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STRUCTURAL STABILITY OF BANG-BANG TRAJECTORIES
WITH A DOUBLE SWITCHING TIME IN THE MINIMUM TIME
PROBLEM*

LAURA POGGIOLINIf

Abstract. In this paper we consider the problem of structural stability of strong local optimisers
for the minimum time problem in the case when the nominal problem has a bang-bang strongly local
optimal control which exhibits a double switch.

Key words. Hamiltonian methods, bang-bang controls, sufficient second order conditions

AMS subject classifications. 49K15, 49J15, 93C10

1. Introduction. An important issue in optimal control problem where the op-
timal control is bang-bang is the stability of the switching structure under small
perturbations of the data. This problem may arise either in practical optimal con-
trol problems, where the data are not known exactly, or in numerical approximation
techniques of the optimal control.

In this paper we address such issue for the minimum time problem between two
submanifolds of a finite dimensional manifold M in the case when the dynamics is
affine with respect to the control and the control takes values in a box of R”. Namely,
the following optimal control is studied:

(1a) T — min,

(1b) £t) = fol€(1) + Y us(t)fs(&(1) ae. t €0,T],
(1c) £(0) € No,  &(T) € Ny,

(1d) u(t) = (u1(t),...,um(t)) € [-1,1]™a.e. t € [0,T].

For such a problem, the triple (T, &, w) is said to be an admissible triple for problem
(1) if T > 0 and the couple (£,u) € W1>°([0,T], M) x L>=([0,T],R™) satisfies (1b),
(1c) and (1d). We are going to consider a triple (T',, @), that satisfies the necessary
conditions for optimality (i.e. Pontryagin Maximum Principle), where the control is
bang-bang with multiple switching.

We recall that for a control affine system where the control set is a compact convex
polyhedron A, a control function @ is said to be bang-bang if it is piecewise constant
with values in the vertexes of A, i.e. there exist 0 =7) <71 < Tp... < T < Tpp1 =T
such that @z | - isavertexof Aforanyi=1,....r+1and Ul | =) # Uz 7, )
for any ¢ = 1,...,7. The times 71,...,7, are called switching times of u. For each
switching time 7;, the multiplicity of 7; is defined as the dimension of the face of
A containing the vertexes Ul | =) and ul = ). Thus, if A = [=1,1]™ is the
standard box of R™, the multiplicity of the switching time 7; is given by the number
of components that change sign at time 7;.

The literature on bang-bang controls is by now very rich for the case of simple
switches, i.e. for the case when all the switching times have multiplicity one. See, for
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2 LAURA POGGIOLINI

example, [1, 10, 9, 15] for local optimality results and [5, 2] for structural stability
results. On the other hand, at least to the author’s knowledge, the literature on
bang-bang controls with multiple switches is much more scarce than the one with
simple switches only. L'-local optimality results for bang-bang controls with multiple
switches in the minimum time problem between two fixed end points were given in
[18].

The problems of strong local optimality and structural stability of bang-bang
extremals with a double switch, and a finite number of simple switches, in a Mayer
problem were addressed in [13] and [3], respectively. The minimum time problem was
studied in [14] where the authors consider the case when a double switch occurs and all
the other switches are simple. They prove that under suitable regularity conditions,
and assuming the coercivity of the second order approximation of a certain finite-
dimensional subproblem of the given one, the triple (T,£,u) is in fact a state-local
minimiser of the problem. See Definition 1 for a precise definition of this kind of
strong local optimality.

Here we consider the same case as in [14] and we study the structural stability of
the locally optimal control @ under smooth perturbations of the data of the problem:
the drift fy, the controlled vector fields fi1, fo, ..., fm and the submanifolds of the
initial and final constraints.

In particular we are interested in understanding how the existence of the double
switch and the bang-bang structure of the locally optimal control are affected by
small perturbations of the data. Such a situation is in fact not generic and we are
going to show that under the same assumptions that ensure state-local optimality of
the reference triple plus a full rank condition, the bang-bang structure of the locally
optimal control is stable under small perturbations, even though the double switching
time may decouple into two simple switching times, i.e. the number of bang arcs may
increase of one unit as the double switch may decouple in two simple switches but the
number of switches of each control component and the sequence of values it takes are
stable under small perturbations of the data.

The proof is carried out by Hamiltonian methods, which were also used in [14] to
prove the state local optimality result for the nominal problem. The same methods
were also used in [16] and [17] to prove state local optimality and structural stability
of a bang-singular-bang extremal in the minimum time problem between two fixed
end points.

As in [14], for the sake of notational simplicity we shall confine ourselves to the
case when M = R"™, m = 2 and only the double switch occurs. However, as all the
results are invariant under a change of coordinates, they can be easily generalised to
the case when the state space is a smooth finite dimensional manifold. Moreover, the
presence of a finite number of simple switches occuring either before and/or after the
double one can be treated at the expenses of a much heavier notation, see for example
[12, 13]. Thus the nominal problem (1) simplifies to

(Po) T — min,

§(t) = fo(&(t) + ur(t) f1(E(1) + ua() f2(£(1)) ae. t€]0,T],
£(0) € No,  &(T) € Ny,
lus(®)| <1 s=1,2 a.e. t € 0,7
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STRUCTURAL STABILITY OF BANG-BANG TRAJECTORIES 3

Without loss of generality we can assume that @ is given by

(_L_l) [

€ [0,7),
(1,1) e 7 1).

u(t) = (w(t), ua(t)) = {

We assume that (Pg) is the problem we obtain when r = 0 in the following parameter
dependent problem (P,):

(Py) T — min,

E(t) = f3 () +ur () f1 (E(1)) + ua(t) f5(E(1)) ae. t € [0,T],
£(0) e Ng,  &(T) € Ny,
lus(®)] <1 s=1,2 a.e. t €[0,T].

The parameter r belongs to some ball B centered at the origin of R¥ and radius
R > 0. For notational simplicity we choose R" as state-space; all the data are
assumed to be smooth, more precisely the maps

(r,z) € Bg x R" — fl'(x) € R", i=0,1,2

are assumed to be C? and the submanifolds of the initial and final constraints are
given as regular intersections of zero-level sets of C? maps from Br x R” to R, i.e.

N = () o

i=1
D®’"(z) are linearly independent at = V(r,z) € Bg x R™.

and

D<I>§"T x) are linearly independent at x V(r,z) € Bg x R".

We are interested in state-local optimisers according to the following definition:

DEFINITION 1 (state-local optimality). The trajectory & of an admissible triple
(T, &, u) for problem (P,) is a state-local minimiser of such problem if there are neigh-
bourhoods U of its range £([0,T), Up of £(0) and Uy of {(T) such that & is a minimum
time trajectory among the admissible trajectories of (P.) whose range is in U, whose
initial point is in N§ NUy and whose final point is in N NUy.

REMARK 1.1. Notice that state-local optimality is a kind of strong local optimality,
in the sense that there is no localisation with respect to the control, but only with respect
to the trajectories. Moreover state-local optimality is stronger than the classical notion
of strong-local optimality where one considers the C° distance between trajectories,
i.e. one considers only triples (T, &, ) where the graph of the trajectory & is close to
the graph of the reference trajectory §, and T is close to T see e.g. [10].

Assuming that (T,f ,u) satisfies normal PMP with adjoint covector )\, the sufficient
conditions for state-local optimality as stated in [14] plus a full rank condition which
ensures the uniqueness of the adjoint covector, we prove that for small R each problem
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4 LAURA POGGIOLINI

(P,), r € Bg has a state-local optimal trajectory (T7",&",u") (with adjoint covector
A") where " componentwise preserves the bang-bang structure of @ and 7™ is close to
T. Moreover the switching times and the final time depend smoothly on the parameter
r and A" is the only Pontryagin extremal of (P,) whose graph is close to the graph
of A.

We would like to recall that this set of assumptions (which concern the nominal
problem only) is the same set of assumptions that is required in the classical regular
case for the stability of weak local optimisers, see [6, 7, 8].

2. Notation. We are going to use some basic notions from symplectic geometry.
For any manifold N C R™ and any € N, the tangent space and the cotangent space
to N in x are denoted as T, N and T N, respectively. We recall that the cotangent
bundle T*R™ to R™ can be identified with the Cartesian product (R™)" x R" =
TyR™ x T,R" for any € R™. The projection from T*R™ onto R" is denoted as
m: € T*R" — 7f € R™. We shall write T, R™ instead of R", to emphasize the fact
that we are dealing with tangent vectors.

The canonical Liouville one—form s on T*R™ and the associated canonical sym-
plectic two-form o = ds allow to associate to any, possibly time-dependent, smooth
Hamiltonian F;: T*R™ — R, the unique Hamiltonian vector field ?t such that

o (v, Fi(0) = (dF,(£), v), Vo€ T,T*R™

Choosing coordinates ¢ = (p,z) € (R")" x R™, we have

F(p,x) = (_aFt az«;) (p, ).

dxr  Op
To any vector field f: R™ — R™ we associate the Hamiltonian function F’

F:LeT'R"— (¢, f(nl)) € R,

so that ?(p,x) = (: pdf(a:),f(x)).
We denote by f; the piecewisely time-dependent vector field associated to the
reference control:

fro=fo+u(t)f + Uy (t) fa

-~

and by hi, ho its restrictions to the time intervals [0,7) and (7, T], respectively:

hy = fi ):f()_fl_f% hy = fi ]:f0+f1+f2-

[0,7 &1
In what follows we shall also need the vector fields

ki:=fo+ fi—fo=h1+2f1 = ha —2f,
kri=fo—fi+tfa=h1+2fa=hs—2f1.

The associated Hamiltonian functions are denoted by the same letter, but capitalized.
Namely

Hi(0) == {l, hi(nl)),  Ha(l):=({l, ha(rl)),
Ki(€) ==, ki(ml)),  Ka(l) := (L, ka(7C)).

This manuscript is for review purposes only.
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STRUCTURAL STABILITY OF BANG-BANG TRAJECTORIES 5

Analougously we define the parameter dependent vector fields

W=y~ T - S Ry i= o ST I,
K= fo+ fi—f3, kb= f5 — T+ 15,

and the associated parameter dependent Hamiltonians

H{ :=Fj —F —Fj, Hj .= F+F + Fy,
K{:=F+ F] — F;, K5 :=F] — F] + F;.

The maximised Hamiltonian of the nominal control system (Pg) is well defined
in the whole cotangent bundle T*R"™ and is denoted by H™#*:

Hmax(g) :=max {Fo(g) +U1F1(£) —|-UQF2(€)Z (ul,uQ) S [—1, 1]2}
=Fo(€) + |FL(0)] + | F2(0)] -

Throughout the paper, the symbol O(x) denotes a neighborhood of z in its ambient
space. The flow starting at time ¢ = 0 of the time-dependent vector field f; is defined
in a neighborhood O(Z) for any ¢ € [0, T] and is denoted by S;: O(Zy) — R”, i.e.

d%gt(x) =fo0 Sy(z) ae. tel0,T), So(z) = x.

We denote by Zg := 5(0) and by Ty := &T) = §T(’x\0) the end points of the reference
trajectory and by g := &| (7) = S:(Z) the point corresponding to the switching time.

Analougously, the flow starting at time ¢ = 0 of the time-dependent Hamiltonian
vector field associated to Fy({£) := (¢, fi(wf)) is defined in a neighborhood O(¢y) of
7y := A(0) for any ¢ € [0,7] and is denoted by Fy: O(fy) — T*R™:

d ~ = - . ~
&Ft(ﬁ) =F, o Fi(f) ae. tc[0,T), Folt) = ¢.

Given a smooth function v: O(z) C R” — R and a vector éz € T,R"™, the Lie
derivative of v with respect to the vector dz at the point z is denoted by dz - v (),
ie. oz - v (x) = (Dy(x), ox). If f: O(x) — R™ is a smooth vector field, then f -
v (z) is the Lie derivative of v at x with respect to the vector f(z), i.e. -~ (z) :=
(Dy(x), f(x)). Given two smooth vector fields f, g: R™ — R”, then the Lie bracket
[f,g] is given by the vector field (Dg)f — (Df)g.

We identify any bilinear form @ on a vector space V with a linear form Q: V —
V*: Q(v,w) = (Qu, w). Given W, linear subspace of V' we thus say that a vector
v € Visin Wte if Q(v,w) = 0 for any w € W. We denote the associate quadratic
form with the same letter but calligraphic: Q[v]? = Q(v,v).

Finally, given an interval [t1, 2] and a function ¢: (t1,t2) — R™ we use the symbol

fttf ©(s)ds to denote the mean value of ¢ in (t1,t2):

t2 1 t2
][ o(s)ds = / o(s) ds.
t to —t1 Jy,

3. Assumptions. We now state the assumptions on the nominal extremal triple
(T,&,1) of (Po). Besides the necessary conditions for optimality, namely Pontryagin
Maximum Principle (PMP) —which we assume to hold in its normal form— we require

This manuscript is for review purposes only.
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6 LAURA POGGIOLINI

that the triple (f, E, 17) satisfies the conditions that ensure state-local optimality, as
stated in [14]: regularity along the bang arcs, regularity at the switching time and
the coercivity of the second order variation associated to some finite-dimensional
subproblem of the given one. Moreover we assume the uniqueness of the adjoint
covector associated to the reference triple (T, &, ﬂ) in Pontryagin Maximum Principle
for (Po)

AssuMPTION 1 (Normal PMP). There exists an absolutely continuous curve
A: [0, T] — T*R™ satisfying the following properties

(2a) () = E(b), vt € [0,7),
(2b) ) = Fu(3(1), ae te0,7],
(2¢) F,(A\(t)) = H™(X(t)) =1, ae tel0,7T],
(20) MO, =0 AD =

In coordinates we put A(t) := (ﬁ(t),é(t)) where i(t) € T2, R" ¥t € [0,T].
Here and in what follows we shall use the following notation:

~

lo = N0), Ly = X(7), by == XT), fo == i(0), pa := A7), By := A(T).

REMARK 3.1. The adjoint covector [i is a solution to the ODE

(1) = T (1), E0)) = — {u(t), AF.(E0)

so that [(t) = ﬁogt_*l vt € [0,T] and the transversality conditions (2d) read

n—no ’n*’l’bf
-~ - 0,0/~ -~ > 0/a
Po= Y @D®’Zo), Pr= Y b;D®I (),
i=1 j=1
for some a = (61, e ,an,no) € Rr—no, b= (31, .. ,En,nf> € R*ns,

REMARK 3.2. As A is a normal extremal then the transversality conditions (2d)
together with the mazimality condition (2¢) yield hi(Zo) ¢ Tz, No and ho(Ty) ¢
Tz, Ny.

If f

Maximality condition (2c) implies, for any ¢ = 1,2 and for almost every t € [0, f],

o~

@ FN) = @) (A@), fi(E(2)) = 0.

We assume that the bang arcs of \ are regular, i.e., we assume that at each point X(t),
t # 7, the maximum of the Hamiltonian is achieved only by u = u(t) = (u1(¢), u2(t)),
ie.,

Fo(M)) + ur Fy (A (1)) + ua Fa(A(£)) < H™(X(£)) = 1
V(uy,ug) € [=1,112\ {1 (t), Ua(t)) }.

In terms of the controlled Hamiltonians F; and F5 this can be stated as follows:

This manuscript is for review purposes only.
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STRUCTURAL STABILITY OF BANG-BANG TRAJECTORIES 7

AssUMPTION 2 (Regularity along the bang arcs). Let i =1,2. Ift # 7T, then

(3) () F (1) = @A), Fi(E1) > 0.

REMARK 3.3. Because of the normality condition in PMP, it holds Fo(M(t)—1 =
—uy (t)F1(A()) — ua(t VF2(A(1)) Jor all 't € [0, T). By continuity, from (3), we get
Fi(lg) = Fy(ly) = 0 so that Fo(ly) = 1. Therefore fo(Zq) ¢ span{fi(Za), f2(Za)}.

From the necessary maximality condition (2c¢) we get

Lrorw) =3xi—myorw| =o

at . dt - e iz
17.7 e ) 71 J

d. .« d -

—2F; = —(Hy— K; >

dt ro A =7 dt( 2= K3) o) =7+ )

We assume that the above inequalities are strict:
AssuMPTION 3 (Regularity at the double switching time).
d ~ d ~
— (K, — H1) o A(t) >0, — (Hy — K)o A(t) >0, v=1,2.
dt =~ dt 7y

t=7
Assumption 3 is called the STRONG BANG-BANG LEGENDRE CONDITION FOR THE
DOUBLE SWITCHING TIME. Equivalently, this assumption can be expressed in terms
of the Lie brackets of vector fields or in terms of the canonical symplectic structure
o () on T*R"™.

PROPOSITION 2. Assumption 3 is equivalent to
T, k) (30)) = o (HI ) (T) > 0,
s ks ho) ) = o (K0, T2 (2) > 0,

An easy computation proves the following equivalent condition

v=1,2.

)

PROPOSITION 3. Assumption 3 is equivalent to

) T, fo il Ga) > [, [Pl G|, =12,

1.€.

o (Fo.F) (@) > |o (FLE) @), i=12

In what follows we shall also need to reformulate Assumption 3 in terms of the pull-
backs of the vector fields h, and k, along the reference flow S; . Define
(5) gu(x) := Sz h, 0 Sx(x), ju(x) = S=lk, 0 S:(z), wv=1,2

and let G, J, be the associated Hamiltonians. Then a straightforward computation
yields.

PROPOSITION 4. Assumption 3 is equivalent to

- <li0, [91. 4] (@ (81,%}) (fo) > 0,

v=1,2.
(to. v g2 <xo>>—a(J,,,8) (@) >0,

Also, we assume that EA has no self-intersection:

ASSUMPTION 4. The reference trajectory EA: [O,ﬂ — R™ is injective.

This manuscript is for review purposes only.
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8 LAURA POGGIOLINI

4. The second order variation. The second order variation is the second order
approximation of a finite-dimensional subproblem of (Pg) obtained by keeping the
same endpoint constraints and restricting the set of admissible controls. Namely, we
allow for independent variations of the switching times of each of the two reference
control components u; and Us. This subproblem is then extended by allowing for
variations of the initial points of trajectories on a neighborhood of Zy in R™. We
penalise the latter variations with a smooth cost « that vanishes on Np.

We allow for perturbations of the final time, of the initial point of trajectories
on Ny, of the final point on Ny and of the switching time of either component of the
reference control: let 7 :=7 + &1 and 7 := T + €5 be the perturbed switching times
of the first and of the second component of u, respectively, and let 73 := T + £3 be
the perturbation of the final time T

Let a: R™ — R be a smooth nonnegative function vanishing on Ny. We remove
the constraint on the initial point £(0) introducing the penalty cost « on such point.
We thus obtain the following problem in the unknowns x, €1, €2, €3:

(7a) a(z) + T + 03 — min,
Cmle®) e 0.7+,

(7b) E=< k(&) t € (T+ 01,7+ d2),

ha(6(t))  te (F+02,T+33),
(7¢) £0)=zeR",  &T+d3) € Ny,
(7d) 01 := min{ey,e2}, 09 := max{e1, ez}, I3:=e3,
(7e) V:{l %ffl < ey,

2 if &1 > e9.

Let g, ju, v = 1,2 be the pullbacks along the reference flow of the vector fields h,
and k,, as defined in equation (5). Let Ny be the pullback of Ny to time ¢ = 0 along
the reference flow:

and let T, Nf = §%1(T§f Ny) be its tangent space at Zo.

By the transversality condition (2d) at the reference final time T, there exists a smooth
function 8: R™ — R that vanishes on Ny and such that dg(z;) = —Zf. Also let 3 be
the pull-back of £ along the reference flow, B =fo gf so that, by Remark 3.1,

o~ o~

c0(@) =R, B = dB(Zo) = —Po.
6 (9(‘%0)_> ) 60(20)01/\7‘)‘_ 07 B(xO) Po

Let us set
aq 2:51, bI: 527(51:|62751|, a9 51(53752;

then the second order approximations of problem (7), for v = 1,2, are defined on the
closed half-spaces
V.F = {(6z,a1,b,a2) € T5,R" x R x RT x R:

v

62 + 191 (30) + by (7o) + a202(Fo) € Tz, Ny |

This manuscript is for review purposes only.
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STRUCTURAL STABILITY OF BANG-BANG TRAJECTORIES 9

and are given by

Q, [0z, a1,b,as]? = D(a + B)(To)[d2]? + 26z - (arg1 + bj, + azga) - B(To)
(8) + (a1g1 + bju + azgo)? - B@o)
+aib [g1, ju] 'B\(fo) +aiaz [g1, 92] '3(57\0) +bas [ju, go] '3(50)7

see [13] for the construction. The restrictions of Q, to the sets

Vo—j_u = {(5x,a1,b, az) € Tz, No x R x Rt x R:

52 + a1g1(Fo) + bju(Fo) + azge(Fo) € Taoﬁf} L ou=12,

are indeed the second order approximation of (Py).
We are now in a position to state our assumption on the second order approxi-
mation of subproblem (7).

ASSUMPTION 5. For each v = 1,2, Q, is coercive on VOJ;,.

Since both Q; and 9, are quadratic forms, we may as well remove the constraint
b > 0 and let them be defined and coercive on the linear spaces

(9) V())l, = {(6x,a1,b, ag) S TEONO x R3:
82 + a191(To) + b ju(Fo) + azgz(Fo) € T%Nf} . v=12.

Also let

(10) V, == {(dz,a1,b,a2) € T5,R" x R*:
0z + a191(Zo) + bju(To) + a292(T0) € Tfoﬁf} ) v=12

By [4] we obtain the following:

THEOREM 5. If the second order approzimations Q1 and Qs are coercive on Vj 1
and Vy, o respectively, then there exists a smooth function oc: R™ — R such that O‘|N0 =

0, da(Zp) = ?0 and both Q1 and Qs are coercive quadratic forms on Vi and Vs,
respectively.

The main result of [14] is the following:

THEOREM 6. Assume (f, E, ﬂ) 1s an admissible triple for the minimum time prob-
lem (1). Assume the triple is bang-bang with only one switching time which is a double
switching time. Assume the triple satisfies Assumptions 1-5, i.e. PMP, the regularity
assumptions along the bang arcs and at the double switching time, insjectivity of the
trajectory, and the coercivity assumption. Then, & is a strict state-locally optimal
trajectory.

5. The uniqueness of the adjoint covector. In order to prove our structural
stability result we need one further assumption which was not required in [14], i.e.

the uniqueness of the adjoint covector associated to the reference triple (f,g,ﬂ) in
PMP for problem (Py).

ASSUMPTION 6. [i is the only adjoint covector associated to {A

This manuscript is for review purposes only.
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The uniqueness assumption can in fact be stated in terms of the data of the nominal
problem (Pg). For any ¢ = 0, 1,2, let f; be the pull-back of f; along the reference flow
from the double switching time 7 to time 0:

ﬁ(m) = g;*lfl o §?(a:) = exp(—Th1)x«fi o expThy(x).

LEMMA 7. Assumption 6 holds if and only if

Spa«n {TQ?UNOu TéEoNf fO(xO) f (.’E()) fz(/x\O)} :Rn

Proof. For ease of notation set C' := span {TQONO, Tgoﬁf, ﬁ)(':fo), ]?1(550), ]?2(’:50)}
1. Let Assumption 6 hold and assume, by contradiction, that C' # R™. Then
there exists p € C*, p # 0:

(p,6x) =0 Yoz € Ts,No+T5,Ns, (p, fi(Z0)) =0 Vi=0,1,2.

Let p(t) := o
Ift € [0,7] <p5't* ; hl(f(t)» (p, (fo - f1— f2) (To)) = 0. If t € (7,T], then

WSt ha(€(1) = 055, ) = o, (Jo+ Ji + J2) (@) = 0.

As M(O)|T.a0No+Taoﬁf = ﬁo\T%NO_FT‘%ﬁf, it is easily checked that A(t) := (u(t),£(t))
satisfies PMP, a contradiction.
2. Assume C' = R"™ and suppose, by contradiction, there exists a pair (u(t), po)

in TE( )R” x {0,1} which, together with the reference triple (T 5 , ) satisfies PMP.
Thus the following conditions hold:

(Po+p)S; fi(t) + pS;t.
the

(u(t), fo€(0) + @) (), FEWD)) +Ba(t)(u(t), F6(1))) =

~

11 ~ ~
B R0 80) + [Fau0).E00)| + [Fa(u).E00)] = o € 10,11

~ \ L ~
(12)  3pe (Ta,No)" 0 (7o, Ny) : ult) = pS3"

As in t = T the double switch of @ occurs, we have

~

(@), LER)) = (1), f(6(7) =0,
so that (u(7), fo(€(7))) = po, that is:

(13) (p, [i(@0)) = (0, fo(@0)) =0, (p, Jo(@o)) = po-

We now distinguish between two cases:

1. if (u(t),£(t)) is an abnormal extremal (pg = 0) then, by (12) and (13), p € C*.
As C = R"™ this means that p = 0, so that u(t) = 0, a contradiction in PMP.

2. if (,u(t)@?(t)) is a normal extremal (pp = 1) then, by (12) and (13), p acts on
C = R" in the same way as py, so that p = py and u(t) = fi(t), i.e. i is the only
adjoint covector associated to E 0

This manuscript is for review purposes only.
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6. The main result. We are now in a position to state the main results of this
paper, which will be proved in the following sections.

THEOREM 8. Under Assumptions 1-6 there exists R e (0, R) such that for any
r € Bg, problem (P.) has a bang-bang state-local minimiser (T",u",£"). Each control
component of u” has exactly one switching time. Let 7] be the switching time of u],
1=1,2. At time 1] the control component u] switches from the value —1 to the value
1. The final time T" and the switching times 7{, 75 depend smoothly on 7.

REMARK 6.1. Notice that the switching times 7{, 75 in Theorem 8 may either
coincide or be different, i.e. we may either have a double switching time or two simple
switching times, still the bang-bang structure is preserved and singular arcs cannot
occur.

THEOREM 9. Under Assumptions 1-6 there exists Re (0,R), € > 0 and a neigh-

borhood V of the graph of:\\ in R x T*R™ such that for any r € Bg, the extremal pair
A" associated to the local minimum time triple (T",u",£") of Theorem 8 is the only

extremal pair whose final time is in [f — a,er g] and whose graph is in V.

6.1. The coercivity of the second order variations. In [14], in order to
prove the strong local optimality result, the authors consider the bilinear form @,
associated to Q,, v = 1,2, i.e. if de = (6x,a1,b,a2), f = (0y, c1,d, c2) € Vi, then

Qu[0¢,8f] =D?(av+ B)(Z0) (0, 6y) + 3y - (arg1 + b + azg2) - B (To)
+0x - (c191 +djy + c2g2) - B(/x\o)
+ (c191 + dju + c2g2) - (a1g1 + bjy + azg2) - E(fo)

+ day (g1, 4u] - B (Zo) + c2a1(g1, 92] - B (To) + c2blju, g2] - B (Zo) -

The bilinear forms ), can be written in a more compact way by introducing the linear
Hamiltonians

G": (8p,6z) € (R™)* x R™ v (8p, gi(To)) + 6z - g; - B (Fo) € R,
JU (dp,dz) € (R™)* X R™ v (3p, ju(To)) + 0z - j, - B (To) € R,
_>

and the associated constant Hamiltonian vector fields 8;’ and J,”. An easy compu-
tation shows that

o ((6}9, dz), 8’1’) = G (op, dz), o ((6p, oz), J_Z”) = J!(6p, ox),
Q@) = 95,91 B (30) GIT") = [ gi] - B (@) = —JL(GY).

With these equalities at hand it is just a straightforward computation to prove the
following proposition.

PROPOSITION 10. For any admissible variation de = (dx,a1,b,a2) € V,, and any
Sp € (R™)" let

(6pp, 0x7) := (6p, 6x) + aﬂ’{ + bJ_;” + agﬁg.
Then
Qu[0e,5f) = D (o + B)(Zo) (6z, 6y) + (5p, 8y) — (pp, Sy + crg1 + djy + caga)
1 1" 8// 1 8// _>//
+e1GY (8p, 8z) + dJ" ((5p, 5z) + a1 1) + Gl ((5p, 52) + a1 G + dJ, ) .

This manuscript is for review purposes only.
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PROPOSITION 11. Let de = (dx,a1,b,as) be an admissible variation such that
dee V.
1. de € VO%V v if and only if there exists dp € (R™)" such that
(142)  dp=—D*(a+ f)(@)(dz,") + wo € (T5,No) ™,
(14b) G/ (6p,0x) = 0o ( (6p, o) 8 )
(14c) J!! (((5p, o) + alal') o (((5p, o) + aﬁ J,,”) =0
(

1ud) Gy ((op,0) Y a G by ') = o ((3p,62) +a18’1’+b=73”,5’2’) =0
N\ L
(14¢)  6py € (TgoNf> .

2. Assume the coercivity assumption, Assumption 5, holds. If there exists op € (R™)"
such that equations (14) hold, then de is the trivial variation (0,0,0,0).

Consider the Lagrangian manifold of the initial transversality conditions
Ag = {6 =da(z) +w: z € Ny, w € (TuNo)™, Hy(f) = 1}
so that

T; Ao i= {80 = da.dw + w: 8z € T, No, w € (Tz, No) ", @ (5@,}7{(%)) =0}

~

Let i: (0p,6z) € (R")" x R™ + 60 := —0p + d(—B)dx € T*R™. The map i is an
antisymplectic isomorphism. Moreover

iGY = H(lo) = Cr(ly) = = H,y o F(ly),

iGY = Cally) = F= 1 Hy 0 Fo(lo) = F= ' Hy 0 Fy (1),

i) = Tlo) = Fol Ky 0 Folly)  v=1.2,
and T; Ao = iLg where

Ly = {((5p, 6x) : dx € T, Ny, 0p = —D?*(a + B\)(fo)((s% ) +w,
€ (TgONQ)L7 (((Sp7 dz), a ) = 0}

LEMMA 12. Under Assumptions 1 to 6 there exist R € (0,R), € > 0 and a neigh-
borhood O(ZO) onO in T*R™ such that for any r € Bg, there exists a unique bang-bang
extremal pair X" = (u",&") of (P,) having the following properties:

1. A" is a normal extremal and A" (0) € (’)(Z\o);

2. each component ul, i = 1,2 of the associated control u™ = (uf,u}) has exactly
one switching time 7} ; {, 75 € [T—¢,T+¢|; at time 1] the control component
u; switches from the value —1 to the value +1;

3.7 e T —¢eT+e¢|;
4. 77, 15, T and A" (0) depend smoothly on r,
5. the bang arcs are reqular: for i =1,2 ul(t)F](A"(t)) >0 Vt#7],
d
6. each switching time is regular: auf(t)F[()\T(t)) >0, i=1,2.
t=7"+

This manuscript is for review purposes only.
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STRUCTURAL STABILITY OF BANG-BANG TRAJECTORIES 13

Proof. We prove claims 1-4 applying the implicit function theorem: for v = 1,2
consider the following system of 2n + 3 scalar equations in the unknowns r € Bp,
(= (p,.’E) € T*R"™, t1, ta, t3 € R:

(15a) L€ (TreNg)" x NG,

(15b)  HJ () —1=0,

(15¢) Ko exptllﬁl(ﬂ) -1=0,

(15d)  Hjoexp(ts — 1)K oexpti H(¢) — 1 =0,

exp(ts — to) Hp o exp(ts — 1)

v

1
T T
€ <T7T exp(ta—tg)f?ﬁoexp(tg—tl)ﬁoexp t1 IZ;(Z)Nf) X Nf .

Equations (15) represent the structure of the reference extremal that we want to
preserve: equation (15a) is the initial condition of problem (P,), together with the
initial transversality condition. Equations (15b) to (15d) represent the control struc-
ture (i.e. each compoment switches from the value —1 to the value 1), while equation
(15e) is the final condition of problem (P,), , together with the final transversality
condition.

The linearised equations with respect to (¢,t1,t2,t3) at the point (r, £, ty,to,t3) =
(0,!707?, T, f) are given by

(16a)  &¢=(6p,6z) € T, ((T%NO)L x NO) ,

(16c) o (exp7Hy. 00+t Hy (L), (Ky — H)) ()
(16d) o (expPHy 80 — bt (K — HY) (L) + 062K, (0), (s — Ky)(la)) =0,

~ S — — —
Fa 00+ exp(T — 7)Hy (

Notice that afy = 0 so that da(r) € (T,No)™ for any x € Ny. Thus for every
(= (p,z) € (TeeNo)™ x Ny, it holds p — da(z) € (T, No)™ so that, if 6¢ = (5p, x) we
get 6z € Ty, Ny dp — D?a(Zo) [0z, ] € (T%NU)J‘. Thus, taking the pull-back to time
t = 0, the homogeneous linear system (16) admits a nontrivial solution if and only
if there exists ¢ = (0p, dx) € T3 T*R", 0tq, dta, 6tz € R, with at least one of them
being different from zero, such that

17a) o = daydr + wo, dz € Ty, No, wo € T, (TEONO)L ,
17b) o (54,81(20)) —0,

(

(

(17¢) o (¢ + 6t G(lo), (7o — G1)(lo)) =0,

) o (8- 66(T — Ga)lo) + 52T (B0), (G — T)(Go) ) =0,
(

17¢) 5y =0z + (Strgy + (6ty — 0t1)jy + (8ts — 6t2)ga) (To) € T, Ny,

Thi: iscript s fi CVIew P 0.
This manuscript is for review purposes only
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~

H
50 + (5t181 4 (§ty — 1) T, + (8t5 — 5t2)82) @)
(171) N L
:d(—B)*§xf+wf7 wg GTﬁO (TfoNf) .
Applying the anti symplectic isomorphism i~! and denoting i ~*6¢ = (Jp, o), equa-
tions (17) can also be written as

(18a)  (dp,dz) = —D*(a + 3)(30)(5:10, ) + wo, dx € Ty, No, wo € (TQONO)J_ ,
(18b) o ((p,02), GY) =0,
(18) o ((6p, o) + 6t18’1’, ?V") =0,
(18d) o ((5p, 52) + 66, G + (5ta — 8t1) 1", 8:;) —0,

(6p, 627) = (6p, 02) + 1 G + (8ta — 8t1) " + (8t5 — 6t2) G4
(18e) SNE —~
€ (TEONf) X TgoNf.

Thus, by claim 1 of Proposition 11, the variation (dx,dt1,0te — dtq,dts — dto) is in
Vo N VO%VQ“. As @, is coercive on Vj, we can apply claim 2 of Proposition 11 and
we get dx = 0, §t; = ty = dt3 = 0, so that dp = 0 if and only if wg = 0. By equations
(18),

N 1
wg € span {TQONOa T5,Ny, 91(550)7%@0)’92(50)} =

~ ~ ~ ~ 1
= span {T5, No, T, Ny, Jol@o), Ji (7o), Fal@o)}

so that Assumption 6 and Lemma 7 yield the claim.

Thus we can apply the implicit function theorem to system (15). For r € B let
g, 1,75, T7), L5 = (pg,xy) be the solution of system (15). The piecewise smooth
curve A" (t) = (u"(t),£"(t)) defined by

exptH(6), te[0,7]);
exp(t — ) K] oexpr{ H(6), telrf,m), ¢ il <7
exp(t — 75)Hj 0 exp(r3 — 71)K] oexpr{ Hi (6}), t € [75.T7),
exptH(65), te[0,73],
exp(t—Tg)lgoexpTgl?l'(%), telry,ml, if 73 < 17,
exp(t — 7)) Hj 0 exp(r] — 3)K} o expr3 Hi (6}), t € [7],T7),
exptH (), telom), | .,
explt — 7§} o expr (L), tew,m,} R

is a normal extremal of problem (P,) and satisfies claims 1-4
_We can now complete the proof by proving claims 5-6: possibly restricting R and
O(4y) we can assume, by continuity

EI(A"(t)) <0 vVt € [0,7T — ¢, 19
1= ) )
F/(A"(t) >0 Yte[T+e T,

This manuscript is for review purposes only.



186

487

488
489
490

491

492
493

494

495
496

197

STRUCTURAL STABILITY OF BANG-BANG TRAJECTORIES 15
o (], K) (v (1) > 0

" o (KL HS) v () > 0

Vie[F—erte, wv=1,2,

By construction, A" is a normal Pontryagin extremal of (P,). We prove claim 5 in
the case when 77 < 75. The other cases are analougous. For any t € (T — ¢, 7{) there
exists 6y € (t,77) such that

2F{(V (1)) = 25 (¥ (7)) + (¢ — ) T2 )

= (t =)o (]2 ) V(o) = (¢ = 7)o (] KT) (7 (61)

which is negative by (19). Analougously, for any ¢t € (7], 75] there exists 6y € (77,1)
such that
T T T T ' T d 2FT o Ar
oy 2TV =260+ 0 ) T 0
= (t =)o (KT,25]) (3 (62) = (¢ = 7)or (BT 5T (O (62)

which is positive by (19). Finally, if t € (73,7 + ¢) there exists 05 € (73,7 + ¢) such
that

2FT (X' (1)) = 2B (V' (75)) + (¢ — )
= 2F{ (V' (73)) + (¢ — 7§)o (1], 2B ) (X" (65))
= 2F{ (V' (15)) + (¢t — 73)or (KT, HS ) (X" (65))

which is positive by (19) and (20). The proof for the sign of FJ(A\"(¢)) follows the
same line.
Finally, the switching times 7] are regular (claim 6) thanks to inequalities (19).0

We can now prove Theorem 8, i.e. we prove that projection £ of the extremal A"
defined in Lemma 12 is a state-local optimal trajectory for problem (P,).

Proof of Theorem 8. By construction and by Lemma 12, (T7,&" = w\",u") satis-
fies PMP in its normal form and the regularity assumptions for problem (P,). Thus
it suffices to prove that £" has no self-intersection and that the second order variation
associated to (P,) is coercive.

Injectivity of £". We prove that, possibly restricting E, then for any r € By, the
trajectory £ has no self intersection. The proof is carried out by showing, with a
contradiction argument, that there can be no sequence {ry}ren C By that converges
to 0 and such that the trajectory £"* is not injective.

Assume by contradiction there exists a sequence {r }ren C B that converges to
0 and such that there exist t1 x, tog, 0 <t < top < T, & (t1 ) = £ (t2,%). Up
to a subsequence both ¢1 ;, and to ; converge. Let ¢; := limy_yo0 t; 1 € [O,f], i=1,2.
If t; < t9, then E(El) = A(fg), that is a contradiction. Assume then t; = t; =: t.
Different cases may occur:

1. Up to a subsequence 0 < t1 1 < to; < 7{*. In this case

ta i

0= € (1o ) — € () = / " R () d.

tik

This manuscript is for review purposes only.
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518 Applying the mean value theorem componentwise we get:

519 (21) Vi=1,...,n 3sh € [tk taw]: (hD);(E7(s5)) = 0.

o~ _

520 Thus, as k — oo in (21) we obtain h1(£(¢)) = 0, a contradiction since ¢ € [0,7;] and

521 Hi(A(t) =1 Vte[0,7].
522 2. Up to a subsequence 0 < ¢y < < tor < 75, In this case

Tk t _ (TR t Tk _t T;k
o1 (22) o= SR =) T 1»’“][ BI(ET (5)) ds+
to g —t1k Lo =tk Ji,
¢ Tk tok
s Tk f k(€7 (5)) ds.
o tog =tk Jorw
Tt

527  Up to a subsequence there exists lim = ¢ € [0, 1], so that passing to the

k—oo tg p — L1k
528 limit in (22) we obtain

529 = Chl(./fd> + (1 — C) k‘l(./fd> = fo(ﬁﬁ\d) + (1 — 26) fl(-’/If\d) — fg(i‘\d)

530 A contradiction, since fo(Zq) ¢ span{f1(Zq), f2(Za)}-
531 3. Up to a subsequence 0 < 1, < 7% < 75* < 5. In this case

532

Tk (¢ — TR (¢ Tk __ t Tlrk
s (23) 0= &2 T () _ HT T h f BI(E™(s)) ds+
tor —tik tog =tk Jo,
T Tk pTeP to g — 7Tk [lak
534 + u][ k(€7 (s)) ds + -2k~ T2 ][ RE (€7 (5)) ds.
535 top =tk Jorw to —tik Joow
536 Up to a subsequence there exist
Tk __ t Tk _ Tk
537 lim L —LE o e0,1], lim 2— 1 =y e0,1],
k—oo ta p — 1k k—oo tap — 1k
538 so that passing to the limit in (23) we obtain
539
540 0=c h1<i/17\d) + co kb (/.’E\d) + (1 —C1 — 02> hg(/.’lﬁ\d) =
4 — fo(@a) + (1= 2¢1) fo(@a) — (1 — 261 — 25) fo(Fa).
543 A contradiction, since fo(Zq) ¢ span{fi1(Z4), f2(Ta)}, see Remark 3.3.
544 In the other cases the proof follows the same line.
545 Coercivity of the second variation. Let (T7,A\",u") be the extremal defined in
546 Lemma 12, let " := 7" and zf, := £"(0). Assume 77 < 75. In this case the trajectory
547 & is driven by the dynamics

1 telo,],
548 (b:; : 7{3 te (Tlra’r?r]?
2 te(ry,TT].

549 Let S} be the flow at time ¢ associated to ¢; and consider the pull-back vector

This manuscript is for review purposes only.



J O Ut i

[ e
S ©

o Or Ut Ut Ot Ot Ot Lt
-~

S0

STRUCTURAL STABILITY OF BANG-BANG TRAJECTORIES 17

fields

gi(@) = (S7.) " Ry 0 Si (), te(0,7]],
Ji(x) = (S{.) 7k 0 S (x), te 7],
g5(x) = (S7.) " h 0 Si(x), te[r,T"].
Let o be a function that vanishes on Nj and such that da”(£7(0)) = A"(0). Let 5"

be a smooth function that vanishes on (S}T,)*l(N]C)7 such that d5"(€7(0)) = —A"(0).
Finally consider the linearisation of the constraints

Vg = {0e = (0x,a1,b,a2) € Toy N§ x R*: 6z + a1g] + bj] + azgh € Toy NG } -

Then the second variation at the switching points, see e.g. [11], is given by

Q. [0e]* = 5 D? (o + ") (wg)[6]* + b - (argy + bjy + azgp) - " (a)

' -7 ' ' T 1 ‘s -7 s r
+ s (a197 +bj7 + a292)2 B (zg) + ialb[guh] B ()

=N

1 -7 ' ' T
+ §a1a2 [QLQS] 8" (356) + 5025 []1,92] B (170) .

We now show, with a contradiction argument, that Q, is coercive on V{: assume
there exists a sequence {r;}ren C (0, R) that converges to 0 and such that Q,,

is not coercive on Vy*, i.e. there exists de* = (&Uk,a’f,bk,a’;) € Vy™* such that
H&ka + ‘a’f’ + ’b’“’ + ’a’§| =1 and Q,,[0e"]2 < 0. Up to a subsequence de” converges
to some de = (E,El,g,ﬁg) € V.1 and such that HEH + |a1| + |5| + |az| = 1. Thus

0> lim Q,, [0e"]? = Q[de]?® > 0,
k—o00

a contradiction.

We have thus proved that (T",&",u"), together with A" satisfies all the assump-
tions of Theorem 1 in [11], so that £" is a state-locally optimal trajectory for problem
(Py). If 77 < 77 the proof follows the same lines.

Let us consider the case 77 = 74 =: 7". In this case, as in the nominal problem
(Po) we have to consider two different second order approximations and to prove that
they are coercive on the respective half-space of linearised constraints.

The trajectory £ is driven by the dynamics

¢'r — qv te [077]}7
t 5 te (", T7).

Denoting again by S} the flow at time ¢ associated to ¢", we consider the pullback
vector fields

g; () = (S:T*>_1h; oSin(x), i=1,2,
gr(x) = (S0, )k 0 ST (), v=1,2.

Let a”, 87 and 7" be as before. Then the linearisation of the constraints is given by

This manuscript is for review purposes only.
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the half spaces

Vb= {be = (0z,a1,b,a2) € Tyy N§ x R x RT x R:
52 + a1} (o) + b5 (o) + asgh(Fo) € Tuy (Sp) MNP}, v =1,2
and the second order approximation is given by
Q) [6z, a1,b,az] =D? (a” + ") (wg)[62]* + 20z - (a1g7 + b} + azg3) - B (a5)
+ (a1g7 + b3} + asgs)” - 87 (ap) + asblgt, )] - 67 ()
+ a9y, 5] - B” (wg) + baz[jy, gs] - B (x5) -
With the same contradiction argument used in the previous case it is easy to show
that Q7 is coercive on V7", v =1,2. Thus (1", £",u"), together with A" satisfies all

the assumptions of Theorem 4.2 in [14], so that " is a state-locally optimal trajectory
for problem (P,). |

7. Local uniqueness. We now prove the local uniqueness of the extremal A" in
the cotangent bundle T*R", namely we prove Theorem 9. The proof is carried out
by showing that there exists a tubular neighborhood V in R x T*R™ of the graph of
A such that, if A: [0,7] — T*R™ is an extremal of (P,) whose graph is in V, with
T close to f, then the associated control u = (41, u2) is bang-bang and each control
component switches once and only once from the value —1 to the value 1. This implies
that X\ satisfies system (15) which, by the implicit function theorem, admits one and
only one solution, i.e. A=)

By the regularity assumption at the switching time (Assumption 3) and by con-
tinuity, there exists 6 > 0 such that

(O o, F1ED) > | AW, [ £l €O)|, Ve F-T7+3, i=12

For any § € (0,0] and ¢ = 1,2 define

a2(8) = min {u; () Fy o A(t) = —F; o A(t): t € [0,7 — 5]} ,

K2

{
a?(6) = min {ui(t)ﬂ oANt) = Fyo(t): t € [F+0, f]} :

and let

m(8) = min {o (Fo, i) (A®) - |or (FL. F2) (A1)

=12 te€ [?—5,?+5]}.

By continuity there exists O(fy) C T*R" such that

)

FoFy(0) < V(t,0) € 0,7 — 8] x O({y),

Fyo Fy(t) > = V(t,0) € [ +6,T] x O(ly),

= =\ = = =\ = ] ~ ~ -
o (B F) o) - |o (F.B) Fan| > ™ w0 e - a7+ x 0(f).
and, again by continuity, there esists R > 0 such that

(24)  F[oF(0) < %@ V(t,0) € [0,7— 0] x O(l), Vr: |r| <R,

~ P ~ ~ _
(25)  FroF(0) > 0‘14(5) V(t,0) € [F+06,T] x O, ¥r: |r| <R,

This manuscript is for review purposes only.



614

615

616

617

618
619

620

621
622
623
624

625

632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652

STRUCTURAL STABILITY OF BANG-BANG TRAJECTORIES 19

and

BR) F0) - |0 (F.5) Fw)| > ™

V(t,0) € [F—6,T + 6] x O(ly), Vr: [r|<R.

(26) 7 (

Let A: [0,7] — T*R™ be an extremal of (P,) whose graph is in the tubular set

~

Vs = {(t,]—"t(é)): tef0,T+0], te 05(20)}

and such that ‘f — T’ < 4.
By (24)-(25), for i = 1,2,

_ ~a

Frot)< —2 wte[0,7-0], FoAt)>

. Vt e [7+06,T)

NS

hence there exists ; € (7 — 8,7 4 8) such that F' o A(;) = 0. We now prove that #; is
the only time at which FJ o\ is zero. More precisely we show that F o A(t) is strictly
monotone increasing in the interval [T — 6,7+ 6] . Let T — 0 < 51 < $9 < T+ ¢:

Fl oX(sy) — Fl o X(sq) = /2 d%Ff oA(s)ds =
— [ "o (A w)F + wa@ FL ) () ds =
= /: (a- (ﬁb,ﬁ'l) — us(s)o (F?,F?)) (A(s))ds > (s5 — sl)mf).

Thus each component of the control u associated to S := 7\ switches once and only
once from the value —1 to the value +1.
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