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We consider an adaptive isogeometric method (AIGM) based on (truncated) hierarchical
B-splines and continue the study of its numerical properties. We prove that our AIGM
is optimal in the sense that delivers optimal convergence rates as soon as the solution
of the underlying partial differential equation belongs to a suitable approximation class.
The main tool we use is the theory of adaptive methods, together with a local upper
bound for the residual error indicators based on suitable properties of a well selected
quasi-interpolation operator on hierarchical spline spaces.

1. Introduction

The use of adaptivity in the approximation of partial differential equations has
a long tradition. Adaptive schemes are particularly important in all those prob-
lems where the solution we try to approach is not regular, or develop singularities
along the simulation. When looking at isogeometric methods,'® or more generally at
methods based on splines, adaptivity and the ability to locally refine the resolution
is of paramount importance since the tensor-product structure of the underlying
spline construction is far too restrictive in the context of approximation of partial
differential equations (PDEs).

Within the isogeometric framework, it is then natural to concentrate on locally
refinable splines that can be suitably used both as design tool in geometric modelling
and for the approximation of solutions of PDEs. In this context, hierarchical splines
are one of the most powerful tool for the local refinement in both geometry and
analysis, and for this reason they are gaining more and more importance in the
field of isogeometric analysis. Thanks to the definition of the truncated basis,*®
hierarchical splines enjoys the main ingredients needed for locally refinable splines

*Corresponding author
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to be used as an effective geometric modeling tool and their use in design has been
recently proposed and developed, see Ref. 19 and 15.

On the side of spline-based numerical methods for PDEs, the structure of hier-
archical splines was first studied in Ref. 20 (see also Ref. 8), and is really suitable
for defining multi-resolution methods and local refinement approaches. Adaptive
methods using hierarchical splines were first tested in Ref. 29, and subsequently in
Ref. 15 by exploiting the truncated basis. In our recent paper Ref. 10, an adaptive
method based on hierarchical splines is described and its properties first analysed
in mathematical terms.

Other approaches to locally refinable splines exist and are (in some case ex-
tensively) used as geometric modelling tools. Among them, surely T-splines®® are
the most used and their use in isogeometric analysis has been object of several
studies,"!3 bringing to the definition of analysis suitable?! or equivalently dual
compatible T-splines.2® T-splines present a structure which is in principle more
flexible than hierarchical splines, but this flexibility makes it difficult to develop
an error-indicator-based adaptive framework. Only some partial results exist, see
Ref. 23, 22.

The present paper is a natural continuation of Ref. 10, where an adaptive iso-
geometric method (AIGM) based on the following three ingredients was presented:

e the definition of admissible meshes as the class of meshes where a finite
number of truncated hierarchical B-splines are non-zero on an element of
the mesh;

e a residual error indicator, for which we prove an upper and a lower bound
for hierarchical splines, of at least C' regularity and defined on admissible
meshes;

e a refinement routine that, once a few marked elements are refined, recur-
sively refines the neighboring elements in order to restore the admissibility
of the mesh along the refinement.

In Ref. 10, we proved that the designed fully adaptive strategy converges and
enjoys a contraction property. By following the steps of Ref. 5, 28, we subsequently
proved a complexity estimate for the hierarchical refinement routine.!!

The adaptivity analysis of hierarchical isogeometric methods is further extended
in the present paper, where we prove that the method delivers optimal approxima-
tion estimates for the solution of our model problem (described in Section 2) that
belong to suitable approximation classes. Our analysis follows the ideas and the
framework proposed in Ref. 25, see also Ref. 12, 24. One of the main ingredient is
the proof of a local upper bound of the error by the weighted residual error estimator.
The derivation of this local version of the upper bound for the error is here pre-
sented by exploiting quasi-interpolation constructions in hierarchical spline spaces.
In particular, a suitable operator (among the class of stable quasi-interpolators re-
cently discussed in Ref. 9) onto the space of splines on tensor-product meshes is
considered at any hierarchical level, and then suitably combined with THB-spline
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constructions by following the general approach presented in Ref. 27. It is important
to notice that the choice of the truncated basis plays a key role in the construction
of efficient hierarchical quasi-interpolants, and consequently, in the derivation of
the certified bound. The theoretical foundations of optimal adaptive isogeometric
methods based on hierarchical splines are in line with the established theory of
adaptivity developed in the finite element setting. The challenging issues needed
to properly frame hierarchical spline constructions in this machinery are strictly
related with a propere choice of the basis functions and their suitable use in the
definition of the adaptive scheme.

The paper is organized as follows. The adaptive isogeometric method and its
properties are introduced in Section 2. In order to derive a local upper bound of
the error, Section 3 shows how to combine a class of stable quasi-interpolation
operators onto the space of splines on tensor-product meshes with the hierarchi-
cal construction. Finally, Section 4 presents the theoretical framework to link the
adaptive method with optimal meshes to related approximation classes by proving
the quasi-optimal cardinality of the AIGM. Our concluding remarks are presented
in Section 5, while Appendix A collects the proofs of some auxiliary results.

2. The adaptive isogeometric method

We introduce a comprehensive theoretical framework for the analysis of adaptive
isogeometric methods by focusing on hierarchical spline constructions. A selection of
key results needed to prove the optimal convergence of the method will be reviewed.
These include the efficiency and reliability of simple residual based error estimators,
the contraction of the so-called quasi-error, as well as the complexity of the mesh

refinement module.10:11

2.1. Hierarchical refinement with linear complexity

We consider a sequence of tensor-product d-variate spline spaces V¢! ¢ V¢, for
¢ =1,...,N, defined on a closed hypercube D in R%. Let B’ be the normalized
tensor-product B-spline basis of degree p = (p1,...,pq) for the spline space V*
defined on the grid GY. Each grid value at level ¢ with respect to any coordinate
direction i, for i = 1,...,d, appears in the corresponding knot vector as many times
as specified by a certain multiplicity, that may vary from one to p; — 1.* At level
¢ =0, we assume that the knot sequences are open, i.e., in direction 7 the first and
the last knots are repeated p; + 1 times, and a quasi-uniform tensor-product mesh.
In addition, every knot of level £ — 1 is also present at level ¢ at least with the same
multiplicity in the corresponding coordinate direction, so that the given sequence
of spline spaces is nested.

2The requirement of C! regularity is not strictly necessary, see also Ref. 10, and the C? case can
be addressed analogously to the adaptive finite element theory.
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A quadrilateral element @ of G' is given by the Cartesian product of d open
intervals between adjacent grid values. We assume that the element size h@ =
|Q|'/4 satisfies

hg < diam(Q) < hg (2.1)
where we consider the symbol < for any inequality which does not depend on the
number N of hierarchical levels. We also consider a nested sequence of domains
Q-1 D Qf for ¢ = 1,..., N, that are closed subsets of D and are defined as
the union of the closure of elements that belong to the tensor-product grid of the
previous level. An element of level £ is active if it is a subset of Q¢ and does not
contain any refined element at subsequent levels included in (AZZ*, with 4+ 1 < /0% <
N — 1. Let

0:={Qeg =0 N-1} with §={QeC :Qca'nQ¢at}
be the hierarchical mesh defined by the set of active elements at all levels. A mesh
Q* is a refinement of Q, indicated as @* > Q, if Q* is obtained from Q by splitting
some of its elements via “g-adic” refinement, for some integer ¢ > 2. For simplicity,
we will consider the case of standard dyadic refinement with ¢ = 2.

We consider the construction of THB-splines, whose theory was developed in
Ref. 16, 17. Let

s = AZ cf;l(s)g,
BeBttl

be the representation of s € V¥ C V! with respect to the basis B+1. The trun-
cation of s with respect to B! is defined as

t g .= L ().
runc’ s Z CB (s)s

BeBt+1 supp BZ O+

Definition 1. The truncated hierarchical B-spline (THB-spline) basis 7 with re-
spect to the mesh Q is defined as

f?(@) = {Trunc“lgzgegzﬂﬁ(Q),E:O,...,N—l},

where Trunc*! 3 := trunc™ ! (trunc™ ~2(_ .. (trunc*1(3))...)), for any 3 € B’ N
H(Q), and

7—A[(Q) = {BE B :supp B C (AZZ/\suppBZ Qi e=0,...,N— 1}
is the hierarchical B-spline basis.

We denote the B-spline B that originates the THB-spline 7 = Trunc‘*? E via the
truncation mechanism as the mother B-spline of 7. It will be indicated as 3 := mot 7.
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In order to properly exploit the reduced support of THB-splines with respect
to standard hierarchical B-splines, we consider the notion of (strictly) admissible
meshes introduced in Ref. 10.

Definition 2. A mesh @ is admissible of class m if the truncated basis functions
in 7(Q) which take non-zero values over any element ) € Q belong to at most m
successive levels.

Note that the number of THB-splines which are non-zero on any element of an
admissible mesh is bounded. In addition, when admissible meshes are considered,
the size of the support of any truncated basis function is comparable with the size of
any mesh element that overlaps its support. These two properties play an important
role in the adaptivity analysis of isogeometric methods, see e.g., the proof of the a
posteriori upper bound for the error in Ref. 10.

To identify a subset of admissible meshes with a certain underlying structure,
we consider the auxiliary subdomains

o= J{Q: Qe G AS(@Q 0 - m+ ) C QL

for{ =m,m+1,...,N — 1, defined in terms of the support extension S(@, k) of
an element ) € G* with respect to level k:

S(Q.k) = {@/Eék:ﬂgeg’“, suppEO@’#Wsuppgﬂ@¢®},
with 0 < k < /L.

Definition 3. The mesh O of active elements with respect to the domain hierarchy
Q1D Qf for ¢ =1,...,N, is strictly admissible of class m if Q¢ C @¢—™+1

2.2. The geometric map

Given a quasi-uniform tensor-product @0, we consider THB-splines on the physical
domain 2 parametrized by the map

xeQ, x=FF) =) CF®), =z,
7eTo
in terms of the truncated basis functions in 7A5 and a corresponding set of con-

trol points Cz € R We assume the mapping F : Q° — 0 to be a bi-Lipschitz
homeomorphism:

IDFl oy < Coy IDF oy Sy lal <1, (22)

where cp and Cy are independent constants bounded away from infinity.
Given a hierarchical mesh Q, we denote by Q its image through F, i.e.:

0={Q=F(Q):Qec 0}
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We say that a mesh Q is (strictly) admissible if its pre-image O is (strictly) admis-
sible. Moreover we denote by 7(Q) the set of all functions 7 defined as:
r(x)=7®), x=F®), 7eT(Q.
For further use, we split 7(Q) in two parts: T(Q) = Ta(Q) U Tp(Q),
To(Q) ={7 € T(Q) : loa #0},  Tn(Q) ={r € T(Q) : 7loa = 0}.

In view of (2.1) and (2.2), for any element @ € Q, if we indicate as hg = |Q|*/¢,
where |Q)] is the volume of @, we have that hg < diam(Q) < hg.
In order to develop the adaptivity analysis of the AIGM, we extend all the

o~

notation previously introduced to the physical domain by simply removing the™. For
any hierarchical level £, we then consider the domains Q¢ = F((AZE) and w’ = F(@"),
as well as the mapped grid and set of active elements, G* = {Q € Q : @ € é\z} and
G'={QcQ: CAQ € @e}_ The support extension with respect to level k is defined
as

S(Q.k) ={Q €G* : Q' €S(Q.h)}, (2.3)

for all Q € G¢. A mesh Q* is a refinement of Q, indicated as @* = Q, when their
pre-images Q* and Q verifies Q* = Q.

2.3. Model setting
We consider the elliptic model problem:

—div(AVu) = f inQ, 0, (2.4)

Ulpg =
where Q € R%, d > 1, is a bounded domain with Lipschitz boundary 9 and f is any
square integrable function. We assume that A = A(x) is a bounded, symmetric and
positive definite matrix, and, more precisely, that there exist two constants 7y, 7o
with 0 < 71 < 1y so that

Vx€Q, EeRImMEP <AX)E-€ and  AX)E] < molé].
By considering the space of functions in H'(£2) with vanishing trace on 9
Vi=Hj(Q) = {ve H(Q): v‘fm =0},
and the bilinear form

a:VxV =R, a(u,v) ::/AVqu, Vu,veV,
Q

a weak solution of (2.4) is a function u € V satisfying
ueV: a(u,v)=(fv), VveyV, (2.5)

where (-,-) stands for the L%() scalar product, and we assume that f € V*, the
dual space to V. The spaces V and V* are endowed with their standard norms

lully = IVollZaiye + 0ll72(),  rllv- = sup {(r,v) : v eV, |plly <1}
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Coercivity and continuity of a(u,v), namely
a(u,u) > arllully,  a(u,v) < asllullvlvllv,  w,weV.

with constant a; and as, respectively, ensure the existence and uniqueness of the
weak solution (2.5) through the Lax-Milgram theorem. For further use, we also
define the energy norm as |||ul||q = v/ a(u,w).

Given a hierarchical mesh Q, we set S(Q) = spanT (Q) and we construct the
corresponding inner approximation for Hg (£2) as follows:

Sp(Q) = S(Q) N HY(Q) = spanTp(Q).
The Galerkin approximation of (2.5) is given by
UeSp(Q): a(U,V)={(fV), VV eSp(Q). (2.6)

2.4. Refinement strategy
In this section we recall the refinement strategy adopted in Ref. 10. This strategy

is constructed in order to allow refinement while guaranteeing that the (strictly)
admissibility property is preserved under refinement.

Given a strictly admissible mesh 9, a set of marked elements M, and the class
of admissibility m, the call @* = REFINE(Q, M, m) returns a strictly admissible
mesh Q* = 9 of class m. The REFINE module consists of the commands

forallQ e QNM
Q = REFINE_RECURSIVE(Q, @, m)

end

Q=9

with the internal REFINE_RECURSIVE(Q, @, m) procedure defined by

for all Q' € N(Q, Q,m)
Q = REFINE_RECURSIVE(Q, @', m)
end
subdivide @) and
update Q by replacing @ with its children

and
N(Q.Qm):={Q eg" ™" :3Q"eS(Q.l-m+2),Q"CQ'},

when £ —m+1 >0, and N(Q, Q,m)=0for { —m+1<0.
By assuming that G° consists of open hypercubes with side length 1, and con-
sequently h@ :=27* for all Q € G*, the following complexity estimate was recently

proved.!! Let M := Uj;ol M, be the set of marked elements used to generate
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the sequence of strictly admissible meshes Qg, Q1, ..., Q starting from Qy = G,
namely

Qj = I%EFINE(Qj,l,./\/lj‘,l,’l77/)7 ./\/lj,1 - Qj,1 for j e {1, .. ,J}

Then, there exists a constant A > 0 so that

J—1
#Qs—#Q0 < A #M,;, (2.7)

j=0
with A = A(d,p,m) := 4(46V + 1), where C = (2_1 + H%CS) and Cy =
2m=2(2p+1). Note, however, that this result can also be generalized to the current
setting by suitably taking into account the corresponding maximum local mesh size.
Finally, the overlay mesh Q, = Q1 ® Qs of two meshes Q1, Qo is obtained
as the coarsest common refinement of Q; and Qs. It was recently shown that the
overlay of two strictly admissible meshes is still a strictly admissible mesh.'’ The

following inequality holds, see e.g., Ref. 6, 23,

#Q. = #(Q1 ® Qo) < #91 + #Q2 — Qo, (2.8)

where Qg is the initial mesh configuration.

Remark 4. It should be noted that both the complexity estimate (2.7) and the
overlay inequality (2.8) were obtained on the parametric domain @ in Ref. 11.
Clearly, they hold verbatim also on physical meshes since they are just images of
parametric meshes.

2.5. Restdual based error estimates, marking, and contraction
property
Let the functional in V* defined by
(r,v) = (f,v) = a(U,v),
so that
(r,v) =alu—U,v) YveV and alu—U,V)=(r,Vy=0 VYV €Sp,
be the residual associate to U € Sp. By considering the error indicator
o(U,Q) = p(U,Q)  with  £3(U,Q) = hd|Irll72(o) (2.9)
QeQ

defined in terms of the quantity » = f + div(AVU) on any element Q € Q, the
derivation of upper and lower bounds for the Galerkin error associated to the adap-
tive isogeometric method here considered leads to'®
1
Cgub

1
lfu=Ullfy 3. Q) < 5 (lu=Ullh +osch(U. @), (210)
g
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where

oscy (U, Q) = Z osc?(U,Q) with oscg(U, Q) := hgllr — arllr2g), (2.11)
QeQ

and I, : L?(Q) — Py, n = (ny,...,nq), denotes the L? projector onto the space
of polynomials of degree n; in the space direction j. Note that the degrees n;,
j=1,...,d can be fixed large enough so that the oscillation are “smaller” than the
error.® The upper bound can be obtained by suitably combining classical inequalities
considered in the (adaptive) finite element setting with two key properties of the
truncated basis — the partition of unity property and the bound for the number
of nonzero basis functions on any mesh element that holds within the class of
admissible meshes. The lower bound instead can be directly derived according to
classical finite element estimates.

While Theorem 12 of Ref. 10 also provides a local version of the lower bound in
(2.10), namely

eo(U, Q) S [lu = Ullv(g) + 0sco(U, Q)

a local upper bound for the error will be berived in the next section.
As marking strategy, we consider the Dorfler marking'® that identifies the set

of marked elements M = MARK ({5Q(U7 Q)}tgeo s Q) , by collecting all elements
with largest error indicator until

eo(U,M) > 0eg(U, Q) (2.12)

for a given parameter 6 € (0, 1].

Let {Qk,Sp(9k), Uk} x>0 be the sequence of strictly admissible meshes, hierar-
chical spline spaces, and discrete solution computed by the AIGM for the model
problem (2.4). Then, there exist v > 0 and 0 < a < 1, independent of k such that,
for all £ > 0, the so-called contraction property of the quasi-error, defined as the
sum of the energy error and the scaled error estimator, holds:'°

= UsiallR +73,,, Unr, Qi) < 0 [[lfu— Ul I3 + 7 %, (U Q)] - (2:13)

3. Localized upper bound

This section extends the analysis of the AIGM in order to provide a local version of
the upper bound for the error. To this aim, a class of quasi-interpolation operators
onto the space of splines on tensor-product meshes of a certain level £ is considered.
Subsequently, these operators are suitably combined with the hierarchical construc-
tion by exploiting THB-spline representations.

3.1. Quasi-interpolant of level £

We follow the construction of a class of L2-stable quasi-interpolation operators onto
the space of splines on tensor-product meshes recently introduced in Ref. 9. For each
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10
level £ =0,..., N — 1, we can consider a quasi-interpolant Z* : L%(Q) — V',
Tho =Y M5 (v)B with I%:={i: 8 € B}, (3.1)
S

where the functionals {)\éi} g;epe are defined as convex combinations of local pro-
jections onto elements that belong to the support of corresponding B-splines, see
Ref. 9 for the details. One possible choice relies in choosing just one element Qg, in
the support of ; whose size is equivalent to the size of supp f5;, namely

| supp i <, (3.2)

|Q51|

for some constant C' that depends on the degree p, and define the functional )\éi as
the local projection onto this element. The L2-stability of the functionals {Aj5 } 5,5,

A ()] S 1Q, 72 10l 22 (3.3)
follows from Theorem 5.3 in Ref. 9. In addition, Z* is a projector onto V¢ = span B¢,
I's=s, VsecV (3.4)

and
IZ22@) S ollzzs@ey, v =T 2@) S hollvllais@ey,  (3:5)

where S(Q,¥) is given by (2.3) when k = /.

3.2. Hierarchical quasi-interpolant

By considering the truncated basis for hiearchical splines, in virtue of the so-called
preservation of coefficients,'” hierarchical quasi-interpolants are simply defined in
terms of the coefficients associated to corresponding mother B-spline functions at
different hierarchical levels.2” Consequently, if Z¢ is the operator defined by (3.1) in
terms of the functionals {\§ } 5, ¢ e, the hierarchical quasi-interpolant Zg : L?(Q) —
span Tp(Q) can be defined as

N-1
Tov:= Z Z )\f;i (v)7i, (3.6)
£=0 ierf
where
IG = {i: B; € H{(Q), B € B NH(Q)}
is the index set of active (T)HB-splines at level ¢ that vanish at the boundary of 2
and 8; = mot 7.
Note that, when considering an admissible hierarchical mesh Q, an element @),
that satisfies (3.2) may be chosen between the active elements of level ¢ that belongs
to the support of ;. Being ; and 7; active basis functions in H(Q) and T(Q),

respectively, at least one element of this kind exists. Since 7;|oe\get1 = Bilaeaett,
the element (g, also belongs to supp 7;.
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By verifying (3.4), the quasi-interpolant Z¢, for £ = 0,..., N — 1, preserves
splines on V*¢. Moreover, each )\gi (s) used in (3.6) is locally supported on ¢\ Q¢*1.
Consequently, according to Theorem 4 in Ref. 27, the hierarchical quasi-interpolant
T is a projector onto span Tp(Q):

Zos=s, VsespanTp(Q).

Stability and approximation properties analogous to the ones in (3.5) for the
tensor-product case, can be proven also in the hierarchical setting on admissible
meshes of class m.

Proposition 5. Let Q be an admissible mesh of class m and Lo the operator
defined by (3.6). We have

[ Zovllr2@) < lIvllrz(s@.e@)-m+1)) Vo € L*(Q), (3.7)

llv = Zovllr2(@) S hollvllai(s@.e@)—m+1)): Vv € Hy(Q), (3.8)
where S(Q,4(Q) —m + 1) is the support extension of Q € G* with respect to level
Q) —m+1 defined in (2.3).
Proof. In view of the admissibility of the mesh and (3.3), we have

Q)

1Zovllz < D, 11D, 207l

(=0Q)-m+1 eI}
“Q)

< 3 > MOl

£=£(Q)—m+1 z’eI’é,supp TN Q#D

£(Q)
5 Z sup |A[L(’U)‘ hQ
0=0(Q)—m+1 €15, suPPTIN QFD
£(Q)
S Y hklleseaan be S mlblias@e@-mi,
1=£(Q)—m+1

which leads to (3.7). In order to obtain (3.8) instead, we consider first the @) such
that @ NI = (). By taking into account (3.7), we may consider a generic constant
c € R and proceed as follows
lv = Zgvl[r2(@) < llv—c—=Ta(v = )llr2(q) < lv —cllrz2(@) + [ Za(v — o)llr2(q)
Sllv=cllzz@) + 1Za(v — O)lL2(5(Q,6Q)—m+1))
S hollvllar @) + hs(@.e@—m+) [l H (s(@.0Q)—m+1)-
For @ on the boundary, i.e., such that QNN # ), then (3.8) can be easily obtained
via Poincaré inequality, see Ref. 4. O

Let
R :=Rg-o- (3.9
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be the set of elements of Q that do not belong to Q* and Qx := | {@ 1 Q€ R}.
The index sets IS and I§. of active THB-splines 7 € Tp(Q) and 7" € Tp(Q"),
respectively, can be represented in terms of two disjoint sets as follows:

‘ L1, 74,2 0 _ 61 14,2
Ig=15Ulg" and Ig. =15.UIg:, (3.10)
where
0, . . * £, £,
Igh={iels:3j €T inilag =7ilao}, 17 =TI5\1g",
and, analogously,
TS T SR _ 062 70 21
Ig. :={jels :Jiely:Tlag =Tilao} Ige =1\ Ig..

While I gl, collects the indices of THB-splines defined over Q that either remain
unchanged on Q* or are further truncated on Qg, I éz contains the indices of THB-
splines in Tp(Q) that are no more active in 7p(Q*). The viceversa holds true for
Igh and I52.

Let w € Sp(Q*) be a hierarchical spline defined on the refined mesh Q* » Q.
The approximation Zgw given by (3.6) coincides with w on the set of elements of
Q that were not refined. This can be verified by observing that the effect of the
truncation on basis functions of 7p(Q) to generate the new basis 7Tp(Q*), as well as
the newly inserted basis functions, does not have influence on the set of elements of
Q that are also present in @*. This result is formalized in the following proposition.

Proposition 6. Let Q and Q* be two admissible meshes so that Q* = Q. Ifw €
Sp(Q*) and R is the set of elements of Q that are refined in Q* as defined by (3.9),
we have

IQ’LU =w m QQ =0 \ QR (311)
Proof. We consider the form (3.6) of the hierarchical quasi-interpolants
N-1 M—1
£,%
Tow = Z Z )\gi(w)n and Zg-w = Z Z Mg, (w)Ts, (3.12)
=0 eIt =0 jecr1t
) o
defined on the meshes Q and Q, in terms of the truncated bases
To(Q)={m:ie Ié}é:o,...,N—l and Tp(Q) ={7:j€ I[Q*}Z:O,...,M—l '

respectively. The inner sums in (3.12) can be subdivided according to (3.10) as
follows:

Z )‘Zi(w)Ti‘f' Z /\éi(w)n, Z )\g’i*(w)ri—i— Z )xé’i*(w)ri.
ielg’ iclg” i€l i€rg:

For any THB-spline of level ¢ that belongs to Tp(Q) N Tp(Q*) there exists at least
one element @3, € R of level ¢ contained in its support. By definining )\g as the
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local projection onto this element, since THB-splines preserve the coefficients of
their mother functions, for all 7; of index i € 12,17 there exists j € 15! so that

Tilog =7]lae and A =5 (3.13)

Moreover, any THB-spline whose index ¢ € T, 82 ori €[ ZQQ is so that 7;/o, = 0, and
consequently,

£,% *
> M (w)mlag = D A5 (@) lag = 0. (3.14)

In view of (3.13) and (3.14), since Zg~ is a projector onto the hierarchical spline
space span Tp(Q*), we obtain

N-1 N-1
Z,
IQ’LU‘QQ = Z Z )\gi(UJ)Tikzg = Z Z /\IB:(U))T;‘QQ :IQ*’IU|QQ = ’lUlQQ.
=0 jerg! =0 jerg.

O

Remark 3.1. It is worth noting that all the results in this section easily extend to
the case where there are no Dirichlet conditions, or Dirichlet boundary conditions
are imposed only on a collection of faces of the physical domain.

3.3. A local upper bound for the error

The main result of this section is formalized in the following lemma.

Lemma 7. (Localized upper bound) Let Q and Q* be two admissible meshes so that
Q* = Q. The corresponding Galerkin solutions U € Sp(Q) and U* € Sp(Q*) of
problem (2.6) satisfy

U = U5, < Cub ea(U,R), (3.15)
for some constant C,p, where R is the refined set of elements defined in (3.9).

Proof. Let Zg : span Tp(Q) — spanTp(Q*) be the operator defined in Section 3.2
and E* = U — U*. In view of (3.11) we can consider the approximation V' € Sp(Q)
defined as

v [ToE" nQr,
o E* in QQ,

so that

E*—V:{E —ZoE* in Qg, (3.16)

0 in QQ .
By combining

a(E*,E*) = a(U, E*) — a(U*, E*)
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with a(E*, E*) = a(E*, E* — V) and taking into account (3.16), we have

a(E" E") < Y |Ir(O)llez@l | B* = ToE* |12,
QER

which in turn, due to (2.9) and (3.8), reduces to

NE G =a(E*, E) $ > eo(U, QIE || (5(Q.eQ)—m+1))

QER
1/2 1/2
S DI UAe) > B s0.0@)—ma1))
QER QER

S eo(U, R)IIE[le
which directly implies (3.15). 0

4. Approximation classes and optimality

By exploting the different ingredients presented in the previous sections, after intro-
ducing the notion of total errror and approzimation class, we conclude the analysis
of the adaptive method by proving the quasi-optimalilty result.

4.1. Total error and approximation classes

Let Q™ be the set of all possible strictly admissible refinements of class m of an
initial quasi-uniform tensor-product configuration Qy. We consider the set Q}; C
Q™ of refinements of Qy whose number of elements differs at most M by the one
of Qp, namely

v ={Q€eQm: #Q—#Qo < M}.

By following the optimality analysis of adaptive finite element methods, see e.g.
Ref. 12, we consider the notion of total error for U € Sp(Q)

[llw = UJ[[%, + o8¢5 (U, Q) (4.1)

in order to define the approrimation class Ay as
A, = {(U,f, A): v, f,Als := sup (M°c(M;v, f,A)) < oo},
M>0

for s > 0, where

o(M;u, f,A) := (Q;u, f,A)Y/?

inf o,
ocqy;
characterizes the quality of the best approximation in QF}; with respect to the so-
called best total error

o(@ufA) =t (fu= VI +osch(V. Q).
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Remark 8. A deep understanding of these classes is due and we leave this to
future work. Indeed, how the approximation classes depend on the regularity of the
spline spaces and how approximation classes for classical finite elements and splines
compare are relevant questions that deserve attention. Another parameter hidden
in the definition of admissible meshes which may affect the approximation classes is
the class m. How the approximation classes depend (or not) on m remains an open
issue.

Remark 9. Note that an alternative definition of A, can be derived as follows, see
also Ref. 25. For any given € > 0, let consider the set of strictly admissible meshes

{Q . (Q)(H\u—VI\Iwoch(V Q) < }

Note that this is a non-empty set in view of the convergence of the considered
AIGM. Let Q. be the coarsest mesh of this kind. We have

inf _V2 2‘/7 <2
L (= VIR +oseh(V, ) <

and

i u— V|3 + osch(V, > €2
Lnt (= VI + osc(V, ©)

for all Q such that #Q — Qp < #9Q. — Qo — 1. Let (v, f, A) € Ay, i.e., there exists
a constant Ags such that |v, f, Als < Acs. We have

Ags = sup (MSU(M7 v, f7 A))
M>0

= sup [ M® inf
M>0 QeQy; VGSD(Q)

1/2
um—wm+w@vgo )

> sup (M%) = (#Q. — Qo — 1)%¢ = #Q,—Qy—1<A/se /s,
M>0

We conclude that (v, f, A) € A, if and only if there exists a constant A5 such that
for all € > 0 there exist a strictly admissible mesh Q. = Qg and V, € Sp(Q,) such
that the corresponding total error is less or equal to €2 and the number of elements
of Q. differs at most A 31/ by the one of Qg, namely

cls
llu— Ve|||3 + osch, (Ve, Q) < € and  #Q, — #Qp < ANPe /5.

In other words, the inequality on the right provides an upper bound for the number
of elements of the coarsest mesh Q. whose total error is less or equal than 2. This
characterization of the approximation class A, is exploited in the proof of Lemma 12
in Appendix A.

Lemma 10. (Quasi-optimality of total error) Let Q € Q™ be a strictly admissible
mesh. The total error associated to the Galerking solution U € Sp(Q) of problem
(2.6) on Sp(Q) satisfies

Il =Ulll +0sca(U, Q) S Jnf g (IIIU— VI + osc(V, Q) -
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Proof. This proof follows the classical proof of quasi-optimality of total error in
the theory of adaptive finite element methods, see Lemma 5.2 in 12 or Lemma 21
in 25. 0

4.2. Quasi-optimality result

In order to prove the quasi-optimality of the AIGM in Theorem 13 below, we need
the two following preliminary lemmas whose proofs, analogous to the ones of the
finite element setting, are postponed to Appendix A.

If the Dorfler property (2.12) is sufficient for proving the convergence of the
adaptive method!?, the design of a quasi-optimal AIGM requires to shrink the
interval of admissible values for the marking parameter 6, see e.g., Ref. 12.

Lemma 11. (Optimal marking) Let Q and Q* be two strictly admissible meshes
so that Q* = Q. If the total error associated to the Galerkin solution U* € Sp(Q*)
of problem (2.6) on Sp(Q*) satisfies

lhw = U113 + o5k (U%, Q) < jr (llju— Ul +osch (U, Q) (4.2)
with

L2 6, i— Cty e (0,6,),  (43)
,U,.— 2 93 9 * T 1+O]ub(1+Aosc)7 yUx )y .

and Cgib, Ciub, Aosc tntroduced in (2.10), Lemma 7, and (A.4), respectively, the
refined set of elements R = Rg_,go- satisfies the Dorfler property

EQ(U7R) > QEQ(U, Q) (4.4)

Lemma 11 establishes the interplay of a suitable total error reduction given by
(4.2), when moving from Q to Q*, with a Dorfler property (4.4) on the refined set of
elements R, g~ associated to the error indicator defined over Q. The local upper
bound for the error derived in the previous section is taken into account in the proof
of this lemma, see Appendix A.

As final ingredient needed for the optimality result, the following lemma also
requires the marked set of elements My at step k of the adaptive loop to be of
minimal cardinality.'?2® As detailed in Appendix A, in order to provide a suitable
bound for the cardinality of Mj, the number of elements of the overlay mesh is
bounded through (2.8). In addition, Lemmas 10 and 11 are properly exploited.

Lemma 12. (Cardinality of My) Let the marking parameter 0 satisfy 6 € (0, 6.)
with 0, defined as in (4.3), and assume that the module MARK select a set My, of
marked elements with minimal cardinality. Let u be the solution of the model problem
(2.4). If (u, f,A) € Ay, the AIGM generates a sequence {Qk,Sp(Qk), Ur}pso of
strictly admissible meshes, hierarchical spline spaces, and discrete solutions so that

#My, S Ju, £ AL Il = Uill|g + osch, (Ur, Q)] >
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for any k > 0.

The two previous lemmas can finally be used together with the complexity esti-
mate (2.7), the (global) lower bound in (2.10), and the contraction property (2.13)
to prove the quasi-optimality result, see also Ref. 12 or 25 in the finite element
setting.

Theorem 13. Let the marking parameter 6 satisfy 0 € (0,0.) with 0, defined
as in (4.3), and assume that the module MARK select a set My, of marked ele-
ments with minimal cardinality. Let u be the solution of the model problem (2.4).
If (u, f,A) € A, the AIGM generates a sequence {Qy,Sp(Qk), Uk}~ of strictly
admissible meshes, hierarchical spline spaces, and discrete solutions so that

[ — UkllI3 + oscd, (Ux, Q)] < Ju, f, Als(#Qk — #Q0)~",
for any k > 1.

Proof. First of all, by exploiting the complexity estimate (2.7) together with
Lemma 12, we obtain

k—1 k
#HOu—#Q0 S > M; S |u, f,Al*

=0

[

1

2s

[l = U113 + osed, (U, 05)] ™. (45)

0

[
<

Second, the contraction inequality (2.13) implies that there exist v > 0 and 0 <
a < 1 satisfying

Il = Ul + 7 b, Uk, Q) < a2*9) [[llu = Ujllla + 7€, (U3, Q)] (4.6)

for any 0 < j < k — 1. In addition, since oscg; (Uj, Q;) < eg,(U;, Q;), in view of
the (global) lower bound in (2.10), we have

w = Uj|I[& + v 0scly, (Uj, Q) < [[lu—Ujll|g +veo, (Uj, Qj)

Y
< (1 ) [ = + st 1, 00)].
glb

(4.7)
and, consequently
k—1 1 k—1 _ 1
> [l = Ujll1a + osed, (U5, Q5)] 7 53 [llu = Ulla + 73, (U5, )]
Jj= j=0
okl j
< [l = Uillfa + 722Uk Q)] > Y a'
7=0

= [lllu—Ulllg, + vea U, Qi)]

~
Il
-

¥
-
Q
S

< [l = Ukll|g + veo(Us, Qi)] >
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in view of (4.6) and observing that Z?Zla% < oo since a < 1. By taking into
account the above inequality and combining (4.5), (4.6), and (4.7), we obtain

#Qkf#Q()SJuafaA

§ [l = Ol + osc, (U, )]

1 —2s
< lu, £ ALF [lllu = Ul + 723, (U5, Q5)]
< : 2 2 ~%
S Jus £ AL [l = Ul + v osch, (U5, Q)
for any k > 1, which directly leads to conclude the proof. O

5. Conclusions

This paper, together with Ref. 10 and 11, provides a comprehensive analysis of adap-
tive isogeometric methods based on hierarchical splines and residual-based error es-
timator. As it is natural, at each adaptive step, in order to restore the properties of
the mesh, refinement is done “around” marked elements. Although the complexity
estimates derived in Ref. 11 proves that this procedure still enjoys optimal com-
plexity, in practice, we add a non-negligible number of degrees of freedom and the
question wether this is really needed remains open. Our first numerical experiments
(collected in a forthcoming paper) show that indeed a larger value of the parameter
m seems to reduce this effect and produce “better meshes”. In any case, we believe
that all effort for the future should go in relaxing the condition of admissibility in
order to obtain a “weaker” refine routine, alleviating the proliferation of degrees of
freedom, while guaranteeing certified error bounds. To this respect, one possibility
may be to change also the error indicator and consider error indicators related to
functions and not elements (as the one proposed in Ref. 7) but for which a complete
convergence analysis is a far from simple question.

Appendix A. Proofs of Lemmas 11 and 12

We now detail the proofs of Lemmas 11 and 12, in line with the adaptive finite
element theory, see e.g., Ref. 12, 25.

Proof. (Lemma 11) By considering the global lower bound in (2.10) together with
(4.2), we have

(1=2p) Caneg(U, Q) < (1= 2p) (|llu— UG + 0scg (U, Q))
Il = U8, = [llw = U*[[[§ + 0scp (U, Q) — 2oscp (U™, Q7).

(A1)

<
<

The contribution of the two errors on the right-hand side of (A.1) may be bounded
through the orthogonality relation, see e.g., Lemma A.1 in Ref. 10, and the local
upper bound (3.15), as follows

llw = U8, = lllw = U*[Ig = IU* = U[[%, < Crunea (U, R). (A.2)
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In order to analyse the contribution of the two oscillation terms on the right-hand
side of (A.1) instead, we consider the decomposition @ = R U {Q\ R}. Since
0sch (U, Q) < e5(U, Q) for any Q € R, see Remark 2.1 in Ref. 12, we have

oscg (U, R) — 20sco- (U, R) < 0oscq (U, R) < e5(U, R). (A.3)

Since @\ R = Q@ N Q* and, according to Corollary 3.5 in Ref. 12, there exists a
constant Aye. so that

ochQ(U, oNng) < 208029*(U*, 9N Q%) + Aose |IU = U]y (A.4)
in view of the local upper bound (3.15), we have

0sch (U, QN Q%) —20sch. (U*, QN Q) < Aose ||[U — U*|[|la < Aose Club e (U, R).
(A.5)
By combining (A.3) and (A.5), we obtain

OSC2Q(U7 Q) - 2OSCQ* (U7 Q*) S (]- + Aosc CVlub) 52Q(U7 R)a
and inequality (A.1) reduces then to
(]. — 2,[1) Cglb 52Q(U, Q) S Club 529(U, R) + (1 + Aosc Club) 6%_2([], R)
= (1 + Cup (1 + Aose)) €5 (U, R).

By taking into account the definition of 6, in (4.3) we may conclude that ¢4 (U, R) >
(1 —2p)6024(U, Q) and, consequently, the Dérfler inequality (4.4) is satisfied for
0 € (0,0,) and 6% = (1 — 2u) 62 according to (4.3). d

Proof. (Lemma 12) In view of Remark 9, since (u, f,A) € A, by choosing

= [[[|u — U||[3 + osch, (U, Q)] (A.6)

with p defined as in Lemmas 11, there exists a strictly admissible mesh Q. and
U, € Sp(Q.) such that

[|w—Ue|l|§, + 0sch, (Ue, Q) <€ and  #Q. — Qp < lu, f,Al* e 5. (A7)

In order to take into account both the refinement of Q. and Qy (that may or may
not be related to each other), we consider the overlay mesh Q. := Qe ® Q. and the
discrete solution U, € Sp(Qx). Since Q. = Q, and consequently Sp(Q.) 2 Sp(Q.),
Lemma 10 — together with (A.6) and (A.7) — implies

Il = UG, + 0scdy, (Us, Q) S [Illu = Uel[[&, + 0sc, (Ue, Qc)]
< & = p [[[lu = Upllf§, + oscd, (Ur, Q)] -

By Lemma 11, the set Ry = Rog,— 0., that collects the elements of Q) which do
not belong to Q., satisfies the Dérfler property eg, (Ui, Rir) 2 0co, (U, Q) for
0 < 0,. Thanks to the assumpition that the module MARK selects a minimal set
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M, C Q that also satisfies the same property, by also considering (2.8), (A.6) and
(A.7), we have

#MkS#RkSQk_QOS#Qe_QOS‘umfaA

i 1
s € s

i 1 _a
=p" 2 |u, f, Al [H|u — U3 —i—oscggk(Uk, Qk)] .
This concludes the proof. O
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