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POINTWISE CALDERON-ZYGMUND GRADIENT ESTIMATES FOR
THE p-LAPLACE SYSTEM

D. BREIT, A. CIANCHI, L. DIENING, T. KUUSI AND S. SCHWARZACHER

Abstract

Pointwise estimates for the gradient of solutions to the p-Laplace system with right-hand side
in divergence form are established. Their formulation involves the sharp maximal operator,
whose properties enable us to develop a nonlinear counterpart of the classical Calderon-
Zygmund theory for the Laplacian. As a consequence, a flexible, comprehensive approach to
gradient bounds for the p-Laplace system for a broad class of norms is derived. The relevant
gradient bounds are just reduced to norm inequalities for a classical operator of harmonic
analysis. In particular, new gradient estimates are exhibited which augment the available
literature in the elliptic regularity theory.

Résumé

Des inegalités en chaque point pour le gradient de la solution du systéeme du p-Laplacien
lorsque le second membre est en forme de divergence sont établies ici. Dans leur formulation
apparait I’opérateur maximal, don’t les propriétés nous permettent d’établir une contrepartie
non linéaire de la théorie classique de Calderon-Zygmund pour le Laplacien. En conséquence,
une approche flexible et générale pour obtenir des majorations du gradient pour le systeme
du p-Laplacien dans une large classe de normes est obtenue. Les majorations du gradient sont
réduites a des majorations de normes pour un opérateur classique d’analyse harmonique. FEn
particulier, de nouvelles majorations du gradient sont obtenues et completent la littérapture
en régularité elliptique.

1. INTRODUCTION AND MAIN RESULTS

The present paper deals with the p-Laplace elliptic system
(1.1) —div(|[VuP?Vu) = —divF  in Q.

Here, €2 is an open set in R"™, with n > 2, the exponent p € (1,00), the function F : Q —
RNX" with N > 1, is assigned, and u : Q — R" is the unknown. The notation RY*" stands
for the space of N x n matrices.

We are concerned with gradient estimates for local weak solutions u to this system. Our
purpose is to establish pointwise bounds for Vu, or more precisely, for |Vu|P~2Vu, in terms
of F, which, in a sense, linearize the problem. The quantities |Vu[?~2Vu and F are suitably
linked via sharp maximal operators. This provides us with a powerful tool for a unified
regularity theory of the gradient, which is turned into a merely harmonic-analytic framework.

Mathematics Subject Classifications: 35J60, 35B65.
Keywords: Nonlinear elliptic systems, Gradient regularity, Sharp maximal function, Rearrangement-invariant
spaces, Campanato spaces.
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A brief digression to the linear setting, corresponding to the choice p = 2, may help to
grasp the spirit and novelty of our contribution. In this case, system (|1.1]) reduces to

(1.2) —div(Vu) = —divF,
namely,
(1.3) —Au = —divF.

The classical Calderén-Zygmund theory offers an exhaustive picture for gradient bounds
in this framework. In particular, it implies that the divergence operator can “almost” be
canceled in . Indeed, assume, for simplicity, that 2 = R™. A standard representation
formula, in terms of Riesz transforms, tells us that, if u is the solution to under suitable
assumptions — for instance F € L?(R") and Vu € L?(R") — then

(1.4) Vu = T(F),

where the mapping F — T'(F) is a Calder6n-Zygmund singular integral operator. The op-
erator T is known to be bounded in any non-borderline function space. As a consequence,
bounds for the norm of Vu in any such space via the same norm of F immediately follows
from . A typical instance amounts to an estimate in Lebesgue spaces, which reads

(1.5) [Vl zr@®ny < ClF| 1rwny

for every r € (1,00). Here, and in what follows, C' denotes a constant whose dependence
will be specified whenever needed. Observe that, by contrast, fails if either 7 = 1, or
r = 0o. Replacements for in these endpoint cases are known. For example, the space of
functions of bounded mean oscillation, denoted by BMO(R"), is a well known substitute for
L>°(R™). Actually, one has that

[Vullsmoen) < ClIF|Bmo(wn)-
Also, classically
[Vullce@ny < ClIF||co@ny,
for a € (0,1), where [ - [|ca(gny denotes the Holder seminorm.

Let us now turn to the nonlinear case, corresponding to p # 2. The beginning of a
systematic study of the so-called nonlinear Calderén-Zygmund theory, associated with ,
can be traced back to [32]. In particular, in that paper it is shown that, if N =1, p > 2 and
r € [p,00), then

1
(1.6) [Vul|prmny < CHFHZ%(R”),
or, equivalently,
(1.7) IV al"~ | Lagny < C|IF|| Lagan)

for g € [p,00). Estimate ((1.7) was extended to every N > 1 and p > 1 in [19], a contribution
which is also devoted to the the inequality

1
—1

IVullmoge) < CIFlEogm:
but only for p > 2. On the other hand, the recent paper [2I] contains the inequality
(1.8) [1VuP~*Vullpmos) < C|IF|smo®s)

for every N > 1 and p > 1. In particular, this suggests that gradient bounds for solutions to
are suitably formulated in terms of the nonlinear expression |Vu[P~2Vu.

As far as Holder regularity of the gradient of solutions to is concerned, the scalar case
(N = 1) was settled in [57]. The same result for systems (N > 1), for p > 2, goes back to
the paper [56], in the homogeneous case when F = 0. Systems involving differential opera-
tors depending only on the length of the gradient are hence usually called with Uhlenbeck
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structure. The contribution [56] was extended to the situation when 1 < p < 2 in [I] and
[13]. In particular, the latter paper includes the case of non-vanishing smooth F. As is well
known, regularity of solutions to nonlinear elliptic systems is a critical issue, and exhibits
special features compared to the case of a single equation. This has been demonstrated via
several counterexamples, including those from [33], 52, [3T], 58| 59].

The study of pointwise elliptic gradient regularity has received an impulse from the papers

[51] and [28], where Havin-Maz’ya-Wolff nonlinear potentials have been shown to yield precise
estimates for the gradient of local solutions to nonlinear p-Laplacian type equations, but
with right-hand side in non-divergence form. Enhancements and extensions of these results,
involving classical Riesz potentials instead of nonlinear potentials, are the object of a series of
papers starting from [40} [39]. Systems are considered in [27, 41l 42]. These estimates for the
gradient of solutions were preceded by parallel results for the solutions themselves obtained
in [35]. Estimates in rearrangement invariant form for the gradient of solutions to boundary
value problems are established in [4], 3] [18§].
Besides the papers mentioned above, which are focused on pointwise results, in recent years
gradient regularity has been the object of a number of contributions on elliptic equations
and systems with different peculiarities. For instance, results on elliptic problems involving
differential operators affected by weak regularity properties can be found in [25], 26 [7], [36] 37].
The papers [9), 15, 23] 29], 45, 46], 47, 49] are concerned with operators governed by general
growth conditions. Recent global gradient estimates for boundary value problems, under
minimal regularity assumptions on the boundary of the ground domain, are the object of
[2, B, [10] 16l 17, (3], 43] [44].

Our main results show that, as in the linear case Vu and F are linked through the (singular
integral) linear operator T' appearing in , which acts “almost diagonally” between func-
tion spaces, likewise |Vu[P~2Vu and F are related via a sublinear operator in the nonlinear
setting. The operator which now comes into play is the sharp maximal operator, and has
to be applied both to |[Vu[P~2Vu and F. The crucial use of this operator in the analysis of
gradient regularity for equations and systems of the form is rooted in the papers [32]
and [19].

Recall that the sharp maximal operator M* is defined as

(1.9) M (z) = sup][ If — (f)p|dy  for z € R,
B>z

for any locally integrable function f : R" — R™. Here, m € N, B denotes a ball in R", |B|
stands for its Lebesgue measure, § 5 = ﬁ [, and (f)p = f 5 f(y)dy. More generally, if ¢ > 1,

the operator M*? is given by

1
(1.10) M*f () = sup <][ If — <f)B\qdy> ’ for x € R"..
B>z

Hence, M%! = M*. These operators are known to be bounded in customary, non-borderline,
function spaces endowed with a norm which is locally stronger than LY(R™). For instance,
M*%9 is bounded in L"(R™) for every r € (g, oc]. The operator M*9, as well as other operators
to be considered below, will also be applied to matrix-valued functions, with a completely
analogous definition. In fact, matrices will be identified with vectors, with an appropriate
number of components, whenever they are elements of the target space of functions.

We denote by WLP(Q), W-P(Q) and VVO1 P(Q2) the usual Sobolev spaces of weakly differen-

loc
tiable functions. Moreover, we shall make use of the homogeneous Sobolev space

VIP(Q) = {u: uis a weakly differentiable function in Q, and |Vu| € LP(Q)}.

Here, and in similar occurrences below, we do not indicate the target space in the notation of
function spaces. What are the elements of the target space in question (real numbers, vectors,
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matrices) will be clear from the context. Usually, real-valued functions will be denoted in
standard-face, and vector-valued or matrix-valued functions in bold-face.

A basic version of our pointwise estimates is stated in the following theorem, where, in
particular, we deal with the case when 2 = R" in .

Theorem 1.1. [Pointwise estimate in R"] Letn > 2, N > 1 and p € (1,00). Assume

that F € Lﬁ;C(R”). Let u € VIP(R™) be a local weak solution to system (1.1)), with = R™.
Then there exists a constant ¢ = c¢(n, N, p) such that

(1.11) M (|Vu[P"?Vu)(z) < cM*P'F(z)  for a.e. x € R™.

Theorem enables one to transfer the problem of bounds for so called Banach function
norms of Vu in terms of F to boundedness properties of M ﬁ’pl, and reverse boundedness
properties of M* between function spaces endowed with norms of this kind. In particular,
the results for Lebesgue norms recalled above can easily be recovered via classical properties
of the sharp maximal operator. More interestingly, new estimates also follow from Theorem
including gradient bounds in Lorentz and Orlicz norms. These can be derived as special
instances of a general approach, developed in Section [ below, for gradient regularity in norms
depending only on its size.

Remark 1.2. It will be clear from our proof of Theorem that the operator M* can
be replaced with M#min{r'2} on the left-hand side of inequality (1.11}). Thus, the slightly
stronger inequality

(1.12) MERAPS2Y (|Tu P2 V) () < M F(z)

actually holds for a.e. x € R™. However, in all our applications, (1.11)) and (1.12) turn out
to lead to the same conclusions.

Although quite general, inequality can still be enhanced to a form which is also
well suited for gradient bounds in norms possibly depending on oscillations. The resulting
inequality can be given a local form, which applies to solutions to system in any open
set ). A localized and weighted sharp maximal operator comes into play, which is defined as
follows. Let ¢ € [1,00), and, given R > 0, let w : (0, R) — (0,00) be a function. Define, for
felLl (),

loc

1

sup
Br.>x CL)(T‘)
r<R

1
(1.13) M¥%g(r) = ( ][ = <f)BT|qdy) " for z € Bp,
By

for every x € Q such that dist(z,R™\ Q) > R. Here, B, denotes any ball of radius r > 0.
When needed, we shall use the notation B, (x) for a ball of radius r, centered at the point

x € R™. The simplified notation
ﬂ R ﬁil
M, p=M;g

will be employed for ¢ = 1. If 2 = R", then the right-hand side of (|1.13]) is well defined also
for R = oo. In this case, we set

M = ML

In view of our purposes, the additional property that the function w(r)r=? be almost de-
creasing in (0, R), for a suitable 8 > 0, will be needed. This amounts to requiring that

(1.14) w(r) < copPw(rp) for r € (0, R) and p € (0,1),

for some constant c,,.
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Theorem 1.3. [Pointwise local oscillation estimate| Letn > 2, N > 1, R > 0 and
p € (1,00). Let Q be an open set in R™ and let F € L' (). Letu € I/Vlf)f(Q) be a local

loc

weak solution to system (1.1). Then there exists a constant 8 = B(n,p, N) > 0 such that, if
w: (0,R) — (0,00) is any function with the property that w(r)r=" is almost decreasing in

(0, R) in the sense of (L.14]), then

(1.15) M L (IVul’*Vu)(z)

1
( ][ IVulP2Vu — (|[Vulf*Vu)p,,[" dy) " for a.e. x € Bp,

Bagr

w(R)

< eMPPF(z) +

for some constant ¢ = c¢(n, N,p, cy), and for every concentric balls B C Bag C . Here,
¢, denotes the constant appearing in . In particular, the conclusion holds for any
B e (O,min{l, zp—?‘}), where o = a(n, N,p) is the Hélder exponent appearing in a gradient
estimate for the solutions to the p-harmonic system (see Theorem Section@ below).

Remark 1.4. As in (1.11), the operator MER can be replaced with Mf)’?n{p/’ﬂ on the
left-hand side of ([1.15]).

Remark 1.5. In particular, if @ = R"™, and assumption ((1.14) holds with R = oo, then
inequality ((1.15)) implies that

(1.16) M£(|Vu|p_2Vu) (z) < M5 F(z) for ae. € R,
provided that u € V1P(R™).

As a consequence of Theorem the Holder regularity of the gradient of solutions to
the p-Laplace system is easily recovered. However, more general regularity properties can be
deduced. Inequalities between semi-norms of Vu and F in (generalized) Campanato spaces,
associated with a function w as above, stem from inequality . In particular, they tell
us that information on the modulus of continuity of Vu in terms of that of F can still be
derived, if the modulus of continuity w of F, although not of power type, yet satisfies the

Dini type condition
w(r
/ Q dr < 0.
o T
Such a condition is sharp, even in the simplest linear case when p = 2, as shown by Example

Section [5] These consequences of Theorem [1.3] are presented in Section [5, which also
includes a discussion of BMO and VMO gradient regularity.

Pointwise gradient bounds for solutions to system , which are maximal operator free,
also follow from the methods of this paper. Interestingly, they involve an unconventional
Havin-Maz’ya-Wolff type nonlinear potential of the right-hand side of , defined in terms
of its integral oscillations on balls.

Theorem 1.6. [Potential estimate] Let n > 2, N > 1 and p € (1,00). Let Q be an open
set in R, and let F € LY (Q). Letu € VVli)Cp(Q) be a local weak solution to system ([1.1).

loc
Then there exists a constant ¢ = c¢(n, N,p) such that

R 1
/ d
(1.17) [Vu(z)P~ < c/o < ][ F — (F)p, ()| dy)p 77“ +e ][ [VulP~ dy

Br(m) BR(I)

for a.e. x € Q, and every R > 0 such that Br(z) C Q. Moreover, a point x € §) is a Lebesque
point of |Vu|p72Vu whenever the right-hand side of (1.17)) is finite for some R > 0.
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From Theorem one immediately infers, for instance, that |Vu] is locally bounded in €2,
provided that F has a modulus of continuity w satisfying the Dini type condition displayed
above. Example again demonstrates the sharpness of the relevant condition with this
regard.

Remark 1.7. If Q = R", and a solution u to system (T.1]) belongs to V1?(R™), then letting
R tend to infinity in inequality (1.17)) tells us that

(1.18) Vu() P! < e /f( f rF—<F>B,.<x>|P’dy)’°

Br(x)

=

dr for a.e. x € R™.
r

The approach to our pointwise inequalities for the gradient of solutions to system
relies upon precise decay estimates on balls for suitable nonlinear expressions of the gradient
itself. These estimates are obtained through comparisons with the gradient of solutions to
auxiliary systems, whose choice critically depends on whether p € (1,2) or p € [2,00), and
on whether the integral, on the relevant balls, of an appropriate function of the gradient
is “small” or “large”, compared with the integral oscillation of the function in question on
the same balls. Merging the resulting comparison estimates requires a fine tuning of various
parameters which come into play. Most of the intermediate steps, that eventually lead to our
final results, call for the replacement of the p-power function with a smoothed (still convex)
function near 0, called “shifted p-power function” in what follows, which again depends on a
parameter. Of course, a crucial feature of the relevant intermediate steps is that the involved
constants are independent of this parameter.

2. DECAY ESTIMATES

The present section is devoted to decay estimates for the oscillation on balls of the gradient
of local weak solutions to system (L.1)). A function u € I/Vlif (€) is called a local weak solution
to (L.1)) if

(2.1) |Vu\p_2Vu-chdx:/ F - Vedx
Q/

U

for every function ¢ € Wol’p(Q’), and every open set Q' CC Q. Here, the dot “-” stands for
scalar product.
The relevant estimates constitute the core of our proofs, and involve the function A : RV*" —
RNX" given by

AP)= PP *P  for P e RN*"
and V : RVX" — RNX given by

—2
V(P)=|P|Z P  for PRV
Our final goal here is the following result.

Proposition 2.1. Let p € (1,00), and let u be a local weak solution to . Assume that
5 € (0,1). Then there exist constants 6 = 0(n,p,N,d) € (0,1) and ¢s = cs5(n,p, N,5) > 0
such that

(2.2)

1
0B

1
7

1
. / min {2,p'} /
< 5<][ |A(Vu) — <A(Vu)>B]mm{2’p}dx> S 05<][ IF — Fo|? dx) ’
B B
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for every ball B C Q. In particular, inequality (2.2) holds with
(2.3) 0 = co°

for small 6, where ¢ is any number larger than max{1, %}, a = a(n,N,p) is the Hélder
exponent appearing in a gradient estimate for the solutions to the p-harmonic system (see
Theorem below), and ¢ = ¢(n, N, p,s).

The proof of Proposition [2.1]is accomplished through several steps, to which the following
subsections are devoted.

2.1. Preliminary estimates. Several inequalities will be conveniently formulated in terms
of a “shifted” p-power function ¢, , : [0,00) — [0,00), introduced in [20], and defined for
a>0andp e (1,00) as

Opa(t) = (a+t)P72*  fort > 0.
Clearly, ¢, 0(t) = tP. The function ¢, , is nonnegative and convex, and vanishes at 0; it is
hence a Young function. Consequently, for every § > 0, there exists a constant ¢ = ¢(4, p)
such that

(2.4) ts < 0 ppalt) + cppy gp-1(8) for t,s > 0.

Basic algebraic relations among the functions A, V, and ¢, , are summarized hereafter. They
are the content of [20, Lemmas 3, 21, and 26] and [22, Appendix]. Throughout, we denote
by c or C' a generic constant, which may change from line to line, which depends on specified
quantities. Moreover, given two nonnegative functions f and g, we write f < g to denote
that there exists a positive constant ¢ such that f < cg. The notation f ~ g means that
293 F.

Let p € (1,00). Then

(2.5) (A(P) - AQ)) - (P-Q) = [V(P) - V(Q)” = (IQ| + |P)"?|Q - P
~ ¢pjal (P~ Ql) = ¢, jqp (|AP) — A(Q)),

for P, Q € RV*™ up to equivalence constants depending only on n, N, p. Moreover,

(2.6) AQ)-Q=V(Q = ¢(Ql),
and
(2.7) IA(P) — A(Q)| ~ (¢pq) (P — Q) ~ (1Q] + [P))P2|Q - P|,

for P,Q € RYX™ up to equivalence constants depending only on n, N, p.
For every v € (0, 1], the “shift change” formula

(2.8) eyt () < ey P2 G (1) 44|V (P) = V(Q)

holds for some constant ¢ = c¢(n, N, p), and for every P, Q € RN,

Let us now recall some inequalities, in integral form, for merely measurable functions, to
be repeatedly used in our proofs. In what follows, we denote by m any number in N. To
begin with, it is classical, and easily verified, that

(29) I = (€ l20m) = min IF = cllze(

for any measurable set £ in R", and and every function f : E — R™ such that f € L?(E). If
q € [1,00], then
(210) I~ (Belzae) < 2 min If — oz,

for every f € LI(E).
The following result is less standard, and concerns the equivalence of certain integral
averages on balls.
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Lemma 2.2. [21 Lemma 6.2] Let p € (1,00), and let B be a ball in R™. Given any function
g : Q — R™ such that g € LP(B), denote by ga the vector in R™ obeying A(ga) = (A(g))B.
Then

(2.11) ][|V g)) s/ d:c~][|V B)|? d”f”][v V(ga)l? dz,

up to equwalence constants mdependent of B and g.

The next lemma encodes self-improving properties of reverse Holder inequalities for shifted
functions. In what follows, given a ball B in R™ and a positive number 8, we denote by 6B
the ball, with the same center as B, whose radius is € times the radius of B.

Lemma 2.3. [21], Corollary 3.4] Let 2 be an open subset of R™. Let p € (1,00), a € [0,00),
and let g, h : Q@ — R™ be such that g € L} () and h € L] (). Assume that there exist
constants o € (0,1) and co > 0 such that

fonaties < f eralle”a ) ][|hdx
B 2B

for every ball B such that 2B C Q. Then there exists a constant ¢; = ¢1(co, p,n,0) such that

Feallsl e < 90< / |g|dx) +eu f Injdo
B 2B 2B

for every ball B such that 2B C Q2.

We begin our discussion of system (1.1)) by recalling a reverse Holder type inequality for
the excess functional f 5 [V(Vu) — V(P)|” d.

Lemma 2.4. [21, Lemma 3.2] Let p € (1,00), and let u be a local weak solution to (1.1)).
Then there exist constants o = o(n, N,p) € (0,1) and ¢ = ¢(n, N,p) > 0 such that

1

][|V (Vu) — V(P)| dz<c(][|V (Vu) — V(P )|2de>”

4 c][ ¢ oyt ([F — Fol) da
2B
for every P,Fo € RN*" and every ball B such that 2B C Q.

Lemmas [2.3] and [2.4] enable us to transfer information from the excess functional involving
V, to an excess functional involving A.

Corollary 2.5. Letp € (1,00), and let u be a local weak solution to (1.1). Then there exists
a constant ¢ = c¢(n, N,p) such that

(2.12) ][yv (V) = V(P)?dz < ¢y <][ A(Va) — (P)|dx)

+ C f ¢p/’|P|p—l(|F - FO’) d$
2B
for every P,Fy € RV*" and every ball B such that 2B C Q.

Proof. By (2.5, we have
V(V) = V(P)P ~ ¢ o ([A (V) = A(P))).
Combining this relation with Lemmas and yields (2.12]). O
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Crucial use will be made in what follows of decay estimates for p-harmonic maps, namely
for solutions to (1.1)) with F = 0. In particular, the unique solution v € WP(B) to the
Dirichlet problem

(2.13) {—dWA(Vv)zo in B,

v=u on 0B

will come into play. Here, B is a ball in €2, and u is a local weak solution to system ([1.1]).
As usual, the boundary condition in (2.13]) has to be understood in the sense that u — v €
W, (B).

The relevant decay estimates are collected in the following statement.

Theorem 2.6. [Decay estimate for p-harmonic maps] Let Q C R” be an open set and
let p € (1,00). Assume that v is a p-harmonic function in . Then there exist positive
constants « = a(n, N,p) and ¢ = ¢(n, N,p) such that

(2.14) sup |[V(Vv)(z) — V(Vv)(y)|2 < 0920‘][ [V(Vv) — (V(Vv)>B|2 dx
z,y€0B s

for every 6 € (0, %], and every ball B C Q. Moreover, for every k < min{1, %‘?‘}, there exists
a constant ¢ = c¢(n, N, p, k) such that

(2.15) sup |[A(Vv)(z) — A(Vv)(y)| < c@”][ |A(Vv) — (A(VV))p|dx
z,y€bB s

for every 0 € (0, %], and every ball B C Q.

A version of (2.14) with a left-hand-side in integral form is a special case of [23] Theo-
rem 6.4]; an integral form of (2.15)) can be found in [2I, Remark 5.6]. The present version
follows from Campanato’s characterization of Holder spaces [54, Lemma A.2].

A preliminary relation between the decay of a solution to system (1.1]), and that of the
corresponding solution to the Dirichlet problem ([2.13) is established in the following lemma.

Lemma 2.7. Let p € (1,00). Let u be a local weak solution to system (L.1)), and let v be
the solution to the Dirichlet problem (2.13)). Then, for every 8 > 0, there exists a constant
cg = c(n,N,p, B) such that

(2.16) ][\V(Vu) - Vv(Vv)’2 dz S BWp’J(A(Vu))gB\ <][ \A(Vu) — <A(Vu)>23] dl‘)
B 2B

+%f¢mmwmwMF%D®
2B

for every Fo € RNX" and every ball B such that 2B C .
Proof. Choosing u — v as a test function in (2.1)) and making use of equation ({2.5)) yield

fnwmn—vwwﬁmgcf(Mvm—Awwyvm—vmx
B B

:c][(F_FO).v(u_v)dx.

B
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Hence, via an application of inequality (2.4)), with a = |Vu|, and equation (2.5 again, one
obtains that

2 17
][rv (V) = V(TP do < 5][sop|w<rv< =Vl de + s f @y (F = Fol) do
B
< as][ V(Vu) - V(Vv)2de + 05][ o [wapr—1 ([F — Fol) da
B

for every § > 0. Let Q € RV*" be such that
(2.18) A(Q) = (A(Vu))25
Owing to (2.8), applied with P = Vu and Q as in (2.18]), we deduce from (2.17)) that

(2.19) ][\V(Vu) —V(Vv)|?dz < c][ @y (vupp-1 (|F — Fo|) dz
B

< ’y][ |V(Vu) — V(Q)|2 dx + C'y][Wp’,A(Q)|(|F — Fol) dx
B

for every v > 0, and a corresponding suitable constant c,. On the other hand, by Corollary
and the equality |A(Q)| = |Q[P~*,

(2.20) ][\V (Vu) = V(Q)*dz < CPy |AQ (][ |A(Vu) — )\dx)
+e f wia@F - Fo) do
2B
Inequality (2.16|) follows from (2.18)), (2.19) and (2.20)), via a suitable choice of ~. O

We are ready to prove a first decay estimate for u

Lemma 2.8. Letp € (1,00), and let u be a local weak solution to (1.1)). Let o be the exponent
appearing in Theorem |2.6. Assume that 6 € (0, %) Then there exist constants ¢ = ¢(n, N, p)
and cg = co(n, N,p,0) such that

(2.21) ][ V() — (V(V))os[2dz <c0%0, a vy ( ][ IA(Va) — (A(V))o5| dx)
2B

+ ce][ Pt |(A(Vu))p| (|F — Fol) dz
2B

for every ball B such that 2B C Q.
Proof. From inequality (2.14) and property (2.9) we deduce that

(2.22) ][ I'V(Vu) — (V(Vu))gp|* dz
c ][ [V(Vv) = (V(VV))ep|* dz + ¢ ][ V(Vu) — V(Vv)|* dz

< 0920‘][ V(VV) = (V(VV))p|[> dz + 0" ][ [V(Vu) — V(Vv)|? dz
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< cem]l V(Vu) — (V(V) g2 dz + c0" ][ V(Vu) - V(Vv)] da.
< c92a][ V(Vu) = V(Q)|*dz +co™ ][ [V(Vu) — V(Vv)[* dz,

where Q is defined in (2.18)). Hence, inequality (2.21)) follows, via Corollary (applied with
P = Q), and Lemma [2.7| (applied with 3 = §"2). O

From here on, our decay estimate on a given ball B C () takes a different form depend-
ing on whether the quantity f,, [Vul’dz is “small” or “large” compared to f,5 [V(Vu) —
(V(Vu))2p|? dz. We shall refer to the former situation as the “degenerate case”, and to the
latter as the “non-degenerate case”.

2.2. The degenerate case. Throughout this subsection, we assume that u is a local weak
solution to system (|1.1)) such that

(2.23) ][|V (Vu)|?dz < = ][|V (Vu) — (V(Vu))ap|? dz

for some fixed ball B such that 4B C €2, and some fixed number ¢ > 0.
We begin with the following lemma.

Lemma 2.9. Let p € (1,00). Let u be a local weak solution to (1.1)) satisfying (2.23) for
some ball B and some € > 0. Let P € RNX" be such that A(P) = (A(Vu))ap. Then there
exists a constant ¢ = c(n, N, p) such that

(2.24)

][ V(TW - VP)E de -+ gy e ][ AT~ A@)]dz) + [ gy jamy (IF ~ Fal) d

2B

< Cel—max{&p} (][ |A(Vu) _ A(PO)| dl‘) + Cgl—max {27]3}][ |F — F0|p’ dz
4

for every Fo,Pg € RVX",
Proof. Set
(2.25) m = max {2, p}.

By Corollary applied with B replaced by 2B, and by inequality (2.8)), with Q = 0 and
~ = ec, where ¢’ is a positive constant to be chosen later, one has that

(2.26)

][ V(Va) — V(P)de < gy ey ( ][ A(Vu) - A(P) dx) +f o (F — ol o

2B

< Copy ppt (][ |A(Vu) — A(P)| d:z:> +c ][ gop,AP‘pq(]F —Fo|)dx

4B

1-m <][ IA(Vu) — )]dx) ,+60’€\V(P)\2

+cel™™ ][ IF — Fo” dz + | V(P)|%. dz
1B
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Since, by (2.23) and

(2 27)
][|V (Vu)[*de < = ][|V (Vu) — (V(Vu))ap|?dz < i][ [V (Vu) — V(P)*dz,

choosing ¢ = i in (2.26)) ensures that

][ V(TW - VP) de -+ gy e ][ AW~ A@)]dz) + [ gy jamy (IF ~ Fol) d

2B
1m<][AVu )|dx> +celm][\F Fol” da
4B
P’ ,
gl—m <][ |A(Vu) — P0)|dm> + ce!™™(A(V))ap — A(Pg)|

+ cel™m ][ IF — Fol” da

gl—m <][ |A(Vu) — Po)ydg:> +ce'™ m][\F Fol’ dz.

This establishes inequality - O

The next lemma provides us with an estimate for a distance between the gradient of a
solution u to (1.1, and the gradient of the solution v to the associated Dirichlet problem

(2.13) in a form suitable for our purposes.

Lemma 2.10. Let p € (1,00). Let u be a local weak solution to (1.1) satisfying (2.23|) for
some ball B and some ¢ > 0. Let v be the solution to the Dirichlet problem ([2.13|). Then for
every 6 > 0, there exists a constant ¢ = c¢(n, N,p,e,d) such that

(2.28)

Py ,
][|A (Vu) — A(VV)[P dz < 6 <][ |A(Vu)) — (A(Vu))wldx) +c][ |F — Fol? dz
4B

for every Fg € RNx™,

Proof Fix v > 0, and define m as in ([2.25)). Then the following chain holds:

][|A (Vu) — Vv)|p dz < eyt m][ @y vup-1 (A(Vu) — A(Vv)) dz + ’y][ [V(Vu)|? dz
B B

e m][\v (Vu) — V(Vv)? dx—&—'y][\V Vu)? dz

A1 m][\v (Vu) — V(Vv) [P dz + = ][yv (Vu) — (V(Vu))op|* dz,

where the first inequality follows from ([2.8) applied with P = 0, Q = Vu, t = A(Vu) —
A(Vv), the second inequality from (2.5 applied with P = Vv, Q = Vu, and the last one
from (|2.23]).
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Let P be such that A(P) = (A(Vu))sp. Given § > 0, by Lemma and inequality (2.9))

one has that

(2.30)
we m][|v (V) — V(Vv)Pdz + 2 ][yv (V) — (V(Vu))ap|? da

' "B oy a®) <][ |A(Vu) — A(P)| dl’) + Cvlmcﬁ][ op 1a@)|(|F — Fol) dx

2B

][\V (Vu) — A(P)*dz.

On the other hand, inequality ({2.8]), applied with P = P, Q = 0 and ¢t = |F — Fg|, and
inequality (2.27) tell us that, if 7 > 0, then

(2.31) ][Sop’,lA(P)|(|F - F()D dx < CTlm][ ‘F - F0|p/ dx + T|V(P)|2 dz
2B

CTl—m][ IF — Fo|” dz + T][ I'V(Vu) — V(P)|* dz.
3
2B 2B
Combining inequalities (2.29)—(2.31]), and then making use of Lemma yield

(2.32) ][|A(Vu) — AV dr < et B oy <][ |A(Vu) — )|d:v)

™o

(v + ") ]Z V(Vu) — V(P)[>dz + eyt Meprt™™ ][ IF — Fol” da

P’ ,
< c*yl_mﬁal_m< ]l A(Va) — (A(Vu))ap| d:):) +eylmmgel—m ][ F— Bl da
4B

4B

+

™o

(y+~" "Mepr) e (J[ [A(Vu) — (A(Vu))ap| dﬂ«")p,
1B

+ = (y + 7" MepT) alm][ IF — Fo” dz + cvlmcm’lm][ IF — Fol? da.

2B 2B
Choosing first -y, then 5 and finally 7 sufficiently small in (2.32)) yields (2.28]). O

Proposition 2.11. Let p € (1,00). Let u be a local weak solution to satisfying (2.23))
for some ball B and some € > 0, and let v be the solution to the Dirichlet problem (12.13)).
Let a be the exponent appearing in Theorem . Then, for every 8 € (0,1) and every
k < min {1, %‘?‘}, there exist constants ¢ = ¢(n, N, p, k), and ¢ = ' (n, N,p,e,0, k) such that

™o

(2.33) ][ A(Vu) — (A(Vu))gp]” dz

P’ ,
< cf"?' <][ |A(Vu) — (A(Vu))4p| dx> + c'][ [F —Fol dx
4B 4B

for every Fg € RN*™,
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Proof. By property ,
(2.34) ][ |A(Vu) — (A(Vu))gpl? dz <c ][ IA(VV) — (A(VV))gplP da
6B 0B

4 00"][ IA(V) = A(VV)” dz = I, + I,
B

We exploit inequality (2.15)), property (2.10]), and Lemma to obtain the following chain
of inequalities:

/

(2.35) L < ( ][ |A(VV) — (A(VV)) 5| da:)p
B

< zaﬁp’][ A(VY) — A(Va)l? da + 262 < ][ IA(Va) — (A(Vu)) 5| dx)p,
B B

14 ,
< < F 1AV~ (ATw)as dx) s fEow an
4B 4B

where ¢ = ¢(n,p, N, k) and ¢ = ¢(n,p, N, e, k). One can further make use of Lemma to
infer that

P’ ,
(2.36) I < 66" < ][ A(V) — (A(Vu))ap] dx> bt ][ F— Bl da
4B 4B

for any 0 > 0, and for some constant c¢s = c¢s(n, N,p,&,6). On choosing 6 = 0" t5P" inequalities

(2.34)—(2.36|) yield the result. O

2.3. The non-degenerate case. In the present subsection, we assume that u is a local
weak solution to ((1.1)) such that

(2.37) IV(Vu) — (V(Vu))ep|?dz < e £ [V(Vu)|* dz.
] |

for some fixed reference ball B such that 4B C ©, and some number ¢ € (0, 1). Since in the
degenerate case appropriate estimates are possible for any ¢, we can consider it to be a free
parameter at this stage. In particular, our choice of ¢ in will depend on the parameter
# in Proposition 2.1

Let us start by introducing a few notations to be used in what follows. We shall have to
deal with balls whose centers differ from the reference ball B in (2.37). We call ¢B(z) the
ball, centered at the point z, whose radius is ¢ times the radius of B. Given z € R" and
o > 0, we denote by A, ., V, ., U, . the matrices from RNVxn satisfying

(2’38) A(Amz) = <A(vu)>aB(z)7 V(VU,Z) = <V(vu)>aB(z)7 Ua,z = <vu>aB(z)7

respectively. Whenever z is the center of the reference ball B, it will be omitted, and we just
write

(2'39) A(AU) = <A(vu)>UBv V(Va) = <V(vu)>oBa U, = <vu>ch'

The next lemma tells us that, under condition (2.37)), the expressions defined above are
equivalent, up to multiplicative constants proportional to .

Lemma 2.12. Let p € (1,00). Let u be a local weak solution to (L.1)) satisfying (2.37)) for
some ball B and some ¢ € (0, i) Then there exists a constant ¢ = c¢(n, N,p) such that, if

(2.40) ec <o,
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then

(2.41) max {[Up,.|, |Ag. [} < 2|Va| < 4min {[Up., |Ag.[},

and

(2.42) max {|Usa|, |A2|} < 2|Vy .| <4min{|Usl, Az},

for every 0 € [0,2] and z € B satisfying 0B(z) C 2B. Moreover, Uy # 0, and
(2.43) |Ag. — Ua| + [V . — Us| +|Up.. — Ua| < §0°"(Uy|

for every 0 € [o,2].

Proof. By condition ([2.37)),
2 < ][ V(Vu)|? dz

<2][ [V(Vu) — V(V)[* dz + 2|V(V2)* < 25][ [V(Vu)?dz + 2|V (V).
2B
Hence,
(2.44) VIVa < f V(T de < 4V(Va)
2B

since we are assuming that ¢ < . Hence, in particular, [V(V2)| > 0.
Next, denote by Ty . any of the quantities Ag ., Vg ., Uy, for 6 € [0,2]. Then the following
chain holds:

(2.45)  |V(Vy) — V(Ty.)| 52][ [V(Vu) — V(Ty..) > dz + 2][ IV(Vu) — V(Vy)|? dz
<c][ 'V(Vu) — V(Vy)|* dz + o~ ][|V (Vu) — V(Vy)|* dz
§c€"][ IV(Vu) — V(Vy)|* dz

<ceh™ ][ IV(Vu) 2 dz < ¢ |V(Vy)|?,
2B

where the second inequality is a consequence of Lemma the third of (2.10)), the fourth
of ([2.37), and the last one of (2.44)). Hence, via the triangle inequality, and (2.40) with
sufficiently large ¢, we obtain that

To P = [V(To2)* < (1+3)[V(Va)?

and

VIV < [Tpal? + 5 IV(Va)PR
Therefore
(2.46) [To,-| <2[Va| <4[Ty.|

Equation is thus established.
As far as (2.43)) is concerned, observe that, by and ,
(2.47) [VolP~2[Vy — Ty .| < c[V(V2) = V(Ty.)|*> < eca Vs’
Coupling equations ([2.47) and ([2.41) tells us that
Vg — Ty.| < Veco™|Va| < 2Veco|Uy|.




16 D. BREIT, A. CIANCHI, L. DIENING, T. KUUSI AND S. SCHWARZACHER

Hence,
(2.48) Vo — Ty .| <2Vedo Uy,
(2.49) ’VQ — Ug‘ < 2V EC,U_n‘Uﬂ .

Inequality (2.43) follows from (2.48) and (2.49), via the triangle inequality, on choosing ¢ in
(2.40) larger than a suitable absolute constant times max{c/, ¢}.
Finally, equation (2.42)) can be derived from (2.41]) and ([2.43]). O

Lemma 2.13. Let p € (1,00). Assume that u is a local weak solution to (1.1) satisfying
(2.37) for some ball B and some ¢ € (0, %) Assume, in addition, that there exists a constant
¢ such that

;o ,
(2.50) (ATl < © [ [F - R do
2B

for every Fo € RVX". Then there exists a constant ¢ = c¢(n, N, p) such that

, o4 ,
(2.51) ][ |A(Vu) — <A(Vu))gB\p dx < C;,n][ |F — Fo|p dx
oB 2B

for every o satisfying (2.40)).
Proof. One has that

][ A(Va) — A(AL) do <ca—"][ IA(T) — A(Ag)” dz < co™ ( ]l V(V)[2dz + [As yp)
oB 2B 2B

<co "([V(V2)]* + [Asf)

where the first inequality is due to ([2.10)), the third to (2.44)) and the last one to Lemma m
Hence, the result follows via ([2.50)). O

In view of (2.44]) and (2.41)), assumption (2.37)) implies that
(2.52) ][ [V(Vu) — (V(Vu))ap|*dr < ce\(A(Vu)hB\p,
2B

for some constant ¢ = ¢(n, N, p), provided that (2.40)) holds. Moreover, Lemma enables
us to argue under the additional condition that
(2.53) & ][ IF — Fo|? dz < e|(A(Vu))apl”

2B

for some given constant ¢. Equations (2.52)) and (2.53)) amount to requiring that both V(Vu)
and F are small compared to the averages of A(Vu). Next, given o > 0, we choose

(2.54) c=c,

in (2.53)), where ¢, is the constant appearing in Lemma for § = 0. Also, we introduce the
notation:

, 1/p'
(2.55) E= ][ |A(Vu) — (A(Vu))ep|dx + (0_20‘00][ |F — Fol? dx> :
2B 2B

Our key decay estimate in the non-degenerate case, for p € (1,2), is contained in the
following proposition.
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Proposition 2.14. Assume that p € (1,2). Let u be a local weak solution to satisfying
[2:37) and [2:53) for some ball B, some e € (0,%), and € = ¢, for some o as in (2.40). Here,
co denotes the constant appearing in Lemma [2.8, with @ = o. Then there exist constants
c=c(n,N,p) and o = a(n,p,N) € (0,1) such that

(2.56) ][ A(Vu) — (A(Vw)p da
0B

v u) — u x i o %, —Fol” dz )"
<05 [<i\A(V) (A(V )>231d> +< : ][|F Py d)

2B

[0

| S

for every 0 € [0,%) and z € B.
Proof. One has that

e

(2.57) ][ IA(Va) — (A(Va))ap|dz < ( ][ A(VU) — (A(Vu))apl? dx)
2B 2B

< c(;}i [V(Vu) — <V(Vu)>232dx> ! < c€ﬁ|<A(VU>>23’,

where the second inequality holds since < ¢p a(t) when p’ > 2, a > 0, t > 0, the third
inequality holds by (12.5) and Lemma and the last inequality is a consequence of (2.52]).
Coupling (2.57)) with (2.53]), and taking into account the fact that ¢ < 1, imply that

1
(2.58) E < ce? [{A(Vu))2p|,
where E is defined by ([2.55). Now, observe that
(2.59) Cor [A(A)[ (1) < et + c|A(A)P 742 forall >0

inasmuch as p’ > 2. Therefore, owing to (2.58),

(2.60) ][ o |A(As) (IF = Fol) da < c|A<A2>!”'2][ IF — Fol? do + ¢ ][ F - Fo” do
2B 2B

2B
2

p'—2 o’ 2 20 p’ 1o p'—2 122
< c|A(Ay)| |F — Fo| + co®EP < v |A(Ag)|P T7E”.
2B
An application of Lemma with B replaced by %B (2), tells us that, if 6 € [o, i), then

(2.61) ][ IV (Vu) — V(Up,,)|* da §C92a80p',|A(A1,z|< ][ |A(Vu) — (A(Vu))p(,)| dﬂ?)
0B(z) B(z)

+ ¢ ][ ©pr |AALL) (|F — Fol) dz
B(z)
for any z € B. Since B(z) C 2B, by Lemma one has that [A; .| < 2|As| < 4|A4 |
Hence, by (2.61]),

(2.62) ][ [V(Vu) — V(U‘97z)|2 dz <c 92ag0p/7|A(A2)| <][ |A(Vu) — (A(Vu))25] d$>
0B(z) 2B
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+e ][go,, Aaa) (P~ Fol) do

Starting from (2.62)), and making use of (2.9)), (2.59) and (2.60) tell us that

][ V(Tu) — (V(VW)gpeo P dz <c05 |A(Ag) [P 2E2.
0B(z)

Thus,

(2.63) ][\A (V) — A(Ag) da <][ IA(Vu) — A(Vy) dz

gc][(wuy V)20 2|V — V| de
6B

Sc\Vglp_Q][(\Vu] V) ®2)|Vu — V[ da
0B

Vol f IV(Va) = (V(Tu)sf ds
0B
<c07 | Aol A (AL 2
4o
<cOv E?,
where the first inequality holds owing to (2.10), the second to (2.7, the third to the fact

that p — 2 < 0, the fourth to (2.5)), the fifth to Lemma and the last one to the fact that
p—2+4 (p) —2)(p—1) = 0. This establishes ([2.56). O

The remaining part of the present section is devoted to a counterpart of inequality (2.56))
in the case when p € [2, 00), which requires some further steps.
A first decay conclusion in the spirit of (2.56)), but with A(Vu) replaced by V(Vu), reads
as follows.

Lemma 2.15. Assume that p € [2,00). Let u be a local weak solution to (1.1)) satisfying
(2.37) and (2.53) for some ball B, some e € (0, i), and ¢ = ¢, for some o as in (2.40). Here,

co denotes the constant appearing in Lemma (2.8, with 6 = o. Then there exist constants
¢=c(n,N,p) and o = a(n,p,N) € (0,1) such that

(2.64) ][ V(Tu) — (V(Tu))gs 2 de

0B(z)
P’ ,
< o K][ IA(V) — (A(Vu))ap] dx) + 0_20‘6(,][ B — Bl dx]
2B 2B
for every 0 € [o, %) and z € B.

Proof. An inspection of the proof of inequality (2.62]) reveals that it holds, in fact, also for
p € [2,00). On the other hand, for these values of p, we have that ¢, |a(a,) () < 7 for

t > 0. Inequality (2.64) thus follows from (2.62)). O

The key idea which enables us to turn the decay estimate for V(Vu) contained in Lemma
into the desired estimate for A(Vu) is to exploit a linearization argument. Specifically,
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denote by DA : RNXn — RNxn o RNXn the differential of the map A, and let z be the
solution to the linear Dirichlet problem

(2.65)

div(DA(A2)Vz) =0 in B,
zZ=1u on 0B,

where Aj is the (constant) matrix defined as in . We shall compare the gradient of the
solution u to the original system with the gradient of z.

To begin with, recall that, since z solves a linear uniformly elliptic system with constant
coefficients, the standard linear theory provides us with the decay estimate

(2.66) sup |Vz(z) — Vz(z')| < Gc][ |Vz — (Vz)p|dy
z,x'€0B
B

for any 6 € (0,1), for some constant ¢ = ¢(n,p, N).
Next, observe that, on defining the function H : RVX" x RN*n _ RN*7 a4

(267)  H(P,Q)=A(P)— A(Q)— DA(Q)(P—Q) for (P,Q) € RN<" x RN*",
system can be rewritten as

(2.68) div(DA(A2)V(u—12)) = —div(H(Vu, Ay)) + div (F — Fy) .

The following classical result (see e.g. [24, Lemma 2]) applies to systems of the form .

Theorem 2.16. [Calderén—Zygmund)] Let B be a ball in R". Let B : R™ — R™"™ be such
that )\|£|2 < (Bg¢) < A|£|2 for some constants A > X\ > 0, and for every & € R™. Assume
that r € (1,00), and let G € L"(B,RNX™). Let w be the unique solution to the system

—div(BVw) = —divG in B
w=0 on 0B.

Then, there exists a constant ¢ = c¢(n,r, %) such that
AMVW| -5y < CllGll L py-

Since the matrix B, given by B = DA(Ajy), satisfies the assumptions of Theorem m
with A = A(n, N,p) and A = A(n, N, p), an application of this theorem with w = u — z and
r = p’ yields the following result.

Lemma 2.17. Assume that p € (1,00), and let u be a local weak solution to (1.1)). Let B be
a ball such that B C ), and let z be the solution to the Dirichlet problem (2.65)). Then there
exists a constant ¢ = c(n, N,p) such that

(2.69) |A2|(P—2)P’][ IVu — vz’ dz < c][ IF — Fo|” dz + c][ IH(Vu, As)[” dz.
B B B
The error term containing H in (2.69) will be estimated with the aid of an algebraic
inequality which is the object of the next lemma.

Lemma 2.18. Let p € [2,00), and let H be the function defined by (2.67)). Then, there exists
a constant ¢ = c¢(n, N,p) such that

P-Q\""'
(2.70) H(P,Q) Sc5<ﬂ) X{p-q>s/q} + I|A(P) — A(Q)|x{p-ql<siQl}s

for every P,Q € RNX" and § € (0,1/2]. Here, xg stands for the characteristic function of
a set G.
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Proof. The function H can be represented as

1
H@AD=A[DMQ+KP—QD—DMQN&@—Q)

1 ~ ~ ~ ~
Q! / [DA(Q +R) - DA@)] drR,
0
where we have introduced the notations
- Q . P SO
Q = TN ) .
Q| Q|

Computations show that
(2.71) |ID?A(T)| < ¢|T|P™3
for some constant ¢ = ¢(n, N, p) and for every T € RV*"\ {0}. Owing to ([2.71)),

/01 [DA(QHIN{) — DA(Q)} dt‘ < ¢|R| /1 /1 Q-+ st dsdt

for some constant ¢ = ¢(n, N,p). Now, if ]R\ < 4, and hence, in particular, |R| < 4, then

/ / 1Q + stR[" dsdt<c

Since our present assumption on ]R\ is equivalent to |P — Q| < 4|Q], and hence, in particular,
it implies that |P| + |Q| < 3|Q|, we have that

(2.72) H(P, Q)| < 3|QI*[P - Q| < ¢5|A(P) — A(Q),

whence (2.70) follows. Note that, in the derivation of (2.72)), we have also made use of ({2.7)).
On the other hand, if |[R| > ¢, then

1 1 S "
/ / 1Q + stR” " dsdt < (1 + |R|)P3
0 JO

Hence,
H(P.Q)| <c(IQ|+ [P - Q)" [P - Qf,
and this inequality can be shown to imply (2.70]) also in this case. O

Our last preparatory step is contained in the following lemma.

Lemma 2.19. Let p € [2,00), and let u be a local weak solution to satisfying
for some ball B, and some € € (0,1). Assume that o € (0, 1) is such that holds. Let
a be the exponent appearing in the statement of Theorem [2.6 Then there exist constants
c¢c=c(n,p,N) and a = a(n,p, N) such that

(2.73) / [V(Vu) = V(Ay)[* da
BN{|Vu—Az[>02"|A2|}

v ,
< ¢|Blo* [(][ |A(Vu) — (A(Vu))ap| d:c) + 0_20‘00][ |F —Fo|” dx} ,
2B 2B

where Ao is given by (2.39).

Proof. By Besicovich covering theorem, there exists a countable covering of the set B N
{|[Vu — As| > 0?"|A,|} by balls ¢ B(z) whose number of overlaps is uniformly bounded by a
constant depending only on n. On this set we have, by Lemma [2.12

2n
¥ Az <|Vu — Ag| < [Vu— V| + Ve, — Ug| + Uz — Ag| < [Vu— V| + — |A2]



POINTWISE CALDERON-ZYGMUND GRADIENT ESTIMATES FOR THE p-LAPLACE SYSTEM

21

and hence |[Vu — Ay < ¢|Vu—V,.|. On the other hand, by Lemma 2.12] [As| < 2|V,_|.

Thus, owing to . and -,

/ V(Vu) — V(Ay)[* da
oB(2)N{|Vu—Asz|>c2"|As|}

< c/ (V] + [As])P 2|V — Ao’ do
o B(2)N{|Vu—As|>02"| A}

<ec

/UB(z)ﬁ{|Vu—A2>02n |Az|}
: C/ [V(Vu) = (V(V))op()[* dz < cloB(2)|0* BV,
oB(z)

where E is defined as in (2.55). Hence, inequality (2.73)) follows.

We are now ready to prove the decay estimate in the case when p > 2.

([Vu| 4 [V, )P72|Vu — V,_.|* dz

Proposition 2.20. Let p € [2,00), and let u be a local weak solution to (L.1). Let a be

the exponent appearing in the statement of Theorem |2.0) - Let 0 € (0,1). Then there exist

constants ¢ = ¢(n,p,N), g = e(n,p,N,0) € (0 ,4) and cg = cp(n,p, N,0) such that if u

satisfies (2.37) with € = eg, then

==

(2.74) <][ |A(Vu) — (A(Vu))gp|” dx)

1
7

gcemin{%( ][ [A(Vu) — (A(Vu))opl” dx)” m( ][ F — Fol” dx)
2B

for every Fg € RNx™,

Proof. From and ( . one can infer that

(2.75) ][|A (Vu) — A(Ag)|P dz < c][ |A(Vu) — A(Up) P dw

it ,
<c][ (1va Uyl + [ug))"" Y\ Vu - Uy
6B

< c][ V(V) = V(U2 da + o[ U, [P 2 ][ Vu— U, da.

By Lemma
(2.76) ][|V (Vu) — V(Up) > dz < ch**EP,

=

where E is defined by ([2.55 . Next, via a repeated use of inequality (2.10), the triangle

inequality, Lemma and inequality (2.66) one obtains the following chain:

(2.77)

U, [P 2 ][ Vu— Upl” dz < [T P2 ][ Vu— (Vaopl” da

/ p/ / /
< b | AP P < ][ Vz — (Vz)5| dx) + Ay P2 ][ Vz — Vul’ dz
B
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/ p/ / / /
< et | AP PP <][ [Vu — (Vu)p| dx) (07" + 607)|Agl? <P2>][ Vz — Vul’ dz
B B

=1+ I
Owing to (Z10) and (7).

P’ P’
(2.78) I <coP <][ |AP7%|Vu — Ay dx) < ct” <][ |A(Vu) — A(Ay)| dx) < bV EY
B B

In order to estimate I, observe that, thanks to Lemma [2.18

/ (Y, Ao)” dz <co— @27 / Vu— Ayl dz
B BN{|Vu—A2|>6|A2|}

+co? / A(TU) — A(Ag)” dz
2B
for every 0 € (0, %) This inequality, applied with § = 02%/P, and Lemma ensure that

. u, Ay , xSca% /—1—00% u) — 2 ' xT.
2.79 H(Vu, AP d EP AV A(A) P d
B 2B

Here, we have also exploited the fact that, by ([2.5)), |P — Q[? < ¢|[V(P) — V(Q)|? for P,Q €
RN*X™ since p > 2.

By (2.69) and (2.79),

(2.80) |A2|p/(7"2)][ Vz — Vul’ dz §c][ F — Fol” dz + c][ IH(Vu, Ag)| da.
B B B

§cg][ IF — Fol” da + coPeT ][ |A(Vu) — A(Ay)P dx.
B 2B
Choosing o = 62°? in (2.80)) yields

(2.81) I < c@pl][ |A(Vu) — A(Ag)]pl dz + 69][ |F — F0|p, dx,
2B B

where ¢ = ¢(n,p, N) and ¢y = ¢(n,p, N,0). We next fix ¢g = £(n,p, N, 0) in such a way
that (2.40) is satisfied. Combining inequalities (2.75)—(2.78) and (2.81)) yields ([2.74]). O

2.4. Proof of Proposition 2.1, concluded. The decay estimates established above enable
us to accomplish the proof of Proposition

Proof of Proposition[2.1. We apply Proposition Lemma [2.13] and either Proposition
or Proposition according to whether p € (1,2) or p € [2,00), with 4B or 2B replaced
by B in the integrals on the right-hand sides of the relevant decay estimates. Moreover, we
denote by c1, ¢o and c3 the constants multiplying the integrals involving the expression A(Vu)

on the right-hand sides of inequalities (2.33]), (2.56[), and (2.74)), respectively.

Fix any k € (0, min {1, i—‘i“}) and any § > 0. In the case when p € (1,2), we choose 6 so small
that

(2.82) b e <6,
If, instead, p € [2,00), we choose € so small that

(2.83) 0 + 0™ < 5
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and let €9 = e(n,p, N, ) be fixed as in Proposition In particular, inequalities ([2.82)

1
and (2.83)) hold if 6 = (61 + max {ca, 63})_;5 * for small 6. Inequality (2.2) follows, modulo
an application of Holder’s inequality. O

3. PROOFS OF THE MAIN RESULTS
This section is devoted to the proofs of Theorems [I.1} [I.3] and [T.6]

Proof of Theorem[1.1. Owing to Proposition given any ¢ € (0,1), there exist constants
6 € (0,1) and ¢ > 0, both depending only on n, N, p,d, such that

%217/
(3.1) ( FIAT0) — (AT)pmn 2 dx) T
0B

.
< 5<][ |A(Vu) — (A(Vu)>B\min{2’p/}dx> ey c(f 1 dx)
B B

for every ball B C R". Given any =z € R", let B be any ball such that x € 6 B. Owing to the
definition of sharp maximal function ([1.10)), and to the arbitrariness of Fy, we deduce from

(3.1) that

(3.2) MEIR AP 2N A (V) (z) < oM P2 A (V) (2) + M (F)(z).

Note that M™n{r'2}(A(Vu))(z) < oo for a.e. & € R™, since we are assuming that u €
V1IP(R™). With the choice § = (2¢)~!, inequality (3.2)) thus implies that

MEmin {p,2} (A(Vu))(z) < cMPP(F)(z) for z € R" for a.e. z € R™
Hence follows, inasmuch as M*(A(Vu)) < MEmin{r' 2} (A (Vu)). O

Proof of Theorem[1.3 Let 8 € (0, min {1, i—c,“}) be such that condition ([1.14) is fulfilled by
w. Fix v and k such that

1
7/

(3.3) ﬁ<’y</€<min{l,2p—?‘}.
Given ¢, let 8 be the number obeying
(3.4) et =4,

for some constant ¢ = ¢(n, N,p, k) > 1, and such that inequality (2.2) holds. This is possible
owing to (2.3). Thus, there exists 6y € (0,1) (depending on « and =, as well as on n, N, p)
such that ¢0“~7 < 1 for 0 < 6y, and hence

(3.5) 5 <o

for every § < &y, where dy = ¢fj. Now choose § = dy in Proposition 2.1} Thus, given any ball
B, C Q, an iteration of ( . tells us that

1
. , min {2,p’}
( f 1A - <A<Vu>>39kr|mm{2’“dx) &

1
Y

. / mln{ }
< 5’5(][ |A(Vu) — <A(Vu))BT|mm{2’p}dx> R (][ IF — Fo” dx)
B
for k € N. On setting p = 6, and making use of (3.5] , inequality . ) tells us that

1
( ][ A(Vu) — (A(Vu)) g, " 22 da:) ey
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~ min {2,p’} min {12’p} p’
< (1A — (AT 5, P 4 vt (fwomtas
B

Dividing through by w(pr) in (3.7)) yields

1
Y

1
1 : / min {2,p"}
(38) 7«)< ][ |A(Vu) - <A(Vu)>3m|mm{2m}dx) v
Byr
1
Y : , min {2,p}
<£ p wir (lr <][ (Vu) — (Vu)>BT’mm{2’p}dx> B
B,

+c” r)p <][ IF — Fol*' dx)

Let k = k(n, N,p,wg,7, 3) be the smallest integer such that c 0Pk < % Hence,

w(r) c o B
(3.9) (o) < cup
and

pPlw(r) 1
(3.10) o) S

As a consequence of (3.8]) and (3.9) we obtain that

1
1 win 1200 <) T
S(f 1A - Ay, e )
By

o ]B[ A(Va) — (A(Tu) 5, [ 2 do )“"“{2“ | ][ FoE )’

Now, let B be as in the statement, and let © € B. Inequality (3.11] , applied to any ball B,
such that » < R and B, > z, tells us that

1
1 ; / min {2,p/}
A(Vu) — (A(Vu mm{2’p}dm>
T<”Rw(r)<]3[| (Vu) — (A(Vu)),|

1
1 1 : / min {2,p’
< o (1AW~ (AW E an)
r<R

(3.11)

1
Y

(3.12)

1
ol

+supc(][\F—F0\p,dx>p )
r<Rw(r)

T

On the other hand, owing to (2.10) and ((1.14)),

— L
(313) sup <][ ‘A Vu ( )> T’min{lp/} d[]}) min {2,p"}

pR<r<R w(

W(QR) p_ min ?2,}7/}
)

w(r

1
. min {2,p’} min {2,p'}
i ( J A7)~ (AT 0 ar)
2B
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1
< Jp i ][ A(V) — (A (V)™ 27 dz ) ™7
- w(2R)
2B
Coupling (3.12)) with (3.13) tells us that

A(Vu) — (A(Vu ,mm{“}dx>
KRw(r)(]Blr( )~ (A(Va) 5|

.
<3 <][ ‘A<Vu>—<A<Vu>>BT\mi“{2’p’}dx) )
r<

<][\F Fol” dx)
T<RW

1
< ][ |A(Vu) — (A(Vu))gp|min 27} d“’”) .
2B

Inequality (1.15) follows from (3.14)), via the very definition of localized weighted sharp
maximal operator (1.13)). O

Proof of Theorem[1.6. Without loss of generality, we may assume that

(3.14)

1
7

w(2R)

/

1) [ (Ely ) gy o

By()
Fix § = , and let § = O(n, N,p) be the corresponding value provided by Proposition
Given any k € N, one can show, via a telescope sum argument, that
(3. 16)
][ A(Vu)dy — ][ A(Vu) dy’ <0 "Z ][ — (A(Vu))p,, (o)) dy-
gkR(z) BR(:D) ng

Inequality ([2.2) implies that

Z( ][ ]A(Vu)—(A(Vu»BmR(x)’min{p,’Q}dy> e

BGiR(x)
15t T
min {p’,2 AP
<1 A(V) — (A(VW)g, o {pv}dy)
=0 BgiR(x)
k-1 1
weX (Pl W)
=0 BeiR(x)
Hence,
k Ty
. , min {p/,2
(3.17) S ] 1AW - (AT, o ay)
=0 BgiR(*T)

— Cen
g(][ A(VY) — (A(YW) o) W}dy) :

Br(=)
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k-1 1

/ P
(3.18) +CZ< ][ F—(F)p, ol dy> .
=0 giR(x)
Note that
k SN R F—(F PNy
(e mmrn)’ <o f (] (S TmY )’
=0 B @) By(x)

Therefore, letting k go to oo in (3.17)) tells us that

o0

1
min {»’ min {p/,2}
(3.19) S (] 1AW - A0 )

—0
! i r (%)

1
min {p/,2}

< ( £ 1AW — (AT 0 dy)

Br(z)
1

“/OR( ][ <|F—<1;>Bg<x>\>ﬂdy>ﬂd@

Bo(z)

Owing to (3.15)), the series in (3.19) is convergent. Thus, in particular,

(3-20) lim < ][ |A(Vu) _ <A(vu)>B6iR($)|mm {p' 2} dy) min {p’,2} 0

1—00
BeiR(z)
Now fix any 0 < s < 7 < %R. Then there exists k € N such that 01 %s < r < 6~ %s. Set

rs = 0 Fs and observe that there exists h € N such that "R < ry < §"~'R. In particular,
OhtER < ¢ < 9hE-1R and 0" R < r < "1 R. Therefore

G2 f AT - AT @< g f AT~ (ATW)5 |y

B'r(x) B’V‘S(I)
Cc C
< g AT~ (AT, |y + 4 (AT, )~ (AT 50|
BTS(I)
Cc Cc
Sge o IATY - AT, @l A+ AT, @ - AT, ol
th—lR(x)

The last addend on the right-hand side of (3.21)) can be estimated via (3.16]) and (3.19)), with
R replaced by r;. As a consequence, we obtain that

1

52 f aww - [ f (ETEm0) 0)7 g,
By (z)

o\T

1
N min (77,2}
+< fIATw - AT, 0 {P’Z}dy>

th—lR(x)

1
min {p’ min {p/,2}
+< £ AT - AT 0 {P’Q}dy)
BTs(x)
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1

o (f (e

By ()
H( AT - AT 0 )
BehflR(I)
1
C min {p’ min {p/,2}
i AW AT )T
thflR("L‘)

Since 0" 'R < % and r, < %, equations (3.22) and (3.20) ensure that, given any £ > 0 there
exists r. > 0 such that, if 0 < s < r < r., then

(3.23) ( ][ A(Vu)dy — ][ A(Vu) dy) < ][ [A(V) — (A(VU)) g, (0| dy < e.

Bs(x) Br(x) B (x)
This shows that the function r — f Br(x) A(Vu)dy satisfies the Cauchy property, whence
there exists its limit as r — 0T, and is finite. On denoting by A (Vu(z)) such limit, we infer

from (3.23)) that

(3.24) lim ]l A(Vu(y) — A(Vu(a))|dy =0,
By (x)

and hence z is a Lebesgue point of A(Vu).
On making use of inequalities (3.16) and (3.19)), and of Holder’s inequality, and passing to
the limit as k — oo, one can show that

1
7

(3.25) |A(Vu(z)) - ][ A(Vu)dy| < /OR< ][ <’]‘:‘_<1;>B@(“)‘>p,dy>p do

BR(I) B@(z)
1
i (o w77
+c( £ AT~ AT {P»Q}dy)
Br(z)

for every x € Q such that Br(z) C  and (3.24]) holds. An application of inequality (3.25)

with R replaced with %, and of Corollary with P =0 and B = Br(z), tell us that
2

(3.26)
|A(Vu(z))|
o TR R F—(F v 7
§C< ][ ‘A(vu”mm{pg}dy) v 2}+C/ <][ <| <p>BQ(I>|> dy>pd,g
0
By () By(a)
R F— (F)s | \? %
<c][ |A(Vu)\dy+c/ (f <<p>3”’> dy>”dg
0
BR(f’«") BQ(f’f)

1
Y

+c( / rF—<F>BR<x>\p’dy)
Br(z)
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for a.e. = € Q such that Br(z) C Q. Since |A(Vu(z))| = |Vu(z)|P~!, and the last term

in ([3.26]) can be estimated (up to a multiplicative constant) by the last but one, inequality
(1.17) follows. O

4. ESTIMATES IN NORMS DEPENDING ON THE SIZE OF FUNCTIONS

Here, we are concerned with gradient estimates for solutions to involving rearrangement-
invariant norms. Loosely speaking, a rearrangement-invariant norm is a norm on the space of
measurable functions which only depends on their “size”, or, more precisely, on the measure
of their level sets. In particular, a “reduction principle” is established via Theorem which
turns the problem of bounds for this kind of norms of the gradient in terms of norms of the
same kind of the right-hand side into a couple of one-dimensional Hardy type inequalities.
This general principle is then specialized to various customary classes of norms.

For ease of presentation, here we limit our discussion to local solutions to when = R".
Analogous results hold, however, in arbitrary open sets 2.

Let f : Q@ — R be a measurable function. We denote by f* : [0,00) — [0, 00] the decreasing

rearrangement of f, defined as

ff(s)=inf{t >0: {x € Q:|f(z)| >t} <s} for s > 0.
Moreover, we set

™ (s) = 2/08 f*(r)dr for s > 0.

In other words, f* is the (unique) non increasing, right-continuous function in [0, c0) equimea-
surable with f, and f** is a maximal function of f*. Observe that

(4.1) f(s) < f**(s) for s> 0.

We say that || - [|x(0,00) 18 @ rearrangement-invariant functional defined on the set of real-
valued measurable functions on (0, c0) if it takes values into [0, co] and satisfies the following
properties:

(1) llellx(0,00) < 1%l x(0,00) Whenever 0 < ¢ <) a.e. in (0, 00),
(i) [lellx(0,00) = I¥llx(0,00) Whenever o™ = ¢*.

Let m € N. We say that || - ||x(q) is a rearrangement-invariant functional on the set of
measurable functions from 2 into R™ if there exists a rearrangement-invariant functional
I Il x(0,00) 00 (0, 00) such that

(4.2) £l x ) = NE1 [ x (0,00)
for every such function f.

A rearrangement-invariant functional ||-|| x (o,o0) is called a rearrangement-invariant function
norm, if, for every ¢, ¥ and {¢;};jen, and every A > 0, the following additional properties
hold:

(P1) 1#llx(0,00) = 0 if and only if ¢ = 0 MA@l x(0,00) = Allllx(0,00);
e+ Yl x0,00) < €l x(0,00) T 1P 1l x (0,003

(P2) pj /¢ ae. implies [lo;]|x(0,00) /1]l x (0,003

(P3) IXEll x(0,00) < 00 if E C (0,00) with |E| < oc;

(P4) Jpe(s)ds < Cllgllxoee) if E C (0,00) with |[E] < oo, for some constant C

independent of ¢.

If | - |lx(q) is a rearrangement-invariant functional built upon a rearrangement-invariant
function norm || - || x(0,0c), We denote by X(Q) the collection of all measurable functions
f: Q — R™ such that ||f|x@) < co. The functional || - || x() defines a norm on X (Q),
and the latter is a Banach space endowed with this norm, which is called a rearrangement-
invariant space. The function norm || - || x () is called a representation norm of || - || x(q). In
particular, X (0,00) is a rearrangement-invariant space itself.



POINTWISE CALDERON-ZYGMUND GRADIENT ESTIMATES FOR THE p-LAPLACE SYSTEM 29

Given a measurable subset G of 2, we denote by x¢ the characteristic function of GG, and
define

Ifllx @) = Ifxcllx@)

for any measurable function f : Q — R™.

Moreover, we denote by Xj,.(€2) the space of measurable functions f such that [|f||x(q) < oo
for every compact set G C Q.

Given a rearrangement-invariant functional || - || x (o) and any number ¢ € (0, 00), the func-
tional ||f||xa(q), defined as

1

(4.3) lxagey = 11190
for any measurable function f : 2 — R™, is also a rearrangement-invariant functional.
Moreover, if || - ||x(q) is a rearrangement-invariant norm, and ¢ > 1, then || - [|xqq) is a

rearrangement-invariant norm as well [48].

Theorem 4.1. [Reduction to one-dimensional inequalities] Let ||| x ®n) and || ||y @&n)
be rearrangement-invariant functionals. Assume that there exists a constant ¢ such that

1 S

- d

| et
and

(@5) | [ e

for every nonnegative function ¢ € X(0,00). Then there exists a constant ¢ = '(n, N, p,c)
such that

(4.4) L <degl o
X

X7 (0,00) P’ (0,00)

< C”C()OHX(O,OO)
Y (0,00)

(4.6) IIVu "y @ny < ¢ll¢Fllx@n)

for every local weak solution u € VIP(R™) to system (1.1) with Q = R™.

Remark 4.2. Let us briefly comment on assumptions and in Theorem The
first one amounts to requiring that the functional || - || x(rn) is stronger, in a qualified sense,
than || - ||, (rny- As recalled in Section [I; this is a borderline norm for estimates for the
gradient to weak solutions to system . Assumption concerns, instead, the opposite
endpoint in the scale of admissible gradient estimates, which fail if the norm || - | x (gn) is too
strong, namely if the latter is “too close” to || - || oo (rn). In particular, if this is the case,

tells us how much the || - [|y(gny norm of [VulP~! has to be weaker than the || - || xgn) norm
of |F|, for inequality (4.6) to hold.

The proof of Theorem [4.1] requires the following proposition.

Proposition 4.3. Let [|-|| xrn) and |||y (&) be rearrangement-invariant functionals. Assume
that inequality (4.5) holds. Then

(4.7) 197y (0,00) < €lle(®@™ =¥l x(0,00)

for every nonnegative measurable function 1 in (0,00) such that ) < oo a.e. and limg_o0 ¥*(s) =
0. Here, ¢ denotes the constant appearing in (4.5)).
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Proof. Given any function 1) as in the statement, there exists a nonnegative Radon measure
v on (0, 00) such that

(4.8) P*(s) = / dv(r) for s > 0.
S
Thus, by Fubini’s Theorem,
1 S
(4.9) P (s) —P*(s) = s/ rdv(r) for s > 0.
0

By (4.8)) and (4.9), inequality (4.7)) will follow if we show that

/:O dv(r) z/os rdv(r)

for every nonnegative Radon measure v in (0,00) such that fsoo dv(r) < oo for s > 0, or,
equivalently, that

° du(r) c [?°
4.11 - [ d
(@11 | [ [ autr
for every nonnegative Radon measure p on (0,00) such that
o0
d
(4.12) / r) < oo fors>D0.
S

”
In order to prove (4.11), set

(4.10) <c

Y (0,00)

X (0,00)

<c

w1(0,s) = / du(r) for s >0,
0

and observe that integration by parts yields

td 0,t 0 ()
(4.13) / “r(’”) — “(t’ ) _ “(S’s) +/ “(T;r)dr if0<s<t.
By (4.12) and (4.13)), lim;_, @ exists, is finite, and
> u(0
(4.14) / M(T;T) dr < .

From equations (4.12)—(4.14) one can deduce that lim; @ = 0. Thus, passing to the
limit as t — oo in (4.13) tells us that

o0 o0
(4.15) / dulr) _ / M(Oér)dr for s > 0.
S r S r

Hence, inequality (4.11]) is a consequence of the fact that
o0
[0 o)
s T

s
for every nonnegative measurable function g in (0, c0), which, in turn, follows from (4.5)). O

(4.16)

Y (0,00) X(0,00)

Upper and lower estimates, in rearrangement form, for sharp maximal function operators,
also play a key role in the proof of Theorem Given ¢ > 1 and any function f : R® — R™
such that f € L{ (R™), the classical maximal function M : R" — [0, oc] is defined as

1
Mf(z) = sup <][ |f]qdy> " forz eR™
B>z
B

Clearly,
(4.17) M%f () < 2M%*(z) for z € R”
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for any such function f. Furthermore, Riesz’ inequality [0, Theorem 3.8, Chapter 3] tells us
that there exists a constant C' = C'(n) such that

(4.18) (MIf)*(s) < C(]f\q)**(s)% for s > 0,

for f € L] (R™). Coupling inequalities (4.17) and (4.18) tells us that

(4.19) (M*I£)*(s5) < 20(|f]q)**(s)% for s > 0,

for f € L{ (R™).

On the other hand, as a consequence of [6, Theorem 7.3, Chapter 5], one can show that
(4.20) f*(s) — f*(s) < C(MPf)*(s) for s >0,

for every locally integrable function f : R™ — R.
We are now ready to prove Theorem

Proof of Theorem [/.1. By inequality (4.19)),
1
(421) (M (B))*(s) < C[(FFP)*(9)] " for s >0

for some constant C'= C(n). Next, set u = (ul, -+ ,uV). Owing to inequality (4.20)), applied
with f = |[Vu|P~2u},, fori=1,...,n, j=1,..., N, one has that
(422)  (IVuf"%ud,) " (s) = (IVulP2uj,)"(s) < C(MP(|Vu’~?ul,)) " (s)

< C(Mn(|Vu\p_2Vu))*(8) for s > 0.
Inequality implies that
(4.23) MY(|VulP~2Vu)*(s) < CM* (F)*(s) for s > 0.
Combining inequalities f yields

(4.24) (]Vu\p_Qqui)**(s) — (\Vu]p_zuii)*(s) < C{(\F[p,)**(s)} " for s >0

=

for some constant C' = C(n,N,p). Hence, if || - ||x(0,0c) is any rearrangement-invariant
functional,
1
(425 1(TaPd)” = (V) e < C (R
X(0,00)

Inequality (4.5) implies, via Proposition that
(4.26)

IVl ~2u, Iy @y = IVl 2ul,) v 0,00) < CIHC(IVUP 05, ) ™ = (IVa~?ud, ) )l x(0,00)

for some constant C'. Moreover, owing to inequality (4.4)),

’ i/ 1
(4.27) c[(|F|p )**} g < e’ CIFP|

X(0,00)
Inequality (4.6)) follows from (4.25)—(4.27). O

As a first application of Theorem one can easily recover the by now standard gradient
estimates in Lebesgue spaces. The fact that the relevant Lebesgue spaces satisfy assumptions
(4.4) and (4.5)) is a consequence of classical Hardy inequalities.

0,00) = CHCCFHX(R")

Proposition 4.4. [Lebesgue spaces] Let g € (p',00). Then
1
(4.28) 190l a1y < O Gy
for every local weak solution u € VYP(R™) to system (1.1) with Q = R™.
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The Lorentz spaces provide a refinement of the Lebesgue spaces. If either g € (1,00) and

r € [1,00], or ¢ =7 =1, or ¢ = r = 00, the rearrangement-invariant functional || - || 4.7 (0,00
defined as
1
4.29 (000 = |57 70" (5)
(1.29) . O] -~

is a rearrangement-invariant norm for any measurable function ¢ in (0,00). The correspond-
ing rearrangement-invariant space L%"(2) is called a Lorentz space. The Lebesgue spaces are
special instances of Lorentz spaces, inasmuch as

L*9(Q) = LI(Q)
for every ¢ € [1, o0].

Proposition 4.5. [Lorentz spaces] Let g € (p',00) and r € [1, oo]. Then

for every local weak solution u € Vl’p(]R") to system 1' with Q = R",

Proof. Let X(R") = Y/(R") = L7 (R") in Theorem 4.1} Then, X# (R") = L#"¥ (R"), and
condition (4.4)) reads

r
/

(4.31) </OOO K(l) /O(') w(f)df)*(s)} ’ 52—1ds>prl < C(/OOO g;*(s)sZ—lds)

for every measurable function ¢ : (0,00) — [0,00). The Hardy—Littlewood inequality for
rearrangements [6, Theorem 2.2, Chapter 2] ensures that i L e(r)dr < 1 Ly et (r)dr =

©**(s) for s > 0. Hence,

1 1O *

<()/ @(7)d7'> (s) < ™ (s) for s > 0.
) Jo

Thus, inequality (4.31)) follows from the inequality

/

(4.32) </OOO O ()7 50 ds>pr < C(/OOO O ds)

for every measurable function ¢ : (0, 00) — [0, 00), which holds, for instance, as a special case
of [12, Theorem 4.1].
As for condition , we have that

Hf d HL‘IT (0,00) fooow(s) fsoo (P(T)dTTdS

/X sup sup
9020 H‘PHL‘” Ooo) ©>01>0 WHLq' v/ OOO)HSOHL‘” (0,00)

s)ds dr H = $) ds|| o v
= sup sup fo ~ su fo Le7(0,00) < 0,
P»2>0 >0 HwHLq/ﬂ" 0’oo)||(70HLq7T(O,OO) 1/1>0 "¢"qu r! (0,00)

/
b
s

where the equivalences hold due to Holder type inequalities in Lorentz spaces, the equality to
Fubini’s theorem, and the last inequality to weighted Hardy type inequalities [50, Theorem
1.3.2/1].

The conclusion now follows from Theorem [4.1] ]

Let now focus on gradient estimates in Orlicz spaces, an extension of the Lebesgue spaces
in a different direction. The notion of Orlicz space involves that of Young functions. A
Young function is a (non-trivial) convex function @ : [0,00) — [0, 00], vanishing at 0. Its
Young conjugate &~ is again a Young function, and is defined as

&~ (t) = sup{ts —D(s) : s >0} fort>0.
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The Orlicz space L?() is the rearrangement-invariant space associated with the Luxemburg
rearrangement-invariant norm || - || L2 (o) given by

(4.33) ol o000 = inf{)\ 0 / o (’ﬂ;)’) ds < 1}
0

for every measurable function ¢ in (0, c0).

Proposition 4.6. [Orlicz spaces] Let @ be a Young function such that

tP'(t)
4.34 inf /
(4:34) o By P
and
@N
(4.35) / gr) dr < oo.
0 T
Let W be the Young function defined by
1 Lo~ ~
(4.36) \Il(tpil) = (t/ gr) dr) fort>0.
0 T
Then there exists a constant C' = C(n, N,p,®) such that
1
(437) 90 ey < CIFN T
and
(4.38) / U (|Vul) de < / B(CP1|F) da.
R™ R™

for every local weak solution u € VYP(R™) to system (1.1)), with Q = R™.

1
Proof. Assumption (4.34]) ensures that there exists € > 0 such that the function ¢ — %

is increasing. Thus,
1 1
/ /

1 1
fo(s7) FO(s7) oy @)= _ o)
(4.39) /0 2 ds = /0 pE= t* " ds < o T o

Hence, by [14, [38], B0], there exists a constant C, depending only on the left-hand side of

(4.34)), such that

(4.40) H <i /0 ") dr)”l'

for every measurable function ¢ : (0,00) — [0, 00).
On the other hand, under assumption (4.35)), [14, Lemma 1, Part (ii)] ensures that there
exists an absolute constant C' such that

\/:Osomcff

for every measurable function ¢ : (0,00) — [0, 00), where © is the Young function given by

o(t) = <t /Ot QSN(T)dry for t > 0.

r2

1
< Clle(s)7 [l 12 0,00)
L%(0,00)

(4.41)

< Clle(s)ll .2 0,00)
L®(0,00)

Owing to (4.40) and (4.41]), Theorem implies that
(4.42) IIVulP = Lo gny < ClIF Lo @n)-

Hence, inequality (4.37) follows.
Inequality (4.38) can be derived on applying (4.42) with & replaced with W. Such
RN
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a derivation makes use of the definition of the Luxemburg norm, and of the fact that the
constant in (4.42) depends on @ only through the infimum on the left-hand side of (4.34]),
and such infimum is invariant under replacements of @ with k@ for every positive constant

k. g

The content of the following result is a special case of Proposition In the statement,
exp,L” (R™) denotes the Orlicz space associated with a Young function which is equivalent

to e’ for large t, and to t¢ for small t.

Proposition 4.7. [Exponential spaces| Let v > 0, and q >p'. Then

(4.43) [Vul woy < CO|F|

expgp—1)L 7T (R™)

for every local weak solution u € VIP(R™) to system (1.1]) with Q = R".

exp, L’Y (R™)

The last result of this section deals with a borderline case of Theorem[4.1] In the statement,
LEO(R") denotes the Orlicz space built upon a Young function which equals oo for large t,
and is equivalent to t9 for small ¢.

Proposition 4.8. [Borderline exponential spaces| Let ¢ > p’. Then
1

(4.44) IV ey 11 < anHLw(Rn)
for every local weak solution u € VIP(R™) to system with = R"™.

5. ESTIMATES IN NORMS DEPENDING ON OSCILLATIONS OF FUNCTIONS

Let w : [0,00) — [0,00) be a function, let ¢ > 1, and let m € N. The Campanato type
space £9(€2) on an open set 2 C R™, is the space of those R™-valued functions f € L{L ()
for which the semi-norm

(5.1) ] ey = 32 1 (][ £ (f Brwqda:)

is finite. The space L Of (Q) is defined accordingly, as the set of all functions f such that
[l gw.agqry < oo for every open set Q' CC 2. When ¢ = 1, we shall simply denote £4(Q2)
by £¥(2), and similarly for local spaces.

In the special case when w(r) = 1, one has that

(5.2) £(Q) = BMO(Q)
for every ¢ > 1 [34]. Another customary instance corresponds to the choice w(r) = 3, for

some (3 € (0,1]. Indeed, Campanato’s representation theorem tells us that, if 2 is regular
enough, say a bounded Lipschitz domain, then

(5.3) £rQ) = % (Q)
for every ¢ > 1 [I1]. It is easily verified that, if w is non-decreasing, then
(5.4) Cc¥(Q) C LY(Q)
for ¢ > 1. Here, C¥(2) denotes the space of those functions f : @ — R™ such that
f(z)—f
@ =10
nyea wW(z—yl)
T £y

a space of uniformly continuous functions, with modulus of continuity not exceeding w, if
lim, _,o+ w(r) = 0. The reverse inclusion in (5.4) need not hold for an arbitrary w, as shown,
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for example, by equation (5.2)). Results from [55] ensure that, if w is non-decreasing and
decays at 0 so fast that

(5.5) /0”(7") dr < 0,

r
then
(5.6) LY(Q) C C7(Q)
for every regular domain 2, where the function w : [0,00) — [0, 00) is defined as
(5.7) w(r) = /7” w(p) dp for r > 0.
o P

On the other hand, if fails, and the function r @ is non-increasing near 0, then the
space £“(§2) is not even contained in LY (€).

As an immediate consequence of Theorem we have the following regularity result for

the gradient of solutions to (|1.1]) in Campanato spaces.

Theorem 5.1. [Campanato spaces] Letn > 2, N > 1 andp € (1,00). Let 2 be an open set
in R™, and let R > 0. Then there exist constants c; = c¢1(n, N,p) >0, ca = ca(n,N,p,R) >0
such that, if the function w(r)r—? is (almost) decreasing for some f3 € (O,min{l7 %‘f‘ ), F e

Ei‘(’)’f,(Q), and Bar CC Q, then
— —1
(5.8) [[Vul? 2VU‘HL’W(BR) < ClHFHE“”P/(BzR) - CQHVU‘HII)JP(BQR)

for every local weak solution u € VV&)’?(Q) to system (L.1). Here, « = a(n, N,p) denotes the
exponent appearing in Theorem [2.6.

Bounds for Hélder norms follow from Theorem and equation ([5.3)).

Corollary 5.2. [Holder spaces] Letn > 2, N > 1 andp € (1,00). Let Q be an open set in
R™, and let Bogp CC Q). Then there exist constants ¢y = c¢1(n, N,p) > 0, c2 = ca(n, N,p, R) >

0 such that, if 3 < min {1, 2}, and F € C}} (), then

loc
— -1
(5.9) 1V 2Vu o) < 1lIF o + 2l Vulints,

for every local weak solution u € VVl:(l)’f(Q) to system (L.1). Here, @« = a(n, N,p) denotes the
exponent appearing in Theorem [2.6,

Corollary [5.2]is a special case of the next result, which can be deduced from Theorem [5.]]
and embedding (5.6)), and deals with estimates for more general moduli of continuity.

Corollary 5.3. [Spaces of uniformly continuous functions] Let n > 2, N > 1 and
p € (1,00). Let Q be an open set in R™, and let R > 0. Then there exist constants ¢; =
c1(n, N,p) and co = ca(n, N,p, R) such that, if the function w(r)r=" is (almost) decreasing
for some 8 € (O,min{l, %?‘ ), fulfills condition (5.5)), F € C{_(2), and Bor CC Q, then

(5.10) H\Vu|p_2Vu||Cm(BR) < allFllce(py,) + CZHVUHZ(IBQR)

for every local weak solution u € I/Vlif(ﬁ) to system (L.1). Here, @ = a(n, N,p) denotes the
exponent appearing in Theorem [2.6,

Remark 5.4. Note that the norm ||[F|| v (g, ) on the right-hand side of (.10 can be replaced
with the (possibly slightly weaker) norm “F||Lw7p/(B2R).

Assumption (5.5 is minimal for Vu to be continuous, or even merely locally bounded, for
every local solution u and every F € C{¥_(£2). This is demonstrated by the following example,
involving just the scalar Laplace operator, which is somehow inspired by a counterexample

to Korn’s inequality in Orlicz spaces exhibited in [8, remark 1.4].
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Example 5.5. Given any function w as above, which violates ([5.5)), namely such that

(5.11) /0 w(r) dr = 00

r

we produce a solution u to the equation

(5.12) — Au = —divF in B;(0),

with B1(0) C R?, and F € C¥(B;(0)), but [Vu| ¢ L2 (B1(0)). To this purpose, define the
function ¢ : (0,1) — [0,00) as

1
5(7'):_/ wi)p)d,o for r € (0,1),

and consider the function v : B1(0) — R given by
u(z) = ze€(|z|) for x € B1(0).

One can verify that wu fulfils (5.12)), with
2

22?1332

F() = (T el Zp

so that F € C*(B4(0)), but

SLe(lal)) for @ 0,

~T1$2

Vu(z) = <

and hence Vu & Li$ (B1(0)).

As shown by Example continuity, and mere local boundedness, of the gradient of
solution to system (1.1)) is not guaranteed when F € L7 (Q), or even F € Cf2 (), if w does

loc
not decay at 0 sufficiently fast to 0 for (5.5)) to be satisfied. Still, it turns out that the degree
of integrability of |Vu| is higher than that ensured from membership of F just to L{< (£2)
(see Proposition B This assertion can be precisely formulated in terms of Marcinkiewicz
quasi-norms, also called weak-type quasi-norms. Recall that, given a non-decreasing function

7 :[0,00) = [0,00), the Marcinkiewicz functional || - [|3/n(0,0c) is defined as
11l a47(0,00) = supn(s) f*(s)
s>0

for a measurable function f : (0,00) — R. Clearly, || - [|asn(0,00) I8 & rearrangement-invariant
functional.

Owing to [55, Theorem 1], if 2 is a bounded Lipschitz domain, Ry > diam({2), and ( is given
by

(5.13) C(r) = (/R wi)p)dp) " ferre (0.R0).

n

=

then
(5.14) L£9(Q) — MS(Q).

The following result is a straightforward consequence of Theorem and embedding ((5.14)).
In what follows, ¢, denotes the function given by

G(r) = Cri(r) forr e (0, Ro).
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Corollary 5.6. [Borderline Marcinkiewicz spaces] Let n > 2, N > 1 and p € (1,00).
Let Q) be an open set in R", let R > 0, and let Ry > R. Then there exist constants ¢; =
ci(n,N,p,R,Ro) > 0 and c3 = ca(n,N,p, R, Ry) > 0 such that, if the function w(r)r=" is
(almost) decreasing for some (3 € (O,min{l, i—‘,‘}) F e oV (), and Bag CC , then

loc
1

1
p—1
o T elVUlL 5,0

for every local weak solution u € VVIO’C (Q) to system (1.1). Here, a = a(n, N,p) denotes the
exponent appearing in Theorem [2.6.

(5.15) IVl v () < tllFll e

A local version of Proposition tells us that, if F € LS (), then |Vu| € exp L10C (Q).
Since L2 (€2) is the smallest (1ocal) rearrangement-invariant space, this is the strongest in-
tegrability information on |Vu| which follows from membership of F to a rearrangement-
invariant space. As observed above, Corollary [5.6] complements this results, and ensures

that, if F belongs to a smaller space than LS (€2), namely a space of (locally) uniformly

continuous functions C{ (), or just to the Campanato type space £;” (Q), then, even if w

does not fulfil (5.5)), yet |Vu| belongs to the better (smaller) rearrangement-invariant space
¢
M P

loc
(5.16) lim w(r) = 0.

r—0

(©) than exp Lloc (Q), as soon as

To verify this fact, note that the latter limit ensures that

(5.17) lim 9’37(7’)
"0 logr1(;)

On the other hand, it is well known (and easily verified) that

=0.

1
=T(1
HQ) =M ).

exp L loc loc
Equation ([5.17) thus implies that
(5.18) M () G exp L1 ().

1
Example 5.7. Assume that F € oe T )(Q) for some o > 0. If ¢ > 1, then Corollary

loc
entails that o
VupP2vue o q).

loc

If 0 < o < 1 we instead have, via Corollary [5.6]

—1

|Vu| € expL1 7(Q).

loc

In the borderline case when o = 1, Corollary [5.6] again tells us that

|Vu| € expexp L10C (Q).
By Remark the same conclusions hold even under the slightly weaker assumption that
Fec® D)

loc

Assume now that fails, namely that lim,_,ow(r) > 0. Then E‘l‘;f/(Q) = BMOj(Q),
and Corollary just yields |Vu| € exp Lf’ozl(Q). In other words, no difference seems to
be reflected in the integrability of |Vu|, depending on whether F € BMOy..(2) or F €
L$ (Q). However, a difference appears in the scale of oscillation spaces, since, under the
former assumption, the BMO estimate , even in local form, can be recovered as a special

case of Theorem owing to ([5.2)).
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Corollary 5.8. [BMO] Letn > 2, N > 1 and p € (1,00). Let Q be an open set in R™, and
let R > 0. Then there exist constants ¢y = c¢1(n, N,p) > 0, ca = ca(n, N,p, R) > 0 such that,
if F € BMO,c(R2), and Bagp CC Q, then

(5.19) IV ulP2Vullgromy) < CllFlprom,m) + 2l Vull L s,
for every local weak solution u € Wlif(Q) to system (|1.1)).

Theorem can be used to show that vanishing mean oscillation (VMO) regularity of
the datum F is also reflected into the same regularity of |[Vu|P~2Vu. Recall that a locally
integrable function f : Q@ — R™ is said to belong to VMO(Q) if

(5.20) lim ( sup ][|f —(f)B,| dx) = 0.
=0t \ B, ca
r<eo Br

Clearly, VMO(©Q) € BMO(2). We shall write f € VMOy,.(£2) to denote that equation holds
with Q replaced by any open set ' CC Q.

Corollary 5.9. [VMO] Letn >2, N > 1 and p € (1,00). Let 2 be an open set in R™, and
let R > 0. If F € VMOy0(2), then |Vu|P=2Vu € VMO1,(Q2) for every local weak solution
ue T/VI})S(Q) to system (1.1)).

Proof. Let Q' be an open set such Q' CC Q. Fix any v € (0,1). By Holder’s inequality

1

(5.21) sup <][ |F — (F)p [ dac)p
B, C Q'

r<o
1—/’y l/
P P
< sup <][]F— > sup <][\F Br\dw)
B, C B, CQ
Br r<o
&
I (][m BTIdm) for 0> 0.
£ () BZCQ’
r<op

Denote by o : (0,00) — (0, 00] the function defined for ¢ € (0,00) by the leftmost side of
equation . Owing to the assumption that F € VMO,.(£2), to equations 1-} and
, one has that lim,_,o+ o(¢) = 0. Next, given any exponent 3 as in Theorem [5 eﬁne
the function w : (0, 00) — (0,00) as

(5.22) w(r) = 7 sup {o(o)}

3 for r > 0.
o>r 0

Obviously, the function r — ( ) is non-increasing, and one can verify that lim,_,o+ w(g) = 0.

Since w > o, equation ensures that F € L7 (Q) An application of Theorem

tells us that |Vu]p_2Vu € Llo’f (©2) as well. In particular, this entails that |Vu|P~2Vu €
VMO (€2). O
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