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VISCOUS APPROXIMATION OF QUASISTATIC EVOLUTIONS
FOR A COUPLED ELASTOPLASTIC-DAMAGE MODEL

VITO CRISMALE AND GIULIANO LAZZARONI

ABsTrACT. Employing the technique of vanishing viscosity and time rescaling, we show the
existence of quasistatic evolutions for elastoplastic materials with incomplete damage affecting
both the elastic tensor and the plastic yield surface, in a softening framework and in small strain
assumptions.
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INTRODUCTION

Materials are subject to irreversible processes resulting in inelastic behaviour, such as damage and
plasticity. Damage, originated by microcracks and microvoids, affects the elastic response of the material
with respect to loading and unloading, whilst plasticity produces residual deformations that remain after
complete unloading. Combining these two models provides a better description of e.g. cyclic loading, see
for instance [15, Section 3.6] or [22, Section 7.5].

Gradient damage models are characterized by a dependence of the elastic modulus on a scalar internal
variable that describes the damage state of the material; indeed, the stored elastic energy decreases
as damage increases [13]. To localize damage, the energy is assumed to contain a term depending on
the derivatives of the damage variable. We consider incomplete damage only, i.e., during the process
the material keeps some elastic properties. We adopt the softening framework of [1, 2], thus damage is
coupled with plasticity by requiring that the plastic yield surface shrinks when damage increases; hence
the plastic dissipation depends on the damage variable.

The existence of quasistatic evolutions for a coupled elastoplastic-damage model was proved in [4]
using the ansatz of global stability; more precisely, at any time instant the configuration is assumed to be
a global minimizer of the sum of the stored elastic energy and of the plastic dissipation. This approach,
based on the so-called energetic formulation of rate-independent processes (see [24] and references therein),
was followed e.g. in [11, 27, 38] for damage evolution, in [5, 6] for plasticity, and in [29, 30] for delamination
problems with damage and plasticity at the interface.

However, the concept of globally-stable evolution is not satisfactory from the physical point of view:
indeed, due the nonconvexity of the total energy, the solution is forced to develop jumps in time between
the energy wells, overtaking energy barriers. To avoid the drawbacks of global minimality, in this paper we
adopt a vanishing viscosity approach, i.e., we obtain a quasistatic evolution as a limit of solutions to some
rate-dependent systems containing a viscous dissipation that tends to zero. Moreover, we characterize
the jumps in time of the limit evolution by means of a suitable time-reparametrization; here we follow a
technique first proposed in [10], then refined in [25, 26, 28], and used e.g. in [18, 17] for damage, in [7, §]
for plasticity, and in [16, 21] for brittle fracture.

Preprint SISSA 05/2015/MATE.



2 VITO CRISMALE AND GIULIANO LAZZARONI

Description of the model. The formulation of the model is essentially the same as in [4] and follows
[13] for modeling damage and [5] for plasticity.

We study the evolution of damage and plasticity in an elastoplastic body whose reference configuration
is a bounded, Lipschitz, open set 2 C R™, n > 2. Starting from a given initial condition, the evolutionary
process in a fixed time interval [0, T] is driven by a (quasistatic) time-dependent loading; for simplicity we
limit it to a prescribed displacement imposed on the Dirichlet part of the boundary dpQ C 09 and given
by the trace on dp< of a function w € H(R";R"). The remainder of the boundary dx2 is traction free,
and no body forces are present. Under the assumption of small strain, the linearized strain Eu (i.e., the
symmetric part of the spatial gradient of the displacement u) is additively decomposed in an elastic and
a (deviatoric) plastic part, denoted by e and p, respectively.

For every boundary datum w € H!'(R";R"), we define A(w), the set of admissible displacements
and strains, as the set of all triples (u,e,p) with v € BD(Q) a function of bounded deformation, e €
L2(Q; MZ¢") a function valued in the symmetric matrices, and p € M;(Q2 U dp€; M7,*™) a bounded Borel
measure valued in the trace-free matrices, such that

Fu=e+pinQ and p=(w—u)@vH" ! ondpQ,

where the latter equation is understood in the sense of traces and H™ ! is the (n — 1)-dimensional
Hausdorff measure.

Damage is described by an internal variable a, defined on [0,7] x Q and with values into [0, 1], with
«a = 1 denoting the sound material and o = 0 the most damaged state. The stored elastic energy depends
on a and is defined by Q := 1(C(a)e, €)r2, with e — C(a)e : e nondecreasing in « for every e and
equicoercive with respect to « (indeed, damage is incomplete by assumption). The dissipation relative
to the damage process is given by a term D(«) := fQ d(«) dx, with d sufficiently regular and diverging
to +0o at zero with a certain rate, so that the state a = 0 is never reached during the evolution; this
corresponds to the hypothesis of incomplete damage.

We introduce a regularizing term

K K
SlaRa=5 3 ID%al}.
18]=m

with m := [§] 41 and s a positive constant, that can be regarded as a factor of influence of damage (see
e.g. [38]). An analogous regularization was used in [18] with m = n/2; here we need m > n/2 to obtain
compact embedding in C(Q) and thus the lower semicontinuity of plastic dissipation by Reshetnyak’s
theorem. Another possible choice for the regularizing term would be ||[Val|Z with v > n, used e.g. in
[4]; however, in the setting of vanishing viscosity this choice does not allow to get an energy equality,
as shown in [17]. We refer to Remark 2.10 below for other comments on the regularization. The total
mechanical energy is then

E(a,e) := Q(a,e) + D(a) + g|a|3n’2.

In order to introduce the plasticity in the model, we consider a family (K'(a))qe[o,1) of convex and

compact subsets of M,*". Their dependence on « is assumed to be Lipschitz in « with respect to the
Hausdorff distance and such that

B.(0) c K(0) C K(ay) C K(ag) C K(1) C Br(0),

for every a; < g, where 0 < r < R are constant. These sets are called constraint sets, since the
deviatoric part of the stress must belong to K («(t,z)) for every ¢ and a.e. x. Hence, the support function
of K(«), that is

cEK ()

is convex and positively one-homogeneous in &, and Lipschitz in « uniformly with respect to & whenever
|€] = 1. In some cases, in addition to the assumptions above, we require that H is differentiable in «,
that 9, H is Lipschitz in «, and that £ — H(ag,&) — H(aq,&) is convex for every a; < as.

Then for every p € My(Q U dpQ; My") we define the plastic potential as

M) = [ U@DQH<“("”)’ ST (@)) o).

where p/|p| is the Radon-Nikodym derivative of the measure p with respect to its variation |p|. Given
a:[0,T] — C(Q) and p: [0,7] — My(Q U IpQ; ME"™), the plastic dissipation in a time interval [s, ] is
given by

N
Vu(a,p;s,t) == sup{z H(a(t;),p(tj) —p(tj—1)): s=to<ti <---<ty=t, N€ N} .
j=1
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We use the fact, proved in [4], that

VH(a,p;s,t)z/ H(a(r),p(7)) dr

whenever « is nondecreasing in time, «(t) is uniformly bounded in H™ (Q)7 and p is absolutely continuous
from [0, T] into M, (Q U dpQ; M™). To ease the reading, when o € C(£; [0, 1]) does not depend on time

o~

we use the symbol Vg instead of Vg, hence

t
Pulapisit) = [ Hiauplr)) dr.
Finally we introduce the “generalized energy”
Ex(a, e5p,t) = E(a,e) + AV (v, p; 0,1)
with A € [0,1]. Its meaning will be discussed in the final part of this introduction.

Viscous approximation. To prove the existence of a quasistatic evolution for the coupled elastoplastic-
damage model, we first add to the system a viscous term, driven by a small parameter € > 0. Hence, for
given € we construct some approzimate viscous evolutions by discrete-time approximation. More precisely,
for every k € N we set 7, := T'/k and define inductively (o, u}, e}, p},) as a solution to the incremental
minimum problem

W {Sx(ﬂ,n;pk,ti‘l) +HB g —pp )+ 518 — o ey } , (0.1)
SPSOy,

(u,n,q)EA(w})

where (a,ud, e?, p?) = (ao,uo,€0,p0) is the (sufficiently regular) initial condition, wj := w(ti) for
i € {1,...,k} is the updated boundary loading, and

t—td 1 S| .
pi(t) :=pp+ =2 —pl) fort et ) and j=0,... k=1

is the piecewise affine interpolant of the solutions pi to problem (0.1) itself. (Notice that the term
EA(ﬂ,n;pk,tgl) occurring in (0.1) only depends on p,... ,p?l, so the problem is well posed.) We
observe that, if one sets € = 0, then (0.1) reduces to the incremental global minimum problem used in
[4], so one obtains the energetic formulation in the limit as k¥ — co. Instead, passing to the limit first
as k — oo and then for ¢ — 0 allows one to select stationary points that are not necessarily global
minimizers.

Hence, we consider the piecewise affine interpolants g, ug, ex, pr of the functions az,u};,e};, p}:c and
find suitable a priori estimates to pass to the limit as k — oco. A remarkable fact is that, even if we could
expect that oy, € H(0,T; L?(2)) with fOT [ (8)[|72 () < C- since we take in (0.1) an L*-viscosity term,
we actually get that oy, € H(0,T; H™(Q2)) with

T T
/O () Zmeqy < Ce and / ()l smiey < C (0.2)

for k large. These estimates, contained in Propositions 2.7 and 2.8, rely on analogous properties proved
in [18] for damage without plasticity; in our context a key tool is the inequality

lex(®ll2 + 1Px @)l + [[ B (t)[[1 < Cllar(t) [0 + | Ebr(t)]]2) , (0.3)

obtained adapting arguments from [9, 34], see also [20] for related estimates in the study of sweeping
processes.

The first estimate in (0.2) allows us to pass to the limit as k& — oo and show the existence of e-
approzimate viscous evolutions, namely quadruples of absolutely continuous functions (a., u., e., pc) sat-
isfying an irreversibility condition for the damage variable, an energy balance, and a first order stability
condition of Kuhn-Tucker type (see Definition 3.1 and Theorem 3.7). From the second estimate in (0.2)
and from (0.3) we obtain that

t t t
- / e (3) s s + / lex(s)2ds + / le(5) 1 ds =: 52(2)
0 0 0

is uniformly bounded in € and ¢. Following [25, 7], we observe that s2 admits an inverse function ¢2 which
is a contraction from a suitable interval [0, S] into [0, T for every e; moreover, the 5-tuples

o . o o o ,0 40
(a87u87663p€?ld) o ts = (a57u5?657p53t5)

are Lipschitz in time, uniformly with respect to ¢.
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Rescaled quasistatic viscosity evolutions. Passing to the limit as ¢ — 0, we obtain (up to sub-
sequences) a 5-tuple of Lipschitz functions (a°,u°,e®,p°,t°) from [0,S] into H™(€;[0,1]) x BD(Q) x
L2(Q; M2 < My(QU dpQ; ME™) x [0, T], which we call rescaled quasistatic viscosity evolution (see
Definition 4.1 and Theorem 4.4). The limit evolution inherits some properties of the viscous approximants;

more precisely, a° is nonincreasing and the following conditions hold true:

(evl) kinematic condition and equilibrium: for every s € [0, S]
(u°(s),e%(s),p°(s)) € A(w°(s)), divo°(s)=0inQ, [0°(s)r] =0 on INQ;
(ev2) stress constraint: for every s € [0, 5] and a.e. x €

op(s,x) € K(a®(s,z)),
where 0°(s) = C(a°(s))e°(s) is the stress and w°(s) := w(¢°(s)) the rescaled prescribed boundary
displacement.
The technique adopted in the passage to the limit as ¢ — 0 leads us to consider s = (¢t°)71(t) as a
“slow” time scale used to reparametrize the process. The discontinuities of the evolution in the original
time scale ¢t = t°(s) correspond now to the set

°:={s€[0,S5]: t° is constant in a neighbourhood of s},

where the rescaled evolution gives a continuous interpolation between the states before and after each
jump. In the remaining part of the interval [0, S] the limit evolution is quasistatic and fulfills the following
first-order stability condition,

(ev3) Kuhn-Tucker inequality: for every s € [0,5]\ U°
(0ax(a®(s),€°(s);p°%, 8),B8) >0 for every f € H™(Q2), 3 <0.

In contrast, in U° the limit evolution is governed by a variational inequality of viscous type, representing
a fast unstable propagation in the original time scale.

Finally, the energy dissipated in the processes of damage and plasticity is determined by the following
equality,

(ev4) energy balance: for every s € [0, 5]

E(a®(s), -l-)\/'H (r))dr + (1= /H p°(T))dr
/||a o B(0aEr(a®(s), ¢(s): p ,>>dT—6<ao,eo>+/< °(r), B®(r)) dr

0

where O(f) := sup{(—f,8): 8 € H™(Q), B < 0, and ||B]|2 < 1} for every f € (H™(R)). The fourth
term in the left-hand side gives a null contribution in each subinterval of [0,.5] \ U° and thus repre-
sents the energy dissipated during the unstable propagation in U°, cf. (ev3); equivalently, it is also
possible to formulate the energy balance in the original time scale, so this term concentrates at the
time discontinuities. We also show in Lemma 3.4 that in general, for every f € (H™(Q2))’, ®(f) coin-
cides with the L?-distance of f from the closed convex set G of nonpositive elements of (H™(f2))', i.e.,
O(f) = da(f, G) i= min|lglla: g € L2(Q), [ + g € G}.

The energy balance (ev4) also shows the role of the parameter A € [0,1]. In fact, notice that the
damage variable acts differently in the second and in the third summand of the left-hand side, since it is
computed at the final point of the interval in the former case, whilst it is variable in the latter. Therefore,
if we derive in s and take into account the cancellation, from the two dissipative integrals we obtain

H(a(s),p°(s)) + A (OaH(a"(5), p°(s)),d°(s)) ,
the first term being the dissipation potential related to plasticity, the second one giving a contribution
to the dissipation potential related to the damage variable: the latter is damped by the parameter .
Tuning A\ between zero and one, we account for different effects of the plasticity on the damage process;
indeed, the bigger is A, the easier it is to damage a portion of the material affected by plastic strain’s
changes. Thus the parameter )\ is related to a fatigue phenomenon. Setting A = 0 leads to an energy
balance analogous to the one of [7]; the choice A = 1 was instead prescribed in [1, 2].

We conclude our introduction by underlining that our rescaled quasistatic viscosity evolutions satisfy at
every time instant a weak form of the classical Prandtl-Reuss flow rule (that corresponds to a principle of
maximum dissipation). Together with conditions (evl) and (ev2), this flow rule characterizes the perfect
plasticity. We thus obtain that the triple (u°,e®, p°) is an evolution for the (weakly formulated) model
of perfect plasticity, with time-dependent elastic tensor and constraint sets, as in [35]. The elastic tensor
depends indeed on the damage variable, whose evolution is governed by the Kuhn-Tucker criterion. We
also prove that the functions (u°, e, p°) may jump in the original time scale only if the damage variable
a® jumps.
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1. MECHANICAL ASSUMPTIONS AND MATHEMATICAL TOOLS

In this section we present the assumptions required on our model and we collect some mathematical
tools needed in the sequel of the paper. Damage phenomena are modeled according to Frémond’s ap-
proach [13], while plasticity is formulated as in [5]. The assumptions are essentially as in [4] with minor
changes.

Notation. We denote by £" the Lebesgue measure on R™ and by H"~! the (n—1)-dimensional Hausdorff
measure. Given a locally compact subset B of R™ and a finite dimensional Hilbert space X, the space
of bounded X-valued Radon measures on B is denoted by M;(B; X), the indication of X being omitted
when X=R. On M;(B; X) we define the norm |||, := |p|(B), where |u| € My(B) is the total variation
of the measure p. By the Riesz Representation Theorem, M;(B; X) can be identified with the dual of
Co(B; X), the space of continuous functions ¢: B — X such that {|¢| > €} is compact for every € > 0
(see, e.g., [32, Theorem 6.19]). On M,(B;X) we shall use the weak* topology, defined by duality. For
v € LP(B; X), p € [1, +oc], the symbol |[v]|, denotes its L” norm. If L'(B; X) is regarded as a subspace
of My(B; X), then || - ||; coincides with the induced norm. The brackets (-, ) denote the product between
dual spaces.

If X;, X5 are Banach spaces, Lin(X;; X2) denotes the space of linear operators from X; into Xa,
endowed with the usual operator norm. We will consider the space MZX™ of symmetric n X n matrices,

sym
endowed with the Euclidean scalar product £: 1 := >, j &ijmi; and WZthh the corresponding Euclidean
norm |¢] = (£: €)1/2, as well as the subspace M'*" of trace free matrices in Mg Given § € M,
its orthogonal projection on RI is %tr(ﬁ)] , while its orthogonal projection on M*", called deviator, is
Ep =& — %(trf)[. Given two vectors a = (ay,...,a,), b= (b1,...,b,) € R, their symmetrized tensor
product a ® b is the symmetric matrix whose entries are (a;b; + a;b;)/2, (i,7) € {1,...,n}%

For U open subset of R™ and u € L*(U;R™), the symbol Eu denotes the M, -valued distribution on
U whose components are E;ju := +(Dju; + Diu;), (i,5) € {1,...,n}?. The space BD(U) of functions
of bounded deformation, defined as the space of all u € L'(U; R™) with Eu € My (U; M7x"), is a Banach
space with the norm ||ul; + ||Eul|;. It turns out that BD(U) is the dual of a normed linear space (see
[23] and [37]); this allows us to consider the weak* topology on BD(U). Equivalently, a sequence {ug}
converges to u weakly* in BD(U) if and only if uj, — u strongly in L'(U; R") and Eu, — Eu weakly* in
M, (U; M55 ). If in addition U is bounded and Lipschitz, for every function u € BD(U) it is possible to
define the trace of u on AU, still denoted by u, which belongs to L*(QU;R™). If ug, u € BD(U), ux — u
strongly in L'(U;R™), and ||Eug||, — ||Eul|,, then u, — u strongly in L'(9U;R™) (see [36, Chapter 11,

Theorem 3.1]). Moreover, there exists a constant Cyy > 0, only depending on U, such that
lully < Cullully ov + Cu 1Bully y

| - [l p denoting the LP norm of a function on B (see [36, Proposition 2.4 and Remark 2.5]). For the
general properties of BD(U) we refer to [36].

The body and its displacement. We consider an elastoplastic body whose reference configuration is
a bounded, connected, open set Q C R™, n > 2, with Lipschitz boundary 0 = 9pQQ U INQ U N. We
assume that dpQ and Iy are relatively open, 9pQ N ANQ =0, H* 1(N) = 0, and

OpQ#0. (1.1)

We assume that the common boundary ¥ := 9(0pQ2) = 9(InQ) (topological notions refer here to the
relative topology of 92) satisfies the Kohn-Temam condition:

¥ is a (n — 2)-dimensional C* manifold,

1.2
9Q is C? in a neighborhood of ¥. (1.2)

The only role of this condition is to assure (1.20) below; another sufficient condition for (1.20) is for
instance the one considered in [12, Theorem 6.6].

The displacement of the body is represented by a function u € BD(Q), so Fu is the corresponding
linearized strain.

We study the evolution of the body under time-dependent external loading. Here we consider only
Dirichlet boundary conditions on dp: such a choice notably simplifies the exposition. For including
forces in a related model we refer to e.g. [7] and [34]. The prescribed boundary displacement is extended
into the domain ©; at every time it is thus a function in H!(R"; R"), whose trace on dp{? is the prescribed
boundary value. For the time regularity of the boundary condition, see (1.27).
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The elastic and the plastic strain. Given a displacement v € BD(2) and a boundary datum w €
H(R™;R™), the elastic and the plastic strain, denoted by e € L*(Q; M%X") and p € M, (2 U dpS; MP*™),

sym

respectively, are assumed to satisfy the following weak kinematic compatibility conditions
Eu=e+pinQ, (1.3a)
p=(w—u)OvH" ! on dp. (1.3b)

The set of admissible displacements and strains for a given boundary datum w € H(R™;R™) on dp< is

A(w) := {(u,e,p) € BD(Q) x LQ(Q;MZ;:) X Mp(QQU OpQ;ME ™) (1.3) holds} .
The space of admissible plastic strains is defined by
(Q) == {p € Mp(QUIPY;ME™): I (u, w,e) € BD(Q) x H'(R™;R™) x L*(Q;M2x™)

s.t. (u,e,p) € A(w)}.

The damage variable and the associated dissipation. Following Frémond’s concept [13], the damage
state of the body is represented by an internal variable a: @ — [0,1], where a = 1 marks the sound
material and a = 0 the most damaged state. For technical reasons, in our model the total energy (1.9)
includes a regularizing term on the damage variable proportional to the seminorm

2 2
a2 5= > D%, m:=[2]+1, (1.4)
|Bl=m
where [] denotes the integer part. The corresponding scalar product is
(a1, 02)m,2 1= Z (DPay, DPas)s .
[Bl=m

We recall that | - |,, 2 is a seminorm on the space H™(2) and that the norm

[ [l I P ol K WO
is equivalent to the usual norm in H™(Q) defined by [lal| gm(q) = 3 |5<m |DPall,. In particular, if a
state has finite energy, the corresponding damage variable is in H™ (), which is compactly embedded in
C(Q). Therefore, from now on we define all energy terms for a € C(9Q).
Given ag € C(Q), we denote the admissible damage states by
D(ag) :={a € C(Q): 0< a<agin N},
so that
D(az2) C D(ay) for every as € D(ay) .
Irreversibility is formulated in the following way: if «g is the current damage state, then all future
damage states are in D(ao); The total energy includes the energy dissipated by the body during the
damage process. For a € C(Q), the energy dissipated in damage growth is

D(a) = [ dafa)) da,
where
d € C%((0,4+00); RT) N C([0, +00); RT U {+00}), (1.5a)
s2d(s) — +oo as s — 0. (1.5b)

The latter requirements on d force « to be positive; consequently, the material never reaches the most
damaged state at any point. Since d is a dissipated energy, it would be natural to assume it nonincreasing;
however, this hypothesis is not needed to prove our results.

The stored elastic energy. For (a,e) € C(Q;[0,1]) x L2(Q,M2%"), the stored elastic energy is

sym

Oa, e) := %/ﬂ@(a(x))e(z) ce(x)dr = %(C(a)e,e)m(Q;Man) .

sym

Following [5], [12], and [34], we assume that

Cla)é = Cp(a)ép + w(a)(trE)T (16)

where Cp € L>([0, 1]; Sym(M}E"; MY™)), & € L*([0,1]), and
C: [0,1] — Lin(MZys M2 is of class C™' (1.7a)
o+ C(a)¢ : € is nondecreasing for every § € M, (1.7b)

NlE? < Cl@)€ 1 € <l for everya € [0,1],€ € M (1.7¢)
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where 71, 72 are positive constants independent of a and Sym(MpE*"; M7") is the set of symmetric
endomorphisms on M%". In particular, this implies

C(a)e] < 292l (1.8)
Assumption (1.7b) reflects the fact that the stiffness decreases as the material passes from the sound to
the fully damaged state; at this last stage there is still elastic elastic response, by (1.7¢), and thus the
material is not completely damaged. Given a € C(Q;[0, 1]), it is well known that the function e — Q(a, €)
is weakly lower semicontinuous on L?(Q; M7x").
In fact, (1.6) is not needed to prove existence results in plasticity, see e.g. [35]. Nevertheless, (1.6) is
assumed for mechanical reasons, since purely volumetric deformations do not affect plastic behavior.

The total energy. Given a damage state o € C(€2;[0,1]) and an elastic strain e € L*(Q, M7<"), the
total energy of the configuration is
Elae) = Q(a,e) + D(a) + %|a|3n’2 ifae l'LIm(Q; [0,1]), (1.9)
400 otherwise.
The previous assumptions imply that £ is lower semicontinuous with respect to the uniform convergence
of the damage variable and the weak*-L?(Q; M7X") convergence of the elastic strain. Moreover, for every

sym

e € L*(Q; M) the functional H™ (€2 [0,1]) 3 o+ E(av, e) is differentiable and

(Ba (@), B) = L(C/(0)Be, ) + (9D(a), B) + r{ct, Bhm (1.10)
for every 8 € H™(Q), where dD(a) € My(Q) is the differential of D at «, given by (0D(«a),3) =
fQ d'(a(x))B(z) da.
The constraint sets and their support functions. The dissipation related to plasticity is defined
through the so-called constraint sets, which are subsets of M,*" containing the admissible stresses. The

coupling between damage and plasticity is reflected in the dependence of such sets on the damage variable.
In a softening framework, we require the constraint sets (K(a))aejo,1) to fulfill the following conditions:

K(a) ¢ My™ is closed and convex for every o € [0,1], (1.11a)
B#(0) C K(a1) C K(az) C Bg(0) for every 0 <ag <ap <1, (1.11b)
Ao (K (aq), K(a2)) < Cklag — az| for every ay, as € [0,1], (1.11c)

where Ck, 7, and R are positive constants and dy is the Hausdorff distance, which is defined for two
compact sets K1, Ko by

dowr (K1, K3) := max{ sup dist (z, K3), sup dist (x,Kl)} ,
re K1 r€ Ko
with the conventions dye(z, ) = diam (Q) and sup @ = 0.
Let us introduce the support function H: [0,1] x M — R defined by

H(, &) = Esllg) )O' : & for every a € [0,1].

The following Lemma shows that H has the following properties:

H is continuous, (1.12a)

0 < H(ag,§) — H(1,8) < Cr(ag —aq)for 0 <oq <ay <1land§eMp, [ =1, (1.12b)
& H(a,§) is convex and positively one-homogeneous for every « € [0,1], (1.12¢)

rl¢] < H(e,&) < R|§| for every a € [0,1] and £ € Mp*", (1.12d)

with r, R positive constants independent of o and &.

Lemma 1.1. Conditions (1.11) imply (1.12).

Proof. We first prove (1.12b). Let us fix 0 < oy < ap < 1, £ € MY with [£] = 1, and let (E17 .. ,EN),
N = 2D 1 he an orthonormal basis of M™ with £ = Ey. Hence, for every a

2
H(o, E;) = max o',
ceK ()

where ¢ is the i-th component of ¢ in the choosen basis. Since > the constraint sets are closed we have that
K (az) is contained in the tubular neighbourhood U, ¢ (q,) B(0, dw (K (a1), K(az))) of K(ai). Then
for all 0 € K(az) we have o' < H(ay, E1) + dw (K (1), K(az)); assuming the opposite would imply

o ¢ User(an) B(o,dw (K (1), K(az))). Taking the supremum for o € K(az) we get
H(az,§) — H(an,§) < dw(K(n), K(az)) for every [¢] =1,



8 VITO CRISMALE AND GIULIANO LAZZARONI

and together with (1.11b) and (1.11c) we get (1.12b). Properties (1.12¢) and (1.12d) follow immediately
from (1.11a) and (1.11b), while (1.12a) comes from (1.12b) and the fact that the functions & — H(a,§)
are convex with respect to £ for every a and locally equi-bounded with respect to «, by (1.12d). O

For some of the results (case A € (0,1] in the following Sections) we will make the additional assump-
tions that

& H(ao, &) — H(av1,§) is convex for every 0 < a3 < ap <1, (1.13a)
a— H(a, &) € CH1([0,1]) and |0, H (a2, &) — 0o H (a1, €)| < Ok |y — ol for |€] =1, (1.13b)

with C'x uniform with respect to a and €.
All the previous assumptions are satisfied in the usual multiplicative example: K(«) := V() K (1), for
V e Cb1([0,1]; [m, M]) nondecreasing, 0 < m < M, so H(a, &) = V(a)H(1,§).

The plastic potential. The plastic potential H: C(2;[0,1]) x My(Q U dpQ;M7*™) — R is defined by

M) = [ UMH(a(xL L)) aute).

where € My(QQUdpQ)T is a measure such that p < p and S—Z is the Radon-Nikodym derivative of p
with respect to pu; since H(a(x),-) is one-homogeneous, the definition is actually independent of . We
refer to [14] for the theory of convex functions of measures. By [3, Proposition 2.37]

p — H(a,p) is convex and positively one-homogeneous for every a € C(€;[0,1]) .

In particular,

H(eo,p1 + p2) < H(a,p1) + H(e, p2) (1.14)
for every a € C(Q;[0,1]) and p1,p2 € My(Q2 U dp; M7*™). Since |%(x)| =1 for |p|-a.e. x € QU IpQ,
by (1.12) we have

rllply < H(a,p) < Rlpll, (1.15)
and
0 < H(ag,p) — H(a1,p) < Ckllar — azllcollplli for 0 <ag <ap <1. (1.16)
Therefore, by Reshetnyak’s Lower Semicontinuity Theorem, if oy, and pj, are sequences in C(€; [0, 1]) and
My(Q U 0pQ; ME™) such that ag — « uniformly and py, — p weakly* in M;,(Q U dpQ; My™), then

H(a,p) < likmian(ak,pk).

Furthermore, under the additional hypothesis (1.13), the functional C(Q;[0,1]) > o — H(a, p) is differ-

entiable, 0, H is convex in the second variable, and 0, H(a, p) € Mp(Q2) is given by

(OaH (0, p). ) = /Q o 0, (aw), (@) Ba)dpl(x) forevery B C@):  (L17)

dip|
thus by (1.13Db)

10aH (e, p)lI1 < Rlpll1
for a suitable R depending only on H, and

10aH (01, p) — BaH(az, p)ll < Ckllar — azllocpll1 - (1.18)

Stress-strain duality. We now recall the notion of stress-strain duality, basing on [19], [5], and the more
recent extension to Lipschitz boundaries [12], to which we refer for the properties mentioned below. We
define

5(Q) == {o € L* (M) diveo € L™ R"Y), op € L= (Q;ME")}
and, for o € () and p € II(Q),

{lep : p], @) ::f/ngcr(ewa)dxf/Qa~[(ufw)Gch]dmf/Qcp(div o) (u—w)dr  (1.19)

for every ¢ € C2°(R"™), where u and e are such that (u,e,p) € A(w). (The definition is indeed independent
of u and e.) Under the previous assumptions o € L"(€; M{ ") for every r < oo, u € L7=1 (Q; R™), and
[op : p] is a bounded Radon measure such that ||[op : p]|l1 < |lopllollp|l1 in R™. Using the restriction to
QU Ip), we also define

(op|p) = [op : p)(QUAIPQ).
For o € L?>(Q;M?X") and div o € L?(Q;R"), we denote by [ov] the normal trace on 052, in general

sym

defined as a distribution. When o € C(£2; MZX") we have [ov] = ov where the right-hand side is the

sym
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pointwise product between the matrix o(z) and the normal vector v(z) at each x € 9Q. By (1.19), if
[ov] € L>®(On§;R™) and (1.2) holds, we obtain the integration-by-parts formula

(op|p) = —(o,e — Ew) — (div o,u — w) + ([ov],u — w)sya for every o € £(2) and (u, e, p) € Aw).

For a € C(Q) let
Ka(Q) :={o € L*(;M™X"): div o € L"(Q;R™), op(x) € K(a(x)) for a.e. z € Q}.

sym

Since the multifunction « € [0, 1] — K(«a) is continuous, from [12, Proposition 3.9] (which holds also if
div o is not identically 0) it follows that for every o € K, ()

dp
H< dlp |>|p| [op :p] as measures on QU IpS, (1.21)
and, arguing as in [33, Theorem 3.6 and Corollary 3.8], we deduce that, for every p € II(2)
H(e,p) = sup (op|p). (1.22)
€K (

The plastic dissipation. We are now in a position to define the dissipation related to plasticity. A
function p: [0,T] — My(QUIpQ; ME*") will be regarded as a function defined on the time interval
[0, 7] with values in the dual of the space Co(Q U dpQ;M™). This space can be identified with the
space of functions in C'(€2; M7*") vanishing on dyQ. For every s,t € [0,T] with s < ¢ the total variation
of p on [s,t] is

N
V(p; s, t) == Sup{z Ip(t;) —ptj_)|: s=to<ti<---<ty=t, N N} . (1.23)
Let a: [0,T] — C(Q;[0,1]). The plastic dissipation in the time interval [s,¢] is defined by

N
Vr(o,p;s,t) = sup{z H(a(t;),p(t;) —p(tj—1)): s=to<t1 <---<ty=t, N€ N} .
j=1

To ease the reading, when o € C(£2;]0, 1]) does not depend on time we use the following notation:

N
9H(a,p;s,t) = sup{ZH(a,p(tj) —p(tj—1)): s=to<tr <---<ty=t,N¢€ N} .
j=1
Assume now that p € AC([s, t]; Mp(QU OpQ;M™)); then for a.e. t € [0,7T] its weak* derivative (i.e.,
the weak* limit of the difference quotient) is well defined, see [5, Theorem 7.1], and we denote il by p(t).

By [4, Lemma A.1], if « is strongly continuous (with respect to the strong topology of C(Q2)) at a.e.
€ [s, t], then

Vi, p;s,t) = / H(a(r), p(r

))dr
Notice that the condition on « is satisfied if & € L*°(0,T; H™(Q2)) and it is increasing in time, using
[4, Lemma A.2] and the compact embedding of H m( ) into C(Q). Moreover, under the additional
assumption (1.13), the functional C(Q;[0,1]) 3 a — Vi (v, p; s, 1) is differentiable and

(00Tt 5,0).8) = [ (@uHta5).9) dr (124)

S

for every 3 € C(2). (See also (1.17) for the expression of 9,H (c, p(7)).)

The generalized energy. In this paper, we account for different possible couplings between damage
and plasticity, which are described by introducing a parameter A that varies between zero and one.
Accordingly, in the formulation of the problem we will often use the following functional,

Ex(a,e;p,t) i=E(a,e) + MA/H(oz,p; 0,t), (1.25)

where A € [0,1].
We notice here that, assuming p € AC([0, t]; My(Q U 9pQ; M™)) and (1.13), by (1.10) and (1.24) the
functional H™(£2;[0,1]) > a +— Ex(a, e;p, t) is differentiable and

(0uE(0€50.0). ) = H(€'(@)Fe.c) + (0D(0). ) + wlex B + 3 [ (0w p(s)).5) s (1.26)

for every 5 € H™(2).
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The external and initial data. For the time-dependent prescribed boundary conditions we require the
following regularity:

w e HY0,T; HY(R™;R™)). (1.27)
We prescribe initial values aq, ug, €g, po for damage, displacement, elastic, and plastic strain, respectively,
that satisfy

ag € H*™(Q;[c,1]), eo € L*(Q), (uo,e0,p0) € A(w(0)), oo € Koo (), divog =0in €, (1.28)
with ¢ > 0 and ¢ := C(ag)ep. Then the differential 0,& (g, eq) given according to (1.10) by
(0a&(an, €0), B) = 3(C' () Beo, €0)2 + (0D (), B) + k{0, BYm,2
for every 3 € C(Q), is represented by an L? function.

2. DISCRETE-TIME VISCOUS APPROXIMATION

To show the existence of quasistatic evolutions, we adopt the well-known method of vanishing vis-
cosity, thus we study an approximate problem containing a viscous term driven by a (small) parameter
e > 0. The existence of viscous approximations is proved by time-discretization through an incremen-
tal scheme. Therefore, we divide the time interval introducing k equispaced nodes, solve a unilateral
minimum problem (2.1) including the viscous dissipation, and take a piecewise affine interpolant of the
resulting approximants; this is contained in the present section, together with some a-priori estimates on
the approximants, which allow the passage to the limit as k — oo and as € — 0, performed respectively
in Section 3 and 4.

In particular, for the piecewise affine interpolants we show, using an argument developed in [34],
that the time derivatives of the strains are bounded by the time derivatives of the damage and of the
external loading, up to a multiplicative constant independent of k and € (see Lemma 2.6). Combining
this estimate with arguments similar to [18] allows us to prove that the approximate evolutions are H' in
time uniformly with respect to k for ¢ fixed and that they are absolutely continuous in time, uniformly
with respect to ¢, too.

Henceforth, we always assume that (1.5), (1.7), (1.11) hold and that w and (ap, uo, €o, po) satisfy
(1.27) and (1.28), respectively. For some of the results (case A € (0, 1]) we will require also (1.13).

The incremental scheme. We set a sequence of subdivisions of the interval [0, 7] by fixing equispaced
nodes (t%)ogigk,

th=1iT,
k
For every k, we set (af, (ul,e?,p?)) := (o, (uo, €0, po)) and for i = 1,...,k we define (o}, (u},el,pl)) as

a solution to the incremental problem
min {E (B, px, 67 1) + H(Br g — 0y ) + 52118 — a5 2 (B, (w,m,9)) € D(ag ) xA(wp) ), (2.1)

where 7 = T3, 1= % and we have used the following interpolants:

wz =w(t}) foreveryi=0,...,k,

pR(t) i= p, + k(I p]) for ¢ € [,67) and j = 0,... k1. (2.2)
We remark that, according to (1.25) and using (1.14) to evaluate the dissipation of a piecewise affine
function,

Ex(Breipoth) = E(B,e) T NS H(B,pf — pl ") fori=1,....k. (2.3)
j=1
The existence of solutions to problem (2.1) can be proved as in [4, Theorem 3.1] with straightforward
modifications to account for the viscous term. In the following Lemma we collect some properties of
discrete solutions which follow from [4, Lemmas 3.2 and 3.3], [5, Theorem 3.6], and [34, Lemma 3.2].

Lemma 2.1. If (o, (ul,el,pl)) is a solution to problem (2.1), then the following equivalent conditions
hold:

(a) H(a p) < (C (a@)e%,e} ( ,—D) for every (u,e,p) € A(0),
(b) C(ad)el € Ky (), div(C(a ei)=0inQ, [(C(al)el)v] =0 on INQ.
Moreover,
Exlag, ehip,t, ) + = llak — ai 3 < ExBmipro ty 1) +H(B g — pi) + =118 — o) I3
for every (8, (u,n,q)) € D(at) x A(wk), and
Q(aj, e}) + Qg n —e},) < Qag,n) + H(aj, ¢ — pi) (2.4)
for every (u,n,q) € A(w}).
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Notice that we shall employ in the sequel only the latter of the equivalent conditions (a) and (b) above.
We define the following piecewise constant and piecewise affine interpolants:

gk(t) = O‘?‘c ’ @k(t) = u?ca Qk(t> = e;;a

. o . A (2.5a)
p,(t) =iy 0y (t) = Clag)e , wy(t) :==wy, fort € [t} "),
a(t :o/,ukt fui,ékt :ei,
() = ok Tt =, ) =ck, -
Dr(t) :==py,, ok(t) :==C(ay)ey,, Wi(t) :=wy, forte () ", ],
an(t) == af + Sk (ot —ak), un(t) = up + S (i —ul), enlt) = e + S (el —el), (2.5¢)

.0C

ok (t) := Clag(t))ex(t), wr(t) :==wy, + ¢ Ttk (w,’jlfwfc) for t €[ z,tﬁjl).

(Recall also the definition of pj;, from (2.2).) Definitions (2.5a) and (2.5¢) are given for ¢ =0...k—1, and
(2.5b) for i = 1...k instead. We define o, (T) = a(T) := af and @ (0) := ap, and the same for the other
interpolants. By definition a4, @, and oy are nonincreasing in time; moreover, (gk(t),gk(t),]zk(t)) €

Alw (1)), (@r(t),en(t),pL(t)) € Awi(t)), and (ug(t), ex(t),pr(t)) € A(wi(t)) for every ¢ € [0,T]. We
shall also use the notation

() =t if t € [t i) F(t) =it if t e (¢, 6.

The discrete energy inequality. We now derive an energy estimate for the solutions of the incremental

problems Let us fix i € {1,...,k} and for a given integer h with 1 < h < ilet u := u} ™' —w!™' 4w} and

ni=ept — Bwl™' + Ewl. Since (a1 (u,m,pp 1)) € D(af™) x A(w]), by the mlmmahty condition
(2.1) we obtain

Ex(ap, el pr, i) + H(al, pf — pp ) + S llaf — af 73

o - B B B (2.6)
<Elop he hpety )+ (op T Buf — Bup ™) + Qo™ Buwy — Bup ™),

where we have used the identity
O, e1 +e3) = Qa,e1) + (Ca)er, ea) + Q(a, ea),

which holds for every o € H™(;[0,1]) and ey, ez € L*(;MZ"). From the absolute continuity of w
with respect to ¢ we obtain

h—1
k

th
wy —wi™ 1:/ w(t)dt,
t
using the notion of Bochner integral for functions with values in H!(R"; R"). This implies that
th
Ew} — Bwp™! = Eu(t) dt, (2.7)

h—1
tk

where the integral is again in the sense of Bochner and the target space is L2(R"; Mgh). By the
continuity of Q and (2.7) we get

th

k 2
Qo Bl — B ™) < ([ B0 at)

k

Since
AV (g, i, 0,817 + H(og, it — pi ") = AVl pi, 0,68) + (1= MH(af,pp —pp ™), (28)
from (2.3), (2.6), and (2.7) it follows that

Ex(al, el pr, th) + (1 — NH(al, pf — )+7”a’€ — oy

th

k th
gSA(aZfl’erl;pk,tgfl)+/th71<ggfl7Ew(t))dt+wk /tH | Ei(t)2dt,
k k

where
th

k
5= 2 o, / | B2 dt — 0

by the absolute continuity of the integral. Iterating now the latter inequality for 1 < h < ¢ amounts to
the following property.
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Proposition 2.2. For everyi=1,...,k
i i i : , _ ‘e . _
5)\(ak7ek;pk7tk) + (1 - )‘) ZH<aZapZ _p}]z 1) + Z EHO[Z - aZ 1”%
h=1 h=1
th
< E(ayp,ep) —|—/ (i (8), B(s)) ds + 0y,

0

where 8, = wy, [ | Eui(t)]|2dt — 0.

A priori estimates. Using (1.7¢) and (1.12d) in the left-hand side of (2.9), as well as (1.8) and the fact
that the function ¢ +— || Ew(t)||2 is integrable on [0, 77 in the right-hand side, we find that for every k € N
and t € (ti1, 1]
i tt
K - e [F.
a6l + Dian(e) + 5O+ 10 =0 S Ik =+ 5 [ (o)l
h=1

T
< E(ap,e0) + 272 sup H§k(t)||2/ |[Ew(s)||2 ds + dg -
t€[0,T) 0

Thus, by the Cauchy inequality,

sup le,(t)[l2 < C. (2.10)
t€[0,T]

Henceforth, C' denotes a suitable constant depending only on 71,72, 7, and on the functions «g, ey, and
w. We immediately deduce that

sup D(ay(t) <C, (2.11a)
t€[0,T]
sup lay (t)[m2 < C, (2.11b)
t€[0,T]
T
- [ lea@Bas <o, @.110)
0

and, from the definitions of the interpolants, that
k
V(p,:0.T) = V(Bi30,T) = V(pi; 0.T) = D llpi, — i 1 < C. (2.12)
i=1

Notice that analogous estimates to (2.10), (2.11a), (2.11b) also hold for the other interpolants from (2.5b)
and (2.5¢).
Next we show a bound from below on the damage variable, thanks to assumption (1.5).

Lemma 2.3. There exists mg > 0 independent of €, k, t, such that
a(t) =mo, ar(t)=mo, ar(t)>me nQ (2.13)
for every k € N and t € [0,T].

Proof. By (2.11b) and the continuous immersion H™ (€2) € C%1/2(Q), ¢f. (1.4), there exists C independent
of ¢, k, t, with

lay, (t, @) — a(t,y)] < Clz —y|/?  for every z,y € Q.
Let M > 0; by (1.5b), there exists § > 0 such that d(§) > M§~2" for every 0 < § < J. Assume now that
(2.13) does not hold, so we can find k € N, t € [0,T], and T € Q such that o, (¢, T) < g. Then ay,(t, ) < §
for every z € B(z, (5/(25))2) Therefore, D(ay(t)) > Mwn/(26')2n, where w,, is the measure of the

unit ball in R™. Since M is arbitrary, this contradicts (2.11a) and proves the thesis for a;. The other
statements are analogous. (]

By minimality, we get some differential conditions on the damage variable, which correspond to a dis-
crete approximation of the Kuhn-Tucker conditions appearing in the following sections (cf. Definitions 3.1
and 4.1, and Propositions 3.2 and 4.3). We recall that we assume (1.13) when X # 0; in that case we
obtain the Kuhn-Tucker conditions (2.15). If A = 0, we would still be able to deduce (2.15) assuming
(1.13); however, without that hypothesis, we can obtain the weaker version (2.14), which is sufficient for
the subsequent applications of the lemma.

Lemma 2.4. Lete >0, k€N, and t € (0,T)\ {t},...,t;i '}.
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Case A\ = 0. We have

(Oa(ak(t),Ek(t)), B) +eldn(t), B)2 2 0 (2.14a)
for every f € H™(Q):={B€ H™(Q): 6<01in Q}, and
(0a&(@k(t), e (1)), () + el ()5 < Ok Tlldr (t)]]oollr(B)]]1 (2.14b)

with Ck introduced in (1.11c).
Case X € (0,1]. Under the additional assumption (1.13) we have

(Oalx (@i (t), ek (t); Pr> 11 (1)), B) + T(Oa M (k(t), i (1)), B) + e(d(t), B)2 = 0 (2.15a)
for every g € H™(Q), and
(O @k (), ek (1) prey T (1)), i (1)) + ellan ()13 = —T(BaH (@ (2), i (1)), A (t)) - (2.15b)

Proof. Let us denote &} := a;cff‘;“_ . By (2.13), for every 3 € H™(f) there exists 6 € (0,1) such that
al +668>0in Q for every k, i, and 0 < § < &, which implies al +6p € D(ozz_l). By minimality of o,
0 < Ex(a) + 0B, ehipr, ty ) + Mg, + 08,9, —ph ) + 5 llag + 66 — oj I3
— (Ex(ak ehipi ti) + Hlak bl — 9 ) + £llat — o} 3)
If A\ = 0, dividing by ¢ and letting & tend to 0, we get (2.14a), since H(a}+63, pi,—pi ') < H(ak, pi—pi ')
by (1.16) (recall also the regularity assumptions on C and D). If A > 0, exploiting (1.13) and its
consequences (1.17) and (1.18), we deduce (2.15a) using also (1.12c).
Moreover, o, — § i € D(aj ") for 6 < 7, so
0 < &) — da, eipr, ti ) + Hlog — 3k, pj — i) + 5ok — a7t + 3 a3
— (&x(akehpno i) + Mok bl — i) + £llak — ' 3)
If A =0 we get
(Oal (@ (t), (1)), an(t)) + ellan(t)lI3 — (04 H(an(t), pu(t)), —aw(t) <0,
where " 5 "
ag(t) — oak(t), pr(t)) — H(ak(t), pr(t
(@3 H(@(0),Pr(6)), (1) = lyming PO = 000 (0) Z MWL PLL0)),

and then (2.14b) follows by (1.16). If A € (0, 1], since we have already proved (2.15a) we get (2.15b) using
again (1.13). O

The next remark will turn out to be useful in the sequel.

Remark 2.5. Differentiating (2.8) with respect to the damage variable, we get that for every A € (0, 1]
and § € H™(Q)

~

MOa Vi (@ (1), pi; 0,74 (t)), B) + T(OuH(ak (1), Pr (1)), B)
= MOaVr(@r (1), p1; 0,75(1)), B) + (1 = N7 (0 H(@r(t), pr(t)), B)
and then
(0a&x (@i (t),er () pr, 1, (1)), B) + T (O H(Qk (1), Pr (1)), B)
= (0a&x(@k(t), e (t); pr, Tk (1)), B) + (1 = N7 (OaH(@k(t), r(t)), B) -
The following lemma permits to bound the norm of g, é, and px by the norm of d}; and wlk times a

constant independent of k£ and ¢; this will be very useful to get the estimates in Propositions 2.7 and 2.8.
In the proof we adapt an argument developed in [34, Lemma 3.3].

(2.16)

Lemma 2.6. For everyk € Nand 0 <i<k—1 let

O = log™ = ailloe + | Bw ™ — Ewgllz.

Then there exists a positive constant C' independent of €, k, and i such that

lej™ — eill: <C o (2.17a)
I = pills <C G (2.17b)
|Bu ™ — Bu |y <C &, (2.17¢)
[uitt — i o <C@E + [witt — wila). (2.17d)

In particular, dividing by T, we have that for every t € (0,T)\ {t,... ,tg_l}
léx@)ll2 + Ipx() ]l + | Bir () [ln < 3C([léw()lloo + 1Bk (t)]]2) -
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Finally, for every t € (0,T)\ {t},...,ti '}
H(@x(t), px () < (@%(t))ppr(t) + C7([léw (8) 3 + | Ewr(1)]13) - (2.18)

Proof. By Lemma 2.1 we obtain o}, := C(a} )el € Kai (2), div ob =0in Q, and [oiv] = 0 on NS for
every k and i. One can easily see that

(03", (up + wi™ —wis e + B(wi™ —wi),ph) € D(ag) x A(wi™),

and then by minimality

Qo™ &) + (e pi™ = pk) < Qag e + E(wi™ —wp)). (2.19)
Since for every v € H™(9;[0,1]) and every ey, ey € L*(Q; MZ%")
O, e1) — Qa, e2) = %<C(a)(€1 +e2),e1 —e2), (2.20)

recalling the integration-by-parts formula (1.20) and condition (b) of Lemma 2.1, by (2.19) we infer that
(o b —p) < (o, Bl ) — (e —eb)) + Qlaf™, Bluf —u})
— (Claf )€ —e), Bl =) + Qaf e —e))
=)o [ =pk) + Qo B(wi ™ —wy))
— (Clog" ) (e —ep), Blwit —wy)) + oy e —ej)
By (2.21), using (1.15) and the Cauchy inequality we have
rllpet =pill < Cr(lB(wi —wp)ll2 + llei —eill2) , (2.22)

where Cy depends on 7y, introduced in (1.7¢) and on the constant in (2.10).
Testing (2.4) by (ujt! — (wi™ —w}), el — BE(w™ —w}), pi™') € A(w}), by simple algebraic manip-
ulations we obtain

Q(aj, ep) + Qaj, et —ep) + {oh, B(wy™ —w})) < Qlag, ep™) + Hlag, ™ —pi)-
Using (2.19), it follows that
Q(%e?l er) < Q(a}'wefjl) - Q(aj, ep) + Q(ay, Wher) — Q(a?l Hl)
+([Cla™) = Cla)] e, Blwy™ —wi)) + Qg™ B(wy™ —w})) (2.23)
+H(ag, 0 k) = Mo pi —ph) -
Notice now that, employing again (2.20),
Qaj ey™) — Qg ei) + Qg™ ep) — Qg ™) = 3([Clap) — Cla™)] (ef + ). (e — i) -

(2.21)

By (2.23), (2.24), (1.7¢), (1.16), and the Cauchy inequality, we deduce

llef —ekl3 < 3 llekt bl + e lpe k3
+ Ca [l —abl + | Bt —wh)3)

with Cy depending on the constant in (2.10), w, Lip(C), Ck, 7, v1, 72, - Thus (2.17a) and (2.17b) follow
from (2.22) and (2.25). Arguing as in [5, Theorem 3.8], we obtain also (2.17c) and (2.17d). Finally, using
(2.17) and the Cauchy inequality, we get (2.18) from (2.21). O

(2.25)

Combining Lemma 2.6 and some arguments from [18, Proposition 4.1], we prove that for ¢ fixed the
functions ay, are bounded in H' (0,75 H™(Q)), uniformly in k.

Proposition 2.7. There exists a positive constant C independent of €, k, and t such that for everye > 0,
keN, te(0,T)\{th,....tr" "}

ellaw(t)2 < Ce=™+O, (2:262)
?k(t) o
6/ |60 (8)[|2, 2 ds < Ce =™+ (2.26b)
0
. i—1 . i—1 . i i—1 ) pi _qptT L
Proof. We start from (2.14), denoting &} := ol :“k , el = ‘i —S— ph = P Pe | and ) =

for every k € N and 1 < i < k. Let now fix k and 4. First we c0n81der the case 2 < i < k; the case it = 1
needs a slightly different treatment and will be considered below.

We take (2.14b) in the case A = 0, respectively (2.15b) in the case A € (0, 1], evaluated at ¢ € (. *, %),
thus @ (t) = o} and éy(t) = &i. Then we subtract (2.14a) (resp. (2.15a)) evaluated at t € (¢} 2, i 1),
(thus @x(t) = o) ' and di(t) = &l '), and tested by 3 := &i. Recall that the differentiability of
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Ex(-,e;p,t) follows from (1.13), which is assumed if A € (0,1], while for A = 0 the energy reduces to
E(a, e) and some terms disappear, see also above. We obtain that for every 2 < ¢ < k and every X € [0, 1]

s{ah — 6y dh) + rlak — af T Gkme < = [H(C(ah)dkek o) — 3T () age el )
— (0D(a}) = OD(a"), &4) + Crc k|l

i—1
h=1
When A € (0, 1] the ineqqality stated above follows from (1.26) and (2.16) by neglecting the term
(1 — A\{(0aH(a) " pi " — pi?), &4 ), which is negative by the softening assumption (1.11b) and by the
monotonicity in time of a. Therefore

efah — 6y, ah) + slal — al ! dhdme < 3[(IC(ah) — C'(afdkek ek
+ 3(C @i D dkek ) = (o aker e

+ C7)|60 1% (1 + V(B 0,2 (1)) + C 7l s Bkl

taking into account the regularity assumptions on C, D, H (see (1.7), (1.5), (1.12), (1.13)). Using the
fact that 2a(a — b) > a? — b? for every a,b, we get

sfag — a7 ah) = 2 (llaklE - e~ 1B) |
and then, using (2.12), we obtain that
S (16813 = a7 13) + 7tk 2, 2 < Cr (k% + ke ébllz + ko ipi )

, . (2.27)
< cr(llakliZ + IBokI3)

for every 2 < i < k, where C' depends on the C'! norm of C, D, H (if A € (0,1]), and on the constants
r, 71, V2. Notice that in the last inequality we have used Lemma 2.6.
Since 9,& (g, e0) € L*(R), using (2.14b) we get

ellékll < (~0a& (0o, e0), ék) — [ ((C'(ar)ker, ex) — (C'(ao)dgeo, o) r2)
+(0D(ay,) — 0D(an), ég) + Klag — a0, 6)m2 + Cc T||Z')1£||1||éé;1g||oo} (2.28)
1 €. . . .
< o 10a€ (a0, eo)ll3 + 5 lldklls = maldil, + Cr(laglls + [Bxl2)
arguing as before, since (ayg, (ug, €9, po)) satisfies (1.28). We can read (2.28) as

63 + ralaklz,e < C (% + r(laiZ + I1Bak1B)) (2.29)

Since H™(£2) is compactly embedded into L (), for every § > 0 there exists a constant Cs > 0 such
that
13 < 6l 72+ Csll - 13- (2. 30)

For every 2 < h < k, summing (2.27) for 2 < < h and (2.29) and taking into account (2.30) for § = o,

we get
h

h h

€. TR . 1 . i

SHGkB + 5> Ikl 2 < C<g + (D llakll3 + Y ||Ewk||§)> : (2.31)
i=1 i=1

i=1
Adding T* Z?Zl l|ék |2 to both sides of (2.31), it follows that for every t € (0,T)\ {t},...,tF '},

e . ) K ?k(t) ) 9 1 7k(t) ) ) ?k(t) ) )
Sl +5 [ e Rads <o 2+ [ laBds+ [T Bl ds

1 ?k(t)
<c(lete [ a3,
0

where we have used (1.27) in the last inequality. Now Gronwall’s Inequality implies that

(2.32)

1 _
el (Bl < O (2 +1)ef™O,

for every t € (0,7)\ {t},...,tF '}. We recover (2.26a) multiplying with e and taking the square root.
Now (2.26b) follows from (2.26a) and (2.32). O
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Arguing as in [18, Proposition 4.3] we improve the estimate of Proposition 2.7 and show that the
functions a4, are bounded in AC([0,T], H™(2)) by a constant independent of £ and k.

Proposition 2.8. There exists a positive constant C' independent of €, k, and t such that for every
0<e<1landkeN, withk > (4e)71,

t
/ 6 (5) oz ds < C.
0

i—1 i i—
Oék ak Wy, —W

1
L for every k € N and 1 <14 < k. From the inequality

Proof. Let &} := and W} =

i llz (e llz = 6" 12) < (o = a3~ ék)s

arguing as done for (2.27), we get that for every 2 <i <k
ellaglla (lakllz = 637 12) + 7rlakf2, o < O (laklZ + 1 Bigl3) (2:33)

By the compact embedding of H™(£2) into L*°(Q2), for every ¢ > 0 there exists a constant C'(6) > 0 such
that
113 <81 ooz + Csll - 13 < 61 o+ Csll - Il - Iz (2.34)
20

since  is bounded. Adding a term 7x[|c}||3 to both sides of (2.33) and using (2.34) with § = 5
obtain that

, wWe

llalla (ke = o l2) + Sllakl 2 < O (laklllakllz + I1B0f3)

for 2 < < k. Multiplying the inequality above by 2/e and taking into account that [|&g[|2, 5 > [} |13,
we have that

. . i TR, ., TR, .. 27C
2l (llaklla = ok l2) + Sl I3 + S llaklz, » < ==

for 2 < i < k. We now set

ek 11 [l 1= + HEU'J?;H%> (2.35)

¥ AL 2rCN\Y2 TC\ ., TR
aii= ekl b= (52) laklma, e= (T22) Bl dii= léklh =

for 2 < ¢ < k. This definition allows us to recast (2.35) in the form
Zai(ai — ai_l) + 2(0,12 + b12 S 612 + 2a1dz ,

and so to follow the proof performed in [18]. Indeed, by a discrete Gronwall-type inequality with weights
(see [18, Lemma 4.1], to which we refer for all details), we conclude that

h h
K i—h)—=1y| +i —2h| + i—h)— -
?EZT(%LC)% DGR < 204+ Q7 a3+ 16CC Y (1+ ()P By 3
1=2 1=2 (2 36)
h _ ' 2 '
#act (3 L0 el

for 2 < h < k. We bound the right hand side of (2.36) with
& 2
V2(L+ O 7Mlaklla + (14 160¢ 3 (1+ O2M 1 B 3) + 202 (1+¢) " 1||ak|1] :
i=2
using the fact that for every a, b, ¢ > 0
A+ <(a+b+e)* <(a+(1+0%) +c)?.
In order to estimate from below the left hand side of (2.36), we appeal to the Holder inequality,

h h 1 h

K i— % i— K i— -7

o D+ O i < (52 DT+ Q2T (2D (14 Q2 g, )
=2 =2 =2

N

Evaluating the geometric sum and using the fact that 57 < 2¢ < 2k, we deduce that

h
1
2727_ +C2(lh)1</‘6+1
&

=2
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Therefore from (2.36) we obtain

h h
1 i—h)—1|| i —h| . i—h)— -
gZT(lJrC)?( " 1IIOékllm.,z<C<1+(1+C) Mlakllz + ¢ 1+ QM B |3

=2 =2 (2.37)

+Z (1+¢)i=h- 1||ak||1)

Now we multiply both sides of (2.37) by 7 and sum over h = 2,...,k. Recalling the formula of the

geometric sum we get for every k € N and po, p3,...,px >0
1+¢ i
72 Z (14¢)? Zﬂlﬁzmp(uc)ﬂ M=2), (2.38)

where we have changed the order of the sums; this identity will be used to rewrite the left hand side of
(2.37) setting p; = ||t ||m.2 and the third term in the right hand side setting p; = || Ew}||3. Moreover,
for the second and the fourth summand in the right hand side of (2.37) we have

k

Chil - 8 .
S+ okl < —llatle (2.39)

h=2
and

m

k h k

T z Ly
dor Z* L+ Hlaglh < ZTH%IIl- (2.40)
h=2 =2 i:2

Collecting (2.37)—(2.40) we obtain that
k

k k k
S rlldhlm < C(T+e||a;£|2 + 3 BaLE + ZTnaznl) £S5 (1 P2 G s

=2 =2 1=2 =2

The last term in the equation above is estimated with (2.37), so we get

k k k
S rlldhlme < c(meuam S +ZT||az||1) . (2.41)

i=2 =2 i=2
We are now left to estimate the term with ¢ = 1. From (2.29) and (2.34) it follows that

et < C (2 + rlaklf + rIBol3)
Multiplying by 7, since o- < 2 we get
. . . . . 2
T2lagln0 < C(1+ 72} + 72| Bigll3) < C (1 + 7llag ] + 7l Bigll2)”
and then
Tllagllma < C (1+ llagll + 7l Biglla) + llaglla < O (1+Tllaglh + 7l Biglla +llallz) . (2:42)
Summing up (2.41) and (2.42) gives

k k k
S rlldhllme < 0(T+e||a,£2 ©Y B +Zr||az||1)

i=1 i=1 i=1

< C<1 + /OT [ B ()15 + /Q ao(z) — aj(z) dx) ,

where in the last inequality we have used the fact that ai < o} ' and (2.26a) for t € (0,¢1) = (0,7),
taking into account that T < 4. Thus we conclude, recalling (1.27), (2.11b), and the fact that C is

independent of €, k, and ¢. (]
Remark 2.9. Using Lemma 2.6, by Proposition 2.7 we get that
T T T
[ aoBas<c c [ nwBa<c s [ uGkd<e, @
0 0 0
while by Proposition 2.8 it follows that
T T T
[a@lka<e [nehaszc [ ilms<c (244
0 0 0

for 4ke > 1, where C' is a constant independent of ¢, k, and ¢.
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Remark 2.10. We conclude this section with a short discussion on the choice of the regularizing term in
(1.9). Let us consider the general case of a damage regularization in a Banach space X, namely, whenever
the energy is finite, the damage variable belongs to X. In order to differentiate the energy with respect
to time, a priori estimates for ay, in the space W11(0, T; X) should be derived, in such a way that ¢ is in
duality with 0,€ € X', cf. (1.10). In the present context, following [18], we exploit the Hilbert structure
of the space X = H™(Q), see Lemma 2.8. Instead, the choice X = W7 (Q) (v > n) considered in [17]
(for damage without plasticity) provides only a uniform estimate for oy, in W1(0,7; H'(Q2)). For this
reason in [17] the evolution fulfills only an energy inequality, see also Remark 3.4 therein.

3. VISCOUS EVOLUTIONS
In this section we pass to the limit in the discrete-time problems as the time step converges to zero.
For every fixed £ > 0 we then find a quadruple («., uc, e, p.) satisfying for every ¢ € [0, T):
e admissibility and equilibrium conditions, with a. nonincreasing in time;
e a first order stability condition in the damage, referred to as Kuhn-Tucker inequality;
e an energy balance including viscous dissipation.

Such quadruples are called e-approximate viscous evolutions (see Definition 3.1 and Theorem 3.7). We
also prove some crucial estimates for the passage to the limit as viscosity vanishes, which will be studied
in Section 4.

We start introducing the notion of e-approximate viscous evolution. Notice that when X is the dual
space of a Banach space Y we denote

L2(0,T; X) := {p: [0,T] — X weakly* measurable : ¢+ |p(t)| € L*(0,T)},

with f: (0,T) — X weakly* measurable if and only if (0,7) > t — (f(t), g) is measurable for every g € Y,
and

HL(0,T; X) := {p € L2(0,7;X): 3pe L2(0,T; X) s.t. for every p € CL((0,T);Y)

| w0, eyt =~ [ G, ey},

Definition 3.1. Let (1.5), (1.7), (1.11) hold, and let w be as in (1.27). We say that a function
(e, e, ec,pe) from [0,T] into H™(;[0,1]) x BD(2) x L*(Q; ML) x My(QUIpQ;ME") is an e-
approximate viscous evolution if
a. € HY(0,T; H™()), e € H'(0,T; L*(; ML) 51)
u. € HL(0,T; BD(Q)), p. € HL(0,T; My(Q U pQ;ME™)), '
and, setting o.(t) := C(ac(t))e:(t) for every t € [0,T], the following conditions are satisfied:
(ev0)e irreversibility: for every x € Q
[0,T] >t a.(t,x) is nonincreasing;
(evl). kinematic condition and equilibrium: for every t € [0,T]
(ue(t), ec(t),pe(t)) € A(w(t)), divo.(t)=0inQ, [o.v] =0 on IyQ;
(ev2). stress constraint: for every t € [0,T]
0e(t) € Ka, (1) (2);

(ev3). Kuhn-Tucker inequality: for a.e. t € (0,T)

(OnEr (0(1). e2(1):pent). B) + £le(£).8) > 0 for every € H™Q) = {f € H™(Q): f<0inQ};
(evd). energy balance: for every t € [0, T

Ex(ae(t), ex(t); pent) + (1— N) / H(aa(s), pe(s)) ds + < / e (3)]12 ds

:5(a0,60)+/ (02(5), Eui(s)) ds

0

Two characterizations of the approximate viscous evolutions are given below: the first ensures in
particular that the damage variable satisfies the Kuhn-Tucker conditions, while the second will be useful
in the proof of Theorem 3.7.

Proposition 3.2. Let (a,uc,e.,pe) be a function satisfying the conditions (3.1), (ev0).—(ev3)., with
ac(t) € H™(Q;[0,1]). Then (ae,ue, €c,pe) is an e-approximate viscous evolution, i.e. it satisfies the
energy balance (evd)., if and only if any of the conditions below holds true:
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(evd’). for a.e. t € (0,T) the following hold:
— Kuhn-Tucker equality:
(Oalx(0e(t), ec(t); e, t), de(t)) + 5||d6(t)||% =0; (3.2)

— Hill’s maximum plastic work principle:

H(a:(t), p=(t)) = (0=(t)) p| P=(t)) -
(evd”). energy inequality: for everyt € [0, 7]

T T
Ex(@e(T), eo(T):per T) + (1— ) / Hae(t), -(1)) dt + ¢ / e (B)]3 dt

T
gg(ao,eo)+/0 (0. (t), B (t)) dt.

Proof. Ad (evd). <= (ev4’).: From the absolute continuity of ar, e., and p., we obtain that the
function t — Ex(ae(t), ec(t); pe,t) is absolutely continuous and

%Ex(%(t%ee(t);ps,t) = (Oa&x(ac(t), ec(t); pe, t), Ge(t)) + NH(ac(t), P (1)) + (oe(t), é(t))  (3.3)
for a.e. t € (0,T). Property (evl). and [5, Lemma 5.5] imply that

(e (t), (1), pe(t)) € A(w(t)) for ae. t € (0,7,
so that, from the integration by parts formula (1.20),

(0=(1), éc(t)) = (0=(t), E(t)) — ((0=(t)) | Pe () (3-4)
for a.e. t € (0,T). Then (ev4). is equivalent to
—(1 = N H(ae(t), pe(t)) — €||ds(t)||§ + (o=(t), B () = %5}\(045(25), ec(t); pe, )
for a.e. t € (0,T"), which is also equivalent to

(Oalx(0e(t), ec(t); pe, t), de (1)) + 5||de(t)||g + H(ae(t), pe(t)) — ((0:(1)) p| Pe(t)) =0 (3.5)
for a.e. t € (0,T). Now, from (ev2). and (1.22) it follows that

((0=(1))pl Pe(t)) < Hlae(t), pe(t)) (3.6)
since pe(t) € II(Q?) for a.e. ¢ € [0,T]. Then, using (ev3). with 5 = ¢&., we get that (3.5) is equivalent to
(evd)..

Ad (ev4). <= (ev4”).: Let us prove that (ev4”). implies (ev4), the converse being trivial. Gathering
(ev3). with 8 = &.(t), (3.3), (3.4), and (3.6), we deduce that

d . . .
r(@e(t), ec(t);pe,t) 2 —(1 = MH(ae(t), p:(2)) — ellae ()3 + (oc(t), Eu(t))
for a.e. t € (0,T). Integrating, we get for every 0 < ¢; <ty < T the inequality

Ex(an(t2), ea(ta)spesta) + (1— ) / " H(ae(s),pe(s)) ds + < / ée(s))2 ds

> 5>\(as(t1),es(t1)§psatl) +/t 2<U€(8),Ed}(s)> ds,

which implies the energy balance (ev4). in view of (ev4”).. This concludes the proof. O
Using the Kuhn-Tucker conditions, we can rewrite the energy balance as in the following Remark.

Remark 3.3. Let (a., ue, €, pe) be an e-approximate viscous evolution. From (ev3). and (3.2) it follows
that

ellce(t)]l2 = EIGII;<—3045)\(CME(15), ec(t);pe,t), B) = — (Oabn(ac(t), ec(t);pe,t), B) (3.7)

b
for a.e. t € (0,T), where
Fi={pec H'(Q): |82 < 1}.
Indeed, by (ev3).
e(dz(t), B) = (=0a€x(ac(t), ec(t); pe, t), B)
for every f € H™(Q2), while (3.2) implies that the supremum in (3.7) is a maximum, attained for

B = a8 if [l (1)l > 0,
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Then, by (3.7), (ev4). reads as
Ex(0e(T), e2(T): per T) + (1 — ) / Hlae (1), po(t)) d + / e (6)12% (e (1) e (£): pes ) dt

T
— &(ao, o) +/ (0. (), Bu(t)) dt,
0
where
U(a,e;p,t) : = P(0aEx(, €5p,1)), (3.9)
for every o € H™(€2;[0,1]), e € L2(S; M5, p € AC([0, T]; My(Q U OpQ; ME*™)), ¢ € [0, T), with

sym

O(f) = Zgg(—f, B) for every f € (H™(Q)) . (3.10)

Notice that ¥(a, e;p,t) € [0, +0o0].
In the following lemma we characterize the operator ® introduced above.
Lemma 3.4. Let ® be the operator defined in (3.10), and let
G:={he (H™Q)): (h,8) >0 forevery 3 H™(Q)}

and

da(f,G) :=min{||g|l2: g € L*(Q), f +g € G} for every f € (H™(Q)), (3.11)
which is well defined for every f. Then

O(f) =da(f,G)  for every f € (H™(Q)) . (3.12)

Proof. Let us fix f € (H™(Q))".
Proof of ®(f) < da(f,G). Let d2(f,G) < +o00 and g € L?(Q) such that f + g € G: we have that

(~1.8) < / gBdz < gl for every B € F

and we conclude by definition of ®(f) and da(f, G).
Proof of da(f,G) < ®(f). We can assume ®(f) < +o0; then
(£, 8) < @(PIBll2  for every f € HI'(Q) ={f e H™(Q): f=0in Q}. (3.13)
Let B C R™ be an open set such that Q C B and
(5,0) = (f,Bla) for every 5 € Hg"(B); (3.14)
by (3.13)

(9,8) < @(f)lIBll2m) for every § € HY*(B).

By Lemma A.2 we get that there exists a unique pair (g,u) with g € L%(B), g > 0 and u € M+ (B)
(namely p is a nonnegative measure on B) such that gda and p are mutually singular and

<S,ﬁ>:/Bgﬁdx—/Bﬂdu for every 3 € HJ'(B)

in particular the former property implies that f pgdu®=0.
Using (3.14) we have that g € L*(Q) and p € M+ (Q). Therefore

<f,ﬂ>=/ggﬂdx—/ﬁﬁdu for every § € H™(9);

then —(g,-)2 + f € G, and this gives

d2(f,G) < |lgll2 - (3.15)
Let us fix £ > 0. We claim that there exists 8 € C2°(2) N F such that
—/gﬁdx>\|g\|2—5 and —/ﬂd/ﬂ<57 (3.16)
Q Q

where y = p® + p® is the decomposition of u € M*(Q) into its absolutely continuous and its singular
part (with respect to £™). Indeed, we can first consider h € L*°(Q) with compact support such that

—72— < h <0 and
llgll2

- [ ghds > lgla - 5. (3.17)
Q
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for instance h = (—1q, ﬁ) (—k) for Q; compact such that Q C €, + B(0, 1) and k € N large enough.

Then we set hy := w“th for a suitable k € N (here pi(t) := k p(£), with p the standard mollifier in
R), so that hy € F, ||hkllco < ||P]|co for every k, and

lim [ hpdp® = / hdp* =0, (3.18)
k—oo Jo Q
where the first equality follows by Dominated Convergence Theorem and the second from — Tols ” <h<0
and [, gdu® = 0. Since hy — h in L?(Q), for k large ||h — h ||z < s, and then we get (3.16) by (3.17)

and (3.18).
Let us now consider u* € M+ (Q); let E be the set on which p* is concentrated, and K be a compact
subset of E such that

pE\K) < (3.19)

Since L™(E) = 0, for every n > 0 we can find an open set U such that K C U and £L"(U) < 7. Let us
take ¢ € C°(€;]0,1]) such that ¢ =0in K and ¢ =11in Q\ U, and let 3 := S¢. Then § € F and we
can assume that 3 satisfies (3.16), choosing 7 sufficiently small: then

®(f) = =(f,B) = —/ 9B+ / Bdpc +/ Bdp® > |lgll2 — 3¢ > d2(f,G) - 3¢,
Q Q E\K
by (3.15), (3.16), and (3.19). The proof is concluded since ¢ is arbitrary. O

Remark 3.5. The identity (3.12) can be used to connect the notions of solutions provided in [18] and
in [28], in the context of damage (without plasticity). The energy balance has the same structure for the
two evolutions; the term related to the energy dissipated during jumps in the energy balance of [18] is
given in terms of dy(-, G), while the one in [28] is given in terms of ®.

The following Lemma states some semicontinuity properties that will be useful for the proof of Theo-
rem 3.7. For the reader’s convenience we give the proof following the lines of [7, Lemmas 6.1 and 6.2], to
which we refer for full details.

Lemma 3.6. Let 3y, 8 € C([0,T);C(;[0,1])) such that
B — B in C(10,T]; (), (3.20)
and qx, ¢ € H'(0,T; Myp(QU OpQ; ML ™)) such that

ar(t) = q(t) in My(QUIpQ; MB*™) (3.21)
for every t € [0,T] and
T T
[ laolae+ [ i< c (322
0 0
for C independent of k. Then for every t € [0,T]
/ H(B ))ds < hm 1nf/ H(Br(s),qx(s))ds (3.23)
and
<8aVH (/617 q; 07 t)v /62> é hkrgg.}f |:<aaVH (/817 ks Oa t)? ﬂ2>] (324)

for every By € C(;]0,1]) and B2 € C(Q;[0,00)).
Proof. Let us fix t € [0,7] and define pux,, o1 € My((0,¢)x (22U IpQ); ME"™) by setting

(s i) = / (0(5,),dx(s)) ds and (g, ) = / (s, ), d(s)) ds

for every ¢ € Co((0,¢)x (U dpQ); M ™). Using (3.21) and (3.22) it is possible to see that
pie — p weakly™ in My ((0,¢)x(Q U OpQ); ME™) (3.25)
by uniform approximation, cf. [7, Lemma 6.1].
Since s — |¢(s)| is weakly* measurable from (0,¢) into My(QUIpQ;ME"), we define v, v €
Mp((0,8)x(QUIpQ)) b

t

(o) 1= / (5, ), lik()]) ds and () = / (s, ld(s)]) ds

0
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for every ¢ € Co((0,t)x (U IpN)). As in [7, Lemma 6.1], we have that up < vy, p < v and

HWU'(D®=/

(0,£) % (QUAPN)

/ H(G ))ds = /(0 Do) H(ﬂ(s,x), %(s,x)) dv(s,z).

By Reshetnyak’s Lower Semicontinuity Theorem and (3.25), we have

H(ﬂ(s, x), jLV:(S, z)) duvg (s, x),

/ H(B ))ds <hm1nf/ H(O (s))ds. (3.26)

In order to get (3.23), it is enough to observe that (1.16) gives

[ 26 o as = [ 2569.u9) ] < Coc s 19405) — 6l [ (s

s€[0,t]

and the same holds replacing g, with ¢. Then we get (3.23) by (3.20), (3.22), and (3.26).
We can argue similarly to prove (3.24), noticing that

<8019H(ﬁ1a q;0,1), B2) = /

(0,£) X (QUAP Q)

(0aVr(B1,¢;0,1), B2) = /

(0,6)x (QUAP Q)

0uH (51(2), S22 5, 2)) i) (5,3

0uH (51(0), L (s,)) ) (s, ),

and applying Reshetnyak’s Lower Semicontinuity Theorem, since (z,£) — 9o H (B1(x),&)B2(z) is a non-
negative continuous function positively 1-homogeneous and convex in the second variable. This allows us
to conclude. (]

We prove now the existence of a family of absolutely continuous e-approximate viscous evolutions
according to Definition 3.1, satisfying in addition a uniform bound on the L'-norm of the time derivative.

Theorem 3.7. Assume (1.5), (1.7), (1.11), (1.27), (1.28) for given ag,uo,eo,po and, if A € (0,1],
also (1.13). There exists a family {(ae,ue, e, pe)teso of e-approzimate viscous evolutions such that
(045(0)’Ua(0)7€a(0)7pa(0)) = (Ozo,’u,o,eo,po) and

T T
| lac@made+ [l <c (3.27)
0 0

with C independent of €.
Proof. The proof is divided in subsequent steps.

Time-discretization and time-continuous limit. Let us fix ¢ > 0. Starting with the given initial
condition (g, ug, €9, po) we consider the incremental problems (2.1) in correspondence with the parameter
€ > 0, thus obtaining a sequence of approximate solutions
Ope = Ak, Uke =Uk €ke =€k Pke = Dk -
We use the same notation of Section 2 for their piecewise constant interpolants.
From (2.26b) we have
@k — ekl o~ 0.1 @)y < T2\l L2, mm () < Cot'/?

and the same holds for ug, ex, and pg, by Remark 2.9. By standard compactness results and Helly’s The-
orem, there exist a. € H(0,T; H™(Q)) and e. € H(0,T; L*(Q; M2")) such that (up to subsequences)

sym
ap = a: in H'(0,T; H™(Q)), er — e in H'(0,T; L*(Q; ML), (3.28)
ap(t) = ac(t)in H™(Q), er(t) — e(t) in L*(5Yy Mg ) for every t € [0,7], (3.29)
and
ar — a. in C([0,T];C(Q)), (3.30)

since H™ () is compactly embedded into C(Q).
In particular, since dy, — de in L'(0,T; H™(Q)) and é, — é. in L'(0,T; L*(; MZ")), by Proposi-
tion 2.8 and (2.44) there exists a constant C' independent of € > 0 such that

T T
| la@lnzdrs [ je@lha<c
0 0

for every € > 0.
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Taking into account (2.43) and the fact that py(0) = py and ug(0) = ug for every k, from Lemma A. 1 it
follows that there exist p. € HL (0, T; My(Q2 U dpQ;MP™)), ue € H*(0,T; LI(Q;R™)), with 1 < ¢ < e
and E. € H}(0,T; M,(;M?%")) such that, for a suitable subsequence,

sym

Pr — p in L2(0,T; My(QUOpQ; ME™)),

up — . in L2(0,T; LY(Q;R™)),  Eiy, X E. in L2(0,T; My(€2; M™X1))

sym
and
pr(t) = pe(t) in My(QUIpQ; ME*™), (3.31)
up(t) = ue(t) in LY(Q;R™),  Fug(t) = E.(t) in My(Q; M)

for every t € [0,T]. This implies that Fu.(t) = E(t) for every ¢ € [0,T], hence
u. € HL(0,T; BD(Q)), up(t) = u.(t) in BD(Q) for every t € [0,T]. (3.32)

Let us now prove that (a., ue, ec, pe) is an e-approximate viscous evolution. The irreversibility condition
(ev0). holds by (3.29) and the monotonicity in time of the . We can assume that (3.29), (3.31), and
(3.32) hold for the same subsequence and thus (evl). follows by [5, Lemma 2.1] and by the fact that
wy(t) — w(t) in H*(R™;R") for every ¢ (w being continuous into H*(R™;R™)).

We now prove (ev2).. Let us fix t € [0,T]. For

ak(t, ZL’) = HK(aE(t,x))(gk(tv x)) 3

Mg (a.(t,2)) being the projection onto K (ac(t,x)), we have by (1.11c) that

|7k (t, ) — Tk(t, 2)| < Cklar(t, z) — ac(t, )|
for every z such that 7 (t,z) € K(ay(t,z)), and then

[05(8) = Tk (#)lloo < Crcllan(t) = e (t)lloo -

We now recall that 74(t) € Kg, 1)(Q), Tr(t) = oc(t) in L*(Q;MZx7), and @y (t) — ac(t) uniformly in
Q for every t € [0,T]. Therefore Ko 1) (Q) 3 G%(t) = o=(t) in L>(Q; M) and 0.(t) € Ko_(1)(€2), by
convexity of the sets K (a).

By Proposition 3.2, it is enough to prove the energy inequality (ev4”). and the Kuhn-Tucker inequality
(ev3)e.

Proof of the energy inequality (ev4”).. From the absolute continuity of ay, ex, and py, we get that

t = Ex(ax(t), ex(t); pr, t) is absolutely continuous and for every k € N, t € (0,T)\ {t},...,tF '},

%&(ak(t), er(t); Prst) = (Oalnl(an(t), en(t): pist), r(t)) + NH (o (t), pr(t)) + (or(t), x(t)) -

We first consider the case A € (0,1]. By (2.15b) and (2.16)

%&(ak(t% er(t); pr,t) = —elldn(t)]13 + AH(ar(t), pr(t) + (or(t), éx(t)) + 0k (1), (3.33)

where
Sk (t) = — (1 = N)7{@aH (@ (t), pr(t)), an(t)) — 3 ([C'(@x(#)) — C'(an(t))] an (t)er(t). ex(t))
%{«C (@ () (t)en(t), ex(t)) — (C'(@n(t))d(t)ex(t), 6k(t)>}
— (0D(aik(t)) — 0D(0wk(t)), o (t)) — r(Ak () — ar(t), Gk (t))m,2
— A (0 Vre(@n (1), pus 0,8), & (6)) — (D Vreln(8),p1: 0,1), (1))

Let us estimate 0y (t). First remark that

/0 |3([C @k (t)) — C'(aw ()] an(ter(t), ex(t)] + [(OD @ (1) — OD(aw(t)), an(t)))|

+ )‘|<a ﬁ ( (t)vpk;07t)7dk(t>> - <aa97'{(04k(t)7pk;Oyt)vdk(t)”
+ k| (@ (t) — (L), e (t))m,2| dt

(SIS

T
< Clla — awll = ozt / s (6) ey
0

where C' depends on D, Ck, k, sup, |lex(t)||2, Vx(pk;0,T), and on the C*! norm of C. Moreover,
(0o M (ak(t), r (1)), k() < C (a2 + 1))
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and

T
/O ’<C,(ak(t)>dk(t)ék(t) er(t)) — (C'(@p(t))ar(t)er(t), ex(t))| dt

< C||ek — ekHLOO(OT 12 QM"X"))/ ||Oék ||OO .

Therefore, by Lemma 2.6 we get
T T
/ Sp(t)dt < C( sup ||@k — akllm.2 + sup llex —exll2 +7 / [l 6k ()] Frm () + | Briok (£) |13 At . (3.34)
0 te[0,T] tel0,T 0
In the case A = 0 we obtain, using (2.14b),
d

& en(t), ex(t)) < —ellar(®)lI3 + (on(t), ex(t)) + i (t), (3.35)

with
0% (t) = Clléu(t)[|oollPx ()1 — (OD(@k(t)) — OD(ewk(t)), cu(t)) — & (@ (t) — ar(t), dk(t))m,2
— 5[ @), 70) — (C an0)n(t)en(t), ex(r)]
so that

T T
/ 5.(t)dt < C sup |[ak — akllmz2+ sup |[ex —ek||2+7' / Ho'zk(t)H}qu(Q) + || B (t)||3 dt . (3.36)
0 te[OT] t€[0,T] 0

The rest of the proof is common for both cases A = 0 and A € (0, 1].
Now, we have that

(or(t), (1)) = (Tr(t), () + ([Clar(t)) — C(@r(t))]ex(t), éx(t)) (3.37)
+ (C(aw(t))(en(t) —er(t), éx(t)) '
with
T
/ ‘([C(@k(t)) C(ax(t)]ex(t), éx(t)) + (Clar(t))(en(t) —x(t)), éx(t))
0 (3.38)

< Csup (s (t) = T(D)e + llen(t) 2 (0)]2) / lex(t)]z dt

Since, by definition of interpolants and Lemma 2.1, div 7 () = 0 and (ux(t), éx(t), pr(t)) € A(wy(t)) for
every t € [0,T], it follows from the integration by parts formula (1.20) that

@k (1), ex (1)) = (@x(t), B (t)) = ((@x () p|Px(1)) - (3.39)
By (2.18) (recall also (1.16)), for a.e. t € (0,T)
—~(@r(O)plpe(t)) < = H(ow(t), p(8)) + C7([lan ()13 + [ B (t)]13)

o+ O sup (1) = s (0) el 19i 1) 1 (3.40)
Gathering (3.37), (3.38), (3.39), and (3.40), it follows that
T T T
/0 (o (0), éx(t)) dt < / @u(0). B0 dt = | Hlean(0). put)
+ Csup (llar(t) = ar(®)lloo + llex(t) — ex(t)]l2) /O léx(t)]|2 dt (3.41)

T T
+ CT/ (lar @3 + [|1Ewr(t)]3) dt + Cx sup [l () - 5k(f)\|oo/ 2% (8)]]1 de -
0 0
Integrating (3.33) (resp. (3.35)) between 0 and T, by (3.34) (resp. (3.36)) and (3.41) we get that

T T
Ex(an(T), ex(T): pin T) + (1 — A) / H(aun(t), pi(1)) dt + e / e (8)]12
(3.42)

T
< E(anser) + | @0, Bin(o)) i+ .
0
with

T
Mk = C( sup |[[ak — akllm,2 + Sup. IIek—ekllerT / [k ()17, + |1 Bon ()13 dt
te[0,T) tel0,T 0
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taking into account Lemma 2.6. By (3.30), (3.31), and (2.43) we can apply Lemma 3.6 obtaining that

T
/ H(a(T),pe(t))dt <hm1nf/ H(ar(T), pr(t))dt, (3.43a)
0

T
/ Hoe(t) p-(1)) i < lim inf / H(aw(t), pe(t)) dt (3.43D)
0

Since 7 (t) — o.(t) for every t € [0,T] and Ewy(t) — Ei(t) in L?(Q) for a.e. t € (0,T), by (1.27), we
have that

T T
/ (7 (8), Buiog (1)) dt — / (0. (8), Bio(t) At as k — oo (3.44)
0 0

by the Dominated Convergence Theorem.
Convergence (3.28) gives

T T
| lacigar <mint [ oo (3.45)
0 o0 0

By (3.42), (3.43), (3.44), (3.45), and the semicontinuity of £, we get the inequality (ev4”)..

Proof of the Kuhn-Tucker inequality (ev3).. Let us consider a function § € L*>(0,T; H™(£2)) such
that B(t) € H™(Q) for a.e. t € (0,7). We can say that for every A € [0,1] and a.e. t € (0,T).

0 < 3{C'(ac(®)B(t)er(t), e (t)) + (OD(@r(t)), B(t)) + K (@k(t), B(t))m,2 + e{an(t). B(t))2
+ MOaVr(a=(t),px; 0,1), B()) + 3([C (@ (1)) — C (e (t)]2r (1), 2 (8)) (3.46)
+ >\<3Q9H(ak(t)7pk; 07 t) - aaﬁﬁ(as(t)apk; Oa t)a ﬂ(t» 3

using (2.14a) in the case A = 0 and (2.15a) when A € (0,1]. By (2.43), (3.31), and by choice of 3,
Lemma 3.6 gives

—(0a Vi (e (t),pe;0,1), B(t)) < liminf [—((’9(!{/71(045(1?),1);.3;O,t),ﬁ(t))} . (3.47)

k—oo

for a.e. t € (0,T).
In addition, by weak lower semicontinuity of positive semidefinite quadratic forms, we get that for a.e.
te (0,7)

(€ (e ()B(t)ec(t), e- (1)) < liminf [ ~(C (o (1) 81 (1), 8 1)) (3.48)
By (3.47), (3.48), and Fatou’s Lemma, we have that

T
~ [ B @080, ec0) + MOTn(act) 250,01, 500} at

T (3.49)
< lim inf / —B(C’(ae(t))ﬂ(t)ék(t),Ek(t)> +A<aaw7n(as(t),pk;o,t),ﬂ(t)ﬂ dt.
— 00 O
The fact that ay — a. in H*([0,T]; L?(Q2)) implies that ¢y — ¢ in L?([0,7T]; L*(2)) and then
|t sna— [ .00 d. (3.50)
0 0

Since @ (t) = a.(t) weakly in H™(Q) for every ¢, it follows that
(0D(ak (1)), B(t)) — (9D(ae(t)), (1)) and (@k(t), B(E))m.2 — (e (t), B(t))m.2
for every t, thus by the Dominated Convergence Theorem
/0 (D@ (1), (1)) + 5 @(8), BE)m. 2] dt — / [(OD(@=(1)), (1)) + (=), BW)mo| . (351)

Notice now that

(€ @r(0) — C'(ae(0)] AR (1), 86(0)) + MOVre@k(8), s 0,1) — DaVre(0=(2), s 0,8), B(1)|
< CJan(t) = ac(®) e 18(8) o

where C' depends on an upper bound for the C!'! norm of C and Ck (if A € (0,1]), sup, |[ex(t)]2, and
Vi (pr; 0,t). Integrating (3.46) from 0 and T and passing to the limit as k — oo, we deduce from (3.49),

(3.52)
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(3.50), (3.51), and (3.52) that

T
0< [ (€ u0)BE)ec(t) et + ODlac(6). AB) +  (act) 5O

~

+A«uvﬁu%uxpdo¢xﬁ@»}dr+s[;«nu»ﬁu»dt

We now fix 8 € H™(Q2) and set 5(¢t) := 14(t)8 where A is a measurable subset of [0,7]. Since A is
arbitrary, we find

3(C'(ac(t)Bec(t), e<(t)) + (OD(ac(t)), B) + K (ae(t), B)m.2

+ A0aVr(0e(t),p;0,1), B) +e(de(t), ) 2 0,
for t € [0,T] \ Eg, where Eg is a negligible set depending on . Thanks to the separability of H™(f2), it

is easily seen that the inequality holds for every ¢ € [0,T]\ E, where E is a negligible set independent of
(. Then the Kuhn-Tucker inequality (ev3). is proved. |

Remark 3.8. By (2.10) and (3.29), there exists C' independent of € such that sup, ||o(t)]2 < C for
every ¢ and ¢ € [0,T]. Then, the energy balance (ev4). and (1.15) imply that

T
Anmwmasc (3.53)

for every € > 0, C being independent of €.

4. RESCALED QUASISTATIC VISCOSITY EVOLUTIONS

In this section we study the asymptotic behavior of e-approximate viscous evolutions as € tends to
0 using the rescaling technique of [10, 25, 7]. Thanks to estimates (3.27) and (3.53) in Theorem 3.7
and Remark 3.8, the total arclength of the graphs of the functions ¢t — (a.(t),e(t),p:(t)) € H™(Q) x
L2(Q; M7 %™ x Mb(Q U dp§; My™) is uniformly bounded in e. Then the inverse functions of the arclength

sym
reparametrizations converge uniformly to a map ¢°, up to subsequences.

Using to the “slow” time scale s = (t°)~1(¢) and passing to the limit as ¢ — 0, we obtain a rescaled
quasistatic viscosity evolution. In the intervals where the original time ¢ = ¢°(s) increases, such an
evolution behaves as a “0-approximate viscous evolution”, namely conditions (ev0)., ..., (ev4). hold with
e=0.

Definition 4.1. Let us assume (1.5), (1.7), (1.11), and let w be as in (1.27). We say that a 5-
tuple of Lipschitz functions (a°,u®,e®, p°,t°) from [0, S] into H™(£2;[0,1]) x BD(2) x L2(£;M2X%) x

sym
My(QUOpQ;ME™) x [0,T] is a rescaled quasistatic viscosity evolution in the time interval [0,S] with
datum w if, setting for every s € [0, 5]

a°(s) :==C(a°(s))e’(s), w°(s):=w(t°(s)), and
U°:={s€][0,5]: t° is constant in a neighbourhood of s},

the following conditions are satisfied:

(ev0) idrreversibility: t° is nondecreasing and surjective, and for every z € )

[0,5] > s+ a°(s,z) is nonincreasing;
(evl) kinematic condition and equilibrium: for every s € [0, 5]

(u°(s),e%(s),p°(s)) € A(w°(s)), divo°(s)=0inQ, [0°(s)r] =0 on INQ;
(ev2) stress constraint: for every s € [0, S|
0°(8) € Kao()(2)
(ev3) Kuhn-Tucker inequality in [0,S]\ U°: for every s € [0,S]\ U°
(0aEx(a°(s),€e°(s);p°,8),8) =0 for every B € H™(Q);

(evd) energy balance: for every s € [0, 5]

Ex(@°(5),¢*(s); p°,8) + (1 — A /H <mm+AWwwmwwm¢wMﬂﬂw
—a%ww+/k °(r), Bu°(r)) dr,

0
where ¥ is defined in (3.9) and we use the convention 0 - oo = 0.
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Remark 4.2. By [7, Remark 4.2] the integrals in (ev4) make sense. Moreover, by definition of ¥ (see
also Remark 3.3 and Lemma 3.4) and (ev3) we have that

U(a®(s),e(s);p°, s) = d2(0.Ex(a°(8),€°(s); p°, 8),G) = 222<—GQSA(Q°(5),eo(s);po,s),ﬁ) =0 (4.1)

for every s € [0, 5]\ U°.

Below we give two characterizations of the notion of rescaled quasistatic viscosity evolution: the
first will be employed to derive a condition of Kuhn-Tucker type for the damage variable and a weak
formulation of the Prandtl-Reuss flow rule; the second will be useful in the proof of Theorem 4.4.

Proposition 4.3. Let (a°,u®,e°,p°,t°) be a 5-tuple of Lipschitz functions from [0, S] into H™(; [0, 1]) x
BD() x L*(Q; Mgx7) x My(QUIpQ;MPE") x [0,T] satisfying (ev0)—~(ev3). Then (a°,u®,e®,p°,t°) is
a rescaled quasistatic viscosity evolution, i.e. it satisfies the energy balance (ev4d), if and only if any of

the two following conditions holds true:

(evd’) for a.e. s € (0,5) the following hold:
— generalized Kuhn-Tucker equality:

(=0a€x(a(s),€°(s);p°, 5),6°(s)) = [|a°(s)[|2 ¥ (a(s), €°(s); p°, 5) ; (4.2a)
— Hill’s maximum plastic work principle:
H(a®(s),p°(s)) = {(¢°(s)) D, P°(5)) - (4.2b)

(ev4”) energy inequality:
S S
EA(@*($),(8):57,8) + (1= A) [ Hla(9). 57 () ds-+ [ (o)W (0 (o). ()57, 5) ds
S

< E(ap, ep) —|—/0 (c°(s), Fw°(s))ds.

Proof. Ad (ev4)<= (ev4’): Since a°, e°, p° are Lipschitz, the function s — Ex(a°(s),e°(s);p°,s) is
absolutely continuous and for a.e. s € (0,5)

%5)\(040(8), €°(8);p°%, 8) = (Daéx(a®(s),e°(s);p°,8),a°(s)) + (c°(s),€°(8)) + AH(a®(s),p°(s)). (4.3)
Moreover, property (evl) and [5, Lemma 5.5] give that
(u°(s),€°(s),p°(s)) € A(w°(s)) for a.e. s €(0,9),
and then the integration by parts formula (1.20) implies
((0°(s))p [P°(s)) = (0°(s), E®(s)) — (0°(s),€°(s)) (4.4)
for a.e. s € (0,.5). Then (ev4) holds if and only if
%&(a"(SL €®(s);p°,s) = = (1 = A H(a®(s),p°(s)) + (0°(s), E®(s))
— [la°(s) 2% (a®(s), €°(s); p°, 5) ,
which in turn is equivalent to
(Oubxr(a®(s),€°(5);% 5), &°(5)) — 67 ()2 nf (Balr(a(5), €°(s):p°, 5), )
+ H(a®(s),p°(s)) = {(¢°(s))p [ P°(s)) =0,

see (3.9) for the definition of ¥. Now, by (ev2) and (1.22), and since p°(s) € II(Q) for a.e. s, we can say
that

(4.5)

((0°(s))p [9°(s)) < H(a®(s),p°(s)) (4.6)
for a.e. s € (0,.5). Then (4.5) is equivalent to (ev4’).

Ad (ev4)<= (ev4”): It is obvious that (ev4) implies (ev4”); let us prove the converse. By (4.3), (4.4),
and (4.6) we deduce that

%&(a"(S), e*(s)ip%5) 2 = (1 = NH(a®(s), 7(5)) + [14°(s)ll2 inf (9alr(a®(s),e%(s):p°, 5), B)
+(0%(s), Ew®(s))
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for a.e. s € (0,.59). Integrating, we get for every 0 < s; < so < S the inequality

52

Ex(a®(s2),€%(s2);p% 52) + (1 = A) [ H(a%(s),p°(s)) ds + /52 16°(s)[l2%(a(s), e%(5); p°, 5) ds

zsmw@mfwmw»n+/@w%wEww»w,

which implies the energy balance (ev4) thanks to (ev4”). This concludes the proof. O
The following theorem is the main result of the paper.

Theorem 4.4. Assume (1.5), (1.7), (1.11), and let w and g, ug, eg, po satisfy (1.27) and (1.28) re-
spectively. If X € (0,1], assume also (1.13). Then there exist S > 0 and a rescaled quasistatic vis-
cosity evolution in the time interval [0,S] according to Definition 4.1 such that (ag,uo,€q,po,0) =

(a°(0),u°(0),€°(0),p°(0),1°(0)).
Proof. The proof is divided in subsequent steps.

Viscous approximation. Let {(ae, uc, ec,pe)}e>0 be a family of e-approximate viscous evolutions sat-
isfying (3.27), whose existence follows from Theorem 3.7. For every ¢ > 0 and ¢ € [0, 7] let us define the

function . . .
Oi=tt [ facs)lmads + [ ec@lads+ [ Gs)lhds.
It is easy to see that s? is absolutoely continuous, incroeasing, bijective (())n its domain, and
s2(te) — s2(t1) > ta —t1 forevery 0 <t; <tg < S.:=s2(T).
Let t2: [0, Sc] — [0,T] be the inverse of s2. By (3.27) and (3.53), it follows that sup, S. < +o0o0 and then,

up to a subsequence, S; — S as ¢ — 0, with S > T, since S:(T") > T. For every € > 0, define the rescaled
functions on [0, S| b

aZ(s) = ae(t(s)), ul(s) :=uc(t2(s)), el(s):=e(t2(s)),

p2(s) == pe(t2(s)),  02(s) == 0c(t2(s)), wi(s) :=w(t(s)).
Up to assuming that the rescaled functions and t2 take their value at S. also in (S.,S], with S =
SUp.~ Se, we may consider them to be defined on the fixed time interval [0, S].

By compactness we may assume that t° converges weakly* in W1°°((0, 9); [0, T]) to a function ¢° such
that ¢°(0) = 0 and

(4.7)

0 <t°(s2) —t°(s1) < sg—s1 forevery 0 <s; <s9<85.
By the uniform convergence of 2 to t° we immediately get that for every s € [0, 5]
wl(s) — w®(s) in H'(R";R"),
where we recall that w°(s) = w(t°(s)). From the definitions of s and ¢2 we obtain that
l[o2(s2) — aZ(s1)llm,2 + [le2(s2) — e2(s1)ll2 + [[P2(s2) = p2(s1)llx < 52 — 1 (4.8)
)

for every 0 < s1 < s9 < S. Arguing as in [7, proof of (5.29)—(5.32)] and using (4.8) we see that
there exist a quadruple of functions (a®,u°, e, p°) from [0, 5] into H™(Q) x BD(Q) x L?(Q;M2X") x

M,(Q U OpQ; M ™), such that, up to a (not relabeled) subsequence of a2, u2, €2, p2, it holds o
al(se) = a°(s) weakly in H™(Q), (4.9a)
ug(se) — u’(s) weakly”™ in BD(Q), (4.9b)
e2(se) = e°(s) weakly in L*(Q; M7)") (4.9¢)
p2(se) — p°(s) weakly™ in M,(QQU Op;ME"), (4.9d)

for every s € [0, 5] and s. — s. Moreover (u°(s),e°(s),p°(s)) € A(w°(s)), div 0°(s) = 0, and

al — a° in C(]0,5];C(Q)). (4.10)
In particular (ev0) and (evl) follow. By lower semicontinuity we obtain from (4.8) that
la®(52) — (1) 2 + e (52) — €% (s1) 2 + 16°(52) — p°(51)l1 < 52 — 51 (4.11)

for every 0 < s1 < s9 < .S, hence
[6°()llm,2 + [[€°(s)ll2 + [IP°(s)[l <1 for a.e. s € [0, 5].
We now define
s%(t) :==sup{s € [0,5]: t°(s) <t} forte (0,17,
s3.(t) :==inf{s € [0,5]: t°(s) >t} forte[0,T),
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and s° (0) :=0, s5.(T') := S. Then
s% () <lim i(I)lf so(t) < limsupsZ(t) < s (t) and t°(s2 (1)) =t =1t°(s3.(1))

£—

for every t € [0, T7,

for every s € [0, 5], the set
={te0,T]: s2(t) <sL(t)} (4.12)

is at most countable, and

tese
where U° is defined in (4.1). Moreover, for eveiy tel0,T7\5°,
us(t) = u®(s2(t)) weakly™ in BD(Q), (4.14a)
ec(t) = €°(s° (t)) weakly in L*(; MZ") (4.14b)
pe(t) — p°(s2(t)) weakly™ in M, (Q U Ip;ME™), (4.14c¢)
a-(t) — a°(s°(t)) strongly in C(9) . (4.144)

These convergences will be used at the end of the proof.
From (ev2). and (4.7) we have

02(s) € Kae(s) for every s € [0, 5],

thus the convexity of K(a) for every « € [0,1], (1.11c) and (4.9) imply (ev2). By Proposition 4.3, in
order to show that (a°®,u°,e®, p°,t°) is a rescaled quasistatic viscosity evolution it remains to prove only
(ev3) and inequality (ev4”).

Proof of (ev3). Setting

47:= {5 €[0,8]: W(a®(s), e"(s);p%,5) > 0}, (4.15)

in order to get (ev3) it is enough to show that A° C U°.
Arguing as in the proof of the energy inequality (ev4”). in Theorem 3.7 and using (4.9¢), (4.9d), (4.10),
we see that for every s € [0, 5] and 8 € H™(Q)

(=0a&x(a®(s),€¢°(s);p°% 5), f) < liminf(=Duar(aZ(s), e2(5); b2, 5), )

thus

U(a®(s),e(s);p°,s) < hm 1nf U(al(s),el(s);p2,s). (4.16)
Moreover, for every 3 € H™(Q) s — (9o Vi (a(s),p%;0,5), 8) is continuous, being an integral function.
Together with (4.11), this implies that s — (—0,&\( ( ,€°(8);p°,8),8) is continuous for every 8 €

H™(Q), and consequently that
s U(a®(s),e’(s);p°, s) is lower semicontinuous. (4.17)
Thus, A° is open. .
We now set D° := {s € (0,5) : t°(s) = 0} and prove that
limsup £2(s) > 0 for a.e. s € (0,5)\ D°. (4.18)

e—0

Indeed, assuming the opposite, we could find a measurable set A C (0,.5) \ D° with positive measure
such that

lir% t2(s) =0 for every s€ A,

E—

t2 being nondecreasing. Since the functions ¢7 are 1-Lipschitz, the Dominated Convergence Theorem
implies that

lim [ #2(s)ds=0.

e—0 J 4
On the other hand,

lim fg(s)dSZ/iO(s) ds,
e—0 A A

because t° — t° weakly* in W1, But
/ t°(s)ds >0,
A

since £°(s) > 0 for a.e. s € (0,5)\ D°. Then (4.18) is proved.
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Since H is 1-homogeneous in the second variable, the reparametrization ¢ = t2(s) gives

t2(5) s
[ e bt de= [ ez i) ds. (4.19)
0 0
By (1.24), for every s € [0,5] and 3 € C(Q)
(Oa V(e (t2(9)), P23 0,82(5)), B) = (Da V(a2 (s), 020, 5), B) , (4.20)
thus
(0alx(ac(t(s)), ec(t2(5)); pe, 12(5)), B) = (Balr(a(s), €2(s); P2, 5), B) - (4.21)
By (4.16)
0 < W(a®(s),e’(s);p% 5) < liminf W(aZ(s), e2(s);pe, s) = liminf ef|de (£2(5)) 2
_ [a2(s)ll2 _
llgl}(glfS i (s) =0

for a.e. s € (0,5)\ D°, where the first equality follows from (3.7), (3.9), and (4.21) and the last from (4.8)
and (4.18). Therefore for a.e. s € A° we have £°(s) = 0. Since A° is open by (4.17), every s € A° has an
open neighborhood where ° = 0; then A° C U° since ° is Lipschitz and hence absolutely continuous.

Proof of the energy inequality (ev4”). Using the change of variable t = 2(s) in the left-hand side
of (3.8), we get by (4.19), (4.20), and (4.21)

S
Ex(a2(8), €2(8):p2. S) + (1 - / H(a2(s), 726 ds [ 1629 W (0 (o)) ) ds
(5) (4.22)
:5(a0,60)+/ (0. (), Bu(t)) dt
0

By (4.9d), (4.10), (4.11), and using Lemma 3.6 we deduce that
/ H(a ))ds < hmlnf/ H(a (s))ds, (4.23a)
/ H(o ))ds <hm1nf/ H(o (s))ds. (4.23b)

Let us now prove that

[ 16 @)l W0 (6).e(s)ip ) ds < it [ G2 Va2 (s)oe(s)iptia) s, (424)
For every compact set C' C A° and every continuous function ¢: C — [0, +00) such that
U(a®(s),e’(s);p°,s) > ¢(s) forevery se C,
by the compactness of C and (4.16), for ¢ sufficiently small we get
U(ag(s),ec(s);pe,s) > (s) for every s € C.
We now claim that
165l (s) ds < timint [ (s) o) s

for every compact C' C A° and every continuous function ¢: C' — [0, 400). This can be proved as in [7,
Lemma 6.4] using (4.8) and (4.9a) and noticing that for every ¢ € C.(Q2) with ||¢|l2 = 1 the functions
— (p,&2(s)) are equi-Lipschitz on [0, S] and converge to s — (@, d°(s)) for every s. By (4.17) and a
standard approximation argument, (4.24) follows.
Let us now consider the left-hand side of (4.22): by (4.9), (4.23), and (4.24) we have

S
Ex(0°(9), ¢°(S);p%,8) + (1 — A / H(a(s), 1°(s)) ds + / 16°(3)/1a T (0°(5), ¢ (s); p°, 5) dis
< lim inf EA(aS(S)vei(S);pS,SH(l—A)/O H(aZ(s),pe(s)) ds (4.25)

S
+ / 162() 12T (a2 (5), €2(5): 2. ) ds].

As for the right-hand side, by (4.14) and the Dominated Convergence Theorem,
t2(9)

/0 (0°(5°. (1)), E(t)) dt = lim (0. (t), B(t)) dt . (4.26)

e—0 Jo
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Since t° is nondecreasing and Lipschitz, by (1.27) the function w® is absolutely continuous and
Ei°(s) = Ew(t°(s))°(s) for a.e. s €[0,5].

HenceT . | .
/ (0°(s° (1)), Bb(1)) dt = / (0°(s° (£°(5))), Bub(t°(s)) £°(s)) ds = / (0°(s), B (s))ds.  (4.27)
0 0 0

The last equality holds since ¢°(s) = 0 for a.e. s € U°® and s° (t°(s)) = s for a.e. s € [0,5] \ U°. (The
only exceptions are the points of the form s = s9 (¢) for t € S§°.) From (4.22), (4.25), (4.26), and (4.27)
we get finally the energy inequality (ev4”). Thus the proof is completed. (]

Remark 4.5. From (4.2a) and (4.15) we immediately get the classical Kuhn-Tucker conditions in
[0,S]\ A°:
e For every s € [0,5] \ A°
(0a€r(0°(s), €(s); 0%, 8),5) 2 0 for every § € H™'(Q).
e For a.e. s € [0,5]\ A°
(0a€x(a®(s),€e°(s);p°, 8),a°(s)) =0.

5. PROPERTIES OF RESCALED QUASISTATIC VISCOSITY EVOLUTIONS

In the following we highlight some properties of rescaled viscosity evolutions, whose existence has been
proved in Section 4 by time rescaling [10, 25, 7].

In the first part of this section we study what happens when the original time scale ¢ = t°(s) is
constant, i.e., in the jumping regime. In Lemma 5.1 we observe that if the damage variable is constant
in a subinterval of U°, then also the other variables are constant. On the other hand, if &° > 0 in an
interval then, up to a further time rescaling, the evolution is governed formally by (ev0)., ..., (ev4). with
e =1 (see Proposition 5.3 and Remark 5.4).

Moreover, exploiting the results [5, 12, 33] in Proposition 5.5 we recover a weak formulation of the
Prandtl-Reuss flow rule, in the presence of damage. Together with conditions (evl) and (ev2), this flow
rule characterizes the perfect plasticity.

Finally, following [8], we come back to the original time variable ¢ and correspondingly we define
the notion of quasistatic viscosity evolution. Such an evolution satisfies an energy balance with terms
depending only on t; the energy dissipated during the jumping regime is thus concentrated on the jump
instants. The state after a jump is known through the slow time scale description, which allows then
evaluating the dissipation.

Henceforth we assume that (a°,u®,e°,p°,t°) is a rescaled viscosity evolution in the time interval [0, S]
with datum w, and we use the notation of Section 4.

Lemma 5.1. If &°(s) = 0 in Q for every s in an interval (s1,$2) C U°, then
u’(s) =u’(s1), €°(s)=e"(s1), p°(s)=p°(s1), t°(s)=1t"(s1) for everys€ (s1,s2).

In other words, the evolution is trivial in (s1,82). Moreover, it cannot happen that (s1,s2) is a connected
component of the set A° defined in (4.15).

Proof. Let (s1,$2) C U° be such that &°(s) = 0 in Q for every s € (s1, $2); by definition of U° we have
that

t°(s) =t°(s1), w°(s)=w"(s1) forevery s € (s1,$2), (5.1)
and by assumption

a®(s) = a®(sy) for every s € (s1,82) (5.2)
in the interval (s1, s2). By [33, Theorem 3.10], (evl) and (ev2) are equivalent to the fact that the triple
(u®(s),e°(s),p°(s)) solves the minimum problem
i {0(a%(s1).€) + H(a”(52).p ~ 17 (5)

for every s € (s1, s2). Moreover, in view of (5.1) and (5.2), we can write the energy balance in the time
interval (s1, s2) as

E(a(s1),e"(s2)) + /52 H(a®(s1),p°(7)) dT = E(ao, €o) -

Thus (u®, e®, p°) is a quasistatic evolution in perfect plasticity (for heterogeneous materials) according to
[33, Definition 3.13] with C = C(a°(s1)), K = K(a°(s1)) and constant external loading in (s1,s2). Then
by [33, Theorem 3.14] we deduce

w(s) =u(s1), €(s)=e(s1), p°(s) =p°(s1) for every s € (s1,5).
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In order to prove the final statement, assume that &°(s) = 0 in Q for every s in a connected
component (s1,s2) of A°. This implies 9, (a°(s),e°(s);0°%,8) = Juér(a®(s1), e°( 1);p°, 81) for ev-
ery s € [s1, s2], which is impossible by definition of A°: indeed, ¥(a°(s;),e°(s;);p°,s;) = 0 for ¢ = 1,2
and U(a°(s),e°(s);p°,s) > 0 for s € (s1, s2). O
We now show a variational inequality describing the jumping regime and further reparametrize it.

Proposition 5.2. For a.e. s € (0,.5)

[6°(5)l|2(0a&(a®(s), €%(5);p% ), 8 — A°(s)) + W(a®(s),e°(s); p°, )(¢°(s), 6 = a°(s)2 20 (5.3)

for every g € H™(Q).
In particular, if &°(s) < —C < 0 in Q, then
16°(8)ll2(=0alx(a®(s),€°(s); %, ), B) = W(a®(s),€°(s); p°, $)(d°(s), B)2
for every g € H™(Q).
Proof. In this proof it is convenient to use the characterization (3.12) of ¥ in terms of ds. Let us consider
the nontrivial case when a°(s) is not identically zero. Assume that g € L?(f2) realizes the distance
dQ(aozg)\(ao(s)v eo(s);po, 8), G)v i'e'a g+ 8a€>\(()éo(8), eo(s);po’ S) € G and
lgll2 = d2(0a€x(a®(s),€%(s);p°, 5), G) = W(a’(s),e(s); %, s) .

By (4.2a) we get

Igll2 16°(s)ll2 = (=0ax(a®(s), €°(s); p°, 5),&°(s)) < /di"(S) dz <|lgll2 l&°(s)ll2,

where the first inequality above follows from (3.11) and the fact that &°(s) € H™(€2). Hence, by the
Cauchy inequality g is proportional to &°(s), and so
a°(s)

g =Y (a’(s),e(s);p°, ) m )

Therefore (5.3) follows from (3.11) and (4.2a). The last assertion follows by substituting 8 with §5+a°(s)
n (5.3) for suitable § > 0. U

Proposition 5.3. Let (s1, s2) be an interval in A° (defined in (4.15)) containing no subintervals where
la°(s)]l2 =0 for a.e. s. Setting

o(s) == W(a®(s),e°(s);p°, 5), (5-4)

and

rf(s) := /SS Mda for s € (s1,82),

: 1‘;'52 Q(O’)
it turns out that vt is locally Lipschitz and strictly monotone, and we call st its inverse function. Then
af(r) == a®(s*(r))  forr € rf((s1,s2))

has bounded variation and is continuous into H™ (), and
167 (s* ()13 [ {(Daln(af (r), €5 (r); b, 1), B — &F(r)) + (6 (r), B — dﬁ(?‘))z} >0 (5:5)
for a.e. v € 7%((s1,52)).

Proof. By (4.15), (4.17) and (5.4) it follows that for every compact set K C A° there exists dx > 0
such that o(s) > dx for s € K. Thus r# is locally Lipschitz on (sy,s2) and in particular £™(r#(E)) = 0
for every E C (s1, ) such that £"(E) = 0. Moreover r# is strictly increasing, because by assumption
every subinterval in (s1, s2) has a subset of positive measure where ||¢°(s)|l2 > 0. This implies that s* is
continuous and strictly increasing, and of is continuous and has bounded variation, a°® being Lipschitz.

Therefore, using the change of variables s = s*(r) in (5.3) and the analogous of (4.21), we obtain that
for a.e. 7 € (r1,79) 1= r¥((s1, 52))

16° (5% (1)) |2 (0a&n(a¥ (r), ¥ (r);pf, 1), B — &° (s (1)) + o(s* (r))(6° (% (r)), B — &°(s*(r)))2 2 0 (5.6)
for every 3 € H™(Q). Since of has bounded variation in H™(f), it is H™(2)-weakly differentiable at
a.e. r € (r1,r2), and the chain rule

af(r) = a°(sH(r) st (r) = & (s (r (s%(r) a.e. in
(1) = 6 () 0) = () 2 0
holds for a.e. r such that ||&°(s*(r))||2 > 0. Thus for a.e. r € (ry,72)
[6°(s*(r)[|2 4*(r) = &°(s*(r))o(s*(r)) a.e. in O (5.7)
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By (5.7), the inequality (5.6) reads as
16° (55 () |z [ (Baln(af (r), € (r); pP, 1), B — &°(s5(r))) + (&F(r), B — d°(8ﬁ(7‘))>2] >0

for every 8 € H™(); so by using again (5.7) we get (5.5), since o(s*(r)) > 0 for a.e. 7 € (r1,79). This
concludes the proof. O

Remark 5.4. In addition to the hypoteses above, let us assume that ||&°(s)|l2 > 0 for every s € (s1, $2)
and that for every K compact set in (s1, $2) there exists dx > 0 such that [|&°(s)|2 > dk for s € K.
Then 7* is locally bi-Lipschitz, a! is locally Lipschitz, and

(alx(aP(r), ¢ (r);p?, 1), B = 65 (r)) + (#(r), B — &4(r)2 > 0 for ae. 7 € 7¥((51,52)) -

In particular, this variational inequality is equivalent to

{(8a€A(aﬁ(r),en(r);pn,T),ﬁ) + (&4 (r),B)2 > 0 for a.e. r € r¥((s1, 52)),
(Oalr(ab(r), e (r);ph,r), & (r)) + |6 (r))[I3 = 0.

Thus, in those intervals of A°, (af,uf,ef,pt tt) = (a°,u° e° p°,t°) o st is a l-approzimate viscous
evolution, in the sense that the evolution satisfies the same properties (evl).—(ev4’). of an e-approximate
viscous evolution, with € = 1. In particular, (5.8) is the analogous of the Kuhn-Tucker conditions (ev3).
and (3.2).

(5.8)

We now prove a weak formulation of the Prandtl-Reuss flow rule: together with conditions (evl) and
(ev2) in Definition 4.1, this corresponds to the formulation of quasistatic evolution for perfect plasticity
in the presence of damage.

Proposition 5.5 (Maximum plastic work principle and flow rule). From (4.2b), (ev2), and (1.21) we
easily deduce the maximum plastic work principle:

° dp°(s) 5o =[(c°(s :p°(s as measures on
(0200, 45 )13 0)] = (0* () 7o) UL,

for a.e. s € (0,5), where the measure denoted by square brackets has been introduced in (1.19). Moreover,
defining p(s) = L™ + |p°(s)| for every s € [0,5], there exists 5% (s) € Liy@u IpEME™) for ae.
s €(0,S) such that
op(s)=o0p(s) L"-a.e. on,
: ~ dp°(s) ) .
o (s):p°(s)] = oh(s): —= ||p°(s on QU IpQ,
035 ()] = (35(5): 5 ) (o) >
dp°(s) - .
- 2) € Ng(ao(s 20 (0n(s,2))  for |p°(s)|-a.e. x € QU IpQ,
()] ) € V(o (s,a) (O (5 2)) - for [°(5)] D
where 3,(s,x) denotes the value of 3, (s) at the point x and Nk (oo (s,2)) (0D (s,2)) is the normal cone to
the closed convex set K(a°(s,z)) at o%,(s,x).

Proof. Tt is enough to repeat the same construction of the precise representative of the stress as in [5,
Theorem 6.4], using [33, Lemma 3.16]. To this end, notice that in [12, Theorem 6.2] it is proved that
the density of the L™—absolutely continuous part of [op : p] is op: ps, where p, is the density of the
L"—absolutely continuous part of a plastic strain p and o is an elastic stress, and that [33, Lemma 3.16]
does not use the regularity of 2. O

From now on we study the evolutions in terms of the original variable ¢.

Definition 5.6. Let us assume (1.5), (1.7), (1.9), (1.11), and (1.27) for a given w. We say that
(a,u,e,p) is a quasistatic viscosity evolution with datum w if there exists a rescaled viscosity evolu-
tion (a®,u®, e, p°,t°) with the same datum such that ¢°: [0,.5] — [0,7T] and for every t € [0, T

a(t) =a®(s2(t), u(t) =uw(s2(1), e(t) =€ (s2(t)), p(t) =p°(s2()),
where we recall that s° (t) := sup{s € [0, 5] : t°(s) < t}. Moreover, we denote
o(t) :=c°(s2(t)).

By continuity with respect to time of rescaled viscosity evolutions and by left continuity of s°, the
functions introduced above are left-continuous in the norm topologies of their target spaces. Since

%in% s2 (t+h) = s3(t)
for every ¢ € [0,T], the right limits a(t1), u(t*), e(t"), and p(t*) in their norm topologies satisfy
a(t™) =a(s3(1), w(th) =u’(s3(t)), e(tT)=e(si(t), p(t")=p"(si(t)). (5.10)
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Notice that p: [0,7] — My(QUIpQ;M}E"™) has bounded variation, since p° is Lipschitz and s° is
nondecreasing. Then we define p as the unique Radon measure on [0, 7] such that

([0, 1)) = V(p; 0,1),

for every continuity point ¢ of t — V(p;0,t), with V(p;0,¢) the total variation of p on [0, 7] introduced
in (1.23). By the continuity properties of p, we have that u({t}) = 0 for every t ¢ S° (recall (4.12)), and
then the diffuse part g of u satisfies

pa=p— 3 nl{))s:
TES®

where 0, is the unit mass at 7.
By [8, Theorem 7.1], there is a unique (up to p-equivalence) function v,,: [0, 7] — M (Q U dpQ; M*™)
such that for every ¢ € Co(QU dp; M ™) the function ¢ — (v,(t), ¢) is p-integrable and

00) —pta) = [ (09 )
for every a, b € [0,T], with a < b, such that u({a}) = p({b}) = 0. Moreover,
lp()ll <1
for p-a.e. t €10, 7).
Proposition 5.7. Let (a,u,e,p) be a quasistatic viscosity evolution with datum w. Then
E(a(r),e(1)) — E(a(rh),e(rT)) >0 (5.11)

for every 7 € S°N[0,T), and

T T
E((T).e(T)+ A [ H((T), 5y (0) dna(®) + (1= ) [ H(a(0).1y(6) datt)
T (5.12)
+ Z (5(0&(7’),6(7’)) — 5(a(7’+)7e(7+))) = E(ap, e0) + /0 (o(t), Ew(t)) dt.

res°n[0,T)

o

Proof. For every 7 € S°N[0,T) evaluating the energy balance (ev4) in (s°(7),s%.(7)) C U° gives, since
t°=0in U°,

s3.(r)
[ (a6 )57 (6) + (1= NH(a°(5).5°(5) + [6°(5) [ (5), (5157, 5)) d

° (1)
= E(a®(s2(7)), e°(s2(7))) — E(a®(s5.(7)), €°(s3(7))) -

By definition of quasistatic viscosity evolutions and (5.10), we get immediately (5.11). Moreover, arguing
as in [8, Lemma 5.5] we deduce

(5.13)

/(0 o (AH(a"(si(T)),p"(s)) +(1- A)H(a°(s),p°(s))) ds

. (5.14)
= [ (W) + (1= (e (0).1(0) dna(t).
The energy balance (ev4) in (0, s° (T)) reads
s° (T) s° (T)
E(a®(s2(T)),e*(s2(T))) + )\/O H(a®(s2(T)),p°(s)) ds + (1 = A) /O H(a®(s),p°(s)) ds

52 (T)
* / & (s)ll2¥(a’(s),e°(s); p°, s) ds = E(ao, €0) + / (0°(s), Ew°(s)) ds ,
(0,5 (T))NU®° 0

hence we deduce (5.12) from (5.13) and (5.14), recalling (4.13) and the definition of quasistatic viscosity
evolution. g

Remark 5.8. Neglecting the positive viscous terms in (5.12) an energy inequality can be written in every
subinterval [t1,t5] of [0, T]. This inequality holds as an equality, also with pg = p, in every subinterval
[t1,t2] such that [t1,t2] NS =0, with S° introduced in (4.12).
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A. AUXILIARY RESULTS

We collect in this appendix two abstract results used throughout the paper.

First we prove a compactness result used to construct e-approximate viscous evolutions in Section 3.
If X is a reflexive space it is well known that L?(0,7T; X) is isomorphic to the dual space of L2(0,T; X'),
where X’ is the dual space of X. We now consider the case when X is only the dual of a separable
Banach space Y: every function in L?(0,7; X) is in the dual of L?(0,T;Y’) but the limit (in the sense
of the dual of L?(0,T;Y)) of a converging sequence in L?(0,T; X) could be weakly* measurable but not
strongly measurable.

A function f: (0,T) — X is said weakly* measurable if (0,7) > t — (f(t),g) is measurable for every
g €Y. Let us denote

L2(0,T;X) := {p: [0,T] — X weakly* measurable : t s ||p(t)|| € L*(0,T)}.

Adapting the proof of [39, Theorem IV.1.8] we can see that there is an algebraic isomorphism Z between
the dual space of L?(0,T;Y) and L2 (0,T; X) given, for every p € L2(0,T; X) and ¢ € L*(0,T;Y), by

I(p)(p) = / (1), o(t)) di, with |Z(p)]® = / ()] dt

This defines the weak* convergence in L2 (0, T; X). In the following we study the space of functions with
distributional time derivative in L2 (0,7 X). In Section 3 the lemma below is applied to the case of
X = Mp(QUIpEME") and Y = Co(QU IpQ; ME*™). Notice that Y can be identified with the space
of functions in C(Q; M’5*"™) vanishing on Iy <.

Lemma A.1. Let X be the dual space of a separable Banach space Y and let

HL(0,T;X) := {p € L2(0,T;X): 3p€ L2(0,T; X) s.t. for every ¢ € CX((0,T);Y)
T T (A'l)
| w0, ey = [ G, evyar}.
0 0

Then everyp € HL(0,T; X) admits a unique representative absolutely continuous into X, its distributional
derivative p is characterized by

- —p(t
p(t) = w'- lin% Lf() =:p(t) for a.e. t € (0,T), (A.2)
s— S —
and
Ipllo.ar2qp0,77:x) < C(IlpC)ll2 + 15C)]l2) (A3)
with C' independent of p € HL(0,T; X).
Moreover, for every sequence {px}tr C HL(0,T;X) with ||px(-)|l2 + |px()ll2 < C for every k, there
exists a function p € HL(0,T; X) such that, up to a subsequence,

pr(t) = p(t) weakly* in X for everyt € [0,T], pr — p weakly* in L2 (0,T;X).

Proof. Let p be the standard mollifier in R and pg(t) := kp(%). For every t; <ty € [0,T], ¢ € Y, we
take in (A.1) ¢k (t) = Y wi(t), where wy is the convolution product between py and the indicator function
of [t1,1s], and let k tend to +o0o. Then we get that for every p € H] (0,T; X)

((ts) — pltr), ¥) = / “(3(s). ) ds. (A4)

t1

Since f:f (p(s), ) ds < fttf |lp(s)]| ds for every ||| < 1, it follows that

Iptea) - pien)l < [ 505} s, (A5

ty
and then p is absolutely continuous, s — ||p(s)|| being in L2 Then [5, Lemma 7.1] implies that for a.e.
t € (0,T) the weak* limit p(t) defined in (A.2) exists. Let us now consider the function h(t) := ||p(¢)||:
we have
Ih(t) — h(s)] < lIp() — p(s)I,
and therefore, by (A.5) and the Holder inequality, h € H1(0,T) and |h(t)| < ||p(t)|| for a.e. t € (0,T).
From the Sobolev embedding theorem for real valued functions (A.3) follows.
By (A.4) and a standard argument that uses the separability of Y, we obtain that for a.e. ¢ € (0,7 it
holds
—p(t
tm (V2P — o) ) for every v e v
s— s —

and then (A.2) follows.
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By (A.3), every sequence {py, }1, as in the statement is equibounded in C%1/2([0, T]; X), and in particular
llpe ()| < M for every k and t. It is now well known that, since Y is separable, there exists a distance
dps on By, the ball of X with radius M centered in the origin, inducing the weak* convergence, and
the metric space (By, das) is complete. Then the Arzela-Ascoli Theorem implies that there exists
p € C%1/2([0,T]; X) such that, up to a subsequence,

pr(t) = p(t) in X, for every t € [0,T].
Since ||pr(-)|l2 < C, there exists p € L2 (0,T; X) such that, up to a subsequence,
pr — p weakly* in L2 (0,T; X).
This implies that for every ¢ € C°((0,7);Y)

T T
/ B(), () dt = - / (0(t), Drp(t)) dt
0 0

and therefore p = p. This concludes the proof. O

The following lemma is a generalization of the Riesz Representation Theorem for bounded linear
functionals acting on the space of continuous functions. It is employed in Lemma 3.4.

Lemma A.2. Let B be an open bounded subset of R™, and let S be a distribution on B such that
(S,8) < C|IBllp for every B € CZ(B), (A.6)

with C > 0 and p € [1,00). Then there exists a unique pair (g, p) such that g € v (B), with 1% + % =1,
g >0, ue MT(B) (namely v is a nonnegative measure on B), gdz and p are mutually singular, and

(S,8) = /Bgﬁdx — /Bﬁdu for every g € C°(B). (A.7)

Proof. In the following we will use the notation Cy (B) := {8 € Co(B) : 8 > 0}, and the analogous for
Co (B).
Recall that every 8 € Cf(B) can be approximated uniformly (and thus in LP-norm) from below in
C>(B) N C{ (B). We define
(ST,8):= sup (S,p) forevery 3 € Cf(B), (A.8)
peC(B)
0<p<p

which satisfies
0<(S%,8) < C|8l,
for every 3 € Cf (B) by (A.6). Following [31, Proposition 24], we extend ST by setting
(ST,8) == —(ST,—B) for every 3 € C; (B)
and we see that the functional S* is linear and positive on Cy(B). Moreover
(ST B = (ST, 87) = (ST, 87)| < 2C||Bll, for every 3 € Cy(B),
and thus there exists g € LP/(B) such that

(S*,8) = / gBdx for every 8 € Cy(B). (A.9)
B

Since (ST, 3) € R for every 3, the distribution
(S7.8) = (S*,B) = (S,B) for every § € C°(B) (A.10)
is well defined and by (A.8) we obtain
(S7,B8) >0 for every C°(B)NCy (B).

It is well known from the theory of distributions that there exists a nonnegative measure u € M™*(B)
such that

(S7,0) = /Bﬁd,u for every C°(B). (A.11)

Collecting (A.9), (A.10), and (A.11) we find that g and u satisfy the properties as in the statement. Since
every measure is uniquely decomposed into a nonnegative and a nonpositive part, the uniqueness of g
and p follows. Thus the proof is concluded. g
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