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STRONG LOCAL OPTIMALITY FOR A BANG-BANG-SINGULAR
EXTREMAL: THE FIXED-FREE CASE*

LAURA POGGIOLINIT AND GIANNA STEFANIT

Abstract. In this paper we give sufficient conditions for a Pontryagin extremal trajectory,
consisting of two bang arcs followed by a partially or totally singular one, to be a strong local
minimizer for a Mayer problem. The problem is defined on R™ and the end-points constraints are of
fixed-free type. We use a Hamiltonian approach and its connection with the second order conditions
in the form of a LQ accessory problem. An example is proposed. All the results are coordinate free
so they also hold on a manifold.

Key words. Sufficient optimality conditions, singular control, second variation, Hamiltonian
methods

AMS subject classifications. 49K15, 49J15, 93C10

1. Introduction. In this paper we consider a Mayer problem on a fixed time
interval [0, 7] and governed by a control affine dynamics. We study the strong local
optimality of a trajectory consisting of two bang arcs followed by a singular one.

In Optimal Control literature two different kinds of local optimality are usually
considered: weak local optimality, i.e. with respect to the CY x L*-distance of the
couples (trajectory, associated control); strong local optimality, i.e. with respect to the
CO-distance of admissible trajectories, without any localization on the controls and
which is defined below. An intermediate kind of local optimality, called Pontryagin
local optimality, is also studied in the literature, see for example [10]. In our case
Pontryagin local optimality reduces to local optimality with respect to the C° x L!-
distance of the couples (trajectory, associated control).

Here we give sufficient optimality conditions for the reference trajectory to be a
strong local minimizer in the case when the end-point constraints are of fixed-free
type. We also recall that since a Bolza problem can always be reduced to a Mayer
one, sufficient optimality conditions can be also derived for a Bolza problem.

Control affine systems can be modeled in different ways; since we want to consider
both bang and partially singular arcs (see Definition 1.2), we model the system as
follows: let X1q,...,X,, be smooth vector fields on R™ and let X be their convex hull,
ie.

X(z) = {ZuiXi(x): U= (Up,...,Unp) € A}7
i=1
where A :={u e R™: u; >0, i=1,...,m, Y .*, u; = 1} is the simplex of R™.

Given a smooth function ¢: R™ — R and a point zg € R™, we consider a Mayer
problem of the following kind

(1a) minimize ¢(£(T)) subject to
(1b) E(t) € X(E®)) awe. te0,T),
(1c) £(0) = .

*Submitted to the editors 8th March 2018.
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2 JUNE 11, 2018 LAURA POGGIOLINI AND GIANNA STEFANI

Equivalently, by Filippov’s theorem, equation (1b) can also be written as
) = _ui®)Xi(£(t), ae te[0,T], veL>(0,T],A).
i=1

Our aim is to give sufficient conditions for a reference trajectory E :[0,T] - R™
of (1b)-(1c) to be indeed a strong local minimizer of the problem according to the
following definition

DEFINITION 1.1. An admissible trajectory E: [0,T] — R™ for an optimal control
problem is a strong local minimizer if it is a minimizer among the admissible trajec-
tories which are in a neighborhood of & with respect to the C° topology.

We consider the case when §A is the concatenation of bang and singular arcs.

DEFINITION 1.2. Given an admissible trajectory & and a time interval (t1,ts) C
[0, T, we say that &|,, ,,) is

e a bang arc of £ if £(t) is the same vertez of X (£(t)) for any t € (t1,t2),

e ¢ singular arc of £ if f(t) is in the relative interior of a face of X(&(t)) for
any t € (t1,t2). A singular arc is called totally singular if the dimension of
the face is maximal, otherwise it is called partially singular.

Notice that in the single input case, m = 2, singular means totally singular. This case
was considered in [21] where a proof was only sketched.

Here we assume there exist times 71,7 such that 0 < 7, < 7» < T, vector fields
hi, ha, hg € {X1,... X}, (where hy; and hg might be the same vector field) and a

measurable function © € L ([7,T], (0,1)) such that £ is the absolutely continuous
solution to the following Cauchy problem

£(t) = ha(£(t)) te0,71),

) f(t) = h2(&(1)) t € [m1,72),
£(t) =0(t)hs(E(t)) + (1 —0() ha(&(2))  ae. t €[, T],
£(0) = zo

Thus, if m = 2, then (72, T) is a totally singular arc, else it is a partially singular one.
Denoting by fq := hg — ho we can write the dynamics on the singular arc as

E(t) = ha(E() + D) fa(&(t),  t€ (72, T),

We also define the time-dependent reference vector field ft as

hy t€[0,71),
(3) fe = h2 t € (T1,72),

hy + ’L/}(t)fd a.e. t € (?2, T]

REMARK 1.1. In this paper we consider a case study for our Hamiltonian ap-
proach, i.e. when the final point is not constrained and the initial one is fixed. Indeed
in this case the second order conditions give the possibility of constructing a field of
non intersecting almost extremals and this is sufficient to obtain the result. The ex-
tension to a problem with constrained final point requires adding a penalty term by
taking advantage of a classical result on quadratic forms due to Hestenes, see [8].

This manuscript is for review purposes only.
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STRONG LOCAL OPTIMALITY FOR A BANG-BANG-SINGULAR EXTREMAL 3

In a future paper, [17], we shall extend the result to the case when the end points
are constrained to smooth sub-manifolds of R™ and the cost depends on both the end
points.

Since the main necessary condition for strong local optimality, Pontryagin Maximum

Principle (PMP), is naturally set in the cotangent bundle (R")* x R", we give our

sufficient conditions in such framework. We then use a Hamiltonian approach and its

connection with the second order conditions.

The main idea is to use the symplectic properties of the cotangent bundle to
compare the costs of neighboring admissible trajectories by lifting them to such bun-
dle. To do so we define a suitable Hamiltonian flow #, emanating from a horizontal
Lagrangian sub-manifold A, H: (¢,£) € [0,T] x A — H(¢) € T*R™. Since the final
point is free, we consider flows backwards in time, with T" as a starting time, Section
4.1. The existence of this flow will be ensured by the regularity assumptions on the
extremal A given by PMP, see Assumptions 1-5.

From a Hamiltonian point of view the sufficient conditions sum up to proving the
existence of a tubular neighborhood of [0,7] x {A(T)} in [0,T] x A where the map
id x mH is locally invertible, see Theorem 4.2. Thanks to the compactness of the
time interval [0, 7] it suffices to prove that 7wH, is invertible for any ¢, see Theorem
4.3. The connection with a suitable second order approximation (2"¢ variation) is
obtained as shown in the following lines.

1. The 274 variation J!., is in the form of a coordinate-free linear-quadratic (LQ)
problem on the interval [T, T] and it is obtained applying an intrinsic version
of Goh transformation. Indeed we can obtain our sufficient conditions either
when J7, is coercive or when Ly, c = 0 (a fact which prevents the coercivity),
provided a suitable restriction of JZ, is coercive, see Section 3.2.

2. We show that the derivative of H; along p) is, up to an isomorphism, the
linear Hamiltonian flow associated to the L(Q problem, see Section 5.2.

3. From the coercivity of the 2" variation we deduce that 7, is locally invert-
ible (Sections 5.3 and 5.4), so that we can compare the costs of neighboring
admissible trajectories by lifting them to the cotangent bundle. In our case
proving the local invertibility is equivalent to requiring the invertibility of
7H; for any t € [T2,T] and the sufficient conditions for the optimality of a
bang-bang trajectory of a suitable Mayer problem on [0, 73], see Remark 4.3.

REMARK 1.2. The Hamiltonian approach allows to prove strong local optimality
of the reference trajectory in the case of a partially singular arc, by giving reqularity
conditions on the reference control, while in the second order conditions only the
singular component of the control is considered.

We also point out out that our result applies also to the case Ly,c = 0, a case
which, up to the authors knowledge, has not been considered so far. In Section 6.1 we
provide an example where this condition holds and to which our theory applies.

REMARK 1.3. In [19] we considered the bang-singular-bang case for the minimum
time problem in a single input control system with fixed end points. For technical rea-
sons the construction of almost-extremals provided in [19] works for Mayer problems
only if the singular arc is the first or the last one. The technique can be applied to the
concatenation of an arbitrary number of bang arcs and a singular one, provided the
singular arc is the initial or the final one. The possibility of modifying the technique
in order to consider any concatenation of bang and singular arcs is currently being
studied.

This manuscript is for review purposes only.
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4 JUNE 11, 2018 LAURA POGGIOLINI AND GIANNA STEFANI

In the case of bang-bang extremals for either a Mayer or a Bolza problem, Hamiltonian
methods have been successfully exploited in [3, 12, 14, 15], while bang-bang extremals
in the minimum time problem have been studied in [18, 16].

Bang-bang extremals are extensively studied in the literature, also with other
methods, see for example [9, 11, 5] and the references therein.

Hamiltonian methods have also been applied to singular extremals, see [22, 6] and
to concatenations of bang and singular arcs, see [19] and the references therein.

The literature is rich of results that involve some localization of the control and
with different approaches, see e.g. [4] and the references therein.

We should also like to mention that Hamiltonian methods can also be successfully
employed to obtain sufficient conditions to structure stability of minimizers, see e.g. [7,
20, 13].

2. Preliminaries.

2.1. Notation. We start by recalling some basic facts and by introducing some
specific notations. We identify any bi-linear form @ on a vector space W with a
linear form Q: W — W*, we write Q(v,w) = (Qu, w), and we denote the associate
quadratic form as Q(v,v) = Q[v]?.

In this paper we use notation from differential geometry and some basic element
of the theory of symplectic manifolds referred to the trivial cotangent bundle T*R"™ =
(R™)* x R™, see for example [1]. We take advantage of the intrinsic notation from
differential geometry as it is more compact and clear. In particular we distinguish
between points in R™, usually denoted as x and tangent vectors to R", denoted as dx.

Given a C! vector field f on R", we denote as exptf(x) the flow at time ¢
emanating from a point x at time 0, i.e. exptf(x) is the solution to

(1) = f(&(), £(0) ==
If g is another C' vector field, then the Lie bracket between f and ¢ is denoted as
(£ gl ie. [f,g(x) = Dg(x)f(x) — Df (x)g(x).

If «: R® — R is a C? function, da is its differential, while D?« is the second
derivative of . Moreover Lya(z) := (da(z), f(x)) is the Lie derivative of a with
respect to the vector field f at the point z.

Finally, if G is a C! map from a manifold X in a manifold Y, its tangent map
at a point x € X is denoted as T, G, or simply as G, if the point z is clear from the
context. In particular, if a: R” — R is a C? function and éz € R", we denote by the
symbol da.dz the couple (D?a(z)(dz,-),dx) € (R™)" x R™ whenever the point z is
clear from the context.

We denote by 7: £ = (p,z) € T*R™ — x € R™ the projection on the base space.
The symbol s denotes the canonical Liouville one-form on T*R": s := Y"1 | p’ du;.
The associated canonical symplectic two—form o = ds = >, dp’ A dz; allows one
to associate to any, possibly time-dependent, smooth Hamiltonian H;: T*R"™ — R, a
Hamiltonian vector field H;, by

() o (VH/(0) = [dH,(0), V), VYV e LTR",

ie. Hi(0) = ( %(4), Eg?”) . Ve=(p,z) € T*R™

We keep this notation throughout the paper, namely the overhead arrow denotes
the vector field associated to a Hamiltonian, moreover the script letter denotes its
flow from time 7T, unless otherwise stated.

This manuscript is for review purposes only.
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STRONG LOCAL OPTIMALITY FOR A BANG-BANG-SINGULAR EXTREMAL 5

Finally we recall that any vector field f on R™ defines, by lifting to the cotangent
bundle, a Hamiltonian

F:l=(pz) e T"R" — (p, f(z)) eR

In particular we denote by Hy, Hy, H3 the Hamiltonians associated with hy, ho, hg,
respectively and by Hi iy iys 91,---,%% € {1, 2 3}, the Hamiltonian associated with
the vector field hi1i2»--ik = [hil, [ .. [hik71 s hlk] N ]

The flow from time T of the reference vector field f, defined in (3), is a local
diffeomorphism defined in a neighborhood of the point Z7 := £(T)). For each t € [0, 7]
we denote such flow as §t: R™ — R", while

H, if tel0,7),
Ft = H2 if te (7/:1,7/:2),
Hy +0(t)Hs if t € (7, 7],

denotes the time—dependent reference Hamiltonian and F; denotes its flow.

2.2. The necessary conditions. We start by stating the main necessary con-
dition of optimality, i.e. Pontryagin Maximum Principle (PMP). Since there is no
constraint on the final point, then PMP must hold in its normal form:

AssuMPTION 1 (Normal PMP). There exists an absolutely continuous mapping
f: [0,T] — (R™)" such that a.e. t € [0, T

fi(t) = —A(t) DF(E()), A(T) = — de(@r),
Fy((e), €(t)) = max { (1), X): X € X(E(1)}.

1i(t) is called adjoint covector and the traJectory § of the system is called a state
extremal of problem (1) while the couple )\( ) = (ﬁ(t),§ (t)) is called an extremal of
problem (1). We use the following notation for the end points and for the switching
points of A(t) € T*R™:

~ ~ o~ ~ ~

Up=ANT), 0y:=AR)=Fx{y), b :=\7)=7TFy), lo:=A0)=Fo(ly).

We call X’ and A bang arcs, while P\ is a singular arc.
[0,71) (71,72) (72,7
Thanks to the structure of the reference trajectory, PMP gives the following
necessary conditions:

1. On the first bang arc, ¢ € [0,71], we get Hl( ) > (u), X), vX € X(¢ (t))
2. On the second bang arc, ¢ € [71,72], we get Ha(A(t)) = (u(t) , X), VX € X(£(1)),
in particular Hq (62) H, (62)

3. On the singular arc, t € [T, T, we get

o~

(Ha+0(t)Fa) (A() > (A1), X), VX € X(E(t),
which implies Fd(X(t)) = 0 and, by differentiation,

(5) LR(A(6) = Has(A(1)) =0, jtz

T Fa(A(t)) =~ Hazz2(A(1) +D(OL(A(1) = 0,

L(0) := (Hsa3 + Haz2) () = (p, [fa [ho, fa]] (x)), €= (p,z) € T*R™.

This manuscript is for review purposes only.
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d

4. At the first switching time we get le(a): T (Hy — Hp)o X(t) > 0, see [3].
R d2 R t=7'1
5. At the second switching time we get Haza(ly)= — @Fd o A(%) > 0, see [19].
t=r5

Moreover, other necessary conditions are known to hold along singular arcs, namely
the Goh condition (which in this case is automatically satisfied) and the generalized
Legendre condition (GLC), see e.g. [1], applied to the sub-problem where the controlled
vector field is constrained on the edge whose extrema are ho and hg

o~

(6) L) = ((t), (hazs + hasa) (€(£)) > 0Vt € [7, T,

We recall that the generalized Legendre condition (GLC) takes this form because we
deal with Pontryagin Maximum Principle. If one considers the minimum principle,
as in [4] and in [25], then GLC is given by the reverse inequality.

3. Assumptions and main result.

3.1. Regularity conditions. We now state regularity conditions by requiring
strict inequalities to hold whenever necessary conditions yield mild inequalities.

AsSUMPTION 2 (Regularity along the bang arcs).
Hy(A(t) > (A(t), X), VX € X(E)\ {h(E(t)}, VL€ [0,7),
’): ~

~ ~

Hy(A(®) > (u(t), X), VX € X(&(1)\ {ha(E(t)},  VE € (T1,72),

namely we require that the reference control is the only maximizing control along
each bang arc.

AssuMPTION 3 (Regularity along the singular arc). For any a € [0,1] and any
te [?2, T]

Hy(Mt)) + () fa(N®) > (i), X), VX € X(E(t), X(E(t)) # (ha + afa) (E(1)),

i.e. we require that the set of maximizers along the singular arc is only the edge defined
by ho and hs.

ASSUMPTION 4 (Regularity at the switching points).
(7 Hiz(h) >0, Hagl(la) > 0.

ASSUMPTION 5 (Strong generalised Legendre condition).

o~ ~

(SGLC) R(t) == L(A(t)) = (u(t) , [fa, [h2, fal] (€(1))) >0 t€[m,T].

Thanks to (SGLC) from (5) we can recover the control along the singular arc:

o) = 2R e (T,

so that, by recurrence, one can easily prove that U € C*°([72, T, (0,1)).
The condition U(t) € (0, 1) reads

(8) Hass(A(t)) >0, Hsas(A(t)) >0 Vit € [/, 7).

Thus the reference vector field is discontinuous at £(7;) if and only if (7)) >0, ie. if
and only if the regularity condition at 72, equation (7), holds.

This manuscript is for review purposes only.
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3.2. The extended second variation. The second order conditions will be
derived studying a sub-problem of the given one. Namely we consider the reference
vector field f; and allow only for perturbations of U on the singular interval (72, 7") and
for perturbations of the switching time 7;. Following the ideas of [19], we represent
the perturbations of the first switching time 71 by a new positive control vy which is
a reparametrization of time. The sub-problem can be written as

(9a) Minimize ¢({(T")) subject to
' vo(t)ha(§(¢)) t € (0,71),
(9b) £(t) =  vo(t)ha(&(2)) t € (71,72),
ha(€(2)) +

() fa€(t)  te(®T),
(9¢) £(0) = 20, vo(t) > 0, / vty dt =5, o(t) € (0,1).
0

Problem (9) gives rise to a linear quadratic problem on the singular arc [72, 7] where
the variation of the first switching time 7 produces a cost at time 7». Set

(10) gt = §;1fd0§t7 te [?Q,T], ki = g%ihiog?l, 1= 1,2, k= ]{71 —]{72,
i.e. g¢ is the push-forward of fy from time ¢ € [T, T] to time T while k; is the push-
forwards of h;, i = 1,2, from the first switching time 73 to 7. With this notation the

second variation of (9) as defined in [2] and written in terms of the push-forwards to
time T instead of pullbacks to time 0, is given by

T 2 N
(11) J”[(&L’, dvg, (5’1})}2 — [\ 5U(t)L5n(t)Lgtc (/‘fT) dt + %) (Lic (EL'\T) + Hn(fl))
subject to

6.77(75) =dv(t)g:(Zr), on(T) =ox € R”, on(72) = eok(Zr),

€0 = / duo(t 5v0(t) dt.

We then extend the second variation to a new quadratic form called extended second
variation. Following the same lines as in the appendix of [19] and setting

t):= /;2 du(s)ds, g1 :=w(T),

the extended second variation of (9) is given by the following LQ problem on [72, T1.

2
~ £ ~
Jé;t[(éx750751>w)}2 = _ElLémLde(-TT) — EIL?dC(J}T) —+
(12 s
(ch (Zr) + le(fl)) + 5 /A (2 w(t)LC(t)Lgtc(g?T) + U/(t)QR(t)) dt
T2
subject to

(13) () =wt)g@r),  ((T) =eok(@r),  (T) =6z + e fa(@r).

This manuscript is for review purposes only.
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8 JUNE 11, 2018 LAURA POGGIOLINI AND GIANNA STEFANI

This means that we consider the quadratic form JZ .,

space, called space of admissible variations, given by

defined by (12) on the linear

Wexs := {(6x, 20,61, w) € R" x R x R x L([2, T]): (13) admits a solution}.
Notice that
(14) g1 = S;thazo Sy, te R, T).

We consider two cases:

o Ljc=0. J, cannot be coercive and we only require its coercivity on the
subspace of Weyxt given by €1 = 0. Notice that fq(Zr) # 0. Indeed, if fq(Zr) = 0,
then L(¢;) = (u(T), [fa, hes] (7)) = (dc, Dfahes)(Fr) = LnysLye(@r) = 0, a
contradiction to (SGLC).

o Ly, cis not identically zero. Choosing the variation de = (—fa(Zr),0,1,0) in
(12) we get Jii[de]* = L} ¢ (Fr) and we reqliire L3 c(@r) > 0.

In this case the set, locally defined near 7 in R",

M :={z € R": Ly,c(z) =0},
is a hyper-surface whose tangent space at T is
Ts, M = {6z € R": Ly, Ly,c(Zr) = 0}.

For o = exp(rfa)(z), z € M set &(z) := ¢(2), i.e. we extend c|3; as a constant
function along the integral lines of fgq. In a sufficiently small neighborhood O of Zr,
the function ¢: @ — R is smooth and it enjoys the following properties

c(xr) = c(Zr), de(@r) = de(@r),

(15) ¢(z) < c(x), Lyc(x)=0 VzeO.

Following [22] it can be shown that the coercivity of (12) on Wey is equivalent to
L3, c(@r) > 0 plus the coercivity of

(6,0, w)? =8 (L2 (3r) + Hia(E)) +
(16) N
T3 /?2 (2w(t) Ly Lg € (@r) + R(Hw(t)?) dt
subject to
(17) () = w®n@r), () = o k(@r), C(T) = oz € R™.

This is exactly the same formula we obtain in the case Ly, c = 0 setting ¢ := c.
We can now state our final assumption, concerning the second variation J.

ASSUMPTION 6. We assume the following conditions hold:
a) The quadratic form J, (16), is coercive on

W = {(6z, €0, w) € R” x R x L*([7, T],R): (17) admits a solution}.

b) Either L?cdc (1) >0 or Ly,c =0 in a neighborhood O of Zr in R™.

This manuscript is for review purposes only.
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3.3. The main result. We can now state the main result of this paper

THEOREM 3.1. Let ﬁA be the admissible trajectory defined in (2). Assume that
¢ is a state extremal (Assumption 1) satisfying the regularity Assumptions 2-5. If
Assumption G is satisfied, then £ is a strict strong local optimal trajectory of (1).

Indeed, in Section 5 we prove that Assumptions 1-5 plus a) of Assumption 6 imply
that ¢ is a strict strong locally optimal trajectory for the cost ¢(¢(T)).

This concludes the proof in the case Ly,c = 0. When L?cdc (Zr) > 0, the claim is
proved by (15).

4. Hamiltonian approach. The first step in applying the Hamiltonian ap-
proach described in the Introduction, is the construction of an over-maximized Hamil-
tonian flow. Indeed the presence of a singular arc prevents us from using the maxi-
mized Hamiltonian (see [19]) which can be used in the classical case, i.e. when it is
C?, see [1]. The over-maximized Hamiltonian was introduced in [22] and then used in
[19, 20, 6] . In [24] the authors give a systematic extension of the classical techniques
to the case of an over-maximized Hamiltonian whose flow is only Lipschitz continuous.

4.1. The over-maximized flow. In this section we describe how the regularity
conditions allow to define in a neighborhood U of the graph of A in [0,T] x T*R"™, a
time-dependent Hamiltonian function H : U — R whose flow satisfies the assumptions
stated in [24]. We consider the flow of the over-maximized Hamiltonian emanating
from the following Lagrangian manifold:

(18) A= {(d(=8)(z),2) : = € O}.

In our case the assumptions of [24] read as follows.
1. The flow (¢,£) € [0,T] x A — H:(€) := (ue(£), & (£)) € T*R™ is Lipschitz contin-
uous.
2. The function ®: (¢,£) € [0,T] x A — {u(€), 7Hy o Hy(£)) — Hy 0o Hy(€) € R is
Lipschitz-Caratheodory i.e.
e For almost every ¢ € [0,T] the map £ € A — ®(t,£) € R is locally Lipschitz.
e For each ¢ € A the map ¢ € [0,T] — ®(t,¢) € R is bounded measurable.
e For any compact set K C A there is an essentially bounded measurable
function m: [0,7] — R such that

[@(, £1) = @(E, Lo)[| < m(t) [0 — Lofl, Vi, L2 € A

3. The following over-maximality conditions hold:
(a) HyoHe(l) > H™2* o Hy({), for any (¢,£) € [0,T] x A,
(b) Hyo\(t) = @ o A(t) = H™* o \(t), for a.e. t € 0,77,
(c) Ft o A(t) = Fy 0 A(t), for ae. t € [0,T).
The coercivity of the second variation will then guarantee the invertibility of the
projected over-maximized flow of such Hamiltonian.
In order to describe Hy, t € [T2, T] notice that the SGLC condition (Assumption 5)

implies that there exists a neighborhood Os of the range of the singular arc X([?% T))
in T*R™ such that the sets

S:={eO: Fq() =0} ={L € O5: Hy(¥) = H5(0)},
S = {E € X Hgg(g) = 0} = {é € Oq: Hz(f) = Hg(g), Hgg(é) = 0}

This manuscript is for review purposes only.
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are smooth simply connected manifolds of codimension 1 and 2, respectively. More
precisely Hag is transverse to X in Og, while Fy is tangent to ¥ and transverse to S in
%, see [19]. Moreover we can define a smooth function us: Os — R and the feedback
Hamiltonian as follows:

_ Hago

T (0, HS(0) = Hy(0) + us(0) Fa(0)-

us(£)

REMARK 4.1. On the singular interval [, T], D(t) = us(A(t)) and X is the solu-
tion to the Cauchy problem
(19) M= HS W), AR =

In [19] the authors prove that possibly restricting O, the following implicit func-
tion problem has a solution 6: Oy — R:

Has o exp(B() Fa)(8) = 0,
0(¢) =0 if Ha3(£) =0,

and
- (55, @(zs))
L(s) 7

The over-maximized Hamiltonian is defined starting from

(d9(Ls) , 66) =

Vﬂs: H23(£3) - 0

Hy(£) = Hy 0 exp(0(0)F) (0).

LEMMA 4.1. Possibly restricting Os the following properties hold
1. Hy(£) > Hy(0) for any £ € ¥ and equality holds if and only if { € S.
2. Foranyls € S and 00 € T; . X

(a’ (55, Eﬁ(fs)))z
L(ls)

(20)  a(H:— H) (ts) =0, D*(Ha— Hy) (¢)[50° =

=
3. Hs is tangent to X and, setting,
(21) Hy(0) == Ha(£) + D(t)Fa (L), Y(t,0) € [, T] x Oy

we easily get that ﬁt is tangent to 2.
4. X‘ _ solves the Cauchy problem A(t) = ﬁt()\(t)), AT) = Zf.

[TQ,T

— —
5. [Fd, Ft] =0 on X hence Fy is invariant on X with respect to the flow of ﬁt:

(22) Fi o Holl) = HoFa(t),  Y(4,0) € [72,T] x .

The proof of Lemma 4.1 can be done adapting the results in [19] and completes the
analysis of the singular arc.

The bang arcs present problems of a different kind. Namely we need to define the
switching times near the reference switching points ¢; and ¢s.

This manuscript is for review purposes only.
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For (t,0) near the graph of A we need Hy(¢) > H™(¢) , but in [19] it is shown
that the backwards flow of I.{g from time 75 is the maximized one if and only if
Hj3(¢) > 0. In order to overcome this problem we introduce a correction of such a
flow from time 75 by keeping it on ¥ whenever Ho3(¢) < 0.

In [19] it is shown that, thanks to the second inequality in Assumption 4, the
implicit function theorem applied to the problem:

=
H23 ¢} exp(t2 — TQ)HQ (6) = 0,
ta(0) =75 if Hyg(0) = 0.

defines, in a neighborhood O3 of ?2, a function t5: Oz — R such that if / € X, then
t2(¢) = 72 if and only if ¢ € S; moreover

— o (5, 23 ()

(dts(la) , 36) = Hon(0a)
223(£2

Vol € T*R™.

We set
' ~ t2(0) if Has(0) <0,
0) = ta(l =
T2(€) := min {t2(¢), 72} {?2 if Hys(¢) > 0.

The next step is the definition of the switching time 7 : Oy — R, possibly shrinking
Os. Actually, thanks to the first inequality in Assumption 4, the implicit function
theorem applies also to

H T>
{(H%\— Hl) O exp (7'1 — Tg(f)) H2 o exp (Tg(g) — 5'\2) Hg(g) =
m1(l2) = 71,

see e.g. [3]. Setting

(23) k(z) = Ssk 0 85 (@), K(px):= (p, k(z)),

the linearization of 7, at 22 is given by

=
~ o (eXp (71 — 7) Ha .61, (fT{ 175) (el)) o <5& K(éz)>
(24) (d7mi(f2), 6€) = =~ = ~

His(41) Hia(l)
We can now define the flow (¢,¢) — H;(¢) backwards in time emanating from a
neighborhood Oy of Ef in T*R"™ at time T.
For any ¢ € [T2,T] we choose as H;({) the flow of ﬁ defined in (21).
For t < 7, setting ¢ := Hz, (£), we define

- ~
exp(t—rg)~2(_€)> N te [TQ({),AQ]L
(25) Hi(£) = < exp(t — 7o ))Ii> TQ(Z) (é) te [Tl(ﬂ),jg(f)),
exp(t — 11 (€))Hj o n(Z) (0) t €[0,7(0)),

see Figure 1.

REMARK 4.2. Notice that H is C= on [Ty, T] x Oy and it is Lipschitz continuous
on [0,75] x Of. Actually it is C* but on {(t,H(£)): t = T (¢ )} Indeed on the

set {(t,He(0)): t = To(0)} it is C since HTz(Z)(N) € S, so that HQ(HT (e)(f))
H ~
Hy(H,,, (D), by (20).
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T*R"™

Fi1Gc. 1. The over-mazimized Hamiltonian along its flow emanating from A at time T. The
picture shows when the transition from one smooth piece to another is defined and where the over-
mazizimed Hamiltonian is actually greater than the maximized Hamiltonian of the control system.

4.2. Hamiltonian sufficient conditions. In this section we state and prove
the sufficient conditions for strong local optimality of £ in terms of Hamiltonian flow.

First we prove that if the projected over-maximized flow emanating from A is
locally Lipschitz invertible then ¢ is a strong local minimizer, Theorem 3.1. Afterwards
we give the second order conditions that ensure this invertibility property, Theorem
4.2

THEOREM 4.2. Let A be defined in (18). Assume that
(26) idx 7H. (t,0) € [0,T] x A (t, 7H(£)) € U.

is locally Lipschitz invertible onto a neighborhood U of the graph ofg in [0,T] x R™.

Then & is a strict strong locally optimal trajectory for the cost ¢(§(T)) subject to
(1b)-(1c).

Proof. Clearly (id x 7H)~1(t,£(t)) = (t,zf) for any ¢t € [0,7]. Let &: [0,7] — R™
be an admissible trajectory for (1) whose graph is in U/ and let

(t.01) = (id x TH) T (1)), At) = He(E(1)) = (u(t).€(t),  t€[0,T).

If ©:[0,1] — A is a smooth curve such that ©(0) = ¢(T), ¢(1) = Zf then we can
consider the closed path in [0, 7] x A obtained by the concatenation of the curves

t (6L1), s (Typ(s),  tes (T—tL).

Integrating the one-form w := H* (s — Hydt) (which is exact on [0,7] x A, see
[24]), we obtain

(27) 0= f{“’ = /iM ({u(t), €6) = HuA@))) at +/¢H;s+
_ /1de ((ﬁ(t)7 ‘A(t)> - Ht(X(t))) dt.

By construction of the over-maximized Hamiltonian Hy, the integrand is non positive
along the curve id x £ and is identically zero along the curve id x £¢. Therefore
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! d
29 0= [ His= [ (o), T ds
© 0 §

— [ @A mp(e)) s T (o)) ds = (D) - 2.

0

Thus ¢(&(T)) > ¢(Zr), ie. ¢ is a strong local minimizer for the cost ¢. Let us show
that in fact it is a strict one.
If ¢(¢(T)) = ¢(zr), then (27)-(28) imply that

(29) (u(t), £(t)) — Hi(A(t)) =0 ae. t€[0,T]
so that
(30) (u(t), £()) = H™™(A(t)) = Hy(A(t))  ae. t€[0,T].

Since £(0) = 2(0)7 we also have A\(0) = 5. On the interval [0,72), equation (30)
and the maximality condition imply that d(H; — H™*)|,,, = 0 a.e. t € [0,72], so

(t)
that H™(A(t)) = H,(A(t)) ace. t € [0,7]. Thus A(t) = A(t) for any ¢ € [0,7], in
particular A\(72) = £s. B
For t € [T2, T, equation (29) yields Ha(A(t)) = Ha(A(t)), i.e. A(t) € S. Define

ey = {pe ®R™)": (p, fal€ =0}
and consider the function
Q:p € By > (p, £(1) — Hi(p, £(1) €R.
By PMP the function €2 is non positive and by (29) it is null in p(t), therefore
31)  (8p, £(t) — TH,(A(1))) =0, ¥ép e (R™)", such that (8p, f1(£(t))) = 0.

Hence there exists b(t) € R such that
E(t) = nHL(MD) + b0 falE(r) Vi€ [,T).
By (22), (wHe). " fao (wHy) (£(t) = Fa(((t)) so that

i) =m0 (¢ fﬂﬁu) (8) (). fal€(8) = BOFa(e(t)),
_)

A(t) = Hi(A(®) + Hanl(t) = H(AD)) + (B(2) + (1) Fa(AD)).

Finally, since A(t) € S, we get
(2 0=0 (A0 (A1) = ~Ham(A(0) + (0(0) + (O LA,

so that U(t) +b(t) = us(A(t )) Therefore A(t) and X( t) solve the same Cauchy problem
(19). This proves that A = X and hence the strict strong local optimality of § ]

As we want to obtain second order sufficient conditions, we take a Hamiltonian
approach based on the linearization of the flow from

Ly := T@fA = {d(—¢).0x: 0z € R"}.
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Our construction is naturally split in two parts by the time ¢ = 7». In particular we
point out that if (7Hz,), : Ly — R™ is an isomorphism, then there exists at least a
smooth function as: R™ — R such that

(33) das(Z2) = [i(72), Haz, o Lt = {dag.dx: dxz € R™}.

We explicitly point out that s is not uniquely determined but only its first and
second order derivatives at Zy are determined by (33).

We can now state a second order sufficient condition for the strong local optimality
of the reference trajectory &.

THEOREM 4.3. Let fA be the admissible trajectory defined in (2). Assume that E
is a state extremal (Assumption 1) satisfying the regularity Assumptions 2-5.
Assume moreover
1. (7Hy), : Ly — R™ is an isomorphism for any t € [T2,T], i.e. the kernel of
the map 1is trivial;
2. Hi2(ty) — L%ag (Z2) > 0 where as is any smooth function on R™ satisfying
(33) and k is defined in (23).
Then E is a strict strong local minimizer for problem (1).

Proof. According to Theorem 4.2 we only need to prove that the map id x
7H. [0,T] x A — [0,T] x R™ is one-to-one onto a neighborhood U of the graph of
fA. Since [0,7] is a compact interval, it suffices to prove that id x 7H; is locally
bi-Lipschitz in a neighborhood of (¢, Zf) for any t € [0,T7.

For t # 71 Remark 4.2 implies that it suffices to prove that (7H,), : Ly — R"
is an isomorphism while, for ¢t = 7; we take advantage of Clarke inverse function
theorem.

o Condition 1 ensures the invertibility on [72, T].

e For t € (71,72), (mH4), = exp(t — T2)hoy (mH=,), which is invertible.

o If t =74, for any 6f € L, set 50 = Hz,+0¢. The linearization of 7H» at Zf is
given by

exp(7 — 72)ho oL, (dr(03), 60) < 0,

o~ ~

(mH,). 06 = {exp(ﬂ —To)hay (W& — (A1 (L), 5@7@:(32)) ) (dri(€2), 66) >0

If (dmy (EAQ) , 00)k(Z5) = 0 for any 6¢ € Ly, we are done. Otherwise, it suffices to prove
that for any a € [0,1] and any 6¢ € Ly, 60 #0
7(60) — a(dr(C3) , 60)k(Fy) # 0.

For a = 0 the claim is obvious thanks to assumption 1. Assume by contradiction
there exists a € (0,1] and ¢ € L, §¢ # 0 such that

(34) 760 — a(dry (L), 60)k(F) = 0.
By (34) there exists p # 0 such that ol = pE(i\g) so that 60 = pdas *%(32) and
0 = pk(@2) — aldry(by) , pdas k(F2))k(T2).

Thus 1 — a{dr (Zg) , dag*E(§2)> =0, so that
—

- 1

0=1- Hlj(t?l)a (daQ*k(@), K(KQ)) o {le(a) — aL2a; (352)}.
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Since this quantity is positive both for ¢ = 0 and for @ = 1, it is positive for any
a € [0,1]. O

REMARK 4.3. As already said, the switching time T2 naturally splits our construc-
tion in two parts. In particular Assumption 1 of Theorem 4.3 takes into account only
the problem restricted to the singular interval [To, T]. Assumption 2 coincides with the
sufficient condition in [3] for a fized-free Mayer problem on [0, T2] with cost az(&(T2)).

5. Proof of the main result. In this section we prove that the coercivity of J
(Assumption 6 a)) guarantees that Assumptions 1 and 2 of Theorem 4.3 hold true.
In particular Assumption 1 will be proven to hold by exploiting the coercivity of J
on the subspace V of the admissible variations such that 9 = 0, while Assumption 2
is proven to hold by exploiting the coercivity of J on the subspace of the admissible
variations which are J-orthogonal to V.

5.1. Coercivity of J in Hamiltonian formalism. We start by exploiting the
coercivity of JonV = {66 = (0z,0,w) € W} , Le.

(35) Ti6e)2 = % /A (2w(t) Loy Lo, & (Fr) + R(tyw(t)?) dt
subject to
(36) ((t) =w(t)gu(@r), ((F)=0, ((T)=éxeR"

The associated Hamiltonian is given by the quadratic form

(37) Ht//(6p7 5.’1)) = - (<5p? gt(/'r\T» + L&ngtE(fT))z

1
2R(1)

and the corresponding Hamiltonian linear system with initial conditions in the La-
grangian subspace of transversality conditions

LY} = {(0,6x): 6z € R"}

is given by
i0) = s (0(0). @) + Leno LT @) )Ly L ).
(38) () = R*—; ("), 90(@0)) + Lon Lo, e @r) ) on @),

W(T)=0,  ¢(T)=éu.

We denote the solution of (38) as H}(0,dx).
J is coercive on V if and only if for any t € [72, T,

(39) Sr£0 = C"(t)£0

where ¢” is defined in (38), see for example [23].
If k(Z7) = 0, then we get no more information since ¥V = W.
Assume k(Zr) # 0. Since J is coercive on V, we just need to express its coercivity on

D= {5e € W: J(de,3¢) =0 Ve € 17}.
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For any de = (dz,0,w), de = (6x,Z0,W) in W, let ¢ and C be the corresponding
solutions of system (17). The bilinear form associated with J is given by

J(6e,e) = % (Hu(?l) + Liz(fT)) +

(40) T
v /? (WL Lo Br) + wlt) g Lo () + w(OTOR) ) .

If p(t) is the solution of the Cauchy problem
p(t) = —w(t)LyLg,c(Zr), p(T)=0,
then an integration by parts in (40) gives
-~ 1/ ~ e o
J(0e,de) = 3 (8080 (H12(€1) + ch(xT)) +(p(72) , C(D))) +

(41) T
+1 / B0 (1) . 91 (@1)) + Loy L& (Fr) + w(t)R(D)) dt.

Since ((T) is free, we obtain that @ may be any function in L?([72, T],R). Thus,
if de € V* then
(42) (), 9:(Zr)) + Ley Ly, ¢ (Fr) +w(t)R(t) =0 ace. t € [72,T].
Comparing (42) and (38) we get (p(t),((t)) = H{(0,6z) = (1"(¢),¢"(t)) so that for
any de € V* we get ("'(T2) = eok(Zr) and
715,12 53 7 2~ (= Lowa "~
(43) Tioel? = 2 (Hia(B) + LiE @) + 500 (R) , ¢ ().

Without loss of generality we can choose €9 = 1, so that the coercivity of J can be
expressed as

(49)  Ho(l) - 13(-0) @r) + o (HE, (7HL) !

k(@r), (0,k(#r))) > 0.

_5.2. The anti-symplectic isomorphism. In order to relate the coercivity of
J with the properties of the flow H;, we define

v: (6p,6z) € (R™)" x R" = 8¢ := (—0p + D? (—¢)(Z7)(dz, ), 6z) € (R")" x R"
so that :~' = ;. The mapping ¢ is an anti-symplectic linear isomorphism, i.e.
o (t(0p, 0z),(0p, 0x)) = o ((p, 0z), (Op, dx)) ,  V(dp,dx), (dp,dx) € (R")" x R™.

The choice of the anti-symplectic isomorphism ¢, instead of a symplectic one, depends
on the fact that we are using PMP while for the accessory problem we are studying
a minimization problem.

With this notation we get

oLl = {d(—¢).d0z: dx € T3, R"} = L.
Following the lines of Lemma 9 in [19] one can prove the following Lemma:

LEMMA 5.1. Let H} and H: be the Hamiltonian flows associated to the quadratic
Hamiltonian H}' defined in (37) and to the over-maximized Hamiltonian H; defined
in (21), respectively. Then

(45) AT = F e VEE [, T).
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5.3. Proof of Assumption 1 of Theorem 4.3. Applying (45) to H£/|L; we

get for 0¢ € Ly R
TH) 1T 00 = nF Hew oL

Since the Hamiltonian ﬁt is the lift of the vector field ﬁ, we get that ﬂft_*l = :S‘\;lw.
Thus from (39) we obtain that Assumption 1 of Theorem 4.3 holds true. This implies
the existence of a function as as defined in (33).

5.4. Proof of Assumption 2 of Theorem 4.3. Notice that

LE(=0) @) = & (A(-0).k(@r) K (D7)

(46) » _
(7HE) ™ k(@r) = (7 e ) (@) = o (7R R(E)

where the vector field k is defined in (23), as well as the associated Hamiltonian K.
We can compute

o (M4, (x g)”k@ﬂ, 0,k@)) = o (7 F  Har (wHE) " R(Er), (0, 5(Er)))
( (=0)ok(@r), Fo i (7Hp) ™ 175(552)) :a(d(—&’)*k(ET),]?;zidag*%(ﬁs\g)).

Thus

(47) o (HE, (7HE) ™ k@), (0.k(@Er)) — L(-2) () =

o (a(-0).k(@r), 7! da2*k(§2)77(>(l7f)) _

~ = .
=0 <d —co SA ( 2),d0[2*k(.’/b\2) - K(£2)> =
= — (D20 (@)[k(@2))? + () , D(F2)k(32))) = —LEas (32).

Equations (47) and (44) complete the proof of Assumption 2 of Theorem 4.3.

6. The state-feedback single input case. The standard form for single input
control affine systems is

(48) E(t) = fol€(®) +u(®) f1(&(1),  [u(t)] < 1.

This case was dealt with by the authors in [21]. We now consider the case when
there is a state-feedback control for singular extremals, namely there exists a function
vs: R™ — R such that vs(&(t)) = 0(¢) for any ¢ € [T2, T]. Indeed this is the case when

—F001(

the ratio x) does not depend on p whenever (p,z) € S.

101
Under this assumption, sufficient second order conditions have been given for

optimality of trajectories containing both bang and singular arcs with respect to
trajectories with the same switching structure, see [25] and the references therein.

Without any loss of generality we can assume that the dynamics driving a bang-
bang-singular trajectory is given by

R =fo—fi tel0,T),
(49) Jt=qhe=fo+ f1 te[11,72),
fsi=fotuvsfi ten T,
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hence for any ¢ € [7,T)], S; coincides with exp(t — T) fs.
In this case we denote by Fpy, Fy and F the Hamiltonians associated to fy, fs and
frand by F iy ip, 91, ---,0k € {0,8,1} according to the rules stated in Section 2.1.
In sub-problem (9) the dynamics in the interval [T2, T] can be written as

£(t) = fu(&() +v(t) f1(E(1))

with v(¢) taking values in a neighborhood of zero so that the second variation reads

Tiw,zo,w)? = 5 (L2 Gr) + Hrolfh)) +

+ / ' (w(t)zFlsl(X(t)) n 2w(t)LC(t)LgtE(ET)) at

subject to ¢(t) = w(t)g:(@r), ((T2) = eok(Tr), ((T) =6z € R" where

k=-25"f08, g=58.f0S, g =5."f filoS.

REMARK 6.1. As a consequence a necessary condition for the coercivity of J is
(50) Jo = L3¢ (Er) + Hya(fy) > 0.

In [25], for a problem of this class, the author shows that the trajectory is optimal
with respect to trajectories associated to controls with the same bang-bang-singular
structure if the 2 x 2 matriz associated to the problem obtained by moving both the
switching times is positive definite. We point out that Jo is the (1,1)-entry of such
matriz.

The regularity condition along the singular arc is trivially satisfied; the other ones
read as follows:
e Regularity along the bang arcs:

FIA1) <0, te[0,7), FA®)>0, te(7,m).

e Regularity at the switching points: FOl(Zl) >0, (Foor+ Fio1) (22) > 0.
e Strong generalized Legendre condition (SGLC):

Fia (M) = Fion(A(t)) > 0Vt € [7,T).

6.1. Van der Pol Oscillator. As an example consider Van der Pol Oscillator
with final time 7" = 4, in the form studied in [25] where the author numerically shows
the existence of a bang-bang-singular extremal and studies its optimality with respect
to trajectories with the same control structure.

(51a) minimize &3(7T") subject to
&i(t) = &(t),

(51b) L) = =& (1) + &) (1 - &) +u(h), ae. t€[0,7T],
&(1) = 5 (B0 +E0).

(51c) £(0) = (0,1,0), we|-1,1].
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More precisely the author numerically shows that there are two bang arcs
u(t)y=-1 Vte|0,71), u(ty=1 vte (n,mn)

where 71 ~ 1.3667, 7o ~ 2.4601 and a singular arc characterized by a state-feedback
control where
2 2
Maxy
2
Let us notice that the flow of fs can be computed explicitly:

fs = 3328391 + l'laxg + fs1 = _awl - 33‘28333.

xycosh(t —T) + zosinh(t — T)
exp(t — T) fs(z) = xysinh(t —T) + o coslg(t - T)
w3+ 222 (cosh(2(t — T)) — 1) + 222 sinh(2(t — T))

so that we can also compute
gt(x) = —cosh(t — T)0y, + sinh(t — T)0y, — x2 cosh(t — T)0,

Using the numerical results in [25], in [21] the authors prove that the regularity
assumptions are satisfied. Here we recall some features which are needed in the
following:

~

ps(t) =1, te [OvTL m(T) = g\Q(T) =0, Fia(At) =1, te [?Q’T]'

In order to prove that our theory applies to this example we prove that the second
variation is coercive by proving (39) and (44). We thus need to write the Hamiltonian
H{'(0p,6z) and the associated linear system. Since L. = {(0,6z): 6z € R®} and

H}'(0p,dz) = — % (=6py cosh(t — T') + 6py cosh(t — T') — x5 cosh(t — T))?

we get (t) = pit) = ) = 0, p{(T) = p4(T) = 0, 3(T) = dx3 so that
wi(t) = ps(t) =0, ¢§(t) =dxs and

[y (t) = — (ph(t) sinh(t — T) — &5 (t) cosh(t — T)) cosh(t — T),
() = (4 (t) sinh(t — T) — € (t) cosh(t — T)) cosh(t — T),
() = — (ud(t) sinh(t — T) — & (t) cosh(t — T')) sinh(t — T).

Thus
" B dxg sinh(t — T') dxo
#H;(0,0z) = ((&cl — dxgsinh(t — 1)) Oy, + dxo cosh(t — T)0y, + 02304,

hence 7H} (0, 6x) = 0 implies dz = 0, i.e. (39) is satisfied.
Inequality (44) reads Jo + (¢ (72), ¢”(72)) > 0 when (" (72) = k(Zr) that is
Jo + k2(Zr) tanh(7, — T) > 0.

Jo ~ 215.1022 was computed in [25]. The push-forward k(Zr) = —2§;118x2 0 S, can
be computed numerically, obtaining k(Zr) ~ 14.58640,, — 14.66320,, — 0.00050,.,.
Thus k3(Z7) tanh(7y — T') ~ —196.1122. Hence (44) is satisfied, i.e. the second varia-
tion J” coercive. This proves that our results apply to the Van der Pol oscillator.
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