order approxi-300

mation of subproblem (7).301

Assumption 5. For each ν = 1, 2, Qν is coercive on V +
0,ν .302

Since both Q1 and Q2 are quadratic forms, we may as well remove the constraint303

b ≥ 0 and let them be defined and coercive on the linear spaces304

305

(9) V0,ν :=
{

(δx, a1, b, a2) ∈ Tx̂0
N0 × R3 :306

δx+ a1g1(x̂0) + b jν(x̂0) + a2g2(x̂0) ∈ Tx̂0
N̂f

}
, ν = 1, 2.307

308

Also let309

310

(10) Vν :=
{

(δx, a1, b, a2) ∈ Tx̂0
Rn × R3 :311

δx+ a1g1(x̂0) + b jν(x̂0) + a2g2(x̂0) ∈ Tx̂0
N̂f

}
, ν = 1, 2.312

313

By [4] we obtain the following:314

Theorem 5. If the second order approximations Q1 and Q2 are coercive on V0, 1315

and V0, 2 respectively, then there exists a smooth function α : Rn → R such that α|N0
≡316

0, dα(x̂0) = ̂̀
0 and both Q1 and Q2 are coercive quadratic forms on V1 and V2,317

respectively.318

The main result of [14] is the following:319

Theorem 6. Assume
(
T̂ , ξ̂, û

)
is an admissible triple for the minimum time prob-320

lem (1). Assume the triple is bang-bang with only one switching time which is a double321

switching time. Assume the triple satisfies Assumptions 1-5, i.e. PMP, the regularity322

assumptions along the bang arcs and at the double switching time, insjectivity of the323

trajectory, and the coercivity assumption. Then, ξ̂ is a strict state-locally optimal324

trajectory.325

5. The uniqueness of the adjoint covector. In order to prove our structural326

stability result we need one further assumption which was not required in [14], i.e.327

the uniqueness of the adjoint covector associated to the reference triple
(
T̂ , ξ̂, û

)
in328

PMP for problem (P0).329

Assumption 6. µ̂ is the only adjoint covector associated to ξ̂.330
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The uniqueness assumption can in fact be stated in terms of the data of the nominal331

problem (P0). For any i = 0, 1, 2, let f̃i be the pull-back of fi along the reference flow332

from the double switching time τ̂ to time 0:333

f̃i(x) := Ŝ−1τ̂∗ fi ◦ Ŝτ̂ (x) = exp(−τ̂h1)∗fi ◦ exp τ̂h1(x).334

335

Lemma 7. Assumption 6 holds if and only if336

span
{
Tx̂0

N0, Tx̂0
N̂f , f̃0(x̂0), f̃1(x̂0), f̃2(x̂0)

}
= Rn.337

Proof. For ease of notation set C := span
{
Tx̂0

N0, Tx̂0
N̂f , f̃0(x̂0), f̃1(x̂0), f̃2(x̂0)

}
.338

1. Let Assumption 6 hold and assume, by contradiction, that C 6= Rn. Then339

there exists p ∈ C⊥, p 6= 0:340

〈p , δx〉 = 0 ∀δx ∈ Tx̂0
N0 + Tx̂0

N̂f , 〈p , f̃i(x̂0)〉 = 0 ∀i = 0, 1, 2.341

Let µ(t) := (p̂0 + p) Ŝ−1t∗ = µ̂(t) + pŜ−1t∗ .342

If t ∈ [0, τ̂ ] then 〈pŜ−1t∗ , h1(ξ̂(t))〉 = 〈p ,
(
f̃0 − f̃1 − f̃2

)
(x̂0)〉 = 0. If t ∈ (τ̂ , T ], then343

〈pŜ−1t∗ , h2(ξ̂(t))〉 = 〈pŜ−1τ̂∗ , h2(ξ̂(τ̂))〉 = 〈p ,
(
f̃0 + f̃1 + f̃2

)
(x̂0)〉 = 0.344

As µ(0)|Tx̂0N0+Tx̂0 N̂f
= p̂0|Tx̂0N0+Tx̂0 N̂f

, it is easily checked that λ(t) :=
(
µ(t), ξ̂(t)

)
345

satisfies PMP, a contradiction.346

2. Assume C = Rn and suppose, by contradiction, there exists a pair (µ(t), p0)347

in T ∗
ξ̂(t)

Rn × {0, 1} which, together with the reference triple
(
T̂ , ξ̂, û

)
satisfies PMP.348

Thus the following conditions hold:349

〈µ(t) , f0(ξ̂(t))〉+ û1(t)〈µ(t) , f1(ξ̂(t))〉+ û2(t)〈µ(t) , f2ξ̂(t))〉 =

= F0(µ(t), ξ̂(t)) +
∣∣∣F1(µ(t), ξ̂(t))

∣∣∣+
∣∣∣F2(µ(t), ξ̂(t))

∣∣∣ = p0 ∈ {0, 1};
(11)350

∃p ∈ (Tx̂0
N0)

⊥ ∩
(
Tx̂0

N̂f

)⊥
: µ(t) = pŜ−1t∗ .(12)351

352

As in t = τ̂ the double switch of û occurs, we have353

〈µ(τ̂) , f1(ξ̂(τ̂))〉 = 〈µ(τ̂) , f2(ξ̂(τ̂))〉 = 0,354

so that 〈µ(τ̂) , f0(ξ̂(τ̂))〉 = p0, that is:355

(13) 〈p , f̃1(x̂0)〉 = 〈p , f̃2(x̂0)〉 = 0, 〈p , f̃0(x̂0)〉 = p0.356

We now distinguish between two cases:357

1. if
(
µ(t), ξ̂(t)

)
is an abnormal extremal (p0 = 0) then, by (12) and (13), p ∈ C⊥.358

As C = Rn this means that p = 0, so that µ(t) ≡ 0, a contradiction in PMP.359

2. if
(
µ(t), ξ̂(t)

)
is a normal extremal (p0 = 1) then, by (12) and (13), p acts on360

C = Rn in the same way as p̂0, so that p = p̂0 and µ(t) = µ̂(t), i.e. µ̂ is the only361

adjoint covector associated to ξ̂.362
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6. The main result. We are now in a position to state the main results of this363

paper, which will be proved in the following sections.364

Theorem 8. Under Assumptions 1-6 there exists R̃ ∈ (0, R) such that for any365

r ∈ BR̃, problem (Pr) has a bang-bang state-local minimiser (T r, ur, ξr). Each control366

component of ur has exactly one switching time. Let τ ri be the switching time of uri ,367

i = 1, 2. At time τ ri the control component uri switches from the value −1 to the value368

1. The final time T r and the switching times τ r1 , τ r2 depend smoothly on r.369

Remark 6.1. Notice that the switching times τ r1 , τ r2 in Theorem 8 may either370

coincide or be different, i.e. we may either have a double switching time or two simple371

switching times, still the bang-bang structure is preserved and singular arcs cannot372

occur.373

Theorem 9. Under Assumptions 1-6 there exists R̃ ∈ (0, R), ε > 0 and a neigh-374

borhood V of the graph of λ̂ in R× T ∗Rn such that for any r ∈ BR̃, the extremal pair375

λr associated to the local minimum time triple (T r, ur, ξr) of Theorem 8 is the only376

extremal pair whose final time is in [T̂ − ε, T̂ + ε] and whose graph is in V.377

6.1. The coercivity of the second order variations. In [14], in order to378

prove the strong local optimality result, the authors consider the bilinear form Qν379

associated to Qν , ν = 1, 2, i.e. if δe = (δx, a1, b, a2), δf = (δy, c1, d, c2) ∈ V0,ν then380

Qν [δe, δf ] = D2(α+ β̂)(x̂0)(δx, δy) + δy · (a1g1 + b jν + a2g2) · β̂ (x̂0)

+ δx · (c1g1 + d jν + c2g2) · β̂ (x̂0)

+ (c1g1 + d jν + c2g2) · (a1g1 + b jν + a2g2) · β̂ (x̂0)

+ da1[g1, jν ] · β̂ (x̂0) + c2a1[g1, g2] · β̂ (x̂0) + c2b[jν , g2] · β̂ (x̂0) .

381

The bilinear forms Qν can be written in a more compact way by introducing the linear382

Hamiltonians383

G′′i : (δp, δx) ∈ (Rn)
∗ × Rn 7→ 〈δp , gi(x̂0)〉+ δx · gi · β̂ (x̂0) ∈ R,

J ′′ν : (δp, δx) ∈ (Rn)
∗ × Rn 7→ 〈δp , jν(x̂0)〉+ δx · jν · β̂ (x̂0) ∈ R,

384

and the associated constant Hamiltonian vector fields
−→
G ′′i and

−→
Jν
′′. An easy compu-385

tation shows that386

σ
(

(δp, δx),
−→
G ′′1

)
= G′′i (δp, δx), σ

(
(δp, δx),

−→
Jν
′′
)

= J ′′ν (δp, δx),387

G′′i (
−→
G ′′j ) = [gj , gi] · β̂ (x̂0) , G′′i (

−→
Jν
′′) = [jν , gi] · β̂ (x̂0) = −J ′′ν (

−→
G ′′i ).388389

With these equalities at hand it is just a straightforward computation to prove the390

following proposition.391

Proposition 10. For any admissible variation δe = (δx, a1, b, a2) ∈ Vν and any392

δp ∈ (Rn)
∗

let393

(δpT , δxT ) := (δp, δx) + a1
−→
G ′′1 + b

−→
Jν
′′ + a2

−→
G ′′2 .394

Then395

Qν [δe, δf ] = D2(α+ β̂)(x̂0)(δx, δy) + 〈δp , δy〉 − 〈δpT , δy + c1g1 + djν + c2g2〉

+c1G
′′
1 (δp, δx) + dJ ′′ν

(
(δp, δx) + a1

−→
G ′′1

)
+ c2G

′′
2

(
(δp, δx) + a1

−→
G ′′1 + d

−→
Jν
′′
)
.

396
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Proposition 11. Let δe = (δx, a1, b, a2) be an admissible variation such that397

δe ∈ V0,ν .398

1. δe ∈ V ⊥Qν0,ν if and only if there exists δp ∈ (Rn)
∗

such that399

δp = −D2(α+ β̂)(x̂0)(δx, ·) + ω0, ω0 ∈ (Tx̂0
N0)

⊥
,(14a)400

G′′1(δp, δx) = σ
(

(δp, δx),
−→
G ′′1

)
= 0,(14b)401

J ′′ν

(
(δp, δx) + a1

−→
G ′′1

)
= σ

(
(δp, δx) + a1

−→
G ′′1 ,
−→
Jν
′′
)

= 0,(14c)402

G′′2

(
(δp, δx) + a1

−→
G ′′1 + b

−→
Jν
′′
)

= σ
(

(δp, δx) + a1
−→
G ′′1 + b

−→
Jν
′′,
−→
G ′′2

)
= 0,(14d)403

δpT ∈
(
Tx̂0

N̂f

)⊥
.(14e)404

405

2. Assume the coercivity assumption, Assumption 5, holds. If there exists δp ∈ (Rn)
∗

406

such that equations (14) hold, then δe is the trivial variation (0, 0, 0, 0).407

Consider the Lagrangian manifold of the initial transversality conditions408

Λ0 :=
{
` = dα(x) + ω : x ∈ N0, ω ∈ (TxN0)

⊥
, H1(`) = 1

}
409

so that410

T̂̀
0
Λ0 :=

{
δ` = dα∗δx+ ω : δx ∈ Tx̂0

N0, ω ∈ (Tx̂0
N0)

⊥
, σ

(
δ`,
−→
H1(̂̀0)

)
= 0
}
.411

Let i : (δp, δx) ∈ (Rn)
∗ × Rn 7→ δ` := −δp + d(−β̂)δx ∈ T ∗Rn. The map i is an412

antisymplectic isomorphism. Moreover413

i
−→
G ′′1 =

−→
H1(̂̀0) =

−→
G1(̂̀0) = F̂−1τ̂ ∗

−→
H1 ◦ F̂τ̂ (̂̀0),

i
−→
G ′′2 =

−→
G2(̂̀0) = F̂−1τ̂ ∗

−→
H2 ◦ F̂τ̂ (̂̀0) = F̂−1

T̂ ∗
−→
H2 ◦ F̂T̂ (̂̀0),

i
−→
Jν
′′ =
−→
Jν(̂̀0) = F̂−1τ̂ ∗

−→
Kν ◦ F̂τ̂ (̂̀0) ν = 1, 2,

414

and T̂̀
0
Λ0 = iL′′0 where415

416

L′′0 :=
{

(δp, δx) : δx ∈ Tx̂0
N0, δp = −D2(α+ β̂)(x̂0)(δx, ·) + ω,417

ω ∈ (Tx̂0
N0)

⊥
, σ

(
(δp, δx),

−→
G ′′1

)
= 0
}
.418

419

Lemma 12. Under Assumptions 1 to 6 there exist R̃ ∈ (0, R), ε > 0 and a neigh-420

borhood O(̂̀0) of ̂̀0 in T ∗Rn such that for any r ∈ BR̃, there exists a unique bang-bang421

extremal pair λr = (µr, ξr) of (Pr) having the following properties:422

1. λr is a normal extremal and λr(0) ∈ O(̂̀0);423

2. each component uri , i = 1, 2 of the associated control ur = (ur1, u
r
2) has exactly424

one switching time τ ri ; τ r1 , τ
r
2 ∈ [τ̂−ε, τ̂+ε]; at time τ ri the control component425

uri switches from the value −1 to the value +1;426

3. T r ∈ [T̂ − ε, T̂ + ε];427

4. τ r1 , τ r2 , T r and λr(0) depend smoothly on r,428

5. the bang arcs are regular: for i = 1, 2 uri (t)F
r
i (λr(t)) > 0 ∀t 6= τ ri ,429

6. each switching time is regular:
d

dt
uri (t)F

r
i (λr(t))

∣∣∣∣
t=τri ±

> 0, i = 1, 2.430

This manuscript is for review purposes only.



STRUCTURAL STABILITY OF BANG–BANG TRAJECTORIES 13

Proof. We prove claims 1-4 applying the implicit function theorem: for ν = 1, 2431

consider the following system of 2n + 3 scalar equations in the unknowns r ∈ BR,432

` = (p, x) ∈ T ∗Rn, t1, t2, t3 ∈ R:433

` ∈ (Tπ`N
r
0 )
⊥ ×Nr

0 ,(15a)434

Hr
1 (`)− 1 = 0,(15b)435

Kr
ν ◦ exp t1

−→
Hr

1 (`)− 1 = 0,(15c)436

Hr
2 ◦ exp(t2 − t1)

−→
Kr
ν ◦ exp t1

−→
Hr

1 (`)− 1 = 0,(15d)437

exp(t3 − t2)
−→
Hr

2 ◦ exp(t2 − t1)
−→
Kr
ν ◦ exp t1

−→
Hr

1 (`)

∈
(
T
π exp(t3−t2)

−→
Hr2◦exp(t2−t1)

−→
Kr
ν◦exp t1

−→
Hr1 (`)

Nr
f

)⊥
×Nr

f .
(15e)438

439

Equations (15) represent the structure of the reference extremal that we want to440

preserve: equation (15a) is the initial condition of problem (Pr), together with the441

initial transversality condition. Equations (15b) to (15d) represent the control struc-442

ture (i.e. each compoment switches from the value −1 to the value 1), while equation443

(15e) is the final condition of problem (Pr), , together with the final transversality444

condition.445

The linearised equations with respect to (`, t1, t2, t3) at the point (r, `, t1, t2, t3) =446

(0, ̂̀0, τ̂ , τ̂ , T̂ ) are given by447

δ` = (δp, δx) ∈ T̂̀
0

(
(Tx̂0

N0)
⊥ ×N0

)
,(16a)448

σ
(
δ`,
−→
H1(̂̀0)

)
= 0,(16b)449

σ
(

exp τ̂
−→
H1∗δ`+ δt1

−→
H1(̂̀d), (−→Kν −

−→
H1)(̂̀d)) = 0,(16c)450

σ
(

exp τ̂
−→
H1∗δ`− δt1(

−→
Kν −

−→
H1)(̂̀d) + δt2

−→
Kν(̂̀d), (−→H2 −

−→
Kν)(̂̀d)) = 0,(16d)451

F̂T̂ ∗δ`+ exp(T̂ − τ̂)
−→
H2∗

(
δt1
−→
H1 + (δt2 − δt1)

−→
Kν + (δt3 − δt2)

−→
H2

)
(̂̀d)

∈ T̂̀
f

((
Tx̂fNf

)⊥ ×Nf) .(16e)452

453

Notice that α|N0
≡ 0 so that dα(x) ∈ (TxN0)

⊥
for any x ∈ N0. Thus for every454

` = (p, x) ∈ (Tπ`N0)
⊥ ×N0, it holds p− dα(x) ∈ (TxN0)

⊥
so that, if δ` = (δp, δx) we455

get δx ∈ Tx̂0
N0 δp−D2α(x̂0)[δx, ·] ∈ (Tx̂0

N0)
⊥

. Thus, taking the pull-back to time456

t = 0, the homogeneous linear system (16) admits a nontrivial solution if and only457

if there exists δ` = (δp, δx) ∈ T̂̀
0
T ∗Rn, δt1, δt2, δt3 ∈ R, with at least one of them458

being different from zero, such that459

δ` = dα∗δx+ ω0, δx ∈ Tx̂0
N0, ω0 ∈ Tp̂0 (Tx̂0

N0)
⊥
,(17a)

σ
(
δ`,
−→
G1(̂̀0)

)
= 0,(17b)

σ
(
δ`+ δt1

−→
G1(̂̀0), (

−→
Jν −

−→
G1)(̂̀0)

)
= 0,(17c)

σ
(
δ`− δt1(

−→
Jν −

−→
G1)(̂̀0) + δt2

−→
Jν(̂̀0), (

−→
G2 −

−→
Jν)(̂̀0)

)
= 0,(17d)

δxf := δx+ (δt1g1 + (δt2 − δt1)jν + (δt3 − δt2)g2) (x̂0) ∈ Tx̂0
N̂f ,(17e)
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δ`+
(
δt1
−→
G1 + (δt2 − δt1)

−→
Jν + (δt3 − δt2)

−→
G2

)
(̂̀0)

= d(−β̂)∗δxf + ωf , ωf ∈ Tp̂0
(
Tx̂0

N̂f

)⊥
.

(17f)460

461

Applying the anti symplectic isomorphism i−1 and denoting i−1δ` = (δp, δx), equa-462

tions (17) can also be written as463

(δp, δx) = −D2(α+ β̂)(x̂0)(δx, ·) + ω0, δx ∈ Tx̂0
N0, ω0 ∈ (Tx̂0

N0)
⊥
,(18a)464

σ
(

(δp, δx),
−→
G ′′1

)
= 0,(18b)465

σ
(

(δp, δx) + δt1
−→
G ′′1 ,
−→
Jν
′′
)

= 0,(18c)466

σ
(

(δp, δx) + δt1
−→
G ′′1 + (δt2 − δt1)

−→
Jν
′′,
−→
G ′′2

)
= 0,(18d)467

(δpT , δxT ) := (δp, δx) + δt1
−→
G ′′1 + (δt2 − δt1)

−→
Jν
′′ + (δt3 − δt2)

−→
G ′′2

∈
(
Tx̂0

N̂f

)⊥
× Tx̂0

N̂f .
(18e)468

469

Thus, by claim 1 of Proposition 11, the variation (δx, δt1, δt2 − δt1, δt3 − δt2) is in470

V0,ν ∩ V
⊥Qν
0,ν . As Qν is coercive on V0,ν we can apply claim 2 of Proposition 11 and471

we get δx = 0, δt1 = δt2 = δt3 = 0, so that δp = 0 if and only if ω0 = 0. By equations472

(18),473
474

ω0 ∈ span
{
Tx̂0

N0, Tx̂0
N̂f , g1(x̂0), jν(x̂0), g2(x̂0)

}⊥
=475

= span
{
Tx̂0

N0, Tx̂0
N̂f , f̃0(x̂0), f̃1(x̂0), f̃2(x̂0)

}⊥
,476

477

so that Assumption 6 and Lemma 7 yield the claim.478

Thus we can apply the implicit function theorem to system (15). For r ∈ BR̃ let479

(`r0, τ
r
1 , τ

r
2 , T

r), `r0 = (pr0, x
r
0) be the solution of system (15). The piecewise smooth480

curve λr(t) = (µr(t), ξr(t)) defined by481 

exp t
−→
Hr

1 (`r0), t ∈ [0, τ r1 ],

exp(t− τ r1 )
−→
Kr

1 ◦ exp τ r1
−→
Hr

1 (`r0), t ∈ [τ r1 , τ
r
2 ],

exp(t− τ r2 )
−→
Hr

2 ◦ exp(τ r2 − τ r1 )
−→
Kr

1 ◦ exp τ r1
−→
Hr

1 (`r0), t ∈ [τ r2 , T
r],

 if τ r1 < τ r2

exp t
−→
Hr

1 (`r0), t ∈ [0, τ r2 ],

exp(t− τ r2 )
−→
Kr

2 ◦ exp τ r2
−→
Hr

1 (`r0), t ∈ [τ r2 , τ
r
1 ],

exp(t− τ r1 )
−→
Hr

2 ◦ exp(τ r1 − τ r2 )
−→
Kr

2 ◦ exp τ r2
−→
Hr

1 (`r0), t ∈ [τ r1 , T
r],

 if τ r2 < τ r1 ,

exp t
−→
Hr

1 (`r0), t ∈ [0, τ r1 ],

exp(t− τ r2 )
−→
Hr

2 ◦ exp τ r2
−→
Hr

1 (`r0), t ∈ [τ r1 , T
r],

}
if τ r2 = τ r1 ,

482

is a normal extremal of problem (Pr) and satisfies claims 1-4483

We can now complete the proof by proving claims 5-6: possibly restricting R̃ and484

O(̂̀0) we can assume, by continuity485

F ri (λr(t)) < 0 ∀t ∈ [0, τ̂ − ε],
F ri (λr(t)) > 0 ∀t ∈ [τ̂ + ε, T r],

i = 1, 2,
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σ
(−→
Hr

1 ,
−→
Kr
ν

)
(λr(t)) > 0

σ
(−→
Kr
ν ,
−→
Hr

2

)
(λr(t)) > 0

∀t ∈ [τ̂ − ε, τ̂ + ε], ν = 1, 2,(19)486

487

By construction, λr is a normal Pontryagin extremal of (Pr). We prove claim 5 in488

the case when τ r1 < τ r2 . The other cases are analougous. For any t ∈ (τ̂ − ε, τ r1 ) there489

exists θ1 ∈ (t, τ r1 ) such that490

2F r1 (λr(t)) = 2F r1 (λr(τ r1 )) + (t− τ r1 )
d(2F r1 ◦ λr)

dt
(θ1)

= (t− τ r1 )σ
(−→
Hr

1 , 2
−→
F r1

)
(λr(θ1)) = (t− τ r1 )σ

(−→
Hr

1 ,
−→
Kr

1

)
(λr(θ1))

491

which is negative by (19). Analougously, for any t ∈ (τ r1 , τ
r
2 ] there exists θ2 ∈ (τ r1 , t)492

such that493

2F r1 (λr(t)) = 2F r1 (λr(τ r1 )) + (t− τ r1 )
d(2F r1 ◦ λr)

dt
(θ2)

= (t− τ r1 )σ
(−→
Kr

1 , 2
−→
F r1

)
(λr(θ2)) = (t− τ r1 )σ

(−→
Hr

1 ,
−→
Kr

1

)
(λr(θ2))

(20)494

which is positive by (19). Finally, if t ∈ (τ r2 , τ̂ + ε) there exists θ3 ∈ (τ r2 , T̂ + ε) such495

that496

2F r1 (λr(t)) = 2F r1 (λr(τ r2 )) + (t− τ r2 )
d(2F r1 ◦ λr)

dt
(θ3)

= 2F r1 (λr(τ r2 )) + (t− τ r2 )σ
(−→
Hr

2 , 2
−→
F r1

)
(λr(θ3))

= 2F r1 (λr(τ r2 )) + (t− τ r2 )σ
(−→
Kr

2 ,
−→
Hr

2

)
(λr(θ3))

497

which is positive by (19) and (20). The proof for the sign of F r2 (λr(t)) follows the498

same line.499

Finally, the switching times τ ri are regular (claim 6) thanks to inequalities (19).500

We can now prove Theorem 8, i.e. we prove that projection ξr of the extremal λr501

defined in Lemma 12 is a state-local optimal trajectory for problem (Pr).502

Proof of Theorem 8. By construction and by Lemma 12, (T r, ξr = πλr, ur) satis-503

fies PMP in its normal form and the regularity assumptions for problem (Pr). Thus504

it suffices to prove that ξr has no self-intersection and that the second order variation505

associated to (Pr) is coercive.506

Injectivity of ξr. We prove that, possibly restricting R̃, then for any r ∈ BR̃, the507

trajectory ξr has no self intersection. The proof is carried out by showing, with a508

contradiction argument, that there can be no sequence {rk}k∈N ⊂ BR̃ that converges509

to 0 and such that the trajectory ξrk is not injective.510

Assume by contradiction there exists a sequence {rk}k∈N ⊂ BR̃ that converges to511

0 and such that there exist t1,k, t2,k, 0 ≤ t1,k < t2,k ≤ T rk , ξrk(t1,k) = ξrk(t2,k). Up512

to a subsequence both t1,k and t2,k converge. Let ti := limk→∞ ti,k ∈ [0, T̂ ], i = 1, 2.513

If t1 < t2, then ξ̂(t1) = ξ̂(t2), that is a contradiction. Assume then t1 = t2 =: t.514

Different cases may occur:515

1. Up to a subsequence 0 ≤ t1,k < t2,k ≤ τ rk1 . In this case516

0 = ξrk(t2,k)− ξrk(t1,k) =

ˆ t2,k

t1,k

hr1(ξrk(s)) ds.517
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Applying the mean value theorem componentwise we get:518

(21) ∀j = 1, . . . , n ∃skj ∈ [t1,k, t2,k] : (hr1)j(ξ
rk(skj )) = 0.519

Thus, as k → ∞ in (21) we obtain h1(ξ̂(t)) = 0, a contradiction since t ∈ [0, τ̂1] and520

H1(λ̂(t)) = 1 ∀t ∈ [0, τ̂1].521

2. Up to a subsequence 0 ≤ t1,k ≤ τ rk1 < t2,k ≤ τ rk2 . In this case522

523

(22) 0 =
ξrk(t2,k)− ξrk(t1,k)

t2,k − t1,k
=
τ rk1 − t1,k
t2,k − t1,k

 τ
rk
1

t1,k

hr1(ξrk(s)) ds+524

+
t2,k − τ rk1
t2,k − t1,k

 t2,k

τ
rk
1

kr1(ξrk(s)) ds.525

526

Up to a subsequence there exists lim
k→∞

τ rk1 − t1,k
t2,k − t1,k

= c ∈ [0, 1], so that passing to the527

limit in (22) we obtain528

0 = c h1(x̂d) + (1− c) k1(x̂d) = f0(x̂d) + (1− 2c) f1(x̂d)− f2(x̂d).529

A contradiction, since f0(x̂d) /∈ span {f1(x̂d), f2(x̂d)}.530

3. Up to a subsequence 0 ≤ t1,k ≤ τ rk1 ≤ τ
rk
2 ≤ t2,k. In this case531

532

(23) 0 =
ξrk(t2,k)− ξrk(t1,k)

t2,k − t1,k
=
τ rk1 − t1,k
t2,k − t1,k

 τ
rk
1

t1,k

hr1(ξrk(s)) ds+533

+
τ rk2 − τ

rk
1

t2,k − t1,k

 τ
rk
2

τ
rk
1

kr1(ξrk(s)) ds+
t2,k − τ rk2
t2,k − t1,k

 t2,k

τ
rk
2

hr2(ξrk(s)) ds.534

535

Up to a subsequence there exist536

lim
k→∞

τ rk1 − t1,k
t2,k − t1,k

= c1 ∈ [0, 1], lim
k→∞

τ rk2 − τ
rk
1

t2,k − t1,k
= c2 ∈ [0, 1],537

so that passing to the limit in (23) we obtain538

539

0 = c1 h1(x̂d) + c2 k1(x̂d) + (1− c1 − c2)h2(x̂d) =540

= f0(x̂d) + (1− 2c1) f1(x̂d)− (1− 2c1 − 2c2)f2(x̂d).541542

A contradiction, since f0(x̂d) /∈ span {f1(x̂d), f2(x̂d)}, see Remark 3.3.543

In the other cases the proof follows the same line.544

Coercivity of the second variation. Let (T r, λr, ur) be the extremal defined in545

Lemma 12, let ξr := πλr and xr0 := ξr(0). Assume τ r1 < τ r2 . In this case the trajectory546

ξr is driven by the dynamics547

φrt :=


hr1, t ∈ [0, τ r1 ],

kr1, t ∈ (τ r1 , τ
r
2 ],

hr2, t ∈ (τ r2 , T
r].

548

Let Srt be the flow at time t associated to φrt and consider the pull-back vector549
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fields550

gr1(x) := (Srt ∗)
−1hr1 ◦ Srt (x), t ∈ [0, τ r1 ],

jr1(x) := (Srt ∗)
−1kr1 ◦ Srt (x), t ∈ [τ r1 , τ

r
2 ],

gr2(x) := (Srt ∗)
−1hr2 ◦ Srt (x), t ∈ [τ r2 , T

r].

551

Let αr be a function that vanishes on Nr
0 and such that dαr(ξr(0)) = λr(0). Let βr552

be a smooth function that vanishes on (SrT r )
−1(Nr

f ), such that dβr(ξr(0)) = −λr(0).553

Finally consider the linearisation of the constraints554

V r0 :=
{
δe = (δx, a1, b, a2) ∈ Txr0N

r
0 × R3 : δx+ a1g

r
1 + bjr1 + a2g

r
2 ∈ Txr0N

r
0

}
.555

Then the second variation at the switching points, see e.g. [11], is given by556

Qr[δe]2 =
1

2
D2 (αr + βr) (xr0)[δx]2 + δx · (a1gr1 + bjr1 + a2g

r
2) · βr (xr0)

+
1

2
(a1g

r
1 + bjr1 + a2g

r
2)

2 · βr (xr0) +
1

2
a1b [gr1, j

r
1 ] · βr (xr0)

+
1

2
a1a2 [gr1, g

r
2] · βr (xr0) +

1

2
a2b [jr1 , g

r
2] · βr (xr0) .

557

We now show, with a contradiction argument, that Qr is coercive on V r0 : assume558

there exists a sequence {rk}k∈N ⊂ (0, R̃) that converges to 0 and such that Qrk559

is not coercive on V rk0 , i.e. there exists δek =
(
δxk, ak1 , b

k, ak2

)
∈ V rk0 such that560 ∥∥∥δxk∥∥∥+

∣∣ak1∣∣+ ∣∣bk∣∣+ ∣∣ak2∣∣ = 1 and Qrk [δek]2 ≤ 0. Up to a subsequence δek converges561

to some δe =
(
δx, a1, b, a2

)
∈ V0,1 and such that

∥∥δx∥∥+ |a1|+
∣∣b∣∣+ |a2| = 1. Thus562

0 ≥ lim
k→∞

Qrk [δek]2 = Q[δe]2 > 0,563

a contradiction.564

We have thus proved that (T r, ξr, ur), together with λr satisfies all the assump-565

tions of Theorem 1 in [11], so that ξr is a state-locally optimal trajectory for problem566

(Pr). If τ r2 < τ r1 the proof follows the same lines.567

Let us consider the case τ r1 = τ r2 =: τ r. In this case, as in the nominal problem568

(P0) we have to consider two different second order approximations and to prove that569

they are coercive on the respective half-space of linearised constraints.570

The trajectory ξr is driven by the dynamics571

φrt :=

{
hr1, t ∈ [0, τ r],

hr2, t ∈ (τ r, T r].
572

Denoting again by Srt the flow at time t associated to φr, we consider the pullback573

vector fields574

gri (x) := (Srτr ∗)
−1hr1 ◦ Srτr (x), i = 1, 2,

jrν(x) := (Srτr ∗)
−1krν ◦ Srτr (x), ν = 1, 2.

575

Let αr, βr and γr be as before. Then the linearisation of the constraints is given by576

This manuscript is for review purposes only.



18 LAURA POGGIOLINI

the half spaces577
578

V +,r
ν :=

{
δe = (δx, a1, b, a2) ∈ Txr0N

r
0 × R× R+ × R :579

δx+ a1g
r
1(x̂0) + b jrν(x̂0) + a2g

r
2(x̂0) ∈ Txr0(SrT r )

−1(Nr
f )
}
, ν = 1, 2580581

and the second order approximation is given by582

Qrν [δx, a1, b, a2] = D2 (αr + βr) (xr0)[δx]2 + 2δx · (a1gr1 + b jrν + a2g
r
2) · βr (xr0)

+ (a1g
r
1 + b jrν + a2g

r
2)

2 · βr (xr0) + a1b[g
r
1, j

r
ν ] · βr (xr0)

+ a1a2[gr1, g
r
2] · βr (xr0) + b a2[jrν , g

r
2] · βr (xr0) .

583

With the same contradiction argument used in the previous case it is easy to show584

that Qrν is coercive on V +,r
ν , ν = 1, 2. Thus (T r, ξr, ur), together with λr satisfies all585

the assumptions of Theorem 4.2 in [14], so that ξr is a state-locally optimal trajectory586

for problem (Pr).587

7. Local uniqueness. We now prove the local uniqueness of the extremal λr in588

the cotangent bundle T ∗Rn, namely we prove Theorem 9. The proof is carried out589

by showing that there exists a tubular neighborhood V in R × T ∗Rn of the graph of590

λ̂ such that, if λ̃ : [0, T̃ ] → T ∗Rn is an extremal of (Pr) whose graph is in V, with591

T̃ close to T̂ , then the associated control ũ = (ũ1, ũ2) is bang-bang and each control592

component switches once and only once from the value −1 to the value 1. This implies593

that λ̃ satisfies system (15) which, by the implicit function theorem, admits one and594

only one solution, i.e. λ̃ = λr.595

By the regularity assumption at the switching time (Assumption 3) and by con-596

tinuity, there exists δ > 0 such that597

〈λ̂(t) , [f0, fi] (ξ̂(t))〉 >
∣∣∣〈λ̂(t) , [f1, f2] (ξ̂(t))〉

∣∣∣ , ∀t ∈ [τ̂ − δ, τ̂ + δ], i = 1, 2.598

For any δ ∈ (0, δ] and i = 1, 2 define599

αai (δ) = min
{
ui(t)Fi ◦ λ̂(t) = −Fi ◦ λ̂(t) : t ∈ [0, τ̂ − δ]

}
,600

αpi (δ) = min
{
ui(t)Fi ◦ λ̂(t) = Fi ◦ λ̂(t) : t ∈ [τ̂ + δ, T̂ ]

}
,601

602

and let603

m(δ) := min
{
σ
(−→
F0,
−→
F1

)
(λ̂(t))−

∣∣∣σ (−→F1,
−→
F2

)
(λ̂(t))

∣∣∣ , i = 1, 2, t ∈ [τ̂ − δ, τ̂ + δ]
}
.604

By continuity there exists O(̂̀0) ⊂ T ∗Rn such that605

Fi ◦ F̂t(`) <
−αai (δ)

2
∀(t, `) ∈ [0, τ̂ − δ]×O(̂̀0),606

Fi ◦ F̂t(`) >
αpi (δ)

2
∀(t, `) ∈ [τ̂ + δ, T̂ ]×O(̂̀0),607

σ
(−→
F0,
−→
F1

)
(F̂t(`))−

∣∣∣σ (−→F1,
−→
F2

)
(F̂t(`))

∣∣∣ > m(δ)

2
∀(t, `) ∈ [τ̂ − δ, T̂ + δ]×O(̂̀0),608

609

and, again by continuity, there esists R > 0 such that610

F ri ◦ F̂t(`) <
−αai (δ)

4
∀(t, `) ∈ [0, τ̂ − δ]×O(̂̀0), ∀r : |r| ≤ R,(24)611

F ri ◦ F̂t(`) >
αpi (δ)

4
∀(t, `) ∈ [τ̂ + δ, T̂ ]×O(̂̀0), ∀r : |r| ≤ R,(25)612

613
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and614

σ
(−→
F r0 ,
−→
F r1

)
(F̂t(`))−

∣∣∣σ (−→F r1 ,−→F r2 ) (F̂t(`))
∣∣∣ > m(δ)

4

∀(t, `) ∈ [τ̂ − δ, T̂ + δ]×O(̂̀0), ∀r : |r| ≤ R.
(26)615

Let λ̃ : [0, T̃ ]→ T ∗Rn be an extremal of (Pr) whose graph is in the tubular set616

Vδ =
{

(t, F̂t(`)) : t ∈ [0, T̂ + δ], ` ∈ Oδ(̂̀0)
}

617

and such that
∣∣∣T̃ − T̂ ∣∣∣ < δ.618

By (24)-(25), for i = 1, 2,619

F ri ◦ λ̃(t) <
−αai

4
∀t ∈ [0, τ̂ − δ], F ri ◦ λ̃(t) >

αpi
4
∀t ∈ [τ̂ + δ, T̃ ]620

hence there exists t̃i ∈ (τ̂ − δ, τ̂ + δ) such that F ri ◦ λ̃(t̃i) = 0. We now prove that t̃i is621

the only time at which F ri ◦ λ̃ is zero. More precisely we show that F ri ◦ λ̃(t) is strictly622

monotone increasing in the interval [τ̂ − δ, τ̂ + δ] . Let τ̂ − δ ≤ s1 < s2 ≤ τ̂ + δ:623

624

F ri ◦ λ̃(s2)− F ri ◦ λ̃(s1) =

ˆ s2

s1

d

ds
F ri ◦ λ̃(s) ds =625

=

ˆ s2

s1

σ
(−→
F r0 + ũ1(s)

−→
F r1 + ũ2(s)

−→
F r2 ,
−→
F r1

)
(λ̃(s)) ds =626

=

ˆ s2

s1

(
σ
(−→
F r0 ,
−→
F r1

)
− ũ2(s)σ

(−→
F r1 ,
−→
F r2

))
(λ̃(s)) ds > (s2 − s1)

m(δ)

4
.627

628

Thus each component of the control ũ associated to ξ̃ := πλ̃ switches once and only629

once from the value −1 to the value +1.630
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