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SLICE-QUATERNIONIC HOPF SURFACES

DANIELE ANGELLA AND CINZIA BISI

ABSTRACT. We investigate slice-quaternionic Hopf surfaces. In particular, we construct new struc-
tures of slice-quaternionic manifold on S* x S7, we study their group of automorphisms and their
deformations.

INTRODUCTION

Holomorphic functions on open domains of C" yield a category, whence the notion of complex
manifold. In fact, just a directed graph structure may suffice to get models for constructing struc-
tures on manifolds. In particular, we are interested in slice-regular functions over the quaternions
in the sense of [GP12], see Definition 1.3 adapted to the two variables. Such a notion has its source
in the work by Fueter, further developed by Ghiloni and Perotti. It represents a counterpart
in several variables of the notion of slice-regular function in one quaternionic variable studied in
[GS06, GS07], which appeared to share with holomorphic functions a rich theory from the analytic
point of view, [BS12],[BS17]; see also [CSS12]. We refer to [GSS13, GP12] for precise definitions
and for results.

The first examples of manifolds modelled over quaternions are constructed and studied in [Sal82,

Som75, BG15, GGS15a]: quaternionic tori [BG15], quaternionic projective spaces HP! and HP"
[Sal82], (affine) Hopf quaternionic manifolds [Som75], blow-up of H" at 0 and, more in general,
of a quaternionic manifold at a point [GGS15al], quaternionic Iwasawa manifolds [Som75], affine
quaternionic manifolds [GGS15a, GGS15b]. But for some exceptions [GGS15a], they are indeed
affine quaternionic structures.
In Physics also, large classes of examples of noncommutative finite-dimensional manifolds have been
exhibited in connection with the Yang-Baxter equation: for example, the so called §—deformations
of C? (identified with R* and H), C2, studied in [CD02] and in [CLO1] with their natural quantum
groups of symmetries which are §#—deformations of the classical groups GL(4,R), SL(4,R) and
GL(2,C).

This note has the aim to extend the above class of examples. More precisely, we construct and
investigate slice-quaternionic primary Hopf surfaces, namely, manifolds whose universal cover is
H2\{(0,0)} and the fundamental group equals the infinite cyclic group Z, endowed with a structure
of slice-quaternionic manifold. In a sense, these are the simplest examples other than tori. Notice
indeed, as in [Som75], that these constructions correspond to the two ways of constructing affine
complex manifolds in dimension 1, namely, C/(Z®+/~1Z) and C*\ {0}/Z. (For the affine
complex case, see also [Vit72].) This is done in view to further understand a possible notion of
manifold in the slice-quaternionic class.
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2 DANIELE ANGELLA AND CINZIA BISI

Other than quaternionic affine structures [Som75], case (4) in Theorem 2.1, we get new slice-
quaternionic structures: take A € H\ {0}, p € N\ {0,1}, g € H with 0 < |8] < 1, (in a moment,
we will restrict to 8 € R) and define

fzy,w) == (z- P +wP -\ w-B) .
As for notation, recall that any (non-real) quaternion g € H can be written (uniquely) as ¢ = z+y-1
with I €S2 ={qg€eH : ¢> = —1} and y > 0. We denote I, := I, and we set L, =RoR-I,~C.
In case q € R, we set L;, = H. Moreover, ext denotes the regular extension: it acts on a function
defined on H x Lj, giving a slice-regular extension on H?2. Consider then

r = {ext(f[fﬂkxhﬁ) = ok keZ} .

Note that, in order to I being a group of automorphisms in the sense of [GP12] in Aut(H?\{(0,0)}),
we have to force g € R. In fact, in this case, this allows us to avoid regular extension. Then we

consider
H*\ {(0,0)}/T
see case (B)in Theorem 2.1.
We prove the following result.

Theorem 2.1. Let f: H?> — H? be the function
(0.1) flz,w) == (z-a+w? -\ w-p),
where p € N\ {0}, a, B, A € H are such that
0 < laf <|B <1 and (a=pP)- A =0.

In the following cases, the quotient of H2\ {(0,0)} by the subgroup generated by f yields a structure
of slice-quaternionic Hopf surface:

Case A.:
Case A.1l.: when A=0, a =€ H with0 < |a| < 1;
Case A.2.: when A =0, o, € H with 0 < |a| < |5] <1 and o # f;
Case A.3.: when A\€ Hwith A\#0,p=1, a = € H with 0 < |a| < 1;
Case B.: when A € H with A # 0, pe N withp > 1, € R with 0 < |8| < 1, and a = pP.

Remark. We wonder whether other slice-quaternionic structures on S' x ST may be constructed;
see Remark 2.35.

The automorphism groups of the above slice-quaternionic structures are investigated in Theorem
3.1. Notice that, in general, a slice-quaternionic structure does not induce a holomorphic structure;
compare also Remark 2.2. (Note indeed that (Xo+ X1 -J)- (Yo +Y1-J) = (Xo Yo — X1 -Y1) +
(Xo-Y1+ X1 -Yy) - J for Xg,X1,Yp, Y1 €ERDI-R, where I,.J are orthogonal complex structures
on R%) Therefore the slice-quaternionic Hopf surfaces in case (B) do not underlie a complex
Calabi-Eckmann structure.

We prove the following result.

Theorem 3.1. Let X = H?\ {(0,0)}/(f) be a slice-quaternionic Hopf surface, where f is as in
equation (0.1). The dimension of the group of automorphisms of X is as follows:

Case A.l.: dimg Aut(X) € {8,16};
Case A.2.: dimg Aut(X) € {4,6,8};
Case A.3.: dimg Aut(X) € {4,8};
Case B.: dimg Aut(X) = 5.

Finally, we provide families of slice-quaternionic Hopf surfaces, connecting cases (A.1) and (4.3),
respectively cases (A4.2.1) and (B), see Section §4.



SLICE-QUATERNIONIC HOPF SURFACES 3

Remark 0.1. As suggested by the anonymous Referee, we observe that analogous constructions
can be performed to obtain slice-quaternionic Hopf manifolds of higher dimension, and that simi-
lar techniques might be possibly developed for the study of other slice-quaternionic manifolds, for
example manifolds of Calabi-Eckmann type and Inoue surfaces type. This will be investigated in a
forthcoming paper.

The plan of this note is as follows. In Section 1, we recall the notions of slice-quaternionic
manifold and slice-quaternionic map. In Section 2, we study slice-quaternionic Hopf surfaces,
proving Theorem 2.1. In Section 3, we describe the group of automorphisms of these manifolds,
Theorem 3.1. Finally, in Section 4, we construct families of slice-quaternionic Hopf surfaces.

Acknowledgments. The authors would like to warmly thank Graziano Gentili, Anna Gori, Alessan-
dro Perotti, Giulia Sarfatti, Caterina Stoppato for interesting and useful conversations. Thanks
also to the anonymous Referee for useful comments and suggestions.

1. REGULAR SLICE-QUATERNIONIC STRUCTURES ON MANIFOLDS

Slice-quaternionic manifolds are introduced and studied in [BG15, GGS15a]. For sake of com-
pleteness and for reader’s convenience we rephase here the definition of slice regular function of
several quaternionic variables, as introduced by [GP12] and [GGS15a, §2], adapted to the two
variables. Let D be an open subset of C?, invariant with respect to complex conjugation in each
variable z1, z3. Let Ry be the real Clifford algebra (isomorphic to H) with basic units ej, e and let
€12 = €1€9.

Definition 1.1. A continuous function F': D — H® Ry, with ' = Fy+ e1 F1 + eaFs + e19F12 and
Fr: D — H is called a stem function if it is Clifford-intrinsic, i.e. for each K € P(2), h € {1,2}
and z = (z1,22) € D, the components Fy, F1, Fy, F1o are, respectively, even-even, odd-even, even-
odd, odd-odd with respect to (f1,2) where f1 = Im(z1) and B2 = Sm(z2), e.g. Fi(zZ1,22) =
—Fy(z1,22) and so on.

Let Qp be the circular subset of H? associated to D < C? :

Qp = {x = (I‘l,xg) € H? | xp = ap + BrJp € (CJh, Jn € Sy, (Oél + 161, g —|—Zﬂz) S D}
Definition 1.2. Given a stem function F: D — H ® Ry, we define the left slice function
Z(F): Qp — H induced by F by setting, for each x = (x1,x2) = (a1 + J151, a2 + J252)

Z(F)(x) := Fo(z1,22) + J1Fi(21, 22) + JoF1(21, 22) + J1J2F12(z1, 22)
where (21, 22) = (a1 + i1, 0 + if2) € D.

Definition 1.3. Let F': D — H®Ry be a stem function of class C* and let f = Z(F): Qp — H the
induced slice function. Then F is called holomorphic stem function if Oy F' =0 on D for h = 1,2,

where 1/ 0F OF 1/ 0F OF
OF==-(-— — d OoF = = [ =— — .
Ty (8a1 A (%)) me Ty (aaﬁ <a/32>62>
If F is holomorphic, then we say that f = Z(F') is a (left) slice regular function on Qp.

We consider now the geometric notion of manifold associated with slice regular functions.

Definition 1.4 ([GGS15a, Definitions 3.1-3.2]). Let X be a differentiable manifold. Then X is
said to be a slice(-regular)-quaternionic manifold when endowed with a slice(-regular)-quaternionic
structure, that is, a differentiable structure with changes of charts being slice reqular in the sense
of [GP12, Definition 7] (for surfaces you can also see Definition 1.3). (Note, in particular, that the
domains of definition of transition functions must be circular [GP12, page 736].) Slice(-regular)-
quaternionic maps between slice-quaternionic manifolds are maps being slice reqular in the sense
of [GP12, Definition 7] in local coordinates.
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Note that, since the composition of slice regular functions is not slice regular in general, then
the conditions have to be checked on any charts. (This motivates the possible preferred choice of
special sub-classes of slice regular functions, e.g., affine functions.)

By automorphism, we mean a slice-quaternionic map from X to itself whose inverse is still
slice-quaternionic.

In particular, slice regular functions f: D — H in the sense of [GP12, Definition 7] in one variable
on a circular domain D C H such that DNR # @ are slice regular in the sense of [GS06, GS07]. In
[BG15], slice-quaternionic structures on a 4-real-dimensional torus are constructed and classified.
More in general, since ordered polynomial functions p(z) = ), zlay with right coefficients in H
are slice regular, [GP12, Examples 3.1], then any affine structure is slice-quaternionic.

The following result allows to single out a first class of manifolds admitting quaternionic struc-
tures, see also [GGS15a, §3.3|. For its holomorphic analogue, see, e.g., [KH83, 2.1.5, 2.1.7]. (Note
indeed that we can choose circular domains as charts.)

Lemma 1.5. Let M be a differentiable manifold of dimension 4n. Then M admits an affine
(whence slice-quaternionic) structure [GGS15a, Definition 3.8] if and only if there is an immersion
: M — H" of the universal covering M of M such that, for every covering transformation v we
have ¢ oy = X, o1 for some affine transformation X, of H".

Another class of slice-quaternionic manifolds is constructed as follows. Let G be a group of
automorphisms acting on a slice-quaternionic manifold X. We recall the following notions.

e (G is called properly-discontinuous if, for any compact sets K7 and Ky in X, there are only
a finite number of elements g € G such that g(K;) N Ky # &.

e A point z € X is called a fixed-point of g € G if g(p) = p. The group G is called fized-point
free if, for any g € G'\ {id}, there is no fixed-point of g.

Analougously as in the holomorphic case, (see, e.g., [Kod81, Theorem 2.2],) we have the following
results.

Proposition 1.6. Let X be a slice-quaternionic manifold. Let G be a group of automorphisms
of X such that: G is properly-discontinuous; G is fized-point free. Then the quotient space X /G
has a structure of slice-quaternionic manifold, such that the projection map w: X — X /G is a
slice-quaternionic map.

Proposition 1.7. Let X1 and X be slice-quaternionic manifolds. Let G1 and Go be groups
of automorphisms of X1, respectively Xa, being properly-discontinuous and fived-point free. Let
f: X1/G1 — Xo/Ga be a slice-quaternionic map. Then there exists a slice-quaternionic map
F: X1 — X5 such that the diagram

X1 Xa

X1/Gy — Xo/Go

18 commutative, where m1 and wa denote the natural projections.

2. SLICE-QUATERNIONIC HOPF SURFACES

A slice-quaternionic (primary) Hopf surface is a slice-quaternionic manifold whose universal
covering is H? \ {(0,0)} and the fundamental group equals the infinite cyclic group Z.

As a differentiable manifold, a slice-quaternionic Hopf surface X is the same as the smooth
manifold underlying a complex Hopf manifold C*\ {0}/Z, that is, it is diffeomorphic to S! x S7.
Its cohomology is then H®(X;Z) = Z[0]| ® Z[—1] ® Z[—T7] @ Z]—8]. Note also that the differentiable
manifold underlying X admits a hypercomplex structure.
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We state now the main result, where we construct slice-quaternionic Hopf surfaces. (The choice
for the normal forms is assumed up to regular *-inverse and in accordance to the classical complex
case, see [Ste57], to which we are reduced at least in the case of the generator f of I" preserving
one or all slices.)

Theorem 2.1. Let f: H?> — H? be the function

Faw) = fpapalzw) == (z-atuw? A w-B) |
where p € N\ {0}, a, B8, X € H are such that

0 < laf <|B <1 and (a—=pP)-A =0.
We consider the following cases.

Case A.: Consider the following sub-cases.
Case A.1.: When A=0, a =€ H with0 < |a] < 1.
Case A.2.: When A=0, o, € H with 0 < |a] <|5] <1 and a # 5.
Case A.3.: When A€ Hwith A#0,p=1, a=p € H with 0 < |a| < 1.
Case B.: When A€ H with A #0, pe N withp > 1, a = P € H with 0 < |5] < 1. Assume
moreover that 8 € R.

Set
r o= {f"’“ Lk ez} C Aut(H2\ {(0,0)}) .
Then
X = Xp,a,ﬁ,)\ = H’ \ {(070)}/F
is a slice-quaternionic Hopf surface. More precisely, it admits affine structures if and only if it
belongs to case (A).

Proof. Case (A)is a consequence of Lemma 1.5. Now we are reduced to prove case (B) by applying

Proposition 1.6. First, take § € H, possibly non-real. By computing fb‘fﬂkaI (z,w), we get
8

ext (flgh,, ) (w) = | 287+ |30 gTn g | e g

l4+m=k—1

£,m>0 if k>0

£,m<0 if k<0
In fact, because of the specific form of the function, this is just a regular extension of the second
variable. Note that, when 5 ¢ R, then {ext ( f Lﬁﬂkx L, ) ke Z} is not a group: indeed, since f is

8
not linear, the extension of the composition is different from the (non-slice regular) composition of
extensions. This motivates the choice for 5 € R. For any k € Z \ {0}, the map ext ( f L]‘f{kx L1ﬁ> has
no fixed point: otherwise, we would have w = w - ¥ whence, by taking norms, |w| = 0; therefore,
we would have z- 8P = z whence, by taking norms, |z| = 0. Moreover, I is properly-discontinuous.
Indeed, take K7 and K5 compact sets in H? \ {(0,0)}. We may assume that

Ki C {(z,w) eH? : r < |w| < Ry} and Ky C {(z,w) € H? : 15 < |w| < Ry}
where 0 < r; < Ry and 0 < ro < Rg are real numbers. Then, for any k > Ig %/lg |8], it holds
ext (ﬂ;ﬂkalﬁ) (K1) N Ky = o. 0

Remark 2.2. We point out that the quaternionic structure given to the Hopf surfaces in cases
(A), being linear quaternionic, coincides with a complex structure on C2. Indeed, let ¢ = z+w-j €
H,a=a+6-j€H, and z, w, a, 8 € C, then:

qra=(+w ) (atff)=(ra—wB)+( Brwa)],
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e., the right quaternionic multiplication by o+ B - j coincides with the map:
C? s (z,w)— (z-a—w-B,z-B+w-a) € C?,

which in matriz form reads as:

(z,w)-<0‘ 5) = (zra—w-B, 2z Bt+uw ).

. a p ) . .
If a # 0, the complex matrix A = (—ﬂ a) has two different (complex conjugated) eigenvalues,

hence A is conjugated to a diagonal matrixz. Therefore the quaternionic actions described on the
Hopf surfaces in cases (A.1) and (A.2) are particular diagonal complex actions on C*. Similarly
for the case (A.3). On the other hand, the quaternionic structure on Hopf surfaces of case (B) are
new, at our knowledge.

Remark 2.3. We wonder whether other slice-quaternionic structures on S' x S™ may be con-
structed.

A first tentative could be by using the following extension result, that we recall.

Let f: H? — H? be a smooth function. Let L1, Lo be slices of H such that f|r,xr,: C* ~
L1 x Ly — H? is holomorphic. Then, any component f(j) | LyxLy: L1 X Ly — H is analytic, let us
say '

FO Liwra(z,22) = Y 2t 252 'al(cjl),kg :
k1,ko€N
where a,(i)b c H. We set

[ o= ext(flr,xr,) == (f(l) f ) —>H2

f9(z,w) = Z PRRRTICE kl)kz'
z,weN
Then ext(f|r,xL,) is a slice reqular function in the sense of [GP12] such that

where

ext(f|rixre) [ LixLe = fliixLs -

As we learnt from Alessandro Perotti, we have the following representation formula.
Define f*: H?> — H? as follows. For any

z = (21, 12) = (a1 + J1B1, ag + Jofe) € H?,

consider

(y1, y2) = (a1 + 1B, as +IB2) € Ly, x L, C H*.
Denote, e.g., by y§ = (o +1151)¢ := a1 — 11 81 the complex conjugate of y1 € Ly, ~ C with respect
to the complex structure Iy. Define

4-f(z) = fly,y2) + fwi v2) + fly1,v5) + (Y1, u5)
— il f(y1,y2) + i f(y1, y2) — Jili f(yn, y3) + Jidaf (yi, v5)
—Jolof(y1,y2) — J2 Lo f (v, y2) + Jalaf (y1,y3) + Jolo f (Y1, ¥5)

+J1Jo Lo 0 f(y1,y2) — Jidadodn f(yT, y2) — Jidolody f(y1, y5) + Jidodoln f(yT, y5) ,

where H? is endowed with a structure of left-H-module by a - (b,c) = (a-b,a-c). Then f* is the
extension as before.
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Remark 2.4. We recall that the Hopf surfaces are related to Hopf fibrations, which are important
in twistor theory, see, e.g., (GSS14]. More precisely, consider the fibration:

S3C— - §7 whence S? x SI—~=§7 x St
lp lp
HP! | HP! .

Take local charts for Uy := {[z' : 22] ¢ HP! : 2! £ 0} C HP' and Uy := {[z' : 2] ¢ HP! : 22 #
0} C HP. The maps

2
1: 2 ) = . ' Cl .
L ¢f)a) ((1+|<%P)“2 <1+|<%\2)”2>

Cl -a a
1:1],a) = : ’
Va([¢y 1 1], @) <(1 + !C21|2)1/2 (1+ |C21|2)1/2>

and

yield diffeomorphisms
¥1: Uy x S S p~H(Uy) and o Uy x S* S p~H(Uy) .

3. AUTOMORPHISMS OF SLICE-QUATERNIONIC HOPF SURFACES

In this section, we compute the group of automorphisms of the slice-quaternionic Hopf surfaces
in Theorem 2.1. (For results in the holomorphic context, see [Nam74, Weh81].)
Theorem 3.1. Let X = H?*\ {(0,0)}/(f) be a slice-quaternionic Hopf surface. The group of
automorphisms of X is as follows.

Case A.l.: In case f(z,w) = (z-a,w - a) for 0 < |a| < 1:
Aut(X) = {p(zw)=(2-a10+w-ap1, z-bro+w-bo1)
:a1,0,0a0,1,b1,0,b01 € Ly, such that by - a0 —bio-ao1 #0}/(f) ;

in particular, dimg Aut(X) € {8,16}.
Case A.2.1.: In case f(z,w) = (z-a,w-B) for 0 < |a| < |B| < 1:

Aut(X) = {e(z,w) = (2-a10, w-bo1)
t a1 € Ly, ,bo1 € Ly, such that b1 - a1, # O}/<f> :

in particular, dimg Aut(X) € {4,6,8}.
Case A.2.2.: In case f(z,w) = (z-a,w-B) for 0 < |a| = || <1 and a # [:

Aut(X) = {o(z,w)=(2-a10+w-ap1, z-biog+w-bo)

t a1 € Ly,,bo1 € Ly, B-ao1 = a1 -a,a-bio=bio- 3

such that b1 g - (ag1 — bo,1 - bf’(l] “a1,0) # 0}/<f> ;

in particular, dimg Aut(X) € {4,6,8}.
Case A.3.: In case f(z,w) = (z-a+w-A\w-a) for \€e H\ {0} and 0 < |a| < 1:

Aut(X) = {o(z,w)=(z-a10+w-ao1, 2 bro+w-bo1)
equations (3.4) hold }/{f) ;
in particular, dimg Aut(X) € {4, 8}.
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Case B.: In case f(z,w) = (z- P +wP - N\ w-B) forp e N\ {0,1}, A € H\ {0} and 0 <
8] <1, BER:

Aut(X) = {sp(z’w) = (z . 58,1 + wP - agp, w- bo,l)

: b(),l e R, app € H such that b(],l 75 O}/<f> ;
in particular, dimg Aut(X) = 5.
Proof. Let X = H?\ {(0,0)}/(f). Let ¢: X — X be an automorphism of X. By Proposition
1.7, it is induced by an automorphism ®: H2 \ {(0,0)} — H?\ {(0,0)} of the universal covering
of X. By the Hartogs extension phenomenon for slice regular functions, [GP12, Theorem 2], see
also [CSS12, Corollary 4.9], removability of singularity yields an automorphism ®: H? — H2. By

[GP12, Corollary 2], the set of slice regular functions on H? coincides with the one of convergent
ordered power series (with right coefficients). Whence we get that

zZ,w) = zZ'-w” - a Zew” - with agg = bpo =
(2, howk e ap g, howk by | th ao, bo, 0,
k>0 k>0

which satisfies
(3.1) bof = fod.
We consider separately each case.

Case A.1.: Consider the case f(z,w) = (z-a,w-a) for 0 < |a] < 1.
By imposing (3.1), we get

Z(ﬂa)h-(w'a)k'ah’k = Z Mowkany o

h,k>0 h k>0
Z(z'a)h-(w-a)k-bmk = Zzh-wk-bmk'a.
h,k>0 h,k>0

Suppose a € R. Since the right-hand sides are slice regular series, the left-hand sides
have to be slice regular, too: that is, the non-real coefficients have to be on the right. In
particular, it follows that

apy = bpp = 0 forany h+k #1.
Suppose now o € R. Then we get

Z zh-wk-ah+k~bh7k = Z zh~wk~bh’k-a,

h,k>0 h,k>0
whence, for any h, k € N,
Oéh+k *Qpk = OGpk - & and Othrk . bh,k = bh,k Q.

Since « is real and by equalling the norms, we get that, for any h, k € N,

a1 gl = langl and la) "M bk = b -

Since |a| < 1, therefore we get again
apy = bpr = 0 forany h+k # 1.
Moreover, in both cases,
aio- -« = a-dayo, ap,1 -« = «-aop,1 ,
bio-a = a-bp, bog-a = a-byy,
that is,
ai,0, ao,1, b1,0, bog € Ly, .
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We recall, by [BG09, Proposition 2.1}, [BG11] and [BS13], that ® is (right-)invertible if
and only if

(3.2) bo, - <a1,0 —b1o- byt - ao,1> # 0 or a1 - (bl,o —a10-ag; - bo,l) # 0.
Finally we get that ® is an automorphism if and only if
boi-aip—bio-ap1 # 0.
Therefore dimg Aut(X) € {8,16}, according to o € H \ R, respectively o € R.

Case A.2.: Consider the case f(z,w) = (z-a,w- ) for 0 < |a| <|8] <1 and o # B.
By imposing (3.1), we get

(3.3) Yoa)(w-B)ran, = D whana,

h k=0 h k=0
) (w- B b = D wh b B
hk>0 hk>0

Suppose first that both « and 3 are non-real. Since the right-hand side is a slice regular
series, the left-hand side has to be slice regular, too. This yields the following conditions
on ap and bh,k :

apr =0 for any (h,k)# {(1,0),(0,1)},

bh,k =0 for any (hvk) 7é {(170)7 (07 1)}
In the other cases, when either « or 8 or both are real, with similar arguments as before,
we recover the same conditions.
Now, we distinguish two cases.
Case A.2.1.: In case |a| # ||, by equalling the norms, we get that

ap,1 = 07

1)170 = 0.
Moreover,

ajp-a = a-aig, bo1-B = B-bo1.
that is,
ap € Lyp,, boq € Ly .
Finally, we get that ® is an automorphism if and only if
boi-aio # 0.

In the general case that both « and § are non-real, then dimg Aut(X) = 4. If only
one among « and 3 is real, then dimg Aut(X) = 6 and if both a and 3, are real then
dimR Aut(X) = 8.
Case A.2.2.: In case |a| = ||, by equalling the norms, we always get that
apr = 0 forany h+k # 1,

b = 0 forany h+k # 1.

Moreover,
aio-a = a-ayo, bo1-B8 = B-bo,
that is,
a0 € Ly, , boq € Lig;
but also

ap1-o = frap1, bio-B = a-bip.
Note that the map, e.g., ap1 +— B-ag1- a1 is given by the composition of two rotations
along two orthogonal planes, with angles given by the sum, respectively the difference, of
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the arguments of o and . Then its fixed-locus is either a point or a plane: it is a plane iff
B =@, and it is a point in all remaining cases.

Hence if a, 3 € H\ R and o = § then dimg Aut(X) = 8; if a, 3 € H\ R and a # 3 then
dimg Aut(X) = 4; if a, or §, or both, are real, ag; = b1 9 = 0 and dimg Aut(X) is equal
to 6, respectively 8.

Finally, we get that ® is an automorphism if and only if

bio - (ao,1 —bo - bié caro) # 0.

Case A.3.: Consider the case f(z,w) = (z-a+w- A\, w-a) for A\ € H\ {0} and 0 < |a| < 1.
By imposing (3.1), we get

Z(z-a—i—w')\)h‘(w-a)k-ah,k = Zzh~wk~(ah,k'a+bh,k-)\),
h,k>0 h,k>0
Z(z'a—kw‘/\)h-(w-a)k'bh,k = Zzh'wk-bh,k-a.

h,k>0 h,k=0

We restrict it to the quaternionic line 7, := {(z,2-u) : z € H} where 1 € R is any fixed
real number:

Yo latp- N (zopa)fan, = D (2w (anp ot bk N,
I k>0 hk>0

D latp- ) zop-a)f by, = D 2w b

hk>0 hok>0

Suppose first that « is non-real. For p in a dense subset of R, it holds that also o+ -\ &
R. We notice that the right-hand sides are slice regular. Notwithstanding, the left-hand
sides are slice regular if and only if

apr = 0 forany h+k # 1,

by = 0 forany h+k # 1.
So we are reduced to:

(@+p-A)-ao+p-a-ap = (a0 -a+bio-A)+u-(ap1-a+boi-A),
(a+p-N)-bo+p-a-bpy = bio-at+p-byi-o.
By equalling the coefficients in the polynomial in u, we get:
(3.4) Aarp+oa-apr = apr-a+byy-A,
a-arg = ajo-a+big-A,
Aobig+a-bpy = bo1-a,
a-byg = bo-a.

The last condition gives:
° bl,() S L]a ~ C.
The other conditions give:
® bg 1 as fixed point of X = a - X - al4+ N b - a1,
e a1 as fixed point of X — a- X -a ™t —big-A-a”l
e ap 1 as fixed point of X = a- X a4+ Xoajg-at—by1-A-at.
We add further the condition of invertibility (3.2).
The dimension of the group of automorphisms in this case can be computed reasoning
in the following way.
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e If\-b1g-a™t € Ly, equivalently, A € Ly, in case by o # 0, (for example, if A € R,) then
bp,1 cannot be in Lt because it is a 2-plane invariant by the rotation X — a- X -a~!
therefore no point on it can be fixed by such a rotation followed by a translation of
an element in Ly . For the same reason, the component of by along Llla has to be
zero. On the other hand, by can be in Ly, if and only if b1 o = 0 because the rotation
X — a- X -a~! fixes point by point the elements of Ly_; in this case by ; can be chosen
arbitrarily in Ly, . In this case also aj g can be chosen arbitrarily in L, because b1 g
is zero also in the second map, and from the third map it follows that a9 = b1 and
ap,1 is arbitrarily chosen in Lj,. Hence dimg Aut(X) = 4.

o If X is such that A - by - al e L}a, (equivalently, \ € L}a in case b1 # 0,) then
themap X — a- X -a P4+ X b1 - a~ ! is a roto-translation of the invariant 2-plane
LIL& which has a unique fixed point on that 2-plane and in this case the component
of bp,1 along L}a has to be this fixed point which depends on b1 . Notice that also
bio-A- a~!isin Lt, so, for the same reason, also the component of a; o along L};
has to be the unique fixed point of a roto-translation of the invariant 2-plane L};
depending on by o. Finally, the last equation yields the condition that the component

along Ly, of A-ajg—bo1- A is zero. Since A € L}-a, this last condition is translated

. 1
in A-aj

N bé" - A =0 where aibo‘ b(i’la are respectively the components of a; ¢ and
bo,1 along Llla . If the equation is not satisfied, then necessarily b; o = 0, then we are
again in the previous case. Otherwise, we have dimg Aut(X)=2+2+2+2=38.

e Finally, in the general case, split X = X; + Xy with X; € Ly, and X, € LILQ. If the
component of X - by - a~!along Lj, is zero, then X - bio - ale Lla7 so we are back
to the previous case. If the component of A-b1 - a ! along Lj, is non-zero, then this
implies, as before, that A - b1 o - a~! = 0. Note that this happens exactly when the
component of A along Lt is non-zero. Then we argue as in the previous case, getting
dimg Aut(X) € {4,8}.

Suppose now « € R, and that A ¢ R. By imposing the slice regularity of the left-hand
side, we get that: ap = 0 and by, = 0 for (h, k) & {(1,0), (0,k) : k > 1}. Therefore we
are reduced to:

s (oA ang+ 0ot ey
k>1

= z-(al,o-a+b170-)\)+22k-uk-(a07k~a+b07k-)\),
k>1

Z-(Oé-i-u')\)-b1,0+22k'llk'ak'b0,k
k>1

= z-bl,g-a—l—sz-uk-bg,k'a.
k>1

We equal: firstly, the coefficients in z; secondly, the coefficients in . We are reduced to:

a-ajpg = aijp-a+bg-A,
Ararp+a-apnr = ao1-a+boi-A,

ak-aojk = apk-+bog- A, for k> 1,

a-big = bipg-a,

Abilo+a-bp1 = bo1-o,
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ozk-boJC = bop-a, for k> 1.
From the first equation, a being real, we get that
b1’0 = 0.

From the last equation, since |a| < 1, we get that by = 0 for £ > 1. Whence, from the
third equation, the same argument gives agj = 0 for k > 1. Therefore we are reduced to:

~1
ayo € H, ap € H, bop = A-aip- A,

the other coefficients are zero, with the condition of invertibility (3.2). Hence dimg Aut(X) =
8.

The last case is when o € R and A € R. We get the equations:

Zzh+k'(0é+,u,')\)h'uk'0ék‘ah,k — Zzh+k~uk'(ah:k'a+bh’k'/\)’
IES0 h,k>0
ZZh—f—k'(a_‘_u.)\)h'luk,ak.bh’k — ZZthk'Mk'bh’k'a'

A0 h,k>0

In the second equation, we compare the coefficients in 2! for t = h + k > 1 and then in
10, getting at - bio = by - o, whence:

bho = 0 for h > 1.

Then, in the second equation, we compare the coefficients in 2! for t = h + k > 1 and then
in u, getting ol bi—11+t-a-A-bo=0b_11-c, whence:

bh_171 =0 for h > 1.

By induction on ¢ > 0, by comparing the coefficients in z* for t > 1 and then in uf, we get
that:
bh_&gzo forh>1,£¢>0.

Now, in the first equation, we compare the coefficients in 2! for ¢ > 1 and then in u°, we
get that ap o = 0 for h > 1; proceeding by induction as before, we finally get:

ah_M:O forh>1,£>0.
Finally, by looking at the degree h + k = 1, we have that:
aip € H, apn € H, bio =0, bop = a1,

the other coefficients are zero, and we assume the invertibility condition (3.2). Hence
dimpg Aut(X) = 8.

Case B.: Consider the case f(z,w) = (z- P +wP - A\, w- ) forp € N\ {0,1}, A € H\ {0}

and 0 < |B] <1, B € R.

Consider first the case A € R. By imposing (3.1) on the quaternionic curve vy, := {(2P, p -
z) : z € H} for a fixed p € R, we get:

p
Z (zph—i-k e ah,k) L BP + Zzph+k i b | A
h,k h.k
= D A N B ap
h,k

Z th+k . Mk . bh,k . ,8

h.k
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= D MR Nt B by
hk

We argue now as in case (4.3), the only difference being that we consider h with weight p.
Namely, from the second equation, we compare the coefficients in 2! for t =p-h+k > 1
and we get that

bhy = 0 for (k) €{(1,0), (0,1), ..., (0,p)} .

Notice also that, in order to the left-hand side of the first equation being slice-regular, we
need
bLoER, 5071€R, ey, bOWER.
The same argument again, applied to the first equation, gives:
apr = 0 for (h,k) ¢ {(1,0), (0,1), ..., (0,p)} .
Moreover, we get the conditions:

appy, = 0 forke{l,...,p—1},
B, = a.
bop = 0 forke{2,...,p—1},
b]f,o = 0,

bo,p = 0.
Finally, we have
P(z,w) = (z “bpy FwP - agp, w- bo,1>
where
1)071 e R and apgp € H .
The invertibility of ® is guaranteed if by ; € R\ {0}.

Consider now the case that A € R. As before, we impose (3.1) on the quaternionic curve
Yu = {(#P, - z) : z € H}, and look at the second component. We have:

Zzphﬂ-k:_uk.bh’k_ﬁ _ Z(zp-(ﬁp+,up-)\))h-zk~uk-5k~bh,k.

hk h,k
The slice regularity of the left-hand side forces

bhir = 0 for (h,k) & {(0,k),(1,0)} .
Arguing as we did before in the case A € R, we get:
b = 0 for (h,k) # (0,1) .

Look now at the first component of (3.1) on the quaternionic curve Yuui
Zzph+k-uk'ah,k‘ﬁp—l—(z-u-bm)p-)\ — Z(Zp'(Bp‘i‘ﬂp')\))h‘zk'ﬁk'ah,k-
h,k h,k
The slice regularity of the first series forces

bpy € R and apr = 0 for (h,k) & {(0,k),(1,0)} .

In order to have an automorphism, by ; € R\ {0}. We argue as before to conclude that the
conditions for automorphisms are the same.

This concludes the proof. O
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4. FAMILIES OF SLICE-QUATERNIONIC STRUCTURES AND DEFORMATIONS

In this section, we construct families of slice-quaternionic Hopf surfaces, connecting cases (A.1)
and (A.3), respectively cases (A.2.1) and (B), in the notation of Theorem 2.1. These are examples
of deformations in the slice-quaternionic setting. (For the holomorphic analogue, see [Kod81,
Example 2.15].)

We start constructing a smooth family of slice-quaternionic Hopf surfaces, connecting cases (A.1)
and (A.3), in Theorem 2.1.

Consider

H?\ {(0,0)} x H.
Fix a € H such that 0 < |a| < 1. Consider the slice-regular function
F:H2\ {(0,0)} x H— H?\ {(0,0)} x H,
F(z,w,\) == Flaa(z,w,\) = (z-a+w-\ w-a, \),
where o € H is such that 0 < |a| < 1. Define
M = H2\{(0,0)} x H/T  where T := {Fk : kez} .

Since the action of I' is fixed-point free and properly discontinuous, then M is a smooth manifold.
(Note that, for a € R, then any F°F is slice-regular, then we get a slice-quaternionic family.)
The slice-quaternionic projection

7 H2\ {(0,0)} x H — H
makes the following diagram commutative:

Fl,a,oz

H2\ {(0,0)} x H H2\ {(0,0)} x H

\ /
H
whence it induces a map
T M—H,
whose fibres are the slice-regular manifolds
) = X1 oo -
Note how the group of automorphisms changes:
dimg Aut(7~1(0)) € {8,16} and dimg Aut(r~*(\)) € {4,8}.
In particular, assume o € R as a special example:
dimg Aut(7~1(0)) = 16 and dimg Aut(771()\)) = 8.

We construct now a slice-quaternionic family of slice-quaternionic Hopf surfaces, connecting
cases (A.2.1) and (B), respectively in Theorem 2.1.
Consider
H2\ {(0,0)} x H..
Fix p € Nwith p > 1, and 5 € R such that 0 < || < 1, and take o = P. Consider the slice-regular
function
F:H?\ {(0,0)} x H — H2\ {(0,0)} x H,
F(z,w,\) = (z-P+wP - A\ w-5,A).
Define
M = H2\ {(0,0} x H/T  where T := {F"k ke Z} .
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Since the action of I is fixed-point free and properly discontinuous, then M is a slice-quaternionic
manifold by Proposition 1.6.
The slice-quaternionic projection

7 H2\ {(0,0)} x H — H

makes the following diagram commutative:

H2\ {(0,0)} x H H2\ {(0,0)} x H

R

H
whence it induces a slice-quaternionic map
m M —H,
whose fibres are
T A) = Xpgrga -

They are in case (B) for A # 0. In particular, for A = 0, we have:

71-71(0) = p:ﬁp’ﬁvo = X17Bp7670 ?
which is in case (4.2.1) with B € R, a = 8P € R, a # B3, and which is different from 7=1()), for
A # 0, because of Theorem 3.1.
Note how the group of automorphisms changes:

Aut(r71(0)) = {p(z,w) = (z-a10, w-bo1)
1 aio, bO,l € H such that b071 ©a1,0 ;é 0}/<f> ,
and, for A # 0,

Aut(z7t(\)) = {cp(z,w) = (z . bﬁl +w? - agp, w- bO,l)

: b071 € R,aop € H such that b071 7& 0}/<f> .
In particular,
dimg Aut(r'(0)) = 8 and dimg Aut(7~1(\)) = 5.
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